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We study the entanglement entropy of a one-parameter family of exactly solvable gravities in the two-
dimensional asymptotically flat space. The islands and Page curves of eternal, evaporating, and bath-
removed black holes are investigated. The different theories in this parameter class are identified through
field redefinitions, which leave the island invariant. The Page transition is found to occur at the first and
third of the black hole lifetimes in the evaporating case for this family of solutions. In addition, we consider
gluing the equilibrium black hole and the evaporating one along a null trajectory and study the effect of
gluing on the islands and Page curves. In the glued space, the island jumps across two different geometries
at a certain retarded time. As a result, the Page transition is stretched and split into two separate ones—the
first transition happens when the net entropy generation stops, and the second one occurs as the early
radiation effectively starts to become purified. Finally, we discuss the issues concerning the inconsistent
rates of purification and the paradox related to the state of the radiation.
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I. INTRODUCTION AND MOTIVATION

The issues concerning the purity of Hawking radiation
has been around for decades [1,2]. A recent breakthrough
was made through the gravitational path integral of the
replica wormholes geometries, resulting in the formulation
of the quantum extremal surface [3–10]. This allows one to
calculate the full quantum description of the fine-grained
entropy of a gravitational system in the large-N limit.
Several models in the asymptotically anti–de Sitter (AdS)
space and asymptotically flat space have been explicitly
studied, using the approach of quantum extremal surfaces,
and are shown to reproduce the corresponding Page
curves [9,11–15]. This is an indication of the unitarity in
the process of Hawking radiation and the consistency with
one of the basic principles of quantum mechanics.
The conservation of information is one of the basic

principles of quantum mechanics. However, it is at
odds with Hawking’s calculation of the black hole radia-
tion [1,16]. The black hole information problem in the

(3þ 1)-dimensional spacetime gets complications from the
grey body factor in four dimensions, in addition to the fact
that most four-dimensional systems are not exactly solvable
[10,17]. The existing studies on the black hole information in
four dimensions mostly concentrate on the equivalent
description of the information paradox of the eternal
black holes in thermal baths and the black holes in the
braneworld in doubly holographic models [18–28]. The
best-understood case regarding the entanglement entropy in
the dynamical black hole evaporation process is Jackiw-
Teitelboim (JT) gravity. JT gravity has the advantage of
being embedded in the asymptotically AdS space, and
the technology of the AdS=CFT duality is easily appli-
cable [29–37]. However, very few solvable evaporating
models have been explicitly calculated. Exactly solvable
models besides JT gravity, in particular, those embedded in
asymptotically flat spaces and more general spaces which
better resemble the blackholes in ourUniverse, areworthy of
careful studies andmay eventually shed light on the nature of
the islands and the quantum information of gravity [13–15].
The two-dimensional models are of particular interest

due to several reasons. First of all, the (1þ 1)-dimensional
models introduced by Callan, Giddings, Harvey, and
Strominger (CGHS), and some of its variants, present
some essential features of the black holes in 4D, such as
the singularity and the event (apparent) horizon [38,39].
Furthermore, in the large-N limit, these models incorporate
the Hawking radiation, as well as its backreaction on the
black hole geometry, and yet still remain exactly solvable.
This allows us to study the full dynamical process of the
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black hole formation and, in particular, the evaporation
analytically. For a nice review of 2D black holes, see
Refs. [39,40].
The details of how the Hawking radiation reacts back

on the black hole geometry are necessary for understanding
the information of an evaporating black hole but hard to
obtain analytically. The CGHS model offers a simplified
recourse to the problems in the ð1þ 1ÞD and admits
classical black hole solutions. The original proposal sug-
gests that the singularity and the event horizon of the black
hole are removed by the quantum correction of the matter
fields. This issue of failing to form a black hole was
rectified by Russo, Susskind, and Thorlacius (RST)
[41,42]. The RST model allows the formation of a black
hole with a singularity and an event horizon in the large-N
limit. In this model, solutions cannot be continued past the
singular region and admit boundaries of the spacetime.
Another 2D dilaton model, which is exactly solvable,

was found by Bose, Parker, and Peleg (BPP) [43]. The BPP
model admits black hole solutions and is another modifi-
cation of the CGHS model. The end state of an evaporating
BPP black hole is connected continuously to a unique
vacuum solution after a thunderbolt of energy is emanated
from the intersecting point. The resulting vacuum geometry
has an infinite throat and is geodesic complete, which
differs from other 2D models. Nevertheless, it is noticed
that both the RST model and the BPP model belong to the
same one-parameter family of 2D gravities, which was
shown to admit exact solutions [44–46].
In this paper, we apply the quantum extremal surface to

the study of the dynamical RST-BPP black holes and
calculate the entanglement entropy of the black holes in
various circumstances. The gravitational entropy formula
was proposed using the holographic argument and was later
derived from the gravitational path integral without holog-
raphy [7,8,47,48]. The entanglement entropy with the
island is given by

SðRÞ ¼ min

�
ext

�
Areað∂IÞ
4GN

þ SmatterðR ∪ IÞ
��

; ð1:1Þ

where I is the island, R is the radiation, and the expression
inside the extremization and the minimization operators is
called the generalized entropy Sgen [3–5,49–51]. The entan-
glement entropy incorporating the island has been applied to
the systems far beyond the asymptotically AdS space to the
asymptotically flat space, de Sitter space, and cosmologies,
etc. [52–57].We study the configuration of the islands in the
eternal black holes, the dynamical black holes formed by
collapsing matter shells, and the bath-removed evaporating
black holes. We show that corresponding Page curves are
recovered for each of the three cases.
Similar discussion of the islands in the RST model can

be found in previous papers for the case of eternal and
evaporating black holes [13,14], while the BPP model has

not been discussed. Both the RST and the BPP model are
points in the trajectory of the one-parameter family, and it is
unclear if the conclusion drawn from RST can be extended
into a larger class of exactly-solvable models. In this paper,
we show that the result for the entanglement entropy does
not depend on the free parameter in the leading order at late
times and large distances, and thus the evaporating RST
Page curves are extended into a larger class. How to
understand the Page transition has been an important
question, especially after the Page curve was calculated.
Another focus of this paper is the gluing of two geometries,
where we cut the Penrose diagram of an equilibrium black
hole along a lightlike trajectory and glue it with the
evaporating geometry. The gluing of the two geometries
has an effect similar to an injection of negative energy on
top of the stable equilibrium black hole background. In this
case, we find that the island will jump from outside the
horizon to the inside of the horizon, and the Page curve may
have a plateau depending on the time of occurrence of the
gluing. The “plateaued” Page curve indicates two different
Page transitions. The Page transition in an ordinary
evaporating or eternal black hole scenario is separated into
two separate transitions in this model. It is unclear how to
interpret the two Page times beyond the entanglement
islands or the physical implications of the discontinuity
inside the black hole. One possible explanation is using the
ER=EPR argument, but this argument raises concerns
about the ambiguity of the state of the radiation [58,59].
The paper is organized as follows. In Sec. II, we

introduce the RST-BPP model and the conformal field
theory (CFT) coupling. We discuss the general solutions of
the model and the quantum corrected area in the black hole
solutions. In Sec. III, we identify the islands in the eternal
black hole and the evaporating black hole formed by
collapsing matter shells. We show that the Page transition
for the evaporating black hole occurs at a third of the
evaporation time. In Sec. IV, we investigate the evaporating
black holes, which are initially in equilibrium with incom-
ing radiations emitted from external sources. We quantify
the island configurations and the Page curves when the bath
is removed at different stages in the evaporation process.
The discussions of our results and issues regarding the rates
of purification in the glued and evaporating geometries are
presented in the last section.

II. RST-BPP MODEL

The theories admitting special conformal symmetries are
shown to be those having a classical exponential potential
in the curved spacetime [44]

S0 ¼
1

2π

Z
d2x

ffiffiffiffiffiffi
−g

p ðRϕþ 4λ2e2βϕÞ; ð2:1Þ

where ϕ is the dilaton field, and λ is a free parameter
characterizing the relic of the scalar curvature tangent to the
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two sphere. One particular example in this category of
theories is the classical CGHS model. The CGHS action,
which is given by

SCGHS ¼
1

2π

Z
d2x

ffiffiffiffiffiffi
−g

p
e−2ϕðRþ 4ð∇ϕÞ2 þ 4λ2Þ; ð2:2Þ

can be recovered by setting β ¼ 0
1 in Eq. (2.1) and

redefining the fields gμν ¼ ḡμνe−2ϕ̄, ϕ ¼ e−2ϕ̄. This model
can be regarded as the low-energy effective action that
governs the radial modes propagating on the near-extreme
magnetically charged black hole of four-dimensional dila-
ton gravity [60]. In this paper, we discuss a family of
exactly-solvable models, which interpolating between the
BPP and RST models,

S¼ SCGHSþ
N
24π

Z
d2x

ffiffiffiffiffiffi
−g

p ½ð1−2aÞð∇ϕÞ2þða−1ÞϕRÞ�:

ð2:3Þ

The RST model is recovered by setting a ¼ 1
2
, and the BPP

model can be obtained by requiring a ¼ 0. One distinct
property of this family of models is that they can be exactly
solved under the semiclassical approximation [45].

A. CFT coupling and entanglement entropy

The above Lagrangian and the solutions represent a
classical black hole in the vacuum with no additional
coupling to the other quantum fields. Here we consider the
case when the classical gravity is coupled to a quantum
field theory with conformal symmetry. The Lagrangian of
the CFT is given by

SCFT ¼ −
XN
k¼1

1

4π

Z
d2x

ffiffiffiffiffiffi
−g

p ð∇fkÞ2; ð2:4Þ

where fk are a set of N massless matter fields.
The inclusion of the matter of the CFT results in the

conformal anomaly in a curved spacetime. The trace of the
energy-momentum tensor, which is zero, classically
becomes nonzero if the one-loop correction is considered.
The expectation value of the trace of the energy-momentum
tensor is proportional to the Ricci scalar,

hTμ
μi≡ hTi ¼ N

24
R; ð2:5Þ

where R here denotes the Ricci scalar. The backreaction of
the CFT and the conformal anomaly can be incorporated

into the equations of motion by including in the Lagrangian
an additional nonlocal term,

SP ¼ −
N
96π

Z
d2x

ffiffiffiffiffiffi
−g

p
R□−1R; ð2:6Þ

which is called the Polyakov action.
The light-cone coordinates are defined as

x� ¼ x0 � x1: ð2:7Þ

For the two-dimensional gravity in the conformal gauge,
i.e., d2s ¼ −e2ρdxþdx−, the Ricci scalar is given by

R ¼ 8e−2ρ∂þ∂−ρ: ð2:8Þ

The connection coefficients are Γþ
þþ ¼ 2∂þρ and Γ−

−− ¼
2∂−ρ. The trace of the energy-momentum tensor is
T ¼ −4e−2ρTþ−, therefore, for N scalars we have

hTf
þ−i ¼ −

N
12

∂þ∂−ρ: ð2:9Þ

The covariant derivatives of the energy-momentum tensor
are zero, due to the energy-momentum conservation in
general spacetimes, and this gives

∂þT−− þ ∂−Tþ− − Γ−
−−Tþ− ¼ 0;

∂þT−þ þ ∂−Tþþ − Γþ
þþT−þ ¼ 0: ð2:10Þ

Integrating the equations returns the one-loop contribution
to the diagonal components of the stress tensor,

hTf
þþi ¼ −

N
12

ð∂þρ∂þρ − ∂2þρþ tþðσþÞÞ;

hTf
−−i ¼ −

N
12

ð∂−ρ∂−ρ − ∂2
−ρþ t−ðσ−ÞÞ: ð2:11Þ

Here, hTf
þþi and hTf

−−i are the vacuum expectation values
of the stress tensor of the f-waves. Note that t�ðσ�Þ are the
vacuum energy due to different boundary conditions and
are coordinate-dependent. Also note that t�ðσ�Þ are deter-
mined by requiring that the stress tensor vanishes in the
dilaton vacuum and along the past null infinity. The first
two terms are derivatives of the conformal factor of the
spacetime, which can be ignored in the asymptotically flat
region, and the stress tensor in the flat metric is

hTf
��ðσ�Þijboundary ¼ −

N
12

t�: ð2:12Þ

The conformal reparametrization σ� → y� transforms the
conformal factor as

1Here β is a free parameter describing the strength of
the exponential coupling of the dilaton field, not the inverse
temperature.
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ρðy�Þ ¼ ρðσ�Þ − 1

2
log

dyþ

dσþ
dy−

dσ−
: ð2:13Þ

The tensor transformation of the energy-momentum tensor
hTf

��i leads to the anomalous transformation of the
boundary term t� under a Weyl rescaling of the metric,

�
dy�

dσ�

�
2

t�ðy�Þ ¼ t�ðσ�Þ þ
1

2
fy�; σ�g; ð2:14Þ

where fy; σg is the Schwarzian derivative defined as

fy; σg ¼ y000

y0
−
3

2

ðy00Þ2
ðy0Þ2 : ð2:15Þ

To calculate the generalized entropy of the conformal
field using the CFT results, we need to transform the CFT
into the vacuum state with vanishing stress tensors.
It can be shown that the entanglement entropy is SA ¼

c
3
log l

ϵ for CFT2. For d-dimensional theories, it is propor-
tional to the area of the (d − 2)-dimensional hypersurface
up to lower-order divergent (or constant) terms [61]. A
simpler way to calculate the entanglement entropy is
through twist operators on an orbifold, assuming the replica
symmetry [62]. The result is the following: the ratio of
partition functions is the same as the correlation function
arising from the insertion of primary scaling operators ϕn,
with scaling dimension Δn ¼ ðc=12Þð1 − 1=n2Þ, into each
of the n (disconnected) sheets,

trAρnA ¼ Πn−1
k¼0hT kðx1; 0ÞT kðx2; 0Þi

¼ jx1 − x2j−2nΔn : ð2:16Þ

In curved spacetime, the conformal invariance of CFT gives

hT ðx1; 0ÞT ðx2; 0ÞiΩ−2g

¼ ΩΔnðx1; 0ÞΩΔnðx2; 0ÞhT ðx1; 0ÞT ðx2; 0Þig; ð2:17Þ

under the conformal transformation g → Ω−2g. Therefore,
the von Neumann entropy in the Wyle transformed space
and the flat space are related by

Sg ¼ Sflat þ
c
6

X
xi

logΩðxiÞ: ð2:18Þ

B. Solutions of geometry

The RST-BPP models are exactly solved in
Refs. [45,46]. The equations of motion can be obtained
by varying the total action given by the sum of Eqs. (2.3)
and (2.6) and imposing gauge conditions. After choosing
the conformal coordinates d2s ¼ −e2ρdxþdx− and gauge
condition ρ ¼ ϕ, the equations of motion are

∂þ∂−

	
e−2ϕ þ Na

12
ϕ


þ λ2 ¼ 0; ð2:19Þ

∂2
�

�
e−2ϕ þ Na

12
ϕ

�
þ Tcl

�� þ N
12

t� ¼ 0; ð2:20Þ

where Tcl
�� is the classical stress tensor, which transforms

covariantly in both indices, and t�ðx�Þ are the boundary
terms from the Polyakov action, which transform anoma-
lously. The whole class of solutions can be identified after
the field redefinition and the interpolation parameter can be
absorbed into the redefined variable. To be specific, we set
λ ¼ 1 and define the “Kruskal variables” as

ϕk ¼ ϕþ 1

2
log

N
12

; ð2:21Þ

Ωk ¼ e−2ϕk þ aϕk −
a
2

�
1 − log

a
2

�
þ 1

4
; ð2:22Þ

where Ωk corresponds to the area of a static spherical
surface in the 2D theory. The constant is chosen such that
the causal structure of the spacetime is independent of the
parameter a, and it admits the same boundary as in the
dilaton vacuum solution. We stick to this convention
throughout this paper and will drop the subscript “k” on
ϕ and Ω. For the BPP black hole, Ω should be understood
as the limit of a → 0. With the above redefinition, the
equations of motion then read

∂2
�Ωþ Tcl

�� þ t� ¼ 0; ∂þ∂−Ωþ 1 ¼ 0; ð2:23Þ

where we have rescaled the stress tensor Tcl
�� by a factor of

N=12 for notational convenience.
Curvature singularities appear when R ¼ 8e−2ρ∂þ∂−ρ

diverges. In the Kruskal coordinates, one finds

∂þ∂−ρ ¼ 1

Ω0

�
∂þ∂−Ω −

Ω00

Ω02 ∂þΩ∂−Ω
�
; ð2:24Þ

where Ω0 ≡ dΩ
dρ ¼ dΩ

dϕ. The singular region is located at the

curve dΩ
dϕ ¼ 0, which gives the boundary of the spacetime

Ω ¼ 1
4
, according to Eq. (2.21). This boundary condition

must be satisfied for all the solutions discussed in
this study.
From Eq. (2.23), we can find the general solution to the

equations of motion in the absence of matter (Tcl
�� ¼ 0),

Ω ¼ −xþx− −
Z

xþ
Z

xþ

tþðxþÞ

−
Z

x−
Z

x−

t−ðx−Þ þ bxþ þ cx− þM; ð2:25Þ

where M is related to the ADM mass by M ¼ 12π
N MADM.
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For example, the asymptotically Minkowski vacuum
solution can be obtained by requiring b ¼ c ¼ M ¼ 0
and that the energy flux in the asymptotically flat coor-
dinates σ� defined by x� ¼ �e�σ� vanishes identically,
i.e., t�ðσ�Þ ¼ 0. Transforming to the x� coordinates,
according to the transformation rule, Eq. (2.14) gives

t�ðx�Þ ¼ −
1

4ðx�Þ2 : ð2:26Þ

Setting the vacuum energy condition in Eq. (2.25), we
obtain the geometry of the vacuum solution,

Ω ¼ −xþx− −
1

4
logð−xþx−Þ: ð2:27Þ

This solution does not admit radiation as indicated by
t�ðσ�Þ ¼ 0. Note that the spacetime we are interested in is
bounded by xþx− < − 1

4
and�x� > 0, which is required by

Eq. (2.21). The boundary of the spacetime is where the
dilaton coupling e2ϕ becomes strong and the semiclassical
approximation breaks down. Near those regions, the
quantum gravitational correction becomes large, and we
do not pretend to have the full quantum mechanical
description of it. In the coordinates σ�, the geometry is

Ω ¼ e−2ϕ þ aϕþ constant ¼ e2σ −
1

2
σ; ð2:28Þ

where σ ≡ σþ−σ−
2

. In the region far away from the boundary
points (σ → ∞), ϕ ≈ −σ and the metric is

ds2 ¼ −e2ρ−2σdσþdσ− ≈ −dσþdσ−; ð2:29Þ

which is the linear dilaton vacuum. When a ¼ 1
2
, the

solution is exactly Minkowski space as ds2 ¼ −dσþdσ−,
otherwise it is asymptotically flat in the region far away
from the boundary.

C. Quantum-corrected Bekenstein-Hawking entropy

The coarse-grained entropy of the RST-BPP black holes
incorporating the next-to-leading order corrections can be
calculated following the thermodynamic argument given in
Ref. [60]. For a cloud of photon gas near the apparent
horizon, the falling of the matter into the horizon will shift
the position of the horizon and, consequently, change the
entropy of the black hole. Incorporating the total entropy
change and the entropy change of the radiation, we obtain
the entropy change of the black hole from the second law of
thermodynamics and thus the “corrected area” of the
black hole.
For the RST-BPP black hole, the temperature TBH ¼

1=2π is constant. The infinite specific heat of the black hole
results in a fluctuation in the thermal equilibrium, which
can be suppressed by approximately 1=

ffiffiffiffi
N

p
in the large-N

limit. We assume this limit and the validity of the
equilibrium thermodynamics. The classical limit of the
black hole entropy is

SBH ¼ 2e−2ϕH ; ð2:30Þ

where ϕH denotes the value of the dilaton field at the
apparent horizon.
For a black hole in the Hartle-Hawking state, we

consider adding a coherent state of left-moving matter
falling into the black hole and the solution in the Kruskal
gauge takes the form,

Ω ¼ −xþðx− þ PþðxþÞÞ þMðxþÞ; ð2:31Þ

where Pþ is the total incoming Kruskal momentum. The
solutions of the horizon are given by x−HðxþÞ ¼ −PþðxþÞ
and ΩH ¼ MðxþÞ. From the second law of thermodynam-
ics, the total entropy change of this process is

ΔStotal ¼ ΔSBH þ ΔSmatter ¼
Z

dMADM=T

¼ N
12πT

ΔM ¼ N
6
ΔΩH; ð2:32Þ

where MADM ¼ N
12πM is the ADM mass. As is given by

Ref. [60], the matter part of the entropy change is
ΔSmatter ¼ N

6
ΔϕH. From the above equations, we can easily

derive the entropy change of the black hole. Integrating this
equation leads to the entropy of the black hole up to a
constant.2 In Kruskal coordinate, the result is

SBH ¼ N
6
ðΩH − ρHÞ þ constant; ð2:33Þ

and this serves as the next-to-landing corrected area for
calculating the Bekenstein-Hawking entropy.

III. ETERNAL AND EVAPORATING RST-BPP
BLACK HOLES

The general methods for calculating the generalized
entropy in asymptotically-flat 2D gravities are similar.
For this section on eternal and evaporating black holes,
readers unfamiliar with this model can refer to the calcu-
lation of the islands in eternal black holes and evaporating
black holes in the RST model [13,14]. The conclusion is
summarized as follows—the island configuration is invari-
ant in the whole parameter class. The difference only
appears in the CFT contribution due to the different
metrics. In general, the free parameter, which interpolates
between different models, has a negative contribution to
the generalized entropy. However, this contribution is

2The constant can be determined by matching the zero entropy
with the singularity point, which does not concern us here.
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exponentially suppressed in the late time and large distance
limit, and therefore, the Page curves are invariant in the
one-parameter family to the leading order.

A. Islands in eternal black holes

The eternal black hole solution can be calculated by
letting b ¼ c ¼ t� ¼ 0, which gives

Ω ¼ −xþx− þM: ð3:1Þ

To ensure that the singularity lies inside the apparent
horizon, we require that M > 1

4
. Because Ω is the area

of the black hole, the location of the apparent horizon is
obtained by requiring ∂þΩ ¼ 0. This equation is equivalent
to that following an outgoing light ray, the area stays
constant (is not expanding or is just about to shrink), which
is the definition of the apparent horizon. For an eternal
black hole, the location of the apparent horizon and the
event horizon coincides at xþx− ¼ 0. It is easy to check that
the energy flux due to the vacuum Casimir energy is

∂2
�Ω ¼ −t� ¼ 0: ð3:2Þ

Near the future null infinity, −xþx− ≫ M. In this case, we
return to the asymptotically flat coordinates x� ¼ �e�σ� .
The metric is flat near the asymptotic null infinity
ds2 ≃ −dσþdσ−. Transforming the energy flux t�ðx�Þ to
the flat coordinates gives

t�ðσ�Þ ¼
1

4
: ð3:3Þ

This suggests that the black hole has an equivalent amount
of incoming and outgoing flux, which is the feature of the
eternal black hole in equilibrium with the bath. The energy
flux gives the Hawking temperature

TBH ¼ 1

2π
; ð3:4Þ

which is a constant during the evaporation.
For the eternal black hole, the geometry is given by

Ωa ¼ −xþx− þM ¼ e−2ρ þ aρþ constant: ð3:5Þ

Assuming that the anchor points are far from the horizons,
the conformal factor at point “a” can be calculated to be
approximately as follows:

ρa ¼ −
1

2
log

�
−xþx− þM þ a

2
logð−xþx− þMÞ

�

þ ðhigher ordersÞ: ð3:6Þ

For eternal black holes, t�ðx�Þ ¼ 0, and we use the
coordinates to calculate the vacuum entanglement entropy.
In the holographic calculation, the entropy without island
can be treated as a special case of the island configuration,
where the island shrinks to zero. Without considering the
configuration of the islands, the entropy is given by

S ¼ N
6
log ½d2flatðA0; AÞeρðA0ÞeρðAÞ�

¼ N
12

log

� ðxþ2 − xþ1 Þ2ðx−2 − x−1 Þ2
ð−xþ1 x−1 þM þ a

2
ð−xþ1 x−1 þMÞÞð−xþ2 x−2 þM þ a

2
ð−xþ2 x−2 þMÞÞ

�
; ð3:7Þ

where x�1 are coordinates of endpoint A0, and x�2 are
coordinates for the anchor point. Note that ρðAÞ is the
value of the conformal factor ρ at the point A. Note
that only the vacuum CFT is included with no island
contribution, and this gives the bulk entropy. The coor-
dinates of the anchor points are related by x�1 ¼ x∓2 . Then
we transform to the asymptotically flat coordinates ðt; yÞ,
where

xþ ¼ etþy; x− ¼ −e−tþy: ð3:8Þ

Expressed in the coordinates of anchor point A, we have the
generalized entropy approximately as follows:

S¼N
3
tþN

3
yþN

6
log

�
1

Mþe2yþ a
2
logðMþe2yÞ

�
; ð3:9Þ

where t and y are the time and spacial coordinates of A. At
late times and large distances, the entropy grows approx-
imately linearly with time S ∼ N

3
t. The free parameter a,

which contributes negatively to the generalized entropy, is
exponentially suppressed in the late times and large
distances. Therefore, the qualitative feature of the Page
curve is independent of the “a” and diverges at late times.
The fine-grained entropy of the black hole eventually
exceeds (twice of) the Bekenstein-Hawking entropy.
The island configuration is shown in Fig. 1. In the

late times, the cross terms in the bulk entropy decays
exponentially. The generalized entropy, which is the
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Bekenstein-Hawking entropy of the island plus the bulk
fine-grained entropy of the CFT, is approximately

Sgen ¼ 2Sgravity þ
N
6
log ðd412e2ρðIÞe2ρðAÞÞ: ð3:10Þ

Recall that the gravity entropy is SgravityðIÞ ¼ N
6
ðΩðIÞ −

ρðIÞÞ from Eq. (2.33), then the generalized entropy reads

Sgen ≃
N
3
ð−xþI x−I þMÞ þN

6
log ½ðxþI − xþA Þ2ðx−A − x−I Þ2�

þN
6
log

�
1

−xþAx−A þMþ a
2
ð−xþAx−A þMÞ

�
; ð3:11Þ

where x�I are the coordinates of the island boundary, and x�A
are for the cutoff surface. Extremizing it, with respect to x�I ,
gives

∂Sgen
∂xþI ¼ −

N
3
x−I þ N

3ðxþI − xþA Þ
¼ 0; ð3:12Þ

∂Sgen
∂x−I ¼ −

N
3
xþI þ N

3ðx−I − x−AÞ
¼ 0: ð3:13Þ

Taking the anchor point to be far from the horizon xþA → ∞,
we have

x�I ≈ −
1

x∓A
; or σ�1 ¼ σ∓2 : ð3:14Þ

Transforming to the ft; yg coordinates, it gives the time
condition of the island boundary tI ¼ tA. The generalized
entropy expressed in the coordinates ðt; yÞ reads

S ≃
N
3
M þ N

3
log ½e2y − e−2y�

þ N
6
log

�
1

M þ e2y þ a
2
logðM þ e2yÞ

�
; ð3:15Þ

where y is the spacial coordinate of point A. At late times,
the entropy of the pair of black holes has an exponentially
suppressed dependence on the specific model parametrized
by a and is bounded by twice the Bekenstein-Hawking
entropy instead of going to the infinity S ≈ 2SBH. The
boundary points of the island are located approximately at
σþI ¼ σ−A at the horizon. The Page time tPage ≃M is
approximately when the entropy, without the island,
reaches the Bekenstein-Hawking value. It should be
noticed that the island component is invariant under the
change of theories in this parameter class as the indicated
by Eq. (3.11), the metric change due to the interpolation
parameter only influences the CFT entropy. Therefore, the
island configuration is the same for this class of solutions.

B. Islands in dynamical black holes formed
by collapsing shell

We consider the case when the RST-BPP black holes are
formed by collapsing matter shell (Fig. 2). The shell of
matter has the energy-momentum tensor Tþþ ¼ M

xþ
0

δðxþ −
xþ0 Þ in the Kruskal coordinates. In the regions inside the

FIG. 1. Penrose diagram for an eternal dilaton black hole. The
island is between the boundary points I0 and I. The radiation is
collected beyond the cutoff surface at A0 and A to the spacial
infinity as indicated by R and R0.

FIG. 2. Penrose diagram for the formation of a dilaton black
hole by a collapsing shell of an f wave. The vertical red lines are
the boundaries of the spacetime. The green line represents the
infalling matter wave. EH stands for the event horizon and AH is
the apparent horizon. The radiation is collected near the null
infinity as indicated by the blue line along Jþ.
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shell, the solution is required to be back to the vacuum
solution. The geometry of the collapsing shell can be
computed from Eq. (2.23) to be as follows:

Ω ¼ −xþx− −
1

4
logð−xþx−Þ

−Mðxþ − xþ0 Þθðxþ − xþ0 Þ; ð3:16Þ
up to a constant, which can be determined by considering
the endpoints of the evaporation. The apparent horizon
(∂þΩ ¼ 0) is located at −xþðx− þMÞ ¼ 1

4
, and the vacuum

energy is t�ðx�Þ ¼ − 1
4ðx�Þ2. Before the x

þ
0 , the (incoming)

asymptotically flat coordinates are given by �e�σ� ¼ x�.
After xþ0 , the (outgoing) asymptotically flat coordinates
become

xþ ¼ eσ̃
þ
; −ðx− þMÞ ¼ e−σ̃

−
; ð3:17Þ

and the metric is ds2 ≈ −dσ̃þdσ̃−. In the outgoing
asymptotically flat coordinates, the energy tensor of
the radiation can be computed through the Schwarzian
transformation (2.14),

tþðσ̃þÞ ¼ 0; t−ðσ̃−Þ ¼
1

4
−
ðx− þMÞ2
4ðx−Þ2 : ð3:18Þ

In the late times σ̃− → ∞, the coordinate-dependent
terms in t−ðσ̃−Þ vanishes as x− þM → 0, the vacuum
energy flux only has a constant outgoing component
t−ðσ̃−Þ ¼ 1

4
, which corresponds to a constant temperature

1
2π. Therefore, the black hole has an evaporation time, which
is approximately 4M. This time can be calculated exactly
considering the dynamics of the black hole. The evapora-
tion process ends when the apparent horizon hits the
singularity at x−int ¼ −M

1−e−4Mþ2. This corresponds to the
evaporation time σ̃−int ¼ 4M − logM, which is consistent
with the approximation from the energy current consider-
ation. The geometry after the apparent horizon hits the
singularity can be continuously mapped to a dilaton vacuum
through a thunderbolt emission, an instantaneous emanation
of some finite amount of energy in the form of radiation. For
the BPP model a ¼ 0, the resulting vacuum geometry has
an infinite throat and is geodesically complete, otherwise it
is the vacuum solution with a boundary. However, the
details near this endpoint and the vacuum geometry will not
influence the overall analysis in this paper.
The entanglement entropy for a two-dimensional vac-

uum CFT bounded by one endpoint is given by [60],

Sent ¼
N
6

�
ρðσþ; σ−Þ þ log

σþ − σ−

ϵuv

�
; ð3:19Þ

where σ� are the incoming asymptotically flat coordinates
of the cutoff point, ϵuv is the UV cutoff, and the conformal
factor ρðxþ; x−Þ can be calculated from

Ωa ¼ e−2ρ þ aρ

¼ −xþx− −
1

4
logð−xþx−Þ

−Mðxþ − xþ0 Þθðxþ − xþ0 Þ: ð3:20Þ

It can be easily shown that ρðσþ; σ−Þ ¼ ρðxþ; x−Þ þ σ,
where σ ¼ 1

2
ðσþ − σ−Þ. For the cutoff point near the future

null infinity Jþ, the divergent terms become independent
of the retarded time and can be properly ignored. The
entanglement entropy reads

S ¼ N
6
ρaðσþ; σ−Þ

¼ N
12

ð2ρaðxþ; x−Þ þ σþ − σ−Þ; ð3:21Þ

where the second term in Eq. (3.19) is ignored since it is the
time-independent divergent part of the CFT entropy and is
not related to the time-dependent entanglement entropy of
the Hawking radiation. The conformal factor can be
approximately expressed as

2ρaðxþ; x−Þ

≈ − log
�
−xþx− −

1

4
logð−xþx−Þ −Mðxþ − xþ0 Þ

þ a
2
log

�
−xþx− −

1

4
logð−xþx−Þ −Mðxþ − xþ0 Þ

��
:

ð3:22Þ

Pushing the cutoff point to the conformal boundary Jþ, the
conformal factor to the leading order is independent of the
parameter a and approximately reads

2ρaðxþ; x−Þ ≈ −ðσþ − σ−Þ − log

�
1þ M

x−

�

≈ log ð1þMeσ̃
−Þ − 2σ: ð3:23Þ

Therefore, at the late times the entropy at the zeroth order is
independent of parameter a and increases linearly with the
retarded time in a simple manner S ∼ N

12
σ̃−, where σ̃− is the

affine time at the future null infinity.
The calculation of entanglement entropy of the black

hole without island can also be done holographically. If we
pick one of the two endpoints near the singularity, the
semiclassical method breaks down near that region. As is
argued in [13] for the RST model, under the assumption
that this endpoint near the singularity does not change
dramatically with the time, we then can proceed by
factoring out the time-independent piece and computing
the entropy change, which then only depends upon the
asymptotic time on the cutoff surface. This approach,
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though less rigorous, gives the same result as we presented
above for the RST model.
The entanglement entropy of the black hole, considering

the configuration of the island, can be calculated holo-
graphically, assuming that the boundary of the island is far
away from the singular points. We will see that this
assumption is valid until the end of the evaporation process
when the apparent horizon hits the singularity. This strongly
coupled regime only appears in the end process, and the
details of it do not affect the validity of our analysis, which
applies in amuch larger time scale of the black hole lifetime.
The entanglement entropy of the black hole is the mini-

mum of the extremal values of the sum of contributions—the
gravity part plus the bulk entanglement,

SgenðI ∪ RÞ ¼ Sgravity þ Sbulk: ð3:24Þ

The holographic entanglement of the bulk is

Sbulk ¼
N
6
log ½dðI; AÞ2eρðIÞeρðAÞ�

���
t�¼0

; ð3:25Þ

where dðI; AÞ is the two-dimensional distance computed in
the flat coordinates obtained by a Weyl transformation of
the original metric. I and A are the boundary points of the
island and the cutoff surface, respectively.
The ingoing and outgoing waves in the Kruskal frame

are in a state with a constant temperature 1
2π. These modes

can be mapped to the vacuum CFT state by the logarithmic
mapping, which can be obtained by solving the anomalous
transformation equation,

0 ¼ t�ðx�Þ þ
1

2
fσ�; x�g: ð3:26Þ

The solution of the above equation is the incoming
asymptotically flat coordinates fσþ; σ−g defined by
e�σ� ¼ �x�. Pushing the anchor point A to the future
null infinity and ignoring the UV and IR cutoff terms, the
generalized entropy is

SgenðI ∪ RÞ ¼ Sgravity þ Sbulk

¼ N
6

�
ΩðIÞ þ 1

2
ðσþI − σ−I Þ þ log jσ−I − σ−Aj

�
:

ð3:27Þ

Extremizing it, with respect to σ�I , we have

SgenðI ∪ RÞ ≈ N
6
M −

N
24

σ̃−A; ð3:28Þ

and the location of the island satisfies xþI ðx−I þMÞ ¼ 1
4
,

which lies inside the event horizon. The first term is the
Bekenstein-Hawking entropy, and the second term shows
that the entropy of the black hole peaks at 1

3
of its

evaporation time. The maximal value of the fine-grained
entropy is Smax ¼ 2

3
SBH. The black hole entropy decreases

to zero at the retarded time σ̃−A ¼ 4M, which is the lifetime
of the evaporating black hole shown in Sec. III B. Omitting
the subscript “A”, the entanglement entropy is

Sent ¼ min

�
N
12

σ̃−; SBH −
N
24

σ̃−
�
; ð3:29Þ

which grows at the rate N
12
σ̃− and decays at N

24
σ̃− as shown

in Fig. 3. A similar result was also derived in the RST
model [13,60]. The island collides with the singularity
when the observer time is σ̃−col ¼ 4M − logM − log 3 − 2,
which is approximately the time when the black hole
evaporates completely in the large-mass limit. Therefore,
this analysis can be trusted all the way to the final stage of
the evaporation. This result in the leading order approxi-
mation is independent of the specific models parametrized
by a. Therefore, we can conclude that the islands and Page
curves in the leading order are the same for this variety of
2D asymptotically-flat gravities.

IV. GLUING EQUILIBRIUM BLACK HOLES
WITH EVAPORATING ONES

It is beneficial to extend the studies of the entanglement
entropy of the radiation beyond the two simple scenarios
and consider the effect of gluing two different geometries.
In this section, we consider the case when the black hole is
initially in the Hartle-Hawking state. Then we cut the
Penrose diagram along a null line and glue the evaporating
black hole geometry along the null trajectory. We discuss
the effect of gluing and corresponding island configurations
in the lowest order. In the previous section, we have shown
that the free parameter a, interpolating between different
theories, contributes only to the higher order of the
entanglement entropy at the large distances and limit times
and does not alter the qualitative picture of the Page curve.

FIG. 3. Page curve for an evaporating black hole formed by a
shell collapse.
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Therefore, in this section, we will content ourselves with
the leading order results.

A. Geometry

We assume that the black hole has been in equilibrium
with the bath until we remove the bath, and the black hole
starts to evaporate, henceforth. Therefore, in the asymp-
totically flat coordinates σ�, there is no incoming radiation
after the null line xþ > xþ0 , and the outgoing radiation
t−ðσ−Þ ¼ 1

4
is the same as that of the initial black hole in

equilibrium. Transforming back to the x� coordinates, the
corresponding boundary conditions are3

tþðxþÞ ¼ −
1

4ðxþÞ2 θðx
þ − xþ0 Þ; ð4:1Þ

t−ðx−Þ ¼ 0: ð4:2Þ

Putting the boundary conditions back to Eq. (2.25), we
have for xþ > xþ0 ,

Ω ¼ −xþðx− þ ΔÞ − 1

4

�
log

xþ

xþ0
þ 1

�
þM; ð4:3Þ

where Δ ¼ − 1
4xþ

0

. For xþ < xþ0 , the solution for Ω is the

eternal black hole solution. The apparent horizon at xþ0
satisfies the equation ∂þΩjxþ

0
¼ −x− ¼ 0 and is glued

continuously at xþ ¼ xþ0 with the apparent horizon of
the eternal black hole. A discontinuity appears crossing xþ0
from the horizon of the equilibrium black hole geometry to
the event horizon of the bath-removed black hole geometry.
The event horizon lies inside the apparent horizon for the
evaporating black hole as shown in Fig. 4. The evaporation
process ends when the apparent horizon reaches the
singularity, which occurs at

x−int ¼
1

4xþ0
ð1 − e−4ðM−1=4ÞÞ

or σ̃−int ¼ 4M þ logð4xþ0 Þ − 1; ð4:4Þ

where coordinates fσ̃þ; σ̃−g are now the outgoing asymp-
totically flat coordinates of the bath-removed geometry
defined by

xþ ¼ eσ̃
þ
; x− þ Δ ¼ −e−σ̃− : ð4:5Þ

Similarly, it can be shown that the end state of the black
hole and the resulting geometry are the same as that in the
evaporating black hole case.

B. Islands in bath-removed space

For simplicity, we first assume that the thermal bath is
removed at a very early stage xþ ¼ xþ0 ≪ M and when the
black hole is in the pure state. Therefore, we can ignore the
geometry before xþ0 and only analyze the geometry after xþ0 .
The appropriate coordinates U� for computing the

vacuum entanglement of CFT, which solves the equation
of the anomalous transformation 0 ¼ t�ðx�Þ þ 1

2
fU�; x�g,

is ðσþ; x−Þ. For the dynamical solution after xþ0 ,

Ωa ¼ e−2ρ þ aρ

¼ −xþðx− þ ΔÞ − 1

4

�
log

xþ

xþ0
þ 1

�
þM; ð4:6Þ

whereΔ ¼ − 1
4x0

and x0 is the null line along which the bath
is removed. One can check that the geometry connects
continuously with the eternal black hole geometryΩeternal at
xþ0 . At the end of the evaporation it connects continuously
with a vacuum dilaton solution of which the detail does not
concern us here.
Ignoring the divergent terms (UVand IR cutoffs), which

are independent of the asymptotic time, the entanglement
entropy of the CFT is

FIG. 4. Sketch of the Penrose diagram for a black hole with
thermal bath removed at xþ0 . To the left of the null line xþ0 , the
geometry is identical to that of an eternal black hole or the black
hole in equilibrium with the infalling radiation emitted from an
external source. AH represents the apparent horizon, and EH
stands for the event horizon. J− and Jþ represent the past and
future null infinity, respectively. After the evaporation, the space
returns to the asymptotically flat space with the boundary.

3Note that we have a sign difference from [46] due to different
conventions in the equations of motion.
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S ¼ N
6
ρðσ̃þ; x−Þ ¼ N

12
ð2ρðxþ; x−Þ þ σ̃þÞ

≈ −
N
12

log½−ðx− þ ΔÞ þ e−σ̃
þðM̄ − σ̃þ=4Þ�

≈
N
12

σ̃−; ð4:7Þ

where σ̃� are the outgoing asymptotically flat coordinates
defined in Eq. (4.5) and

M̄ ¼ M þ 1

4
log xþ0 −

1

4
: ð4:8Þ

The entropy grows linearly with respect to the affine time,
which apparently violates the unitarity at the late times. The
fine-grained entropy of the black hole is bounded by the
Bekenstein-Hawking entropy regardless of the existence of
the external bath.
We consider the situation that allows the appearance of

an island. We assume that the cutoff surface is around the
future null infinity, such that we can approximate the
conformal factor as

e−2ρðσ�Þ ¼ 1 ð4:9Þ

along the world line of the observer. The generalized
entropy with islands can be shown to take the following
form:

SgenðI ∪ RÞ ¼ Sgravity þ Sbulk

¼ N
6

�
ΩðIÞ þ 1

2
σþI þ log jx−I − x−Aj þ

1

2
σ̃−A

�
:

ð4:10Þ

Extremizing the generalized entropy, with respect to the
boundary coordinates of the island σþI and x−I , gives

eσ
þ
I ¼ −

3

4ðx−A þ ΔÞ ; x−I ¼ −
x−A þ 4Δ

3
: ð4:11Þ

The position of the island satisfies

xþI ðx−I þ ΔÞ ¼ 1

4
; ð4:12Þ

which lies inside the apparent horizon at xþðx− þ ΔÞ ¼ − 1
4

and the event horizon, which locates approximately at
xþðx− þ ΔÞ ¼ 0.
Knowing the relation between the coordinates of the

island and those of the observer, we have the quantum
surface area Ω of the island given as follows:

ΩðIÞ ¼ −
�
−

3

4ðx−A þ ΔÞ
��

−
x−A þ 4Δ

3
þ Δ

�

−
1

4

�
log

�
−

3

4ðx−A þ ΔÞxþ0

�
þ 1

�
þM

¼ −1=4 −
1

4

�
log

�
−

3

4ðx−A þ ΔÞxþ0

�
þ 1

�

þM: ð4:13Þ

The generalized entropy with the island in Eq. (4.10) is

SgenðI ∪ RÞ ¼ N
6

�
ΩðIÞ þ 1

2
log

�
−

3

4ðx−A þ ΔÞ
�

þ log

�
−
4x−A þ 4Δ

3

�
þ 1

2
σ̃−A

�

¼ N
6

�
−1=4 −

1

4

�
log

�
3

4e−σ̃
−
Axþ0

�
þ 1

�
þM

þ 1

2
log

�
−
4x−A þ 4Δ

3

�
þ 1

2
σ̃−A

�
: ð4:14Þ

Using the asymptotically flat coordinates fσ̃þ; σ̃−g, we
have the generalized entropy with island computed as
follows:

SgenðI ∪ RÞ ¼ N
6

�
−1=4 −

1

4

�
log

�
3

4e−σ̃
−
Axþ0

�
þ 1

�
þM

þ 1

2
log

�
4e−σ̃

−
A

3

�
þ 1

2
σ̃−A

�

≈
N
6
M −

N
24

σ̃−A þ N
24

logð4xþ0 Þ ð4:15Þ

≈
N
24

ðσ̃−int − σ̃−AÞ: ð4:16Þ

Note that the first term N
6
M ¼ SBH is the Bekenstein-

Hawking entropy of a single black hole of mass M. The
generalized entropy decreases linearly with the affine time
in the manner of − N

24
σ̃−A. The fine-grained entropy of the

black hole is the minimal generalized entropy of all
configurations of the islands, in this case, the minimum
of the Sno−island and Sisland. Therefore, we have the result of
the fine-grained entropy4

Sent ¼ min

�
N
12

σ̃−;
N
24

ðσ̃−int − σ̃−Þ
�
; ð4:17Þ

which follows the Page curve shown in Fig. 5. The Page
time appears at a third of the black hole evaporating time.

4The subscript A is omitted since the fine-grained entropy
cannot explicitly depend on the island coordinates and is only
dependent on the retarded time of the observer at A.
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C. Islands in general glued space

If we relax the constraint that xþ0 ≪ M, then we need to
consider both the early radiation released before xþ0 and after
that. Before σ̃−0 , the radiations reaching the cutoff surface are
released when the black hole has a constant mass due to the
incoming energy flux. Therefore, the island configuration
and the Page curve should be referred to the eternal black
hole case. For a one-sided black hole, we assume that the
incoming energy flux is in a pure state to avoid counting
the incoming radiation entropy and the complication of the
discontinuity when the bath is removed.
We define the “last eternal radiation surface” as the shell

of the outgoing radiations, which is emanated when the last
beam of incoming radiation reaches the apparent horizon.
Before the last eternal radiation surface hits the cutoff
surface, namely σ̃− < log 4xþ0 , the incoming asymptotic
time is approximately equal to the outgoing asymptotic
time σ̃− ≈ σ−. Before this point, the radiations at the null
infinity are from the black hole in the equilibrium state, and
the entanglement entropy of the black hole is identical to
that given in the eternal cases. Expressed in the fσ̃þ; σ̃−g
coordinates, the renormalized retarded-time-dependent
component of the generalized entropy, without considering
the island, is

S ¼ N
12

σ− ≈
N
12

σ̃−: ð4:18Þ

Note that this is the same formula of the eternal black hole
up to a coordinate transformation and keeping only the
finite terms. It can also be derived separately using the
method shown in the previous section. The island con-
figuration before the σ̃− ¼ log 4xþ0 is the same as the
eternal black hole scenario with only the right half of
the Penrose diagram. For log 4xþ0 > σ̃−Page ¼ 2M, the island
appears approximately on the surface of the horizon before
the last incoming radiation reaches the horizon. The
boundary of the island will be carried by the last incoming
null ray to the inside of the event horizon at xþ0 satisfying
the equation xþI ðx−I þ ΔÞ ¼ 1

4
. As shown in Fig. 6, the

boundary of the island jumps from the surface of the
apparent horizon x− ¼ 0 to the inside of the event horizon
at x−I ¼ 1

2xþ
0

according to Eq. (4.11).

In order for the island to exist, we also need to require
that the position of the island lies outside the singular
boundary Ω > 1

4
and beyond xþ0 . The island intercepts with

the boundary at

xþint ¼ xþ0 · e4M−3; x−int ¼
1

4xþ0
ð1þ e3−4MÞ; ð4:19Þ

which gives the retarded time of the observer in the
outgoing asymptotically flat coordinates

σ̃−int ¼ 4M þ logð4xþ0 Þ − log 3 − 3: ð4:20Þ

Note that this is approximately (slightly before) the time
when the apparent horizon hits the singularity and the
evaporation process ends. Since the difference is negligible
(of order M−1), we have used the same notation for the
intersecting times. This difference does not influence our
analysis. The condition for the endpoint of the island to be
outside xþ0 gives

σ̃− > log 4xþ0 − log 3; ð4:21Þ

which is the condition for the anchor points to be chosen
approximately after the infalling null ray at xþ0 crosses the
horizon or slightly before this time. This equation shows
that the island configuration can be trusted after the last

FIG. 6. Sketch of the Penrose diagram for a black hole with
thermal bath removed at xþ0 . The island is colored in red, and the
trajectory of the island boundary is shown in red dotted lines. The
xþ0 null ray intersects with the apparent horizon at the retarded
time σ̃− ¼ log 4xþ0 .

FIG. 5. Page curve for a bath-removed evaporating black hole.
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eternal radiation reaches the cutoff surface. Therefore, the
entanglement entropy is given by

S≃
�minðN

12
σ̃−;N

6
MÞ;when σ̃−< log4xþ0 ;

minðN
12
σ̃−;N

6
M− N

24
ðσ̃−− log4xþ0 ÞÞ;when σ̃−> log4xþ0 :

ð4:22Þ

Though the island changes discontinuously at the time
σ̃ ¼ log 4xþ0 , the entanglement entropy is continuous. Since
the generalized entropy is the sum of the island area and the
bulk entropy, the shrinking of island areas suggests an
increase of entropy outside the island. This means that a
large amount of entropy is stored near the horizon and these
quanta are mixed state entangled with the radiation. For the
case of an early bath removal log 4xþ0 < 2M, the island
appears only in the bath-removed sector of the spacetime.
The entanglement entropy in late times decays roughly in
the manner of N

24
ðσ̃−int − σ̃−Þ. The maximal entropy is

reached when N
12
σ̃− ¼ N

6
M − N

24
ðσ̃− − log 4xþ0 Þ. This gives

the maximal entanglement entropy

Smax ¼
2

3

�
SBH þ N

24
log 4xþ0

�
< SBH; ð4:23Þ

which appears at the retarded time σ̃−max ¼ 4
3
M þ 1

3
log 4xþ0

(blue curve in Fig. 7).
For the case of a late bath removal log 4xþ0 < 2M, the

island appears both in the eternal black hole region and the
bath-removed region. The entanglement entropy follows
that of an eternal black hole scenario at the beginning of the
evaporation process, which increases linearly until the fine-
grained entropy reaches values of the coarse-grained
entropy. Due to the appearance of the island in the
equilibrium black hole geometry, the fine-grained entropy
stays at the Bekenstein-Hawking value before the retarded
time σ̃− ¼ log 4xþ0 . The boundary position of the island
experienced a jump at the retarded time σ̃− ¼ log 4xþ0 from
slightly outside the apparent horizon of the “eternal” black
hole to inside the event horizon as shown in Fig. 6. The
entropy then follows a different time curve given by
N
24
ðσ̃−int − σ̃−Þ. The Page curve is shown in Fig. 7.
The Page times in Figs. 7 and 5(a) that appear at a third

of the evaporating process can be interpreted following a
simple thermodynamic argument. In the initial stage, the
fine-grained entropy of the radiation is approximately its
thermal entropy, which is Sgas ≃ 2U=T ¼ −2ΔM=T, where
ΔM is the change of black hole mass. On the other hand,
we can also draw the Bekenstein-Hawking entropy of the
black hole SBH ¼ M=T. Since the fine-grained entropy of
the radiation is equal to that of the black hole, these two
lines join at the point when the black hole has evaporated a
third of its mass, and the Page curve is simply the minimum
of the two curves. From this argument, it is natural that the
entropy drops at half of the rate it rises in the initial period.

Though this reasoning is simple and is supposed to be valid
at the initial and final states of evaporation, assuming that
the radiation and the black hole states are randomly chosen
in a uniform way from the total states with respect to a Haar
measure, it has some issues when we think beyond the
thermodynamic argument. In line with this reasoning, we
have assumed that the radiation in the initial state is highly
entangled with the black hole, and in the final state the
black hole is highly entangled with the early radiation.5

However, according to Page’s theorem (which assumes that
the black hole can be described as an ordinary quantum
system), these two processes are equivalent up to a time
reversal, given that the 2D black hole radiates at a constant

FIG. 7. Sketch of the Page curves with the thermal bath
removed along the null trajectory xþ ¼ xþ0 . (a) The blue curve
represents the case of early bath removal xþ0 < e2M

4
, where the

maximal entanglement entropy is Smax ¼ 2
3
ðSBH þ N

24
log 4xþ0 Þ at

the time σ̃−max ¼ 4
3
M þ 1

3
log 4xþ0 . (b) The orange curve is the Page

curve for the late bath removal scenario xþ0 > e2M
4
. The first

transition time (Page time) is around the retarded time σ̃− ¼ 2M
when the island contributing to the entanglement entropy appears
near the apparent horizon of the equilibrium black hole. The
second transition time shows up at σ̃− ¼ log 4xþ0 when the
boundary of the island jumps to inside the event horizon. The
endpoint of evaporation time σ̃−int ≃ 4M þ logð4xþ0 Þ is xþ0 depen-
dent and is larger for the second case.

5This is true if we average over all states in the product Hilbert
space of the black hole and the radiation HBH ⊗ HR. Modifi-
cations can be applied when considering only the states with a
fixed total energy, and this results in the thermal density matrix in
the reduced system. However, the difference does not qualita-
tively change the result of the analysis.
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rate and temperature [2]. Therefore, instead of looking at
the black hole Bekenstein-Hawking entropy drop as
the entanglement drop, we can equivalently consider the
entropy drop of the radiation system due to the small
amount of new radiations emitted, which are highly
entangled with the large system (in this case it is the early
radiation) assuming the Haar randomness. Then the Page
curve is symmetrical since the von Neumann entropy
change of a system with an additional certain amount of
thermal radiation is the minus of the system subtracting the
thermal radiation. One can argue that the radiation process
is irreversible, and the time reversal symmetry is not valid.
However, the irreversibility applies to the thermodynamic
quantities and has nothing to do with the von Neumann
entropy, plus the radiation has been calculated to be thermal
in the evaporation. Besides, the von Neumann entropy is
always the same for both the radiation and the black hole,
whether or not they are in equilibrium. Therefore, we have
a seemingly contradictory result. Technically, this is due to
the ambiguity concerning whether a small amount of
radiation just emitted from the black hole can be included
in the averaging in Page’s theorem, or equivalently, whether
the thermal entropy of the small amount of late radiation
just emitted can be viewed as entanglement entropy with
the large system (early radiation) or it is the black hole area
that should be identified as the fine-grained entropy. The
purported contradiction of the two arguments is related to
the paradox of the radiation density matrix at late times, due
to our ignorance about the state of the radiation.

V. SUMMARY AND DISCUSSION

Qualitatively, the results can be roughly understood as
follows: the whole parameter family as different theories
can be identified through field redefinitions, which leave
the island contributions to the entanglement entropy
invariant. The CFT part depends on the specific geometries,
but the late-time and large-distance trend is roughly the
same. Therefore, the Page curves are similar for the whole
parameter family, and the results should be compared with
the RST model. The main differences are the following: In
our study here, the class of solutions covers black holes of
different geometries and topologies, which include the RST
black hole with singular boundaries and also topologically
different models, such as the BPP black hole, that has an
infinite throat approaching the spacetime boundary and is
geodesic complete at the end of the evaporation. This
extends the results of the Page curve to a large range of
solutions. Besides, in the late time and large distance limits,
the differences in the geometries are washed away, and we
find a unified answer for the entanglement entropy for the
whole family. In addition, a distinct effect shows up only
when we smoothly glue the two geometries together and
look at its influence on the islands and radiation entropy.
The gluing, which is smooth along the gluing surface,
causes the island configurations to change abruptly.

Consequently, scenarios that demonstrate a second Page
transition point show up. Finally, the Page curves are found
to be asymmetric in the beginning and end of the evapo-
ration process, though the black hole radiates at a constant
rate and temperature. This may cause issues related to the
purification of early radiation and the state of radiation
according to Page’s theorem.
The results for the eternal and evaporating cases are

summarized as follows: The boundary of the island in an
eternal RST-BPP black hole locates slightly outside the
event horizon, which is consistent with many other eternal
black hole models, e.g., [6,19,20,63]. The initial period of
the evaporation process sees a linear growth of the
entanglement entropy, which suggests that Hawking’s
calculation gives the correct fine-grained entropy in this
period. The entropy is only due to the 2D matter CFT
outside the cutoff surface (point). After the Page time, the
contribution to the entropy is mainly from the area of
the island. The entropy of the black hole is bounded by the
Bekenstein-Hawking entropy. For the dynamical black
holes formed by collapsing matter shells, the island is
inside the event horizon, and the Page transition occurs at a
third of the evaporation time. The fine-grained entropy of
the black hole starts to decay at half the rate it grows when
it hits the maximal value of two-thirds the Bekenstein-
Hawking entropy 2

3
SBH. Therefore, the Page time occurs at

a third of the black hole lifetime. The island hits the
singularity slightly before the endpoint of the evaporation;
the difference is negligible for massive black holes and
does not influence our analysis.
For the glued black holes geometries, which are initially

in equilibrium with the incoming radiations emitted from
external sources and then start to evaporate, the island may
appear in both regions of the spacetime—the equilibrium
black hole region and the bath-removed region, or only
appear in the bath-removed region, depending on the time
when the bath is removed. If the entropy of the black hole
has already reached the Bekenstein-Hawking entropy
before the removal of the bath is sensed by the black hole,
then the island will jump from outside the horizon to the
inside of the event horizon following the null rays of
the backreaction of the bath removal. The discontinuity of
the island, together with the continuous change of entan-
glement entropy, suggests a large amount of entropy near
the horizon. The glued geometry admits a plateaued Page
curve, which has two different Page transitions. The
transition point, which shows up in an ordinary evaporating
Page curve, is separated into two in this model. However,
exactly what happens at the two transitions so that the
entropy starts to cease increasing or to decrease is unclear
microscopically besides using the language of islands.
The drop of the entanglement entropy at late times is

slower than the initial increase, as shown in Fig. 7. This
may not seem to be a problem at first sight, but this raises
the issue of the purification rates at late times between the
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Bekenstein-Hawking entropy and Page’s theorem. One
resolution can be that the island calculation is only an
upper bound of the Page curve and does not represent how
the entropy actually behaves. Including more islands is
equivalent to summing up more complicated topologies in
the corresponding replica manifolds. Though how to count
the contributions of all the saddles is not clear from the
gravitational Euclidean path integral, these higher topol-
ogies are suppressed by their genus numbers, and it is
reasonable to believe that their contribution is small. The
other resolution is that the quantum informational inter-
pretation is incorrect while the Bekenstein-Hawking
entropy is accurate, independent of whether the black hole
is in equilibrium or not. However, the purity of the final
stage of evaporation indicates some mechanisms of puri-
fication exist. This contradiction is directly related to the
state paradox of the radiation [58,59]. The island calcu-
lation gives the answer for the entanglement entropy but
does not give details about the purification or how the
information in the black hole comes out from the radiation.
In our analysis, we assumed that the black hole is

massive and entropy of a single-sided black hole can be
approximated as half of that in the double-sided black
holes. Our results rely on the large-N limit and the
conformal symmetry of the matter fields. The scrambling
time can be calculated from the “dropping” experiment,
which counts the time a beam of ingoing light near the
horizon takes to reach the entanglement island. This
gives Sscr ¼ β

2π log
SBH
N to the leading order, which is

approximately the time it takes for the information to
come out from an old black hole, in terms of radiation
[64,65]. Since the boundaries of the islands for massive
black holes after Page time show up close to the event
horizon, the scrambling time takes the same form for a wide
range of the black holes [6,11,14,19,20]. However, one
should note that the interpretations of the island and of the
formula of the quantum extremal surfaces are still far from
being unanimous, apart from the above-mentioned issue of
purification rates. For example, the position of islands are
found to be in strange locations in some asymptotically-flat
or de Sitter spaces [66,67]. Besides, it was argued that the
information paradox is resolved at the cost of a new
state paradox [58,59]. Ideas such as the gravity/ensemble
duality or that the incorrect state was used in the compu-
tation, which are proposed to resolve the state paradox, are
not yet clearly understood and are not discussed in this
study [59,68]. Further studies are needed to deepen our
understanding of the interior of black holes and shed
light on our understanding of the entanglement in quantum
gravity.
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