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Consistent chiral limit has been investigated in the curvature mass parametrized quark-meson (QM)
model with the quark one-loop vacuum term (QMVT) employing the infrared regularized chiral
perturbation theory predicted scaling of the pion, kaon decay constants f,, fx and M% = m% + mi,
when the 7 and K meson masses are reduced as one moves away from the physical point in the Columbia
plot. Comparing the QM VT model Columbia plots with the corresponding Columbia plots computed in the
very recent work of Tiwari [Phys. Rev. D 111, 114014 (2025)], using the on-shell renormalized QM
(RQM) model and the earlier work of Resch et al. [Phys. Rev. D 99, 076005 (2019)] using functional
renormalization group techniques in the extended mean field approximation of the QM (e-MFA:QM-FRG)
model, it has been estimated how the first, second, and crossover chiral transition regions in the
m, — mg(m,q —my) and the y — my(u — my) planes get modified by different methods of implementing
the quark one-loop vacuum fluctuations in the QM model. Since both the e-MFA:QM-FRG and the QMVT
model use curvature meson masses to fix the parameters and the dimensional regularization of vacuum
divergences are incorporated equivalently, the differences in their results can be attributed to different
methods of approaching the chiral limit. The first order regions in the QMVT model while being much
smaller than those in the RQM model have similar features but moderately smaller area than those in the
e-MFA:QM-FRG study. In going to the chiral limit, the vacuum mass m, = 530 MeV that is taken at
the physical point does not change in the QM VT model whereas it decreases significantly in the e-MFA:
QM-FRG study. Being different from the pole mass m, = 530 MeV, the RQM model vacuum curvature

mass m, . increases toward the chiral limit from its minimum value at the physical point.
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I. INTRODUCTION

The quantum chromodynamics (QCD) Lagrangian has
the global SU,(3) x SU,(3) symmetry when the u, d, and
s quarks are massless. One gets the chiral phase transition
with the light and strange condensates as an order param-
eter and eight massless Goldstone modes as pseudoscalar
mesons when the SU 4 (3) chiral symmetry is spontaneously
broken in the low energy QCD vacuum. Since very small
light quark mass m,; and small strange quark mass m
cause a small explicit breaking of the chiral symmetry, one
gets three light pions and moderately heavier four kaons
and one 7 meson in nature. The U4 (1) axial symmetry gets
explicitly broken due to the Uy(l) anomaly caused
instanton effects and the ' meson becomes about 1 GeV
heavy [1]. The universality [2] arguments predict that the
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chiral phase transition is first order in the massless quark
chiral limit m,; = 0 = m, and second order belonging to
the O(4) universality class if m, ; =0, m; = co and the
U, (1) anomaly is strong at the critical temperature of chiral
symmetry restoring phase transition 7. (' mass
my(T.) > T.). One gets a triple point for some finite
my; = mIP(mg = mEF) when the second order transition
turns first order in the light chiral limit m,, ; = 0 (m, = 0).
The mass sensitivity of the order of phase transition, the
critical line and critical surface structures for zero and real/
imaginary chemical potentials y, are summarized in the
Columbia plot [3] for which both the continuum and lattice
QCD (LQCD) studies [4—8] have generated a good under-
standing in the heavy quark mass limit. The LQCD studies
have settled that the y = 0 chiral symmetry restoration at
the physical point is a crossover transition that occurs at the
pseudocritical temperature 7, = 155 + 2 MeV [9-13].
Since the LQCD [14-21] results show large variations
due to the strong cutoff and discretization effects, the exact
mapping of the critical line that demarcates the crossover
from the first order transition region in the left corner of the
m, 4 — mg (m, —mg) plane of the Columbia plot is quite
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challenging. For N, =3 degenerate quark flavors, the
crossover transition at g =0 turns first order on the
SU@3) symmetric line [m,, = m; (m, = mg)] for the
critical quark (pion) mass m,(m,) < mg(mg). The first
order region close to the chiral limit is confirmed by the
LQCD studies conducted during the 2001 to 2017 and they
find the m¢ in the range 290-50 MeV [15-23] while no
direct evidence of the first order transition was found for the
80 MeV < m, < 140 MeV range in a recent improved
LQCD N = 3 study [24]. Reference [25] finds small mg, <
4 using Mobius domain wall fermions. Although a small
or no first order region is suggested in some improved
LQCD studies, no clear picture has emerged to date as the
results still show huge discrepancies owing to the noto-
riously difficult problem of putting the chiral fermions on
the lattice.

The N; =3 study in the Dyson-Schwinger approach
[26] and another study in Ref. [27], find that the transition
in the Columbia plot is second order. Fejos and Hastuda in a
recent functional renormalization group (FRG) study using
local potential approximation (LPA) [28,29] found that in
contrast to the prediction of € expansion [2], the transition
can be of second order for N, > 2 if the U, (1) symmetry
gets restored at the 7. But they have cautioned for drawing
final conclusions as the LPA completely neglects the wave
function renormalization. The thermal fate of the axial
U, (1) anomaly is still uncertain [30] as some studies find
that it is relevant at the critical point 7, [31-36] while
others [24,37-40] claim that it vanishes. Very recently,
novel signals were conjectured in Ref. [41] if the Uy(1)
anomaly becomes very weak at the 7, and Ref. [42]
explored the relation between the order of the chiral
transition and the terms that break the anomalous U,(1)
symmetry. After constructing the U, (1) symmetry restor-
ing observables, their chiral limit behavior has been studied
in Refs. [43-47].

The QCD phase transition investigations performed
using the effective models that mimic the symmetries of
the QCD Lagrangian, like the linear sigma model [48-58],
the quark-meson (QM) model [59-71] or the Nambu-Jona-
Lasinio [72-74] model and the nonperturbative FRG
technique models [75-92], have a long history of providing
important information and valuable insights for the LQCD
studies. One has to circumvent the challenge of finding the
light and strange quark or the pion and kaon mass
dependence of the model parameters, if one wants to
exploit the QM model as a valuable tool of performing
the chiral limit studies. The most commonly used pro-
cedure [48,50,66,74,75,92] known as the fixed-ultraviolet
(UV) scheme [23] relies on changing the light (strange)
explicit chiral symmetry breaking source strengths &, (h,)
whereas all other parameters are kept same as the ones at
the physical point. In the above scheme, the spontaneous
chiral symmetry breaking (SCSB) disappears in the chiral
limit because the mass parameter m” becomes positive for

the m, < 800 MeV [23,66]. Hence the chiral limit can be
investigated only for very large scalar & meson masses
m, > 800 MeV. We mention, here, that it is not still clear
how the scalar ¢ meson state in the QM model Lagrangian,
is related to the physical o/f((500) state quoted by the
particle data group (PDG). The physical ¢/f(500) is a
broad resonance state seen in the zz scattering. Its proper-
ties and status are discussed in the excellent review by
Pelaez in Ref. [93]. Usually one takes different values of the
scalar 6 meson mass m, and computes its effect on the
chiral transition. Resch et al. [23] proposed the chiral
perturbation theory (ChPT) motivated fixed-f, scheme to
perform the chiral limit study and compute the Columbia
plot in the QM model using FRG framework under the
LPA. In their study, the initial effective action is heuris-
tically adjusted to the larger scales (A’ > A) for every
smaller mass point in the chiral limit path such that
the f, always remains fixed to its physical value f, and
hence the SCSB is not lost for the scalar 6 mass range
m, = 400-600 MeV. When the strengths &, and &, are
decreased in going to the chiral limit, the change of scale
(A" > A) of the initial effective action in their study
accounts for the change in parameters, which are always
kept at their physical point value.

The FRG QM model chiral limit study has estimated the
impact of quark loop vacuum fluctuations on the extent of
crossover, second, and first order transition regions of the
Columbia plot, after switching off the thermal and quantum
fluctuations of mesons in the Wetterich equation [94]
guided FRG flow of the scale-dependent effective action.
They have emphasized [23] that by switching off the meson
loops, they are directly working in the extended mean field
approximation (e-MFA) within the FRG, which is the same
as the alternative method of including quark one-loop
vacuum terms in the QM model where the vacuum
divergences are regularized by the standard dimensional
regularization technique and curvature masses of the
mesons are used to fix the model parameters as in
Ref. [95]. The above direct treatment of the fermionic
vacuum term in the QM model has a long history, and a
large number of such QMVT model studies [92,95-115]
have already quantified the strong influence of the fer-
mionic vacuum fluctuations on the QCD phase diagram
and the strength of the chiral phase transition occurring at
the physical point for experimental m,, mg, m,, and m,,. It
is important to generate the Columbia plot in the m, — mg
and quark mass m,; — m, planes of the 2 + 1 flavor QMVT
model by using the O(jlz) accurate infrared regularized U(3)
ChPT [53,116-120] scaling relations for the (m,, mg)
dependence of f,, fx, and M, such that the parameter
fixing, away from the physical point, becomes free from
any ambiguity or heuristic adjustment when the %, and h,
are reduced in going to the chiral limit.

The double derivatives of the effective potential at its
minimum define the curvature masses of the mesons.
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Hence the quark one-loop vacuum corrections to meson
self energies are included at the zero momentum in the
curvature masses as the effective potential is the generator
of the n-point functions of the theory at vanishing external
momenta. Noticing the above, another approach of treating
the quark one-loop vacuum fluctuations consistently, sim-
ilar to the work in Ref. [121], was recently developed in
Refs. [122—-127] for the two flavor and in Refs. [128,129]
for the 2 + 1 flavor of the QM model where one finds the
on-shell renormalized QM (RQM) model parameters by
matching the counterterms in the modified minimal sub-
traction MS scheme with the corresponding counter terms
in the on-shell scheme when the running couplings and
mass parameter are put into the relation of the physical
(pole) masses of the =z,K,n,1#/, and o mesons. Very
recently, the QM model extension with diqaurks has been
studied in Ref. [130,131] where the above method of on-
shell renormalization of model parameters is applied. We
investigated the chiral limit and generated the m, — mg
(m,4y — my) planes of the Columbia plot, in our very recent
2 + 1 flavor RQM model study [132] where two input sets
of the O(}%) accurate results from the infrared regularized

U(@3) ChPT [53,116-120] and the standard large N, U(3)
ChPT [116,133-137], were used for obtaining the (11, my)
dependence of the f,, fx and M, when one goes away
from the physical point. Though the 7 meson is treated
differently in the two ChPT approaches, only marginal
differences were found in the extent of first order, second
order, and crossover transition regions of the Columbia plot
when the RQM model results from two input sets were
compared in Ref. [132]. Hence, use of only the infrared
regularized U(3) ChPT input will serve the purpose for
computing the QM VT model Columbia plot as proposed in
the above paragraph.

The aim of the present work is twofold: first, to estimate
how the first, second, or crossover chiral transition regions
in the m, — mg(m,, — my) and the p — mg(u — my) planes
of the Columbia plot get qualitatively and quantitatively
modified when different methods are adopted to treat the
quark one-loop vacuum fluctuations and second, to dis-
entangle the differences arising due to different methods
of approaching the chiral limit when the quark one-loop
vacuum corrections are incorporated by implementing
equivalent methods in the QM model. The ’t Hooft
coupling ¢ gets renormalized in the RQM model to
become significantly large as the condensate dependent
part of the U, (1) anomaly term gets affected when the
meson self energies due to quark loops are computed
using the pole masses of mesons and parameters are fixed
on shell. The cubic coupling ¢ does not change in the
curvature mass parametrized QMVT model. This crucial
difference of the strength of the U, (1) anomaly in the
QMVT and RQM model will show up in the extent of the
first/second order regions of the Columbia plot. Therefore
our first goal is to compare the QMVT model Columbia

plots (for the m, =400 and 530 MeV) obtained in the
present work with the corresponding Columbia plots
reported for the RQM model [132]. Since the e-MFA:
QM and QMVT model both use curvature masses of
mesons to fix the model parameters, our second objective
of comparing the differences in the first/second order
transition regions of the Columbia plots of the QMVT
model and the e-MFA:QM model FRG study for the
m, = 530 MeV [23] will give us the estimate of the
differences that arise due to the fact that the f, fx, M,,
and parameters change toward the chiral limit in the
QMVT model (guided by the ChPT given (m, — my)
dependence), whereas the f,, M, and parameters in the
e-MFA:QM-FRG study are kept fixed to their physical
point value and the initial effective action is successively
adjusted to the higher scales A as one approaches the
chiral limit. The m, temperature plots will also be
compared across the models when m, — my are reduced
toward the chiral limit.

The paper is arranged as follows. Section II contains
SUL(3) x SUR(3) QM model with a brief description of
QMVT and RQM models, respectively, in Secs. Il A and
II B. The infrared regularized U(3) ChPT scaling relations
for the (m,,mg) dependence of the f,, fx, and M, are
given in Sec. IIC. The results and discussions are
presented in Sec. III where temperature plots of order
parameters, their derivatives, and the ¢ mass m, are
compared in the path to chiral limit, respectively, in
Secs. III A and III B. Various aspects of the QMVT and
RQM model Columbia plots for different m, are compared
in Sec. III C. The light-strange quark mass m,; — m, and
u — my planes of the QMVT and RQM model Columbia
plot for different m, are compared in Sec. III D. Section IV
contains the summary.

II. THE MODEL FORMULATIONS
The Lagrangian [49,66,70] of the QM model is

EQM = l/_/[lyllDy - gTa(ou + iYS”u)]l// + E(M)’ (1)

L(M) = Tr(0, M'#M — m*(M' M))
— L [Tr(MTM)]? = A, Tr(MTM)?
+ c[det M + det M'] + Tr[H(M + MT)]. (2)

The three flavor of quark fields y (color N.-plet Dirac
spinor) are coupled by the Yukawa coupling ¢ to the nine
scalar(pseudoscalar) meson ¢ fields o,(7z,) of a 3 x3
complex matrix M =T, =T,(o,+ir,). T,= %
where 1, (a =0,1,...,8) are Gell-Mann matrices with

Ay = \/%]I3X3. The field & picks up the nonzero vacuum

expectation value €in the 0 and 8 directions. The condensates
6o and 63 break the SU;(3) x SUg(3) chiral symmetry
spontaneously while the external fields H = T h, with Ay,
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hg # 0 break it explicitly. The change from the singlet octet
(0,8) to the nonstrange strange basis (x,y) gives x(h,) =

\/Go(ho) + 5 03(hg) and y(h,) = 2o (ho) — \/%‘_78“18)'
Considering mesons at mean field level with the thermal and
quantum fluctuations of the quarks/antiquarks, the grand
potential [66,70] is the sum of the vacuum effective potential
U(x,y) and the quark/antiquark contribution Q, at finite
temperature 7 and quark chemical potential ./ (f = u. d, ).

Qup(T, 1) = U(x,y) + Qus (T, 3 x, ), 3)
Qu (T, s x,y) = Qi + ng”, (4)
m o )
U(x’y) :7()( +y )_hxx_hyy_mx y
A 1
+ 21x2y +3 (2,1l + A)xt + 2 (21 + 22,)y*
(5)
vac d3p 2 72
ap -y [ Slean-.  ©
7 7)
K Tllng; +1ngz]. (7)
f=ud.s
QQM(T’/'{’X’ y) = U(X,y) + QZ]}{” (8)
The g7 = [1 + ¢ E/T] where Ef =E; Fpuy and E; =

\/ P + m7 is the quark/antiquark energy. The light (strange)
quark mass m, ; =% = Uy = py = .
The quark one-loop vacuum term with ultraviolet cutoff A . in

Eq. (6) is dropped for the standard mean field approximation
(s-MFA) of the QM model grand effective potential in Eq. (8).

(m; = 25) and p,

A. QMVT model

The derivation of the QM VT model effective potential is
briefly described below. The curvature masses of the scalar
and pseudoscalar mesons are used to fix the parameters in
the QMVT model when the quark one-loop vacuum
fluctuations in Eq. (6) are included in its effective potential
under the extended mean field approximation (e-MFA).
The vacuum divergence of Eq. (0) is regularized under the
minimal subtraction scheme using the dimensional regu-
larization as was done in Refs. [96,101,103] for the two
flavor and in Refs. [95,102,106] for the three flavor. After
the dimensional regularization of Eq. (6) near three
dimensions, d = 3 — 2¢, one gets,

2= Y o l-{ 3+2YE+24IH(2”)} . )

f=ud.s

the A is the renormalization scale.

1671 [ { 3+2yE—4ln(2\/_)}} (10)
f=ud,s

Adding the counterterm 6L to the QM model Lagrangian,
one gets the quark one-loop vacuum term as,

vac NC 4 my
Qe __fz Sﬂszln<x>. (11)

=u.d,s
The vacuum grand potential becomes the scale A depen-
dent after including the above vacuum correction as,

QMx,y) = Ulx. y) + Qp. (12)
The x and y dependent curvature masses of the mesons
determine the six unknown parameters m?, 1,, Ay, h,, h,
and c¢ in the meson potential U(x, y). The details of the
parameter fixing can be found in Ref. [106]. The parameter
Ay 1s determined as A, = A, + n + A, + 4,5 where 4, is
the same old A, parameter of the QM/PQM model in the

Ref. [49.66.70], n = %L 1, = 2 n{2e=Le} and

Jop = 4n IH{W}. The renormalization scale A de-
pendent part 4,5 in the above is generated by the loga-
rithmic A dependence in the term Q7%°. After substituting
this value of the 1, in the expression of U(x, y) in Eq. (5)
and writing explicitly all the terms under the summation in

the expression of 77, Eq. (12) becomes,

2
m
QA(x,y) = 7()‘2

A
+4(x +y* + 2x%y?)

c
+y?) = hyx — hyy - z—ﬁxzy

A A
+(2v+n+ 20) o

; (x* +2y%)
—?ln(%) —ny4ln(\)q§yA>. (13)

When one does the rearrangement of the terms, one finds
that the scale dependence of all the terms in Q7 gets
completely canceled by the logarithmic A dependence of
the 1, contained in A,,. The cancelation of the scale A
dependence is obtained numerically in Ref. [95]. The scale
independent analytical expression of the vacuum effective
potential as derived in Ref. [106] is written as,
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m c
Q(x,y) = 7(952 +y?) — hx—hyy - mxz)’
A Aoy +
+ " x4 y* +2x%)2) + % (x* 4+ 2y%)

S Crme) R <(2ffyf”)>
(14)

The 4,, = 45, + 4. Note that the quark one-loop vacuum
corrections, in the QMVT model parameter fixing scheme,
modify the parameters m?, A,, and A, and the unaffected
parameters h,, hy, and ¢ remain the same as in the QM
model. The QMVT model thermodynamic grand potential
1S written as,

Qomvt (T, p3 x,y) = Q(x, y) + Q;qﬂ- (15)
The global minimum of the grand potential for a given u
and T gives the x and vy,

Qv (T p; X, y) _ 0Qaomvr (T, ps X, y)
0x dy

x.y

=0. (16)

X,y

Note that the curvature mass scheme of parameter fixing
does not consider the dressing of the meson propagators.
Therefore the f, and fx do not get renormalized. The
parameters of the effective potential are modified by the
quark one-loop vacuum correction in such a way that the
nonstrange and strange direction stationarity conditions at
the T = 0 give the same &, and h,, that one gets in the QM
model. The modified # and K curvature masses turn out to
be same as their pole masses as one can find in Appendix
(B) of Ref. [106]. The minimum of the vacuum effective
potential does not shift and it remains at X = f,
and 3 = ZeS2)

B. RQM model

Note that the curvature meson mass calculation
involves the determination of the meson self-energies at
zero momentum because the effective potential is the
generator of the n-point functions of the theory at
vanishing external momenta [121-127]. One should also
take into account that the pole definition of the meson
mass is the physical and gauge invariant [138,139] one. In
light of the above considerations, the consistent e-MFA
RQM model effective potential was calculated in our very
recent works [128,129] after relating the counterterms in
the MS scheme to those in the on-shell scheme [122-127].
In order to find the relations between the renormalized
parameters of both the schemes, the MS running cou-
plings and mass parameter are put into the relation of the

physical quantities (pole masses m,, mg, m,, m, and m,

the pion and kaon decay constants f, and f x)- These
relations are used as input when the effective potential
is calculated using the modified minimal subtraction
procedure. After the cancellation of the 1/¢ divergences,

the vacuum effective potential Q.. = U(xyg. Vi) +
Q%ac + 5U(.Xm, ym)
ten in Ref. [128] in terms of the scale A independent

o
constituent quark mass parameters A, = MM S and A,

% as the following:

in the MS scheme has been rewrit-

h
QvaC(A A ) 0 (2A2 +A2) 2L0Ax
90
A
—\/ELOAy A2A +4 1°A2A2
90
+2(2/110 +/120)A4 (410 +/120)A4
go 90

+2N At 3+1 A2 I m?
(47)* |2 m? A2
N A} T3 A? m?

=+ In{— | +In(— ) |. 17

e () (@) 00

The condition that the minimum of the effective potential

of the RQM model does not shift from that of the QM
model fixes the scale Ay [128,129] as,

AZ
ln( >+C( 2) + m2C'(m2) = 0. (18)
The terms C(m2) and C'(m2) and the derivations
for the renormalized parameters m3 = (m?> + my),

hy = (hy + hyex)s hyo = (hy + hypin)s Ao = (A1 +A1pN)s
Aog = (A + Aopn)s and ¢q = (¢ + cpror) are given in
detail in Refs. [128,129] The m%-IN, hxFIN? h’yFIN’ AIFIN’
Aormn, and cgntor are the finite on-shell corrections in the
parameters at the scale A,. The experimental values of the
pseudoscalar meson masses m,, Mg, my, ny, the scalar o
mass m,, and the f,, fx as input determine the tree level
QM model quartic couplings A, A,, mass parameter m?, h,,
hy, and the coefficient ¢ of the "t Hooft determinant term for
the U, (1) axial anomaly [49,66].

Although the f,, f, and g get renormalized due to the
dressing of the meson propagator in the on-shell scheme,
they do not change as the gy = Gren = 90 = 9> X5 = X
Yas =Y at Ag. Further xyg = frren = fr and yyg =
2 ’““"Jif zrn — 2, 1\(/;’ = at the minimum. Using A, =% and

A, = % the vacuum effective potential in Eq. (17) is

written in terms of the x and y as,
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(m? + mfy)

(c+ cenror) 5, (A +AieN) 5 5

QM (x.y) = 24 32) = (hy + hypn)x = (hy + hypn)y —
ac (X,Y) 5 (x* + %) = (hy + hepn)x = (hy + hypn) Y WGl X7y + 5 X7y
2(4 + Aipw) + (A + 4 4 4
+{ ( 1 1FIN> 8( 2 ZFIN)}X + (/11 +/11FIN +12 +12FIN>yZ
N g*(x* +2y*) [3 N.g* x? 2y?
¢ “_C 2y _ ZC/ 2\ | _ c 41n| == 2v*In | =2 , 19
8(4r)? 2 (mz) = mzC'(mz) 8(4x)? rn 72 +2y"In 12 (19)
|
Qron(Ts pts %, y) = QRQM(X )+ Ql# (20) Hence, the current quark mass (m,,; — m, plane) sensitivity
RQMALS Ho X, V) == Sovac L0 Y 9 * of the chiral transition in the chiral limit can be studied by
) a0 90 computing the Columbia plot in the equivalent description
The search of the grand potential minima = = =2&M — ()

ox dy

for Eq. (20) gives the T and y dependence of the x and y.
The curvature masses of mesons are different from their
pole masses in the RQM model due to the on-shell
renormalization of the parameters [140,141]. The deriva-
tion of the RQM model curvature mass expressions
for the mesons are presented in section (ITA) of Ref. [132].
Using Eq. (19) to evaluate the equations of motion
IQROM IQROM . .. .

=i = 0 = =%, one gets the renormalized explicit chiral
symmetry breaking strengths 4, and h, as the following;

th = mzzr,cfm (21)
hy = (\/Ef NS ) (22)
y0 K"K ¢ \/E r.c |-

The pion and kaon curvature masses m, . and mg . as
derived in Ref. [128] have the following expressions:

N,
mk,. = m%{l - 4;22 m2C' (m2, mu)}, (23)
N,
it = ik | 1= e m,)+ mC (2 m,)
' v
PR
_ (1 _(mSTmM)>C<m%’mmms)
k
7 m? —m?2 +2m21n (ﬁ—)
_|_ 1 _J7 “ . 24
( fK> m%( 24)

The z and K curvature masses m,,. = 135.95 MeV
and mg.. = 467.99 MeV are, respectively, smaller by
2.05 MeV and 28.01 MeV from their corresponding pole
masses m, = 138 MeV and mg = 496 MeV [128,129].

C. The ChPT scaling of f,, fx, and M} =m} +m’2f

The degrees of freedom in the perturbative QCD regime
are u, d, and s quarks while the 2 4+ 1 flavor QM model
deals with the low energy scalar and pseudoscalar mesons.

of the m, — my plane. The model parameters as well as the
light and strange explicit chiral symmetry breaking source
strengths h, = f,m2, hy = \/2fgm% — f,m2/\/2 can be
determined only at the physical point where the exper-
imental information compatible with the underlying QCD
theory is available. Since, a priori, it is not clear how the
parameters change as the system is tuned away from the
physical point, different strategies are used to fix the model
parameters in going to the chiral limit. The often used method
[48,50,66,74,75,92], termed as the fixed-UV scheme [23],
relies on the assumption that the change in the current
masses of quarks in the QCD regime can be directly mapped
onto a change of symmetry breaking source strengths. Hence
the h, and h, are varied while all other parameters are kept
fixed to their physical point value such that the initial
effective action does not change in the UV [23]. Since the
mass parameter m> becomes positive in the scalar ¢ mass
range m, = 400-800 MeV, the fixed-UV scheme does not
work due to the loss of the SCSB in the chiral limit [23,66]. In
the chiral limit studies of Ref. [66], this problem was
circumvented by choosing quite a large m, > 800 MeV.

Reschetal. [23]in anonperturbative FRG study the first of
its kind, proposed a ChPT motivated fixed- f, scheme where
they heuristically adjust the initial effective action to the
largerscales (A’ > A) while traversing the chiral limit path of
smaller masses in the Columbia plot such that the infrared
(IR) pion decay constant f, always retains its fixed value ata
physical point. The problem of a fixed-UV scheme gets
resolved by construction, in the fixed-f, scheme, as the
condensates intimately related to the fixed f, do not drop to
zero and the SCSB is not lost. In the fixed-f, scheme, the
change of scale (A’ > A) is equivalent to the change of
parameters (which retain the same value at the A in the fixed
UV scheme) when the i, and &, are decreased away from the
physical point. While being physically reasonable, the fixed
[ scheme suffers from the problem of a heuristic determi-
nation of the initial effective action [23].

The QCD chiral symmetry becomes U, (3) x Ug(3) in
the large N, limit as the quark loops causing the U, (1)
anomaly are suppressed. Constructing effective Lagrangian
with the #' as the ninth Goldstone boson, a systematic
expansion of the Green functions of the U(3) ChPT in powers
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of momenta, quark masses, and the O( pz) parameter Ni

was achieved in Refs. [116,133—137]. References [117-119]
argued that the effective Lagrangian can be constructed and
treated perturbatively, the 7’ can be systematically included
in the ChPT without using the - countlng rules as the

addltlonal energy scale of the mn« ~ 1 GeV is proportional
to the - - This alternative treatment of massive fields was

firmly established in Ref. [120] where the Lorentz and
chiral invariance are kept at all stages [117,118] when the
loop integrals are evaluated using a modified regularization
scheme, the so-called infrared regularization. The authors
in Ref. [118] point out that the #’ loops do not contribute (at
the fourth order Lagrangian) in infrared regularization and
the 7' can be treated as a background field while the
contribution of Goldstone boson (7, K, 7r) loops get
evaluated. The above approach is different from the large
N, standard U(3) ChPT works in Refs. [135-137] where
the #' mesons are included in the loops as the original
Goldstone bosons.

In our very recent 2 + 1 flavor RQM model work [132],
we investigated the chiral limit and generated the m, — mg
(m,q — my) planes of the Columbia plot where two input
sets of the O(}%) accurate results from the infrared

regularized U(3) ChPT termed as the input set M,-I in
Ref. [132] and the standard large N, U(3) ChPT termed as
the input set M,-II in Ref. [132], were used for obtaining
the (m,, mg) dependence of the f,, fx, and M, when one
moves away from the physical point. Though the 7' meson
is treated differently in the two ChPT approaches, only
marginal differences were found in the extent of first order,
second order, and crossover transition regions of the
Columbia plot when the RQM model results from two
input sets were compared in Ref. [132]. Therefore in the
present QMVT model study, the chiral limit and the
m, —mg (m,; —mg) planes of the Columbia plot will
be investigated using only the infrared regularized U(3)
ChPT given (m,, mg) dependent expressions of the [, fx
and M,, which are briefly reproduced below.

Originally proposed for the linear sigma model studied
in the context of optimized perturbation theory, this ChPT
based parameter fixing method in Ref. [53] uses the
infrared regularized U(3) ChPT expressions for M%. The
functional forms f,(m,, mg) and fy(m,, mg) are needed
for which it is sufficient to use the SU; (3) x SUg(3) ChPT
framework in this approach. The O(#) accurate expres-

sions of m2, m%, f,, fx in terms of the eight parameters
f.A,q. My, Ly, Ls,Lg,Lg given by the one-loop ChPT
calculation [116] are the following:

m =24 [1 +f2 {u,,—?Jr 16A(2Lg — Ls)

+16A(2 + q)(2Lg —LU}}, (25)

m%=A<1+q>[ fz{zwsA( )Ly Ls)

+16A(2+ q)(2L¢ —L4)}], (26)

fr=f+ ! [—2u, — px +8ALs +8A(2+ q)Ly4].  (27)

f
1( 3
fx —f[l +]72{—Z(/tﬂ + py + 2uk)
+8A(2+ q)Ly + 4A(1 + q)LSH . (28)

In the above, the chiral logarithms ppg = 321;5 ln(

the scale M, and for the mig, one takes the leadlng order
squared mass of the corresponding meson of the pseudo-
scalar octet. Recall that the chiral constants L; do not vary
with the pseudoscalar masses. The parameters g =
2ms/(mu + md) = ms/mud and A= B(mu + md)/2 =
Bm,,; where the constant B is determined by the quark
condensate (izu) in the chiral limit govern the quark mass
and quark condensate dependencies of the above one-loop
ChPT expressions of the m2, m%, f, and f. The ¢ and A
can be expressed below in terms of the masses m,, mg, m,
and chiral constants L; after inverting Egs. (25) and (26) to
order (9(}%) accuracy.

)are at

m2 1
A=—F {1 e {ﬂﬁ—§+8m (2Lg - Ls)
+8(2m% + m2)(2Lg — L4)}} . (29)
2m% 1 2 2
q+ 1= 0 |1~y = part 8(me —m3) (2Lg — Ls)} |

(30)

The leading order relations of the above two equations are
sufficient to find the following (’)(j%) accurate m,, mg-

dependence of the f,, fx from Egs. (27) and (28):

1
fo=Ff—=2u; +pg —4mi(Ly + Ls) — 8mkLy],  (31)

f

1 (3
fl(_f|:1 fz{ (/’tﬂ+/’l11+2)ul() 4m727L4
—4m% (2L, + L5)H . (32)
With the input [, =93 MeV, fr =113 MeV,

m, =138 MeV, mg =495.6 MeV, m, =547.8 MeV,
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and My =4xf, =1168 MeV, f = 88 MeV, one gets the
constants L, and Ls at the physical point as,

Ly =—0.7033 x 1073; Ls = 0.3708 x 1073. (33)
The chiral constants Lg and Lg are controlled by the values
of A and ¢ taken at the physical point. The ratio of the
strange to average light quark mass has the value ¢ = 24.9
similar to Ref. [53] as it is close to the lattice determination
and compatible with the range 20 < ¢ < 34 indicated by
the PDG listing [142]. Choosing leading order ChPT value
of A in the physical point A = A©® and then using the
phenomenological values of m2, m% with the Gell-Mann-
Okubo formula for m; in the (’)(#) accurate expressions of

A and ¢, one gets,

Le =—0.3915 x 1073; Lg=0511x1073.  (34)
The values of M, f, and L; can be used further for the
continuation of A and ¢ from the physical point to an
arbitrary point in the m, — my plane.

Recall that the mixing of the singlet 7, and octet 7z states
gives the physical states of 5 and 7. In addition to the m2
and m% values, the numerical value of the mz,oo + m5,88 is
needed in the input to find the quartic coupling 1, of the
sigma/QM model [50,66,69,70]. The ’t Hooft cubic cou-
pling c is calculated easily if 4, is known. The experimental
masses m,, and m,, are known only at the physical point.
Since the total sum my + my = m; o + m, g3 = M
relevant and needed for finding the 4, as one moves away
from the physical point, even if we do not know the
my (M, my) and my, (m,, my) individually, the knowledge

is

of the sum M3 (m,. mg) as input is necessary.

The functional dependence M3 (m,, mg) is obtained by
the application of the infrared regularized U, (3) x Ug(3)
ChPT where similar steps are implemented as in the
previous description but, here, the mass mixing in the
no, Ng sector makes it a little involved. The collections of
relevant formulas spread over several papers [117,118,135]
are given in Ref. [53]. Taking the mixing angle 6, = -20°
and experimental values for masses m,, n,y, one gets the

physical point values of the my ,m; . m; . Putting their
respective numerical values at the physical point into the
corresponding ChPT expressions of the mj . m; . m; , the
three relations restrict four chiral constants L-, v(()2) , véz), vg”

appearing in those expressions. Note that the constant v(()2>

takes into account the U, (1) anomaly contribution to the '
mass, which is largely determined by the topological
configurations of the gluons. Hence it would be insensitive
against the quark mass variations. The choice of the large

N, relation for the 1)82) = —29.3f2 in Ref. [53] give the
remaining three chiral constants as,

o =0095; o) =—0.1382.
(35)

L, =-0.2272x1073;

The sum of Eqs. (B10) and (B11) in Ref. [53] gives the
following (m,, mg) dependence of the M,%:

M2 =2m% =305 +2(2m% + m2) {30&2) - vgl)}

1
+F@%W%@+m9@u+L9+m%%—w»

16
— dmip, + 3 {(6Lg = 3Ls + 8Ly)(my; — mg)?

o 2Lg(mb = 2k mZmi) + Ly + 2m)?}].
(36)

The # mass occurs at the leading order in chiral
logarithm, i.e., (m\")? = (4m% — m2)/3, hence the func-
tions f,(m, mg), fx(mg mg), and M;(m,, mg) are
applicable only when 4m% > m2. Equations (31) and
(32) together with Eq. (36) enable the calculation of the
QM/QMVT/RQM model couplings 4,, c,m?, and 4, in the
m, — mg plane.

The reduction of m, and myg gives the reduced chiral
symmetry breaking strengths in the chiral limit path. The
m, —myg plane results can be mapped onto the light-
strange quark mass m,, — m, plane using Egs. (29) and
(30) whose multiplication gives O(1/f?) expression of
A(q+1) = B(mg+ m,,) in terms of the m,, myg and
chiral constants. The m, = 138 MeV determines the con-
stant B from Eq. (29) as A = Bm,,; by taking m,,; =
4 MeV at the physical point. Once the constant B is known,
one can find quark masses away from the physical point
and the Columbia plot in the m,; — m, plane can be
generated easily.

III. RESULTS AND DISCUSSIONS

Several QM VT model studies [95,96,100-103,106,113],
where the QM model parameters are fixed using the
curvature masses of the mesons in the presence of fer-
mionic vacuum fluctuations, have shown that the quark
one-loop vacuum fluctuations cause a very large smoothing
effect on the temperature and chemical potential variations
of the nonstrange, strange condensates, their derivatives,
and the mass m,, of the scalar 6 meson. With the parameters
obtained using the physical point z, K, , and 1’ masses, the
241 flavor QMVT and RQM model order parameters,
their derivatives and phase diagrams in the u — T plane
have been compared extensively in Refs. [128,129] and it
has been shown that the critical end point (where the
crossover transition turns second order), shifts to very large
chemical potentials and smaller temperatures in the curva-
ture mass parametrized QMVT model where the chiral
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crossover transition on the temperature axis at y = 0 occurs
at a noticeably larger pseudocritical temperature 7% in
comparison to the RQM model. Recall that the smoothing
effect of the quark one-loop vacuum fluctuation on the
chiral transition is moderate in the RQM model [129]
because the on-shell method of renormalizing the param-
eters in the RQM model generates a significantly stronger
axial U4 (1) anomaly "t Hooft coupling ¢ while the explicit
chiral symmetry breaking strength 4, (h,) in the nonstrange
(strange) direction becomes weaker by a small amount (a
relatively large amount). Note that the c, &, and h, do not
change in the QMVT model at a physical point from their
tree level values obtained in the QM model.

It is worthwhile to perform the chiral limit study and
draw the Columbia plot in the curvature mass parametrized
QMVT model where the infrared regularized U(3) ChPT is
employed to determine the (m,, mg) dependent numerical
values of the f,, fx, and M% when one reduces the m, and
my while moving away from the physical point. The
softening effect of the fermionic vacuum fluctuations in
the QMVT model needs to be numerically quantified by
calculating its effect on the location of the tricritical point
(TCP) at u = 0 in the light chiral limit and the value of the
pion (light quark) critical mass my, (m¢ ) beyond which the
chiral transition is a smooth crossover on the three flavor
chiral limit line (m, = mg i.e., m,; = my) in the Columbia
plot. In order to see how the chiral limit results are
qualitatively and quantitatively influenced by the different
methods of treating the quark one-loop vacuum fluctuation
when it gets incorporated in the QM model, the y — my,
m, — mg, and the light-strange quark mass y — mg, m,; —
m; planes of the Columbia plots, the mLF (mI?) location
of the TCP on the mg(m,) axis where the m,(m,) = 0 and
the mg (m¢,;) obtained for the QMVT model calculation in
the present work will be compared with the corresponding
results of the e-MFA:QM model FRG study in Ref. [23]
and the very recent RQM model chiral limit study reported
in Ref. [132].

A. QMVT versus RQM model order parameters and
its derivatives in the path to chiral limit

The light chiral limit in the QMVT (RQM) model is
given by h, = 0 (h,, = 0) while the strange chiral limit is
given by h, =0 (h,y = 0). The reduced chiral symmetry
breaking strengths £y and hj (hy, and hj,) and the
corresponding QMVT (RQM) model parameters
Ay, ¢, Ay, m? (Ayg, €o, A1, m3) for the chiral limit study are
calculated by using the infrared regularized U(3) ChPT
described in Sec. I C. The changes in pion, kaon decay
constants f, and f are calculated by putting the values of
the reduced pion, kaon masses mj and mj, respectively,
into Egs. (31) and (32) while M, is calculated using the

Eq. (36). The ratio Z—; = Z—i = f is kept fixed while the

T

starred 7 and K masses are reduced. The above choice gives

us a direct path from the physical point to the chiral limit by

just tuning only the fraction S instead of randomly

*
my
3

changing both the m, and myg and ensures that the

mK

remains equal to the ratio r%’; [66] at the physical point

where the ChPT parameter g = mzi';n = = ag the ratio of
u d Myq

the strange my, to the average of light quark mass m,,
also gets fixed. The above defined fraction S also facilitates
the comparison of our results with those of the
Refs. [23,66,132] for the analogous fractions. The reduced
light and strange chiral symmetry breaking strengths in the
QM/QMVT model are defined as hi= (m:)>f, and
ny = {V2fx(mg)? - O—”i(mj‘,)z} The analogous defini-
tions in the RQM model are: h} = (mj )*f, and h}, =

{V2fk(my ) - % (m;.)*} where the reduced pion, kaon

curvature masses my . and my . are found by putting the
reduced pion, kaon mass mj and m} values, respectively, in
the expressions Eqgs. (23) and (24).

The RQM{QMVT} model parameters Ay, ¢, fi,g, 1y
{4, ¢, hy, hy} for the f,, fx, M, when the f = 1, 0.5, 0.4,
0.3642,0.3,0.2028, 0.15, 0.007246 are presented in Table |
and Table II contains the corresponding RQM {QMVT}
model parameters Ao, m3 {4, m*} for the ¢ masses m, =
400 MeV and m, =530 MeV. The m, = 138.0 MeV,
mg = 496.0 MeV for =1 at the physical point. The
RQM {QMVT} model parameters in the absence of the
axial Uy (1) anomaly, i.e., ¢ = O at the physical point, are
presented in the second row of the Tables I and II whose last
row presents the parameters for the M, :Expt in the
presence of the axial U, (1) anomaly and f,, fx are the
same as in the first row as calculated from the ChPT
input. For the physical point experimental masses

(my,,my) = (547.5,957.8) MeV, the input of M, =

(my +my) =1103.22 MeV is termed as M,: Expt

for which the calculation of parameters in the curvature
mass parametrized QMVT model give (m,,m,) =
(538.54,962.85) MeV in the output while the calculation
of parameters in the on-shell renormalized RQM model,
give (m,,my,) = (527.82,968.76) MeV in the output.
Since the obtained M, in the output of the QMVT
(RQM) model is the same as in the input, the above results
are consistent. One gets a slightly smaller value of the
M, = 1035.55 MeV when the ChPT expression in Eq. (36)
is used with the physical point m,, mg. For M, =
1035.55 MeV in the input, the RQM model parameters
give (m,,my) = (520.62,895.17) MeV in the output
while the QMVT model parameters give (m,,m, ) =
(528.76,890.79) MeV in the output and the output, input
values for M, are same in both the models.

The QMVT and RQM model temperature variations of
the light and strange condensate x and y have been

compared, respectively, in the Figs. 1(a) and 1(b) when
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TABLE 1.

Defining the reduction of 7z, K meson starred masses as 2= = "% = < | such that 2= = = with the m, =
my mg my mg

138 and

myg = 496 MeV at the physical point, one gets a direct path to reach the chiral limit [66]. The f,, fx for a given f fraction is obtained by
using the my, my for that § in Eqs. (31) and (32) while Eq. (36) gives the corresponding M,,. The experimental values (m my )

ns

(547.5,957.8) MeV give the M,-Expt = 1103.22 MeV while the infrared regularized U(3) ChPT expression in Eq. (36) gives M, =
1035.55 MeV for the physical m,, mg. The RQM{QMVT} model parameters presented here are Ay, co, iy, 1 {42, ¢, I3, ht}

B fr MeV) fx MeV) M, (MeV) doo{dn} co{c} MeV) By {hi} (MeV?) Rl } (MeV?)

1 929737 1132635 1035.55 35.47 {54.46} 7390.50 {3913.39} (119.79)3 {(120.98)3} (324.39)% {(336.65)3}
1 929737 1132635 650.43 90.81 {83.76} 0 {0} (119.79)3 {(120.98)%} (324.39)3 {(336.65)°}
0.5 927862  102.1041 865.99 —12.95 {16.59} 7705.88 {4241.24} (75.98)* {(76.16)*} (197.66)3 {(204.63)*}
0.4 917930  98.6312 849.04 —22.45 {8.18} 780830 {4448.38}  (65.30)% {(65.40)3} (169.62) {(174.27)%}
03642  91.3992  97.3737 844.29 —26.01 {4.95} 7843.53 {4528.40} (61.27)>{(61.35)3} (159.12)? {(163.01)%}
0.3 90.6629  95.1438 837.31 ~32.64{=1.17} 790153 {4675.25} (S3.71)*{(53.76)°}  (139.46)° {(142.1)*}
02028  89.5459  91.9877 830.14 —4333{=11.31} 7969.22 {4890.09} (41.22)3 {(41.24)3} (107. 02)“{ 108.19)%}
0.15 88.9846  90.4869 827.71 —49.53{-17.32} 7992.99 {4992.98} (33.65)3 {(33.66)°}  (87.39)3 {(87.996)3

0.007246 88.0055  88.0129 825.049 —72.80{—40.35} 8012.25{5156.06}  (4.448)3 {(4.448)} (IL. 562)3 {(11. 561 )}
1 92.9737 113.2635 M,Expt = 1103.22 31.19 {47.93} 7962.25 {4785.76} (119.79)* {(120.98)} (324.39)%{(336.65)}

p=1.0,05, 0.3642, 0.2028, and 0.00725 for the
m, = 530 MeV. When ChPT expression of M, is used
as input to determine parameters of the QMVT and RQM
models, the x (y) plot at the physical point f = 1 overlaps
(not shown here), as reported in a very recent RQM model
work in the Ref. [132], with the corresponding temperature
plot obtained after taking the M,,: Expt in input for finding
the model parameters whereas the f,, fx are the same as in
the first row of Tables I and II. The light and strange
condensate temperature variations in Figs. 1(a) and 1(b)
show a very smooth and delayed melting in the QMVT
model for the f = 1.0 and 0.5 while the corresponding
melting in the RQM model is sharper and occurs early on
the temperature axis. This is evident from the temperature
variation of the derivative dx/dT in Fig. 2(a) where the
chiral crossover transition in the QMVT model occurs at
the pseudocritical temperature (defined as the peak of the
0x /0T temperature variation) of 7% = 162.16 MeV for f =
1 and 7% = 158.32 MeV for = 0.5 while a relatively
sharper chiral crossover transition, with a higher peak in
the dx/0T temperature plot, occurs in the RQM model
at about 23-24 MeV smaller transition temperature of

TABLE II.
table for the m, = 400 MeV and m, = 530 MeV.

T% = 139.42 MeV for =1 and T% = 133.97 MeV for
p =0.5. The dx/0T peak heights in the QMVT model,
respectively, for the # = 0.4 and # = 0.3 in the Fig. 2(a) turn
out to be about five and three times smaller than the height
of the dx/0T peak in the RQM model for the case of § = 0.4.
The reason for the above pattern lies in the fact that the
p = 0.4 is close to the RQM model feep| (1, 530 Mev :RQM) =
0.3642 for (mj cep, Mk cep) = (50.26, 180.64) MeV where the
peak in the dx/dT temperature plot of the Fig. 2(b) diverges at
the 7% = 129.33 MeV and the crossover transition ends at the
second order Z, critical point to become first order transition
for the # < fep- The RQM model dx/dT plots for the f =
0.3748 and # = 0.3816 close to the feep | (1n,—530 Mev:RQM) =
0.3642 are also shown in Fig. 2(b) to have a perspective of the
divergence. The fraction f needs significant reduction to get
the ﬁcepl(mJ:SSO Mev:Qmvt) = 0.2028 for (mz*r,cep’ m*K,cep) =
(27.99,100.59) MeV in the QMVT model when the peak
height of the dx /0T plot diverges at larger T% = 145.06 MeV
in the Fig. 2(b) where the adjacent QM VT model dx /9T plots
areshownforthe f=0.2131andf = 0.2200also. Figures 1(a)
and 1(b) show the light and strange order parameter

Scalar 6 meson mass dependent parameters 4,y and m3 {1, and m*} of the RQM {QMVT} model are presented in this

m, = 400 (MeV)

m, = 530 (MeV)

B fz MeV) fr (MeV) M,: (MeV) Aof{h} m§{m*} (MeV?) Aof{A} m{m*} (MeV?)

1 929737 1132635 103555 127 {~12.18} ~ (447.71)2{(229.88)2} = 4.499 {-8.29) = (378.99){~(123.97)2}
1 92.9737 1132635 65043 -27.68 {~27.65} —(15453)2{~(251.91)2} ~24.18 {~23.65} —(292.08) {—(36547)"}
0.5 927862 102.1041  865.99 20.19 {5.15} ~ (217.28)*{—(284.53)*}  23.96 {9.32}  —(93.16)* {—(377.77)*}
04 91.7930  98.6312  849.04 24.26 {9.34]  (169.93)° {~(30178)7}  28.37 {13.70}  —(169.47)>{~(390.01)%}
03642 91.3992 973737 84429 2578 {1093}  (152.19){~(30597)2} ~ 30.04 {1537}  —(187.68)°{(393.02)°}
0.3 90.6629  95.1438  837.31 28.6 {1391} (1184)2{—(311.31)>}  33.15 {1851} —(214.51)2{—(396.88)*}
02028 895459 919877  830.14  33.04 {1867}  (55.177{~ (314.96)2; 38.08 {2351} —(244.73)2{—(399.56)*}
0.15 88.9846 904869  827.71 3552 {21.34} = —(36.92)*{—(315.17)’}  40.75 {26.32}  —(254.90)*{—(399.79)*}
0.007246 88.0055 88.0129  825.049  43.92 {30.1}  —(84.02)>{—(312.86)%}  49.87 {3530}  —(275.99)*{—(397.91)*}
1 929737 113.2635 M,Expt 109 {-8.71}  (444.12)2{(280.22)>} ~ 4.32 {-4.85}  (375.01)2{(103.06)*}
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FIG. 1. Temperature variations of x and y [(a) and (b)] at 4 = O for the ratio ::—” = "Z—’; = =1,0.5,0.00725. The critical end point ratio
Peep = 0.2028(0.3642) in the QMVT (RQM) model. (a) Nonstrange chiral condensate (b) Strange chiral condensate.

temperature variations also for the S, and f = 0.00725 and its derivative plots are not shown. The critical
where the order parameters have a very large first order gap ~ end point fraction in the QMVT model is found at
when one reaches very close to the chiral limit. Note that  the ﬁcepl(m0=400 MeV:QMVT) — 0.2215 for (mz*r,cep’ m;{,cep) =
for the smaller f§ < fi.p, the difference in the QMVT and ~ (30.57,109.88) MeV when the m, =400 MeV while
RQM model critical temperatures for the chiral transition ~ the similar cep in the RQM model is found at the
decreases from about 24 MeV for the f = 1.0 and 0.5 to ﬁcepl(m6:400 MeV:RQM) — 0.3795 for (m;.cep’ m;{,ccp) =
16.35 MeV for # = 0.15 and 13.35 MeV for f = 0.00725. (52.38, 188.25) MeV. It is known that the strength of the
In the exact chiral limit f, = f, the m, = 0 and the heavy chiral transition becomes stronger for smaller scalar 6 meson
my = 825 MeV signifies the U, (1) anomaly for both the ~ mMasses. The above feature gets verified as we are finding the
QMVT model and RQM model. The problem of the loss of Peeplm, =100 Mev:mv) = 0-2215 > Becp| 1, ~530 Mev: QuvT) =
the spontaneous chiral symmetry breaking (SCSB) when =~ 0-2028 in the QMVT model while we find the
the m,, mg — 0 in the chiral limit for the moderate m, = ﬂcep|(mg=400 MeV:RQM) — 0.3795 > ﬂcep|(m5=530 MeV:RQM) —
400-800 MeV gets cured after using the infrared regular- ~ 0.3642 for the RQM model. The f., computed using
ized U(3) ChPT scaling [53] of m,, mg, M%. the large N, standard U(3) ChPT input set M,-Il in the

It is worthwhile to compare the f., for the case of RQM model gives slightly different feep|(n,—s30mev:
the m, =400 MeV also, though the order parameter RQM;M,,—II) =0.36887.

a) 18 b) 60 . . : :
(@) B=1.0 : QMVT ; TX=162.16 MeV ®)
16 | B=1.0 : RQM ; TX=139.42 MeV g
B=0.5: QMVT ; TX=158.32 MeV - - - 50 ‘ :
14| B=0.5: RQM ; TX=133.97 MeV —-—- - i
B=0.4 : QMVT ; TX=155.17 MeV — - = i
12| B=0.4 : RQM ; TX=130.74 MeV R 40 i i
B=0.3 : QMVT ; T*=150.80 MeV - - - Bep=0.2028 : QMVT ; T e;X=145.06 MeV i
= 1 =0.2131 : QMVT ; TX=145.73 MeV ----- i
= 5 30 =0.2200 : QMVT ; TX=146.17 MeV i i
3 g % Boep=0-3642 : RQM ; T(X=129.33 MeV i
B=0.3748 : RQM ; TX=129.77 MeV -+~ i
" g B=0.3816 : RQM ; TX=130.03 MeV - || ;'
'R} 20 B i
‘o 1 ii
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RO g 10 A ]
200 0 e =SS " . ==
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FIG. 2. (a) Temperature variations of the light condensate derivative 0x/dT in the QMVT model at 4 = 0 for m, = 530 MeV and
mp = ZZ—Z =p=1,0.5,0.4, 0.3 are compared with the corresponding values obtained in the RQM model. (b) The dx/dT temperature

pfots for the QMVT model critical end point (cep) ratio fee, = 0.2028{(m;, mj) = (27.99,100.59) MeV} and in its close proximity
when f = 0.2131{(m}, m}) = (29.41,105.70) MeV} and g = 0.2200{ (m}, m}) = (29.92,109.12) MeV}, show the respective peaks
at the transition temperatures of T{ep = 145.06, T% = 145.73, and 146.17 MeV. The divergent peak in the RQM model dx/dT plot
occurs at a significantly smaller T, = 129.33 MeV for a noticeably larger ratio f., = 0.3642{(m}, mj) = (50.26, 180.64) MeV }.
Adjacent RQM model plots for f# = 0.3748{(m%, m%) = (51.72,185.90) MeV} and £ = 0.3816{(m%, m%) = (52.66, 189.27) MeV}
show respective crossover transition peaks at 7% = 129.77 and 130.03 MeV.
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It is important to compare the QM VT model result of the
present work with the similar result of Ref. [23] where the
effect of quark one-loop vacuum fluctuation was computed
in the e-MFA:QM model FRG work under the LPA by
switching off the quantum and thermal fluctuations of the
mesons in the functional renormalization group flow
equation. Recall that in the Ref. [23], they reduce the
nonstrange and strange direction chiral symmetry breaking
source strengths defined as j, and j, in their work by tuning
a single parameter a = (0, 0.04,0.17, 1) but corresponding
to each of the above reductions in the a, they respectively
adjust the initial action by changing the scale A =
(1143,1100, 1000,700) MeV such that the f, always
remains fixed and the spontaneous chiral symmetry break-
ing does not get lost. The crossover transition for the @ = 1
at the physical point becomes second order for the critical
a, = .04 and one gets the first order transition for the o, < .04
when the m, = 530 MeV in their work. The parameter « of
their study gives the related parameter = /a in our work.
Comparing our QM VT model results with those of Ref. [23],
we see that the second order Z, critical point in their e-MFA:
QM model study occurs at Seep| (1, —530 Mev:eMFA:QU-FRG) =
Vae = 0.2 for (my cep, Mk cep) = (27.6,99.2) MeV which
is quite close to our QMVT model result of the
Beepl(m,~530 Mev:omvr) = 0.2028. Thus the smoothing effect
of fermionic vacuum fluctuation on the chiral transition is
significantly large (and similar) in the QM VT model as well as
the e-MFA:QM model FRG study of Ref. [23] where the
extent of the first order transition region is small. The above
softening effect is quite moderate in the RQM model study,
which has already been reported very recently in Ref. [132]
where one finds a noticeably larger extent of the first order
region and quite alarge feep| (1, —s530 Mev:roM) = 0.3642 also.
Here it is relevant to point out that when the Dirac’s sea
contribution gets neglected under the s-MFA in the QM model,

TABLE III. Table presents the quantities myF, mIP

t t o o
Mg, My, My, m

the Fig. (9) of the Ref. [66], shows that the crossover transition
ends at the second order transition for the significantly larger
fraction f3.., = .488 giving noticeably larger 7 and K masses
(M ceps M cep) = (67.34,242.05) MeV where they have
taken m, = 800 MeV in their calculation so that the SCSB
is not lost. Table Il shows the comparison of different results
for the chiral limit studies done in the QM VT model, RQM
model, e-MFA:FRG QM model, and s-MFA QM model. The
table shows the LQCD results also for the ready reference.

B. Comparing the m, toward the chiral limit

The temperature variation of the ¢ and 7 masses is also
used for the analyzing the chiral transition as it is known
that the m, and m, become degenerate after the chiral
transition. Furthermore when the scalar mass m, becomes
Zero in its temperature variation, it signals identification of
the second order Z(2) critical end point for the used model
parameter set where the chiral crossover transition ends to
become a second order transition. The scalar ¢ meson is a
critical mode of the chiral transition and it is related to the
correlation length as & = 1/m,. It has been argued and
discussed at length in the Ref. [23] that when chiral
symmetry breaking light and strange source strengths j,
and j, are reduced in going away from the physical point to
make chiral limit study in the fixed UV scheme (where
other parameters take the same value as at the physical
point), the mass m, of the critical sigma mode increases and
the correlation length & decreases to such an extent that the
spontaneous breaking of chiral symmetry gets lost. They
salvaged the situation in their chiral limit study by
proposing the ChPT motivated fixed-f, scheme where
they heuristically adjust the initial effective action to the
larger scales (A’ > A) while reducing the source strengths
Jx and j, for smaller (m,, my) away from the physical point

0> and the fee,t my cep. Mk o, calculated for m, =400 and

u

530 MeV in the QMVT and RQM model. RQM model results for m, = 530 MeV obtained using the inputs of large N, standard U(3)
ChPT termed as input set M,,-II in Ref. [132] are also presented. Some of these quantities as obtained in the e-MFA:QM model FRG
study for m, = 530 MeV and the QM model s-MFA study for m, = 800 MeV are also presented for comparison. The second order
chiral transition and the TCP is absent on the m, = 0 axis in the QM model s-MFA study. The last two rows show the critical pion (light
quark) mass mg (mg,) for three degenerate flavors at y =0 from different LQCD studies whose results are labeled with the
corresponding fermion implementation and the number of time slices N,.

Model m, m}cp mIcP m, m!, ms mé, Peep My cep m},cep
QMVT 400 137.2 8.06 98.15 2.05 78.45 1.31 0.2215 30.57 109.88
RQM 400 242.6 25.53 168.39 6.13 134.16 3.84 0.3795 52.38 188.25
QMVT 530 124.7 6.64 90.03 1.72 72.12 1.1 0.2028 27.98 100.58
RQM 530 235.7 24.08 160.75 5.58 128.38 3.51 0.3642 50.26 180.64
RQM: M,i-II [132] 530 239.58 23.47 161.35 5.44 128.04 3.45 0.36887 50.9 182.96
e-MFA:QM-FRG [23] 530 169 110 3.0 86 0.20 27.6 99.2

s-MFA:QM [66] 800 No TCP 177 e 150 0.488 67.34 242.05

LQCD N, = 4, Standard
study staggered mg

Ref. ~290 [15]

N,=4,p4 N,=6, Standard N, =6, Stout Wilson Clover N, =6, HISQ Wilson Clover m,: Mobius
staggered m;  staggered m  staggered mi, N, =6, m;  staggered m; N, =28, mi; domain wall

~67 [16] ~150 [17] ~0 [18] ~300 [19] <50 [20] <170 [21] <4 [25]
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FIG. 3. Temperature variations of the z, ¢ meson masses m, and m, at 4 = 0 for m, = 530 MeV and % = m—’; =p=1,05,0.3642,

m

0.2028, 0.015 are shown in the left panel (a) for the QMVT model and right panel (b) for the RQM model. The curvature and pole
masses are same in the QM VT model while the curvature mass m, .(m, ) of the z(c) meson is smaller (significantly smaller) than its
pole mass of m,(m,) = 138(530) MeV in the RQM model. When the m, becomes exactly zero in its temperature variation, it gives the
signature identification of the cep, respectively, at the .., = 0.2028 for the QMVT model in (a) and the .., = 0.3642 for the RQM
model in (b). A strong first order mass gap is seen in the m, plot for the f = 0.015 < f.

such that the f, always retains its physical value and
hence the SCSB is not lost for the scalar ¢ mass range
m, = 400-600 MeV. The changing scale (A’ > A)
accounts for the change in parameters (which are kept
same as at the physical point) when the explicit chiral
symmetry breaking source strengths decrease. Since we are
changing the f,.f and M, away from the physical point in
our chiral limit study according to the (m,, my) dependent
ChPT scaling relations, it is interesting and relevant to
compare the temperature variation of the m, in our QMVT
and RQM model study with the corresponding result in
the Ref. [23].

Note that the curvature and pole masses are the same in
the QMVT model whereas the curvature mass of the 7 (o)
meson m, .(m,.) = 135.98(376.74) MeV is smaller (sig-
nificantly smaller) than its pole mass of m,(m,) =
138(530) MeV for =1 in the RQM model due to the
on-shell renormalization of the parameters. The QMVT
model temperature variation of the ¢ mass in Fig. 3(a)
begins from the same value m, = 530 MeV for all the
fractions whereas the RQM model curvature mass of the o
meson in Fig. 3(b) starts from the m, . = 376.74, 420.29,
443.01 and 474.75 MeV, respectively, for g = 1.0, 0.5,
0.3642 and 0.15. Thus we find that the vacuum curvature
mass of the ¢ meson in the RQM model is lowest at the
physical point and it increases successively when one
moves toward the chiral limit after reducing the (m,,
mg) by a fraction f of their physical point value. The
behavior of the m, in our chiral limit study for both the
QMVT and RQM models stands in contrast to its behavior
in the e-MFA-FRG, QM model study of the Ref. [23] where
in the aftermath of the successive increase in the scale
A =700, 1000, 1100, and 1143 corresponding to the
successive decrease of the source strengths j, and j,

governed by a = \/ﬁ = 1.0, 0.17, 0.04, and 0, the & mass

registers a significant successive decrease toward the chiral
limit as evident from Fig. 2(c) of Ref. [23]. Here, it is
relevant to point out that the o mass in the e-MFA-FRG
study is calculated from the curvature of the effective
potential that gets evaluated by the FRG flow equation.
Recall that the curvature masses of mesons are used for
fixing the parameters in the QM VT model and this context
of incorporating quark one-loop vacuum corrections is
analogous to that of the e-MFA-FRG study in Ref. [23]
where the vacuum value of the m, decreases significantly
toward the chiral limit while the QM VT model m, does not
change toward the chiral limit. In complete contrast of the
above two scenarios, being lowest at the physical point and
different from its pole mass m, = 530 MeV, the vacuum
curvature mass m, . in the on-shell renormalized RQM
model increases toward the chiral limit.

The variation of m, with respect to the temperature is
very smooth in Fig. 3(a) of the QM VT model when 8 = 1.0
and 0.5 while the m,. RQM model plot in Fig. 3(b) is
sharper for the = 0.5, though being quite smooth at the
physical point # = 1.0. The respective temperature plots of
the QM VT model m, and the RQM model m,, . in Figs. 3(a)
and 3(b) begin from their reduced value for f < 1 and
become degenerate, respectively, with the m, and m, .
temperature variations for the corresponding S after the
chiral transition takes place. The vacuum z curvature mass
from where the m, . plots begin in Fig. 3(b) are,
m, . = 135.98, 68.75, 50.17, and 20.69 in respective order
for f = 1.0, 0.5, 0.3642, and 0.15. m, becomes zero in its
temperature variation in Fig. 3(a) when f., = 0.2028,
signaling identification of the critical end point in the
QMVT model. The signature identification of the critical
end point results in the RQM model when the curvature
mass of the ¢ meson m, . becomes zero in its temperature
variation in Fig. 3(b) for the f.., = 0.3642. For very small
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FIG. 4. Columbia plot with the U, (1) anomaly is presented in the left (right) panel (a) [(b)] for the QMVT (RQM) model when
mg =400 MeV. The u — my (m, — my) plane presents the chiral transition for the m, = 0 (u = 0). The second order Z(2) critical solid
black line demarcating the crossover from the first order region intersects the SU(3) symmetric m, = my green dash line, respectively, at
the critical pion mass of m§ = 78.45 and m§ = 134.16 MeV in (a) for the QMVT model and (b) for the RQM model. It terminates at the
terminal pion mass of m/, = 98.15 MeV in (a) for the QMVT model and m’, = 168.39 MeV in (b) for the RQM model. The solid blue
line of the tricritical points that separates the second and first order regions in the y — mg plane starts on the mg (m, = 0) axis from the
blue dot, respectively, at the m5¥ = 137.2 MeV in (a) for the QMVT model and m LY = 242.6 MeV in (b) for the RQM model. The
blue dash line in the m, — m plane depicts the strange chiral limit 4, = 0 and the £, is negative in the shaded unphysical region.
The black dash vertical line of crossover transition at the physical point ends at the critical end point with gcgp = 288.03 MeV in (a) for

the QMVT model and pcgp = 243.29 MeV in (b) for the RQM model. The vertical red line depicts the first order transition.

f = 0.15 close to the chiral limit, the QMVT model m,
temperature plot in Fig. 3(a) and the RQM model m,
temperature plot in Fig. 3(b) show a large mass gap that
corresponds to the strong first order chiral transition.

C. Comparing various aspects of Columbia plots in the
QMYVT and RQM model for different m,

One needs different conditions other than simply reduc-
ing the parameter f to compute the distinct regions of
the Columbia plot. Implementing the light chiral limit
m, =0 = h, = h,y = 0, one gets the blue solid line in the
vertical 4 — mg plane, which is the locus of the tricritical
points that separates the first order from the second order
transition region. The Z(2) ceps in the horizontal m, — my
plane at u = 0 are obtained after taking some numerical
value for the m, ., and then finding the corresponding
Mg cep at which the crossover transition for mg > mg .o,
turns second order to become first order for the myg < mg cp.
The locus of the Z(2) critical end points gives the chiral
critical line (denoted by the solid black line in the figures
below) that separates the first order from the crossover
transition region. The condition m, = mg gives the
SU(3) symmetric line shown by the green dash line in the
figures below. The strange chiral limit 7, = 0 = h, con-
dition in the m, — mg plane gives us the blue dash dotted line
under which the strange direction chiral symmetry breaking
strength /2, becomes negative in the shaded area.

The QMVT model Columbia plots with the U,(1)
anomaly for the m, = 400 MeV and m, = 530 MeV are
presented, respectively,inthe Figs. 4(a) and 5(a). Figures 4(b)

and 5(b) depict the corresponding RQM model Columbia
plots for comparison. The light chiral limit m, =0
axis chiral transition for the myg > 496 MeV in all the
abovementioned figures is of second order as in [23] and
also predicted in Ref. [2]. The O(4) universality class
second order transition line, when mg < 496 MeV in the
QMVT model, terminates at the blue dot of the tricritical
point m}? = 137.2 MeV for m, = 400 MeV and mL* =
124.7 MeV for m,; = 530 MeV, respectively, in Figs. 4(a)
and 5(a) where the transition turns first order and keeps on
becoming stronger till the chiral limit is reached. The solid
black chiral critical line of the Z, universality differentiat-
ing the crossover from the first order region in the m, — mg
plane at 4 = 0 ends on the strange chiral limit line at the
terminal 7z mass m. =98.15 MeV in Fig. 4(a) for
m, = 400 MeV. The transition becomes a smooth cross-
over everywhere when m, > ml. We get smaller m’ =
90.03 MeV in Fig. 5(a) when the scalar ¢ meson mass
m, = 530 MeV. When the SU(3) symmetric m, = mg
chiral limit line in the green dash intersects the solid black Z
(2) chiral critical line, one gets the critical pion mass mg
where the boundary of the first order region ends in the
m, —mg plane at u = 0. In the QMVT model, we are
finding the mg = 78.45 MeV for the m, = 400 MeV in
Fig. 4(a) and m§ = 72.12 MeV for m, = 530 MeV in
Fig. 5(a). Recall that the FRG study in Ref. [23] finds
the m§ = 86 MeV for m, = 530 MeV, the s-MFA study in
Ref. [66], finds m¢ = 150 MeV for m, = 800 MeV and it
is pointed out in Ref. [41] that the chiral matrix model study
using the mean field analysis gives mg = 110 MeV.
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Left panel (a) [right panel (b)], depicts the Columbia plot with the U, (1) anomaly for the QMVT (RQM) model when

m, = 530 MeV. The m, = 0 on u — mg plane while 4 = 0 for m, — myg plane. The critical points, lines, first order, second order,

TCP

crossover regions, and other features are defined similar to Fig. 4. The left panel (a) Columbia plot gives (mg", mh, ms) =

(124.7,90.03,72.12) MeV  for the
(mCP

QMVT model. For the RQM model, the

Columbia plot in (b) gives

My ,mb,ms) = (235.7,160.75,128.38) MeV. The vertical line of crossover transition at the physical point terminates at the
critical end point with pcgp = 322.16 MeV in (a) for the QMVT model and pcgp = 275.95 MeV in (b) for the RQM model.

Compiling the critical quantities (mLF, ml, mS) =
(242.6,168.39,134.16) MeV  if m, =400 MeV and
(mEP, ml, mS) = (235.7,160.75, 128.38) MeV if m, =
530 MeV for the RQM model study with the Ug,(1)
anomaly, as reported very recently in Ref. [132], it is
emphasized that the first order regions shown in the y — mg
and m, — my planes for the RQM model in Fig. 4(b) for
m, = 400 MeV and Fig. 5(b) for m, = 530 MeV, are
significantly larger than the corresponding regions of the
first order transition in Figs. 4(a) and 5(a) for the QMVT
model where one respectively finds the (m:F, m!, m¢) =
(137.2,98.15,78.45) MeV ~ for the m, =400 MeV
and the (m:F, mi, mS) = (124.7,90.03,72.12) MeV for
the m, = 530 MeV. It is well known that the increasing mass
of the scalar 6 meson gives rise to a softer and smoother chiral
transition. It is important to note that when the m,, increases
from the 400 to 530 MeYV, the extent of the first order region
decreases by a small difference of the (AmLF, Am’,, Am¢) =
(12.5,8.12,6.33) MeV in the QMVT model while corre-
spondingly, one gets a decrease that is smaller in the RQM
model as (AmEP, AmL, AmS) = (6.9,7.64,5.78) MeV.
Columbia plot studies are being actively pursued in
different approaches in the light of the most recent lattice
results. Here it is relevant to point out that apart from the
cubic ‘t Hooft coupling term, the sixth order anomalous
coupling (which becomes relevant [41]) term might also
govern the change in the size of first order regions as shown
in Fig. 1 of a very recent work on the Columbia plot in
Ref. [42]. They have discussed a scenario where the extent
of the first order region is maximum when the sixth order
anomalous coupling is zero and the first order region
decreases corresponding to the increasing sixth order
coupling strength while the cubic coupling strength
decreases. They have shown a possibility where phase

transition in the whole m, — my plane of the Columbia plot
becomes second order, even though the U, (1) anomaly is
still broken because of the large strength of the sixth order
anomalous coupling term while the cubic coupling strength
is zero. Putting the present work in comparative perspec-
tive, the size of the first-order regions also differ signifi-
cantly between the two models, QM VT and RQM in Figs. 4
and 5. Note that our work considers only the standard cubic
coupling term ¢, which, being the same as in the QM
model, does not change in the curvature mass based
parameter fixing of the QMVT model and significantly
reduced first order regions of Figs. 4(a) and 5(a) are a
consequence of the very large smoothing effect of the quark
one-loop vacuum fluctuation on the strength of the chiral
transition. In contrast to the above, the large first order
regions in Figs. 4(b) and 5(b) of the RQM model Columbia
plots are caused by the fact that the U, (1) anomaly strength
¢, which contains a condensate dependent part, gets
significantly enhanced when the meson self energies due
to quark loops are evaluated using the meson pole masses
and parameters are fixed on shell. The smoothing effect of
the quark one-loop vacuum fluctuation is moderate in the
RQM model.

The small first order regions in Figs. 4(a) and 5(a) for the
QMVTand significantly large first order regions in Figs. 4(b)
and 5(b) for the RQM model increase near the origin
(chiral limit) of the vertical y — mg plane at the m, =0
when the chemical potential y is increased. In all the above
model scenarios, the chiral critical surface has a positive
curvature [143]. Therefore, a critical end point exists in
Figs. 4(a) and 5(a) [Figs. 4(b) and 5(b)] for the QMVT
model (RQM model) and gets marked by the solid blue
arrow in the y — T plane of figures where the dashed black
vertical line, of the crossover transition at the physical
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point, intersects the chiral critical surface. The chiral
tricritical solid blue line has a large positive slope initially
when it begins from the m? = 137.2 MeV aty = 0 MeV
in the QMVT model in Fig. 4(a) for m, = 400 MeV. The
above slope decreases successively for the larger y and
mg. The average slope of the tricritical line is only .078
between the points (my,u) = (260,223.26) MeV and
(mg,p) = (500,242.05) MeV and it becomes zero for
the myg =400-500 MeV range as yu = 241.98 MeV
for the mg =400 MeV becomes only p = 242.05 MeV
for mx = 500 MeV. When myx = 550 MeV, u decreases
slightly to u = 239.72 MeV and the slope becomes slightly
negative. Thus the tricritical line in Fig. 4(a) shows a
complete saturation from myg = 400-500 MeV as it
becomes parallel to the my axis (for m, = 0) with zero
slope. In contrast to the QMVT model, the RQM model
tricritical line for m, =400 MeV, starting from the
mEP =242.6,u = 0 MeV in the Fig. 4(b), shows a near
saturation trend (not a complete saturation) for chemical
potentials that are about 52 MeV smaller than the u values
in the QM VT model around which the saturation occurs. In
the RQM model, the ¢ = 184.7 MeV at mg = 450 MeV
becomes ¢ = 188.25 MeV at mx = 500 MeV with a .071
slope of the tricritical line in Fig. 4(b) and this slope becomes
smaller as it is .049 when p = 188.25 MeV at my =
500 MeV becomes y = 190.7 MeV at myx = 550 MeV.
The QMVT model tricritical line for m, = 530 MeV
that starts from m+F = 124.7, atu = 0 MeV in Fig. 5(a)
shows a good saturation trend similar to the m, =
400 MeV case when chemical potential (¢ = 283 MeV)
is significantly higher. The average slope of the above
line is only .066 between the points (mg,pu)=
(260,266.82) MeV and (mg,u) = (500,282.77) MeV
and the slope becomes zero for the mg = 450-500 MeV
range as u =282.85MeV for myg =450 MeV

300
200

1 (MeV)

100

400°00

100 &7 00200 300
m, (MeV) 150 0 mg (MeV)
(a)

becomes only u =282.77 MeV for myg = 500 MeV.
When myg = 550 MeV, u decreases slightly to u =
281.81 MeV and the slope becomes slightly negative. In
complete contrast to the QM VT model, the tricritical line of
the RQM model for m, = 530 MeV starting from mLF =
235.7, aty = 0 MeV in Fig. 5(b), does not show a near
saturation trend like the one that we get for the m, =
400 MeV case. The slope 0.1852 between the points
(1=219.14,m=400.0) MeV and (u=228.4,mx=450.0)
MeV on the tricritical line in Fig. 5(b), decreases to the
0.1478 when one goes from the point (¢ =228.4,m =450.0)
MeV to the point (¢ = 235.79, myx = 500.0) MeV but
it increases and becomes 0.1566 between the point
(1=235.79,m=500.0) MeV and (uy=243.62,mx=>550.0)
MeV. The critical end point marked by the solid blue arrow
gets located at ucgp = 288.03 MeV for m, = 400 MeV and
ucgp = 322.16 MeV for the m, = 530 MeV case in the
QMVT model while in comparison the position of the
critical end point is at pcpp = 243.29 MeV for m, =
400 MeV and pcgp = 275.96 MeV for m, = 530 MeV in
the RQM model.

In the absence of a U, (1) anomaly, no first order region
is found in the m, — my plane at u = O either in Fig. 6(a)
for the QMVT model or in Fig. 6(b) for the RQM model
when m, = 400 MeV. The above result is similar to the
findings of the e-MFA:QM model FRG study in Ref. [23]
and it is a consequence of the effect of quark one-loop
vacuum fluctuation. For the chemical potentials p < .,
whatever value the kaon mass mg takes in the light chiral
limit m, = 0, one finds a second order chiral transition
everywhere in the g — mg plane of Figs. 6(a) and 6(b),
respectively, for the QMVT and RQM models. The
chemical potential for which the first order transition
reappears in Fig. 6(a) for the QMVT model is very high
U, = 225.4 MeV. The tricritical line, demarcating the first

300
200

1 (MeV)

100

100 22200 300
m, (MeV) 150 0 mgk (MeV)
(b)

FIG. 6. Columbia plot without the U, (1) anomaly is presented in left panel (a) for the QM VT model and right panel (b) for the RQM
model when m, = 400 MeV. Blue line of tricritical points in the 4 — mg plane for m, = 0 differentiates the first order (red) from the
second order (light green) chiral transition region. The first order region does not exist in the m, — my plane at 4 = 0. The crossover
transition vertical line in the black dash at the physical point stops at the critical end point with pcgp = 291.74 MeV in (a) for the QMVT

model and pcgpp = 262.8 MeV in (b) for the RQM model.
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order transition region above it from the second order chiral
transition region below, has a small positive slope until
(pe, mg) = (248.2,250) MeV, which becomes nearly con-
stant in the range myg = 350-450 MeV after u. attains
maximum at 251.2 MeV when my = 350. Afterward, the
slope decreases very slowly when y. becomes 245.32 MeV
at mxg = 550 MeV. The RQM model p — myg plane at
m, = 0 in Fig. 6(b) has similar features as above but here,
the first order (second order) region above (below) the
tricritical line is larger (smaller) than the corresponding first
order (second order) region seen in Fig. 6(a) for the QMVT
model. The first order region in the RQM model appears
again for p,. = 204.6 MeV, which is smaller than the
corresponding QMVT model u,. = 225.4 MeV and the
RQM model tricritical line has a small positive slope until
u. = 2232, mg = 240 MeV, which becomes constant for
the range myg = 240-350 MeV and then decreases very
slowly when p. becomes 213.2 MeV at my = 550 MeV.
The critical end point corresponding to the physical point in
Fig. 6(a) of the QMVT model is marked by the solid blue
arrow at the pcgp = 291.74 MeV while the RQM model
critical end point is pointed by the solid blue arrow at
Hcrp = 262.8 MeV in Fig. 6(b).

The lines and regions, in the vertical 4 — mg plane (at
m, = 0) of the three-dimensional Columbia plots of the
QMVT (RQM) model in Fig. 4(a) [Fig. 4(b)] for m, =
400 MeV and Fig. 5(a) [Fig. 5(b)] for m, = 530 MeV,
have been replotted in Fig. 7(a) to see the comparison
in one figure. The blue solid line of the tricritical points
in the vertical y — myg planes of the above figures has
been replotted, respectively, for the QMVT and RQM
model, by the dash dotted deep green line starting from
mi? =124.7 MeV (solid red line originating from
mi? =135.2 MeV) for m, = 530(400) MeV and the

(a) 300
. i e -
200} . '

—_ .I

% 1

s 15t order ; 2"d order

3 , ) 3
! I [amvT : (mc,mKIg:)=(530,124.7) MeV =: =
I S[QMVT : (mg,my ~ )=(400,137.2) MeV
1 [ RQM : (mg,mKTCP)=(530,235.7) MeV — - =

0 L ) 1|, ROQM: (mc,mKTCP)=(4po,242.e) MeV -
0 100 200 300 400 500

mg (MeV)

dash double dotted sky blue line beginning from mEF =

2357 MeV  (solid indigo line originating from
miP = 242.6 MeV) for m, = 530(400) MeV. It is amply
clear from Fig. 7(a) that the first order region in the QMVT
model is significantly smaller than the corresponding first
order region in the RQM model. The QMVT model
tricritical line becomes parallel to the my axis showing
good saturation trend both for m, = 400 and 530 MeV
while the RQM model tricritical line shows near saturation-
like trend for m, =400 MeV. The saturation trend
gets spoiled in the RQM model tricritical line for
m, =530 MeV whose slope starts increasing for
myg > 500 MeV. The saturation trend in the QM VT model
sets up for about 47-52 MeV higher chemical potential
than the value of the chemical potential around which a
saturationlike trend sets up in the RQM model.

Figure 7(b) depicts the comparison of the lines and
regions in the horizontal m, — my plane (at u = 0) of the
three-dimensional Columbia plots of the QMVT (RQM)
modelin Fig. 4(a) [Fig. 4(b)] form, = 400 MeV and Fig. 5(a)
[Fig. 5(b) for m, =530 MeV. The Z(2) critical black
solid line, in the horizontal y — myg plane of the above
figures, has been replotted by the dash dotted deep green
line (solid red line) for m, = 530(400) MeV in the QMVT
model and the dash double dotted sky blue line (solid
indigo line) for m, = (530)400 MeV in the RQM model.
It is recalled that the QMVT and RQM model Z(2) critical
lines for the m, = 400(530) MeV intersect the SU(3)
symmetric m, = myg chiral limit line at the critical pion
mass m$ and terminate on the strange chiral limit line
satisfying h, = 0 = h, at the terminal pion mass mj. One
finds (m%,mS)=(98.15,78.45)[(m’, mS) = (90.03,72.12)]
MeV in the QM VT model while in the RQM model one gets
(mf,m$)=(168.39,134.16) [(m!,m$)=(160.75,128.38)]

(b)

T T T T
500 [ QMVT : (mg,m-,m;©)=(530,90.03,72.12) MeV —-—- |
QMVT : (mg,mt,m;)=(400,98.15,78.45) MeV —— |
SU(3) symmetric m=mg chiral limit line - - -
hy=0 gives the strange chiral limit line -~ ]

400 RQM : (Mg,my,m$)=(530,160.75,128.38) MeV — - — ]
RQM : (mg,m,!,m°)=(400,168.39,134.16) MeV
300 y
Crossover

mg (MeV)

200

100

0 eyt T 1 | I I
0 40 80 120 160

my (MeV)

FIG.7. Leftpanel (a) [Right panel (b)] shows the comparison of lines and regions in the vertical 4 — my, m, = 0 (horizontal m, — my,
1 = 0) planes of the three-dimensional QM VT and RQM model Columbia plots for the m, = 400, 530 MeV in Figs. 4(a), 5(a) and 4(b),
5(b). QMVT and RQM model tricritical lines for m, = 400 and 530 MeV, as marked and explained in the left panel (a), start from the
mCP on the my axis and demarcate the first order region above them on their left-hand side from the second order region below them on
their right-hand side. QM VT and RQM model Z(2) critical lines for m, = 400 and 530 MeV, as marked and explained in the right panel
(b), separating the crossover transition region above them from the first order region that lies below, intersect the SU(3) symmetric
m, = my chiral limit line at the critical pion mass mj; and terminate on the strange chiral limit line satisfying h, = 0 = hy, at the
terminal pion mass my.
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MeV for m,=400(530) MeV. Figure [7(b)] clearly dem-
onstrates that the first order area underneath the crossover
region of the QMVT model is significantly smaller than
the corresponding first order area lying below the cross-
over region of the RQM model. Table III shows the
comparison of our present QMVT model results with
those of the e-MFA:QM model FRG work [23] and RQM
model work reported very recently in Ref. [132]. The
FRG work reports (mrF, ml, m¢) = (169,110, 86) MeV

for m,=530MeV, and we are finding (m:F, mi, mS) =
(124.7,90.03,72.12) MeV  in the present QMVT
model work while one notes (mEF,mk,ms)=

(235.7,160.75,128.38) MeV in the RQM model work.
The critical quantities, computed in the RQM model
with the large N. standard U(3) ChPT input set M, -II
when m, =530 MeV, are slightly different as
(miP, mi, mS) = (239.58,161.35,128.04) MeV  [132].
While being much smaller than their numerical values
computed in the RQM model, the critical quantities
(mXP m!, mS) found in the present QMVT model work
are somewhat smaller but stand closer to the correspond-
ing values reported in the e-MFA QM model FRG study of
Ref. [23]. The tricritical lines in the u — myg plane show
similar saturation trends for the QMVT model and the
e-MFA:QM model FRG study while the saturation trend
for the RQM model tricritical line gets spoiled.

The first order regions in the y — my and m, — my planes
of the QMVT model Columbia plot, while being much
smaller than the corresponding first order regions for the
RQM model, are similar to but moderately smaller than the
extent of the first order regions computed for the e-MFA:QM
model FRG study. Here, it is relevant to point out that the ¢
mass, in the e-MFA:QM model FRG study, is calculated
from the curvature of the effective potential that gets
evaluated by the FRG flow equation. Recall that the
curvature masses of mesons are used for fixing the param-
eters in the QM VT model and this context of incorporating
quark one-loop vacuum correction in the QMVT model is
analogous to that of the e-MFA:QM model FRG study in
Ref. [23]. It is important to point out that even though the
fraction f.¢p, by which the pion and kaon masses are to be
reduced in the m, — my plane such that the chiral crossover
ends into a second order critical end point giving the first
order transition region afterward when f < f.., is almost
the same in both the models as (Beeply, —530 Mev:omvT =

0.2028) 2 (Beep|m, —s30 Mev:eMFa:QMFrG = 0.20), the extent
of first order transition regions in the QMVT model
Columbia plot are somewhat smaller than what is found
in the e-MFA:QM model Columbia plot as the critical
quantities (mEF, m!, mg)|omvt = (124.7,90.03,72.12) <
(mEP m?, mg)|emraomrrg = (169, 110,86) MeV  for
m, = 530 MeV. The possible reason for the above differ-
ence lies in the different methods adopted for performing
chiral limit study. Recall that the o curvature mass

m, = 530 MeV does not change toward the chiral limit
in the QMVT model when the (m,, my) dependent ChPT
scaling relations for f, fx, and , M, are used for calculating
the change in model parameters away from the physical
point whereas in contrast, the vacuum value of the m,,
decreases significantly toward the chiral limit in the e-MFA:
QM model work where f, M, and the model parameters are
kept fixed as at the physical point when the scale A of the
initial effective action for the FRG flow is successively
increased to A = 700, 1000, 1100, and 1143 for compen-
sating the successive decrease in the chiral symmetry
breaking source strengths j, and j, by the fractions
a=+/f=10, 0.17, 0.04, and 0. The quark one-loop
vacuum fluctuation generates quite a large smoothing
effect on the strength of chiral transition in the e-MFA:
QM model FRG study and this softening of the chiral
transition by the fluctuation is very large (larger than that of
the e-MFA:QM FRG study) in the QM VT model. Note that
the full FRG QM model study where meson thermal and
vacuum quantum fluctuations are also included finds a very
small m& =17 MeV for which Pisarski et al. [41] has
observed that this is partly because the approximation used
in Ref. [23] is known to overestimate the meson fluctuations
that tend to soften the chiral transition [144]. Note also that
Ref. [29] has cautioned that the LPA in the FRG studies
completely neglects the wave function renormalization
which might affect the final result. Recall that the quark
one-loop vacuum fluctuation softens the chiral transition
moderately in the RQM model because here the on-shell
renormalization of parameters gives rise to stronger U, (1)
anomaly strength ¢ together with a weaker light and strange
chiral symmetry breaking strengths 4, and &,. Hence one
gets significantly large first order regions in the RQM model
Columbia plots [132].

D. Comparing the light-strange quark mass m,; —m
and p —m, planes of the QMVT and RQM model
Columbia plots for two different values of m,

In order to make the results of effective model studies
available for comparing and contrasting with the LQCD
results and studies in other approaches, the Columbia plots
in the m, —mg and u —myg plane are required to be
redrawn in the light-strange quark mass and chemical
potential m,; —m, and u — m, planes. Using Eqgs. (29)
and (30) given at the end of Sec. II C and fixing the light
quark mass m,; = 4 MeV, the QMVT model and RQM
model Columbia plots in the m, — my plane for m, = 400
and 530 MeV are mapped below into the corresponding
light-strange quark mass m,,; — m, plane. The quark mass
m,q — m, plane and the u — m, plane of the Columbia plot
when m,; = 400 MeV are presented in the Fig. 8(a) for the
QMVT model and Fig. 8(b) for the RQM model. The chiral
transition for the light chiral limit m,,; = 0 is shown in the
u —myg plane and the m,; — m,; plane shows the chiral
transition at zero chemical potential u = 0.
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FIG. 8. Columbia plot with the U, (1) anomaly in the light-strange quark mass and chemical potential (m,, — m, and p) plane is
presented in the left (right) panel (a) [(b)] for the QMVT (RQM) model when m, = 400 MeV. The y — m, (m,; — m,) plane presents
the chiral transition for m,;, = 0 (u = 0). The second order Z(2) critical solid black line demarcating the crossover from the first order
region intersects the SU(3) symmetric m,, = m, green dash line, respectively, at the critical light quark mass of m{,;, = 1.31 and
m¢, = 3.84 MeV in (a) for the QMVT model and (b) for the RQM model. It terminates at the terminal light quark mass of m! , =
2.05 MeV in (a) for the QMVT model and m’, = 6.13 MeV in (b) for the RQM model. Solid blue line of the tricritical points that
separates the second and first order regions in the y — m, plane starts on the m,, = 0 axis from the blue dot, respectively, at the
mI®® = 8.06 MeV in (a) for the QMVT model and m!“? = 25.53 MeV in (b) for the RQM model. The physical point (m,, my) =
(138,496) MeV is at the (m,4, my) = (4.0,99.77) MeV in the m,, — m, plane where the black dash vertical crossover line ends at the
critical end point with pcgp = 288.03 MeV in (a) for the QM VT model and ycgp = 243.29 MeV in (b) for the RQM model. The vertical
red line shows the first order transition.

The tricritical solid blue line made by the tricritical points
in the 4 — mg plane at m,; = 0 when m, = 400 MeV, starts
from m"? = 8.06 MeV and mI“? = 25.53 MeV, respec-
tively, in Fig. 8(a) for the QM VT model and Fig. 8(b) for the
RQM model. The solid black second order Z(2) critical line
in the m,; — m, plane at u = 0O intersects the SU(3) sym-
metric m,; = m, green dashed line, respectively, in Figs. 8
(a) and 8(b) at the critical light quark mass of m¢ 6 =

(a)

1.31 MeV for the QMVT model and m;, = 3.84 MeV
for the RQM model. Furthermore this line terminates on
the m,,; axis (for m; = 0), respectively, at the terminal light
quark mass of m!, =2.05 MeV in Fig. 8(a) for QMVT
modeland m!, ; = 6.13 MeV inFig. 8(b) forthe RQM model.
The black dashed vertical line denoting the crossover
transition at the physical point ends in the solid blue
triangle depicting the critical end point, respectively, at

(b)

FIG.9. Left panel (a) [right panel (b)], depicts the Columbia plot in the light-strange quark mass and chemical potential (m,,; — m, and
u) plane of the QMVT (RQM) model when U 4 (1) anomaly is present and m, = 530 MeV. m,, = 0 on the u — m, plane while y = 0
for the m,; — m, plane. The critical points, lines, first order, second order, crossover regions, and other features are defined similar to
Fig. (8). The left panel (a) Columbia plot gives the (m!F, m! , m¢,) = (6.64,1.72,1.10) MeV for the QMVT model. For the RQM
model Columbia plot in (b) one gets (mch, mtu M d) = (24.08,5.58,3.51) MeV. The vertical line of crossover transition at the
physical point terminates at the critical end point with pcgp = 322.16 MeV in (a) for the QMVT model and pcgp = 275.95 MeV in
(b) for the RQM model.
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FIG. 10. Left panel (a) [Right panel (b)] shows the comparison of lines and regions in the vertical y — mg, m,, = 0 (horizontal
myq — my, i = 0) planes of the three dimensional QMVT and RQM model Columbia plots for m, = 400, 530 MeV in Figs. 8(a), 9(a),
and 8(b), 9(b). QMVT and RQM model tricritical lines for the m, = 400 and 530 MeV, as marked and explained in the left panel (a),

start from the mTC?

on the m; axis and demarcate the first order region above them on their left-hand side from the second order region

below them on their right-hand side. QMVT and RQM model Z(2) critical lines for the m, = 400 and 530 MeV, as marked and
explained in the right panel (b), separating the crossover transition region above them from the first order region below them, intersect
the SU(3) symmetric m,, — m, chiral limit line at the critical light quark mass m,, and terminate at the terminal light quark mass m’ ;.

Ucep = 288.09 MeV in Fig. 8(a) for the QMVT model
and pcpp = 243.29 MeV in Fig. 8(b) for the RQM model.
The different critical lines, crossover, first order, and
second order transition regions and critical quantities
in Figs. 9(a) and 9(b), respectively, for the QMVT
and RQM model when m, =530 MeV are defined
exactly like those in Figs. 8(a) and 8(b) for the
m, =400 MeV case. One finds (m!IP.m! , m¢,)=
(6.64,1.72,1.1)MeV for (m:F mi, ms) = (124.7,90.03,
72.12) MeV in the QMVT model and (mI?,m’ ,m¢,)=
(24.08,5.58,3.51) MeV corresponding to (mEF, m%, m$) =
(235.7,160.75,128.38) MeV in the RQM model when
m, = 530 MeV. It is worth emphasizing that similar to
the abovementioned pattern of numerical values of the

QMVT and RQM model critical quantities when
m, = 530 MeV, the critical quantities (m!?,m! ;,m¢,) =

(8.06,2.05,1.31) MeV corresponding to (mF, m%, mS) =
(137.2,98.15,78.45) MeV in the QMVT model for
m, = 400 MeV are significantly smaller than the numeri-
cal values (mI®,m!, m,) = (25.53,6.13,3.84) MeV
corresponding  to  (miF, mb, mS) = (242.6, 168.39,
134.16) MeV ofthese critical quantities in the RQM model.

The lines and regions of the vertical and horizontal
planes of the QMVT and RQM model three dimensional
Columbia plots, respectively, in Figs. 8(a) and 8(b) for
m, = 400 MeV as well as Figs. 9(a) and 9(b) for m, =
530 MeV have been replotted, respectively, in the two-
dimensional y — m plane at m,; = 0 in Fig. 10(a) and the
m,y — m, plane at 4 = 0 in Fig. 10(b), to get a compre-
hensive picture of the details of comparison in one figure.
The plot legends have been marked and the figure caption
has explained the tricritical lines tagged with the
(m,, mI°P) values and the Z(2) critical lines tagged with
the (m,, m%, m5) values, respectively,in Figs. 10(a) and 10(b)

for the QMVT as well as the RQM model. Figures 10(a)
and 10(b) lead us to the conclusion that the first order
region in the QMVT model is much smaller than the
corresponding first order region in the RQM model.
Becoming parallel to the m, axis for m; > 69 MeV, the
tricritical lines show good saturation in the QMVT model
whereas the near saturationlike trend of the RQM model
tricritical line when m, = 400 MeV gets spoiled for the
m, = 530 MeV tricritical line whose slope starts increas-
ing for m; > 105 MeV. It is important to note that the
critical light quark mass obtained in the QMVT model
study is m¢, = 1.31 and 1.1 MeV, respectively, for m, =
400 and 530 MeV while in the RQM model study, one
finds m¢, = 3.84 and 3.51 MeV, respectively, for m, =
400 and 530 MeV. The recent LQCD study in Ref. [25]
using Mobius domain wall fermions finds that
m¢, <4 MeV. Results from different LQCD studies for
the critical pion mass mg and the critical light quark mass
m¢, , are compiled in Table III for ready reference.

IV. SUMMARY

The consistent chiral limit has been explored in the
QMVT model [95,102,106,113] whose parameters get
fixed by the use of curvature masses of mesons after the
quark one-loop vacuum correction is included in its
effective potential in the MS scheme using the e-MFA.
In the RQM model treatment of quark one-loop vacuum
fluctuation, one finds the renormalized parameters by
matching the counterterms in the MS scheme with those
of the on-shell scheme [128,129]. Using the (’)(f%) accurate

results of the infrared regularized U(3) ChPT [53,117-120]
scaling relations for the (m,, mg) dependent expressions of
the f, fk, and M,, the parameter fixing for the QM VT and
RQM models have been rendered free from any ambiguity
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or heuristic adjustment as the z, K meson masses are
reduced to move away from the physical point for perform-
ing the chiral limit study. After generating the QMVT
model Columbia plots for m, = 400 and 530 MeV, these
plots have been compared and contrasted with the
Columbia plots generated, respectively, in the e-MFA:
QM model FRG study [23] for m, = 530 MeV and the
RQM model study for m, = 400 and 530 MeV as reported
very recently in Ref. [132].

Reducing the chiral symmetry breaking strengths /, and
h, after defining the reduced pion and kaon masses m; and

* my . . I .
my as 7= = —& — f3a direct chiral limit path is chosen such
n K

that = remains equal to the ratio = at the physical point
my myg

where the ChPT ratio of the strange to light quark mass
2ms also gets fixed. The temperature variations of the

q=7
light and strange condensates x and y, the derivative of light
condensate dx/0T, and the ¢ as well as 7 meson curvature
masses have been computed in the QM VT and RQM model
for m, = 530 MeV and their plots have been compared for
different S fractions. The melting of the light and strange
condensate is very smooth and delayed in the QMVT
model as the temperature plot of the dx/dT shows smaller
and very smooth peaks at the pseudocritical temperature
T = 162.16 MeV when =1 and T% = 158.32 MeV
when f = 0.5 for the chiral crossover transition. A rela-
tively higher peak in the dx/dT temperature plot of the
RQM model gives a sharper chiral crossover transition at
about 23-24 MeV smaller transition temperature of 7T =
139.42 MeV when =1 and T% = 133.97 MeV when
f = 0.5. The peak in the RQM model dx/dT temperature
plot diverges at the % = 129.33 MeV where the crossover
transition ends at the second order Z, critical point
when f is reduced moderately from f=0.5 to the
:Bcep|(m(,:530 MeV:RQM) — 0.3642 for (mz*z,cep’ m;{,cep) =
(50.26, 180.64). The fraction § needs a large reduction to
get Peepl (i, =330 Mev:Quvr) = 0.2028 for (mj cop. M o) =
(27.99,100.59) MeV in the QMVT model when the
peak height of the 0x/0T plot diverges at larger
T* = 145.06 MeV. We must emphasize that the second
order Z, critical point in the e-MFA:QM model FRG study

occurs at the Peep|(m,—530 Mev:eMPA:QMFRG) = /@ = 0.2
for (M cep, Mk cep) = (27.6,99.2) MeV, which is quite
close to the QMVT model result of the present study.
Thus the quark one-loop vacuum fluctuation generates a
significantly large and similar smoothing effect on the
strength of chiral transition in the QM VT model as well as
the e-MFA:QM model FRG study of Ref. [23] and this
softening effect is quite moderate in the recent RQM model
study [132]. For the smaller ¢ mass m, = 400 MeV, the
strength of chiral transition increases, hence the Z(2) critical
point occurs for higher fraction Peepl(m,—s30 Mev:rOM) =

0.3795 for (1 ceps M op) = (52.38.188.25)  in  the

RQM  model and  feepl(m,~530 mev:Quvr) = 0.2215 for
(M ceps Mk cep) = (30.57,109.88) MeV in the QMVT
model.

Very close to the chiral limit when # = 0.00725, one gets
a huge first order gap in the QM VT and RQM model order
parameters. Note that for the smaller § < f.,, the differ-
ence in the QMVT and RQM model T% decreases from
about 24 MeV for f = 1.0 and 0.5 to 16.35 MeV for f =
0.15 and 13.35 MeV for g = 0.00725. In the exact chiral
limit f, = fg, m, =0 and the heavy m, =825 MeV
signifies the U, (1) anomaly for both the QMVT model
and the RQM model. The SCSB for the m, =
400-800 MeV does not get lost in the QMVT and RQM
models when the infrared regularized U(3) ChPT scaling
[53] of the m,,, mg, Mj is used for the (m,, mg — 0) chiral
limit study. We point out that the ¢ meson vacuum
curvature mass stays the same as m, = 530 MeV when
the fraction f is reduced in the QMVT model, whereas in
the RQM model, the ¢ curvature mass m, . is lowest at the
physical point and it increases successively when one
moves toward the chiral limit by reducing f. In complete
contrast of the above two scenarios, the ¢ mass in the e-
MFA:QM model FRG study registers a significant succes-
sive decrease toward the chiral limit from its physical point
value of m, = 530 MeV.

The second order transition turns first order at the
tricritical point mg = myF (my, = mIF) on the my (my)
axis of the Columbia plot. The line of Z(2) critical
points intersects the SU(3) symmetric m, = mg
(m,; = my) line and terminates on the strange chiral limit
line Ay = O(m, = 0), respectively, at mg (mS,) and m},
(m!,) known as critical and terminal z(light quark)
mass. In the m, —mg and py — myg plane of the QMVT
model Columbia plot for the m, = 400 MeV, the com-
puted critical quantities in the present work are
(mEP, mi, mS) = (137.2,98.15,78.45) MeV, which give
the corresponding critical quantities in the m,, — m, and
u — my plane as (mI* m! , m¢,)=(8.06,2.05,1.31) MeV.
In the RQM model m, —myg and u—myg plane of
the Columbia plot when m, =400 MeV, one finds
(mEP ml, mS) = (242.6,168.39,134.16) MeV,  which
gives (mI*, m! ., m¢,) = (25.53,6.13,3.84) MeV in the
my,q —mg and u —m plane. For m, = 530 MeV in the
RQM model, the critical quantities reported in Ref. [132],
are (m:, ml,, mS) = (235.7,160.75, 128.38) MeV, which
correspond to the light-strange quark mass plane critical
quantities as (m“, m’ ,, m¢,) = (24.08,5.58,3.51) MeV.
In the present QMVT model Columbia plot calculation
for m, =530 MeV, we are finding (m:F, mi, m) =
(124.7,90.03,72.12) MeV, which gives the m,; — m, and
u—my plane critical quantities as (mi®,m! . m¢,) =
(6.64,1.72,1.1) MeV. Note that the critical light quark
mass m{,; = 1.1-1.31 MeV is small in the QMVT
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model and it is m,, = 3.51-3.84 MeV in the RQM model
whereas the recent LQCD study in Ref. [25] using M&bius
domain wall fermions finds that m{, <4 MeV.
Comparing the QMVT and the e-MFA:QM FRG model
studies, we note that even though the fraction f, is
almost the same in both the models as (Beeplyn, —530 Mev:

QMVT = 0.2028) = (Beepm, —530 Mev:eMraom-rrg = 0.20),
the extent of first order transition regions in the QMVT
model Columbia plot is somewhat smaller than what
is found in the e-MFA:QM model FRG Columbia
plot as the critical quantities (mi~", mf, mS)|omvr =
(124.7, 90.03, 72.12) < (mF®, mt, mg)|eMFA:QMFRG =
(169, 110, 86) MeV for the m, = 530 MeV. This differ-
ence is caused by different methods of approaching the
chiral limit in the two studies.

In the absence of U, (1) anomaly and m, = 400 MeV,
no first order region is found in the m, — my planeatu = 0
in the QM VT and RQM models. It is the effect of the quark
one-loop vacuum fluctuation similar to the e-MFA:QM
model FRG study [23]. For the chemical potentials u < ..,
whatever value the kaon mass mg takes in the light chiral
limit m, = 0, one finds a second order chiral transition
everywhere in the y — mg plane for both the QMVT and
RQM models. For very high p, = 2254 (u, = 204.6)
MeV, the first order transition appears again in the
QMVT (RQM) model. The first order region in the
QMVT model above its tricritical line is smaller than the
first order region that one finds above the tricritical line of
the RQM model.

The positive slope of the tricritical line in the u — mg
(u — my) plane of the Columbia plot with the U,(1)
anomaly becomes very small in the QMVT model for
both the cases of m, = 400 and 530 MeV and becoming
parallel to the mg(m,) axis for the mg > 400 (m, > 69)
MeV, the tricritical lines show good saturation trend in the
QMVT model. In contrast to the above, the near saturation-
like trend for the RQM model tricritical line present for the
case of m, =400 MeV gets spoiled for the m, =
530 MeV tricritical line whose slope starts increasing for
the mg > 500 (m,; > 105) MeV. The tricritical line for the
my; = 530 MeV in the QMVT model shows a similar
saturation trend that one finds in the tricritical line of
Fig. 3(a) of the e-MFA:QM model Columbia plot in
Ref. [23]. The saturation trend in the tricritical lines of

the QMVT model sets up for about 47-52 MeV higher
chemical potentials than the values of the chemical poten-
tial around which a saturationlike trend appears in the
tricritical lines of the RQM model.

Our first goal of comparing the critical quantities in the
chiral limit studies of the QMVT and RQM model has
clearly established the important result that the first order
regions in the u — mg(u —my) and m, — mg(m,; — my)
planes of the QMVT model Columbia plot are much
smaller than the corresponding RQM model first order
regions. The large first order regions in the RQM model
Columbia plots are caused by the fact that the U,(1)
anomaly strength ¢, which contains a condensate depen-
dent part, gets significantly enhanced when the meson self-
energies due to quark loops are evaluated using the meson
pole masses and parameters are fixed on shell. Note that the
strength ¢, being same as in the QM model, does not
change in the curvature mass based parameter fixing of the
QMVT model as well as the e-MFA:QM model FRG study.
The second objective of the present study led to the
conclusion that the first order regions in the QM VT model
Columbia plot are similar but moderately smaller than the
extent of the first order regions reported in the 4 — my and
m, — mg planes of the Columbia plot of the e-MFA:QM
model FRG study for m, = 530 MeV. The above differ-
ence is caused by different methods of approaching the
chiral limit in the two studies as the f,, fx, M, and
parameters change toward the chiral limit in the QMVT
model, whereas the f, M,, and parameters in the e-MFA:
QM-FRG study are kept fixed to their physical point value
and the initial effective action is successively adjusted to
the higher scales A as one approaches the chiral limit.
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