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The current literature lacks consensus on how to theoretically describe spin polarization and its transport
in matter. The underlying reason is the presence of the Belinfante-Rosenfeld (BR) ambiguity in the form of
the energy-momentum and spin tensors. I re-examine the BR ambiguity in Einstein-Cartan spacetimes
using the biform formalism in a manner applicable to any conserved current and its corresponding gauge
field. This allows us to physically interpret the BR ambiguity as the choice of splitting a conserved current
into its matter and gauge field contributions. I argue this follows from Noether’s second theorem and show
that certain examples of BR ambiguities reduce to large gauge transformations.
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Introduction. Experiments at the Relativistic Heavy Ion
Collider (RHIC) have shown that the quark gluon plasma
generated in heavy-ion collisions behaves as a nearly
perfect fluid with a large angular momentum [1–4]. The
experimental results, however, cannot be fully described by
standard hydrodynamics, which takes into account only the
orbital part of the fluid angular momentum (vorticity). This
discrepancy brought about a surge in papers analyzing the
contribution of spin angular momentum to both the
thermodynamics and hydrodynamics of matter [5–25].
Despite this, no consensus exists in the literature on what
spin hydrodynamics is or whether it is even useful to talk
about spin transport.
The underlying reason is an ambiguity in the local

definition of the energy, momentum, and angular momentum
of matter. Namely, we are free to shift the energy momen-
tum, Tμν, and spin, Sμνρ, tensors without affecting the con-
servation equations they satisfy, as1

δTμν ¼ ∂
λΦλμν; δSμνρ ¼ 2Φμ½νρ� þ ∂

λϕλμνρ: ð1Þ

Equation (1) is the Belinfante-Rosenfeld transformation
(BRt), and the choice of particular superpotentials, Φ;ϕ,
is the Belinfante-Rosenfeld (BR) ambiguity [26,27] (see
also [28,29]).

Recent examinations of the BR ambiguity have focused
on the covariance properties of thermodynamics with spin
under (1) [30,31] (see also [32]) or on providing an origin
for certain choices of superpotentials [33,34]. In this paper,
I re-examine the BRt (1) from a cohomological point of
view and show it is exact with respect to a suitably defined
differential operator. This allows us to derive and extend the
BRt in flat Minkowski as well as curved and torsionfull
Einstein-Cartan (EC) spacetimes. I argue these extensions
lead to a physical interpretation of the superpotentials and
the BRt: The BRt shifts the local energy momentum and
angular momentum of matter to the background gravita-
tional field. Thus, to use an E&M analogy, different Φ;ϕ
correspond to different matter “polarizations.” This dis-
cussion generalizes to any conserved current and the gauge
field it couples to.

Biforms. In the following I briefly explain the biform
formalism [35–43] employed in the sequel.
Biforms are tensors that carry two sets of indices, each

set taking its values in a different vector space—the L and
R space, respectively. Biforms are completely antisymmet-
ric in each set of indices, and a generic ðp; qÞ biform W
reads in components

W ¼ 1

p!q!
Wμ1μ2…μpjν1ν2…νqdx

fμpg ⊗ dyfνqg; ð2Þ

where μ1;…; μp and ν1;…; νq take their values in L and R,
respectively, and range from 0 to n − 1, n being the
spacetime dimension. The Einstein summation convention
is used for repeated upper and lower indices, ⊗ stands for
the tensor product between vector spaces, and
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dxfμpg ≡ dxμ1 ∧ dxμ2 ∧ … ∧ dxμp ð3Þ

is a local basis of p forms in the L space built out of the
wedge product ∧ between forms. Similarly for dyfνqg.2 The
vertical bar separates the L and R indices.
Since biforms are forms in each space, we can employ all

standard operators acting on forms. The most relevant for
us are the L-exterior derivative, the L-Hodge star, and the
L-interior product. The L-exterior derivative d increases the
L degree of a form by 1 via3

dW ¼ 1

p!q!
∂
x
½μWfμpg�jfνqgdx

μfμpgdyfνqg; ð4Þ

where the brackets denote antisymmetrization of indices as
in (1). Most importantly, d is nilpotent, i.e., d2 ¼ 0,
because we antisymmetrize over commuting derivatives.
We further define the L-Hodge star, ⋆, as usual via

⋆W ¼ 1

p!q!ðn − pÞ! ϵfμpgfμn−pgW
fμpgjfνqgdx

fμn−pg ⊗ dyfνqg;

ð5Þ

where ϵμ1μ2…μn is the completely antisymmetric Levi-Civita
symbol, satisfying ϵ012…n ¼ −1. It is contracted to the L
indices of W via the Minkowski metric. A useful property
of ⋆ is ⋆2W ¼ ð−1Þpðn−pÞþ1W, i.e., it squares to the
identity operator up to a sign.
Finally, the L-interior product operator ιv is defined with

respect to an L vector v and acts on a biform with a
contraction

ιvW ¼ 1

ðp − 1Þ!q! v
μWμfμp−1gjfνqgdx

fμp−1gdyfνqg: ð6Þ

We may also define operators acting on both L and R
indices. The most relevant for us is the R antisymmetrizer
εR. It acts on a ðp; qÞ biform W as

εRðWÞ ¼ ð−1Þqþ1

ðp − 1Þ!q!Wfμp−1gj½μpfνqg�dx
fμp−1gdyμpfνqg: ð7Þ

The R antisymmetrizer essentially turns an L index of W
into an R one. The transmutation of indices is performed
via the (1, 1) biform η ¼ ημjνdxμdyν by contracting the L
index of η with an L index of W, using the Minkowski
metric on L. We may interpret η also as a metric when
L ¼ R, but in general, it is more akin to a vielbein field
[44], as explained in a later section.

Belinfante-Rosenfeld transform in Minkowski space. The
BRt (1) is a symmetry transformation of the relativistic
energy momentum and angular momentum conservation
equations. In the present section, I rederive and extend the
BRt through the use of biforms.
The energy momentum and angular momentum con-

servation equations in Minkowski spacetime are

∂
μTμν ¼ 0; −

1

2
∂
μSμνρ ¼ T ½νρ�: ð8Þ

Note that the energy-momentum tensor (EMT) has no
symmetry under interchanges of its indices, while the spin
tensor is antisymmetric only under the interchange of its
last two indices; Sμνρ ¼ Sμ½νρ�.
To express the conservation equations (8) in terms of

biforms, first define the EMT and spin biforms:

T ¼ Tμjνdxμdyν; S ¼ 1

2
Sμjν1ν2dx

μdyν1ν2 : ð9Þ

The definition (9) is mostly motivated by the symmetry
properties of Tμν and Sμνρ. Further motivation stems from
the first order and metric-affine gravity formalisms
[44–46], where T and S naturally take their values in
two vector spaces, precisely as in (9).
In terms of T, S, the conservation equations (8) become

⋆d⋆T ¼ 0; ⋆d⋆S ¼ εRðTÞ; ð10Þ

as can be verified by using standard manipulations of (4),
(5) (see, e.g., [47]), and (7).
Equation (10) suggests the natural variables to work with

are ⋆T and ⋆S. So, define

B1 ¼ ⋆T; B2 ¼ ⋆S; ð11Þ

and write (10) as

dB1 ¼ 0; dB2 ¼ ηB1: ð12Þ

The product between η and B1 is the wedge product
between forms in both L and R spaces.
In the form (12), the nilpotency of d, d2 ¼ 0, implies two

important corollaries. First, we find

τ≡ dη ¼ 0; ð13Þ

by acting with d on (12). Thus, η must be irrotational.
Second, it is clear that

δB1 ¼ dΞ1; δB2 ¼ dΞ2 − ηΞ1 ð14Þ

is a symmetry of (12). Equation (14) is a rewrite of the BRt
(1) with Ξ1 and Ξ2 the ⋆ of Φ and ϕ, respectively.

2I should emphasize that biforms are tensors at a single point,
say r, in spacetime. However, I use L and R coordinate systems to
express r’s coordinates, xμðrÞ and yνðrÞ.

3Henceforth, I suppress the wedge and tensor products.
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Thus, expressing the conservation equations in terms of
biforms makes manifest the BRt due to d2 ¼ 0. However,
we gain even more from biforms: The constraint (13) is
invariant under δη ¼ dξ, with ξ a (0, 1) biform. To interpret
this invariance, note that (13) locally implies η ¼ dxR with
xR the position covector in R.4 Hence, the shift of η is
induced by a translation of xR; δxR ¼ ξ. Consequently, we
must interpret η as a gauge field of translations,5 which
implies τ is geometrically the torsion of spacetime [45].
More importantly, R translations by ξ can be extended

to a symmetry of the conservation equations (12). In
particular, (12) is invariant under R translations if

δξη ¼ dξ; δξB2 ¼ ξB1; δξB1 ¼ 0: ð15Þ

Translations by ξmix B1 and B2, implying we should think
of them as the doublet BI ¼ ðB1; B2Þ. In terms of BI , the
conservation equations (12) become a single vectorial
equation:

dBI − ηCI
JB

J ≡DBI ≡ F I ¼ 0: ð16Þ

In (16), I first introduced the matrix CI
J ¼ δI2δ

1
J, then the

covariant derivative operator D ¼ dδIJ − ηCI
J acting on BI .

Finally, I defined F I ¼ DBI for later convenience.
Taking the square of D, we find

D2BI ¼ −τCI
JB

J; ð17Þ

implying D is the exterior covariant derivative of trans-
lations and BI transforms under the R translation repre-
sentation generated by CI

J.
The introduction of ξ then extends the BRt (14) to

δη ¼ dξ; δBI ¼ DΞI þ ξCI
JB

J: ð18Þ

See [48] on how to use (18) to fix the form of BI.
Equation (18) is, of course, also a symmetry of F I , since

δF I ¼ ξCI
JF

J − τCI
JΞJ ¼ 0: ð19Þ

As a comment, note that the conservation equations are
invariant under the BRt (18) only when the microscopic
equations of motion hold, i.e., when the theory is on-shell.
This implies that (18) is a symmetry of the solution space of
a microscopic theory and does not necessarily follow from
a symmetry of the microscopic Lagrangian. This is also
suggested in [49].
The physical meaning of (18) can be gleaned from its

action on the globally conserved charges. These are the
total energy momentum and angular momentum

P ¼
Z
ΣL

B1; J ¼
Z
ΣL

xRB1 − B2; ð20Þ

where the integral is taken over a codimension one L
surface. The BRt (18) acts on P and J via

δP ¼
Z
SL

Ξ1; δJ ¼
Z
SL

xRΞ1 − Ξ2; ð21Þ

which tells us the BRt (14) shifts the total energy
momentum and angular momentum by the fluxes of the
superpotentials through a codimension two surface SL. In
contrast, R translations leave the charges invariant. The
latter fact clarifies the physical origin of the transformation
of B2 under R translations: B2 must transform under R
translations in order to compensate for the orbital angular
momentum added to the system due to the shift in the
spacetime origin.
Finally, let us explore the group structure of (18) by

calculating the algebra of successive transformations.
Consider the transformations with parameters ðξ1;ΞI

1Þ
and ðξ2;ΞI

2Þ, respectively. Calculating the commutator of
these two transformations on BI , we find it closes to a third
BRt, i.e.,

½δ1; δ2�BI ¼ δ3BI; ð22Þ

with δ3 parametrized by (see [48])

ðξ3;ΞI
3Þ ¼ ð0; ξ2CI

JΞJ
1 − ξ1CI

JΞJ
2Þ: ð23Þ

We see that separately, the ξ’s and the Ξ’s form Abelian
subgroups, since no ξ2 or ðΞIÞ2 terms appear in δ3.
However, the R translations have a nontrivial action on
the superpotentials. Therefore, the full BRt group preserv-
ing the conservation equations in Minkowski spacetime is
the semidirect product

GM-BR ≡ Rn ⋉ ðRn × Rnðn−1Þ=2Þ ¼ Rn ⋉ Rnðnþ1Þ=2;

ð24Þ

where the left factor denotes the group of R translations and
the right factor the shift of the energy momentum and
angular momentum of the system. The ⋉ product indicates
that the left factor acts nontrivially on the right one via (23).
Equation (24) constitutes an extension of the usually

discussed BRt group and, along with its action (18) on η
and BI, constitutes one of the main results of this paper.

Extension to Einstein-Cartan spacetime. The GM-BR group
in Eq. (24) showcases the importance of local R symmetries
in the BRt discussion. It also suggests that extending the
present analysis to more general spacetimes with nonzero
torsion τ might modify our discussion. For these reasons, in

4In index notation, ημν ¼ ∂μxν.5We cannot identify η as a vielbein in Minkowski spacetime
because of this gauge field interpretation.
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this section I derive the BR group in an EC spacetime, i.e., a
spacetime with nontrivial torsion and curvature [50].
From this point forward, I interpret L as the local tangent

space over a point in our spacetime and R as a local
Minkowski space above the same point. This allows us to
map the biform formalism to the standard formulation of
gravity in an EC spacetime [45,46,50]. Namely, we can
identify η with the vielbein field in said formulations. The
only issue preventing this matching is η’s nontrivial trans-
formation under R translations, (18). This can be remedied
by examining the conservation equations.
The conservation equations can be read off of [45,46] by

restricting to the EC limit. We have6

∇B1 ¼ ðιητÞ ·R B1 − ðιηΩÞ ·R B2; ∇B2 ¼ 0: ð25Þ

Several new notations are introduced in (25). First, the
exterior covariant derivative ∇ is defined as

∇ ¼ Dþ ½ω; � ¼ ∇ω − η: ð26Þ

ω is the spin connection with components ðωμÞab, and ½ω; ·�
is an L-graded commutator defined as [51]

½ω;W� ¼ ω ·W þ ð−1Þpþ1W · ω: ð27Þ

I denote by · the matrix product in R. For example,

ðW · ωÞabc ¼ Wbd ∧ ωd
c þWdc ∧ ωd

b; ω ·W ¼ 0

ð28Þ

for a ðp; 2Þ biform W and analogously for general R
tensors.
The (2, 1) and (2, 2) biforms τ and Ω are the torsion and

curvature of the EC spacetime defined via

∇2BI ¼ −τCI
JB

J þ ½Ω; BJ�; ð29Þ

τ ¼ ∇η; Ω ¼ dωþ 1

2
½ω;ω�: ð30Þ

Further, in (25) I treat η as an L vector by raising its L index
with a general L metric g. Thus, the ιη contraction changes
an L index to an R index (without antisymmetrization). For
example, ðιητÞμajb ¼ gνρηνjaτρμjb. The inner product ·R con-
tracts the R indices of two biforms using the Minkowski
metric,7 for example, τ ·R B1 ¼ τa ∧ B1

a with L indices
suppressed. Finally, recall that only B2 is charged under

translations, such that ∇B1 ¼ ∇ωB1 and ∇B2 ¼ ∇ωB2 − ηB1.
The BRt group in EC spacetimes is, thus, the group of

transformations preserving (25). I suggest the infinitesimal

form of the BRt is

δη¼ η ·θþ∇ξ; δω¼∇θ; δB2¼B2 ·θþ∇Ξ2þξB1;

δB1¼B1 ·θþ∇Ξ1− ðιητÞ ·RΞ1þðιηΩÞ ·RΞ2: ð31Þ

The newly introduced matrix θab parametrizes local R
rotations, and the ·R product follows the same rules, as
explained below (27). The resulting transformation for
F I ¼ ∇BI is also modified to

δF I ¼ F I · θ þ ξCI
JF

J: ð32Þ

Importantly, notice that when ξ ≠ 0, the angular momen-
tum conservation equation is shifted by a term proportional
to the left-hand side of the energy-momentum conservation
equation. This means that upon enforcing (25), the angular
momentum conservation equation is not satisfied in gen-
eral. In short, we have found that R translations are no
longer a symmetry of our conservation equations, and they
must be frozen. This is natural from the point of view of
differential geometry, since there is no canonical map that
would allow us to associate two vector spaces at two
different points in spacetime.
Therefore, the true BRt of (25) is

δη ¼ η · θ; δω ¼ ∇θ; δB2 ¼ B2 · θ þ∇Ξ2;

δB1 ¼ B1 · θ þ∇Ξ1 − ðιητÞ ·R Ξ1 þ ðιηΩÞ ·R Ξ2: ð33Þ

Essentially, (33) tells us that η is, in fact, the vielbein field
between the local tangent space and Minkowski space-
time [45].
In index notation, the BRt (33) reads at θ ¼ 0

δTμja ¼
1ffiffiffiffiffiffi−gp ∇ω νð

ffiffiffiffiffiffi
−g

p
Φν

μjaÞ

þ τνa
jbΦν

μjb −Ωνa
jc1c2ϕν

μjc1c2 ; ð34Þ

δSμjab ¼
1ffiffiffiffiffiffi−gp ∇ω νð

ffiffiffiffiffiffi
−g

p
ϕν

μjabÞ þ 2Φμj½ab�; ð35Þ

with g the L-metric determinant, Φ ¼ ð−1Þn⋆Ξ1, ϕ ¼
ð−1Þn⋆Ξ2, τμajb ¼ ðιητÞμajb and similarly for Ωμajbc.
The EC-BR group corresponding to (33) is (see [48])

GEC-BR ¼ SOðn − 1; 1Þ ⋉ Rnðnþ1Þ=2: ð36Þ

Finally, I should note that most of (33) appears already in
[45]. However, the curvature term in (34) is new as far as I
am aware. It is precisely this new term that allows us to give
a concrete physical meaning to the BRt parameters.

The physical meaning of the superpotentials.We have now
all the necessary tools to understand the physical meaning

6See [46] for coordinate expressions.
7R indices due to ιη are not contracted.
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of the superpotentials ΞI . To do so, consider the pure
“gauge” modes of GEC−BR. These are the EMT and spin
tensors BR equivalent to zero, i.e.,

B1
pg ¼ ∇Ξ1 − ðιητÞ ·R Ξ1 þ ðιηΩÞ ·R Ξ2; ð37Þ

B2
pg ¼ ∇Ξ2 ¼ ∇ωΞ2 − ηΞ1: ð38Þ

The most important feature of Eqs. (37) and (38) is that they
are formally the same as the equations satisfied by a
dynamical EC theory of gravity [45,46].8 To be precise,
in EC gravity, we have

∇H1 ¼ B1 þ ðιητÞ ·R H1 − ðιηΩÞ ·R H2; ð39Þ

∇ωH2 ¼ B2 þ ηH1; ð40Þ

where

H1 ¼ −
∂LEC

∂τ
; H2 ¼ ∂LEC

∂Ω
; ð41Þ

B1 ¼ Bmat þ ιηLEC; B2 ¼ B2
mat; ð42Þ

with LEC the gravitational Lagrangian ðn; 0Þ form and Bmat

the matter EMT, and similarly for B2
mat. The fields H1 and

H2 are called the gravitational momenta of LEC.
We see then that the BRt (33), when applied to Eqs. (39)

and (40), shifts parts of the energy momentum and spin of
matter to the gravitational momenta. This implies that by
choosing specific superpotentials, we define which part of
the energy momentum and angular momentum of matter
we consider to be part of the gravitational field (see Fig. 1).
This is the second major result of this work.
To showcase the naturality of this interpretation, I note

that the formalism I employ in this paper works for any
background field, not just curvature and torsion. Thus, for
example, consider E&M coupled to matter. In this case, we
know that the BRt amounts to shifting the polarization and
magnetization tensor from the bound current and charge in
matter to the E&M field [52–54].
The conservation equations for a U(1) current (n − 1, 0)

form j coupled to an electromagnetic field described by the
Maxwell (2, 0) form F are, in biform notation,

dB1 ¼ ðιηFÞj; dj ¼ 0: ð43Þ

It is straightforward to guess the BRt preserving (43) by
noting the similarity between (43) and (25). It reads

δB1 ¼ dΞ1 − ιηFΞ2; δj ¼ dΞ2: ð44Þ

The pure “gauge” modes of (44) correspond to the
dynamical equations

dH1 ¼ B1 þ ιηFH2; dH2 ¼ j; ð45Þ

where

B1 ¼ Bmat þ ιηLEM; H2 ¼ −
∂LEM

∂F
; ð46Þ

and LEM is the electromagnetic Lagrangian ðn; 0Þ form.
The first equation of (45) tells us that it is the EMT of

both matter and the electromagnetic field, B1 þ ιηFH2, that
is conserved, while the second gives the Maxwell equations
in matter. Thus, upon using (44), we see Ξ2 shifts bound
currents from j toH2, as expected. We can similarly extend
our discussion to any conserved current.
I believe the universality of this conclusion stems from

Noether’s second theorem [55,56], which states that gaug-
ing a symmetry implies the off-shell conservation of its
corresponding matter current. As a result, the BR ambiguity
in the current must also result in an ambiguity in the gauge
theory it couples to (see also [48]). The above abstract
analysis is a proof of that statement for Poincaré and U(1)
gauge theories.
One may then wonder whether a BRt can be realized as a

gauge field transformation. This is true when

δHI ¼ ΞI ð47Þ

can be solved in terms of the corresponding gauge field.
Whether this is possible relies on the precise form of the
gauge field Lagrangian. In the simplest case of E&M in
vacuum, (47) simplifies to (see [48])

FIG. 1. A conserved charge (blue sphere) BI in a volume ΣL can
be (partially or fully) delocalized on the boundary of ΣL using a
BRt described by ΞI (green region). The resulting surface charge
can be interpreted as the flux (orange arrows) of the gauge
momenta HI through the boundary of ΣL.

8Note our spin tensor is minus the spin tensor in [45,46].
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dδη ¼ −⋆Ξ1; dδA ¼ −⋆Ξ2; ð48Þ

with A a U(1) gauge field. We can solve for δη and δA only
if d⋆Ξ1;2 ¼ 0, to find

δη ¼ λ1 þ dξ; δA ¼ λ2 þ dχ; ð49Þ

with dλI ¼ −⋆ΞI and ξ, χ arbitrary. Equation (49) is an
example of large R translation and U(1) gauge trans-
formations [57], consistent with the fact that a BRt may
change the total energy momentum and charge of the
system. Thus, gauge transformations are a subclass of
BRts, at least for the particular case of vacuum E&M.
Whether this conclusion is true in general should be
confirmed with an in-depth analysis of Eq. (47).

Conclusions and outlook. In this paper, I employed the
biform formalism in order to understand the Belinfante-
Rosenfeld transformation group of any conserved current in
the presence of any background field. In particular, I
applied this formalism to the case of conserved energy-
momentum and angular momentum tensors in both
Minkowski and Einstein-Cartan spacetimes. This led to
extensions of the Belinfante-Rosenfeld transformation, (18)
and (33), respectively. These extensions were crucial in
deriving the true group structure of the Belinfante-
Rosenfeld transformation, (24) and (36), as well as the
physical meaning of the Belinfante-Rosenfeld transforma-
tion parameters. Namely, I have found that the super-
potentials shift the conserved current from matter to the
gauge field coupling to said current [see discussion around
(39)]. That is, the Belinfante-Rosenfeld transformation
parameters are analogous to the polarization and magneti-
zation tensors in E&M.
An important outlook of this work is in spin hydro-

dynamics. In particular, my results imply that comparing
spin-hydrodynamics analyses performed for different
choices of the superpotentials amounts to comparing
systems with different “free” energy momentum and
angular momentum. Thus, to compare systems for different
choices of superpotentials, we need to construct a
Belinfante-Rosenfeld-covariant spin hydrodynamics. The
authors of [58] provide one such construction by consid-
ering fluctuations of the thermal partition function around
equilibrium and theWard identities it satisfies. We may also

construct a Belinfante-Rosenfeld-covariant spin hydrody-
namics by following the example of [54,59,60] for polar-
ized matter. Namely, we need to incorporate torsion and
curvature into the thermodynamics of matter.9 This is also
suggested by the discussion around Eq. (47), where HI is
used to compensate a BRt. I must emphasize that this is
necessary only to compare spin hydrodynamics at different
superpotentials. To construct a canonical theory of spin
hydrodynamics, we should simply set the superpotentials to
zero. This amounts to using the canonical energy-momen-
tum and spin tensors, as suggested in [49] more generally
and explicitly carried out in [19].
I have formulated the Belinfante-Rosenfeld transforma-

tion in terms of exact forms with respect to a suitably
defined operator. I have also shown it reduces to a large
gauge transformation if restricted appropriately. It would
then be interesting to understand if we can go further and
reformulate the Belinfante-Rosenfeld symmetry as a
Becchi–Rouet–Stora–Tyutin gauge symmetry [62].10

Finally, we have seen that the superpotentials imply the
presence of ambiguities in the definition of the gravitational
momenta. Therefore, it would be interesting to understand
the Belinfante-Rosenfeld ambiguity from the point of view
of gravity, where similar ambiguities arise in the covariant
phase space approach [64–66]. Can the conventions used in
this setting to fix the ambiguity in the conserved currents
also be used to fix the energy-momentum and spin tensors?
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