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We study the ϕmeson at finite temperature and finite momentum using QCD sum rules. The presence of
medium breaks the Lorentz invariance, and induces distinct in-medium modifications of the transverse and
longitudinal modes at finite momentum. We find that, with increasing momentum, the masses of both
modes increase and a clear transverse-longitudinal splitting develops. The splitting is found to grow with
temperature and to be mainly generated by the dimension-four spin-dependent thermal condensates.
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I. INTRODUCTION

In-medium effects on vector mesons serve as a useful
experimental probe of the low-temperature and low-to-
intermediate-density region of the QCD phase diagram. On
the timescale of hadronic matter created in collision experi-
ments, vector mesons are better regarded as finite-lifetime
impurities propagating through the medium rather than as
particles fully equilibrated with it. Their properties are
expected to be modified by interactions with the surround-
ing hadronic environment. Such in-medium modifications
of vector meson properties can reflect essential features of
the hadronic regime of the QCD phase diagram, such as the
partial restoration of chiral symmetry, medium-induced
hadronic excitations, and temperature- and density-depen-
dent changes in the dominant hadronic degrees of freedom
of the medium.
The ϕ meson occupies a special position among light

vector mesons since its quark content is close to a pure ss̄
state [1], and its in-medium properties are strongly

influenced by strange hadronic channels, especially the
KK̄ channel. It therefore provides information comple-
mentary to that obtained from the ρ and ω mesons.
Experimental measurements and related analyses at various
facilities have provided evidence for in-medium modifica-
tions of the ϕ meson properties, in particular those induced
by finite-density effects [2–9]. While these studies have
mainly addressed finite-density effects, the focus has more
recently extended to regimes where finite-temperature
effects also become important. Ongoing and planned
experimental programs, such as J-PARC-HI, CBM at
FAIR, MPD at NICA, and CEE at HIRFL-CSR, aim to
explore such regimes of the QCD phase diagram.
Theoretical studies of ϕ meson properties at finite

temperature have a long history. Important results have
been obtained from QCD sum rules [10,11] as well as from
hadronic effective-model approaches which include effects
of fluctuations in relevant hadronic channels, such as KK̄
and πρ, and scattering processes with thermal hadrons in
the medium [12–18]. It is challenging, in particular, for
lattice QCD simulations because extracting the real-time
spectral information at finite temperature requires analytic
continuation from the imaginary-time formalism, even at
zero chemical potential where the fermion sign problem
does not arise.
The meson properties depend not only on temperature

but also on momentum because of the existence of a
preferred Lorentz frame, i.e., a medium rest frame.
Understanding the momentum dependence is important
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for phenomenological applications to the aforementioned
experiments. Furthermore, the absence of Lorentz invari-
ance implies that the longitudinal and transverse modes
with respect to a vector-meson momentum can receive
different modifications at finite momentum. As finite-
temperature regimes become experimentally accessible
and precision in experimental measurements is improved,
this effect is becoming increasingly relevant [19,20].
Investigating the thermal origin of the longitudinal-trans-
verse splitting of the finite-momentum ϕmeson is therefore
a timely theoretical task, also in light of the recent
measurements of the ϕ meson polarization in noncentral
heavy-ion collisions [21,22], for which the polarization
dependence considered in this work could be relevant.
In this paper, we study the in-medium properties of the ϕ

meson in the low-temperature hadronic phase at vanishing
baryon number using QCD sum rules [23,24] as a non-
perturbative method complementary to lattice QCD simu-
lations. Our main focus is the longitudinal-transverse
splitting of the ϕ meson at finite momentum, and we
systematically investigate its temperature and momentum
dependence. The QCD sum rules has been successfully
applied to the ϕ meson in vacuum [24] and in medium
[10,11,25–28]. We include the nonscalar condensates up to
dimension six in the OPE following Ref. [29], capturing
both the leading (d ¼ 4) and subleading (d ¼ 6) contribu-
tions to the splitting. We evaluate the nonscalar conden-
sates, which are purely medium-induced contributions,
using the dilute pion gas approximation [30]. This is
justified because pions are the relevant degrees of freedom
in our target temperature range. With these ingredients, we
identify the nonscalar condensates responsible for it.
This paper is organized as follows. In Sec. II, we

introduce the basic framework of QCD sum rules and
the explicit setup used in the present analysis. In Sec. III,
we present numerical results for the ϕ meson properties at
finite temperature. In Sec. IV, we summarize our findings.

II. QCD SUM RULES

In this section, we first recapitulate basics of QCD sum
rules applied to finite temperature and the OPE developed
in Ref. [29]. Then, we evaluate the relevant condensates at
finite temperature in the subsections after Sec. II C. We also
summarize the phenomenological modeling of the spectral
function and the Borel transformation for the numerical
analysis performed in the result section.

A. Basic idea of the QCD sum rule

QCD sum rules are a QCD-based approach to extracting
hadronic spectral information from two-point correlation
functions. This approach relies on a dispersion relation
connecting the correlation function to an integral of the
spectral function over the invariant mass. The correlator is
evaluated at deep spacelike momenta using the OPE, while

the spectral function is parametrized phenomenologically
(see, however, Refs. [31,32] for attempts without explicit
parametrizations). In this sense, the dispersion relation
serves as a bridge between the QCD side, where the short-
distance physics is encoded in the OPE, and the hadronic
side, where the long-distance physics is represented by the
spectral function. The model parameters, such as the
hadron mass and hadron decay width, are then determined
by requiring consistency between the two sides of the
dispersion relation.
The present analysis for the ϕ meson is based on the

thermal current correlator

Πμνðq; TÞ ¼ i
Z

d4xeiq·xhT JμðxÞJνð0ÞiT; ð1Þ

where Jμ ¼ s̄γμs is the strange vector current and h� � �iT
denotes the thermal average. The correlator Πμν is sym-
metric and, by the Ward identity, transverse to the four-
momentum: qμΠμν ¼ 0. In vacuum, the only available
symmetric second-rank tensors are qμqν and gμν, and these
conditions reduce Πμν to a single scalar amplitude, Πμν ¼
PμνΠvac where Pμν ¼ qμqν − q2gμν. At finite temperature,
there is a timelike vector uμ, of which the spatial component
specifies the collective velocity of medium. In particular,
the medium rest frame is specified as uμrest ¼ ð1; 0Þ. The
existence of this external vector breaks the Lorentz sym-
metry, and Πμν now admits two independent tensor
structures transverse and longitudinal to uμ, which will
be shown in Eq. (6).
The existence of uμ splits Pμν into the transverse and

longitudinal components such that

uμP
μν
T ¼ 0; uμP

μν
L ≠ 0; ð2Þ

where Pμν
L þ Pμν

T ¼ Pμν. Both of them remain transverse to
the four-momentum and are orthogonal to each other

qμP
μν
T ¼ qμP

μν
L ¼ 0; ð3Þ

Pμ
TαP

αν
L ¼ 0: ð4Þ

In the medium rest frame, the transverse component reads

P00
T ¼ P0i

T ¼ Pi0
T ¼ 0; Pij

T ¼ q2
�
δij −

qiqj

v2

�
; ð5Þ

where v2 ≡ ðu · qÞ2 − q2. Note that Pij
T is transverse to

spatial momentum qi, while Pij
L is not. Therefore, they

project out polarization modes in the medium rest frame.
By the use of the projection operators, the correlator is

decomposed as

Πμν ¼ Pμν
T ΠT þ Pμν

L ΠL: ð6Þ
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Conversely, the scalar amplitudes are extracted as

ΠLðq2; v2Þ ¼
1

v2
Π00ðq2; v2Þ; ð7Þ

ΠTðq2; v2Þ ¼ −
1

2

�
1

q2
Πμ

μðq2; v2Þ þ ΠLðq2; v2Þ
�
; ð8Þ

where the scalar amplitudes are expressed as functions of
q2 and v2. Since the projection operators contain inverse
powers of v, these expressions are not evaluated directly at
v ¼ 0; instead, the projection is carried out at finite v, and
then the limit v → 0 is taken. In this limit, qμ becomes
proportional to uμ, and the two amplitudes reduce to one,
ΠT ¼ ΠL. In the following, we set uμ ¼ uμrest.
For each scalar amplitude, a dispersion relation is

given as

ΠXðq2; v2Þ ¼
Z

∞

−v2
ds

ρXðs; v2Þ
s − q2

; ðX ¼ L;TÞ; ð9Þ

where ρX is the spectral function, related to the Feynman
correlator by

ρXðq2;v2Þ¼
1

π
tanh

�
βq0

2

�
ImΠXðq2;v2Þ ðq0∈RÞ: ð10Þ

Here the positive energy condition q0 > 0 uniquely gives
q0 as a function of q2 and v2.
In Eq. (9), we have suppressed the terms that vanish

under the Borel transformation introduced later. More
explicitly, the dispersion relation is derived by applying
Cauchy’s theorem to the correlator, which yields an integral
over the spectral function and a surface contribution from
the contour at infinity. Both terms are in general divergent,
and the divergences are removed by the corresponding
subtraction terms. Equation (9) contains only the subtracted
integral over the spectral function. The subtracted surface
contribution is a polynomial in q2 with positive powers,
which vanishes under the Borel transformation. Note that
when ΠX carries a thermal contribution at q2 ¼ 0, an
additional term that survives the Borel transformation
appears in the dispersion relation; we assume this contri-
bution to be subleading, as discussed in Sec. II E. For
details, see Refs. [26,33].

B. Operator product expansion up to dimension six

The left-hand side of Eq. (9) is evaluated using the OPE.
In the deep Euclidean limit Q2 ≡ −q2 → ∞, the correlator
admits a systematic expansion in local operators,

Πðq2; v2Þ ¼
X
n

C
μ1���μsn
n ðq2; v2ÞhOðnÞ

μ1���μsn iT; ð11Þ

where the Wilson coefficients Cn encode the short-distance
physics and are calculable in perturbation theory, while the

local operators OðnÞ capture the nonperturbative long-
distance effects. The expansion proceeds on an order-by-
order basis in operator dimension, with higher-dimensional
operators suppressed by inverse powers of Q2 in the
corresponding Wilson coefficients.
We evaluate the OPE of the correlator up to dimension-

six operators. TheWilson coefficients used here are derived
in Ref. [29]. For convenience, we classify the OPE
contributions by operator dimension and spin,

ΠOPE
μν ¼ Πscalar

μν þ Π4;2
μν þ Π6;2

μν þ Π6;4
μν ; ð12Þ

where Πscalar
μν collects the scalar operator contributions and

Πd;s
μν denotes the contribution of operators with dimension d

and spin s. The nonscalar condensates vanish in vacuum by
the Lorentz symmetry and are therefore purely thermal in
origin.
Each part has the Lorentz structure

Πscalar
μν ¼ ðqμqν − q2gμνÞΠscalar; ð13Þ

Π4;2
μν ¼ 1

Q2
½I4;2μν þ 1

Q2
ðqρqμI4;2ρν þ qρqνI

4;2
ρμ Þ

þ gμν
qρqσ

Q2
J4;2ρσ þ qμqνqρqσ

Q4
ðI4;2ρσ þ J4;2ρσ Þ�; ð14Þ

Π6;2
μν ¼ 1

Q4
½I6;2μν þ 1

Q2
ðqρqμI6;2ρν þ qρqνI

6;2
ρμ Þ

þ gμν
qρqσ

Q2
J6;2ρσ þ qμqνqρqσ

Q4
ðI6;2ρσ þ J6;2ρσ Þ�; ð15Þ

Π6;4
μν ¼ qκqλ

Q6
½I6;4κλμν þ

1

Q2
ðqρqμI6;4κλρν þ qρqνI

6;4
κλρμÞ

þ gμν
qρqσ

Q2
J6;4κλρσ þ

qμqνqρqσ

Q4
ðI6;4κλρσ þ J6;4κλρσÞ�; ð16Þ

where Id;s and Jd;s denote the shorthand tensors defined in
Ref. [29]. We separate them into quark and gluon con-
tributions as

Id;s ¼ Id;sðqÞ þ Id;sðgÞ; ð17Þ

Jd;s ¼ Jd;sðqÞ þ Jd;sðgÞ: ð18Þ

Their explicit expressions in terms of the condensates are
given below.
The scalar amplitude Πscalar receives contributions from

the unit operator, which gives the purely perturbative part,
and from scalar condensates. We expand the perturbative
part in powers of αs and the strange quark mass ms,
retaining terms up to OðαsÞ and Oðm4

sÞ,
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Πscalar
pert ¼−

1

4π2

�
1þαs

π

�
ln
Q2

μ2
−

3m2
s

2π2Q2

−
m2

s

π2
αs
π

1

Q2

�
4−3ln

Q2

μ2

�
þm4

s

Q4

�
3

4π2

�
2 ln

Q2

μ2
−1

�

−
1

6π2
αs
π

�
32−24ζð3Þ−33ln

Q2

μ2
þ18

�
ln
Q2

μ2

�
2
��

:

ð19Þ

For the scalar-condensate contributions, we include terms
up to first order in αs and third order in ms; terms of order
m4

s are absent since they would contribute beyond dimen-
sion six,

Πscalar
cond ðQ2Þ¼Πscalar

hs̄si ðQ2ÞþΠscalar
hG2i ðQ2ÞþΠscalar

dim 6 ðQ2Þ; ð20Þ

where

Πscalar
hs̄si ¼ 2mshs̄si

Q4
þ 1

Q4

2msαs
3π

hs̄si − 8m3
shs̄si
3Q6

; ð21Þ

Πscalar
hG2i ¼ 1

Q4

7αs
288π4

hG2iþ 1

π2Q4

�
1

48
þ 1

36

m2
s

Q2

�
hG2i; ð22Þ

Πscalar
dim 6 ¼ −

4hs̄jsi
9Q6

−
2hj25i
Q6

þ 1

π2Q6

�
1

324
þ 1

54
ln
Q2

μ2

�
hj2i:

ð23Þ

The scalar condensates appearing above are defined as in
Ref. [29],

hG2i≡ hg2Ga
μνGaμνi; ð24Þ

hs̄jsi≡ hgs̄γμðDνGμνÞsi; ð25Þ

hj25i≡ hg2s̄taγ5γμss̄taγ5γμsi; ð26Þ

hj2i≡ hg2ðDμGa
αμÞðDνGaα

νÞi: ð27Þ

The Wilson coefficients of the nonscalar condensates are
retained at leading order in αs. The quark sector contributes
through

I4;2ðqÞμν ¼
�
4 − 15

m2
s

Q2

�
Fμν; ð28Þ

J4;2ðqÞμν ¼
�
−4þ 9

m2
s

Q2

�
Fμν; ð29Þ

I6;2ðqÞμν ¼ 5

2
Aμν −

1

2
Bμν − 13Cμν þ 4Hμν; ð30Þ

J6;2ðqÞμν ¼ −
3

2
Aμν þ

7

2
Bμν − 5Cμν − 4Hμν; ð31Þ

I6;4ðqÞμνκλ ¼ −16iKμνκλ; J6;4μνκλ ¼ 16iKμνκλ; ð32Þ

with the nonscalar quark condensates defined as in
Ref. [29],

Aαβ ≡ hST gs̄ðDμGαμÞγβsi; ð33Þ

Bαβ ≡ hST gs̄fiDα; G̃βμgγ5γμsi; ð34Þ

Cαβ ≡ hST mss̄DαDβsi; ð35Þ

Fαβ ≡ hST s̄γαiDβsi; ð36Þ

Hαβ ≡ hST g2s̄taγ5γαss̄taγ5γβsi; ð37Þ

Kαβγδ ≡ hST s̄γαDβDγDδsi; ð38Þ

where G̃αβ ¼ 1
2
ϵαβμνGμν and ST denotes the symmetric

traceless projection. The gluon sector contributes through

I4;2ðgÞμν ¼
�
1

8π2
−

47

48π2
m2

s

Q2
þ
�
−

1

6π2
þ 5

6π2
m2

s

Q2

�
ln
Q2

μ2

�
G2μν;

ð39Þ

J4;2ðgÞμν ¼
�
−

7

24π2
þ 25

48π2
m2

s

Q2
þ
�

1

6π2
þ 1

6π2
m2

s

Q2

�
ln
Q2

μ2

�
G2μν;

ð40Þ

I6;2ðgÞμν ¼
�
−

1

60π2
þ 1

96π2
ln
Q2

μ2

�
Xμν

þ
�
−

361

2880π2
þ 3

32π2
ln
Q2

μ2

�
Yμν

þ
�

19

320π2
þ 1

32π2
ln
Q2

μ2

�
Zμν; ð41Þ

J6;2ðgÞμν ¼
�
−

1

20π2
−

7

96π2
ln
Q2

μ2

�
Xμν

þ
�

149

960π2
þ 1

96π2
ln
Q2

μ2

�
Yμν

þ
�
−

239

960π2
−

7

32π2
ln
Q2

μ2

�
Zμν; ð42Þ

I6;4ðgÞμνκλ ¼
�
−

133

180π2
þ 11

30π2
ln
Q2

μ2

�
G4μνκλ; ð43Þ

J6;4ðgÞμνκλ ¼
�

181

180π2
−

11

30π2
ln
Q2

μ2

�
G4μνκλ; ð44Þ

with the nonscalar gluon condensates defined as in
Ref. [29],
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G2αβ ≡ hST g2Ga
αμG

aμ
β i; ð45Þ

Xαβ ≡ hST g2Ga
μνDβDαGaμνi; ð46Þ

Yαβ ≡ hST g2Ga
αμDμDνGa

βνi; ð47Þ

Zαβ ≡ hST g2Ga
αμDβDνGaμ

νi; ð48Þ

G4αβγδ ≡ hST g2Ga
αμDδDγG

aμ
β i: ð49Þ

The numerical values of all input parameters and con-
densates are summarized in Table I, with further details
given in Secs. II C and II D.

C. Scalar condensates

In this subsection, we provide the numerical inputs for
the scalar condensates entering the OPE, given in Sec. II B.
Unless otherwise stated, all renormalized quantities are
evaluated at μ ¼ 1 GeV in the MS scheme.

1. Quark scalar condensate: hq̄qi and hs̄si
We first specify the vacuum values of quark condensates.

We take them from lattice determinations for the light quark
[36] and the strange quark [37]. Since these values are
given at μ ¼ 2 GeV in the original references, we convert
them to μ ¼ 1 GeV using renormalization-group-invariant
combinations and the running of the quark mass. The
numerical values used in the present analysis are listed in

Table I. Here the light-quark condensate is evaluated in the
isospin-symmetric limit, where the up and down quarks are
taken to be degenerate with a common mass identified with
the average of the physical up and down quark masses.
The temperature dependence of the quark condensates is

then captured by the smooth parametrizations fitted to the
HotQCD data [38,39],

hq̄qiT
hq̄qi0

¼ tanh

�
1

T

�hq̄qiT
hq̄qi0

TðlÞ
c þ hl

��
; ð50Þ

hs̄siT
hs̄si0

¼ tanh

�
1

T

�hs̄siT
hs̄si0

TðsÞ
c þ hs

��
; ð51Þ

with fit parameters

TðlÞ
c ¼ 166.762 MeV; hl ¼ 0.921635 MeV; ð52Þ

TðsÞ
c ¼ 204.316 MeV; hs ¼ 2.6074 MeV: ð53Þ

Since these equations are implicit, the thermal ratios must
be obtained by solving them self-consistently at each
temperature.

2. Gluon scalar condensate: hG2i
For the gluon scalar condensate, we specify the vacuum

value and the thermal shift separately. The vacuum value is
taken from the standard determination, obtained within the
QCD sum rule framework [23,24],

hG2i0 ¼ ð4π2Þð0.012� 0.004Þ GeV4: ð54Þ

The thermal shift δG≡ hG2iT − hG2i0 is evaluated using
the trace anomaly relation, which is renormalization-group
invariant and gives, at leading order in αs [43–45],

δG ¼ −ð4π2Þ 8
9

�
ϵ − 3p −

X
f¼u;d;s

mfδhf̄fiT
�
: ð55Þ

We decompose this into the trace-anomaly and quark-
condensate contributions, δG ¼ δGðIÞ þ δGðqÞ, where

δGðIÞ ¼ −ð4π2Þ 8
9
I; I ≡ ϵ − 3p; ð56Þ

δGðqÞ ¼ ð4π2Þ 8
9

X
f¼u;d;s

mfδhf̄fiT: ð57Þ

For the trace anomaly I, we use the smooth parametrization
fitted to the lattice QCD equation of state in Refs. [40,46],

IðTÞ
T4

¼ exp

�
−
h1
t
−
h2
t2

��
h0 þ

f0ftanhðf1tþ f2Þ þ 1g
1þ g1tþ g2t2

�
;

ð58Þ

where t ¼ T=200 MeV, with the parameter set of Ref. [40],

TABLE I. Input parameters and condensates used in the OPE
analysis. All scale-dependent quantities are quoted at μ ¼ 1 GeV,

except for RðπÞ
g , for which we use the available lattice-QCD value

as a reference input.

Quantity Value Reference

mπ 139.57061 MeV [34]

mMS
q

4.78 MeV [34]

mMS
s

128 MeV [34]

αsð1 GeVÞ 0.50 [35]
hq̄qi0 −½232ð60Þ MeV�3 [36]
hs̄si0 −½196ð11Þ MeV�3 [37]
hG2i0 ð4π2Þð0.012� 0.004Þ GeV4 [23,24]

TðlÞ
c ; hl 166.762 MeV; 0.921635 MeV [38,39]

TðsÞ
c ; hs 204.316 MeV; 2.6074 MeV [38,39]

h0, h1, h2 0.1396;−0.1800, 0.0350 [40]
f0, f1, f2 2.76; 6.79;−5.29 [40]
g1, g2 −0.47, 1.04 [40]

AπðsÞ
2

0.0257 [41]

AπðgÞ
2

0.380 [41]

AπðsÞ
4

0.00154 [41]

AπðgÞ
4

0.0593 [41]

RðπÞ
g

0.388(49) [42]
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h0¼0.1396; h1¼−0.1800; h2¼ 0.0350; f0¼2.76;

f1¼6.79; f2¼−5.29; g1¼−0.47; g2¼ 1.04: ð59Þ

The quark-condensate contribution δGðqÞ is evaluated using
the lattice-based parametrizations of Eqs. (50) and (51),
with the quark masses listed in Table I [34].

3. Four-quark scalar condensates: hj2i; hj25i; hs̄jsi
The dimension-six four-quark condensates are evaluated

using the vacuum-saturation approximation ansatz
[23,24,28], in which a four-quark condensate is approxi-
mated as a product of two-quark condensates,

hj2iT ¼ 0; ð60Þ

hj25iT ¼ 16

36
ð4παsÞhs̄si2T; ð61Þ

hs̄jsiT ¼ −
16

36
ð4παsÞhs̄si2T: ð62Þ

The first condensate is neglected following Ref. [28], as it is
of higher order in αs than the others.
The vacuum-saturation approximation is justified in

vacuum when Nc → ∞. To see this, we apply the Fierz
transformation to express the four-quark operators in terms
of products of color-singlet quark bilinears, J1J2, and insert
a complete set of hadronic states

h0jJ1J2j0i¼h0jJ1j0ih0jJ2j0iþ
X
h≠0

h0jJ1jhihhjJ2j0i: ð63Þ

The first term is the vacuum-saturation contribution. Since
h0jJij0i ¼ OðNcÞ, it is of OðN2

cÞ. For a one-meson state h,
h0jJijhi ¼ OðN1=2

c Þ, so that its contribution to the second
term is of OðNcÞ, suppressed by 1=Nc relative to the first
term. The pion, being the lightest meson, would naively be
expected to provide the largest correction at the next-to-
leading order.
However, for the four-quark condensates relevant to the

present analysis, the pion correction is strongly suppressed.
The color-singlet bilinears obtained after the Fierz trans-
formation of the corresponding four-quark operators are
either strange quark bilinears, s̄Γs, or mixed strange–light-
quark bilinears, s̄Γq and q̄Γs, with q ¼ u, d. In the isospin-
symmetric limit, the former are isoscalar and therefore
cannot connect the vacuum to an isovector pion state,

h0js̄Γsjπi ¼ 0; ð64Þ

while the latter carry nonzero strangeness and cannot
connect the vacuum to a pion state because of strangeness
conservation,

h0js̄Γqjπi ¼ h0jq̄Γsjπi ¼ 0: ð65Þ

Thus, the corrections from the hadronic intermediate states
are expected to be smaller in the ϕ-meson channel than in
the channels where the pion intermediate states can
contribute, such as the ρ- and ω-meson channels. At finite
temperature in the dilute pion-gas regime, an analogous
discussion applies following Ref. [47]: the vacuum-satu-
ration approximation remains justified when Nc → ∞, and
its corrections at the next-to-leading order in 1=Nc arise
from nonvanishing matrix elements between the vacuum
and one-meson states, with the first nonvanishing contri-
bution in the ϕ-meson channel again coming from kaon
states rather than pions.

D. Nonscalar condensates

This subsection specifies the numerical inputs for the
nonscalar condensates entering the OPE at dimensions four
and six. At finite temperature, the four-velocity uμ allows
spin-two and spin-four operators to acquire nonvanishing
expectation values, which vanish in vacuum by Lorentz
symmetry. We classify the condensates into three groups:
the dimension-four spin-two condensates ðFμν; Gμν

2 Þ, the
dimension-six spin-two condensates ðXαβ; Yαβ; Zαβ; HαβÞ,
and the dimension-six spin-four condensates ðKαβγδ;
G4αβγδ; Aαβγδ; Bαβγδ; CαβγδÞ. All of these are estimated
within the dilute pion-gas approximation. Below the
QCD crossover temperature, the thermal medium at van-
ishing baryon density is dominated by pions, and the dilute
pion-gas approximation provides a reasonable description.

1. Dilute pion-gas approximation

At low temperature, the thermal medium is approxi-
mated by a dilute gas of pions. Throughout, we use the
charged-pion mass listed in Table I as a common mass. For
a generic operator O, the thermal expectation value is

hOiT ¼ h0jOj0i

þ
Xdπ
A¼1

Z
d3k

2Eπ;kð2πÞ3
hπAðkÞjOjπAðkÞinBðEπ;k=TÞ;

ð66Þ

where dπ ¼ 3 and Eπ;k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

π

p
. The one-pion matrix

elements are parametrized in terms of the pion momentum
pμ as

hπAðpÞjOjπAðpÞi ¼ Cπ
O;0; ð67Þ

hπAðpÞjOμνjπAðpÞi ¼ Cπ
O;2ST ðpμpνÞ; ð68Þ

hπAðpÞjOμ1μ2μ3μ4 jπAðpÞi ¼ Cπ
O;4ST ðpμ1pμ2pμ3pμ4Þ: ð69Þ

Here, for a generic four-vector vμ, the symmetric traceless
projections are explicitly given by
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ST ðvμ1vμ2Þ ¼ vμ1vμ2 −
1

4
p2gμ1μ2 ; ð70Þ

ST ðvμ1vμ2vμ3vμ4Þ¼vμ1vμ2vμ3vμ4 −
1

8
p2ðvμ1vμ2gμ3μ4

þvμ1vμ3gμ2μ4 þvμ1vμ4gμ2μ3 þvμ2vμ3gμ1μ4
þvμ2vμ4gμ1μ3 þvμ3vμ4gμ1μ2Þ

þ 1

48
p4ðgμ1μ2gμ3μ4 þgμ1μ3gμ2μ4

þgμ1μ4gμ2μ3Þ: ð71Þ
Substituting them into Eq. (66) and performing the

momentum integral gives

δhOiT ¼ dπCπ
O;0K0ðT;mπÞ; ð72Þ

hOμνiT ¼ dπCπ
O;2K2ðT;mπÞST ðuμuνÞ; ð73Þ

hOμ1μ2μ3μ4iT ¼ dπCπ
O;4K4ðT;mπÞST ðuμ1uμ2uμ3uμ4Þ; ð74Þ

with

K0ðT;mÞ ¼ T2

24
B1

�
m
T

�
; ð75Þ

K2ðT;mÞ¼ 1

360

�
8π2T4B2

�
m
T

�
−5m2T2B1

�
m
T

��
; ð76Þ

K4ðT;mÞ ¼ 32π4

315
T6B3

�
m
T

�

−
π2

25
m2T4B2

�
m
T

�
þ 1

120
m4T2B1

�
m
T

�
; ð77Þ

BnðxÞ ¼
1

ζð2nÞΓð2nÞ
Z

∞

x
dy y2ðn−1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − x2

p
ey − 1

: ð78Þ

In Eqs. (73) and (74), the nonscalar condensates vanish in
vacuum by Lorentz invariance, and thus no δ is needed for
them. The thermal expectation value of each condensate is
then determined by specifying the coefficient Cπ

O;n for the
corresponding operator.

2. Dimension-four spin-two condensates

The dimension-four spin-two condensates are

Fμν¼hST s̄γμiDνsiT¼dπCπ
F;2K2ðT;mπÞST ðuμuνÞ; ð79Þ

Gμν
2 ¼ hg2ST Gaμ

αGaναiT ¼ dπCπ
G;2K2ðT;mπÞST ðuμuνÞ:

ð80Þ
The coefficients are taken from Ref. [41],

Cπ
F;2 ¼ AπðsÞ

2 jμ¼1 GeV ¼ 0.0257; ð81Þ

Cπ
G;2 ¼ 2ð4παsÞ × AπðgÞ

2 jμ¼1 GeV ¼ 2ð4παsÞ × 0.380; ð82Þ

where they are derived from moments of the pion parton
distribution functions of Ref. [48].

3. Dimension-six spin-two condensates

The dimension-six spin-two condensates involve gluon
field strengths with two covariant derivatives,

Xαβ¼hg2ST Ga
μνDβDαGaμνi

¼dπCπ
X;2K2ðT;mπÞST ðuαuβÞ; ð83Þ

Yαβ ¼ hg2ST Ga
αμDμDνGa

βνi ¼ dπCπ
Y;2K2ðT;mπÞST ðuαuβÞ;

ð84Þ
Zαβ¼hg2ST Ga

αμDβDνGaμνi¼dπCπ
Z;2K2ðT;mπÞST ðuαuβÞ:

ð85Þ

To determine the coefficients, we evaluate the one-pion
matrix elements using the prescription proposed in Ref. [27]:
each covariant derivative acting on a gluon field is replaced
by the average gluon four-momentum inside the pion,

DμGρσ ≃ −iRðπÞ
g pμGqρσ; ð86Þ

where RðπÞ
g is the gluon momentum fraction in the pion,

taken from the lattice-QCD determination at μ ¼ 2 GeV
[42],

RðπÞ
g ¼ 0.388ð49Þ: ð87Þ

Since no determination at μ ¼ 1 GeV is currently available,
this value is used as a reference input also for the μ ¼ 1 GeV
analysis. Applying the replacement twice gives

DβDαGρσ ≃ −ðRðπÞ
g Þ2pβpαGρσ; ð88Þ

and analogous formulas hold for DμDνGβν and DβDνGμν.
Under this approximation, the coefficients are

Cπ
X;2 ¼ −ðRðπÞ

g Þ2Cπ
G;0; ð89Þ

Cπ
Y;2 ¼ ðRðπÞ

g Þ2 C
π
G;0 þ 3Cπ

G;2m
2
π

12
; ð90Þ

Cπ
Z;2 ¼ 3Cπ

Y;2; ð91Þ

where Cπ
G;0 is the one-pion matrix element of the gluon

scalar condensate [30],

Cπ
G;0 ¼ −

32π2m2
π

9
: ð92Þ

The dimension-six spin-two condensate Hαβ vanishes
under the vacuum-saturation approximation. Under this
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approximation, the tensor before the symmetric traceless
projection takes the form

hg2ðs̄taγ5γαsÞðs̄taγ5γβsÞi ∝ gαβhs̄si2; ð93Þ
which is removed by the ST projection, giving Hαβ ¼ 0.
The one-pion matrix elements of the remaining dimen-

sion-six spin-two condensates Aαβ, Bαβ, and Cαβ are not
known, and we neglect these contributions,

Aαβ ¼ Bαβ ¼ Cαβ ¼ 0: ð94Þ
This omission introduces an uncertainty in the analysis.
However, within the OPE framework, dimension-six oper-
ator contributions are expected to be numerically small, and
their absence is unlikely to qualitatively affect the results.

4. Dimension-six spin-four condensates

Among the dimension-six spin-four condensates, the
condensates Kαβγδ and G4αβγδ, given by

Kαβγδ ¼ hST s̄γαDβDγDδsiT
¼ dπCπ

K;4K4ðT;mπÞST ðuαuβuγuδÞ; ð95Þ
G4αβγδ ¼ hg2ST Ga

αμDδDγG
aμ
β i

T

¼ dπCπ
G;4K4ðT;mπÞST ðuαuβuγuδÞ; ð96Þ

are evaluated using the same procedure as that used for the
dimension-four spin-two condensates. This procedure is
based on moments of the pion parton distribution functions
of Ref. [48]. The corresponding coefficients are given in
Ref. [41] as

Cπ
K;4 ¼ iAπðsÞ

4 jμ¼1 GeV ¼ i0.00154; ð97Þ

Cπ
G;4 ¼ −2ð4παsÞ × AπðgÞ

4 jμ¼1 GeV ¼ −2ð4παsÞ × 0.0593:

ð98Þ
E. Phenomenological modeling of the spectral function

This subsection specifies the phenomenological ansatz
for the spectral function appearing on the right-hand side of
Eq. (9). For each polarization channel X ¼ L, T, the
spectral function is modeled as a sum of two distinct
contributions,

ρXðs; v2;TÞ ¼ ρX;resðs; v2;TÞ þ ρX;highðs; v2;TÞ; ð99Þ
where the first term represents the ϕ meson resonance,
while the second term represents the contribution from
higher-energy states. In general, thermal contributions such
as Landau damping could also enter the spectral function
[30]. In the present case, a relevant contribution may arise
from the KK̄ loop, which lies outside the scope of the pion-
gas approximation adopted here; we therefore neglect it.
We also note that thermal contributions of this type can

carry support at s ¼ 0, which would introduce an additional
term in the dispersion relation [26,33].
The ϕmeson resonance is modeled by a delta function,

ρϕX;resðs; v2;TÞ ¼ f2ϕ;XðT; v2Þδðs −m2
ϕ;XðT; v2ÞÞ; ð100Þ

where mϕ;X and fϕ;X denote the polarization-dependent
mass and decay constant, respectively. This ansatz is
motivated by the narrow vacuum width of the ϕ meson
(≃4 MeV [34]); model analyses suggest that the temper-
ature-induced broadening remains at most∼40 MeV at T ¼
150 MeV and vanishing baryon density [12–14,16–18]. In
the analysis based on the Borel transformation introduced in
Eq. (104), the resonance contribution enters through an
exponentially weighted integral of the spectral function over
the variable s. As shown in Appendix B, this integral is
insensitive to variations of the resonance width when the
width is as small as quoted above. We therefore adopt the
delta-function ansatz, which carries no width parameter.
This is not to assume that the width is physically
unimportant.
The contribution from higher-energy states is modeled as

ρX;highðs; v2;TÞ ¼
1

π
ImΠscalar

pert ðsÞθðs − s0;XÞ; ð101Þ

where s0;X is the threshold marking the onset of continuous
higher-energy states. The use of 1

π ImΠscalar
pert is motivated by

the reliability of the perturbative description at large s, and
is supported empirically by its successful application in
QCD sum rule analyses [41]. This perturbative correlator
Πscalar

pert ðsÞ is obtained by the analytic continuation from the
spacelike expression,

Πscalar
pert ðQ2Þ ¼−

1þαs=π
4π2

ln
Q2

μ2
−

3m2
s

2π2Q2

−
m2

s

π2
αs
π

4− 3 lnðQ2=μ2Þ
Q2

; ðQ2 > 0Þ ð102Þ

via Q2 ¼ −s − i0. The resulting continuum spectral func-
tion is

ρX;highðs; v2;TÞ ¼
�
1þ αsðμÞ=π

4π2
þ 3m2

sαsðμÞ
π3s

�
θðs − s0;XÞ:

ð103Þ

F. Borel transformation

The Borel transformation is applied to both sides of the
dispersion relation in Eq. (9) to efficiently extract infor-
mation on the ϕ meson resonance while suppressing the
contributions from higher-energy states. The Borel trans-
form of a function fðQ2Þ is defined by
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BM2 ½f�≡ lim
Q2;N→∞
Q2=N¼M2

ðQ2ÞN
ðN − 1Þ!

�
−

d
dQ2

�
N
fðQ2Þ: ð104Þ

This transformation serves two purposes. First, it eliminates
polynomial terms in Q2; as a result, the subtraction terms
and the polynomial part of the surface contribution are
removed. Second, 1=ðs − q2Þ in the dispersion integral is
replaced by ð1=M2Þe−s=M2

, which exponentially suppresses
the high-energy states contribution and enhances the
sensitivity to the low-lying ϕ meson resonance [49].
Explicitly, applying the Borel transformation to Eq. (9)

gives

BM2 ½ΠXðq2; v2Þ� ¼ Πres
X ðM2; v2Þ þ Πhigh

X ðM2; v2Þ: ð105Þ

where the resonance term is

Πres
X ðM2; v2Þ ¼ 1

M2

Z
∞

−v2
ds ρX;rese−s=M

2

¼ f2ϕ;XðT; v2Þ
M2

exp

�
−
m2

ϕ;XðT; v2Þ
M2

�
; ð106Þ

while high-energy states part is

Πhigh
X ðM2; v2Þ ¼ 1

M2

Z
∞

−v2
ds ρX;highe−s=M

2

¼ 1þ αsðμÞ=π
4π2

e−s0;XðT;v2Þ=M2

þ 3m2
sαsðμÞ
π3M2

E1

�
s0;XðT; v2Þ

M2

�
; ð107Þ

with

E1ðxÞ≡
Z

∞

x
dt

e−t

t
¼ Γð0; xÞ: ð108Þ

When s0;X ≫ m2
ϕ;X, the two contributions are well sepa-

rated, and the sum rule provides a reliable constraint on
parameters in the vector-meson spectral function. Explicit
forms of the Borel-transformed OPE side of Eq. (105) are
quite long, and are given in Appendix A (which is the same
expression as shown in Ref. [28]).

III. NUMERICAL RESULTS

We present the numerical results of the ϕ meson proper-
ties at finite temperature. We first describe the zero-
momentum results, where the longitudinal and transverse
channels are degenerate. We then study the finite-momen-
tum dependence and analyze the longitudinal-transverse
splitting for different temperatures. Finally, we examine the
origin of the splitting by selectively removing thermal
contributions in the operator product expansion.

A. Numerical analysis method

Before presenting the numerical results, we summarize
the procedure used to extract the ϕ meson mass and decay
constant from the Borel sum rule. The analysis is based on
the rearranged form of Eq. (105),

AXðM2; v2; s0Þ ¼ Πres
X ðM2; v2Þ; ð109Þ

with

AXðM2;v2;s0Þ≡BM2 ½ΠXðq2;v2Þ�−Πhigh
X ðM2;v2Þ: ð110Þ

For each temperature T, momentum v, and channel X ¼ L,
T, we independently determine the optimal continuum
threshold s⋆0;XðT; vÞ and extract the corresponding ϕmeson
mass and decay constant.
As the first step, we determine the so-called Borel

window

Mmin;Xðv2; TÞ ≤ M ≤ Mmax;Xðv2; T; s0Þ; ð111Þ

for given s0, T, and v. The window, within which the
analysis is considered reliable, is defined by two condi-
tions. The lower boundary Mmin;X is set by the OPE
convergence condition,

CXðM2; v2Þ ¼
				BM2 ½Πðd¼6Þ

X ðq2; v2Þ�
BM2 ½ΠXðq2; v2Þ�

				 ≤ 0.1; ð112Þ

where Πðd¼6Þ
X denotes the dimension-six contribution to

ΠXðq2; v2Þ. The upper boundary Mmax;X is set by the pole-
dominance condition,

PXðM2; v2; s0Þ ¼
				 AXðM2; v2; s0Þ
BM2 ½ΠXðq2; v2Þ�

				 ≥ 0.5: ð113Þ

If a Borel window satisfying both the OPE-convergence
and pole-dominance conditions cannot be defined, the
corresponding trial value of s0 is discarded.
Within the Borel window, the ϕ meson mass and its

decay constant for generic M2 are extracted as

m2
ϕ;XðM2;v2;s0Þ¼M2−

dAXðM2;v2;s0Þ=dðM−2Þ
AXðM2;v2;s0Þ

; ð114Þ

f2ϕ;XðM2; v2; s0;XÞ ¼ M2AXðM2; v2; s0;XÞ

× exp

�
m2

ϕ;XðM2; v2; s0;XÞ
M2

�
: ð115Þ

The Borel-window averages are then
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m̄ϕ;Xðv2; s0Þ ¼
RMmax;X
Mmin;X

dMmϕ;XðM2; v2; s0Þ
Mmax;X −Mmin;X

; ð116Þ

f̄ϕ;Xðv2; s0Þ ¼
RMmax;X
Mmin;X

dMfϕ;XðM2; v2; s0Þ
Mmax;X −Mmin;X

; ð117Þ

where the arguments of Mmin;X and Mmax;X are omitted for
notational simplicity. Stability of the extracted mass with
respect to the Borel mass is estimated with a variance

χ2m;Xðv2; s0Þ

¼
RMmax;X
Mmin;X

dM½mϕ;XðM2; v2; s0Þ − m̄ϕ;Xðv2; s0Þ�2
Mmax;X −Mmin;X

: ð118Þ

This quantity serves as a stability measure of the Borel-
mass dependence and is not a statistical chi square. The
continuum threshold is determined as the value of s0 that
minimizes χ2m;X, i.e.,

s⋆0;XðT; v2Þ ¼ arg min
s0

χ2m;XðT; v2; s0Þ: ð119Þ

The ϕ meson mass and its decay constant are then
determined as

mϕ;XðT; v2Þ ¼ m̄ϕ;Xðv2; s⋆0;XðT; v2ÞÞ; ð120Þ

fϕ;XðT; v2Þ ¼ f̄ϕ;Xðv2; s⋆0;XðT; v2ÞÞ: ð121Þ

B. Temperature dependence at zero momentum

We first consider the zero-momentum case, v ¼ jqj ¼ 0.
In this limit, the longitudinal and transverse channels are
degenerate, and the analysis reduces to that for a single
scalar amplitude. Figure 1 shows the stability measure

χ2m ¼ χ2m;Xðv2 ¼ 0; s0Þ as a function of the continuum
threshold s0 at representative temperatures T ¼ 0.0,
0.05, 0.1, 0.15 GeV. The minimum of χ2m determines the
optimal threshold s⋆0 used in the subsequent analysis. In
practice, the scan over s0 is performed with a grid spacing
of Δs0;X ¼ 0.001 GeV2, which is sufficiently small com-
pared with the overall scale of variation of χ2m. In the figure,
χ2m shows little variation in the range T ¼ 0.0–0.05 GeV,
while for T ¼ 0.05–0.15 GeV the position of the minimum
is seen to shift progressively toward smaller values of s0.
Using the optimized value of s0, we next study the

temperature dependence at zero momentum. Figure 2
shows the temperature dependence of mϕ, fϕ, and s⋆0 in
the range 0 GeV ≤ T ≤ 0.15 GeV. All three quantities
remain nearly constant for T ≲ 0.06 GeV and then
decrease at higher temperatures. All the three quantities
exhibit a monotonic dependence on temperature for
T ≳ 0.06 GeV. This correlated behavior was also reported
in the QCD sum rule analysis of the ϕ meson in nuclear
matter [28].

C. Momentum dependence and transverse
and longitudinal splitting

We next turn to the finite-momentum regime v ≠ 0,
where the longitudinal and transverse channels of the
current-current correlator, defined with respect to the
medium rest frame, become distinct. Consequently, the
properties of the ϕ meson should be determined separately
for the two channels. Figure 3 shows the momentum
dependence of the ϕ-meson mass for the transverse and
longitudinal channels at T ¼ 0.05, 0.10, and 0.15 GeV. At
small momentum, the two channels are nearly degenerate,
confirming the expected degeneracy in the low-momentum
limit. As v increases, both masses rise and a clear splitting
develops between them, with the transverse mass exceeding
the longitudinal mass. The magnitude of this splitting
grows with temperature.
The finite-temperature mass splitting obtained here for

T ¼ 0.1 GeV is much smaller than the nuclear matter
counterpart reported in the QCD sum rule analysis of
Ref. [28] and the recent quark-meson coupling model
analysis of Ref. [20], where the longitudinal-transverse
splitting reaches the order of tens of MeV. However, at
T ¼ 0.15 GeV, the splitting is of the same order of
magnitude as that obtained in the above works for dense
matter at normal nuclear matter density. This tendency is
consistent with theoretical calculations based on hadronic
models that systematically estimate both nuclear matter and
finite-temperature effects within a unified framework
[16–18].

D. Origin of the transverse and longitudinal splitting

Finally, we investigate which thermal contributions are
responsible for the transverse and longitudinal splitting. To

FIG. 1. Stability measure χ2m as a function of the continuum
threshold s0 at zero momentum for representative temperatures
T ¼ 0.0; 0.05; 0.1; 0.15 GeV. The minimum of each curve de-
termines the optimal continuum threshold s⋆0 .
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this end, we compare the full result with those from
modified analyses in which selected leading tensor con-
densate terms in the OPE are switched off. The leading
tensor terms appear with the dimension-four quark con-
densate F with one derivative and gluon condensate G2,
evaluated in Sec. II D 2. Here, we suppress the Lorentz
indices on those condensates for notational simplicity.
Figure 4 compares the transverse–longitudinal mass

splitting, mϕ;T −mϕ;L, at T ¼ 0.10 GeV, among the full
result, the result obtained by switching off the F condensate

alone, and the result obtained by switching off both the F
and G2 condensates. The full result shows a clear momen-
tum-dependent splitting. When the F condensate is
switched off, the splitting is clearly reduced, and it is
further suppressed when both the F andG2 condensates are
switched off. This comparison indicates that the transverse-
longitudinal mass splitting is mainly driven by the dimen-
sion-four condensates.
Figure 5 shows the momentum dependence of the ϕ

meson mass at T ¼ 0.10 GeV in the transverse and
longitudinal channels. In each plot, we compare the full
result with those obtained by selectively switching off the
dimension-four thermal condensates, F and G2. In the
transverse channel, as shown in the upper panel, both
condensates contribute comparably in magnitude to the
upward mass shift at large momentum. In the longitudinal
channel, as shown in the lower panel, switching off the F
condensate has a relatively minor effect on the result. The
residual major momentum dependence stems from the G2

condensate. These comparisons indicate that the G2 con-
densate gives the dominant contribution to the mass shift in
the longitudinal channel, while the F condensate also gives
a comparable contribution in the transverse channel.

IV. SUMMARY

We have studied the ϕ meson at finite temperature and
finite momentum using QCD sum rules. The strange vector
current correlator has been decomposed into the transverse
and longitudinal channels with respect to the medium flow
vector. The operator product expansion has been evaluated
up to dimension six, including scalar condensates and
nonscalar condensates. The nonscalar condensates, which
have purely thermal origin, have been estimated in the
dilute pion-gas approximation. At zero momentum, the

FIG. 2. Temperature dependence of the pole parameters at zero
momentum. The panels show the ϕ meson mass mϕ, the residue
fϕ, and the continuum threshold s0. The temperature range
is 0 ≤ T ≤ 0.15 GeV.

FIG. 3. Momentum dependence of the ϕ meson mass at fixed
temperatures. Red and blue lines show the transverse and
longitudinal channels, respectively. Solid, dashed, and dash-
dotted lines correspond to T ¼ 0.05, 0.10, and 0.15 GeV,
respectively.
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transverse and longitudinal channels are degenerate. In this
limit, we have found that the optimized continuum thresh-
old, the ϕ meson mass, and the decay constant remain
nearly constant for T ≲ 0.06 GeV and decrease
for 0.06 GeV≲ T ≲ 0.15 GeV.

At finite momentum, the transverse and longitudinal
channels split. We have found that both masses increase
with momentum, with the transverse mass exceeding the
longitudinal mass. Also, we have found that the size of this
splitting grows with temperature. We have further inves-
tigated the origin of the finite-momentum splitting by
selectively removing dimension-four thermal condensate
contributions. The comparison has shown that the G2

condensate gives the dominant contribution to the mass
shifts, especially in the longitudinal channel, while both the
G2 and F condensates give visible contributions to the
transverse–longitudinal difference.
As a future direction, it is important to connect the

finite-temperature modifications of the transverse and
longitudinal spectral functions obtained in this work to
experimentally accessible signals. This would involve a
more explicit treatment of the dilepton and KK̄ decay
channels, which would allow one to estimate how the
finite-temperature transverse-longitudinal splitting appears
in measured spectra. Also, in the context of the vector-
meson spin alignment (see, e.g., Refs. [50,51] for recent
reviews), the frame-dependent mass splitting investigated
in the present work may suggest a potential origin of the
spin alignment in addition to the conventional interpreta-
tion due to the coupling to the angular velocity produced by
noncentral relativistic heavy-ion collisions. A formulation
of QCD sum rules in a rotating frame, developed in
Refs. [52–54], would provide a basis for studying such
effects. Another valuable direction is to account for effects
from thermal kaon excitations, including possible Landau-
damping contributions. Although this effect is naively not
pronounced in the low-temperature range considered here,
where kaon excitations are suppressed by a mass about
three times larger than that of the pion, it could be sizable
because of a direct coupling to the ϕmeson through strange
hadronic channels.
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APPENDIX A: BOREL-TRANSFORMED OPE
EXPRESSIONS

In this appendix, we summarize the explicit Borel-
transformed OPE expressions used in the numerical analy-
sis. For convenience, we define

FIG. 4. Comparison of the transverse-longitudinal mass split-
ting of the ϕ meson with and without the dimension-four
condensate terms F and G2 at T ¼ 0.10 GeV. The black, green,
and purple lines show the results obtained by including both
condensates, switching off the F condensate alone, and switching
off both the F and G2 condensates, respectively.

FIG. 5. Same as Fig. 4, but the upper and lower panels show the
transverse and longitudinal channels separately at T¼0.10GeV,
respectively.
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InðM2Þ≡ BM2

�
1

ðQ2Þn
�
¼ 1

ðn − 1Þ!
1

ðM2Þn ; ðA1Þ

LnðM2Þ≡BM2

�
LQ

ðQ2Þn
�
¼
�
ln
M2

μ2
þψðnÞ

�
InðM2Þ; ðA2Þ

KnðM2Þ≡ BM2

�
L2
Q

ðQ2Þn
�

¼
��

ln
M2

μ2
þ ψðnÞ

�
2

− ψ̇ðnÞ
�
InðM2Þ; ðA3Þ

where LQ ¼ lnðQ2=μ2Þ and ψðnÞ is the digamma function.

For compactness, we introduce scalar amplitudes for the
nonscalar condensates by decomposing their thermal
expectation values as

Oμν ¼ ÔST ðuμuνÞ; O∈ fF;G2; X; Y; Zg; ðA4Þ

Oμνκλ ¼ ÔST ðuμuνuκuλÞ; O∈ fK;G4g: ðA5Þ

Thus, the hatted quantities appearing below denote the
corresponding scalar coefficients, with their temperature
dependence determined by the dilute pion-gas expressions
given in Sec. II D. The longitudinal OPE after the Borel
transformation is

BM2 ½ΠLðq2;v2Þ�¼
1þαs=π
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−
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s
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The transverse OPE after the Borel transformation is
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For reference, we write down the explicit form of In
(n ¼ 1; 2;…; 5),

I1ðM2Þ ¼ 1

M2
; ðA8Þ

I2ðM2Þ ¼ 1

ðM2Þ2 ; ðA9Þ

I3ðM2Þ ¼ 1

2ðM2Þ3 ; ðA10Þ

I4ðM2Þ ¼ 1

6ðM2Þ4 ; ðA11Þ

I5ðM2Þ ¼ 1

24ðM2Þ5 : ðA12Þ

The logarithmic functions Ln needed above are

L1ðM2Þ ¼
�
ln
M2
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− γE

�
1

M2
; ðA13Þ
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�
ln
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2ðM2Þ3 ; ðA15Þ
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6
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1

6ðM2Þ4 ; ðA16Þ

L5ðM2Þ ¼
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1

24ðM2Þ5 : ðA17Þ

We also use

K2ðM2Þ¼
��

ln
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þ1−γE

�
2

−
�
π2

6
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��
1

ðM2Þ2 : ðA18Þ

APPENDIX B: INSENSITIVITY OF THE BOREL-
TRANSFORMED RESONANCE CONTRIBUTION

TO THE FINITE WIDTH

In this appendix, we present an estimate supporting the
delta-function parametrization of the ϕmeson spectral peak
adopted throughout the analysis of this paper. Within the
Breit-Wigner parametrization with mass mϕ and width Γϕ,
we show that the Borel-transformed integral of the reso-
nance spectral function has sensitivity to a mass shift at
Oðϵ0Þ and a width broadening at Oðϵ2Þ with respect to a
dimensionless parameter

ϵ ¼ mϕΓϕ

M2
: ðB1Þ

Accordingly, when ϵ ≪ 1 for a narrow width, the Borel
sum rule is not sensitive to the width broadening relative to
the mass shift, and it is justified to use the delta-function
parametrization without introducing an additional width
parameter.
To examine the effect of a finite width, we adopt the

Breit-Wigner parametrization of the ϕ meson spectral
function,

ρðBWÞ
res ðsÞ ¼ θðsÞ f

2
ϕ

π

mϕΓϕ

ðs −m2
ϕÞ2 þm2

ϕΓ2
ϕ

: ðB2Þ

Here, Γϕ is the resonance width, and the step function θðsÞ
reflects the assumption that the resonance state appears in
the timelike region. In the small-width limit Γϕ → 0, this
expression reduces to a delta function,

ρðBWÞ
res ðsÞ → f2ϕδðs −m2

ϕÞ: ðB3Þ

Its contribution to the Borel transform of the dispersion
integral in Eq. (9) is given by

BM2 ½ΠðBWÞ
res � ¼ 1

M2

Z
∞

0

dsρðBWÞ
res ðsÞe−s=M2

: ðB4Þ

To characterize the sensitivity of the Borel-transformed
resonance contribution to the resonance mass and width,
we consider small variations

mϕ → mϕ þ δmϕ; Γϕ → Γϕ þ δΓϕ: ðB5Þ

To linear order in these variations, the corresponding
change is

δBM2 ½ΠðBWÞ
res �

¼ mϕ
∂BM2 ½ΠðBWÞ

res �
∂mϕ

δmϕ

mϕ
þ Γϕ

∂BM2 ½ΠðBWÞ
res �

∂Γϕ

δΓϕ

Γϕ
: ðB6Þ

The magnitudes of the two variations are naturally quanti-
fied relative to their original values and the responses are
accordingly governed by mϕ∂=∂mϕ and Γϕ∂=∂Γϕ. In what
follows, we estimate the responses in the narrow-width
regime Δs ≪ M2, where Δs ¼ mϕΓϕ is the characteristic
width of the Breit-Wigner distribution.
We restrict our attention to the integral region in the

vicinity of the resonance peak

m2
ϕ − Δs ≤ s ≤ m2

ϕ þ Δs; ðB7Þ

where the resonance contribution is concentrated. This
region is taken symmetric about s ¼ m2

ϕ, following the
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symmetry of the Breit-Wigner function itself. Since the
power series of the exponential factor, e−s=M

2

, converges
uniformly on this finite interval, the contribution from the
resonance region may be evaluated term by term, giving

1

M2

Z
m2

ϕþΔs

m2
ϕ−Δs

dsρðBWÞ
res ðsÞe−s=M2

¼ e−m
2
ϕ=M

2

M2

X∞
n¼0

ð−1Þn
n!M2n

Z
m2
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m2
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dsðs −m2
ϕÞnρðBWÞ

res ðsÞ

¼ f2ϕe
−m2
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2

πM2

X∞
n¼0

ð−1Þn
n!M2n

×
Z

m2
ϕþΔs

m2
ϕ−Δs

dsðs −m2
ϕÞn

Δs
ðs −m2

ϕÞ2 þ ðΔsÞ2 : ðB8Þ

Shifting the integration variable to the resonance center and
rescaling it by Δs, the nth moment reads

Z
m2

ϕþΔs

m2
ϕ−Δs

dsðs−m2
ϕÞn

Δs
ðs−m2

ϕÞ2þðΔsÞ2¼ðΔsÞn
Z

1

−1
dt

tn

1þt2
;

ðB9Þ

which shows that it scales as the nth power of Δs. The odd
moments n ¼ 2lþ 1 vanish because the Breit-Wigner
function is even in s −m2

ϕ. Performing elementary integrals

Z
1

0

dt
1

1þ t2
¼ π

4
;

Z
1

0

dt
t2

1þ t2
¼ 1 −

π

4
; ðB10Þ

the resonance contribution is expanded in powers of ϵ as

1

M2

Z
m2
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m2
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dsρðBWÞ
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In Eq. (B11), the width Γϕ enters only through ϵ, which
satisfies

Γϕ
∂ϵ

∂Γϕ
¼ ϵ: ðB12Þ

Acting with Γϕ∂=∂Γϕ on Eq. (B11) gives

Γϕ
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: ðB13Þ

The width response thus starts only at second order in ϵ.
In Eq. (B11), mϕ enters not only through ϵ but also

through the exponential factor, yielding nonvanishing
derivatives

mϕ
∂ϵ

∂mϕ
¼ ϵ; mϕ

∂

∂mϕ
e−m

2
ϕ=M

2 ¼−
2m2

ϕ

M2
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2
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: ðB14Þ

Acting with mϕ∂=∂mϕ on Eq. (B11) then yields

mϕ
∂

∂mϕ

�
1

M2

Z
m2

ϕþΔs

m2
ϕ−Δs
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�
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ðB15Þ

In contrast to the width response, the leading term of
Eq. (B11) survives the differentiation, so that the mass
response starts at Oðϵ0Þ and remains finite in the narrow-
width limit.
The two responses may be summarized as follows. In the

region containing the resonance peak, the width response is
suppressed to Oðϵ2Þ, whereas the mass response starts at
Oðϵ0Þ. This difference has an intuitive interpretation. At
zeroth order in ϵ, the exponential factor reduces to a

constant e−m
2
ϕ=M

2

over the peak region; a variation in Γϕ

leaves the integral over this region unchanged, whereas a
variation in mϕ changes the integral through the fac-

tor e−m
2
ϕ=M

2

.
The magnitude of the expansion parameter ϵ is given as

ϵ≲ 0.08; ϵ2 ≲ 7 × 10−3; ðB16Þ

for the numerical values used in the present analysis,
namely mϕ ≃ 1.02 GeV, Γϕ ≲ 0.04 GeV and the Borel
windowM ≃ 0.7–1.7 GeV. The Borel-transformed integral
is accordingly insensitive to the width within the Borel
window used in this analysis. We therefore adopt the delta-
function parametrization. Retaining the finite width would
introduce an additional parameter without altering the
integral appreciably.
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