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We study the ¢ meson at finite temperature and finite momentum using QCD sum rules. The presence of
medium breaks the Lorentz invariance, and induces distinct in-medium modifications of the transverse and
longitudinal modes at finite momentum. We find that, with increasing momentum, the masses of both
modes increase and a clear transverse-longitudinal splitting develops. The splitting is found to grow with

temperature and to be mainly generated by the dimension-four spin-dependent thermal condensates.
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I. INTRODUCTION

In-medium effects on vector mesons serve as a useful
experimental probe of the low-temperature and low-to-
intermediate-density region of the QCD phase diagram. On
the timescale of hadronic matter created in collision experi-
ments, vector mesons are better regarded as finite-lifetime
impurities propagating through the medium rather than as
particles fully equilibrated with it. Their properties are
expected to be modified by interactions with the surround-
ing hadronic environment. Such in-medium modifications
of vector meson properties can reflect essential features of
the hadronic regime of the QCD phase diagram, such as the
partial restoration of chiral symmetry, medium-induced
hadronic excitations, and temperature- and density-depen-
dent changes in the dominant hadronic degrees of freedom
of the medium.

The ¢ meson occupies a special position among light
vector mesons since its quark content is close to a pure s5
state [1], and its in-medium properties are strongly
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influenced by strange hadronic channels, especially the
KK channel. It therefore provides information comple-
mentary to that obtained from the p and @ mesons.
Experimental measurements and related analyses at various
facilities have provided evidence for in-medium modifica-
tions of the ¢ meson properties, in particular those induced
by finite-density effects [2-9]. While these studies have
mainly addressed finite-density effects, the focus has more
recently extended to regimes where finite-temperature
effects also become important. Ongoing and planned
experimental programs, such as J-PARC-HI, CBM at
FAIR, MPD at NICA, and CEE at HIRFL-CSR, aim to
explore such regimes of the QCD phase diagram.

Theoretical studies of ¢ meson properties at finite
temperature have a long history. Important results have
been obtained from QCD sum rules [10,11] as well as from
hadronic effective-model approaches which include effects
of fluctuations in relevant hadronic channels, such as KK
and zp, and scattering processes with thermal hadrons in
the medium [12-18]. It is challenging, in particular, for
lattice QCD simulations because extracting the real-time
spectral information at finite temperature requires analytic
continuation from the imaginary-time formalism, even at
zero chemical potential where the fermion sign problem
does not arise.

The meson properties depend not only on temperature
but also on momentum because of the existence of a
preferred Lorentz frame, i.e., a medium rest frame.
Understanding the momentum dependence is important

Published by the American Physical Society
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for phenomenological applications to the aforementioned
experiments. Furthermore, the absence of Lorentz invari-
ance implies that the longitudinal and transverse modes
with respect to a vector-meson momentum can receive
different modifications at finite momentum. As finite-
temperature regimes become experimentally accessible
and precision in experimental measurements is improved,
this effect is becoming increasingly relevant [19,20].
Investigating the thermal origin of the longitudinal-trans-
verse splitting of the finite-momentum ¢ meson is therefore
a timely theoretical task, also in light of the recent
measurements of the ¢ meson polarization in noncentral
heavy-ion collisions [21,22], for which the polarization
dependence considered in this work could be relevant.

In this paper, we study the in-medium properties of the ¢
meson in the low-temperature hadronic phase at vanishing
baryon number using QCD sum rules [23,24] as a non-
perturbative method complementary to lattice QCD simu-
lations. Our main focus is the longitudinal-transverse
splitting of the ¢ meson at finite momentum, and we
systematically investigate its temperature and momentum
dependence. The QCD sum rules has been successfully
applied to the ¢ meson in vacuum [24] and in medium
[10,11,25-28]. We include the nonscalar condensates up to
dimension six in the OPE following Ref. [29], capturing
both the leading (d = 4) and subleading (d = 6) contribu-
tions to the splitting. We evaluate the nonscalar conden-
sates, which are purely medium-induced contributions,
using the dilute pion gas approximation [30]. This is
justified because pions are the relevant degrees of freedom
in our target temperature range. With these ingredients, we
identify the nonscalar condensates responsible for it.

This paper is organized as follows. In Sec. II, we
introduce the basic framework of QCD sum rules and
the explicit setup used in the present analysis. In Sec. 111,
we present numerical results for the ¢» meson properties at
finite temperature. In Sec. IV, we summarize our findings.

II. QCD SUM RULES

In this section, we first recapitulate basics of QCD sum
rules applied to finite temperature and the OPE developed
in Ref. [29]. Then, we evaluate the relevant condensates at
finite temperature in the subsections after Sec. II C. We also
summarize the phenomenological modeling of the spectral
function and the Borel transformation for the numerical
analysis performed in the result section.

A. Basic idea of the QCD sum rule

QCD sum rules are a QCD-based approach to extracting
hadronic spectral information from two-point correlation
functions. This approach relies on a dispersion relation
connecting the correlation function to an integral of the
spectral function over the invariant mass. The correlator is
evaluated at deep spacelike momenta using the OPE, while

the spectral function is parametrized phenomenologically
(see, however, Refs. [31,32] for attempts without explicit
parametrizations). In this sense, the dispersion relation
serves as a bridge between the QCD side, where the short-
distance physics is encoded in the OPE, and the hadronic
side, where the long-distance physics is represented by the
spectral function. The model parameters, such as the
hadron mass and hadron decay width, are then determined
by requiring consistency between the two sides of the
dispersion relation.

The present analysis for the ¢ meson is based on the
thermal current correlator

W(q.7) =i [ et (TH0FO)r (1)

where J# = 5y#s is the strange vector current and (---)p
denotes the thermal average. The correlator " is sym-
metric and, by the Ward identity, transverse to the four-
momentum: ¢, I1* =0. In vacuum, the only available
symmetric second-rank tensors are g*¢" and ¢"*, and these
conditions reduce IT" to a single scalar amplitude, IT" =
PHIIV® where P* = gtq” — g*¢". At finite temperature,
there is a timelike vector u*, of which the spatial component
specifies the collective velocity of medium. In particular,
the medium rest frame is specified as .y = (1,0). The
existence of this external vector breaks the Lorentz sym-
metry, and II*” now admits two independent tensor
structures transverse and longitudinal to u¥, which will
be shown in Eq. (6).

The existence of u* splits P* into the transverse and
longitudinal components such that

u, Py’ =0, u, Pi° #0, (2)

where P{* + P;” = P*. Both of them remain transverse to
the four-momentum and are orthogonal to each other

9,Px = q,P_ =0, (3)
Pﬂ P¥ — (4)
Ta® L .

In the medium rest frame, the transverse component reads

po0 _ pOi _ pi0 _ P — o2 sii — qq (5)
T T T ’ T =49 2 )

where 12 = (u- q)2 — ¢*. Note that P is transverse to

spatial momentum ¢‘, while P’L’ is not. Therefore, they
project out polarization modes in the medium rest frame.

By the use of the projection operators, the correlator is
decomposed as

™ = PRIl + PITI; . (6)
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Conversely, the scalar amplitudes are extracted as

1
HL(CIZv Uz) = pnoo(flz, Uz), (7)

111
Ir(g*, v*) = ) ?Hﬂy(qzs v?) + 1 (g% v%) ], (8)

where the scalar amplitudes are expressed as functions of
¢* and v*. Since the projection operators contain inverse
powers of v, these expressions are not evaluated directly at
v = 0; instead, the projection is carried out at finite », and
then the limit » — 0 is taken. In this limit, g* becomes
proportional to u*, and the two amplitudes reduce to one,
Iy = I1;.. In the following, we set u* = ul.q,.

For each scalar amplitude, a dispersion relation is
given as

2
© pPx\s, v
HX(qzavz) = / dst)a

(X =L, T), (9)
v? §s—dq

where py is the spectral function, related to the Feynman
correlator by

1 Bq°
px(@2r7) = (P4-) iy (20) ('€R). (10)

Here the positive energy condition ¢° > 0 uniquely gives
q° as a function of ¢ and 7.

In Eq. (9), we have suppressed the terms that vanish
under the Borel transformation introduced later. More
explicitly, the dispersion relation is derived by applying
Cauchy’s theorem to the correlator, which yields an integral
over the spectral function and a surface contribution from
the contour at infinity. Both terms are in general divergent,
and the divergences are removed by the corresponding
subtraction terms. Equation (9) contains only the subtracted
integral over the spectral function. The subtracted surface
contribution is a polynomial in g*> with positive powers,
which vanishes under the Borel transformation. Note that
when Ily carries a thermal contribution at q2 =0, an
additional term that survives the Borel transformation
appears in the dispersion relation; we assume this contri-
bution to be subleading, as discussed in Sec. IIE. For
details, see Refs. [26,33].

B. Operator product expansion up to dimension six

The left-hand side of Eq. (9) is evaluated using the OPE.
In the deep Euclidean limit Q> = —g> — o, the correlator
admits a systematic expansion in local operators,

M(g>0%) = Y _C " (@ ) (O )y (11)

n

where the Wilson coefficients C,, encode the short-distance
physics and are calculable in perturbation theory, while the

local operators O capture the nonperturbative long-
distance effects. The expansion proceeds on an order-by-
order basis in operator dimension, with higher-dimensional
operators suppressed by inverse powers of Q” in the
corresponding Wilson coefficients.

We evaluate the OPE of the correlator up to dimension-
six operators. The Wilson coefficients used here are derived
in Ref. [29]. For convenience, we classify the OPE
contributions by operator dimension and spin,

MOPE = TEeer + T2 4+ 107 + T, (12)

where Hfﬁ,alar collects the scalar operator contributions and

ij;" denotes the contribution of operators with dimension d
and spin s. The nonscalar condensates vanish in vacuum by
the Lorentz symmetry and are therefore purely thermal in
origin.

Each part has the Lorentz structure

TGS = (4, — ¢ g TP, (13)

1 1
Hfli/z = _2[ Iéil/2 + 2 (quulé;? + qPQDlﬁﬁz)
0 Q
P 0
i iy

! 9.9.9"9° (142

ot +e)l (14)

+ 9w

1 1

;7 = o e+ z (@°q, 157 + q°q,157)
P 0

ché IS+

9,9.9"9°

oW+l (1)

+ 9w

_q¢ (6

6.4 6.4 6.4
HM’/ - Q6 KApy I I

1
+ @ (qﬂq/t KApv + q/)ql/ Kﬂ/)ﬂ)
9 64

9,9.9"9° | 64
+gﬂl/ Q2 KApo = (I

+ Q4 KApo

+J%4 ], (16)

KApo

where 1% and J9* denote the shorthand tensors defined in
Ref. [29]. We separate them into quark and gluon con-
tributions as

Jds — [ds(@) 4 [dslg) (17)

Jds — jd.s(q) + Jd-s(g) (18)

Their explicit expressions in terms of the condensates are
given below.

The scalar amplitude T receives contributions from
the unit operator, which gives the purely perturbative part,
and from scalar condensates. We expand the perturbative
part in powers of a, and the strange quark mass my,
retaining terms up to O(a,) and O(m?),
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scalar __ 1 Ay Q2 3"’1%
Hper% = 4 2(1"’;)11’1?—@
2 2 2
a1y 3 Q < -
7’ nQ’ Q4 4 4 "2

2 2\ 2
——2ﬁ{32—24c( )— 331nQ—+18< Q) H
L I8 I’

(19)

For the scalar-condensate contributions, we include terms
up to first order in a, and third order in m,; terms of order
m? are absent since they would contribute beyond dimen-

sion Six,

TS (%) =TI (0) + T (%) + T (0%). (20)

where
2my(ss) 1 2mga, ,_ . 8m3(5s)
scalar __ s o s%s _ s
z§?>a - Q4 +Q4 37 <SS> 3Q6 ’ (21)
1 Ta 1 1 1m?
scalar _ _~ S G2 o s G2 , 22
() Q42887r4< >+7r2Q4 <48+36Q2>< b (22)

Hscalar _ 4<§JS>

202 1 (1
dim 6 — 9Q6 - Q6 + 2Q6

Q2
324+541 ><J )
(23)

The scalar condensates appearing above are defined as in
Ref. [29],

(G*) = ("G, G™), (24)
(5js) = (g5r"(D*G)s), (25)
(j3) = (g5t 51551 sy,5). (26)
(/%) = (¢ (D"GG, ) (D*G*,)). (27)

The Wilson coefficients of the nonscalar condensates are
retained at leading order in ;. The quark sector contributes
through

2
1;‘,3<‘1>:< 45%) y (28)
42 2
I <4+9—) » (29)
62(g) _ 1
1 =S A =5 By = 13C,, +4H,, (30)
3 7
I = —ZA, +-B, —5C, —4H,, (31

20T

6,4(q)
Ipwld -

—16iK JoA =

HUKA> HUKA

16iK 1 (32)

with the nonscalar quark condensates defined as in
Ref. [29],

Ay = (ST g5(D"Gy)7ps). (33)
By = (ST g5{iDy. Gy, }rsr's). (34)
Cop = (STmysD,Dys), (35)
Fop = (STEyaiDﬁs>, (36)
H oy = (ST @51y 514551757 pS). (37)
Kopys = (ST57,DyD,Dss), (38)

where Gaﬂ = %eaﬂﬂbG’” and 87 denotes the symmetric
traceless projection. The gluon sector contributes through

42(g) 1 47 m% 1 Q2
LA P A BT (R % | Gy
g [87;2 4872 02 67r2+67r Q2 |2
(39)
4.2(g) 7 25 mz 1 1 m? Q2
Al "V G,
g { izt 62 Teor) M| O
(40)
10209 _ _L_FLIHQ_Z X
" 607>  96m>  u* )
361 30
S L P sy
+< 288072 322 nm) w
19 1 2
¥ )z, 41
* (320n2+32n2 n;ﬂ) "” (41)
Jo2te) _ [ _ 1 7 N 0° x
" 2022 9672 u*) M
149 1 Q°
L mZ )y
+ <960ﬂ2 o6 " ;42) w
239 7 . Q°
_ 27 w2z, 4
+< 96072 3222 ;ﬂ) w (42)
64(g) 133 11 Q2
0 = (o 5" ) G @)
6.4(g) 181 Q2
Jood) = —— 0= ) Gy 44
o <1807r2 302 ut) et (44)

with the nonscalar gluon condensates defined as in
Ref. [29],
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TABLE 1. Input parameters and condensates used in the OPE
analysis. All scale-dependent quantities are quoted at u = 1 GeV,

except for R(”), for which we use the available lattice-QCD value
as a reference input.
Quantity Value Reference
m, 139.57061 MeV [34]
S 4.78 MeV [34]
mE/I—S 128 MeV [34]
a,(1 GeV) 0.50 [35]
(@q)o —[232(60) MeV]? [36]
(55)0 —[196(11) MeV]? [37]
(G?), (472)(0.012 £ 0.004) GeV* [23,24]
TE”, h, 166.762 MeV, 0.921635 MeV [38,39]
TV, h, 204.316 MeV, 2.6074 MeV [38,39]
hg, hy, hy 0.1396, —0.1800, 0.0350 [40]
fos f1, /> 2.76,6.79,-5.29 [40]
91> & -0.47, 1.04 [40]
Afzr(s) 0.0257 [41]
A’2'<g) 0.380 [41]
AZ(S) 0.00154 [41]
AZ@ 0.0593 [41]
RE,”) 0.388(49) [42]
GZa[)’ = <8Tg2GgﬂG7}”>’ (45)
Xop = (STgZGZ,,DﬂDaG"””>, (46)
Yop = <S’ngGgﬂD"D” ;‘}1), (47)
Zoyp = (SngGgﬂDﬁD”G“”D>, (48)
G4aﬂ75 = <SngGgﬂDgDyGZM>. (49)

The numerical values of all input parameters and con-
densates are summarized in Table I, with further details
given in Secs. II C and II D.

C. Scalar condensates

In this subsection, we provide the numerical inputs for
the scalar condensates entering the OPE, given in Sec. II B.
Unless otherwise stated, all renormalized quantities are
evaluated at 4 = 1 GeV in the MS scheme.

1. Quark scalar condensate: (G4q) and (§s)

We first specify the vacuum values of quark condensates.
We take them from lattice determinations for the light quark
[36] and the strange quark [37]. Since these values are
given at y = 2 GeV in the original references, we convert
them to 4 = 1 GeV using renormalization-group-invariant
combinations and the running of the quark mass. The
numerical values used in the present analysis are listed in

Table I. Here the light-quark condensate is evaluated in the
isospin-symmetric limit, where the up and down quarks are
taken to be degenerate with a common mass identified with
the average of the physical up and down quark masses.

The temperature dependence of the quark condensates is
then captured by the smooth parametrizations fitted to the
HotQCD data [38,39],

@@ _ o [1 (<FM>T wom hz)} (50)

(@q)o T \(q9),
Gs)r [ (s
G)p  om {T <<5s>0 et hﬂ G

with fit parameters

T = 166.762 MeV,  h; = 0.921635 MeV, (52)

T = 204316 MeV,  h, = 2.6074 MeV.  (53)

Since these equations are implicit, the thermal ratios must
be obtained by solving them self-consistently at each
temperature.

2. Gluon scalar condensate: (G*)

For the gluon scalar condensate, we specify the vacuum
value and the thermal shift separately. The vacuum value is
taken from the standard determination, obtained within the
QCD sum rule framework [23,24],

(G?), = (472)(0.012 £ 0.004) GeV*.  (54)

The thermal shift 6G = (G?); — (G?), is evaluated using
the trace anomaly relation, which is renormalization-group
invariant and gives, at leading order in o, [43-45],

5G = —(4;:2)% {e -3p— > mf5<]ff>T} (55)
f=ud,s

We decompose this into the trace-anomaly and quark-
condensate contributions, §G = sGY) + §G@), where

8

66" = ~(4x’) 1. I=e=3p.  (56)

5G9 = ()5 3" mo(Ff)y. (57)

f=ud.s

For the trace anomaly 7, we use the smooth parametrization
fitted to the lattice QCD equation of state in Refs. [40,46],

I(T) hi Iy
?:exp<—7—t—2 h0+

where t = T/200 MeV, with the parameter set of Ref. [40],

fo{tanh(f\7 + f5) + 1}
1 —|—g]t+gzt2

’

(58)
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ho=0.1396,
f1=6.79,

h, = —0.1800,
fa=-5.29,

h,=0.0350, f,=2.76,
9 =-047, g,=1.04. (59)

The quark-condensate contribution 5G9 is evaluated using
the lattice-based parametrizations of Eqs. (50) and (51),
with the quark masses listed in Table I [34].

3. Four-quark scalar condensates: (j2), (j%), (3js)

The dimension-six four-quark condensates are evaluated
using the vacuum-saturation approximation ansatz
[23,24,28], in which a four-quark condensate is approxi-
mated as a product of two-quark condensates,

(P)r =0, (60)
(B)r = 3¢ (4m0) (593 (61)
(5is)y = = 3o (42, 35 (62)

The first condensate is neglected following Ref. [28], as it is
of higher order in ¢ than the others.

The vacuum-saturation approximation is justified in
vacuum when N, — oo. To see this, we apply the Fierz
transformation to express the four-quark operators in terms
of products of color-singlet quark bilinears, J;/,, and insert
a complete set of hadronic states

(01717210) = (0171]0)(01/510) + > (01|} (| J1]0). (63)
70

The first term is the vacuum-saturation contribution. Since
(01J,]0) = O(N.,), it is of O(N?). For a one-meson state 4,
(0[J;|h) = O(NY?), so that its contribution to the second
term is of O(N,), suppressed by 1/N.. relative to the first
term. The pion, being the lightest meson, would naively be
expected to provide the largest correction at the next-to-
leading order.

However, for the four-quark condensates relevant to the
present analysis, the pion correction is strongly suppressed.
The color-singlet bilinears obtained after the Fierz trans-
formation of the corresponding four-quark operators are
either strange quark bilinears, sI's, or mixed strange-light-
quark bilinears, sT'g and gI's, with ¢ = u, d. In the isospin-
symmetric limit, the former are isoscalar and therefore
cannot connect the vacuum to an isovector pion state,

(0[3Ts|z) = 0, (64)

while the latter carry nonzero strangeness and cannot
connect the vacuum to a pion state because of strangeness
conservation,

(0IsTg|m) = (Olgl's|z) = 0. (65)

Thus, the corrections from the hadronic intermediate states
are expected to be smaller in the ¢-meson channel than in
the channels where the pion intermediate states can
contribute, such as the p- and w-meson channels. At finite
temperature in the dilute pion-gas regime, an analogous
discussion applies following Ref. [47]: the vacuum-satu-
ration approximation remains justified when N. — oo, and
its corrections at the next-to-leading order in 1/N, arise
from nonvanishing matrix elements between the vacuum
and one-meson states, with the first nonvanishing contri-
bution in the ¢-meson channel again coming from kaon
states rather than pions.

D. Nonscalar condensates

This subsection specifies the numerical inputs for the
nonscalar condensates entering the OPE at dimensions four
and six. At finite temperature, the four-velocity u* allows
spin-two and spin-four operators to acquire nonvanishing
expectation values, which vanish in vacuum by Lorentz
symmetry. We classify the condensates into three groups:
the dimension-four spin-two condensates (F*,G5"), the
dimension-six spin-two condensates (X,5.Y 5, Zyp. Hyp),
and the dimension-six spin-four condensates (K.
Gaapyss Aapyss Bapys: Capys)- All of these are estimated
within the dilute pion-gas approximation. Below the
QCD crossover temperature, the thermal medium at van-
ishing baryon density is dominated by pions, and the dilute
pion-gas approximation provides a reasonable description.

1. Dilute pion-gas approximation

At low temperature, the thermal medium is approxi-
mated by a dilute gas of pions. Throughout, we use the
charged-pion mass listed in Table I as a common mass. For
a generic operator O, the thermal expectation value is

(O)r = (0[0]0)
d, Bk " A
—_— k k E,. /T
3 | 3 s IO g /T,
(66)
where d, = 3 and E,,; = \/k? + m2. The one-pion matrix
elements are parametrized in terms of the pion momentum
pt as

(' (p)|Olz* (p)) = C&. (67)
<”A(p)|oyb|ﬂA(p)> = Cj([’),st(pupv)’ (68)
<”A(p)|o;41;42;43;¢4|7[A(p)> = C7(19.4ST(p;¢1p;42p/43p/44)' (69)

Here, for a generic four-vector v*, the symmetric traceless
projections are explicitly given by

054058-6
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1
ST (v, V,) = 0y, Uy 4P gﬂlﬂz’ (70)
1,
ST (V) Vyy Uy Vyy) = Vp, Vpty Uy Vs — gp (Vs G

Uy Vs Gpiopuy Oy Vs Gy + Vst Uty Gy

+ U, Vs Gpgas Uty Vs Jprsy)
Ly
+Ep (gﬂlﬂzgll3ﬂ4 + s G

+gﬂ1ﬂ4gﬂzﬂ3)' (71)

Substituting them into Eq. (66) and performing the
momentum integral gives

5<O>T - dn:Ci(T“),OKO(T; mn:)’ (72)
<O/w>T = d;rCI([’),zKZ(T; mﬂ')ST(uﬂuv)’ (73)
<O#1M2H3I44>T = dﬂc’([?AK“'(T; mﬂ)ST(um uﬂz u#% Mﬂ4)’ (74)
with
T2 m
Ko(T;m) = 21 B (7) (75)

) 1 24 m 2772 m
327* m
_ 6 o
m) =375 18 <T)
T TR +i 728, (), (77)
5™t P2 120" T)

1 00 B y2 _ x2
- _ (=) V2 =
Bulx) = C(Zn)F(Zn)[ dyy*™! e =1 (78)

K4(T;

In Egs. (73) and (74), the nonscalar condensates vanish in
vacuum by Lorentz invariance, and thus no ¢ is needed for
them. The thermal expectation value of each condensate is
then determined by specifying the coefficient C7, , for the

corresponding operator.

2. Dimension-four spin-two condensates

The dimension-four spin-two condensates are
F =(ST5y"iD"s)p =d,CF, Ky (T;m, ) ST (w'u”), (79)

Gy = (*STG*,G"*)y = d,CE Ko (T;m,,)ST (u'u”).
(80)

The coefficients are taken from Ref. [41],
Cry = A5y gey = 00257, (81)

%, = 2(4nay) x A5, gey = 2(4ma,) x 0.380, (82)

where they are derived from moments of the pion parton
distribution functions of Ref. [48].

3. Dimension-six spin-two condensates

The dimension-six spin-two condensates involve gluon
field strengths with two covariant derivatives,
X5 =(4*ST G%,DyD,G*)
=d,Cy , Ky (T5my) ST (ugtg). (83)

Yop= <ng’TGZWD"D”G;§D> =d,C} K> (T;m;)ST (uqup),

(84)
=d,Cy Ky (T;m;)ST (uqup).

(85)

Za/i = <9287GZuD/3DDGaIw>

To determine the coefficients, we evaluate the one-pion
matrix elements using the prescription proposed in Ref. [27]:
each covariant derivative acting on a gluon field is replaced
by the average gluon four-momentum inside the pion,

D,G,, ~—=iR p,Gq,p, (86)

where Ré”) is the gluon momentum fraction in the pion,
taken from the lattice-QCD determination at u = 2 GeV
[42],

RY™ = 0.388(49). (87)
Since no determination at 4 = 1 GeV is currently available,

this value is used as a reference input also for the y = 1 GeV
analysis. Applying the replacement twice gives

DﬂDaGpo- = _(R<gﬂ>)2pﬂpaGpm (88)

and analogous formulas hold for D*D*Gp, and DyD,G*".
Under this approximation, the coefficients are

Cko = —(R)?CE, (89)
. o Cho + 3C’(';_2m,2,
Cy, = (RGO _262TF (90)
12
C%,z = 3C7§,2’ (91)

where CF is the one-pion matrix element of the gluon
scalar condensate [30],
327%m2

Cho==""9 " (92)

The dimension-six spin-two condensate H,; vanishes
under the vacuum-saturation approximation. Under this
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approximation, the tensor before the symmetric traceless
projection takes the form

(T (51%Y5745) (5175755)) % Gup(Ss)%, (93)

which is removed by the ST projection, giving H,s3 = 0.

The one-pion matrix elements of the remaining dimen-
sion-six spin-two condensates Az, Bys, and C,z are not
known, and we neglect these contributions,

Aa/)’ = Ba/)’ = Ca/i =0. (94)

This omission introduces an uncertainty in the analysis.
However, within the OPE framework, dimension-six oper-
ator contributions are expected to be numerically small, and
their absence is unlikely to qualitatively affect the results.

4. Dimension-six spin-four condensates

Among the dimension-six spin-four condensates, the

condensates Ks,; and Guup,5, given by

Kaﬂ}/§ = <ST§yaDﬂDyD5S>T
= d,C% K, (T;m,)ST (u"u’uru?),  (95)

G4(1/)’y5 = <92$TGa DED}/G/“}”>T

ap

= d,C% ,Ky(T;m,)ST (uuPuru®),  (96)

are evaluated using the same procedure as that used for the
dimension-four spin-two condensates. This procedure is
based on moments of the pion parton distribution functions
of Ref. [48]. The corresponding coefficients are given in
Ref. [41] as

Cka= A5 lu=1 Gev = 0.00154, (97)

Cx, = —2(4na,) x ALY|,_| gey = —2(47a,) x 0.0593.
(98)
E. Phenomenological modeling of the spectral function

This subsection specifies the phenomenological ansatz
for the spectral function appearing on the right-hand side of
Eq. (9). For each polarization channel X =L, 7, the
spectral function is modeled as a sum of two distinct
contributions,

Px(S, 172; T) = pX,res(s7 'U2; T) =+ pX,high(S, 172; T), (99)

where the first term represents the ¢p meson resonance,
while the second term represents the contribution from
higher-energy states. In general, thermal contributions such
as Landau damping could also enter the spectral function
[30]. In the present case, a relevant contribution may arise
from the KK loop, which lies outside the scope of the pion-
gas approximation adopted here; we therefore neglect it.
We also note that thermal contributions of this type can

carry support at s = 0, which would introduce an additional
term in the dispersion relation [26,33].

The ¢pmeson resonance is modeled by a delta function,
Phres (5,05 T) = 3 (T, 02)8(s = m3 (T, 0%)),  (100)
where myx and f,x denote the polarization-dependent
mass and decay constant, respectively. This ansatz is
motivated by the narrow vacuum width of the ¢ meson
(=4 MeV [34]); model analyses suggest that the temper-
ature-induced broadening remains at most ~40 MeV at T =
150 MeV and vanishing baryon density [12—-14,16-18]. In
the analysis based on the Borel transformation introduced in
Eq. (104), the resonance contribution enters through an
exponentially weighted integral of the spectral function over
the variable s. As shown in Appendix B, this integral is
insensitive to variations of the resonance width when the
width is as small as quoted above. We therefore adopt the
delta-function ansatz, which carries no width parameter.
This is not to assume that the width is physically
unimportant.

The contribution from higher-energy states is modeled as

1

pX,high(ss v T)= ;Im Hf)?:ﬂar(s)e(s - So,x), (101)
where s x is the threshold marking the onset of continuous
higher-energy states. The use of 1 Im ITy&" is motivated by
the reliability of the perturbative description at large s, and
is supported empirically by its successful application in
QCD sum rule analyses [41]. This perturbative correlator
IT () is obtained by the analytic continuation from the
spacelike expression,

scalar 1 +a‘/” Q2 3m%
M (0%) = - 4n? mF_ZﬂzQz
m?a;4—3In(Q?/u?) 5
—_— = 0 102
T (©*>0)  (102)
via Q> = —s — i0. The resulting continuum spectral func-
tion is
1 +as(u)/z  3mia(u
pX.high(S» UZ;T) = 4 (2 ) + 3 ( ) 9(5 —So,x)‘
7 s
(103)

F. Borel transformation

The Borel transformation is applied to both sides of the
dispersion relation in Eq. (9) to efficiently extract infor-
mation on the ¢ meson resonance while suppressing the
contributions from higher-energy states. The Borel trans-
form of a function f(Q?) is defined by
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_ o (@)Y AN,
BMZ[f]:%il;a’%i"—w_l)’( sz> £(0%. (104)

This transformation serves two purposes. First, it eliminates
polynomial terms in Q2; as a result, the subtraction terms
and the polynomial part of the surface contribution are
removed. Second, 1/(s — ¢?) in the dispersion integral is
replaced by (1/M?)e~$/M *, which exponentially suppresses
the high-energy states contribution and enhances the
sensitivity to the low-lying ¢ meson resonance [49].

Explicitly, applying the Borel transformation to Eq. (9)
gives

By [Mx (g%, v?)] = T (M2, 0%) + TR (M2, ). (105)
where the resonance term is
Hres(M2 1}2> _ i/oo ds px oSV
X ’ M2 2 res
fZ;.X(T’ ”2) mzl.x(T» 1’2)
:‘/Texp [—¢T], (106)
while high-energy states part is
i 1 s _
H};(gh <M2’ Uz) = W/_vz dst‘highe S/Mz
_taW/n ey
472
3mias(u) . (sox(T,v%)
t—5p b e . (107)
with
(o) e_t
Ey(x) E/ = =T(0.x). (108)
X

When sy x > mé’x, the two contributions are well sepa-
rated, and the sum rule provides a reliable constraint on
parameters in the vector-meson spectral function. Explicit
forms of the Borel-transformed OPE side of Eq. (105) are
quite long, and are given in Appendix A (which is the same
expression as shown in Ref. [28]).

III. NUMERICAL RESULTS

We present the numerical results of the ¢ meson proper-
ties at finite temperature. We first describe the zero-
momentum results, where the longitudinal and transverse
channels are degenerate. We then study the finite-momen-
tum dependence and analyze the longitudinal-transverse
splitting for different temperatures. Finally, we examine the
origin of the splitting by selectively removing thermal
contributions in the operator product expansion.

A. Numerical analysis method
Before presenting the numerical results, we summarize
the procedure used to extract the ¢p meson mass and decay
constant from the Borel sum rule. The analysis is based on
the rearranged form of Eq. (105),

Ax(M?, 0% 50) = TIES (M2, 0?), (109)

with

Ax(M?,0%:50) =By [N (7 07) =T (M2, 02). - (110)
For each temperature 7, momentum v, and channel X = L,
T, we independently determine the optimal continuum
threshold 53y (7', v) and extract the corresponding ¢ meson
mass and decay constant.
As the first step, we determine the so-called Borel
window
Mmin.X(Uz’T) SMSMmax.X(Uz’T;SO)’ (111)
for given sy, 7, and v. The window, within which the
analysis is considered reliable, is defined by two condi-

tions. The lower boundary M., x is set by the OPE
convergence condition,

By Y (2, 02)]

C (Mz,vz):‘ <0.1, (112)
) By [Mx (g%, v?)]
where Hg? =6 denotes the dimension-six contribution to

Ix(g?, v*). The upper boundary M, x is set by the pole-
dominance condition,

Ax(M?, 0% 50)

—ar P 1> ().5.
By [HX(CIZ, 02)}

Px (M?, 1% 50) :‘ > (113)

If a Borel window satisfying both the OPE-convergence
and pole-dominance conditions cannot be defined, the
corresponding trial value of s, is discarded.

Within the Borel window, the ¢ meson mass and its
decay constant for generic M? are extracted as

_dAx(M27 v?is0)/d(M™?)

2 (M2, 02 50) = M? . (114
(M7 75%0) Ax(M,02:5) )
Gx(M?, 07550 x) = MPAx(M?, 0% 50x)
m2 o (M?, 0% s
X exp sx( 0x) (115)

MZ

The Borel-window averages are then
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Mmax.X 2 2.
Mmin,X de¢,X(M ’ v ’ SO)

g x (v 80) = . (116)
oX Mmax,X - Mmin,X

B fljwwmaxxx de{/).X(Mz’ 1}2; SO)

f¢.x(”2§so) =— ) (117)

MmaX,X - Mmin,X

where the arguments of M, x and M, x are omitted for
notational simplicity. Stability of the extracted mass with
respect to the Borel mass is estimated with a variance

Z%@XUJZ;SO)

Mmﬂx _
 Jut dMmy x (M2, 0% 50) — g x (%5 50)]? (118)
Mmax,X - Mmin,X ’

This quantity serves as a stability measure of the Borel-
mass dependence and is not a statistical chi square. The
continuum threshold is determined as the value of s, that
minimizes y2, y, i.e.,

syx (T, v?) = arg rgin;(fn_x(T, v%;550). (119)

The ¢ meson mass and its decay constant are then
determined as

myx(T, v*) = iy x (075 5§55 (T, v?)), (120)

Fox(T.v?) = fux (v s§x(T.v?)). (121)

B. Temperature dependence at zero momentum

We first consider the zero-momentum case, v = |q| = 0.
In this limit, the longitudinal and transverse channels are
degenerate, and the analysis reduces to that for a single
scalar amplitude. Figure 1 shows the stability measure

— T=000GeV — T =005GeV
— T=010GeV — T =0.15GeV
0.0025 1
0.002 1
&
>
O 0.0015
~ g
=
0.001 1
0.0005 1
14 15 16 17 18 19 2 21 22 23 24 25
50 [GeV?]
FIG. 1. Stability measure y2, as a function of the continuum

threshold s, at zero momentum for representative temperatures
T =0.0,0.05,0.1,0.15 GeV. The minimum of each curve de-
termines the optimal continuum threshold sj.

X = xmx(¥* =0;50) as a function of the continuum
threshold s, at representative temperatures 7" = 0.0,
0.05, 0.1, 0.15 GeV. The minimum of y2, determines the
optimal threshold s} used in the subsequent analysis. In
practice, the scan over s is performed with a grid spacing
of Asgx = 0.001 GeV?, which is sufficiently small com-
pared with the overall scale of variation of y2,. In the figure,
x>, shows little variation in the range 7 = 0.0-0.05 GeV,
while for 7 = 0.05-0.15 GeV the position of the minimum
is seen to shift progressively toward smaller values of s.

Using the optimized value of sy, we next study the
temperature dependence at zero momentum. Figure 2
shows the temperature dependence of my, f,, and sy in
the range 0 GeV <7 <0.15 GeV. All three quantities
remain nearly constant for 7 <0.06 GeV and then
decrease at higher temperatures. All the three quantities
exhibit a monotonic dependence on temperature for
T = 0.06 GeV. This correlated behavior was also reported
in the QCD sum rule analysis of the ¢» meson in nuclear
matter [28].

C. Momentum dependence and transverse
and longitudinal splitting

We next turn to the finite-momentum regime v # 0,
where the longitudinal and transverse channels of the
current-current correlator, defined with respect to the
medium rest frame, become distinct. Consequently, the
properties of the ¢» meson should be determined separately
for the two channels. Figure 3 shows the momentum
dependence of the ¢-meson mass for the transverse and
longitudinal channels at 7 = 0.05, 0.10, and 0.15 GeV. At
small momentum, the two channels are nearly degenerate,
confirming the expected degeneracy in the low-momentum
limit. As v increases, both masses rise and a clear splitting
develops between them, with the transverse mass exceeding
the longitudinal mass. The magnitude of this splitting
grows with temperature.

The finite-temperature mass splitting obtained here for
T =0.1 GeV is much smaller than the nuclear matter
counterpart reported in the QCD sum rule analysis of
Ref. [28] and the recent quark-meson coupling model
analysis of Ref. [20], where the longitudinal-transverse
splitting reaches the order of tens of MeV. However, at
T = 0.15 GeV, the splitting is of the same order of
magnitude as that obtained in the above works for dense
matter at normal nuclear matter density. This tendency is
consistent with theoretical calculations based on hadronic
models that systematically estimate both nuclear matter and
finite-temperature effects within a unified framework
[16-18].

D. Origin of the transverse and longitudinal splitting

Finally, we investigate which thermal contributions are
responsible for the transverse and longitudinal splitting. To

054058-10



POLARIZATION DEPENDENCE OF THE ¢ MESON FROM ...

PHYS. REV. D 114, 054058 (2026)

L L

0.99 1

(GeV]

S 0.981

0.974

0.05 0.1 0.15

T [GeV]

[}

0.24 4
0.238 1
';' 0.236 A
O 02344
93 0.232 4
0.234

0.228 4

0.226 1 T . )
0 0.05 0.1 0.15

T [GeV]

T T

0.05 0.1 0.15

T [GeV]

o

FIG. 2. Temperature dependence of the pole parameters at zero
momentum. The panels show the ¢ meson mass my, the residue
S¢» and the continuum threshold s,. The temperature range
is0<T <0.15 GeV.

this end, we compare the full result with those from
modified analyses in which selected leading tensor con-
densate terms in the OPE are switched off. The leading
tensor terms appear with the dimension-four quark con-
densate F with one derivative and gluon condensate G,
evaluated in Sec. IID 2. Here, we suppress the Lorentz
indices on those condensates for notational simplicity.
Figure 4 compares the transverse—longitudinal mass
splitting, My — Mg, at T = 0.10 GeV, among the full
result, the result obtained by switching off the F condensate

— Transverse, T = 0.05 GeV — Longitudinal, 7= 0.05 GeV
- Transverse, T = 0.10 GeV --- Longitudinal, T = 0.10 GeV
- Transverse, T' = 0.15 GeV - Longitudinal, ' = 0.15 GeV
1.02 . .
1.014 —
iesaensmeenstTII T
. T SEPEPRRTERPREELE pmmmzzzzzzzzziiiiiiiic
=
[}
9. 099
<
S e
T
0‘96 -------- WIZiimnmem |
0 0.5 1 1.5 2
v [GeV]

FIG. 3. Momentum dependence of the ¢ meson mass at fixed
temperatures. Red and blue lines show the transverse and
longitudinal channels, respectively. Solid, dashed, and dash-
dotted lines correspond to 7 = 0.05, 0.10, and 0.15 GeV,
respectively.

alone, and the result obtained by switching off both the F
and G, condensates. The full result shows a clear momen-
tum-dependent splitting. When the F condensate is
switched off, the splitting is clearly reduced, and it is
further suppressed when both the " and G, condensates are
switched off. This comparison indicates that the transverse-
longitudinal mass splitting is mainly driven by the dimen-
sion-four condensates.

Figure 5 shows the momentum dependence of the ¢
meson mass at 7 =0.10 GeV in the transverse and
longitudinal channels. In each plot, we compare the full
result with those obtained by selectively switching off the
dimension-four thermal condensates, F and G,. In the
transverse channel, as shown in the upper panel, both
condensates contribute comparably in magnitude to the
upward mass shift at large momentum. In the longitudinal
channel, as shown in the lower panel, switching off the F
condensate has a relatively minor effect on the result. The
residual major momentum dependence stems from the G,
condensate. These comparisons indicate that the G, con-
densate gives the dominant contribution to the mass shift in
the longitudinal channel, while the F condensate also gives
a comparable contribution in the transverse channel.

IV. SUMMARY

We have studied the ¢» meson at finite temperature and
finite momentum using QCD sum rules. The strange vector
current correlator has been decomposed into the transverse
and longitudinal channels with respect to the medium flow
vector. The operator product expansion has been evaluated
up to dimension six, including scalar condensates and
nonscalar condensates. The nonscalar condensates, which
have purely thermal origin, have been estimated in the
dilute pion-gas approximation. At zero momentum, the
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FIG. 4. Comparison of the transverse-longitudinal mass split-
ting of the ¢ meson with and without the dimension-four
condensate terms F and G, at T = 0.10 GeV. The black, green,
and purple lines show the results obtained by including both
condensates, switching off the F condensate alone, and switching
off both the F and G, condensates, respectively.
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FIG.5. Same as Fig. 4, but the upper and lower panels show the

transverse and longitudinal channels separately at 7=0.10 GeV,
respectively.

transverse and longitudinal channels are degenerate. In this
limit, we have found that the optimized continuum thresh-
old, the ¢ meson mass, and the decay constant remain
nearly constant for 7 <0.06 GeV and decrease
for 0.06 GeV < T <0.15 GeV.

At finite momentum, the transverse and longitudinal
channels split. We have found that both masses increase
with momentum, with the transverse mass exceeding the
longitudinal mass. Also, we have found that the size of this
splitting grows with temperature. We have further inves-
tigated the origin of the finite-momentum splitting by
selectively removing dimension-four thermal condensate
contributions. The comparison has shown that the G,
condensate gives the dominant contribution to the mass
shifts, especially in the longitudinal channel, while both the
G, and F condensates give visible contributions to the
transverse—longitudinal difference.

As a future direction, it is important to connect the
finite-temperature modifications of the transverse and
longitudinal spectral functions obtained in this work to
experimentally accessible signals. This would involve a
more explicit treatment of the dilepton and KK decay
channels, which would allow one to estimate how the
finite-temperature transverse-longitudinal splitting appears
in measured spectra. Also, in the context of the vector-
meson spin alignment (see, e.g., Refs. [50,51] for recent
reviews), the frame-dependent mass splitting investigated
in the present work may suggest a potential origin of the
spin alignment in addition to the conventional interpreta-
tion due to the coupling to the angular velocity produced by
noncentral relativistic heavy-ion collisions. A formulation
of QCD sum rules in a rotating frame, developed in
Refs. [52-54], would provide a basis for studying such
effects. Another valuable direction is to account for effects
from thermal kaon excitations, including possible Landau-
damping contributions. Although this effect is naively not
pronounced in the low-temperature range considered here,
where kaon excitations are suppressed by a mass about
three times larger than that of the pion, it could be sizable
because of a direct coupling to the ¢p meson through strange
hadronic channels.
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APPENDIX A: BOREL-TRANSFORMED OPE
EXPRESSIONS

In this appendix, we summarize the explicit Borel-
transformed OPE expressions used in the numerical analy-
sis. For convenience, we define
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1 1
CEDRSE (A1)

7,08) = B | iy

£, =By [ 28] = [ y] 0. a0
[(lnf+w<n>)2—w<n>]zn<M2>, (A3)

where L, = In(Q?/u?*) and y(n) is the digamma function.

l+a,/n 3m? m2a 3m

For compactness, we introduce scalar amplitudes for the
nonscalar condensates by decomposing their thermal
expectation values as

0,, = OST (u,u,),

Oe{F.G,.X.Y.Z}, (A4)

O

i = OST (wauuan;),  O€{K,G,}. (A5)
Thus, the hatted quantities appearing below denote the
corresponding scalar coefficients, with their temperature
dependence determined by the dilute pion-gas expressions
given in Sec. II D. The longitudinal OPE after the Borel

transformation is

mt a

BMZ[HL(qz,’Uz)]: 471-2 2”2.2' ———(4.2—1 3,61)—’—4”; (2£2—Iz)— 2?(3212—242:(3)2—2—3:&62"'18](:2)
_ 2mga 8m3 (5s 4(5js G? m? Ta
+2m(55)T, + %‘(ss)fz— ‘3< >Z3 <9 >I3— 2(j >I3+%< 1—2—’_%1)—’—288 (G I,
+F (2T, -3m¥Ty—6m20*T,)+ 48 2[ ALy —16m2 Ly +48m2v? L4 +9T, — 11m2T5 — 80> T —22m>1°T )
% N
1021253 = 3002 L4+ 2073 = 32077 45 [-90L3 + 30007 L4 ~ 2457 + 860°T
4 2i A
g0 [150Ls = 18002 Ly + 16573~ 1820°T ]+ 3 (ST3~60°Z,) K
G
a3 [-330L5 439607 L, + 10257, ~22380°T, + 11520°T ). (A6)

The transverse OPE after the Borel transformation is

I+a,/z 3m; m? a 3m§ m? a
BMZ[HT(q 1}2)] 4”2 271- Il —7[—*(41'1 3EI)+7(2£2_12)_ 2;(3212-24((3)12—33£2+]8]C2)
2 8m3 (5 4(5)
- 2my(55)T5 + s (56)T, — ’"S3<”>I3 - <Sg’ 7,2 AT,

(G*) (1 m?
Z
2z 7’ 2+ 36

A

G,
4+ —=

4872 [-4L2 -

480 = [25L5 3502 L4 + 2075 — 240°T,] +

+ 5602 [150L5 — 21002 L, + 16575 — 2390°T,] +
G,

* 132022

[~330L5 + 178202 L, — 15840* L5 + 102573 — 5031027, + 4344047 4).

Tog
I ) 4+ — 2887 ) <G2>Iz + F(Zz-z —41}21-3 - 3m21'3 +9m21121'4)

16m2 L3 + 802 Ly + 8m2v> L4 + 9T, — 11m2T 5 — 140°T 5 + 33m20*Z,)]

A

55502 [790Ls +300°Ly — 245T; + 4470°T |
T

2i N
3 (SI3 - 271)21-4 + 241}41-5)1(

(A7)
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For reference, we write down the explicit form of 7,
n=1,2,...,5),

1
L) =, (A8)
LM = (A9)
(M)
A — (AL0)
3 2(M2)% ’
Ty(M?) = ! (A11)
6(M2)4’
T M) = — (A12)
24(M?)3
The logarithmic functions £, needed above are
5 M? 1
Ly(M?) = 111?—75 W (A13)
, 2
Ez(M ) = <ln 5 +1 ]/E> (MZ)Z’ (A14)
Ly(M?) = ln—z—f—g— ! (A15)
3 = 22 YE 20M7)
M? 11 1
£4(M2) = <lnﬂ—z+g—y5> 6(M2)4 s <A16)
M?* 25 1
2y — -
£sm) = (w4 ) s (10
We also use
M? 2 (n? 1
Iy (M?) = KlnF—H—yE) —(g—lﬂ R (A18)

APPENDIX B: INSENSITIVITY OF THE BOREL-
TRANSFORMED RESONANCE CONTRIBUTION
TO THE FINITE WIDTH

In this appendix, we present an estimate supporting the
delta-function parametrization of the ¢ meson spectral peak
adopted throughout the analysis of this paper. Within the
Breit-Wigner parametrization with mass m, and width 'y,
we show that the Borel-transformed integral of the reso-
nance spectral function has sensitivity to a mass shift at
O(€°) and a width broadening at O(e*) with respect to a
dimensionless parameter

myl'y
p— M2 .

(BI)

Accordingly, when ¢ <« 1 for a narrow width, the Borel
sum rule is not sensitive to the width broadening relative to
the mass shift, and it is justified to use the delta-function
parametrization without introducing an additional width
parameter.

To examine the effect of a finite width, we adopt the
Breit-Wigner parametrization of the ¢ meson spectral
function,

2

(BW) ! myly
Pres (s) = 0(s)— -
7 (s— m(zﬁ)2 + m(zﬁl“é

(B2)

Here, T, is the resonance width, and the step function 6(s)
reflects the assumption that the resonance state appears in
the timelike region. In the small-width limit 'y, — 0, this
expression reduces to a delta function,

(BW)

Pres (s) = [36(s —m3). (B3)

Its contribution to the Borel transform of the dispersion
integral in Eq. (9) is given by

1 0
B2 = 1z [T as e (34)
0

To characterize the sensitivity of the Borel-transformed
resonance contribution to the resonance mass and width,
we consider small variations

To linear order in these variations, the corresponding
change is

5By [TIEV)]
BW

0B, NS L B me") 6Ty
om, m, Y o, T,

)] 5m(/,

(B6)

:m¢

The magnitudes of the two variations are naturally quanti-
fied relative to their original values and the responses are
accordingly governed by m0/dm, and I'yd/dl"y. In what
follows, we estimate the responses in the narrow-width
regime As < M?, where As = m I’y is the characteristic
width of the Breit-Wigner distribution.
We restrict our attention to the integral region in the
vicinity of the resonance peak
mé—AsSsSmé—f—As, (B7)
where the resonance contribution is concentrated. This
region is taken symmetric about s = mé, following the
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symmetry of the Breit-Wigner function itself. Since the
power series of the exponential factor, e~/ M converges
uniformly on this finite interval, the contribution from the

resonance region may be evaluated term by term, giving

1 m2+As
W/ P aspe (s)em /M

m{z/)—As
-m%/M? oo n 24 A
_e (=1)" [riss ds(s —m2)pEV)(s)
M2 mmn |, @) Pres
=0 """ m¢—AS

g e -1y
- aM? nz:; n!M>"

m2+As A
x/ ’ ds(s—m(z/))” 5 2s 5.
mi—As (S - m(/)) + (AS)

(B8)

Shifting the integration variable to the resonance center and
rescaling it by As, the nth moment reads

m;+As As /] 1"
ds(s—m3)" =(As)" | di—,
A
(B9)

which shows that it scales as the nth power of As. The odd
moments n =27+ 1 vanish because the Breit-Wigner
function is evenin s — mé Performing elementary integrals

1 1 T 1 2 p4
df—— ==, di——=1-=,
A 1+ 4 /0 1+ 4

the resonance contribution is expanded in powers of ¢ as

(B10)

1 m2+As
72 / P dsp (s)em
M mé—As

2

In Eq. (B11), the width T'; enters only through e, which
satisfies

de

Ty = B12
4or, ¢ (B12)

Acting with I'yd/dl"y on Eq. (B11) gives

0 1 m;+As (BW) /M
F¢ﬁ [WL@_AS dSpres (S)e s/

_lig%wﬂ@_ga+owﬂ. (B13)

2M? T

The width response thus starts only at second order in €.

In Eq. (B11), m, enters not only through e but also
through the exponential factor, yielding nonvanishing
derivatives

2m

de 0 2 2 2 2 2
e/ M = — 2¢e_m3>/M. (B14)

my—=§€, my——

Acting with m4d/dm on Eq. (B11) then yields

o [ 1 [mtas (BW) 2
S |30 d res —s/M
" om, {MZ /n;_m Spres(5)e

7o 2m} (21 my
= Ajze M [‘Vf+2<;‘§> (1—#3)6%0@4)]

(B15)

In contrast to the width response, the leading term of
Eq. (B11) survives the differentiation, so that the mass
response starts at O(e) and remains finite in the narrow-
width limit.

The two responses may be summarized as follows. In the
region containing the resonance peak, the width response is
suppressed to O(e?), whereas the mass response starts at
O(€°). This difference has an intuitive interpretation. At
zeroth order in e, the exponential factor reduces to a
constant ¢/ over the peak region; a variation in I’
leaves the integral over this region unchanged, whereas a
variation in my, changes the integral through the fac-

—m? | M?
tor e "'
The magnitude of the expansion parameter € is given as
€ <0.08, €2 <7 x1073, (B16)
for the numerical values used in the present analysis,
namely my ~1.02 GeV, Ty £0.04 GeV and the Borel
window M ~ 0.7-1.7 GeV. The Borel-transformed integral
is accordingly insensitive to the width within the Borel
window used in this analysis. We therefore adopt the delta-
function parametrization. Retaining the finite width would
introduce an additional parameter without altering the
integral appreciably.
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