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We present general-relativistic radiation magnetohydrodynamics simulations of binary neutron star
mergers performed with GR-Athena++. Neutrino transport is treated using a moment-based, energy-integrated
scheme (M1), augmented by neutrino number density evolution. Our implementation is validated through an
extensive suite of standard tests and demonstrated to perform robustly under adaptive mesh refinement. As a
first application, we simulate the gravitational collapse of a uniformly rotating, magnetized neutron star,
demonstrating stable radiation evolution through apparent-horizon formation using a novel excision
technique based on the tapering of state vector evolution inside the horizon. To further test robustness in
highly dynamic environments, we apply our code to two demanding binary neutron star merger scenarios.
We investigate a long-lived remnant with the DD2 equation of state, evolved with full general-relativistic
magnetohydrodynamics and M1 neutrino transport. Following this, a gravitational collapse scenario with the
SFHo equation of state is explored. We showcase long-term stable evolution on neutrino cooling time-scales,
demonstrating robust handling of excision and stable evolution of the postcollapse accretion phase in three-
dimensional mergers with magnetic fields and neutrino radiation.
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I. INTRODUCTION

The detection of gravitational waves from the binary
neutron star merger GW170817 [1], together with its
electromagnetic counterparts across the spectrum (a short
gamma-ray burst [2,3] and a kilonova powered by the
radioactive decay of r-process nuclei [4,5]) has established
binary neutron star (BNS) mergers as multimessenger
laboratories for dense-matter physics, heavy-element
nucleosynthesis [6], and strong-field gravity. The composi-
tion of the ejected material, and hence the observable
kilonova signal [7,8], is strongly influenced by the electron
fraction, which is in turn coupled to the neutrino irradiation
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of expanding ejecta. Accurate neutrino transport in numeri-
cal simulations of BNS mergers is therefore essential for
connecting gravitational-wave observations to their electro-
magnetic counterparts and to predictions of r-process yields.

The neutrino radiation field in a BNS merger is, in
principle, described by the general-relativistic Boltzmann
equation. Direct solution in six-dimensional phase space in
tandem with the evolution of a spacetime remains prohibi-
tively expensive. This has motivated a hierarchy of approxi-
mate treatments.

At a first approximation, leakage schemes estimate local
neutrino energy and (lepton) number emission rates with-
out directly evolving the radiation field [9,10], interpolating
between free emission and diffusion via an optical-depth
estimate to capture bulk cooling. Extensions include
improved optical-depth treatments, energy-dependent spec-
tral leakage, radial-ray absorption, and general-relativistic
and hybrid moment-leakage implementations [11-16].

Moment-based methods instead evolve angular moments
of the (neutrino) distribution function entering the Boltzmann
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equation: the truncated two-moment (M1) formalism [17]
can be cast into a form resembling the hydrodynamical
equations [18], particularly well suited for numerical rela-
tivity. The (neutrino) energy density and flux are evolved,
with closure of the moment scheme achieved through
specification of a prescription for the pressure tensor.

Variants of moment-based neutrino transport have been
implemented in a number of general-relativistic codes. The
first application to BNS mergers was carried out with
SACRA [19] using a leakage plus transfer approach, while
the SpEC code adopted an M1 scheme with an approximate
treatment of the neutrino-matter coupling [20]. In sub-
sequent work [21], the evolution of the neutrino number
density (the NO extension of M1) was introduced, provid-
ing pointwise estimates of the average neutrino energy. A
semi-implicit scheme for the radiation transport, without
ad hoc approximation of the (stiff) source terms, or
requiring a fully implicit global solve was proposed by
some of us [22]. This approach has since been adopted and
extended by several groups [20,23-25]. Energy-dependent
(multigroup) variants of M1 have been developed for core-
collapse supernovae [26-28], and more recently for post-
merger remnants [29,30]. This latter discretizes the neutrino
energy spectrum into bins, capturing spectral-dependent
opacities and improving predictions of ejecta composition at
the cost of a proportional increase in the number of evolved
fields [30]. Independent M1 implementations have since
appeared within the THC [22], MHDUET [23], BAM [24,31],
GMUNU [29], and Fiml [25] frameworks. Important
differences among these implementations include the treat-
ment of velocity-dependent source terms, choice of time-
integration strategy, and the procedure for computing the
variable Eddington factor from the closure relation.

In principle, truncated-moment schemes converge to the
Boltzmann solution only in the limit of an infinite number
of evolved moments. However based on direct comparison
with Monte Carlo (MC) based solutions of the Boltzmann
equation agreement is found at the 10%-30% level for
global quantities such as neutrino luminosities, mean
energies, and outflow electron fractions [32,33]. Indeed
the recent guided moments formalism [34] seeks a hybrid
strategy by replacing the analytic M1 closure in optically
thin regions with one computed from concurrent MC
sampling, preserving moment-scheme accuracy in optically
thick zones while alleviating the crossing-beam artifact of
M1 in semitransparent and free-streaming regimes [35].

We note, however, that incorporating additional physical
mechanisms such as neutrino flavor transformation may
substantially improve modeling fidelity beyond the afore-
mentioned differences: the recent work of [36] reports, in
select configurations, up to fivefold increases in neutron-
rich ejecta when flavor oscillations are included.

These methodological advances have enabled a number
of significant simulations. Long-duration O(1)][s] general-
relativistic magnetohydrodynamics (GRMHD) evolution of

a BNS merger with approximate neutrino treatment has
revealed the importance of magnetic-field amplification for
jet launching and long-term remnant evolution [37]. In [38],
GRMHD merger simulations were performed with a leak-
age-based weak-interaction treatment, characterizing
r-process yields and electromagnetic signatures of the
dynamical ejecta. In [39], GRMHD binary merger with
full M1 neutrino transport was studied, demonstrating that
neutrino heating modifies the onset of breakout. Recent
gray-versus-spectral comparisons [30] have quantified the
systematic biases inherent in energy-integrated schemes.
Early fully general-relativistic BNS merger simulations
with M1 transport [19] showed that neutrino irradiation
broadens the ejecta electron fraction. Subsequent studies of
BNS and neutron-star—black-hole mergers [20,21,40,41]
refined ejecta predictions and highlighted the role of
neutrino energy estimates. Longer M1 evolutions demon-
strated improved modeling of neutrino-driven winds and
diffusion relative to leakage schemes [22,42], while axi-
symmetric and 3D simulations further explored neutrino-
driven mass ejection [43,44]. More recently, Monte Carlo
transport has been applied to collapsing BNS mergers,
providing an independent benchmark for moment-based
approaches [45]. For a comprehensive review of neutrino
transport methods in merger simulations we refer to [46].

Despite its successes, the energy-integrated (gray) M1
scheme has known limitations. A typically adopted algebraic
closure enforces a single propagation direction in the free-
streaming limit, so intersecting beams produce unphysical
radiation shocks and can overestimate polar neutrino den-
sities [35,47]. Moreover, gray schemes assume a neutrino
spectrum to compute energy-averaged opacities; since
K, « €2, hot free-streaming neutrinos in the ejecta can lead
to strongly underestimated absorption unless the average
energy is evolved (e.g., NO extension) [21,46]. In spite of
this, M1 transport may be a subdominant uncertainty relative
to magnetic-field amplification, nuclear-physics inputs, and
neglected effects such as flavor oscillations [36] or inelastic
scattering [46].

In this work, we present the implementation, validation,
and first astrophysical applications of a gray MI+NO
neutrino-transport scheme within the adaptive-mesh-refine-
ment (AMR) GRMHD code GR-Athena++' [48-50]. In brief,
GR-Athena++ 18 a fully general-relativistic extension (fork) of
the Athena++ code [51], evolving the geometric sector via the
ZAc formulation on an oct-tree, cell (or vertex) centered
AMR hierarchy, and supporting ideal GRMHD, with tabu-
lated equation-of-state support, on dynamical spacetimes
through a constrained-transport (CT) infrastructure inherited
from Athena++. Implementing an M1+NO treatment on top of
this allows us to leverage a now-mature, performant code
base under active development, in particular its CT-MHD

'GR-Athena++ is open-source and publicly available at https:/
computationalrelativity.github.io/grathenacode/.
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treatment and demonstrated scalability on large-scale high-
performance-computing platforms. The M1+NO method
presented here closely follows the formulation of [22].

Beyond the baseline M1+NO scheme, we emphasize
three key numerical (algorithmic) developments: (i) a low-
order flux-correction (LOFC) strategy, inspired by
ATHENAK [52,53] has been implemented in GR-Athena++;
(i1) conservative AMR with level-to-level flux corrections
is applied to the MI1+NO sector; (iii) a tapering-based
excision procedure inside the apparent horizon (AH) is
introduced, which allows stable evolution of both matter
and radiation through and beyond gravitational collapse.
The structure of the paper is as follows: we recall details
of the M1+NO formulation in Sec. II, followed by our
numerical approach in Sec. III. The core scheme is then
validated against an extensive suite of test problems in
Sec. IV, including a cross-code comparison with THC [22].
In Sec. V we explore applications. Requisite diagnostics
are first introduced (Sec. VA), and in Sec. V B we study
the gravitational collapse of a rotating magnetized neutron
star. Subsequently we consider binary neutron star mergers
where a scenario involving a long-lived remnant, and
another that instead leads to rapid collapse postmerger are
explored. This allows us to also investigate the effect of
varying the Riemann solver [LLF vs Harten-Lax-van Leer-
Einfeldt (HLLE)] and (magneto)-hydronamical treatment
(MHD) vs (HD) (Sec. VC and Sec. V D). In Sec. VI we
conclude.

II. FORMULATION

Our goal in this section is to briefly summarize the
M1+NO scheme we have implemented that closely
follows the approach of [22] (see also related work
[20,21,23-25]), and to connect this to the GR(M)HD
treatment of GR-Athena++ [48,49,54].

To fix the nomenclature and the setting, we first recall
our overall GR(IM)HD treatment. We suppose that we have
a spacetime manifold endowed with metric and compatible
connection (M, g,,, V..) that is foliated by a family of
nonintersecting, spatial hypersurfaces with members %,
possessing the future-directed unit normal n?. We utilize
the standard 3 + 1 Arnowitt-Deser-Misner (ADM) decom-
position [55], where we denote’: induced metric on Z, by
vij» the extrinsic curvature of X, by K;;, and lapse and shift
by a and f#, respectively.

Our approach for treating dynamical spacetime makes use
of the Z4c formulation of numerical relativity [56,57] with
geometric fields® {a, B 1, Vij» k,Aij, ®,l~“i} evolved under
cell-centered AMR as described in [S50]. We utilize the
hydrodynamical formulation of [58], where evolution is

Jj°

“Ambient quantities take indices a, b, ... whereas projected
qugntities take 7, j, ....

The definition and meaning of these variables is standard and
may be found, together with our implementation details in [48].

performed based on finite-volume (FV), flux-conservative,
high-resolution shock-capturing (HRSC) techniques [59].
Specifically, as detailed in [49], we evolve the ( /y-densitized)
quantities {D, S i 7 DY .}, which are the baryonic matter
density, momentum, energy density, and (densitized-) elec-
tron fraction respectively. This allows us to exploit the finite-
temperature, tabulated equation of state, as supplied by the
CompOSE database [60]. When the fluid is magnetized, we
assume ideal-MHD which we treat by leveraging an
extension (to dynamical spacetime) of the constrained-
transport infrastructure of Athena++ [51,61,62]. In contrast
to our prior work, we have extended GR-Athena++ to utilize
LOFC, further supplemented by an approximate discrete-
maximum principle, motivated by the improved conserva-
tion properties observed in [52,53]. Throughout this work
our (M)HD treatment utilizes WENOS5Z reconstruction [63],
with interface fluxes combined according to the local Lax-
Friedrichs (LLF) [64] or HLLE [65,66] prescription, with
fall-back to PLM-van Leer [67], and recomputation of LLF
fluxes, in cells flagged for LOFC.

In this work we extend our infrastructure so as to
additionally solve the energy-integrated Boltzmann equa-
tion, following the truncated moment formalism developed
in [17,18]. That results in a gray scheme. This we suitably
augment, based on [21], with an evolution equation for the
neutrino number densities to recover pointwise information
on average energies. Following [23], we refer to this
approach as “M1+NO”.

A. M1+NO preliminaries

To describe the neutrino species v € {v,, 7,, v, } within
the truncated-moment formalism [17,18], where v, and 7,
denote electron neutrinos and antielectron neutrinos,
respectively, and v, collectively represents the heavy-lepton
neutrinos and their antiparticles, an energy-integrated,
(neutrino) radiation stress energy tensor RT', is introduced.
It proves useful to supplement the Eulerian frame through
the introduction of a fiducial® four velocity u“. This allows
us to decompose in Eulerian, and fiducial frames, for each v
(index suppressed) as

RTab = \/}—,RTab = Enanb + ZF(anb) + Pub’
:juaub+2[:1(a”b) +Qabv (1)

where elements of the triplets (E,F,,P,) and
(J,H,,Q,,) are /7 densitized, and constitute the energy
density, energy flux, and pressure tensor in the respective
frames. The projector orthogonal to n“ is given by ¥P¢ :=
g% 4 n“n;, whereas for u® we have P} := ¢¢ + u“u;,. By
construction, we have n®1{F,, P,,},ie., F, and P,, are

“The truncated moment formalism is flexible in what may be
chosen for this.
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purely spatial, and contravariant components satisfy
[0 = 0 = P®. Furthermore, if for some X, and Y, we
have n“1l{X,,Y,}, then the Eulerian frame projector
is idempotent, and X“Y, = X'Y;,. In a similar vein
u'L{H,, Qu}.

We fix now the choice of the fiducial frame to be based
on the fluid four velocity: u® := W(n® 4+ v), where W :=
—nu, = au’ = 1/y/1 —v'v; is the Lorentz factor and
v is the fluid spatial velocity (satisfying n“lw,).
Furthermore, note that’ £P.u® = ' + Wp' /a. These con-
siderations lead to the following maps between frames:

E = nn,T% = W2J + 2Wv,H 4 v,0,0%,
F,=—nEP,,T",
= W20, + (gup = navp) (WH? + 0,0
+ Wo,v,H,
Py =F PPy T,

= szvavb*7 + W(gac —-n vc‘)vbgc
+ W(gch - nbvc)vaﬁc
+ (gac - navc)(gbd - nbvd)QCdv (2)

and similarly,

J = u,u, T =

H = —u FPeThe,
= W[(E - FPv,)¥Pan + *P4(F" — v P)],

Qah _ FP?FPZTC[Z. (3)

W2(E - 2F%, + P*v,v,),

Notice that in the limit »; — 0 the two frames coincide. For
later convenience, we also project Eq. (2) to write

H,=-Hn,=W(E-7J-F,n°),
H EPbe W(Fa - Pabvb - jva)’ (4)

where H, = H,n, + *PtH,. Furthermore
u®1H, leads to the expression H, = H,v'.
The full energy-momentum-stress tensor is now

assumed to feature (magnetized) perfect-fluid and radia-

tion contributions: 7" =T + 37 RT¢%. Conservation

of T4 leads to

note that

vb [RTuh] — Rsa’ FTab

ZRsa (5)

where RS‘(’D) is a term representing interaction between

neutrinos and the fluid. For each of the species we adopt

°In the language of [49], EPlu¢ = ii'.

the general form:

V= TS = (Vi = kT = (s + <) (6)

where 7, k,, and k, are the (energy-averaged) neutrino
emissivity, absorption, and scattering opacities respectively.
At this point we can write down evolution equations for
{E.F ;}; however, we momentarily defer this to Sec. II B.
Instead, we first address an important caveat whereby
working with energy-averaged (gray) schemes discards
information about the neutrino energy spectrum.
Additionally, the total lepton number of the system should
be preserved under weak reactions. To this end, we follow
a phenomenological prescription of [21]. For each neu-
trino species a number current N and (fluid frame)
number density n := —N“u, is introduced. This leads to
the continuity equation:
V N =Ns,  NSa= NS = i’ =i, (7)
where Kg, and ;70, are the neutrino number absorption and
emission opacities respectively. If we assume that the
neutrino number and energy flux are aligned then we can
adopt the closure relation:

Ne=iife,  fe=u+H/J, (8)
where [with Eq. (4)]
Doz onof* = af’ = 5 (E - For®),
fl=FEPLft = W' = p/a) + EPLH)T. (9)

Defining N := il allows us to (approximately) compute the
average energy (&) of a given neutrino species, pointwise,
in the fluid frame:

:%(E—Fivi). (10)

B. M1+NO equations of motion
The M1+NO system may be written in the form of a

balance law in the Eulerian frame [18]. To this end, set
Uy:=(N,E Fy), where 0 <A < 4:

0,[UA] + 0;[Fy] = Ga + Sa. (11)
where the flux vector term is

fﬁa(?ﬁyl‘f'F ﬁ—Ey'ka—ﬂ—Fk) (12)

geometric sources are given by

044062-4
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Qo =0,
Gi = a(P*Kyy — Fo;[log(a))),
Gr = Fioulp) = Eoylal + 5 PU [yl (13)

and collisional terms satisfy6

Sy = a(NS, —Rgb"b, EPkbRSb)a (14)

which with Egs. (4), (6), and (7) may be expanded to

a(y/rn’ = Kii),
Sl = (W[\/_’// Ka] Kaslj[n)v
S‘l+k _a(W[\/_n_Ka ]Uk KaSEPZHb)9 (15)

where K, = k, + k. Observe that while the evolved state
vector U, is written with respect to the Eulerian frame,
sources involve terms that are written with respect to the
fluid frame. Furthermore, while we have expressions gov-
erning the dynamics for each of the neutrino species in an
associated triplet (N, E F ), the system remains under-
determined. To close the system P; ; must still be fixed.

C. Closure specification

The key idea of M1 [22] is to close the truncated moment
hierarchy by imposing an approximate relation on the
radiation pressure tensor in terms of lower order moments,
i.e., prescribing 13,~j = f|E, F]U. This can be achieved by
considering behavior in the limiting cases of optically thick
(Sec. I C 1) and thin (Sec. I C 2) regimes, and connecting
them (Sec. II C 3) through imposition of a closure relation
(Sec. IIC4). When combined, this furnishes us with an
approximate solution to the transport problem.7

1. Opftically thick limit
The optically thick (diffusive) limit is characterized by
radiation and matter being in thermodynamical equilibrium.
In this section all quantities are taken to be in this regime. To
proceed we impose isotropy on the radiation pressure tensor,
which requires us to work in the fluid rest-frame:

1~
Qab Y (gab +u ub) (16)

With this prescription for Oups together with Egs. (2) and (4),
we find

®Contractions appearing in the collisional sources carry a
spacetlme index a.

"For a discussion on some of the limitations of this approach,
we refer the reader to [68,69].

| N _
E= g(4W2 - 1)J +2WH,,

. 4

F,= 5W Jv, +W(Hv, + P, H),

N 1.~ N

P, = §J(4W2vavb +5Pa) + 2Wu( Py H (17)

This completely determines Eulerian frame quantities in
terms of their fluid frame counterparts. If we suppose that
H“ = 0 while working in the thick limit, the last term in each
expression of Eq. (17) vanishes. However, observe that
H® = 0 does not necessarily entail that £, is small in this
regime [18].

To arrive at the complementary frame map we form the
projection u“F,, which together with Eqs. (4) and (17)
leads to

- 3 _ .
J=——(2W2 = 1)E —2W?F %),
. w - -
H =———(4(1 = WHOE + (4W? = 1)F v?),
0 =gy 7 0= WE + JF,v)
Epta _ Ly o W (4W2E — (4W? + 1)F "),
ah Tl T ow? 4 b

This allows us to assemble (as intermediate quantltles)
J=1J|E.F|, H* = H[E, F], and in turn view P,, as a
functional of Eulerian frame quantities.

2. Optically thin limit
The optically thin (free-streaming) limit is characterized
by zero optical depth; emissivity, absorption, and scattering
are negligible. Consequently in this regime the collisional
terms [Eq. (14)] reduce to S4 =0. We assume that
radiation propagates at the speed of light in the direction
of the radiation flux:

Py =EF,E,  FO=FY|F|,.  (18)
where for spatial quantities the norm is induced by the
spatial metric y;; via ||F||2 =y;;F'F/. This limit is not
unique, and care must be taken for compatibility with the
underlying characteristics which leads to the choice of
Eq. (18) [18]. This unfortunately can still result in path-
ologies (such as ‘“radiation shocks” [22]) for certain
propagation problems. The main issue here can be under-
stood by considering a collimated, colliding two-beam
setup. Rather than cross, a resultant single beam emerges,
free streaming in the direction of the average of incident
beam momenta [20,70].

3. Interpolation between regimes

In order to describe a state between thick (Sec. IIC 1)
and thin (Sec. I C 2) limits we interpolate. To this end,
introduce the depth parameters dr € [0, 1], d,=1—dr,

044062-5
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and write
pab = dtPEzb + dTPZb» (19)

where PT, and P!, are the thick and thin limit radiation
pressure tensors, respectively.
This ansatz immediately allows us to factorize radiation
frame moments:
J=J 4 dJ +diT,
Hy = H + difl} + dyHy,
EPbH, = (HS + d H, + drHY)v,
+ (HS. + dHY; + drH])F,, (20)

where for J we have coefficients

JC = WZ(E - 2Fav“),

jt.= W2E (Fav®)(Fy*)
W21 . .
Ti= W (AW2F 0" + (3 = 2W?)E),

whereas for H,,

HS = -W(J¢ + [F,v° — E)),

HYY = —WItT
and finally,
HS = —W et
H = -W(J"+ ——[3-2W?)E
P (T4 (629
+(2wW? - 1)Faya]>,

~ . EF v° -7 p
HCF:W’ H%:—WW, HF:—WUaU .

Thus for a fixed value of dr and {E, F,} we can compute
{J,H,} and P,,. We next turn to how the particular value
of dy may be dynamically specified based on the values U,
takes as it evolves, which completes a recipe for determin-
ing the equations of motion for M1+NO (Sec. 1I B).

4. Algebraic closure

For the depth parameter introduced in Sec. IIC3 we
adopt

1

drly) === e

where y(£) is a closure function that must be prescribed
(often also referred to as the variable Eddington factor).

A broad variety of choices for y(&) have been surveyed
in [71], with Minerbo (maximum entropy) [72] shown to
perform well on a broad selection of test problems. We
adopt it, and accordingly set

1 2
2@ =626 468 el (22)
where £ — 0 in the thick limit and £ — 1 in the free-
streaming regime. In order to write £ as a functional of
lower order moments, we follow [18]
HHe B - 0
&= o= i ) (23)

This completes (an implicit) specification of P, thereby
closing the MI+NO system. In practice, an iterative,
numerical approach allows for the assembly of all required
quantities (see Sec. III A 4).

D. M1+NO and GRMHD coupling

As our aim is to describe a self-gravitating, magnetized
fluid with neutrinos, we need to specify how MI1+NO is
coupled to the GR(M)HD sector at the level of the
evolution equations describing the latter.

On account of conservation of T% [see Eq. (5)] with
RS?D) of Eq. (6), the hydrodynamical evolution equations8

for 7 and S ; pick up the additional source terms 31 and
:‘SH j of Eq. (15) respectively, for each of the neutrino
species. When magnetic fields are present, the form of the
induction equation, following from V,[xF?] = ( remains
unchanged.

The lepton number density satisfies

ValpY ou] = m(NSz) = NS(,,). (24)

where p is the rest-mass density; Y, = n,/n, = n,/n, is
the electron fraction; n,, n,, and n p are the electron,
baryon, and proton number densities, respectively; m,, is
the reference baryon mass; and NS (v) is defined in Eq. (7). In
light of Eq. (24) the 3 + 1 GR(M)HD evolution equation
governing DY, (see [49]) is modified to include an addi-
tional source term m,, (S ;,) — So (,,)) With Sy of Eq. (15).
The ADM sources that couple matter fields to the geo-
metric sector evolution we collect as AS = (#p, A5, A4S, ).
When M1+NO is activated, additional terms are added as

A Ag 4L >

(B Fyi Poy.ig)-
\/yue {Ve Doy }

$We use the Valencia formulation [58,73]; see Eqs. (4-7) of [49].
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TABLE I. Weak reaction processes implemented in GR-Athena++.
In addition to neutrino species v, nucleons are denoted N € {n, p},
whereas A denotes a nucleus.

Reaction Ref.
Vo+n<p+e” [76]
v, +p<ntet [76]
et e suvtU [77]
y+y—->v+ro [77]
N+N->v+o0+N+N [78]
Vv+N->v+N [77]
vV+A->v+A [79]

E. Transport rates and equilibrium treatment

The transport rates (opacities) appearing in the colli-
sional sources [Eq. (15)] represent energy-averaged quan-
tities that must be prescribed. In this work, these weak
reaction rates, together with an average-energy based
correction strategy [21], are taken to be as in [22,74]
(see also [75]). Specifically, we have ported WEAKRATES
from THC [22]. For convenience, we reproduce the specific
processes accounted for in Table 1.

III. NUMERICAL METHOD

In order to evolve the composite GR(M)HD+M1+NO
system global methods are available [23]. Here however we
prioritize reduced computational costs that retain simplic-
ity, while reducing the number of infrastructure changes
that are required within GR-Athena++. This motivates the use
of a split-step method (see, e.g., [80]). Suppose we wish to
evolve forward in time by ot. At its simplest9 this entails
freezing the dynamics of one of the subsystems (M1+NO)
and evolving GR(M)HD with a suitably selected integrator
(for simplicity fixed as the SSPRK(3, 3) method of [82]
throughout, though in principle the choice is quite general).
This is followed by evolution of the complementary part of
the problem, M1+NO (integrator details below), while GR
(M)HD is frozen. Sources of the respective subsystems and
state vectors are suitably updated after each such split ot.

A. M1+NO system

With the M1+NO system [Eq. (11)], as it is written in
balance-law form, as in the case of the hydrodynamical
equations, it is natural to attempt a similar method-of-lines
(MOL) strategy that features FV based HRSC for handling
the formation of shocks. The behavior of the M1+NO
equations in the optically thick regime however poses some
additional numerical challenges. In the thick limit, the
collisional sources can be stiff. When combined with well-
posedness considerations in the diffusive limit [83,84]

*The formal order of accuracy can be increased through system-
atic composition of many (6¢-rescaled) split substeps [80,81].

(see also [22]) the use of an asymptotic preserving
approach [85] is motivated.

1. Treatment of fluxes

In order to arrive at a conservative formulation of Eq. (11),
we follow [22]. The overall procedure may be understood by
focusing on a single variable U, and direction x. Consider the
following conservative finite-difference approximation at the
cell center x;:

- 1 - -
0,[Ui] = —a(}—m/z - Fizip2)s (25)

where the grid is assumed to be uniformly spaced
ox = xioq — x;, Uy = Ul(x;), and Fiy /2 are cell-interface
fluxes. To prepare these fluxes, a flux-splitting and flux-
reconstruction approach is employed [86]. The overall idea
leverages hybridization and proceeds as follows: A second-
order accurate, nondiffusive flux F HO ' suitable for smooth
regions which is asymptotic preserving, is combined with a
standard (local) Lax-Friedrichs flux featuring diffusive
correction F© which is first order and robust near
discontinuities.
Specifically we set

Fiop = j:iHﬁ/z - q’i+1/2(-7~:58/2 —j:hol/z)’ (26)

where @ €0, 1] is a suitably selected flux-limiter func-
tion (defined below). Denote the nearest-neighbor average
at a cell interface of a sampled quantity X by (X);., :=
(X411 + X;)/2. Fluxes are chosen as

ﬁiliol/z = <-7~:[(7]>i+1/2’
= = Aiv1y2 7 ~
Fip, =FiSp —+T/(Ui+l - Uy, (27)

where i, is selected as a maximum over (local)
characteristic speeds of the system, or a suitable approxi-
mation thereof.'” Here we utilize the maximum of the
speed of light between neighboring cells. To this end define
c® = |ay/y™ £ p*|. We then set 4/, = max{c;*, ¢}, }.
The choice of the flux limiter is based on minmod:

pean = (0 (17051 37 )-

where A;[U] = U, — U;. The form of @, , appearing in
Eq. (26) is further subject to the requirements that spurious

""The M1 system characteristics are known in thin and thick
limits analytically [18]. During numerical experiments we have
not however encountered substantial differences in performance,
and hence, while implemented, we do not make use of them in
this work.
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grid oscillations are not induced (even-odd decoupling) [87],
and diffusive correction is suppressed at high optical depth.
If we first set

iy = Aipi a1 = iy o). (29)

then these two additional requirements can be respectively
satisfied by selecting A, 412 =1if

(AL [U)A[T] < 0) A (AL [T]A[T] < 0),  (30)

and otherwise Ai +172 = A2 with

Ajy1/2 = min < (31)

1
1,4).
5x<’<as>i+1/2

The quantity 8x(Ky);; 1/, is @ measure of the local optical
depth.'" Observe that if we are in a smooth region, at high
optical depth, where the condition of Eq. (30) is not satisfied,
then F ir1/2 = F Erol /2> as required.

2. Time-evolution: Collisional sources

In the optically thin regime, an approach that leverages an
MOL based explicit time integration of the semidiscretized
form of Eq. (11), with fluxes treated as described in
Sec. I A 1, does not pose particular difficulties. On the
other hand, in the optically thick regime the absorption (x,)
and scattering (k) opacities, appearing in the sources
[Eq. (15)], can reach large values. Consequently these terms
become “stiff” and to satisfy stability conditions an explicit
time integrator would require (prohibitively small) time steps
of the order O(1/k) (see the discussion in, e.g., [23]).

To tackle this issue, we adopt the two-step, semi-implicit
scheme [22]. In contrast to many other approaches
[21,24,70], we fully treat nonlinear terms appearing in
the radiation-matter coupling as in [22,23,25]. Consider a
fixed grid point x;. When opacities locally satisfy 6z > 1/k,
or 6t > 1/k then instead of explicit integration, we make
use of the update rule:

[ — [7k) o - . s
v &U — _Q[F[OW]] + S[T®) + 3[T,
1
r7(k+1) _ rr(k) - - . o
Cm 0 - B0 + 610 + 30,
2

where &t; = 6t/2 on the first substep and 5ty == 6t on the
second. On each substep we have a (nonlinear) system of
equations:

"Other choices are possible here: For example selecting
instead Aj,/, = min(1, (£);;;/,) when using the Minerbo clo-
sure also allows us to pass the numerical tests presented in
Sec. IV.

ZA[0] = Uy = 8t,8,4[0°] = W,
WA = OA + (‘)Cts(—a,-[j:i‘] + gA)» (32)

where W, is independent of the implicit term U?. To tackle
Eq. (32) numerically, we form a Newton sequence of
approximants:

NG NT, = (TN P2[1107),

where J% = 6Z,/6U% = 65 — 61,(65,/U}) is the (for-
mal) Jacobian (see Appendix Sec. A). During each step of
the sequence, we also solve an embedded problem for the
closure function (see Sec. III A 4). The iterative procedure is
continued until ||+ 7* — 1 *|| < e in suitable norm.'> As
a fall-back mechanism in the event that a solution fails to
converge, we revert to direct linearization of the equations in
the thick limit. In order to improve efficiency of the solver, a
judicious initial guess can be provided as in [22]. In brief,
from the state vector, we take Eulerian frame quantities and
transform to the fluid frame. These are then approximately
evolved as [89]

- . bt N
07 = J+W(\/7777_Ka[0]‘,)’

. .8t .
OF; =H; - Wxas[olﬂj, (33)

which can be rearranged for an initial guess in the fluid frame.
By assuming the thick limit, we can prepare {{"/E, OIF i}
based on Eq. (17).

In contrast the component Z, of Eq. (32), representing
neutrino species, decouples and may be solved for directly.
The first substep reads as

o N 5ty (ay/7n° — o[ F4[N]))
1 4 61, 0T [E*, F*]™!

, (34)

with the second substep taking a similar form. Observe that
the updated {E*, F;} are utilized in Eq. (34).

Finally, we remark that, in order to avoid issues asso-
ciated with loss of significance during division, we impose
(small but finite) floors'® on E and N. Additionally, as
explained in [24,25], for robustness, we enforce a causality
condition E < ||F||, via rescaling of F;. During the evo-
lution, a candidate update for a state at the point x; is
constructed. If any of the aforementioned conditions must
be imposed, neighboring interface fluxes are reverted to
JFO by setting @;, 1/, = 1 in Eq. (26). This may be viewed
as a form of flux correction. The effect of this is demon-
strated in Sec. IV B.

12T achieve this we utilize the HybridsJ method of GSL [88].
BWe fix floor(E) = 107% = floor(N).
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3. Time evolution: Source limiting and
equilibrium treatment

In the context of binary neutron star mergers, two further
ingredients beyond the semi-implicit scheme of
Sec. I A2 have been found to improve stability. First,
following [22], updates to the radiation state vector are
limited. Thus if the semi-implicit solve would yield
changes to the neutrino state vector that result in unphys-
ical values, or lead to an electron fraction outside the
bounds of the equation of state (EOS) table, the (source)
update is first rescaled prior to its application to the state
vector. Second, in regions where the radiation-matter
equilibration timescale 7 := (\/k,(k, +x,))~" is much
shorter than the time step, that is, when 6¢ exceeds X
e-foldings of z, then the neutrino average energies enter-
ing the number density evolution are assumed to be at
their equilibrium values [74]. Without this treatment, the
solver can develop spurious features in high-density, low-
Y. regions during the first few milliseconds after merger
[74]. The threshold parameter X is problem dependent
and must be tuned according to the demands of a
simulation, with typical values of X = 10-20 selected
in [74]. We use an alternative comparably effective
prescription, where for fixed X = 1 if cells are flagged
at equilibrium then their nearest neighbors are also, thus
instead effectively smearing the equilibrium mask.

4. Solution of parametrized algebraic closure

In order to fix the value the closure function takes, we
introduce a residual based on Eq. (23):

2, = % 272 — i, i), (35)

The following approach then allows us to generate a
sequence of approximations [ly:
(i) Compute PT, and P!,, and based on the current [y
assemble P,
(ii) Compute {J, H,} based on Egs. (3) and (4).
(iii) Assemble H°H, = H'H; — H% and {&,y}.
(iv) Check |Z;| < eg; if not, compute new guess for y
and go back to second step.
In our code, we employ a Newton root finder. Derivatives
of Z, are required and may be assembled based on the
expressions of Sec. IIC3. If during the course of the
iteration £ ¢ [0, 1], we fall back to a derivative-free method,
such as Illinois [90], or Brent-Dekker [88].

B. Excision strategy

To study the long-term properties of a merger remnant,
that undergoes collapse, we require robust detection and
handling of regions that develop an AH. As is well known,
in such regions, matter fields can attain extreme values, that
potentially pose challenges for utilization of tabulated EOS.

We seek to rectify this issue by suitably excising such
regions in a controlled fashion. During the course of a
simulation, the location ¢} () (A := 1, 2) of local extremal
(minimal) values of the lapse for each constituent of the
binary are tracked. In the postmerger phase, the “fast-flow”
AH detection algorithm of [91] is employed online. Suppose
an AH is formed, at time 7,y. The trajectory c¢*(¢) then
approximates the center of the AH at times ¢ > 7,y. The fast-
flow algorithm allows us to additionally characterize AH
quantities such as minimal radius r*(¢), gravitational mass,
and dimensionless spin.

Denote the ball of minimal radius, with center ¢*(7)
associated with the AH by B,-(#;¢*). On the interior of
B,-, i.e., within the AH, over a region of compact support,
we modify the M1(+NO) (and hydrodynamical) equations
of motion such that the state vector U is driven toward
atmosphere values U™ To this end, we introduce source
terms —A(t,x)[U — U*™], in the (matter) equations of
motion, where A is a tapering function. We have found
it helpful to also follow a similar prescription for the
MI1+NO sector. For simplicity, suppose r denotes the
distance from the center of the AH; then we restrict
ourselves to the following form of taper:

weo=(1=[1-eo 7))

f(tr) = min (1 —eq, r/(f,r(1)));

where strength may be controlled by the parameters A, p,
and f,; and &y is a numerical floor. Suitably tuning the
aforementioned control parameters helps mitigate develop-
ment of extremal values in matter fields, that would
encroach on the limits of the tabulated EOS employed
in this work. Unless otherwise stated we use a typical
choice of parameters A = 100, p = 10, and f, = 1/3.

IV. IMPLEMENTATION VALIDATION

Having described the overall formulation, together with
numerical approach, we now verify the robustness of our
implementation within GR-Athena++ over a variety of test
problems. The idea here is to focus on distinct regimes
(e.g., nonstiff vs stiff, shocked vs smooth) through a
collection of now standard model problems (see [22-25]
and references therein). Additionally, we perform cross-
code comparison, isolating the focus on our ported opacity
library directly.

To set the stage for what follows, in GR-Athena++, a target
computational domain €, the Mesh, is selected, with
overall spatial extent and number of samples along each
spatial direction fixed. Subsequently, decomposition into
subdomains Q; (MeshBlock objects), that exactly parti-
tion the Mesh, is performed. Sampled field data are
communicated between MeshBlock objects through the
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1.0 — N =100 ]
—— Ny =200
0.8F —— Ny =400 -
—— Num =800
06LE —— Na = 1600 ]
s
04} .
0.2} ]
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—4 -3 -2 ~1 0 1 2 3 4
x
FIG. 1. Optically thin advection test: Euler-frame energy

density E at time ¢ = 2, for a variety of grid resolutions. Note
the absence of any profile artifacting from the fluid velocity
interface (at x = 0). The Mesh sampling is indicated in the
inset. For each run the MeshBlock sampling (along the x
direction) is Nz = 10, with boundaries demarcated in gray for
the Ny, = 400 run.

introduction of a number of ghost nodes"* N,. When the
grid is further (dynamically) refined,” there will exist
interfaces with a MeshBlock on either side at differing
levels of refinement. Here, level-to-level transfer of
sampled M1(+NO) variable data, populating ghost layers,
follows the same strategy as the conservative, cell-centered
hydrodynamical treatment, together with associated
MeshBlock-interface flux correction detailed in [92].

A. Optically thin regime: Advection

We start by considering propagation of a beam of
radiation in an optically thin medium as in [22]. The
Mesh is set to be a thin layer, three-dimensional Cartesian
grid. We take x € [—4, 4] with N, samples. In the y and z
directions we sample with four points, and select an overall
extent such that 5x = §y = Jz. The time step is chosen so as
to satisfy a Courant-Friedrich-Lewy condition (CFL) of 0.5.

Initial data (ID) are provided by the choice E|,_, =
F*|,_y = H(x + 1/2), where H is the Heaviside (unit-step)
function. The optically thin condition entails k, = k, =
n = 0. The background fluid velocity is taken to have a
single nonzero component v*. This latter, is specified
piecewise: v* = —0.87 (for x > 0), and »* = 40.87 (for
x < 0). This induces a relative Lorentz factor of W, =7
between the two parts of the domain, and a factor of
W, =2 in the grid frame. As our closure is prescribed in
the fluid frame, this is a demanding configuration for the
scheme. Outflow boundary conditions (BC) for the x
direction are set, and periodicity is assumed in y and z.
The background spacetime is taken to be flat.

“We fix N, = 4 throughout this work.

Along each axis a MeshBlock is split into two daughter
objects, at fixed sampling, but double the resolution. The
procedure is recursive, and constrained to maintain a refinement
ratio of (at-most) 2: 1.

As can be seen in Fig. 1, our implementation can
correctly capture advection of the pulse through the
velocity discontinuity at a variety of resolutions. To assess
convergence, we evolve to a final time of t = 2 with Mesh
sampling of N;; = 1600 and fix this as a reference solution.
Utilizing E ID profiles, that have been evolved with spatial
sampling N, € {200, 200,400,800}, and comparing at
t =2, leads to an estimated convergence order, in the
discrete L? norm, of ~1.49. This is compatible with the step
character of the ID and advected solution. Thus transport
through a moving medium is handled, without inducing
artificial oscillations due to discontinuity.

B. Scattering dominated limit

To model the behavior of neutrinos diffusing from a BNS
merger remnant, it is crucial to capture the asymptotic
diffusion limit of the M 1(+NO) equations. We consider two
effectively one-dimensional problems, on a flat geometry,
in a purely scattering medium: constant density p = 1
(arbitrary units) is set, together with k, = 10° and all other
opacities set to zero. For this subsection CFL is fixed
at 0.65.

1. Diffusion of top-hat profile

For this problem (see [22,23,26,70,93,94]), we again set
the computational domain analogously to the advection
problem. A sequence of runs of increasing resolution by
selecting Mesh sampling to be Ny, € {100, 200, 400, 800,
1600} is considered here. For ID, we take E|,_,=
H(x+1/2) = H(x—1/2), and F|,_y = 0 = v'|,_,.

Based on these choices it is clear that we are in the
optically thick regime as k0x > 1, and consequently, we
are in a regime where the mean-free path is small compared
with the grid spacing.

As can be seen in Fig. 2, as resolution is increased, the
numerical solutions approach that of the N,;; = 1600 run.
Approximate analytical solutions of this problem are known
in this regime, based on assuming that the evolution of E is
well described by a simple diffusion equation (see,
e.g., [23]). For simplicity, however, we consider self-con-
vergence using a numerical reference profile of £ as was
done for the advection problem. Working with the discrete
L? norm and profiles evolved to a final time ¢ = 10, leads to
an estimate for the convergence factor of ~2.09. This is
compatible with the overall design order of the scheme.

2. Diffusion in a moving medium

For this problem (see [22-24,95,96]), in addition to the
resolution sequences selected for the computational
domain, we will exercise our AMR capabilities. Initial
data are selected so as to describe a right-ward propagating
Gaussian profile in E under the assumption that radiation
is fully trapped, which is characterized by H“ = 0.
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0.8 —— Nu =400 o
—— Nar =800
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FIG. 2. Diffusion test: Euler-frame energy density E at time
t = 10, for a variety of grid resolutions. Inset indicates differing
number of Mesh samples for distinct simulations. We have
X € [—4, 4] during calculation; for this plot, however, we suppress
(symmetric) data for x < O to better illustrate differences in the
runs. For each run, the MeshBlock sampling is Ng = 10, with
boundaries demarcated in gray for the Ny, = 400 run.

Specifically, we set E|,_, = exp(—9x?), together with
Fil,—o = v;/(1 = (4w*)™") x E|,_,, where we have used
Eq. (17). The nonzero component of velocity is taken to
be v* = 0.5.

In Fig. 3, we observe that the initial Gaussian profile
maintains an approximately unit height in £, while advect-
ing and diffusing to its final state at r = 4, centered at
x = 2. This agrees with the general behavior reported in
[22-25]. Working with the discrete L? norm and uniform
resolution profiles evolved to a final time of t = 4, leads to
an estimate for the convergence factor of ~2.50. In order to
provide an initial test of our AMR treatment of the M1
variables, we attach a tracker ¢(¢) to the maximum of E(1),
and impose that two levels of refinement are added for
points satisfying ||x(7) — ¢(#)|| < 0.25. This is shown for a
run with N, = 200 in Fig. 3 (upper panel). As can be seen
there the additional levels capture the profile as it evolves
without introduction of interlevel artifacts.

When a candidate update for a state fails to satisty floors,
or causality, we revert fluxes to FO (see Sec. III A 2). In
Fig. 3 (lower panel) the effect of deactivating this form of
flux correction (FC) is investigated. At lower resolutions
the trailing edge of the profile has points that acquire floor
values without FC. In order to exclude MeshBlock
structure as a potential cause, we have verified that this
behavior is also present on domains without grid partition-
ing. In order to preserve robustness, we therefore always
run with M1(+NO) FC enabled.

Overall this test strongly suggests that our implicit
treatment of the collisional source terms is sufficient to
capture the advection of trapped radiation (see [22]).

C. Shadow casting

Strongly absorbing objects should cast a shadow when
impinged upon by an illuminating, collimated beam. This is

1.00 F T T T T T =
—— Ny =100
075 F N = 200 ]
—— Nay =400
—— N =800
t 0.50 E
= 7 — Nu = 1600
0925 Nar =200 (2 ref. lev. added) ]
0.00

10715
1072

1073

FIG. 3. Diffusion test, moving medium: Euler-frame energy
density E at time ¢ = 4, at a variety of grid resolutions. Upper:
observe the clear convergent trend as the number of Mesh
samples is increased. A run at N,; = 200 featuring two additional
levels of adaptive refinement, is also shown. The AMR criterion
is dynamical, and traces the field local maximum. Absence of
refinement boundary artifacts indicates level-to-level transfer of
data, and refluxing are robust. Lower: selected runs in log-scale
comparing (de)activation of FC of the M1 sector in (solid) dashed
lines respectively. Observe the absence of trailing-edge artifacting
with FC. (Common) MeshBlock sampling is Nz = 10 with
boundaries demarcated in gray for the AMR run in the upper
panel, and the N, = 400 run in the lower panel.

a property of the M1 scheme [97] that we now verify, based
on a two-dimensional test [22-25,68,70,98].

For this test, the Mesh is set to be a thin slab, three-
dimensional Cartesian grid. We take x € [-2,4], y € [-3, 3]
with Ny, = 120. The z direction has Mesh sampling
consisting of four points, with an extent set such that
ox = 6y = 6z. Two levels of static refinement are added so
as to resolve (x,y)€[-1,1] x [-1, 1] which contains an
absorbing feature (see below). The time step is chosen so as
to satisfy a CFL condition of 0.25. The background
spacetime is again assumed to be flat.

Initial data are selected such that E|,_, = 0 = F;|,_, on
the interior of Q. To inject a collimated beam, with the
direction of propagation aligned with the x axis, we set
E|t20,x=0,ye[—1,1] =1= Fi|1‘20,x=0,ye[—1,1]' An outflow con-
dition is imposed on the remaining faces of 0Q. The
absorbing object is taken to be a cylinder C, centered at
the origin, with radius » = 1. Density is set to p = 1. All
opacities are taken as zero apart from within C where x, = 1
is set.

In Fig. 4, we depict the solution at time ¢t = 10, where
steady state has been attained. We do not observe signifi-
cant lateral spreading or spurious formation of unsteady
oscillation of the radiation field in the wake of the cylinder.

D. Radiating sphere

As a (extremely simplified) model of an isolated, radiating
neutron star, with a geometry of typical of astrophysical
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3

FIG. 4. Shadow casting: Euler-frame energy density E at time
t = 10. An incident beam is injected at the left boundary, and
impinges upon an absorbing cylinder C. Observe that the field
remains regular as it propagates toward the two levels of refine-
ment that contain C, and exits toward the right. In gray we
indicate MeshBlock boundaries, where the interior of each has
Np = (20,20,4) samples along each axis. Observe the static
refinement structure of the grid toward the central feature.

applications, we consider a homogeneous radiating and
absorbing sphere [22-25,99].

The model consists of a static, spherically symmetric,
homogeneous sphere, of constant energy density within
radius R, embedded in a vacuum region, assumed to be
radiating while in equilibrium. Define r := \/x*> + y* + 22,
and fix R=1. We set vi|,_y=0, E|,_g,<x =1, with
nonzero opacities for r < R set according to K := k, = 1.
The background spacetime is assumed to be flat.

T
i i analytical (K = 10)

1.0F ' r ' ®  Np =64 (1 ref. lev. added)
0.8 r \

analytical (K = 10°)
N = 64 (1 ref. lev. added)

1 0.6 F
04f
i N
T s
x
FIG. 5. Radiating sphere. On-axis profile of Euler-frame energy

density E at time ¢ = 10. Two choices for the opacities are selected
through /C. The numerical M1 profiles compare favorably with the
full analytical solution based on the Boltzmann equation. Vertical
dashed black line indicates location of the spherical surface. In
gray MeshBlock boundaries are depicted. Observe the static
refinement structure of the grid toward the central feature.

For the Mesh we take Q = [—4,4]3, with an Ny, = 64
sample in each direction. Two levels of static refinement are
added to resolve [—1,1]?, where each MeshBlock has
Np = 16 samples in each direction. On dQ outflow BC are
set. The time step is chosen so as to satisfy a CFL condition
of 0.3.

In the idealized setting assumed here an analytical
solution to the Boltzmann equation can be constructed
[99]. In Fig. 5 we compare the numerical result of our
M1 implementation for two choices of K to the aforemen-
tioned. Excellent agreement is achieved for IC = 10 whereas
a minor deviation is visible for L = 10°. As noted in,
e.g., [24], convergence to the exact solution cannot be
expected as MI1, by construction, is an approximation
scheme for the Boltzmann problem.

E. Gravitational light bending

As a test of our M1 implementation that involves strongly
curved spacetime, we consider the propagation of a beam on
a Schwarzschild background, where the metric is expressed
in Cartesian Kerr-Schild coordinates [20,22,24,25,70,100].
In particular, the gravitational sources G 4 appearing in
Eq. (11) are no longer trivial, and are handled numerically.

For this problem, the Mesh is set to be a thin slab, where
(x,y) €[0,5]* with Ny, = 100. The z direction has Mesh
sampling consisting of four points, with the extent set such
that 6x = 8y = dz. In addition, two levels of refinement are
dynamically added in regions where E > 0.3 develops. The
time step is chosen so as to satisfy a CFL of 0.2.

The background fluid is taken to be completely trans-
parent (zero opacities), and we position a unit-mass (code
units) black hole at the origin of the Cartesian grid. A unit-
width E = 1 beam, centered at x = 0, y =3.5, is con-
tinually injected. The incident direction of propagation is
taken as the x direction. To this end, we set F such that
aF' — B'E is along the x axis, and ||F||, = 0.99E%. On the
remaining faces of dQ the outflow BC are set.

In Fig. 6 we show the energy density at time ¢t = 20, after
steady state has been attained. The trajectory of E is well
captured by the null geodesics of the geometric back-
ground. While some lateral diffusion is present, this is a
numerical artifact, also appearing in other M1 implemen-
tations [20,22,24,25,70,100].

F. Opacity test: Cross-code comparison

The opacity library we have ported for this work is
WEAKRATES of THC [22,101] (see Sec. IIE). The test
problems investigated here, thus far, have not involved
this functionality but instead directly specified opacities. To
close this gap, with a final, simple sanity check, we proceed
as follows. An initial, hydrodynamical state H, character-
ized by (p,T,Y,), together with EOS is selected. This
choice is used to seed a translation-invariant, periodic €.
The time evolution of the state H(7), as evolved by our
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FIG. 6. Gravitational light bending. Euler-frame energy density
E at time 1 = 20. The radius of the black hole is set as Rgy = 2.
Geodesics are shown in lime green. The trajectory of the beam
indicates that behavior under nonzero curvature is handled
correctly. Gray lines indicate MeshBlock boundaries. Observe
that AMR structure has dynamically developed to capture the
high intensity (E > 0.3) region of the beam.

implementation in GR-Athena++, is compared with that
of THC.

For this test we choose the (tabulated) DD2 EOS
[102,103]. The fluid velocity is taken to be v, = 0.7.
The Mesh is comprised of uniform, unit grid spacing, and
Nj; = 4 samples in each direction. The time step is selected
to satisfy a CFL of 0.25. The background spacetime is
taken to be flat.

N

wf :

=
) 5
= — p=162x10"5
IS

p=19.29 x 108 p=1.62x10"8

FIG. 7. Opacity test. Evolution of quantities at a central cell
with GR-Athena++ as depicted in solid lines, and seen as consistent
with that of THC as shown in filled circles. In the upper panel
temperature is shown, whereas in the lower panel electron
fraction. Distinct curves correspond to densities indicted in the
inset where (blue) models near-trapped (optically thick) con-
ditions, (green) free-streaming regime, (orange) low-temperature
conditions that occur in (e.g.,) the vicinity of a remnant.

In Fig. 7 the result of this test is shown for three choices
of initial H that probe optically thick, free-streaming, and
low-temperature conditions. In each case we find that
excellent consistency is maintained across codes. We have
verified that this agreement persists to (at least) a final time
of t = 100. This strongly suggests equilibrium conditions
(when relevant) are correctly preserved.

We emphasize that while simple this test is particularly
stringent as it is focused on the interplay between N W)
evolution, fluid sector coupling, opacities supplied by
WEAKRATES, and equilibrium condition handling (see,
e.g., [75]), which GR-Athena++ passes.

V. APPLICATIONS

We now activate the full GR(M)HD-M1+NO capabilities
of GR-Athena++ and study physical scenarios involving the
rotating collapse of isolated neutron stars (NS) (Sec. V B),
followed by BNS mergers (Sec. V C).

The grid over the computational domain Q is assembled,
and refined, based on the strategy of [50]: fix a tracker ¢()
to an NS constituent that follows the minimum of the lapse;
impose there a desired level of refinement, over a centered
ball B,(;¢) so as to achieve a target resolution.

For both problems B,(;¢) is selected to have radius
22.1 [km]. In the case of rotating collapse, we set
xp = 756.0 [km]. In the case of a BNS, we work with
two grids, one with reduced spatial extent for calibrating
our simulations, where x, = 567 [km], and a production
grid, where xp =2268.1 [km]. Grids featuring distinct
resolution are constructed by selecting an N, € {96, 144}
and adding refinement over B,(#;¢) until a target reso-
lution is reached. We emphasize that adding refinement as
mentioned induces a global change in the Mesh due to the
imposition of a (at most) 2:1 refinement ratio between
nearest-neighbor MeshBlock objects. For the runs here,
we consider a collection of three finest-level resolutions,
T, = (6x.,0x,,,0x7) = (369.2,246.1,184.6)[m]. Unless
otherwise stated, the CFL is taken to be 0.25.

A. Diagnostic quantities

As a preliminary, recall that the flux integral @, over a
two-surface Z, of the ,/y-densitized flux F can be defined
through the expression @ := [ F,d¥'. In particular, for a
spherical surface S2, of radius r, we set ¥ = S?2, with
dXi == ar*#dQ, where dQ is the two-sphere area element.
In the case of neutrino luminosity ®; := L,, we set the flux
as F i as in Eq. (12). For the (per-species) average energy
we evaluate (g,) = ®; /P, , where @), is an integral
involving neutrino number flux F. b.

Detailed properties of the ejecta, such as its mass,
composition, geometry, and entropy are important to analyze
for understanding the physical properties of the remnant. We
identify matter as unbound according to two common
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criteria: geodesic as characterized by u, < —1 [104], and
Bernoulli in the form (see [44,105]) hu, < —h,;, where h is
the specific enthalpy and A, is the minimum allowed value
in a given tabulated EOS. Define the flagged conserved
density Dg such that Dg = D when the geodesic criterion is
satisfied and O otherwise, and similarly D,, in the Bernoulli
case. By assembling the fluid flux 7' = D(av’ — §'), and
imposing strict radial outflow (F, > 0), we compute the
ejected mass based on either criterion. Weighted averages are
computed according to (X) := [ XF,dX//®.

During the course of a simulation, dynamical fields are
interpolated onto origin-centered, concentric spherical shells,
arranged in a sequence of increasing radius, and sampled in
equiangular fashion. The flux integrals under discussion
here, are evaluated via standard numerical quadrature in a
postprocessing step. Unless otherwise stated, we present
results utilizing an extraction radius of r ~ 295 [km].

B. Rotating collapse

To test the stability of the code during the formation of a
black hole, we simulate the collapse of an initially cold,
uniformly rotating, magnetized neutron star using the SFHo
EOS [106]. We calculate the initial data with the RNSC code
[107] with a central density of 1.6314 x 10" [gcm™] and
a polar-to-equatorial coordinate axis ratio of r,/r, = 0.55.
This configuration leads to a star with rotational frequency
10.615 [kHz|, baryon mass M, = 2.86(38)[M)], gravita-
tional mass M = 2.44(54)[M], and dimensionless spin
parameter y = 0.677, which is close to the maximum-mass,
maximum-rotation configuration. A poloidal magnetic field
with maximum strength 5 x 10'5 [G] is superposed in a
way similar to what is described in Sec. V C below.

We perform GRMHD+M1+NO simulations for the reso-
lutions  &x,, &x,,,6x, €7, until 2-3 [ms] after horizon
formation. The star immediately collapses due to the
perturbation introduced by truncation errors and initial data
interpolation errors. Magnetic pressure cannot prevent the
collapse, and the feedback of the magnetic field dynamics on
the fluid is practically negligible. A light disk forms and
entirely accretes onto the black hole by the end of the
simulation. Figure 8 shows the evolution of the maximum
density, horizon mass, horizon spin, and neutrino luminos-
ities (bottom panel) for the three resolutions. An apparent
horizon is found at 7,y ~ 1.246, 1.187,1.170 [ms] for éx,,
0x,,, and 6x, respectively. As soon as the horizon is formed,
the star is accreted onto the black hole within ~0.2 [ms]. The
magnetic, neutrino, and matter fields are excised by the
scheme described in Sec. III B within 55% of the horizon
radius (f, = 0.55). As aresult, the maximum density rapidly
drops after an apparent horizon is found.

After the horizon forms, the horizon mass and spin
quickly saturate around M ~2.45[My] and £~ 0.677.
These values match the corresponding values of the initial
data since the energy and angular momentum from the

T T T

t —tap [ms]

FIG. 8. Maximum density, horizon mass, horizon spin, and
neutrino luminosities for the rotating neutron star collapse at three
resolutions. The mass and angular momentum of the initial data
are indicated by black dashed lines.

gravitational waves are within truncation errors,
cf. [108,109]. In the coarse resolution simulation (6x,),
the found apparent horizon mass and spin continue to grow
unphysically, and the neutrino luminosities are not decreas-
ing as expected, likely due to insufficient resolution. At mid
and fine resolution, the horizon mass is approximately
constant except for a slow drift toward lower mass by the
end of the simulation time. About~ 2.5 [ms] after the
horizon formation, the horizon-finder solution becomes
slightly unstable at midresolution 6x,,. This can be miti-
gated by adding a refinement level at horizon formation;
see Sec. V D 4. In the fine-resolution simulation the horizon
stays stable for the duration of the simulation. At both dx,,
and Jx,., the neutrino luminosity starts decreasing ~1 [ms]
after the horizon is formed (roughly the time-of-flight delay
to the detection sphere at r =~ ¢ X 1 ms) as neutrinos and
baryonic matter are swallowed by the newly formed
black hole.

Figure 9 shows the neutrino-energy-density fluxes nor-
malized by the neutrino energies for all three evolved neutrino
species in the left, middle, and right panels, respectively. The
black circle shows the position of the apparent horizon; the
(x,y) plane refer to the plane perpendicular to the rotation
axis. The neutrino flow (illustrated by white streamlines)
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FIG. 9. Neutrino energy fluxes normalized to the neutrino energy density 0.167 ms after the formation of the apparent horizon. Top
and bottom panels show the xy and xz plane, respectively. Left, middle, and right panels show v,, 7., and v,, respectively. Colors indicate
the absolute values of the flux and arrows the direction. The black circle shows the position of the apparent horizon, and the gray
contours show the density isosurfaces at p € {10%,10%,10'°} gem™.

exclusively points into the horizon surface (shown by black
lines) meaning that no neutrinos escape the horizon.
Therefore, our excision scheme allows robust evolutions of
the radiation during and beyond black hole formation.

C. Binary neutron stars

We now consider modeling equal-mass BNSs. The
approach adopted here is two step. First we calibrate our
simulation based on ID constructed at a tighter separation
(resulting in fewer orbits), on a grid of reduced overall spatial
extent xp = 567.0 [km]. This has the advantage of allowing
us to more rapidly iterate upon investigating the particulars
of solver choice, at reduced overall computational cost. The
reduced separation and grid simulations are complemented
by runs involving larger production grids, and ID at greater
separation in Sec. V D. Importantly, we do not impose any
underlying symmetry for the runs presented.

To model the BNS, ID are prepared utilizing the
Lorene library [110]. We consider irrotational (nonspin-
ning) NS constituents in a quasicircular orbit, under the
assumption that matter is in beta equilibrium with a constant

initial temperature of 7= 0.1 [MeV]. In this section, we
employ the DD2 EOS [102,103], and select ID such that a
long-lived remnant ensues. The constructed ID features
NS component masses of M; = M, = 1.296[M], and
baryonic masses M, = My, = 1.350[My]. The system
has an ADM mass of Mppy ~2.672[My]. The initial
ADM angular momentum of the BNS system is Japy =
6.957[M 2.

For runs that additionally include (poloidal) magnetic
fields, we follow the approach of our recent work [111,112].
A purely toroidal vector potential is prescribed through
A = Aymax(p — p.,0)(=y,x,0), with p. = 0.04pp,,
where for each star p.,. is the maximum pressure, and
(x,y) is measured relative to the center of an NS constituent.
Unless otherwise stated, the free parameter A, is chosen such
that the conserved (,/y-densitized) magnetic field satisfies

Buaxli—o = 5 x 10" [G], where local maxima are located at
the center of each NS. Typically [22,24,30,40,74,113] for
simulations involving M1(+N0), the (magneto)hydrodynam-
ical sector is treated with an HLLE solver at minimum. We
contrast qualitative features involving this choice, against
that of LLF in what follows.
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FIG. 10. Representative snapshots of the density p of the DD2 binary as it evolves in time. These runs involve magnetic fields and
MI1+NO. In the upper subplot x-y equatorial slices are shown at time of merger, and spaced by 5 [ms] toward the right thereafter, to a final
time of 20 [ms]. In the lower subplot x-z meridional slices are shown. Each subplot has an upper and lower panel that contrasts the
evolution utilizing LLF and HLLE solvers for the hydrodynamical sector respectively. Streamlines (white) depict integral curves of the
fluid velocity v components in the salient plane under consideration. Gray lines indicate MeshBlock boundaries, the structure of
which has developed according to AMR criterion. See text for further discussion.

1. Overview of dynamics and (M)HD solver impact

For the 39 [km] separation DD2 binaries we find that
they undergo ~3 orbits, prior to merger.16 The time of
merger occurs at f,,, ~ 6.4 [ms] irrespective of (magneto)
hydrodynamical solver choice, and whether or not mag-
netic fields are present.

Representative snapshots, that commence at merger with
5 [ms] spacing thereafter, of the rest-mass density p are
displayed in Fig. 10, contrasting LLF and HLLE solvers in
both equatorial (x-y) and meridional (x-z) planes, for runs
involving MHD. Flow streamlines illustrate the fluid
velocity field v’. At the time of merger we see that the
HLLE solver supports a more intricate density structure
which is absent in the LLF case. This may be attributable to
the lower diffusion of the HLLE solver permitting the tidal
ejecta to separate from the remnant with less numerical

"*Time of merger is taken as the time of peak amplitude in the
¢ = m = 2 mode of the gravitational wave strain.

mixing. Overall, however, a qualitatively similar structure
develops in the later postmerger phase for both solvers. The
AMR block structure, demarcated in gray lines, adapts
similarly in both cases. We note that these observations
carry over for runs in the absence of magnetic fields also.

The corresponding evolution of the electron fraction Y,
is shown in Fig. 11. It is clear that shortly postmerger the
simulation with HLLE supports the generation of a more
neutron rich outflow. In the postmerger remnant, neutrino
emission and absorption drive Y, evolution: the dense core
remains neutron rich (Y, <0.1), while shock-heated
material at lower densities (p < 103 [gecm™]) develops
higher Y.. Isodensity contours from MHD runs (black) are
overlaid with those from equivalent HD runs (light green).
Minor differences are apparent in the overall extent of the
remnant disk. These drive toward a late-time state (not
depicted) where simulations involving the HLLE solver
lead to a slightly more compact disk, when contrasted
against LLF (see also Sec. V.C?2).
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FIG. 11. Representative snapshots of the electron fraction Y, of the DD2 binary as it evolves in time. These runs involve magnetic fields and

M1+NO. In the upper subplot x-y equatorial slices are shown at time of merger, and spaced by 5 [ms] toward the right thereafter, to a final time
of 20 [ms]. In the lower subplot x-z meridional slices are shown. Each subplot has an upper and lower panel that contrasts the evolution
utilizing LLF and HLLE solvers for the hydrodynamical sector respectively. Isodensity contours where nested black lines indicate
p€{10",10",10"} [gcm~3] for runs with magnetic field; contours in light green depict equivalent runs in the absence of magnetic fields.
Gray lines indicate MeshBlock boundaries the structure of which has developed according to AMR criterion. See text for further discussion.

Cumulative ejecta mass M., average electron fraction (Y),
and average asymptotic velocity (v, ) are compared across the
solver and (M)HD choice at fixed resolution in Fig. 12. Here,
the asymptotic velocity is defined as vy, = /1 — 1/ (hu,)?,
where h is the specific enthalpy and u, is the time
component of the four velocity. Systematic differences
between LLF and HLLE are clearly apparent. In particular,
the cumulative ejecta mass M.; differs between solvers, with
an earlier onset present in HLLE simulations. We observe
that both HLLE and LLF appear to be approaching a
common trend at f— t,,, ~25 [ms]. Regarding electron
fraction, the HLLE runs exhibit an earlier ejection of
neutron-rich material (cf. Fig. 11), resulting in (Y.) ~0.2
on the window 7 — t,,,, € [~1,4] [ms], substantially lower
than the (Y.)~0.39 found for LLF. Subsequent to
t = e = 4 [ms] both solvers lead to a common trend, of
gradual increase in (Y,). Finally, we note that (v.,) peaks
for the HLLE cases ~4 [ms] prior to the LLF runs at a value
of (ve) ~0.4[c].

Note that an element of caution must be employed in the
discussion of ejecta for these runs on account of the
comparatively small spatial extent (xp = 567 [km)).
Consequently, small extraction sphere radii must be selected,
and ejecta properties may be more prone to systematic
boundary effects. Relatedly, we emphasize the calibration
runs of this section are at a relatively low resolution. Based
on [74], a representative example matching the resolutions
employed in our work can be extracted: the value of M,
according to Bernoulli criterion, and following from an
equal-mass BNS merger simulation, and finest level reso-
lution run with éx,,, is a factor of ~2 smaller at 30 [ms]
postmerger when compared to a run based on the coarser
0x,.., with the general trend indicating that higher resolution
tends to depress M.

2. Lepton fraction and neutrino surfaces

The impact of local thermodynamical conditions of the
remnant on neutrino species fraction is to induce a hierarchy
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FIG. 12. Upper: cumulative ejected mass M. according to
Bernoulli and geodesic criteria in solid and dashed lines respec-
tively. Middle: average electron fraction (Y.) passing through
extraction sphere. Lower: average asymptotic velocity (ve)
passing through extraction sphere. (Common) Resolution of
ox. has been fixed. (M)HD together with matter solver employed,
are as indicated by the legend of the middle panel. Extraction
sphere of radius R ~ 295 [km] is utilized. See text for discussion.

Y, <Y, <Y, ([40,74,75]) within the interior, high-

temperature, high density (p > 10" [gem™]) region. We
show this directly for an HLLE run with MHD at 20 [ms]
postmerger in Fig. 13. We have verified that this remains
robust in the absence of magnetic fields, and under the
change of MHD solver. The abundance of each species, can
be understood based on thermodynamical conditions in the
remnant NS core [74,75].

Neutrino surfaces of the remnant at 7 — f,,,, ~ 65 [ms]
are approximated17 based on the location of 7=

Ka(ka +x5) =2/3, and compared in the presence
(absence) of magnetic fields, and for switching between
the LLF and HLLE solver in the x-z meridional plane in
Fig. 14. These are superposed over the remnant temperature
profile. If we denote the minimal distance to the neutrino
surface by R, then we observe the hierarchy
R, > Ry > R, . This appears robust irrespective of (M)
HD and hydrodynamical solver choice. We remark that the
hierarchy is consistent with that observed in the absence of
magnetic fields [24], for a different EOS, though the
relative magnitudes of R, differ. We do however observe
systematic differences in spatial extent. Specifically, LLF
(when compared with HLLE) appears to give rise to larger

" general this is a nontrivial problem; see, e.g., [114].
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FIG. 13. Lepton fractions Y, at ¢ — t,,, ~20 [ms] for HLLE
run with MHD. The left-most panel shows Y, , the middle panel
shows Y3-, and the right-most panel shows Y, . Within the
remanant core, we observe a hierarchy of ¥, <Y, <Y . This
property is robust if instead HD is inspected, or the hydrody-
namical treatment is changed to LLF. Isodensity contour (colored
black) indicates p = 10" [gem ™).
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FIG. 14. Neutrino surfaces at ¢ — f,,,, ~ 65 [ms] in x-z meridio-
nal plane computed fixing 7 =2/3 based on the corrected
opacities. For each quadrant a distinct choice of (M)HD and
hydrodynamical solver is made, as indicated by the inset. In all
cases we observe a robust hierarchy in minimal distance R to the
neutrino surface, of a given species. Specifically R, > Ry- > R, ,
are depicted in blue, orange, and green respectively. Differences in
R between schemes and (M)HD are apparent. Isodensity contours
in solid black depict p € {10!, 10'2,10'*} [gem™3].

R, for all species. For HLLE, we observe that the inclusion of
magnetic fields tends to marginally increase R,, whereas the
opposite occurs for LLF. Changes in the spatial extent can be
understood by noting that neutrino surfaces are strongly
determined by the density profile inside the remnant disk
[114], which is compatible with the differences in remnant
disk compactness between solvers noted in Sec. VC 1.
Based on the postprocessing analysis of [115], we note that
incorporating inelastic (neutrino-electron/positron) scattering
could have a substantial effect on the absolute values of R,.

3. Magnetic field diagnostics

We now inspect properties of the magnetic fields for
the reduced grid (extent) runs. To this end, we perform
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FIG. 15. Upper: amplification of maximum magnetic field
strength relative to the maximum initial value for distinct choices
of solver, finest resolution, and field strength. Lower: preserva-
tion of divergence-free constraint. See text for discussion.

additional runs featuring finest level resolution of dx,,.
Furthermore, to test robustness, we supplement the initial
poloidal magnetic field data involving B, o =
5x 10" [G] with additional runs that have amplitude
increased by a factor of 10, which we term the “strong-
mag” variant.

At the relatively coarse resolutions dx, and dx,,, we have
tested on the reduced grid that the Kelvin-Helmholtz and
magnetorotational instability (MRI) modes, which drive
rapid amplification of the magnetic field, are under-resolved
[111], which entails that the maximum field strength that can
develop dynamically at early-to-intermediate postmerger
times is limited relative to what higher resolution studies
obtain [116-119]. Aspects of the consistency of the field
evolution can however be assessed.

In Fig. 15, we display the evolution of the amplification
factor A() defined as the maximum magnetic field strength
relative to its maximum initial value (upper panel) and the
preservation of the divergence-free constraint (lower panel)
for the reduced-grid MHD runs. We observe a rapid increase
in A(r) at the onset of merger. Considering first the standard
field strength runs at a fixed finest level resolution of ox,,
we find that, for LLF, A~ 5.6 at t — t;,,, ~4.2 [ms]. In
contrast, with HLLE at this resolution early amplification
increases to A ~7.5 at t— t,, ~ 5.8 [ms|. After decay
from the transient peak and stabilization subsequent to early
postmerger dynamics, we find a slow growth in A for
=t 2 10 [ms]. We observe, at late time, a qualitatively
common profile in A emerges and leads to Apyyg(65) =~
33 > Ay p(65) ~30. Overall this suggests that HLLE
confers an improvement over LLF for the resolution of
early time amplification. Note that at merger (and in its
immediate aftermath) 4 depends sensitively on x. This

behavior is expected [120], as higher resolution more
accurately captures the turbulent amplification that develops
at the shear interface when the two stars come into contact.

To inspect directly the effect of resolution, we perform an
HLLE run with finest level resolution of dx,,. The behavior
qualitatively changes and is characterized by an increased
maximum ampltitude (relative to dx.), together with an
early postmerger plateau of A € [11.5, 17.5] over a window
of ¢ =ty €[1.5,7.7] [ms].

In the case of runs featuring a tenfold increase of initial
magnetic field strength we again observe a compatible
resolution-dependent amplification. In contrast the early
postmerger plateau is suppressed for ox,,. At later times
t =ty 2 40 [ms], we also observe that for finest resolu-
tion runs involving éx,., a plateau in .A(#) appears to emerge
where A~ 13.2. We emphasize that these runs do not
assume any underlying grid symmetry, which we have
demonstrated can potentially skew (artificially enhance) the
amplification factor in GRMHD only runs [111,112].

The divergence-free constraint 9;[B’] = 0 is well pre-
served to near truncation-error level throughout the evolu-
tion, at both (initial) field strengths tested, and for both
resolutions. This confirms that the extensive code-infra-
structure changes involved during the incorporation of
neutrino transport, together with the treatment of matter

W L g > 5 t— tourg ~ 23 [ms] t— b = 65 [ms]
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FIG. 16. Snapshots during the evolution of the Lorentz factor W
(left half of each subpanel) and entropy per baryon sk /b.] (right
side of each subpanel) for MHD run with HLLE at finest
resolution &x,, and By |, = 5 x 10'5 [G]. Isodensity contours
in solid black depict p € {10'!,10'2, 103} [gem™3]. We indicate
s = 65[kg/b.] with contours in yellow, and for comparison a
comparable run in the absence of magnetic fields is depicted with
red dashed contours. The difference between MHD and HD
entropy contours is minor at this resolution, consistent with the
magnetic field remaining dynamically subdominant at the reso-
lutions accessible on the reduced grid.
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field coupling, have left our underlying constrained-trans-
port scheme intact.

In Fig. 16, we show snapshots of the Lorentz factor W
and entropy per baryon s during the postmerger evolution
of the HLLE MHD run at 6x, with standard initial magnetic
field strength. A high-entropy funnel emerges which we
identify with a s = 65[kp/b.] contour. Comparison with a
corresponding HD run indicates that the magnetic field
remains dynamically subdominant at the resolution
employed.

Figure 17 depicts the decomposition of the magnetic field
into toroidal (||B?||) and poloidal (||B*| :=|B — B?|))
components, together with the inverse plasma beta 7!,
att — ty,, =~ 65 [ms]. The snapshot displays a central funnel
along the polar axis has begun to form, however, due to our
coarse resolution, and early time, we do not yet reach a
steady (collimated) outflow regime [39]. Achieving a self-
consistent magnetically driven jet requires both higher
resolution to adequately capture MRI-driven amplification
and longer evolution times to allow the development of a
sustained magnetically dominated outflow [121,122].
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FIG. 17. Azimuthal (toroidal) component of magnetic field
IB?|| (left most), perpendicular (poloidal) component of mag-
netic field ||B*| with violet streamlines showing flow of B+
superposed (middle), and inverse plasma beta ! with white
streamlines showing flow of »' superposed (right most), are
shown at ¢ — #,,,, ~ 65 [ms] for HLLE run, with finest resolution
of 6x,, and By |,_o = 5 x 10'% [G]. Isodensity contours in solid
black depict p € {10'!,10'2,1013} [gem™).

D. Binary neutron stars: Production runs

For our production grids we fix the (magneto)hydro-
dynamical solver to be LLF. While the calibration runs of
Sec. V C indicate that HLLE supports a more compact
remnant and sharper features at fixed resolution, LLF
serves as our extensively validated reference. Therefore
this latter is adopted as a deliberately conservative choice
for the longer production here. The overall spatial extent is
now selected as xp = 2268.1 [km]. Initial data are pre-
pared targeting 45 [km]| separation. We again utilize the
DD2 EOS [102,103]. This leads to ID with NS component
masses of M| = M, = 1.302[M], and baryonic masses
M, = M5, = 1.350[M]. The initial ADM angular
momentum of the BNS system is Jpy =~ 7.274[My2].
A second physical scenario we investigate, to demonstrate
stability under excision (Sec. VD4), is a collapsing
model. For this we use the SFHo EOS [106]. This leads
to ID with NS component masses of M; =M, =
1.299[My], and baryonic masses M, = My, =
1.350[My]. In this case, the initial BNS configuration
satisfies J py = 7.268[M 2]. For both choices of EOS the
respective BNS systems initially have an ADM mass of
M apm = 2.674[M ). For runs involving magnetic fields
we introduce fields as described in Sec. V C.

Based on these choices, we find that the binary under-
goes ~4.5 orbits, prior to merger. In the case of DD2 EOS,
based on the 6x, run, we find that time of merger occurs
at ty, =~ 14 [ms]. In the case of SFHo EOS, we find
trg = 16 [ms].

1. Scalar monitors and ejecta properties

We begin the analysis of the production runs by
examining scalar monitors and ejecta properties for the
DD2 model across all three resolutions of T,,, in both the
MHD and HD settings.

In Fig. 18 we show the evolution of the maximum density,
maximum temperature, and minimum lapse for the DD2
runs, shifted to the respective time of merger for each binary.
In the immediate postmerger phase, we find oscillations in
the maximum density, that damp away, toward a gradual
secular increase as the remnant relaxes and contracts. At
t =ty ~ 15 [ms] difference at the percentage level emerges
for 6x,,, and a few percentages for ox;.

The maximum temperature rises sharply toward merger
and shows a peak where (resolution-dependent) values
occur between ~55 [MeV] and 68 [MeV] with decay
thereafter as the remnant cools. While present, the dif-
ferences between MHD and HD are minimal at all three
resolutions for the durations of the simulation time pre-
sented here.

In Fig. 19 we show the relative error in baryonic mass
conservation where we observe that irrespective of
resolution or (M)HD it is satisfied to O(107°) during
the early postmerger phase. We attribute the zero crossing
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FIG. 18. Scalar monitors for runs involving DD2 EOS. We

show maximum density (upper panel), maximum temperature
(middle panel), and minimum of the lapse (lower panel). Multiple
simulations are depicted at distinct finest level resolutions,
together with in the presence and absence of magnetic fields
(see top and middle panels for legends).
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FIG. 19. Scalar monitors for runs involving DD2 EOS. We
show conservation of baryonic mass (upper panel) and collective
constraint monitor (lower panel). Multiple simulations are de-
picted at distinct finest level resolutions, together in the presence
and absence of magnetic fields.

at ~25 [ms| to mass outflow through the boundary of the
computational domain. The collective constraint monitor
[123], which serves as a collective proxy for Hamiltonian,
momentum, and auxiliary Z4c field errors, is also depicted
and confirms that numerical violations remain controlled
throughout the evolution. Indeed a local maximum is
attained immediately at merger, at the O(107%) level,
decaying away (on account of constraint damping).

The magnetic field diagnostics (Fig. 20) broadly follow
the behavior already investigated in Sec. V C 3, albeit here
we have a short duration of evolution of a run involving the

A(t) = max |B(t)|/ max | B(0)|

lo: Bl

0 10 20 30 40 50

t — tmrg [ms|

FIG. 20. Upper: amplification of maximum magnetic field
strength relative to the maximum initial value for DD2 EOS
runs at distinct resolutions, indicated by the legend. Lower:
preservation of divergence-free constraint.

finest level of resolution of dx;. We find that for this latter
run, a maximum amplification factor of A = 33 in the
immediate aftermath of merger. We again observe that the
divergence-free constraint is well preserved to a near
truncation-error level.

Ejecta histograms are shown in Figs. 21 and 22, depicting
the distributions in electron fraction Y., polar angle 6,
entropy per baryon s, and asymptotic velocity v, at fixed
postmerger time. At ox,. and ox,, finest level simulations,
there are only minor differences in the Y, distribution. For
0x,. we find a broad profile with slight peaks at Y, ~ 0.08
and Y, ~0.42. In the case of 0x, the lower end of the
distribution is marginally suppressed. On the other hand
when considering Sx; we see a substantial difference
between MHD and HD, wherein the presence of magnetic
fields entirely suppressed the low end of the distribution
function when contrasted against its hydro-only counterpart.
This latter resolution-sensitive feature, has also been seen to
emerge for runs (imposing bitant symmetry) in the absence
of magnetic fields, at higher resolution than those employed
in this work [74]. The angular distribution is concentrated
near the equatorial plane, typical of the dynamical ejecta
channel [15,38]. In the case of the entropy distribution we
find a peak at s ~ 10-20[kp/b.], with a tail toward higher
values corresponding to shock-heated material [24,37]. For
(M)HD simulations with 6x, we observe a secondary peak
at s ~ 100[kg/b.] where we find that that the presence of
magnetic fields enhances this component. Finally asymp-
totic velocity shows a broad peak at vy ~ 0.1-0.2]c],
followed by a gradually decaying tail, with the detailed
shape sensitive to resolution. In the case of 6x, we find that
the presence of magnetic fields enhances the high velocity
component tail, over that of the comparable resolution
HD run.
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Mej/Mej

FIG. 21. Histograms of ejecta involving electron fraction (upper
panel), and angular distribution (lower panel). Resolutions dx..,
0x,,, and 6x ¢ are shown in blue, yellow, and green respectively. We
also compare MHD (solid lines), and HD (dashed lines). For runs
with finest resolution of 6x,. and 6x,,, the cutoff time for the
histogram is to 20 [ms] postmerger, whereas for runs with finest-
resolution of 6x; a final time of 15 [ms] postmerger is taken. See
also Fig. 22.

Cumulative ejecta mass M., average electron fraction
(Y.), and average asymptotic velocity (v,) are compared
in Fig. 23. Both the Bernoulli and geodesic unbound
criteria are shown.

In the early postmerger, we find that for simulations
based on dxy, M is boosted in the absence of magnetic
fields. Magnetic pressure may provide marginal additional
support to the remnant, delaying mass ejection at the
highest resolution where the field is best resolved.

Finally, focusing on (v,,) we see a resolution hierarchy
emerge, whereby shortly postmerger (7=~2.5 [ms]) the
simulations from highest to lowest resolution show the
highest to lowest peak (v.) respectively. A potential
explanation for this may be related to higher resolution
better capturing the sharp shock and tidal-tail interfaces
responsible for accelerating dynamical ejecta, thereby
producing faster outflows.

2. Neutrino luminosities and average energies

During BNS inspiral, our simulations point to negligible
neutrino emission, as expected for matter close to beta
equilibrium. This changes during the merger-remnant phase.
At merger, shock heating and remnant bounce drive a rapid
temperature increase, activating intense neutrino emission.
In Fig. 24 we display neutrino luminosities, together with
average energies, for evolution of ID leading to a long-lived

q
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FIG. 22. Histograms of ejecta involving entropy per baryon
(upper panel), and asymptotic velocity (lower panel). Resolutions
0x;, 0X,,, and 6x; are shown in blue, yellow, and green respec-
tively. We also compare MHD (solid lines), and HD (dashed lines).
For runs with finest resolution of dx, and 6x,,, the cutoff time for
the histogram is to 20 [ms] postmerger, whereas for runs with
finest-resolution of 6x a final time of 15 [ms] postmerger is taken.
See also Fig. 21.

remnant, for each resolution of the triplet 7 ,, in the absence
of magnetic fields. Within a few milliseconds postmerger,
we find that the luminosity hierarchy L, <L, <L
develops (compatible with [22,24,74]). This is followed
by ~8 [ms] of small fluctuations in brightness, generated by
oscillations in the remnant, followed by decay. As can be
seen in the figure max, L; ~ 10%[ergs™'] which is com-
patible with (e.g.,) [113,124].

In a similar vein, the average neutrino energies are seen
to obey the expected hierarchy (e, ) < (¢;,) < (e,)
[21,124,125]. This is as a result of species v, decoupling
from matter at lower densities and temperatures compared
to the two other species [114]. The complementary sim-
ulations of this ID, involving magnetic fields, do not lead to
a significant change in L,(7), and (g,(7)), at the resolutions
investigated.

In Fig. 25 we show L, (1), and (¢,(t)), for an evolution of
ID that leads to collapse. A comparison is made (at fixed
resolution dx,.) with and without magnetic fields present. In
the absence of a magnetic field, we find max,L; ~
3 x 10°* [ergs™!], in broad agreement with [113] (though
note that resolutions differ) as [24,113] we confirm a higher
peak luminosity of SFHo relative to the DD2. For the
run with magnetic field, collapse time is advanced by
6t ~0.8 [ms]. This impacts neutrino luminosity and
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FIG. 23. Ejecta for runs involving DD2 EOS. Upper: cumulative
ejected mass M, according to Bernoulli and geodesic criteria in
solid and dashed lines respectively. Middle: average electron
fraction (Y.) passing through extraction sphere. Lower: average
asymptotic velocity (v.) passing through extraction sphere.
(Common) Multiple resolutions, in the presence and absence of
magnetic fields, as indicated by the lower panel insets are depicted.
Extraction sphere of radius R ~ 295 [km] is utilized. See text for
discussion.
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FIG. 24. Neutrino luminosity L, (upper) and average energy
(e,) (lower) at distinct resolutions, for long-lived remnant run in
the absence of magnetic fields. The species (v,,7,,v,) are
colored in blue, orange, and green respectively. In solid, dashed,
and dotted lines, data corresponding to simulations with finest
resolutions 7, respectively are displayed. Observe that the values
of the computed luminosity remain robust over the distinct
resolutions. Data have been smoothed using a rolling average
with width of 0.5 [ms].
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FIG. 25. Neutrino luminosity L, (upper) and average energy
(e,) (lower), for ID that results in collapse, comparing (M)HD in
(solid) dotted lines. Both runs are performed with dx.. Formation
time of apparent horizon is indicated with vertical black lines.
Observe that the run involving magnetic field collapses ~0.8 [ms]
earlier. Decay in the magnitude of the luminosities is correspond-
ingly shifted. Data have been smoothed using a rolling average
with width of 0.5 [ms].

average energy, where a similar time shift is present in the
onset of their rapid decay. As already observed in [22]
(see also [74]), the behavior of L, and (¢,) can be quite
sensitive to resolution'® during the collapse phase.

3. Gravitational waveforms

Consider the gravitational wave strain / for the dominant
(2, 2) mode. According to the study of [74], a finest level
resolution of at least 6x < 185[m| (and preferably finer)
during the course of the simulation is required in order to
discern microphysical effects (neutrino transport specifically)
on the postmerger gravitational wave signal. At the
resolutions employed in this work any transport-induced
variation is likely to be within the numerical error budget
(see also [22,24]). Nonetheless, as a consistency check, we
have verified a convergence order of ~2 in the (2, 2)-mode
phasing and amplitude to merger based on simulations
involving the resolution triplet 7 ,. Postmerger, the com-
plex flow structure of the remnant is sensitive to reso-
lution. There we found approximately first-order
convergence in the postmerger regime, consistent with
the findings of [74]. These verifications were performed
for both HD and MHD runs.

In Fig. 26 we compare MHD and HD waveforms for
the DD2 configuration at dx,,. The inspiral phase shows
good agreement between the two, as expected given the
negligible dynamical role of the magnetic field prior to
merger. In the postmerger phase, both waveforms exhibit

"®Direct convergence testing in neutrino luminosity for a
single, nonrotating, radiating NS is already involved [25].
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FIG. 26. Gravitational wave strain & for the dominant (2, 2)
mode (upper) and instantaneous frequency (lower), extracted at
R ~295 [km], comparing MHD (solid) and HD (dashed) for the
DD2 configuration at resolution dx,,.

comparable dominant postmerger frequency and overall
amplitude envelope, though the MHD run displays mar-
ginally higher amplitude in the postmerger phase, sup-
ported by additional contributions from magnetic pressure
in the remnant.

4. Robustness of excision

We now turn to the SFHo runs in order to assess the
robustness of our excision strategy (see Sec. IIIB) for
handling collapse in the BNS merger context. The SFHo
model, for the parameters selected within this work, leads to
rapid collapse. If we focus specifically on the case of runs
that (initially) involve finest level resolutions of dx,., then for
the run involving magnetic fields the time elapsed between
merger and AH formation is 7.9 [ms]|, whereas in the
absence'® of magnetic fields we find 8.7 [ms).

As observed during the rotating collapse simulations
described in Sec. V B, utilizing 6x,. may be insufficient to
adequately resolve a developing puncture. Increased res-
olution plays an important role in sharpening the consis-
tency of properties associated with the resultant AH.
Motivated by this, together with a requirement for long-
term stability, we adopt a simple strategy of doubling the
resolution at the first time of AH detection (denoted 7,y;). In
particular, over B,(#;¢), for t > tpy, we add a level of
refinement such that 6x. < 6x./2. This increases the
finest-level resolution to 184.6 [m] effectively setting it
to 5xf. Simultaneously, we also double the CFL to 0.5 so as
to not incur a halving in the evolution speed.

The result of employing the aforementioned strategy is
shown in Fig. 27. We observe that upon formation of the
AH, the addition of the refinement level, and activation of
the tapered excision, the baryonic mass (M,) decreases
monotonically as the remnant disk accretes. The outflow
mass M, saturates, and the corresponding mass outflow rate
M, drops to negligible values within ~10 [ms] of horizon

"In the HD case this duration compares favorably to a remnant
life time of 5.7 [ms] found in the work of [126].

formation. This clearly demonstrates that the excision
procedure does not introduce spurious mass injection into
the computational domain. Both MHD and HD runs remain
stable for the full duration of the simulation ~100 [ms] and
~125 [ms] respectively (~75 [ms| and ~100 [ms] postAH
formation), with the accretion rate M, following a gradual,
declining trend. At late times, the magnetic field studied here
does not appear to have a significant impact on M,,. The
neutrino luminosities for these runs, discussed in Sec. VD 2
and shown in Fig. 25, decay rapidly after collapse, as
expected once the hot remnant is swallowed by the horizon.
The 0.8 [ms] shift in the onset of decay of the luminosities
corresponds well with the earlier collapse of the run
involving magnetic fields.

We remark that the number of active points over the
diameter of the tapering region is ~17 where the strength of
equation source-term damping is modulated pointwise by
the magnitude of the taper function, as controlled by how
its parameters are chosen (Sec. III B).

A well-known potential difficulty associated with meth-
ods that rely on moving punctures is the coordinate drift of
the puncture location [127]. This can cause an AH (and
corresponding excised region) to migrate across the grid. In
part, this effect can be damped through judicious modifi-
cation of the gauge (shift condition) [127,128], and alter-
native gauge choices [129] (see also the discussion in [42]).
In our simulations we observe a modest puncture drift
wherein the remnant, at the final times we evolve to has
argminy: ¢ ga(x*) such that ||x*|| ~3 [km] in both MHD
and HD runs. This does not appear to pose issues for
stability, which may potentially be explained by our
dynamical trackers allowing for the position of the AH
to adapt in time. On the other hand, this dynamical drift
may be undesirable in light of physical modeling consid-
erations. We leave an investigation of the effect of drift-
correction strategies to future work.

The question of how to treat matter and radiation fields
inside the apparent horizon in the presence of neutrino
transport has also recently been investigated in the context
of stellar core collapse [130,131]. While a different physical
scenario, we may nonetheless briefly compare the excision
strategy. There simulations are performed in axiymmetry,
using full numerical relativity. In their approach, metric
variables are evolved everywhere with moving-puncture
gauge, while matter and radiation fields are (strictly) excised
inside 0.5r,y. To avoid the introduction of spurious
oscillations, that could propagate outward, a buffer zone
between excision surface and AH is essential for stability.
Our approach differs in that the tapering function described
in Sec. III B modifies state vectors only through the
evolution, on the interior of the AH, driving them toward
atmosphere values without requiring a buffer zone. Despite
different design choices, both approaches lead to stable
evolution, postcollapse. We emphasize that the simulations
of [130,131] are restricted to axisymmetry, whereas the
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FIG. 27. Mass as a function of time for simulations involving SFHo EOS and horizon-based excision. Here éx,. is the finest resolution

prior to AH formation whereupon one level of refinement is added. The baryonic mass M, outflow mass M ,, together with the rate of
change M,, and the rate of accretion M, are depicted in the case of (M)HD (see legend). Vertical red line depicts merger time
t =~ 15.7 [ms]. Time of AH formation for MHD is 7,y ~ 23.6 [ms] and indicated by vertical green line. Similarly for HD f5y =~ 24.4 [ms]
and indicated by the vertical blue line. We observe long-term stability beyond AH formation in both cases.

present work demonstrates excision robustness in full 3D
binary neutron star mergers with M1 transport.

VI. CONCLUSION

We have presented the implementation and a robust-
ness validation of an energy-integrated, moment-based
(M1+NO) neutrino-transport scheme within the general-
relativistic radiation magnetohydrodynamics code GR-
Athena++. An important outcome of this work is the
introduction and validation of a tapering-based apparent-
horizon excision scheme for both matter and radiation,
which to our knowledge constitutes the first such demon-
stration in full 3D binary neutron star mergers with M1+NO
transport and magnetic fields. The transport formulation is
directly inspired by the approach of [22], adapted to the
cell-centered AMR infrastructure we have previously
developed in [48-50]. The coupled GR(M)HD-M1+NO
system is evolved via a split-step method: the choice of
integrator for the GR(M)HD sector is flexible, whereas the
radiation-matter coupling is treated with a semi-implicit
scheme. Motivated by parallel developments in Athenak
[53], a low-order flux-correction method, is now also
implemented in GR-Athena++ during treatment of the hydro-
dynamical evolution. Conservative AMR with level-to-
level flux corrections improves global conservation of
salient quantities across refinement boundaries. For the
MI+NO subsystem a high-order, asymptotic-preserving
scheme is hybridized with the LLF prescription for the
numerical fluxes. We also introduced a simple flux cor-
rection strategy for this subsystem to further improve
robustness. Closure of the moment scheme is handled
via a standard, parametrized interpolatory approach. In
order to handle gravitational collapse we introduced a novel
excision method (Sec. III B) based on (smooth) tapering,
confined to AH interiors, which leverages our online AH
finder.

We demonstrated robustness in an extensive suite of
standard test problems (Sec. IV) that probe complementary
physical regimes typically encountered during (e.g.,) BNS

merger simulations, in particular, optically thin advection,
diffusion of a top-hat profile, diffusion in a moving
medium, shadow casting, a radiating homogeneous sphere,
and photon propagation in curved spacetime (gravitational
light bending). A cross-code opacity comparison with the
THC code [22] confirms that the ported WEAKRATES opacity
library, together with the equilibrium handling and fluid-
sector coupling, reproduces expected results.

As a first application, we studied the gravitational
collapse of a cold, uniformly rotating, magnetized neutron
star (Sec. VB). This scenario serves as a controlled,
stringent, test bed for the novel excision procedure in
the presence of radiation. The irreducible horizon mass and
dimensionless spin saturate to values consistent with the
initial data, and no secular drift was observed at the two
highest resolutions considered. In this latter resolution
regime, the post AH formation neutrino luminosity decay
profiles appear consistent. We also verified that the neutrino
fluxes point exclusively into the horizon, in its predicted
immediate vicinity. To our knowledge this constitutes a first
demonstration that a tapering-based excision strategy,
yields stable and physically consistent radiation evolution
during and beyond the horizon formation in three spatial
dimensions, without imposition of symmetry.

Subsequently, we applied our full GR(M)HD-M1+NO
framework to binary neutron star mergers (Sec. V C and
Sec. V D). This demonstrated the use of two finite-temper-
ature equations of state (DD2 and SFHo), changes to the
matter-sector Riemann solver (LLF vs HLLE), the presence
vs absence of magnetic fields (HD vs MHD), and a
variation of the extent of the computational domain,
together with the finest grid resolution. The comparison
of LLF and HLLE solvers in the context of full GR(M)HD
binary mergers that involve microphysics is, to our knowl-
edge, novel: HLLE produces sharper contact features and a
more compact remnant, whereas LLF is more dissipative
but yields smoother profiles that can be advantageous for
robustness. Magnetic fields, at the resolutions and time-
scales considered here, do not appear to drastically alter the

044062-25



BORIS DASZUTA et al.

PHYS. REV. D 114, 044062 (2026)

large-scale merger morphology, neutrino luminosities, or
gravitational waveforms. This is consistent with the expect-
ation that magnetically driven effects become dominant
only at higher resolutions capable of capturing MRI-driven
amplification [121]. The combination of general-relativistic
MHD with M1 neutrino transport in binary neutron star
simulations remains relatively unexplored: to date, only
[39] has performed GRMHD+M1 mergers with an Ml
treatment that incorporates the (stiff) source terms fully.
The present work adds to this small but growing body of
simulations and extends it by incorporating AH excision,
enabling continued evolution well beyond gravitational
collapse.

The robustness of the excision scheme has been dem-
onstrated for an SFHo binary, which undergoes collapse at
O(10) [ms] postmerger. The system is stably evolved post-
AH formation for ~75 [ms] and ~100 [ms] in both the
presence and absence of magnetic fields respectively. No
spurious mass injection is observed. Our tapering-based
strategy is set to operate entirely inside the AH and has
now been validated in full 3D binary mergers with M1
transport. A couple of caveats should be kept in mind: The
gray (energy-integrated) M1 scheme employed here is
known to potentially bias the neutrino mean energies and
peak luminosities relative to spectral (multigroup) treat-
ments [30], and the single-energy approximation precludes
capturing spectral features that influence nucleosynthesis-
relevant quantities such as the electron-fraction distribution
of the ejecta. Ejecta properties are also sensitive to
resolution [42,74], and thus while our results are sufficient
to demonstrate code robustness, quantitative analysis may
require data at higher resolution. To such a future aim, our
underlying infrastructure permits efficient scaling in this
regard.

Two improvements are planned for the near term. First,
the neutrino interaction rates will be upgraded to the
bnsnurates library [115], which provides a more
complete and accurate set of weak-interaction processes.
Second, in the spirit of [30], the extension to a multigroup
(spectral) M1 scheme is under development. This will
address the systematic biases of the gray treatment and
enable more reliable predictions of ejecta composition and
kilonova light curves.
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APPENDIX: SOURCE TERM DERIVATIVES

When the radiation pressure tensor is assumed to be of
interpolatory form as in Sec. II C3, (formal) derivatives
of the collisional sources appearing in the Jacobian of
Sec. [l A2 may be written down as (see also [22,23])
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where we used Eq. (15) together with Eq. (4). The neutrino current component 5’0 is not considered here as this is solved for
directly instead. Based on factorization of the fiducial frame terms as in Eq. (20) we find
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