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Quantum simulation offers a promising framework for quantum field theory calculations. Obtaining
reliable results, however, requires careful characterization of systematic uncertainties. One important
source is the boson truncation error, which arises from representing infinite-dimensional local Hilbert
spaces with finite-dimensional ones. Previous studies have examined this problem from several
perspectives. In particular, Jordan et al. [Science 336, 1130 (2012)] derived an energy-based bound
applicable to generic low-energy states across a broad class of field theories. However, this approach often
yields overly conservative bounds, especially at large volumes. In this work, we introduce a new
methodology that significantly tightens the energy-based boson truncation bound through two comple-
mentary advances: an improved analytic derivation and a Monte Carlo-based numerical procedure. We
demonstrate the method in (1 + 1)-dimensional scalar field theory and (2 + 1)-dimensional U(1) gauge
theory in the dual formalism. Our approach substantially mitigates the volume dependence of the required
truncation cutoff, achieving reductions nearly proportional to the volume in some cases and to the square

root of the volume in others.
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I. INTRODUCTION

The study of quantum field theory (QFT) is central to
many areas of physics, including particle physics [1],
condensed matter [2], and cosmology [3]. Consequently,
our understanding of many physical phenomena relies
heavily on the ability to perform robust QFT calculations.
While perturbative methods have been highly successful in
certain regimes [4,5], many of the most interesting phe-
nomena arise in strongly coupled settings where such
approaches break down [6-8]. In these cases, nonpertur-
bative methods become essential. Among these, lattice field
theory has emerged as one of the most important computa-
tional frameworks [6,9]. In this approach, spacetime is
restricted to a finite volume and discretized into lattice
points. Field configurations in the Euclidean path integral
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are then represented by multidimensional arrays defined on
the lattice, enabling numerical calculation by Monte Carlo
sampling [9]. As a systematically improvable approach
with controllable uncertainties, lattice field theory has
been successfully applied to the calculation of hadron
spectra [7], hadron structure [10,11], low-energy scattering
amplitudes [12], and many other quantities [8,13—15].
Despite the remarkable successes of traditional
Euclidean lattice field theory, the methodology faces
fundamental limitations. In particular, real-time quantum
dynamics and finite-density calculations remain notori-
ously difficult, largely due to the sign problem in
Monte Carlo importance sampling [16-20]. Nonetheless,
recent advances in quantum computing have opened a
promising alternative avenue [20-24]. By discretizing
space into lattice sites and mapping them onto a quantum
register, the quantum state of the field can be approximately
encoded into the Hilbert space of a quantum computer
[21,24-27]. Given a Hamiltonian, the corresponding time
evolution can often be efficiently simulated using quantum
circuits, allowing access to real-time dynamical quantities
[21,24,26,28,29]. This approach is commonly referred to as
the Hamiltonian formulation or Minkowski lattice field
theory [30,31], in contrast to the traditional Lagrangian
formulation or Euclidean lattice field theory implemented
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on classical computers. A seminal early work in this
direction is the study by Jordan et al. [24], which proposed
a quantum algorithm for simulating scattering processes in
scalar field theory. Since then, quantum simulation has
developed rapidly and has been applied to a wide range of
problems, including particle scattering [24,27,32-58],
hadron structure observables [59-71], collective neutrino
dynamics [72-82], and far-from-equilibrium phenomena
such as string breaking [83-96], among others [97—-121].

Extracting accurate and reliable results from lattice field
theory requires a careful analysis of systematic uncertain-
ties. In classical Euclidean lattice calculations, notable
sources of systematic uncertainties include discretization
effects due to finite lattice spacing [122,123] and finite-
volume effects arising from the restriction to a finite
Euclidean spacetime box [124,125]. Both theoretical analy-
sis and numerical extrapolation have been employed to
control these uncertainties [122—-128]. Likewise, establish-
ing quantum simulation as a reliable computational frame-
work requires a similarly thorough characterization of its
systematic uncertainties. These include implementation-
level errors, such as Trotterization errors [28,129], shot
noise [25,130], and hardware noise [131-134], as well as
physical systematic effects, e.g., the aforementioned finite
lattice spacing and finite-volume errors [135-150]. For
quantum simulation, an additional physical systematic error
arises due to the digitization of the boson fields. Because
the bosonic field degree of freedom at each lattice site
resides in an infinite-dimensional Hilbert space, practical
simulation requires a digitization or truncation into a finite-
dimensional space [21,24]. The error induced by this
truncation must therefore be quantified in order to establish
controlled and reliable quantum simulation results.

Various methods have been proposed to bound and
analyze this digitization error. The earliest quantitative
discussion of this problem appears in Ref. [24], which
derives an energy-based bound showing that the truncation
error is suppressed polynomially as the truncation cutoff
increases. Since then, a variety of alternative strategies have
emerged, including bounds based on quantum speed limit
[151], perturbation theory [152], Nyquist-Shannon sam-
pling theorem [153—156], Hamiltonian truncation effective
theory [157-159], and others [160-163]. Each approach
possesses its own strengths and regimes of applicability.
Notably, while the energy-based bound in Ref. [24] can
often be overly conservative, it remains highly relevant due
to its broad applicability [164—167].

As the energy-based bound in Ref. [24] can be loose,
it is highly desirable to derive a tighter estimate. Reducing
the required truncation cutoff is not only directly relevant
for lowering qubit resource costs, but is also important
for improving bounds on time-evolution errors. For com-
monly used time-evolution algorithms, such as Trotteriza-
tion [129] and quantum signal processing (QSP) [168],
the resource requirements depend on the norm of the

Hamiltonian terms (or their commutators), which in turn
can scale polynomially with the boson truncation cutoff.
Consequently, a tighter truncation bound can indirectly lead
to reduced costs for time-evolution and related algorithms,
such as adiabatic state preparation [24,146] and eigenstate
filtering using QSP [169].

In this work, we develop a method to tighten the energy-
based bound introduced in Ref. [24]. Specifically, we
introduce two novel techniques, one numerical and one
analytical, which we refer to as the “Monte Carlo trick” and
the “p-norm trick,” respectively. By combining these two
complementary strategies, we obtain an improved boson
truncation bound. Our method substantially alleviates the
volume dependence of the truncation cutoff, leading to
significant reductions at large volumes. We first present the
method in the context of scalar field theory, following the
setup originally considered in Ref. [24]. To illustrate how
this framework can be generalized to other theories, we
further analyze the truncation bound for (2 + 1)-dimen-
sional U(l) gauge theory in the dual formalism
[35,170,171] as a concrete example.

This paper is organized as follows. In Sec. II, we provide a
brief preview of the main results. In Sec. III, we compare
different approaches to bounding boson truncation error in
the literature and review the energy-based bound from
Ref. [24]. Here, we also present an analysis of the origin
of this bound’s looseness and, in particular, identify an
implicit square-root volume factor that is often overlooked in
the literature. The following two sections describe our
methodology. Because the field variable (e.g., ¢) and its
conjugate momentum field (e.g., 7) require different treat-
ments in our framework, we partition the discussion accord-
ingly. Section IV focuses on the treatment of the field
variable, while Sec. V addresses the conjugate momentum
field. We then present the numerical results in Sec. VI.
Finally, Sec. VII discusses the implications of our results for
error analysis and resource estimates of time evolution, and
Sec. VIII concludes the paper.

II. SUMMARY OF RESULTS

As a preview of the main results in this paper, we briefly
summarize our key findings and present representative
numerical examples. A discussion of the background and
our methodology is provided in the later sections.

In their seminal work, Jordan et al. [24] outlined a
framework for using quantum simulation to calculate
scattering amplitudes. To estimate the required truncation
cutoff for field digitization, the authors employed an
energy-based bound. While physically motivated and
robust, this bound can be rather loose. In particular, it
exhibits unfavorable scaling with respect to the lattice
volume V. As derived in Ref. [24], the truncation cutoffs for

¢ and 7 fields to achieve an error € scale as , /X and y /%£,
0

respectively, both of which contain an explicit v/V factor.
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TABLE L

Comparison of truncation cutoffs for field values ¢,,,, and conjugate field values 7, ina 1 4+ 1D scalar

field theory required to achieve a digitization error € = 0.01 calculated using the energy-based methods in Ref. [24]
and the methods in this work. N is the number of lattice sites. The energy of the state |y) relative to the vacuum is
assumed to be below 1/a, where a is the lattice spacing. The bare parameters are my = 1/2 and 1y = 16. Here, the
physical quantities have been rescaled by powers of a to make them dimensionless. See Sec. VI A for more details.

Proax With Ng = 8

T With Ng =8 ¢ha With N = 32

T With Ng = 32

Energy-based bounds [24] 236
This work 33
Ratio 72

118 882 441
44 34 84
2.7 26 52

Moreover, although this point is often overlooked, there is
typically an additional implicit v/V factor arising from v/E,
on which we will elaborate in later sections. Consequently,
the original energy-based bound in Ref. [24] scales poorly
with the system volume.

In this work, we combine Monte Carlo calculations
with analytic derivations to tighten the energy-based
bound. Our improved method yields a cutoff ¢, with
only a mild dependence on volume, appearing to scale
logarithmically or algebraically with a small exponent,
thus achieving nearly a factor of V improvement. For the
z field, the improved method can achieve a factor of Na%
improvement. As an illustration, we present representative
results in Table I. Our techniques can also be extended to
other theories. To demonstrate its feasibility, we further
discuss noncompact 2 + 1D U(1) gauge theory in the dual
formalism, where similar improvements can be observed.
Detailed results are presented in the later sections.

III. BACKGROUND

A. Brief review of the literature

To study boson truncation errors, several studies have
been conducted in addition to the foundational energy-
based bound proposed in Ref. [24]. These works approach
the truncation problem from multiple perspectives; in this
section, we provide a brief review of these developments
and discuss why the energy-based bound remains a highly
relevant method.

To begin with, the energy-based bound was introduced
by Jordan et al. in Ref. [24]. For a quantum state under a
given energy, their method produces a truncation error
bound that decays polynomially with respect to the
truncation cutoff. Henceforth, we refer to this approach
as either the energy-based bound or the JLP bound. This
method is reviewed in further detail in Sec. III B.

In Refs. [153,154,156], the authors employ the Nyquist-
Shannon (NS) sampling theorem [172] to analyze boson
truncation errors. Originally developed in signal process-
ing, the NS theorem provides a framework for quantifying
how accurately a continuous wave function can be repre-
sented by a finite set of discrete samples. Within this
approach, the authors prove that the truncation errors
associated with the field variable and its conjugate

momentum are exponentially suppressed as the cutoff is
increased, provided the state has bounded boson occupa-
tion number (or sufficiently suppressed occupation-number
tails). The formalism has been applied to state fidelity, low-
lying eigenenergies, and corrections to the canonical
commutation relations. However, the resulting error esti-
mate is conditional on controlling the occupation-number
distribution, which may itself be nontrivial. While this
precondition can often be satisfied in electron-phonon
systems, establishing it may be more challenging in more
complicated cases [173,174], especially for field theory in
highly nonperturbative regions [175]. A related work [155]
also draws inspiration from the NS theorem and includes a
numerical analysis of the correction to the ground-state
energy for small systems.

Another approach involves Hamiltonian truncation effec-
tive theory [157—-159]. In this framework, the Hamiltonian is
typically expressed in the momentum basis and then
truncated. The truncation error is estimated numerically
for small systems, e.g., by exact diagonalization.

A different perspective is taken in Ref. [163], which
studies the digitization of U(1) gauge theory as a Z, model
from a renormalization-group viewpoint, treating N as a
coupling parameter. Numerical results are obtained using
tensor-network methods.

References [160,162] employ Monte Carlo simulation to
estimate the corrections to the vacuum expectation values
of certain operators. This provides a scalable method for
assessing the resource requirements of field truncation. It
should be noted that while both these studies and our work
use Euclidean path-integral Monte Carlo calculations,
they serve different purposes. References [160,162] use
Monte Carlo to estimate and compare ground-state proper-
ties before and after the truncation, whereas we employ it as
an auxiliary tool to tighten the energy-based bound in
Ref. [24], which is applicable to a generic quantum state
under a given energy threshold.

Reference [161] also uses classical Monte Carlo calcu-
lation, albeit for a different purpose. Rather than comparing
the digitized theory and full theory at a fixed lattice spacing,
the authors investigate whether a particular digitization
strategy for SU(3) gauge theory can reproduce the con-
tinuum-extrapolated values of observables of the full
theory.
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Notably, Ref. [151] proposes a rigorous method based on
the Lieb-Robinson bound. Assuming the initial state has a
bounded quantum number, their method bounds the growth
of that quantum number over time, with the error decaying
exponentially as a function of the cutoff. In addition, a
truncation bound is derived for Hamiltonian eigenstates in
the presence of a mass gap. Reference [152] derives similar
results using perturbation theory instead, achieving a
factorial suppression of the error with respect to the
truncation cutoff. While these two methods offer asymp-
totically better bounds than the energy-based approach in
Ref. [24], they are restricted to specific classes of
Hamiltonians. As explicitly stated in Ref. [151], their
method applies to U(1) and SU(2) Hamiltonians in the
electric basis but does not extend to ¢* theory. Some other
theories also appear to fall outside their scope, such as the
noncompact version of the dual formalism of U(1) gauge
theory [170], the orbifold formulation of lattice field theory
[165], and lattice nuclear effective field theories [166].

In summary, the various methods in the literature each
have distinct strengths and limitations. Although the JLP
energy-based bound guarantees only polynomial conver-
gence, it is applicable to a broad class of theories and can
bound the state fidelity for a generic quantum state under a
specified energy threshold. Due to its generality, this
method remains a valuable and highly relevant approach
for truncation error analysis. Thus, being able to tighten the
energy-based bound would be beneficial to the community.

B. Review of energy-based bound in [24]

In this section, we review the derivation and results of the
JLP energy-based bound [24]. We then analyze the under-
lying reasons for the bound being overconservative and
qualitatively explain why it can be tightened.

In Ref. [24], the authors derived a bound for the ¢* scalar
theory. The Hamiltonian has the form'

where d is the spatial dimension, a is the lattice spacing,
and V denotes a discretized lattice derivative. Here, for
convenience, we have rescaled the couplings m and 4, as
well as the field variables ¢ and 7z, by powers of a to render
them dimensionless. In this convention, we have the

'More precisely, throughout this work, when lattice renorm-
alization is taken into account, the factor % appearing in
Hamiltonians should be replaced by & where c is a parameter
to be determined in scale setting [137 142] This distinction does

not affect the methods presented in this work.

commutation relation [¢(x;), #(x;)] = i,;. For notational
simplicity, we will use ¢; and ¢(x;) 1nterchangeably

To analyze the truncation cutoff for ¢ for a given state
lw) below a certain energy, they note that any state |y) can
be expanded in the ¢ basis:

|w>=/_°°d¢1.../_°°d¢vw(¢1,...,¢v)|¢1,...,¢v>, 2)

where V is the total number of sites in the lattice. In this

case, p(¢y,....dv) = |y (P, ..., Py)|* describes the prob-
ability distribution of the ¢ field. To analyze the truncation

error, one can let

Prmax Prmax
W)= / g / " A b))
3)

which means

Pmax Prmax
<1//|1l/r/)max> :/_¢ d¢1-~/_¢ dpyp(dy, ... dy). (4)

The truncation error can be quantified as €=
1 = (wlyy, ). As noted in Ref. [24], from Eq. (4), the

truncation error € is the probability that at least one of |¢, |,

2l o ] exceeds s
To upper bound this probability for a single site x,

Ref. [24] uses Chebyshev’s inequality. Suppose one can
evaluate the mean and standard deviation of ¢:

= (Wl (x)|w)
ca =V WIF W) — Wl (5)

then, the probability for |¢(x)| to exceed the cutoff ¢, =
ltp(x)| + cop(x) is upper bounded by 1/c* Notice, both
| Hop(x | and o) are upper bounded by the expectation value

\/ (w|$*(x)|w). Therefore, the probability for single-site
field value |¢(x)| to exceed the cutoff ¢, is bounded by

(w1¢’()lw)
~ 2°
(b =/ W19* (X))

(6)

Since there are V) sites in total, if (y|¢*(x)|y) can be
bounded at any site, one can bound the total error € as

< V(| (x)|w) ’ )

(o = \/ WP X))

where the union bound Pr(A U B) < Pr(A) + Pr(B) has
been used. In other words, given an error budget ¢, the cutoff
Pmax Needs to scale as
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Pmax = <\/E+I>WNW@
(3)

Now, the question is reduced to bounding the expect-
ation value (y|@?(x)|w), which is achieved by Ref. [24]
using an energy-based approach. The authors assume that
the energy of state is below a given value (y|H|y) < E.
Assuming m% > (0 and 4y > 0 in Eq. (1), every term in the
Hamiltonian would be positive semidefinite. In this case,
one can write

B> i) = 3 (3307 + 5 (907

1 . Ao A
+SIRHP + 20 )

>~ (| (sl ©

S

for any site x;. The last equality is obtained by dropping
all terms except the 1 m3¢(x;)? term. In this way, one can

obtain an upper bound for (|¢*(x)[y). The cutoff P,y
can thus be chosen accordingly. Analogously, one can
bound (y|#%(x)|y) and use it to choose a cutoff 7, for
the z field, which is equivalent to choosing a discretization
unit &, for the ¢ field. While Ref. [24] only discusses the
scalar field theory, the same idea can be applied to more
general cases,2 and has been used or mentioned in
Refs. [151,164-167].

While the energy-based approach manages to obtain a
bound for (|¢*(x)|y), this bound is not tight for two
reasons. The first reason is that many terms in Eq. (9) are
simply “discarded.” Namely, Ref. [24] essentially writes the
Hamiltonian A as two parts: H = %%m%&ﬁ(xi)z + H pers-
Then, the authors use the positive-semidefinite property of
H yers 10 Obtain (y|Hopers|w) > 0, thus concluding that

1 n ~ A
(w5 mid(xi)*w) = (wlaH|y) = (wlaH opersw)
<aE-0=qE. (10)

The above inequality is loose in the sense that (y|H ypers|y)
can in fact be a very large number, and using 0 as its lower
bound is very “wasteful.”

To obtain a better qualitative understanding, note that
the energy E = (y|H|y) can be written as two pieces:
E = E,+ AE, where E, is the ground-state energy, also

“Even if the Hamiltonian terms may not be manifestly positive
semidefinite, one can typically transform the Hamiltonian into
such a form by shifting the energy and applying certain
manipulations [167].

o(%) AE

0 Ey E

» Energy

FIG. 1. A schematic representation of the energy scales in the
system. The vacuum energy E, scales as O()/a), whereas AE is
significantly smaller in the typical scattering scenarios.

known as the vacuum energy, and AFE is the energy relative
to the ground state. When people discuss the energy scale
of a scattering process, it is usually AE that is referred to.
Compared to Ej, AE is typically much smaller (see Fig. 1
for a visualization). This is because, in lattice simulations of
scattering, the particle momenta are limited by the finite
lattice spacing, which acts as an ultraviolet regulator at the
scale of 1/a; thus, AE should remain moderate or small
compared to this scale. In contrast, the vacuum energy E|,
can be quite large. In the continuum or the infinite-volume
limit, E,, approaches infinity. On a lattice, E, scales as V/a,
where V is the total number of sites. Thus, at large V),
E ~ E, is of order O(V/a), making it much larger than AE.
Likewise, as H s consists of O(V) terms, (| H opers 1) is
expected to scale as O(V/a). On the other hand, as will be
shown later in this paper, the difference between (y/|H|y)
and (y|H pers|w) could be much smaller than O(V/a).
Thus, dropping the (| H pers ) term in Eq. (10) will result
in a bound that is much looser than needed. As we will
show in this paper, it is possible to obtain a tighter lower
bound for (y|H pes|) using numerical methods.

The second source of looseness in JLP’s energy-based
bound is the lack of information regarding the distribution
lw (1, ..., py)|* of the field ¢, which is in general difficult
to determine analytically. To overcome this limitation,
Ref. [24] employed Chebyshev’s inequality, which is valid
for any distribution [y (¢, ..., ¢)|?, leading to € ~ 2y in
Eq. (7). Since the truncation error € can scale linearly as the
volume V), the cutoff ¢,,,, needs to increase accordingly to
compensate, thereby introducing an explicit /V factor.
Because Chebyshev’s inequality yields a conservative
bound, this \/l_) factor overestimates the volume dependence
of Pmax- To understand how knowledge of |y (¢, ..., dy)|*
could reduce the bound for ¢,,,,, consider the simplified

example where [y(¢y.....¢y)|> ~exp(—=; ¢7). In this

case, the error bound in Eq. (7) would become ¢ ~ e‘d’?"ﬂX,
implying . ~ polylog(V), which represents a milder
volume dependence. While detailed analytic information
about the distribution |y (¢, ..., ¢)|? is generally unavail-
able in practice, such information is not strictly necessary to
tame the volume dependence of ¢,,,,. An improved scaling
can be achieved by considering the global information about
the probability distribution |y (¢, ..., ¢ )|? rather than the
distribution at each local site. More specifically, we will
later introduce a technique called the p-norm trick, which
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will enable us to incorporate more holistic information and
derive better volume scaling, especially when combined
with Monte Carlo methods.

IV. METHODOLOGY I: BOUNDING THE
FIELD VARIABLE

Having argued in the previous section that the JLP
energy-based bound admits considerable room for improve-
ment, we now present our method to tighten the truncation
bound. To this end, we develop two techniques:

(i) Monte Carlo trick: a numerical Monte Carlo pro-
cedure for obtaining tighter estimates of key quan-
tities;

(i) p-norm trick: an analytical technique that exploits
global information of the probability distribution,
rather than treating each site independently.

Our method is best explained through examples. We begin
with the scalar field theory and use it to illustrate how the
bound for the ¢ field can be tightened in Sec. IVA.
Specifically, we first introduce the Monte Carlo trick in
Sec. IVA 1; then, in Sec. IVA 2, we proceed to explain
the p-norm trick and how it can be combined with the
Monte Carlo trick to yield a much tighter bound. Then, to
demonstrate that our approach can extend to more general
settings, we derive a bound for the magnetic field in the dual
formalism of the 2 4+ 1D noncompact U(1) gauge theory in
Sec. IV B.

A. Scalar field theory

1. Basic idea: Introducing Monte Carlo trick

In this section, we will introduce the Monte Carlo trick.
This trick allows us to derive a tighter upper bound for the
expectation value (y|$*(x)|w); plugging this back into
Eq. (8), one can obtain a tightened estimate for the
truncation cutoff ¢ ...

Given a state |y) such that (w|H|y) < E, we can write
the energy E in two parts: E = E, + AE, where E; is the
vacuum energy and AE is the energy relative to the
vacuum. In situations where people discuss the energy
of a particle, it is the AE part that is commonly referred to.
That is to say, AE is the “physical energy.” For the energy-
based bound, AE is the quantity that one can choose based
on the kinematic setup of the scattering, while E, in general
needs to be calculated numerically.

One can define A, | = H — {m3p(x;)*. Then, one has

1. . .
(w5 mi¢(xi)?lw) = (wlaH|w) = (wlaHj lw). (1)

In Ref. [24], the authors use the positive-semidefinite property
of I:I;,(xi) to conclude that <z//|I:1’)<XI_)|1//) > 0. Here, we will

take an alternative approach. Notice, I:I;)(x_> is a Hermitian
operator. Let us denote its minimum eigenvalue as Ej, Sx))’

Then, we always have <1/1|FI;5(X{)|1;/> > Ej y(x,)- If we view
the operator I:I;s(x,) as a “modified Hamiltonian,” then
Eé)’ Hlx;) €N be regarded as the ground-state energy of the

modified Hamiltonian. As a ground-state property, the
energy E(’) Hxe) is typically accessible through classical

Monte Carlo simulation. Then, we can have

1 -
(vl Em(z)¢(xi)2|l//> <a(Ey—Ej ) +adE. (12)

Here, compared to E(, which scales with system volume V),

the energy difference (Eq — E; ;) is expected to be much

smaller. In this way, we can tighten the bound.
To evaluate or bound the energy difference (E, — E;, 4 (X.>),

there are two methods. First, one can evaluate E, and
Ej, Hx,) separately using Monte Carlo methods, as

described in Appendix B 1. Alternatively, one can bound
(Ey — E6-¢(Xi)) as follows. For now, assume I:I:/)(x,-) has a
nondegenerate ground state and denote it as |Q¢(x,-)>§
generalization to degenerate vacuum should be possible.3

By the definition of E,, we must have
Ey= r1|}1i>n<a|lfl|a>
< Q) [H1Qx,))
= @ty [0+ (i | 56021 00)

11 a4
=Ej ) T <‘Q'(/)(x,-)|E§m%¢(xi)2|g¢(x,~)>' (13)

Therefore, we know

1o,
a(Ey = Ey yix) < Qi) |5 M50 (i) 1 Qp0x,))- - (14)

Thus, we can obtain an upper bound on a(Ey — Ej ;)

by evaluating the expectation value of the operator
Im3p(x;)? in the path integral

[ Dpimigp(x)e e
B f D(/)e‘sfﬁ(xn["’]

1 o
<Q(/)(x,-)|Em%¢(xi)2|gf/}(x,)> ,

(15)

where the modified action S, ,[¢] is defined as
ap 1
S;y(xi)[(ﬁ] = S[¢] - zt:zoim(z)(ﬁ(t, Xi)z- (16)

*In the derivation here, one can replace 1Qp(x,)) (QRpx,) | With
any mixed state po supported on the ground-state subspace
of Hyy., .
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Here, S[¢] is the action corresponding to the original
Hamiltonian A and is given by

a ap.x) —¢(t.x))?> a
S{¢}—Z|:_<¢(t+ 0> ) ¢(t’ )) —|—;O%(V¢)2(I,X)

x ago 2
2 2
agmgp(t,X)*  agly 4
— e —h(n,x)* 17
M e TLAURY) (17)

where a, stands for the lattice spacing in temporal
direction, whereas a is the lattice spacing in spatial
direction.

In short, one can use the following workflow. First, either
by calculating the energies directly or by evaluating
(Qy(x)) |c§§(x i)? |Q4(x,))» one can bound the energy difference

Ey,— Eé)’{/)(xi). Plugging this value into Eq. (12), one can

obtain an upper bound for (|¢(x;)2|y). Feeding this value
into Eq. (8), the required cutoff ¢, can be obtained. In
comparison, the original method in Ref. [24] bounds
(w|p(x;)%|w) using Eq. (9) before feeding it into Eq. (8)
to obtain ¢p,. In their approach, (w|@(x;)2|y) scales as
Ey + AE, whereas it scales as Ey — E6, six) T AE in our
method. Typically, the energy Ey + AE is dominated by E,,
which scales as volume. By contrast, E,— E()’ #x;) is
usually much smaller. Hence, our method can considerably
tighten the bound for (|d(x;)2|y), yielding a reduction
in ¢max-

We note that, strictly speaking, obtaining reliable esti-
mates for quantum field theories requires accounting for
discretization effects and renormalization [137,142]. While
such an endeavor is beyond the scope of our paper, we offer
two brief comments on this matter. First, the Hamiltonian
generally needs to be renormalized. Here, we assume that
spatial and temporal scale setting has already been per-
formed and that the Hamiltonian parameters have been
properly tuned. Given such a Hamiltonian, one can then
construct the corresponding Lagrangian to perform
classical Monte Carlo calculations (see Appendix B).
Second, at a given spatial lattice spacing, matching the
quantities calculated from the Euclidean path integral to the
Hamiltonian formulation requires taking the Hamiltonian
limit of the path integral; that is, the temporal lattice
spacing must be taken to zero. In practice, careful extrapo-
lation to the ay — O limit is required.

In this section, we have described a technique to tighten
the JLP bound with the help of Euclidean path-integral
Monte Carlo methods. However, to further tighten the
bound, we need to combine this with a second technique,
which is discussed in the following section.

2. Further improvement: Incorporating the p-norm trick

Section IVA 1 lays out a basic method to tighten the
upper bound for (y|¢(x;)?|w). Nevertheless, recall from

needs to scale as

Eq. (8)
V(y|d*(x)|w) /e, where V is the total number of sites.

that the cutoff ¢

Thus, even after tightening the bound for (y|p(x;)2|w),
there is still a v/V factor in the cutoff. However, in certain
cases, this limitation can be circumvented. To achieve this,
we will use the p-norm trick. Instead of Eq. (8), we will
rederive an expression for the cutoff ¢,,,, using this trick,
which enables further improvement in the bound. We will
again use the scalar field theory as an example.

Instead of using Monte Carlo methods to bound
(w|d(x;)*|w) for ¢ field at a single site x;, we will attempt
to bound ¢ in a more “global” fashion. Let us define the
p-norm for the ¢ field operator as

. v 1/p
i = (L) (18)
i=1
When it acts on an eigenstate of the ¢b operator, we get

$(p)|¢17¢2""’¢v>
=[P +1a|? 4+ by |?) 2|1 pa.....py).  (19)

In particular, when p = co, we get the infinity norm

$(w)|¢17¢29 seey ¢V>
= max (|¢]. |¢

dv)|dr. ... dy).  (20)

5 PEEEE)

For convenience, let us denote
1§, = (1117 +1al? + -+ |pyl?) /7, (21)

so that we have ¢ ¢, ....y) = lpll,|b1, -, dy)-

By analyzing ||¢|| , instead of |¢;| at each single site, one
can obtain an improved error bound compared to Eq. (7).
Recall from Eq. (2) that, for a given state |y), there is an
associated probability distribution of ¢1, ¢,, ..., ¢, and the
truncation error ¢ is characterized by the probability for |¢;|
at any site i to exceed ¢,,c. Reference [24] bounds this
probability per site and then applies the union bound to
bound the total error ¢, thus introducing a /) factor. By
contrast, in our approach, since ||¢||, > |¢;| for all i, the
truncation error is upper bounded by the probability for
@], to exceed @y, Note, this result should hold for
general p. Here, we set p to oo.

Similar to the single-site case, we can bound the
probability for ||@||,, to exceed ¢, for a given state

\/ (w|(#*))2|w), which bounds both the

mean value and the standard deviation for ||¢|.. By
Chebyshev’s inequality, we have

lw) by bounding
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YANG, KANE, and JABEEN

PHYS. REV. D 114, 034517 (2026)

W@ )
¢max - <W| ((;5(00))2|W>

(22)

or in other words, given an error budget €, ¢, needs to be
chosen to be

> (e0))2
Dinax = (\i[+ 1> ()2 |y ~ M
(23)

which does not have the explicit v/V factor appearing in
the JLP bound in Eq. (8). The implicit dependence of

(|(#))2w) on V, as we will show, is usually much
more moderate. .

The bound for (y|(¢®))2|y) can be estimated using a
method similar to Eq. (11). We can define

. N D RN
Hy., :H—’?Eim%(fﬁ( 2, (24)

where 7 is a chosen constant. To ensure ﬁl:/,<m> , is lower
bounded, 7 should not be too large. Here, setting

n <1 is sufficient to ensure Ifl;“m)” is bounded below.
Let us denote the minimal eigenvalue of H;(m> by
M
Ez) e and its ground state by |Q¢(w>
is glven that (y|H|y) < E = E, + AE, we can now bound

(w|(¢")2|y) by

)~ Suppose one

2 (alwli) - alylfy 1)
’Ymo

(w|(¢"))2y) =

2 !
< —261(E0 - EO,

nmg ¢(°°)J1 + AE)’ (25)

where AFE is the physical energy scale to be chosen, while

a(Ey - E| 4 ) can be bounded similar to Eq. (14):
2 : 7 (c0))2
oz Ey = Ey ) S (@ |40, (29

©21Qw),) s
accessible by Euclidean Monte Carlo calculation:

where the expectation value <Q¢(m)’n|((z)

f’l)¢ 00 2 _S;(m)”[‘b]

fDd) ), ’

(@0 [ ()| Qpe0),) = (27)

where the modified action is given by

[Z%) 1

Sy, [ = SIp) — Z—n—

M a 2

mi(¢' = (1))*. (28)

Putting Eqgs. (25)—(27) together, we obtain

o o, 2
W) lw) < (Qyw (@ ))2|Q¢<w>,n>+WaAE
0
fp¢(¢(w 20 oo),ﬂm 2
_ g +odAE. (29)
e 0

To summarize, we propose the following procedure. One
can use Monte Carlo methods to numerically evaluate

(@ ,1())?|Qye) ). Which can be used by Eq. (29)

to bound (y|(¢'®)2|y). Having bounded (y|($'™)2|y),
the required cutoff ¢,,,, can then be obtained from Eq. (23).
Compared to the original JLP bound [see Eq. (8)], this new
approach improves the bound in two aspects. First, Eq. (8)
contains an explicit V/V factor, which is absent from
Eq. (23). Second, in the original JLP bound, there is another

implicit v/V factor in 4/ (w|¢*(x)|w), since the inequality
| (x)|y) < %aE is used, where E = E;,+ AE in
0

general scales linearly with volume. By contrast, the

expectation value (y|(¢*))2|y) in this approach is
bounded by Eq. (29), which is not expected to exhibit
such scaling. While (y|(¢'®))?|y) will still increase as the
volume V increases, the dependence will typically be much
milder than the linear dependence, as we will show in the
numerical results in Sec. VI A. In this way, one can greatly
reduce the required truncation cutoff ¢,,,,, and the achieved
saving factor, as will be shown, is close to V in practice.

B. 2+1D U(1) gauge-theory dual formalism

The approach presented in the previous sections can be
applied to other theories as well. A notable example is the
dual formalism of (2 + 1)-dimensional U(1) gauge theory
[35,170,171].

For the pure gauge theory, the degrees of freedom in this
theory are the electromagnetic field residing on the pla-
quettes. For periodic boundary condition, there can also be
two global loops besides the plaquettes. In this work, we
focus on the open boundary condition. For each plaquette,
there is a pair of conjugate fields: B and R such that
[B,.R,] =i5,,. where p and g are indices denoting the
location of the plaquettes and run from 1 to V), where V is
the total number of plaquettes. B is the magnetic field
operator, while R is the electric rotor operator. The
Hamiltonian takes the form

ZR pqq+azgzz . (30)
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where the coupling g has been rescaled to make it
dimensionless. M, , are the coefficients for the rotator
field term associated with the square of the lattice curl;
when p and ¢ are interpreted as matrix indices, M, , can be
viewed as a real, symmetric, positive-definite matrix. The
magnetic term in an alternative formulation can be written
as —%#Zp cos(B,,), referred to as the compact formu-

lation, while the expression in Eq. (30) is that of the
noncompact formulation [170].

The B and R fields here play a similar role to the ¢ and 7
fields in the scalar theory and likewise need to be truncated
for practical quantum simulation. In this section, we discuss
how the truncation error of the B field can be bounded by a
tightened version of the energy-based bound, similar to the
previous section.

As in the previous section, one can define B so that

BBy, ...,By) = max(|B|.....|By|)|B.....By). (31)

Similar to Eq. (23), given an error budget ¢, the cutoff B,
needs to scale as

B(e0))2
B = (%Jr 1) (y|(B)2|y) ~ M.

(32)

The expectation value (|(B(*))2|y) can be bounded using
the energy-based bound assisted by Monte Carlo methods.
Suppose that <1//|HU )W) < E = Ey+ AE, where E, is
the ground-state energy of HU( 1) One can define a
modified Hamiltonian I:I;ﬂ”),n as

I’_‘I/

11 .
By = HU(I) —U——z(B(w))zv (33)

and denote its ground state as |Q,
Eq. (29), we have

(oo).n>. Then, similar to

Ao . 292
1B 21y (@ (Bl )+ L 0t
(012, S5, Bl 5 2
:fDB(B ) /6 B +2iaAE’ (34)
[DBe s, n

where the modified action is

: 2,0l
Sg(oo),n[B —Z <aozgzz

Clol

aol

a2g (B")z_ 3292

where the real positive values 4; and the orthonormal real
matrix U are defined by the diagonalization of the M
matrix: M, , = >, U p,iﬂiU,T’q (see Appendix A for more
information on the M, , matrix).

Using Eq. (34) combined with Eq. (32), an improved
estimate for the cutoff B, can thus be obtained. The
numerical results can be found in Sec. VIB.

V. METHODOLOGY II: BOUNDING THE
CONJUGATE FIELD

In this section, we discuss methods to tighten the bounds
for the conjugate field variable, i.e., z field in scalar field
theory and R in the 2 4+ 1D U(l) gauge theory in dual
formalism. Improving the bounds for these variables turns
out be less straightforward than the ¢ field or the B field,
and the achievable resource saving is smaller. Nonetheless,
one can still tighten the bound compared to the original JLP
method. One may still use the Monte Carlo trick or the
p-norm trick with some modifications. The details are
presented in the following subsections.

A. 7 field in ¢* theory

To bound the 7 field, one cannot use a similar method to
Sec. IVA 2. This is due to the fact that, unlike the case for
the (¢*))? operator, it is no longer straightforward to
evaluate the (#(%))2 operator in a path integral or define a
modified action based on the operator. The path integral
used in the Monte Carlo trick is obtained by integrating out
the # field (see Appendix B). This step can be readily
carried out via a Gaussian integral for the standard
Hamiltonian, whose dependence on the z field is quadratic.
It also allows simple polynomial insertions, such as #(x)?,
to be evaluated through Gaussian moments. However, a
term involving (#())? does not reduce to the same
elementary Gaussian calculation, making it unclear how
to evaluate the relevant observable or obtain a modified

action analogous to the (¢(®))? case.

However, one can still derive an improved bound for the
7 field. One method to do so is as follows. Instead of setting
p = oo in the p-norm, one can use p = 2 instead. Namely,

3 ()2 (36)

Similar to Eq. (2), one can expand a state |y) in the
7 basis [24], giving a probability distribution in z(x;),
7(X3), ..., #(Xy). By a similar argument, for a chosen
truncation 7, the truncation error € is the probability that
any of |z(xy)], |7(X1)|, |7(xy)| exceeds 7, Defining

Il = /2o, (7x,)°,

all of |z(xy)|,|7(x,)|, |7(xy,)|. Thus, the truncation error is
upper bounded by the probability for ||7t||, to exceed 7,-

one can see that ||7t||, upper bounds
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Thus, similar to the argument in Eq. (23), one can choose the
required 7, for a given € as

s = (1) W1 Pl

- l//I(ﬂ Iw /20 (37)

have used that L1(y|1(#?)%|y) =

o w33k, (1) lw) < E assuming <w|H|l//> E.

Notice, in general, unlike (1 (z{*))?), which should
have a very mild dependence on volume, the expectation
value (|1 (#?)?|y) should scale linearly with volume
because it is a sum of V positive terms. Hence, in terms
of asymptotic scaling in V, one cannot obtain a more
optimized bound than 1(y|l(#®)2|y) <E. For this
reason, combining the Monte Carlo technique used in
Sec. IVA 2 with the p-norm technique here would likely
yield only marginal, if any, further benefit.

In comparison, using the original JLP bound [24], one
obtains

o= (/21 i ~

V-2aE

€

where  we

V| (7(x:))*|w)

(38)

where X; is one of the lattice sites and 1 (w1 (7(x;))*|y) <E
is used.

Comparing Eq. (37) to Eq. (38), our method tightens the
Tmax CUtoff by a factor of v/V. Notice, while Eq. (37) is free
of the explicit /) factor in Eq. (38), there is still an implicit
VA% dependence from the VE factor. A factor 'V improve-
ment is not as drastic as the nearly a factor of )V improve-
ment in the ¢ field case (see Secs. IVA2 and VIA).
Nevertheless, this is still a considerable improvement.
Numerical results are presented in Sec. VIC.

While the p-norm trick is most powerful when combined
with the Monte Carlo trick (see Sec. IV A 2), the present
example shows that it can also be useful as a stand-alone
technique in settings where a Monte Carlo calculation is
unavailable or unnecessary. In particular, when the trunca-
tion cutoff can be effectively controlled by bounding the
energy contribution of an aggregate term analogous to
(w| >y, (#x,)*lw) rather than individual terms, as in the
scalar field theory considered here, one may obtain an
analytic reduction of the field truncation by a factor of v/V
“for free,” with minimal additional effort required.

Note, instead of the p-norm trick here, one can alter-
natively use the Monte Carlo trick similar to Sec. IVA 1 to

tighten the bound for /(y|(#(x;))*|y) at a single site,

achieving a factor of \/V saving, though the two tricks
cannot be combined to achieve further improvement.

B. R field

For the electric rotor field R in the dual formalism of 2 + 1D
noncompact U(1) gauge theory, one can also obtain an
improved cutoff. The method as in Sec. IV B will not be
applicable due to the difficulty of evaluating the R (=) field in a
path integral or incorporating this term in the action. In the last
section, we described a method where we work with #(?)
instead of #(®). However, there are cases where this method
would be ineffective. For example, in the 2 + 1D dual
formalism U(1) gauge theory here, the maximum A,,,, such
that Hy(p) = Amax é% (R@)? stays positive semidefinite will
decrease considerably fast as the system volume decreases
(see Appendix A 1), which renders the bound (y|(R®))2|y) <
ﬁ%aE looser and looser as the lattice size increases. Hence,
in this section, we will outline an alternative method.

To bound the R field, we will use the Monte Carlo trick for
a single site, similar to Sec. IV A 1. Rather than working with
a global operator R?) or R(®), we will bound the field value
R, at each individual plaquette p. Given an error budget €, by
the union bound, it is sufficient to make sure the truncation
error at each plaquette is smaller than ¢/). Hence, the field
truncation value at plaquette p4 can be chosen as

V
R = (12 41)

Then, instead of
(wl(R,)ly) <
obtain an 1mpr0ved bound. One can choose a value 7 such that
Dors R.M, R, —n(R »)? is still positive semidefinite, so that

the modified Hamiltonian A , = Hyqy — L% (R,)* will

using the simple  bound
3 2 oE, we will use Monte Carlo methods to

stay lower bounded. The maximal value for # has a mild
volume dependence; see Appendix A1 for more details.
We denote the ground state of the modified Hamiltonian

by |QR,»'7>' Denote M), =M, ;—né, ,0,,, and denote its

SO, UL AU’ Then, similar to

. o ;L
diagonalization as M, ;= i

Sec. IVA, assuming (y|H|y) < E=E,+ AE, one can write

(wl(R,)|y) < (Qp, (R )2IQR,),,7>
5]

Al
_ /DB R3¢ o 2
[ DB ¢ Stral”! T 40
e P

2
+ —ZCZAE
ng

“Because the open boundary condition breaks the translation
symmetry in plaquettes, a cutoff B, ,,,« needs to be determined
for each plaquette p. This incurs a polynomial overhead in the
classical Monte Carlo computation; however, this is acceptable
given the substantially lower cost of classical resources compared
to quantum computation.
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where the modified action S}e,, is defined as

2o (U)74(By(t + ap) —

a 1
y—ze_
R,.n - ao 292

A

(41)

and Rf, is an expression in terms of B that corresponds to the expectation value of IA?%, defined as

(1 +ag) =

r(t + 610)

ZU 51/ _ an(U/)z?:q<
pii PJ aogzl’ aOQZ/%

where the detailed derivation is given in Appendix B 2.

Hence, the workflow will be as follows. Using
Monte Carlo methods, one can numerically estimate
<QRI”,1\(IA€],)2|QRM). Then, from Eq. (40), one can obtain

an upper bound for (y|(R,)?|y). This leads to an estimate
for the required cutoff R, .« by Eq (39). Compared to the
2 lw) < p 2 4E with E

scaling linearly with system volume, the bound obtained in
Eq. (40) will have little volume dependence. Hence, with
this method, a factor of v/V saving is expected. Thus, in
cases where the p-norm technique used in Sec. VA is
unsuitable, one can still apply the Monte Carlo technique
described here and achieve a similar level of resource
saving. The numerical results are shown in Sec. VID.

simple bound where one uses (y|(R

VI. NUMERICAL RESULTS

In this section, we showcase the numerical results for the
improved energy-based bound. The Euclidean path-integral

By( ))) <aZ AU} (B

BN e

apg* X

calculations were performed with a standard Metropolis
algorithm. After an initial thermalization phase, configu-
rations were sampled every few hundred iterations, depend-
ing on the system volume. To properly account for
autocorrelation effects, the statistical uncertainties of the
estimated observables were derived using a binning analy-
sis. The temporal lattice spacing is set to be ay = 0.05 in
lattice units a. For more details, we refer readers to the
source code [176].

A. Bounding ¢ field in ¢* theory

As described in Sec. IV A 2, to obtain the cutoff ¢,,,, in
the ¢* theory, one needs to first upper bound
(y|(¢*)2|y), which requires a numerical estimation
for (Q¢(m)_n|(45(°°))2|Q¢(m)’n>. we perform a
Monte Carlo calculation to evaluate it; at the same time,
we also compute the ground-state energies E, of H and
E, gy OF a 4=, 10 support our claim that £ and Ej 4

Hence,

- F, °
Ef 0, . 154
- EO - E(;,q)"“’,n ” Q
20 %
< . > \ [
= = 1.0
. S +
. :
g 021 $ + B
2 10 o o}
& NEER & t
R 0.1 R r;j 0.54
L2 4B - B,
’ R !
04 e ° o ° . . o . - <(2 o) |( (x))2|Q oo >
T T T 0.0 T T T
10 20 30 10 20 30
Ny Ny
(a) (b)
FIG.2. Comparison between energy scales. (a) The ground-state energy E, of A, E:) ¢(m of I:I’ and their difference E( — E() 4
at different lattice sizes Ng. The inset plot shows a close-up plot of Ej — E0 ¢ . (b) The Value of 2a(Eo E6 c/J("")n) and
(Q¢(m;$n|(¢ 0 )2|Q¢<w>.q), either of which can be used to derive a bound for (y|(g' ) ly) [see Egs. (25) and (29)].
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scale linearly with volume, while their difference has a
much weaker scaling. For this purpose, we use path-
integral Monte Carlo with anisotropic lattice spacing. In
lattice units a, the bare mass is chosen to be my, = 0.5, and
the bare coupling is chosen to be 4y, = 16. The factor 7 is
set to 1 here. The temporal extent of the lattice is 500 sites.
The results are shown in Fig. 2. In Fig. 2(a), we plot E,

] ] . ; S
Eo, 4 and E, — Eo, o against the spatial lattice size

Ng. As shown in the plot, E, and Eg 5 have roughly
linear scaling as the volume, both being much larger than

1/a, whereas their difference Eq — Eg 5 is much smaller

at large volumes. Considering that the “physical” energy
AE as in Eq. (12) will typically be small compared to 1/a
in scattering, the dominant source of energy in Eq. (12) for
the JLP bound will be the vacuum energy E rather than

AE. In Fig. 2(b), we plot the value of #a(EO —E| e,
5 P\

and <Q¢<m>’n|($(m))2|§2¢<m>n> at different Ng, the latter of
which is an upper bound for the former according to
Eq. (26). As shown in the figure, up to statistical uncer-
tainty, <Q¢<m),n|(&5(°°))2|Q{/)(m)ﬂ> provides a reasonably tight

upper bound of ﬁa(Eo -E while having much
0

0. )
0’(/)(00)”7 s
less statistical uncertainty. Also, notably, as one can
. 7(0))2
observe from the figure, (Qd)(m)”|(¢(°°)) Q) ,) does
increase as the system volume increases, but the growth
is very mild compared to the increase in E,. Hence, in
general, one can typically achieve a much tighter energy-
based bound using the energy difference Ey+ AE —

E:) P rather than the total energy E, + AE.

With <Q¢(m)’n|($<°°))2|Q¢(m)ﬂ> estimated, one can obtain
a bound for the truncation error. For a given value of AE, by
putting the value of (€| (q?§<°°))2|Q¢<w),,,) back into

- Original JLP method ‘
8001] -« This work .
600 1
< 400 1 ’
200 ‘
0 " T T T
10 20 30
Ny
(a)

FIG. 3.

Eq. (29), one can obtain a bound for (y|(¢®))2|y) if
(w|H|w) < E) + AE. Then, plugging the bound for
(y|(¢*)2|y) into Eq. (23), one can obtain an optimized
bound for the truncation ¢,,,, given an error budget ¢, as

Pmax = (Jz+ D1/ (w](@'))2|w). In Fig. 3(a), we plot the

truncation ¢, in our method as compared to the bound in
the original JLP method. The error budget € is set to 0.01.
The energy relative to the ground state is set to AE < 1/a,
which should be sufficiently large for scattering problems.
In Fig. 3(b), we present a close-up plot of the truncation
bounds in this approach. As shown in the plot, at larger
values of N, the improved estimate for ¢, is smaller than
the original cutoff by a large factor. This demonstrates that
the original energy-based bound can be significantly
tightened.

To understand the asymptotic scaling of ¢, at large
volumes, one can examine Eqs. (29) and (23) and note that

the cutoff ¢, scales as \/<Q¢<&>ﬂ|(éﬁ<°°))2|9¢<w),,,) as the
volume increases for a fixed AE. The numerical results
for the volume scaling of <Q4)<m>ﬂ|(&7(""))2|Q¢<W).ﬂ) can be
found in Fig. 2(b), but an analytical form is difficult to
obtain. To gain physical intuition, consider the simplified
scenario in which the field value ¢(x;) at each site followed
a Gaussian distribution independently, then the expectation
value ((¢*))2) could be shown to scale logarithmically at
large volume [177,178]. Realistically, the distribution of ¢
inside the [Q,),) state is much more complex and

involves intersite correlations; thus, the scaling may not
remain logarithmic. Nevertheless, as shown in Fig. 2(b),

the volume dependence of () | (§)2Q ple) ) 18 very
mild, appearing to be logarithmic or algebraic with a low
exponent.

50
40 4
304
%
<
20 4
10 A

0 T T
10 20 30

Ny
(b)

Estimation of the required truncation cutoff ¢, at different lattice sizes Ng. The error budget is set to be ¢ = 0.01, and the

energy above vacuum AE is set to 1/a. (a) The comparison between the original JLP method and the approach in this work. (b) A close-

up view of the truncation scales of the latter.
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10
21 b 1 +
150 o ¢ o
14 . . E
SN g i
= T T T = } }
1004 4 8 12 | g t
2 e}
oo <
Gs_.; + 5 b ]
=] 3 ¢
= Py —-— EO 2
50 / "
| EO,B"(‘J] €2} : 1 ) ,
- EO — E(;YBMJI +52g G(EO — EO,B'”.U)
! D 2
o4 8§ . . . . . . - <QBL1)‘U|(B(OO)) |QB"M.”>
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(a) (b)

FIG. 4. Comparison between energy scales. (a) The ground-state energy E, of ﬁIU(U, E

_ A
Ey EO.B(“’J,;

! g : :
o, OF Hye » and their difference

, at different lattice sizes Ng. Each lattice has Ng x Ng plaquettes spatially. The inset plot shows a close-up view of

Ey = Ef pe) - (0) 297 a(Eg - E;).B(‘”).r/) and its upper bound (QB(M)JI|(B(""))2|QB<00),”>.

B. Bounding B field in 2+ 1D U(1) gauge theory
in dual formalism

Similarly, we performed an anisotropic path-integral
Monte Carlo simulation for the 2 + 1D U(1) gauge theory
in dual formalism. In lattice unit a, the bare coupling is
chosen to be g = 1.0. The temporal extent of the lattice is 200
sites. The factor 7 is set to be 1/2. The calculation is
performed on Ng x Ng plaquettes with open boundary
condition. Using the Monte Carlo calculation, we obtain
the ground-state energy E, of the Hamiltonian I:IU(U, the

ground-state energy E’O B of A ;;@) » and their difference
Ey,— E() B The results are shown in Fig. 4(a). In Fig. 4(b),
we plot %292a(E0 - EZ).B<°°>,;7) along with its upper bound
<QB(W)J7|(B(""))2|QB<W>J1>. Similar to the ¢* theory case, E,
and E(J B become large at large volumes. On the other

- Original JLP method I
This work
2000 - .
5 !
1000 - -
0 h : T T T T T T
2 4 6 8 10 12 14
Ny
(a)

FIG. 5.

hand, the volume dependence of E;— E’0 g, OF

<QB<m)7n\(B(""))z\QB(w).n) is much milder, suggesting that
they can offer a tighter energy-based bound at large volumes.

Once <QBM)‘”|(B(""))2|QB(OO>J1> has been bounded, one
can use Egs. (32) and (34) to obtain the needed cutoff B,
given an error budget e. In Fig. 5, we compare the B,,, as
obtained in our approach with the B, obtained from the
original JLP method. The error budget € is set to 0.01, and
the allowed energy with respect to vacuum AF is set to be
1/a. As shown in the figure, the improved bound is
significantly tighter than the original energy-based bound.

C. Bounding 7 field in ¢* theory

Using the method in Sec. VA, we can obtain a bound
for the truncation error in =z field. We assume

(w|H|y) < E = Ey+ AE, where E, is the vacuum energy

40
30
2
m: 20
10
0+ T T T T T T
2 4 6 8 10 12 14
Ny
(b)

Estimation of the required truncation cutoff B,,, at different lattice size. Each lattice has Ng x Ng plaquettes spatially. The

error budget € is set to 0.01; the allowed energy above vacuum AE is set to 1/a. (a) The comparison between the original energy-based
bound and the approach in this work. (b) A close-up view of the truncation scales of the latter.
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- Original JLP method :
4001| -~ This work .
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FIG. 6. Estimation of the required truncation cutoff for x field at different lattice sizes. The error budget € is set to 0.01.aAE is set to 1.
(a) Comparison of the obtained z,,, between the original JLP method and the approach in this work. (b) A close-up view of the latter.

of H. As a numerical example, we set aAE = 1, while E,
is estimated using the path-integral Monte Carlo method.
The settings are similar to those in Sec. VI A. According to
our improved bound Eq. (37), the cutoff for z should be

chosen as 7, ~ % whereas by the original JLP bound,

V-2aE
€

one would have 7z, ~ . We compare x,,,, obtained

from the two methods in Fig. 6. As shown in the figure,
while 7, in our method also grows with the volume, it is
nevertheless much smaller than the 7, in the original JLP
bound at large volumes.

D. Bounding R field in 2+ 1D U(1) gauge theory in
dual formalism

Using the method in Sec. V B, we can obtain the truncation
bound for the rotor electric field R. As an example, we

034,
1504 g5 \
s nl 11|
0.0 T T T
= ool 4 8 12
e
o0
—
=
4] o ~ K,
50 4 '
] EO.RZ,,’I]
!
| e Eo - EO.RZ, n
04 H 3 ° ° . ° °
2 4 6 8 10 12 14
Ny
(a)

estimated the required cutoff for R, at plaquette position
(1,1). The cutoff for other positions can be obtained analo-
gously. Here, the factor # is chosen to be n = %nmax, where
fmax 18 the maximal # such that )~ R.M, R, —n(R »)2 s
positive semidefinite, and #7,,,, is volume dependent (see
Appendix A 1). Other settings are similar to those in
Sec. VIB. We plot the ground-state energy E, of the
Hamiltonian HU(I), the ground-state energy E;QM of
ﬁ%p-’l’ and their difference E, — E&_RM in Fig. 7(a). Then,

in Fig. 7(b), we plot %g% a(Ey = Eyy, ,) along with its upper

bound (QRP,,?|(IA?,,)2\QRM>. As expected, Ey and Eyp ,

become large at large volumes. On the other hand, the
volume dependence of Ej;— Ef),Rp’” is very small

<QR,,,W|(RP)2|QR,,,;7> is nearly constant in Fig. 7(b).

0.8 _._1_20,(E0 — E(,),R,,.,n)

]
= 0.64
<
>
o
S
= 0.4
+ °
Q
] + L]
Q L[]
&
0.2
0.0 1= . . | .
2 4 6 8 10 12 14
Ny
(b)

FIG.7. Comparison between energy scales. (a) The ground-state energy E, of H u(n)» Eo, R, of IEI}QM, and their difference E, — E, Ry
at different lattice size Ng. Each lattice has Ng x Ng plaquettes spatially. The inset plot shows a close-up view of Ej — E6~R,;J’I'

(b) %%a(Eo - E’O‘RM) and its upper bound <QRI,.17‘(R17)2|QRI,.17>'
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Estimation of the relative scale of truncation R, for plaquette at position (1,1) at different lattice sizes. Each lattice has Ng X Ng

plaquettes spatially. Here, aAE is set to 1. In (a), we plot the required truncation cutoff R, .« as obtained in our method and in the

original JLP method. (b) gives a close-up view of our results.

Once (Qg ,|(R,)*|Qx, ;) is evaluated, the cutoff R, pax
can be determined from Egs. (40) and (39). In Fig. 8, we
compare the obtained R, 1.« of our method with that from
the original JLP method. As shown in Fig. 8(b), the bound
obtained in our method appears to increase linearly
with Ny, i.e., scales as V/V. On the other hand, as shown
in Fig. 8(a), the bound in the original JLP method displays a
considerably faster rate of increase. Hence, the method
outlined in Sec. V B can still effectively tighten the cutoff
choice for R in this case.

VII. TIME-EVOLUTION COST REDUCTION

In this section, we discuss the implication of our
improved error bounds for Hamiltonian simulation.
Tightening the field truncation reduces the number of gates
required to simulate time evolution in two ways. First,
because fewer qubits are needed per site, the local
Hamiltonian terms are simpler and so are the circuits
needed for time evolution. Note that, because the number
of qubits per site n,, scales as 1, = O(102) PmaxTmax) [24],
combined with the fact that the gate cost scales polyno-
mially with n,, the savings from a reduced qubit count
is O(polylog(V)).

The second, and more important, reduction stems from
the dependence of time-evolution algorithms on the norm
of the Hamiltonian terms. By justifying a smaller truncation
cutoff, the norm of the truncated Hamiltonian is corre-
spondingly reduced by a polynomial factor. This reduction
tightens the resource estimates for simulation algorithms
like Trotterization or quantum signal processing. We
emphasize that our improved truncation bounds apply to
the state truncation error, while the dynamical error
introduced by evolving according to the truncated
Hamiltonian is left for future work. Nevertheless, any
rigorous reduction of the cutoff must first ensure that the
relevant states are faithfully represented, so tightening the
state truncation bound is a necessary prerequisite.

Therefore, our improved state truncation cutoff can unlock
potential savings of O(poly(V)) for time-evolution
gate cost.

As two representative algorithms, we consider simula-
tion via product formulas (Trotter) and QSP-based algo-
rithms. For simplicity, we consider the asymptotic gate cost
reductions from our improved truncation bounds, and leave
detailed gate cost analysis for future work; we take the
asymptotic gate complexities from, e.g., Refs. [179-181].

Consider first simulation using product formulas. The
overall simulation cost is determined by multiplying the
gate cost of an individual Trotter step by the total number of
steps required to achieve time evolution over a duration ¢
with accuracy €, Here, the error is quantified as
€im = ||U(2) = S,(2)||, with U(r) denoting the exact
time-evolution operator and S, () the corresponding pth
order product-formula approximation. Each Trotter step
consists of multiple stages, where each stage typically
involves exponentiating the individual terms of the
Hamiltonian. To demonstrate the possible improvements,
we consider a first order product formula. The required
number of Trotter steps Ny, for a first order product
formula is bounded by [129]

~ t2
Nsteps Z Feomm . (43)

€sim

Here &, characterizes the degree of noncommutativity
among the Hamiltonian and is given by &.omm =
O(||[& 4. H,]||), where A, and H, contain all the ¢ and
7 terms, respectively. Using the canonical commutation
relations, the dominant term in &,y 1S

Geomm = OWVI|[#2, ¢][1) = OV ttmaias).  (44)

As previously mentioned, the number of gates per Trotter
step scales as O()). Using these results, up to multiplicative
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logarithmic factors, the asymptotic scaling of using first
order Trotter to simulate time evolution for fixed ¢ and e, is

GatesPF((ﬁmaxv T max s V) = @(Vzﬂmaxqsgnax)' (45)

Using the original bounds in Ref. [24], ¢ib, and mhny
scale as O(V), while using our methods we have (observed)

ous — A(1) and 7% = O(V/V). The expected asymp-
totic gate cost reduction in the number of sites from using
our improved bounds is therefore

Gatespr (. Thin. V)

ours __ours
GateSPF( max> Zmax » V)

= OV?). (46)

Using similar arguments for the 2 + 1D U(1) lattice gauge
theory, we find asymptotic improvements of

b pil
Gatespg(Bhiax, Rl V)

= OV, 47
Gatespp (B?ﬁ‘;,?, R?I;lar)i’ V) ( ) ( )

Another common approach to simulating time-evolution
is QSP [168,182-184]. The building block in such
approaches is a block encoding of the Hamiltonian Uy,
where one embeds the Hamiltonian in a larger, unitary,
matrix. To embed H in Uy, it must be scaled down by f
such that ||[H /|| < 1. This so-called scale factor f directly
affects the cost of time evolution, and, as we will see, our
methods for bounding ¢,,.x, Tmax dramatically reduce the
size of the scale factor.

Using QSP, by performing repeated calls to Uy alter-
nated with parametrized single qubit rotations, one approx-
imates e~f" using a truncated Jacobi-Anger expansion.
The dominant cost is the queries to Uy, which to simulate
for time ¢ to error €, scales asymptotically as [168]

Ny, =0 (ﬂt +log (elm> ) . (48)

If Cy,, is the number of gates to construct Uy, then the cost
of time evolution is Gatesgsp = Ny, - Cy,,. Because the
scale factor f grows with system size, one generally has
pt > loge%, and the cost is essentially proportional to

pt- Cy,,. This implies that cost reductions for QSP time
evolution can be determined by taking ratios of the scale
factor # multiplied by the number of gates to implement the
block encoding.

From Refs. [179-181], one can block encode the scalar
field theory Hamiltonian with scale factor whose asymp-
totic scaling is

p= O(V[ﬂrznax + d’ﬁmx]) (49)

This expression shows that reductions in 7z, and ¢, lead
directly to reduced simulation cost by reducing f.

Similar to the Trotter case, the number of gates required
to block encode H scales as Cy, = O(V). The expected
asymptotic gate cost reduction can be found by taking
ratios of f, which gives

GateSQSp(df];L%x, ﬂJILl::lX? V)
Gatesgsp (P, 7043, V)

= O(). (50)

In a similar way, the asymptotic improvements for the 2 +
1D U(1) lattice gauge theory are

GatesQSP (BJ[L%X . R{L%x N V)
Gatesqsp (B Riaxs V)

=0WV). (51)

To summarize, while our improved truncation strategies
only result in polylog()) reductions in the number of
qubits per bosonic mode, our improved bounds lead to
poly(V) asymptotic reductions in the number of gates
required to simulate time evolution of the truncated
Hamiltonian using both Trotter methods and QSP.
Because the cost of a given time-evolution algorithm
generally depends on the norm of the Hamiltonian terms,
we expect similar gate reductions for time evolution
broadly.

VIII. CONCLUSION

In this work, we analyze the energy-based boson
truncation error bound introduced by JLP [24] and develop
a strategy to tighten it. We identify two sources of looseness
in the original JLP bound. First, many terms are unneces-
sarily discarded in the original derivation of the energy-
based bound. Second, the lack of detailed information on
the field-value distribution leads to the use of pessimistic
bounds. Incidentally, we also note an often underappre-

ciated feature of the original result: Beyond the explicit v/
. . E .
factor in the truncation cutoff ¢ ~ . /n‘;—ge, there is

typically an additional implicit v/ contribution arising
from v/E, which makes the volume scaling of ¢,,,, worse
than it may initially appear.

To tighten the bound, we introduce two complementary
techniques: a numerical Monte Carlo trick and an analytical
p-norm trick. The Monte Carlo trick tightens the inequality
by numerically bounding the discarded terms in the original
derivation of the JLP bound, while the p-norm trick
exploits global information about the field’s probability
distribution rather than treating each lattice site independ-
ently. These two methods can often be combined, as in the
case of the ¢ field, leading to substantial improvements at
large volumes. At the same time, each method can also be
useful on its own. In particular, in certain cases, the p-norm
trick can serve as a stand-alone technique to gain a “free”
factor of 1/} improvement over the original JLP bound
with minimal additional effort.

034517-16



TIGHTENING ENERGY-BASED BOSON TRUNCATION BOUND ...

PHYS. REV. D 114, 034517 (2026)

Applying this framework substantially reduces the
required boson truncation cutoffs. For the ¢ field in the
1 + 1D ¢* theory, our numerical results demonstrate that,
for a fixed error budget ¢, the required cutoff ¢,,,, exhibits a
very mild dependence on V), appearing to scale logarithmi-
cally or algebraically with a low exponent, rather than
linearly. Relative to the original energy-based bound in
Ref. [24], this corresponds to nearly a factor of VV improve-
ment. For the conjugate field z, however, the currently
available techniques yield more modest gains. In this case,

the resulting cutoff 7,,,, scales as /V. Compared to the
linear V dependence of the original JLP bound, this still
represents a factor \/V reduction. Furthermore, our meth-
odology is not limited to the ¢* scalar theory and can be
applied to other theories. As an application to gauge theory,
we apply our method to the 2 4 1D noncompact U(1)
gauge theory in the dual formalism, obtaining improved
truncation cutoffs for the magnetic field B and electric rotor
field R. The resulting reductions are similar to those
obtained for the ¢ and z fields in the scalar field theory,
respectively.

Although our approach makes use of -classical
Monte Carlo calculations, it is not inherently ‘“more
numerical” than the original JLP bound. Notably, the
original bound also requires numerical input: The energy
E appearing in the bound includes the vacuum energy E,,
which generally must be evaluated numerically in the
absence of an exact solution. From this perspective, our
work does not introduce additional numerical require-
ments; rather, it clarifies the necessity of such calculations.

Because our approach builds on the energy-based
framework of Ref. [24], it inherits some of its limitations.
First, the error bound decays only polynomially with
respect to the truncation cutoff, which is not asymptotically
optimal when compared to alternative methods. Second, the
analysis focuses on the fidelity of the truncated quantum
state and does not account for the dynamical error intro-
duced by truncating the Hamiltonian. Extending the present
results beyond the scope of the current analysis remains an
important direction for future work.

Additionally, while the present work focuses on purely
bosonic theories, many lattice field theories of interest
involve fermionic degrees of freedom. A natural next step is
therefore to extend the improved energy-based bound to
theories containing fermions. In principle, the core ideas
introduced in this work can be carried over to such settings,
although this requires handling the additional complica-
tions that arise from a fermionic path integral. We plan to
pursue these extensions in future work.

Finally, we emphasize that the energy-based bound is not
mutually exclusive with other truncation methods but can
instead complement them. For example, Ref. [151] derives
bounds on quantum number growth during time evolution,
assuming a bounded initial state; energy-based methods can
help establish such bounds for the initial state itself. More

broadly, we hope that the techniques introduced in this work
will inspire new ideas and prove useful in related studies.
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APPENDIX A: 2+1D NONCOMPACT UQ1)
GAUGE THEORY IN DUAL FORMALISM

In this section, we include a brief introduction to the
241D U() gauge theory and describe how the dual
formalism [35,170,171] can relate to the Kogut-Susskind
formalism [30]. In Kogut-Susskind formalism, the degrees
of freedom for the gauge field reside on the gauge links. On
each link, the gauge field is described by the gauge link U,
and the electric field E;, with commutation relation
[E,,U,] = 6,,,U,. By contrast, the dual formalism uses
the plaquette degrees of freedom B, and R,,. They can be
related to U; and E,; as follows. One can define a plaquette
Wilson loop P, as P, = Uf,Uﬁ+@x(0ﬁ+@j)"'(0ﬂ)"'. Then,
for a plaquette p, one can define B, as P, = e'r. At the
same time, R is known as the rotator electric field, and can
be expressed as linear combinations of the electric field on
gauge links. In the example shown in Fig. 9, one has
By =R Epy=—Ri, E ;

(0.0) 10 =R —Ra Efg )

—R, +R;, etc. With such definitions, one can see R and

B follow commutation relationship [B p,Rq] =i5,,. One

can also write down the Hamiltonian for the dual formalism

based on the Kogut-Susskind Hamiltonian, which has two

gauge field terms A and Hp, with H = %ﬁzp Tr[2 -
2

P, —Piland Ay =125~ E?. For the magnetic field term,

f7 11 5 _ pt o
HB—EﬁZpTr[Z—Pp—Pp}, one can rewrite it as

I:IB = %gLZ Zp (1
ﬁ >~, B2. The former is referred as the compact formu-

- cos(ép)), or alternatively H, =

lation, while the latter is referred to as the noncompact
formulation [170]. Both should agree in the continuum
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FIG. 9. An illustration of a lattice system of 2 x 2 plaquettes
with open boundary condition.

limit. The electric Hamiltonian Hj = é%Z[ E? can like-
wise be expressed in terms of R),. In the example given in
Fig. 9, the electric Hamiltonian can be written as

A

14 . A A A
Hp = 53(4(R% + R+ R5+RY)

—2(RiRy + Ry Ry + RyRy + R3Ry)). (A1)

In a more concise fashion, one may write
Hr qu R,M, R, where the matrix M, , in this
example is
4 -1 -1 O
-1 4 0 -1
-1 0 4 -1

In more general cases, M, , can also be obtained straight-
forwardly from the relationship between E and R field. It is
not hard to see that M, , will always be a real symmetric
positive-definite matrix.

To summarize, in the noncompact version of the dual
formalism, the pure gauge Hamiltonian can be written as

ﬁU(l ZRpMpq q +a2922 B

For context, we note one motivation discussed in
previous work on the dual formulation [170]. In the
weak-coupling regime, the wave function width in the
magnetic basis is argued to scale as ~g, suggesting that
the magnetic field distribution is localized near B = 0 and
might permit a relatively small truncation cutoff. This
differs from the standard Kogut-Susskind formulation,
which uses compact gauge-link variables defined modulo
27 across all couplings. In the present work, we do not

(A2)

attempt a formulation-by-formulation resource compari-
son, but instead use the noncompact dual formulation as a
gauge-theory example to demonstrate different aspects of
the improved energy-based truncation bound.

1. Property of M, , matrix at large lattice size

To be able to use the energy-based bound for the dual
formalism U(1) gauge theory, the properties of the M, ,
matrix need to be studied.

As mentioned in Sec. V B, the maximal 4,,, such that

Hy() = A 15 Z (R,)? is positive semidefinite will
decrease con51derably fast as the lattice size increases.
Here, we will discuss the reasons. To make sure the modified
Hamiltonian is positive definite, the electric part needs to be
lower bounded. In other words, M — A,/ should be lower
bounded. Correspondingly, 4.« is the minimum eigenvalue
of the M matrix. In Fig. 10, the minimum eigenvalue is
plotted against the lattice size Ny, where the lattice has
Ng x Ng plaquettes. As shown in the figure, the minimum
eigenvalue of M decreases considerably fast as N increases;

hence, the bound (|(R®)2|y) < —?aE is unsuitable to

use for large lattice size.

On the other hand, to use the proposed methodology as
described in Sec. V B, one needs to ensure that M, —
16,0, is positive semidefinite for a chosen plaquette p.
To derive a bound for maximum 7, note that we can write
MI/Z(I I’]M 1/2e eTM 1/2)M1/2

M —ne e}, (A3)

and that the rank-1 matrix M~"/?¢,elM~1/2 has a single

,i.e., (M‘l)p’p
» has only non-negative eigenvalues,
one needs to make sure n(M~') =< 1. To make sure

pp =
the inequality holds for all plaquettes, one can choose

eigenvalue being e,M~'e, . Thus, to make

sure M —ne,e

201 - « Minimum eigenvalue
]
=
= 151
>
=
&)
oo .
(&)
o 10+
=
= .
E
= 0.5 ‘
..
L]
0.0 - ...."'f'-o.ooo....---.-...T ..........
0 20 40

Ns

FIG. 10. Minimum eigenvalue for the M matrix for different
lattice sizes in 2 + 1D dual formalism U(1) gauge theory.
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s = 1/ max(diag(M~")), (Ad)
where diag denotes taking the diagonal entries of the matrix.
In Fig. 11, .« 1s plotted against different Ng. As shown in
the figure, 77, decays slowly at large N . Hence, the bound
given by Eq. (40) will still be useful at large Ng.

APPENDIX B: DERIVATION OF PATH
INTEGRAL

In this section, we describe how one can obtain the path-
integral expression used in the main text, e.g., Eqs. (17),
(41), and (42), as well as how one can calculate the vacuum
energy. We will summarize the main ideas here. For
additional reference, a pedagogical discussion of the
path-integral formulation can be found in standard lattice
field theory texts [9,185,186].

Consider a Hamiltonian A and denote its eigenstates
by |n), with |0) being its ground state. Given an operator O
and a large positive timescale 7, we have

Tr[e—IfIT/zée—I:IT/z]

Tr[e=H7]

B S, <n|e—131T/2Oe—HT/2|n>
32, (nle T |n)
_ >ue 5 (n|Oln)
- Zne_E"T
(0/0]0) + En;eoe_(E”_EO)T<"|O|”>
S
~ (0]0]0) + O(e~ET),

(B1)

where E; is the energy difference between the ground state and
the excited states, and exact equality can be obtained in the
limit 7 — oco. In this way, one can relate the ground-state
expectation value of O to the object Tr[Oe~7] and Tr[e~/7],
which have a path-integral interpretation. In the following two

3 4
: 21 ...
f ®e oo.....
1 .
0+ T T
0 20 40
Ny
FIG. 11. #, for different lattice sizes in 2 + 1D dual formal-

ism U(1) gauge theory.

subsections, we will review how Tr[Oe~"T] and Tr[e~/7]
translate to path integral in the case of the scalar field theory
and the 2 + 1D U(1) gauge theory in dual formalism.

1. Path integral in scalar field theory
Here, let us first consider Tr[e~#7]. To convert this into
the form of a path integral, we can insert complete bases of
states at different time slices. First, suppose T = Nay,
where a, can be interpreted as the temporal lattice spacing,
then one can write e~17 = (e7H%)N Then, notice that the
identity operator can be written as

1= / Do Ib) (). (B2)

where D¢ = [ [, dp(x), and |¢) is a shorthand for

@) =9(x1)) ® [¢(x2)) ® ... @ [$(xv)).

Hence, one can write

et = | [ Doigglete )]

_/'D¢1D¢2...D¢N<¢N|e_ﬁa0|¢N—l>

X (Pn-1 |€_ﬁa° lPpn_2)...
X (hale 0| ) (py e~ 0 py).

Here, the subscript j for ¢b; denotes the temporal slice, not
the spatial index. The next step is to evaluate matrix
elements of the form (¢, le”“|¢p;). To do this, first
notice that at small a,, one can write

(B3)

(B4)

e_I:IaO ~ e_I:Ikina()e_I:Ipulao + O(a(%)’

(BS)

where
N 1 1

_IN a2
Hkin_a EX 2”(") )

=30 (5592 32+ 320060 (B9
X

Then, note that a given state can alternatively be expanded
in the 7 field basis, and similar to Eq. (B2), one can write
I = [Dr|r)(n|. From the commutation relationship,
one can find ¢ and z to be conjugate variables; thus,
one can write

i) = [[ oz eoo. (87)

Thus, we have
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(@jale0lp)) ~ / Dr(gh;|m) (mle~Fnte=Hrto| p; )
_ / Dl 1 1) (] = TN =3 T ) )2+ 4 0

/DTC( ) e« (x +’Z X)(¢+1(x)=¢;(%)) 5 =2 (G(Ve)*(x)+ Hm3; (x)2+0¢(x)*)

:< [ a )"e—i 001 (0= () P25 V() +hmdh (3 00 (x)*). (BS)
2rag

This equation is the basis of the path-integral representation. To make things more explicit, we will recognize a, as the
Euclidean time interval, and instead of ¢;(x), we will write ¢(#, x), where ¢ is the Euclidean time at slice j. Putting Eq. (B8)
into Eq. (B4), one may obtain

’

Trfe~HT] m A / Depe D A0 )90 U0+ 1P+ ex) ) (B9)

where N is a normalization factor. Thus, the action of the theory can be defined as

SW] _ ;[ﬁ<¢(l+a0’xz) —¢(Z,X))2+%%(V¢)2(LX> +%M+@% (l‘ X)4 . (BlO)

ap

as in Eq. (17), and Tr[e=#7] can be expressed as Tr[e 77 x N [ Depe=519.
In a similar fashion, the modified actions in Egs. (16) and (28) can be obtained, since only the potential term differs.
For Tr[Oe‘H n, if O can be expressed entirely in terms of the qb field, then its evaluation is straightforward. Notice

(D)1 |O[$]€_ﬁu°|¢j> =Olp; 1 [(P; 1 |e_ﬁaO ;). (B11)

Then, using Eq. (B4), one can show that
Tr[@[g;ﬂe_HT} z./\//Dqﬁ 0[¢(t0)]e—zm[a‘;)—é(¢(t+ao,x)—¢(t,x))2 DUV (1.x)+5m] (t,x)2+i—?¢(f,x)4)], (B12)

where ¢ (1) denotes the ¢ field values at a time slice for some time #,. The equality becomes exact in the limit aq — 0.
For the 7 field, the calculation is less straightforward. However, the expectation value can still be evaluated when O takes
a simple form, e.g., #(x;)?, where x, is a spatial site. To evaluate it, notice that

(1 |2(xi)2e 10 |gp)
< [ Dl i)l (xi e Fstoe- T gy
/ Dn< ) Xk)ze—%’szn(mZ 7(%) (11 ()= (x)) , =2 (Ve () +Hhmih; (x)+¢h5(x)")
2 Y
/Dn( ) ( (Xk)+iai(¢j+l(xk)_¢j(xk))> oI =D i (X)=¢5(%))?
0

oIS (V) (x)+mi; (x5, (x)*)

v 2 a 1 4lpy2 A
‘( : ) (i‘a—z<¢,~ﬂ(xk>—¢j(xk>>2>e—mzxé<¢w< S50 AV e (00 (g3

2ray ay aj
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where we have shifted 7(x) — 7 (x) + i ()41 (x) — $;(x))
in the second-to-last equality and we have used the
identities [*% dx xe /20 — () and J7edx xle ¥ /20 —
6°\/27x to derive the final line. Hence, in a path integral,
to evaluate 7(x)? at time slice ¢, one can replace it by

a a*

— ——((t X
” a(z)(¢(+ao k)

- ¢(r.x))?.  (Bl4)

From Egs. (B12) and (B14), one can derive a path-integral
expression for the ground-state energy E, of H as

_ | Do [gple )
a [ Dpe519!
where S[¢] is given in Eq. (B10) and H[¢] denotes the

expression in terms of ¢ corresponding to the Hamiltonian
operator H, defined as

Tr[He 7]
Tr[e=7]

Eyw~ . (B15)

2

9= 3 (5 (-0t 4007

ago (lO
+%(v¢)2(z,x)+%mg¢(z,x)2+%¢(z,x)4). (B16)

The ground state of a modified Hamiltonian can be
obtained analogously. For example, the vacuum energy

Ef 4x,) ©f the Hamiltonian I:I:/,(x,.) can be obtained from

P =Sy [
_g & )
fDqﬁe D(x;)
and S \[#] and I:I;) (x,) @] are given as
ap 1
Sy |9 = S10] = Y5 mih(r.x)*.  (BIS)
t
and
_ N )
Hypld] = Hlp] =~ smog(r.x)°. (B19)

2. Path integral in 2+ 1D U(1) gauge theory in
dual formalism

The path integral for the dual formalism of 2 + 1D U(1)
gauge theory can be derived analogously. Here, we will

—f’U(wT]

derive a path-integral representation of Tr[e and

Tr[Oe~#v07). Once these quantities are derived, the
corresponding path integral for the modified Hamiltonian
A/ . . . A/

H B, Can be derived straightforwardly, since H B,

differs from I:IU(I) only by a potential energy term ex-
pressed in terms of B field. The path integral corresponding

to ;e,,,q can also be easily obtained simply by replacing the
matrix M, by M, =M, — ;75,1,51, o

To derive Tr[evn7] and Tr[Oe~vnT), it is convenient
to rewrite Eq. (30) in another form. Note, one can
diagonalize the matrix M, as M,;=>,U ,.i/ll-UZS.
Since M, is a positive-definite real symmetric matrix,
all eigenvalues A; are real and positive, and the unitary
matrix U,; can be shown to be real and orthogonal,
meaning U” = U*. Then, one can define §; = }°, U7, R,
and C; =, U ,-,,B,. By the orthonormal property of U,
one can show that [C;, S’J] = i8; ;. Using the new variables,
the Hamiltonian in Eq. (30) can be written as

Zz 24

Having written I:IU(I) in a form that is similar to the scalar

(C )% (B20)

field theory case, one can use a similar approach and
express the action as

Sun =30 (252 (Clia) =G OP+ 2L 07).

a02g21,~
(B21)
Then, plugging back C; = >, U’ B,, the action can be
written as
S Z Z Zp t+“0) B (t>))2
v do 292 Ai

ag 1 2

—— B . B22

n (B, ) (B22)

The action for the 2 4+ 1D noncompact U(1) gauge theory
can thus be obtained. With minimal modifications,
Egs. (35) and (41) can be similarly obtained.

Also, similar to how (Q|#(x;)?|Q) in scalar field theory
is evaluated by the path integral using Eq. (B14), the value
(Q|82|Q) can be evaluated in a path integral, where 87 will
be replaced by the expression

a();lz/li - (a(Ci(t Z()c.lg()z)j'z_ Ci(l))>2' (B23)
If one wishes to evaluate <Q|IA€%|Q>, notice
(QIR2|Q) = (Q|( ZUP,S 21Q)
= (U, (@8 19)
+;Up,iup,j<g|3i3j|g>. (B24)
7]
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From Eq. (B23), one can see that > _;(U 1,,1-)2<Q|3‘,2|Q) corresponds to the following quantity in the path integral:

11092/15

i

Z(Up,iy( a _<a2qU{q(Bqa(0tg—2;?O)_Bq(t))>2).

(B25)

For the expectation value (Q|3‘ l-S’ ;|Q). we need to derive an expression corresponding to S ,~3’ ;. In a similar spirit to the
derivation of Eq. (B13), we analyze (B(z+ a0)|§,»3'je‘ﬁ”0|B(t)>:

(B(r+ a0)|:§i‘§je_ﬂa0|B(t)>

_ / DS(B(1 + ao)|S)(S|8:8 ¢~ B (1))

)

1\ 2
z/DS—-&gap—i@z%ﬁ—l% (B,)? + i Su(Cult + ap) — Ci(1)
2 2a = ZQap T

11V g*a alAC\2 a AC2  ay
— [ pS(—) s.5;exp (LS, (5, —i _ k_ B )
/ 27;) i jexp< 2a ; AN laogzﬂk 2a0g2; A 2d%a P (B))

1\V AC; AC; da a AC? g
= [DS(— ) (Si+i—= (S +i—2 —=N 1S - k_ B,)?
/ (2”> ( [+laogz/1i>< ’ +l“092/1j> eXP( 2a zk: ok 2009221; b 2¢a 7 ( p)

)4 2 2
[ a a~AC;AC; a ACy  ag
_<|| 2xa 2&><_ 2411‘])6)([)(—2 22 _22 (BP>2>’
k=1 09 Ak apg Aitj 49" % ga<;

(B26)

where AC; denotes C;(1 4 ag) — C;(t), with C; = >, UT B, Thus, to evaluate the value of 3.5, one needs to evaluate

the expression

1~

a*AC,AC,
a%g“ﬂlll ’

in a path integral, which can be expanded as

_CQLUDQG%U+G&-BAO)

‘1092/11'

) (az,w);,(g,(z +a) - Br<t>>>.

aogzﬂj (B27)

Putting together Eqs. (B25) and (B27), one can see that (Q|R3|Q) can be evaluated in a path integral by evaluating the

value of

;UWUM( ad,; <a2q(U)Zq(Bq(r +ag) - Bq(t))> (azr(y);r(g,(t +ag) - B,(t)))).

aogzﬂi aogzii

(B28)
aogzl]’

As mentioned earlier, H;gp.n can be obtained from ﬁIU(l) by replacing M, ; by M, ;. Thus, similar to Eq. (B28), Eq. (42)

can be obtained.

APPENDIX C: EXTRAPOLATION TO ZERO
TEMPORAL LATTICE SPACING

As mentioned in Appendix B, the path integral repro-
duces observable values in the limit where the temporal
lattice spacing ay — 0. In numerical computation, only a
finite value of a, is possible. Therefore, to get a precise
answer, one needs to evaluate the relevant physical quan-
tities at different values of @ and extrapolate the result to
zero temporal lattice spacing. As an illustration, we

showcase in Fig. 12 the measured results for

<Q¢<m>,,7\($<m))2|ﬂ¢(m>ﬂ) for Ng = 16 at various temporal
lattice spacings. Here, the bare parameters are set to be
mg = 1/2 and 1y = 16 in lattice units. As shown in the
figure, at a, as large as 0.2a, the result appears to differ
considerably from the continuum result; however, at a, =
0.05a or lower, the results appear to be reasonably close to
the continuum limit. In principle, one can perform a fit and
extract the ap — 0 limit from the fit.

034517-22



TIGHTENING ENERGY-BASED BOSON TRUNCATION BOUND ...

PHYS. REV. D 114, 034517 (2026)

t

1.125 4

)2y

=

—

b

S
L

Estimated ((
5

1.105 A ¢

0.00 0.01 0.02 0.03 0.04
2

)
FIG. 12. Extrapolation toward zero temporal lattice spacing a,
for the ¢* scalar field theory. The expectation value
<Q¢(m).n|($(“))2|Q¢<m>ﬂ> for Ng = 16 is evaluated at different
temporal lattice spacings a,. In the plot, a, is expressed in units

of a. The bare parameters are set to be my = 1/2 and 1, = 16 in
lattice unit a.

Likewise, we present the zero a, extrapolation for
the 2 + 1D noncompact U(1) gauge theory in dual for-
malism in Fig. 13. We compute the expectation values
<QB(w)J7|(B(°°>)2|QB<OO)A”> at different temporal lattice spac-
ings a,. Here, the bare coupling g is set to 1 and lattice size

6.18
2~ 6.16 \
2
@ \
g 6.14 4
)
<
g
2
M 6.12
6.10 1 . . . :
0.00 0.01 0.02 0.03 0.04
a
FIG. 13. Extrapolation toward zero temporal lattice spacing a,

for the 2+ 1D U(1) gauge theory in dual formalism. The
expectation value for (QB<OO>~”|(IA3(°°))2|QB(W)#) for Ng =6 is
evaluated at different temporal lattice spacings a,. In the plot,
ay is expressed in units of a. The bare coupling is set to g = 1 in
lattice unit a.

Ng set to 6. As shown in the figure, the value evaluated at
larger a, seems to deviate considerably from the continuum
limit, while the expectation values appear to be closer to
this limit at small values of a,. One can perform a fit to
extrapolate the zero ag limit.
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