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We investigate quantum entanglement and Bell-inequality violation in top-antitop pair production at
future lepton colliders such as the International Linear Collider and multi-TeV muon colliders. Within the
Standard Model (SM), the process proceeds through s-channel γ and Z exchange and exhibits characteristic
spin-correlation patterns that encode a nontrivial amount of entanglement. We then examine how these
features are modified in several well-motivated extensions of the SM; (i) a neutral scalar mediator that
couples to charged leptons and top quarks via Yukawa interactions and contributes as an additional s-channel
exchange, (ii) the minimal gaugedUð1ÞB−L model, which introduces a new neutral gauge boson Z0 coupling
vectorially to SM fermions, and (iii) a Randall-Sundrum scenario, in which the exchange of massive Kaluza-
Klein gravitons arising from a warped extra dimension induces additional spin-dependent interactions. For
all cases, we evaluate quantum-information observables including the entanglement marker, the concurrence,
and the maximal Clauser-Horne-Shimony-Holt parameter, and study their dependence on the center-of-mass
energy, scattering angle, and model parameters. We find that, relative to the SM expectation, the
entanglement is typically reduced in the scalar-mediator scenario, while sizable deviations can arise in
theUð1ÞB−L and Randall-Sundrum cases for phenomenologically relevant regions of parameter space. These
results demonstrate the potential of quantum-information observables as sensitive probes of new particles
and their interaction patterns in future lepton colliders.
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I. INTRODUCTION

Quantum entanglement is one of the most fundamental
features of quantum mechanics. It refers to the phenome-
non in which multiple quantum systems form a single
global quantum state that cannot be described as a product
of independent states of its subsystems. Although physical
observables are measured locally on each subsystem, the
measurement outcomes exhibit strong correlations that
cannot be explained within classical physics. Such non-
classical correlations originate from the global structure of
the quantum state itself. Well-known low-energy realiza-
tions of quantum entanglement include entangled photon

pairs [1,2] and ultracold atomic systems [3], where highly
controlled experimental environments have enabled precise
tests of entanglement generation and its properties.
Quantum entanglement, however, is a universal phe-

nomenon that arises in all systems governed by quantum
mechanics and is by no means restricted to low-energy
physics. In particular, heavy particles produced in high-
energy processes provide a unique arena for studying
entanglement; due to the short-distance nature of the
interactions and the rapid decay of unstable particles, phase
information and spin correlations of the quantum state can
be preserved and accessed experimentally. From this
perspective, high-energy scattering processes offer a new
experimental and theoretical stage for exploring quantum
entanglement.
Indeed, correlations among spin degrees of freedom in

particle-antiparticle pair production have long been studied
in high-energy physics. In processes such as top-quark pair
production and electroweak reactions, the spin states of the
produced particles can be reconstructed from their decay
products, enabling systematic analyses of spin correlations
within the density-matrix formalism [4–11]. These spin
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correlations reflect the underlying interaction dynamics of
the system and describe quantum correlations in a broad
sense, not necessarily limited to quantum entanglement.
Experimentally, spin correlations in top-antitop production
have already been measured at the Tevatron in proton-
antiproton collisions by the D0 and CDF collaborations
[12–14], and subsequently at the Large Hadron Collider
(LHC) in proton-proton collisions by the ATLAS and CMS
experiments [15–19].
Building on this progress, quantum correlations in top-

antitop production at the LHC, including quantum entan-
glement and Bell-inequality violation, have attracted con-
siderable attention in recent years. Using Run-2 LHC data,
Afik et al. [20] demonstrated that quantum entanglement in
tt̄ pairs can be observed with high statistical significance,
marking the first proposal to measure entanglement in a
quark-antiquark system and the highest-energy realization
of such a study to date. Subsequent works have systemati-
cally investigated both the structure of entanglement and the
conditions for Bell-inequality violation in tt̄ production at
the LHC, as well as their experimental accessibility [21–25].
Related analyses have also been extended to other massive
systems at colliders, such as spin-1 WþW− pairs [26,27].
Importantly, recent measurements by ATLAS and CMS
[28,29] have provided the first experimental evidence for
entanglement in pp → tt̄, demonstrating the observability
of quantum correlations in the Standard Model (SM) at
high energies.
While top-antitop production has been extensively studied

at hadron colliders such as the LHC, where a wide variety of
quantum-mechanical observables have been analyzed,
complementary studies have also been carried out at lepton
colliders. Lepton colliders provide an exceptionally clean
experimental environment, with precisely controlled initial
states and production mechanisms dominated by electro-
weak interactions rather than strong dynamics. These
features make them an ideal setting for high-precision
investigations of spin correlations and quantum correlations
in heavy-particle production.
Motivated by these advantages, detailed analyses of

quantum spin observables in top-quark pair production at
lepton colliders have been performed in recent years, clearly
demonstrating their potential and relevance [30]. The clean
environment and tunable kinematics of lepton colliders allow
for a transparent interpretation of spin-correlation effects and
provide a natural laboratory for studying quantum entangle-
ment in tt̄ systems.
Similar quantum-information-oriented analyses have also

been carried out for other fermion-antifermion production
processes at lepton colliders. In particular, systematic studies
of spin correlations, quantum entanglement, and Bell-
inequality violation in τþτ− production at electron-positron
colliders have been proposed [31]. Recent works have
further investigated the sensitivity of such measurements
at facilities such as Beijing Electron-Positron Collider [32]

and the proposed Super Tau-Charm Facility [33]. Tau-lepton
pairs provide a well-controlled system for testing quantum
correlations and for comparing how different fermion
species and interaction structures influence their manifes-
tation. More generally, quantum correlations in fermion-pair
production have been analyzed using density-matrix and
quantum-tomography formulations, including processes
such as ff̄ → lþl− in the SM and its Standard Model
effective field theory extensions, with particular attention to
the phenomenologically relevant case l ¼ τ [34].
More general and systematic approaches to quantum

correlations in high-energy processes have recently been
developed. Early progress in this direction explored quan-
tum tomography of collider states, including approaches
based on decay observables as well as production kinemat-
ics alone [35]. More recently, a fully automated framework
was presented to construct production spin-density matrices
for generic collider processes [36]. A particularly compre-
hensive theoretical framework for quantum correlations in
fermion-pair production at lepton colliders, including spin
correlations, entanglement, and Bell nonlocality, was devel-
oped in Ref. [37], where analytic expressions for the
corresponding spin-density matrices were derived in a
general setup with polarized beams and effective inter-
actions. These theoretical approaches are complementary to
quantum-tomography methods, which aim at reconstructing
the same density matrix from experimental data. The choice
of spin basis is also important for extracting quantum
correlations, and optimized bases have been investigated
for enhancing entanglement and Bell-inequality violation in
top-antitop events at hadron and future lepton colliders [38].
Building on these developments, a number of works have
performed detailed analyses of quantum-information
observables such as concurrence and Bell parameters in
processes involving fermion pairs [39,40], while other
measures of quantum correlations beyond entanglement,
such as quantum discord, have also been investigated in
collider processes [41]. In a different but related direction,
quantum-information aspects of top-quark systems have
also been explored in bound-state configurations, such as
toponium [42]. The potential of quantum-entanglement
observables for discriminating different classes of new
physics in fermion-pair production has also been inves-
tigated [43].
In this work, we perform a comprehensive analysis of

quantum entanglement in tt̄ production at lepton colliders
such as the International Linear Collider (ILC) and multi-
TeV muon colliders, within the SM and three representative
scenarios involving neutral s-channel mediators: (i) A
neutral scalar mediator Φ that couples to charged leptons
and top quarks through Yukawa interactions; (ii) The
minimal gauged Uð1ÞB−L model [44–49], featuring a new
vector boson Z0 that couples vectorially to SM fermions;
(iii) The Randall-Sundrum (RS) model [50], in which
Kaluza-Klein (KK) excitations of the graviton contribute
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as spin-2 s-channel mediators. These scenarios provide
representative examples of scalar, vector, and tensor inter-
actions. Our goal is not merely to quantify the amount of
entanglement generated in each model, but to investigate
whether quantum-information observables can reveal char-
acteristic signatures of new paticles and their interaction
patterns. By treating the SM and all new-physics scenarios
on equal footing, we assess differences in entanglement and
Bell-nonlocality observables among the SM and the three
new-physics scenarios. We show that these observables
provide additional information complementary to conven-
tional classical observables such as total and differential
cross sections.
The remainder of this paper is organized as follows. In

Sec. II we present the general density-matrix framework for
two spin-1

2
particles and define the quantum-information

observables used in our analysis, including entanglement
markers, concurrence and Bell-type quantities. The new
physics scenarios considered in this work are summarized
in Sec. III. In Sec. IV we derive the helicity amplitudes for
l−lþ → tt̄ðl ¼ e; μÞ in the SM and in the benchmark
extensions. Numerical results for entanglement marker,
concurrence and Bell-inequality violation at future lepton
colliders are presented in Sec. V, and conclusions are given
in Sec. VI. Appendix A presents an analytic study of a
generic chiral gauge interaction, clarifying the dependence
of the entanglement observables on the chiral couplings.
Appendix B investigates the interference between chiral
and vectorlike interactions, providing an analytic interpre-
tation of the energy-dependent evolution of the entangle-
ment extrema and the weakened-entanglement regions
observed in the Uð1ÞB−L scenario. Appendix C demon-
strates that the disconnected entangled regions in the RS
model originate from the characteristic angular dependence
due to a single spin-2 KK graviton exchange.

II. FORMALISM: QUANTUM-INFORMATION
OBSERVABLES

A. Spin density matrix and correlation coefficients

Spin correlations in a top-antitop system can only be
fully specified once nine independent parameters are fixed,
as is the case for any two-qubit state. A convenient way to
encode these degrees of freedom is through the standard
decomposition of the spin density matrix,

ρ ¼ 1

4
ð1 ⊗ 1þ B1 · σ ⊗ 1þ B2 · 1 ⊗ σ þ C · σ ⊗ σÞ;

ð2:1Þ

where the vectors B1 ¼ ðB1iÞ and B2 ¼ ðB2iÞ, with i ¼ 1,
2, 3, quantify, respectively, the top and antitop polarizations
along the spatial axes, and C ¼ ðCijÞ, with i, j ¼ 1, 2, 3,
contains nine parameters and encodes all possible spin-spin
correlations. Here, σ ¼ ðσ1; σ2; σ3Þ denotes the Pauli

matrices. To give operational meaning to these compo-
nents, one must choose a spatial triad. In what follows we
adopt the customary orthonormal basis built from the top-
quark momentum direction,

k̂ ¼ top direction; r̂ ¼ p̂ − k̂ cos θ
sin θ

; n̂ ¼ p̂ × k̂
sin θ

;

ð2:2Þ

with p̂ the incoming l− direction, and with θ defined
through cos θ ¼ k̂ · p̂ in the tt̄ rest frame. The geometric
configuration of these vectors is depicted in Fig. 1.

B. Entanglement measures and Bell inequality

To quantify bipartite entanglement between the two spin-
1=2 systems, we use the concurrence C introduced by
Wootters [51]. For a given two-qubit density matrix ρ,
we define the spin-flipped density matrix as

ρ̃ ¼ ðσy ⊗ σyÞρ�ðσy ⊗ σyÞ; ð2:3Þ

where the asterisk denotes complex conjugation in the
computational basis. The non-Hermitian matrix,

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ

p
ρ̃
ffiffiffi
ρ

pq
; ð2:4Þ

has four real, non-negative eigenvalues λi (i ¼ 1;…; 4),
which we order such that λ1 ≥ λ2 ≥ λ3 ≥ λ4. The concur-
rence is then given by

C ¼ max f0; λ1 − λ2 − λ3 − λ4g: ð2:5Þ

FIG. 1. Orthonormal basis ðr̂; n̂; k̂Þ in the tt̄ rest frame, defined
with respect to the top-quark direction k̂ and beam direction p̂.
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It satisfies 0 ≤ C ≤ 1, with C ¼ 0 if and only if the state is
separable, and C ¼ 1 for maximally entangled Bell states.
In collider environments, however, C is not an ideal

observable. Extracting them from data typically inflates the
impact of statistical fluctuations; related estimators have
been shown to suffer from an intrinsic upward bias [22].
For this reason, it is advantageous to work with alternative
quantities that retain sensitivity to quantum correlations
while being more robust experimentally. As established in
Refs. [23–25], the so-called entanglement markers can be
built from the diagonal entries of C,

Dð1Þ ¼ 1

3
ðCkk þ Crr þ CnnÞ; ð2:6Þ

DðkÞ ¼ 1

3
ðCkk − Crr − CnnÞ; ð2:7Þ

DðrÞ ¼ 1

3
ð−Ckk þ Crr − CnnÞ; ð2:8Þ

DðnÞ ¼ 1

3
ð−Ckk − Crr þ CnnÞ: ð2:9Þ

Here, the indices i, j ¼ 1, 2, 3 correspond to the ortho-
normal basis ðr̂; n̂; k̂Þ, respectively. A convenient sufficient
criterion for entanglement in (2.1) is

Dmin ≡minfDð1Þ; DðkÞ; DðrÞ; DðnÞg < −
1

3
: ð2:10Þ

This inequality underlies the recent experimental demon-
strations of top-quark entanglement in pp collisions [28,29],
where Dð1Þ becomes the smallest of the four markers near
threshold.
While (2.10) is normally only sufficient, it becomes

necessary when both top and antitop polarizations vanish,
B1 ¼ B2 ¼ 0, and C is diagonal. In that case, the con-
currence reduces to

C ¼ 1

2
maxð0;−1 − 3DminÞ; ð2:11Þ

which makes it explicit that nonzero entanglement appears
precisely when Dmin < − 1

3
.

The nonlocal properties of the two-qubit state ρ can be
probed by Bell inequalities. The simplest and most widely
studied version is the Clauser-Horne-Shimony-Holt (CHSH)
inequality [52], formulated in terms of spin measurements
performed independently on the two qubits. One may
imagine two distant observers, Alice and Bob, who each
choose between two possible spin-measurement directions.
Let Alice’s choice of axes be the unit vectors â and â0,
and Bob’s be b̂ and b̂0. For a given pair of measurement
directions, the spin-spin correlation is defined as

Eðâ; b̂Þ ¼ Tr½ρðâ · σÞ ⊗ ðb̂ · σÞ�; ð2:12Þ

where σ ¼ ðσx; σy; σzÞ are the Pauli matrices. The CHSH
Bell parameter B is constructed as

B ¼ Eðâ; b̂Þ þ Eðâ; b̂0Þ þ Eðâ0; b̂Þ − Eðâ0; b̂0Þ: ð2:13Þ

Local hidden-variable theories impose the CHSH bound [53]

jBj ≤ 2; ð2:14Þ

whereas quantum mechanics allows values up to the
Tsirelson limit 2

ffiffiffi
2

p
[54]. This inequality thus provides a

sharp criterion for diagnosing nonclassical correlations in a
two-qubit system.
For an arbitrary mixed two-qubit state, the maximal

quantum violation Bmax obtainable by optimizing over all
measurement directions can be expressed entirely in terms
of the correlation matrix C defined in Eq. (2.1). Introducing

U ¼ CTC; ð2:15Þ

and denoting its eigenvalues by u1 ≥ u2 ≥ u3 ≥ 0, the
Horodecki criterion [55] states

Bmax ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u1 þ u2

p
; ð2:16Þ

and CHSH violation occurs if and only if

Bmax > 2 ⇔ u1 þ u2 > 1: ð2:17Þ

In collider applications, Bmax provides a clean and basis-
independent diagnostic of the quantum nonlocality present
in the spin state of the produced pair. The correlation matrix
C can be reconstructed experimentally from angular dis-
tributions in the decay products of the top and antitop
quarks, as discussed for example in [22–24]. In the present
theoretical work, we compute C and consequently Bmax
directly from the density matrix (2.1).

C. Construction of the spin density matrix from
helicity amplitudes

We now specialize the general two-qubit formalism
to the process l−lþ → tt̄ðl ¼ e; μÞ in the helicity basis.
Throughout this paper, helicities are denoted by �, corre-
sponding to � 1

2
.

We denote the helicity amplitudes for this process by
Mðλl− ; λlþ ; λt; λt̄Þ, where λl− , λlþ , λt and λt̄ represent the
helicities of the incoming lepton, incoming antilepton, top
quark, and antitop quark, respectively.
Since we consider unpolarized initial leptons, we start

directly from the spin-averaged quantity. We define the
(unnormalized) spin matrix of the final tt̄ system as
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Rλtλt̄ ;λ0tλ0t̄
≡ 1

4

X
λl− ;λlþ

Mðλl− ; λlþ ; λt; λt̄ÞM�ðλl− ; λlþ ; λ0t; λ0̄tÞ;

ð2:18Þ

where ðλt; λt̄Þ and ðλ0t; λ0̄tÞ label the row and column of the
4 × 4 matrix R.
The normalized spin density matrix relevant for entan-

glement observables is obtained by dividing by the spin-
summed rate,

ρλtλt̄ ;λ0tλ0t̄ ¼
Rλtλt̄ ;λ0tλ0t̄P
λt;λt̄Rλtλt̄ ;λtλt̄

; ð2:19Þ

so that Trρ ¼ 1 by construction.
Once ρ is obtained, we decompose it in the Pauli basis as

in Eq. (2.1). The coefficients B1i; B2i and Cij are extracted
from ρ via

B1i ¼ Tr½ρðσi ⊗ 1Þ�; B2j ¼ Tr½ρð1 ⊗ σjÞ�;
Cij ¼ Tr½ρðσi ⊗ σjÞ�: ð2:20Þ

For practical calculations, it is convenient to write the
density matrix explicitly in the helicity basis of the tt̄ sys-
tem. We choose the spin quantization axis along the top-
quark momentum. We order the basis states as

j1i ¼ jþ;−i; j2i ¼ jþ;þi;
j3i ¼ j−;−i; j4i ¼ j−;þi;

where the first (second) entry denotes the helicity of the top
(anti-top) quark. Since the spin quantization axis is defined
by the top-quark momentum, the helicity of the anti-top
quark is evaluated with respect to the same axis. As a result,
the helicity states of the antitop quark correspond to spin
projections opposite to its momentum; namely, a positive
(negative) helicity antitop has a negative (positive) spin
projection along its direction of motion.
In this basis, the density matrix can be written as

ρ ¼

0
BBBB@

ρþ−;þ− ρþ−;þþ ρþ−;−− ρþ−;−þ
ρþþ;þ− ρþþ;þþ ρþþ;−− ρþþ;−þ
ρ−−;þ− ρ−−;þþ ρ−−;−− ρ−−;−þ
ρ−þ;þ− ρ−þ;þþ ρ−þ;−− ρ−þ;−þ

1
CCCCA: ð2:21Þ

For brevity we denote these elements as ρij
ði; j ¼ 1;…; 4Þ. Since the density matrix is Hermitian,
ρij ¼ ρ�ji, it is convenient to express the polarization vectors
and the spin-correlation matrix in terms of the real and
imaginary parts of the matrix elements. Using Eq. (2.20),
we obtain

B1r ¼ 2Reðρ13 þ ρ24Þ; B1n ¼ −2 Imðρ13 þ ρ24Þ;
B1k ¼ ρ11 þ ρ22 − ρ33 − ρ44; ð2:22Þ

B2r ¼ 2Reðρ12 þ ρ34Þ; B2n ¼ −2 Imðρ12 þ ρ34Þ;
B2k ¼ ρ11 − ρ22 þ ρ33 − ρ44; ð2:23Þ

and

Crr ¼ 2Reðρ14 þ ρ23Þ; Crn ¼ 2 Imðρ23 − ρ14Þ;
Crk ¼ 2Reðρ13 − ρ24Þ; ð2:24Þ

Cnr ¼ −2 Imðρ14 þ ρ23Þ; Cnn ¼ 2Reðρ23 − ρ14Þ;
Cnk ¼ 2 Imðρ24 − ρ13Þ; ð2:25Þ

Ckr ¼ 2Reðρ12 − ρ34Þ; Ckn ¼ 2 Imðρ34 − ρ12Þ;
Ckk ¼ ρ11 − ρ22 − ρ33 þ ρ44: ð2:26Þ

In the following, the correlation coefficients Cij are
computed explicitly for each theoretical scenario consid-
ered in this work. To this end, in Sec. IV we evaluate the
helicity amplitudes for l−lþ → tt̄ in the SM and in the
benchmark extensions, and construct the spin matrix R
defined in Eq. (2.18). From the resulting density matrix ρ,
the coefficients Cij are extracted using Eqs. (2.24)–(2.26)
and subsequently employed in Sec. V to evaluate the
entanglement markers, the concurrence, and the maximal
CHSH parameter.

III. MODELS

In this section we specify the three scenarios con-
sidered in the paper and collect the interactions relevant
for l−lþ → tt̄ðl ¼ e; μÞ.

A. Scalar mediator extension of the SM

We first consider the SM extended by a SUð2Þ doublet
scalar field Φ with Uð1ÞY charge 1=2 that couples to a
charged lepton l ¼ e, μ, and to the top quark via Yukawa
interactions. The relevant Lagrangian terms are

L ⊃ −m2
ΦΦ†Φþ f−Yll̄LΦlR − Ytq̄LΦ̃tR þ H:c:g; ð3:1Þ

where Φ̃ ¼ iσ2Φ�, and Yl and Yt denote Yukawa cou-
plings. We assume that Φ develops no vacuum expect-
ation value.
In this scenario, l−lþ → tt̄ receives, in addition to the SM

γ and Z exchange, an s-channel scalar-exchange contribu-
tion proportional to YlYt, which we will denote by MðΦÞ.
Its helicity structure differs from that of vector and axial-
vector exchange, and in particular allows same-helicity
final states that are suppressed in the pure SM. As we will
see, this feature has a direct impact on the entanglement
pattern of the final-state spins.
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B. Minimal gauged Uð1ÞB−L model

The second scenario is the minimal gauged Uð1ÞB−L
extension of the SM [44–49,56]. The gauge group is
enlarged to

SUð3ÞC × SUð2ÞL ×Uð1ÞY ×Uð1ÞB−L; ð3:2Þ

and the SM fermions carry B − L charges equal to their
baryon (B) minus lepton (L) number. Anomaly cancellation
requires the introduction of three right-handed neutrinos.
The Uð1ÞB−L symmetry is spontaneously broken by a
scalar field with Uð1ÞB−L charge þ2, giving mass to the
new gauge boson Z0 and generating Majorana masses for
the right-handed neutrinos.
The gauge-kinetic terms involving the two Abelian

factors are

L ⊃ −
1

4
BμνBμν −

1

4
Z0
μνZ0μν −

sin χ
2

BμνZ0μν; ð3:3Þ

whereBμ andZ0
μ are the gauge fields ofUð1ÞY andUð1ÞB−L,

respectively, and χ parametrizes kinetic mixing. After
electroweak and B − L symmetry breaking, the neutral
gauge bosons mix into the photon, the SM Z and the heavy
Z0 boson. In the simplest limit of vanishing kinetic mixing at
the B − L breaking scale, the mass eigenstate Z0 couples
vectorially to fermions with strength proportional to their
B − L charge.
For the purposes of this work, we assume χ ¼ 0 in which

the relevant couplings of Z0 to leptons and top quarks are

L ⊃ −gB−LQl
B−Ll̄γ

μlZ0
μ − gB−LQt

B−Lt̄γ
μtZ0

μ; ð3:4Þ

where gB−L denotes the gauge coupling constant of the
Uð1ÞB−L symmetry, and Ql

B−L ¼ −1 and Qt
B−L ¼ 1=3

are the corresponding B − L charges. The mass and the
Uð1ÞB−L coupling, mZ0 and gB−L, are treated as free
parameters within the experimental bounds.
In this scenario, the l−lþ → tt̄ amplitude receives a new

s-channel contribution from Z0 exchange, which interferes
with the SM photon and Z amplitudes. We denote this
contribution by MðZ0Þ.

C. Randall-Sundrum model

As a third benchmark scenario, we consider the RS
model with a single warped extra dimension [50]. In this
framework, the five-dimensional spacetime is a slice of
anti-de Sitter space compactified on an S1=Z2 orbifold,
bounded by a Planck (UV) brane and a TeV (IR) brane. The
nonfactorizable warped metric generates an exponential
hierarchy between the electroweak and Planck scales,
thereby providing a geometrical solution to the gauge
hierarchy problem.
A characteristic feature of the RS model is that the

zero-mode graviton and its KK excitations have distinct

wave-function profiles along the extra dimension. While
the graviton zero mode is localized near the Planck brane
and couples to SM fields with the usual Planck-suppressed
strength, the KK gravitons are localized toward the TeV
brane. As a consequence, their couplings to SM fields
residing on the TeV brane are significantly enhanced and
become relevant for collider phenomenology.
The effective interaction between the KK gravitons and

the SM fields can be written as [57,58]

Lint ¼ −
1

M̄Pl
TμνðxÞhð0Þμν ðxÞ − 1

Λπ
TμνðxÞ

X∞
n¼1

hðnÞμν ðxÞ; ð3:5Þ

where hðnÞμν denotes the n-th KK graviton mode, Tμν is the
energy-momentum tensor of the SM fields, and Λπ ¼
M̄Ple−κrcπ is an effective interaction scale of order the
TeV scale with M̄Pl ¼ 2.4 × 1018 GeV being the reduced
Planck mass. The contribution of the graviton zero mode is
negligible for collider processes, whereas each KK graviton
couples to SM fields with strength suppressed only by Λπ.
The masses of the KK gravitons are given by

mn ¼ xnκe−κrcπ; ð3:6Þ

where xn are the roots of the Bessel function J1ðxnÞ ¼ 0,
with x1 ≃ 3.83, x2 ≃ 7.02, x3 ≃ 10.17, etc. Once the mass
of the lightest KK graviton m1 is fixed, the entire KK spec-
trum is determined by mn ¼ m1ðxn=x1Þ. It is convenient to
trade the parameters of the RS geometry for the phenom-
enological input parametersm1 and κ=M̄Pl, with theoretical
consistency requiring the five-dimensional curvature κ to
be κ=M̄Pl ≪ 1, typically κ=M̄Pl ≲ 0.1 [58].
In the RS scenario, the process l−lþ → tt̄ receives

additional contributions from s-channel exchange of virtual
KK gravitons. The corresponding invariant amplitude can
be written schematically as

MðGÞ ¼ AðsÞT in
μνðp1; p2ÞημρηνσTout

ρσ ðk1; k2Þ; ð3:7Þ

with p1 and p2 (k1 and k2) denoting the momenta of the
initial (final) particles, and

AðsÞ ¼ −
1

Λ2
π

X∞
n¼1

1

s −m2
n þ imnΓn

;

s ¼ ðp1 þ p2Þ2 ¼ ðk1 þ k2Þ2; ð3:8Þ

where Γn denotes the total decay width of the nth KK
graviton given by

ΓnðhðnÞ → yyÞ ¼ mnx2n
16π

�
κ

M̄pl

�
2X

y

Δyy
n ; ð3:9Þ

with Δyy
n being a dimensionless coefficient for each decay

mode, whose explicit forms are given by
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Δγγ
n ¼ 1

5
; Δgg

n ¼ 8

5
; Δνν̄

n ¼ 1

10
; ð3:10Þ

ΔVV
n ¼ cV

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4rV

p �
13

12
þ 14

3
rV þ 4r2V

�
; ðV ¼ W;ZÞ;

ð3:11Þ

ΔHH
n ¼ 1

30
ð1 − 4rHÞ5=2; ð3:12Þ

Δff̄
n ¼ cfð1 − 4rfÞ3=2

�
1þ 8

3
rf

�
; ðf ¼ l; qÞ; ð3:13Þ

with

cW ¼ 2

5
; cZ ¼ 1

5
; cl ¼

1

10
; cq ¼

3

10
; ð3:14Þ

and ry ¼ m2
y=m2

n for each SM particle y. Expressions for
leptons and quarks are for one flavor.
The energy momentum tensors are given by

T in
μν ¼ v̄ðp2; λlþÞV in

μνuðp1; λl−Þ; ð3:15Þ

Tout
μν ¼ ūðk1; λtÞVout

μν vðk2; λt̄Þ: ð3:16Þ

with

V in
μν ¼

1

4

�
ðp1 − p2Þμγν þ ðp1 − p2Þνγμ

þ ημν

�
−
1

2
ðp1 − p2Þργρ

��
; ð3:17Þ

Vout
μν ¼ 1

4

�
ðk1 − k2Þμγν þ ðk1 − k2Þνγμ

þ ημν

�
−
1

2
ðk1 − k2Þργρ þmt

��
; ð3:18Þ

where γμ are the gamma matrices,mt denotes the top-quark
mass, ημν ¼ diagð1;−1;−1;−1Þ is the Minkowski metric,
and uðp; λÞ and vðp; λÞ denote helicity spinors given in
Eqs. (4.6)–(4.9) in Sec. IVA.
The exchange of spin-2 KK gravitons induces character-

istic angular distributions and helicity structures that are
qualitatively different from those arising from scalar or
vector mediators. As a result, the RS model can lead to
distinctive modifications of the spin correlations and
quantum-entanglement properties of the produced tt̄ sys-
tem. In our analysis, we include KK modes up to i ¼ 4,
since higher modes develop large decay widths and cease to
appear as well-defined resonances, making their individual
contributions difficult to identify.

IV. HELICITY AMPLITUDE AND DENSITY
MATRIX FOR l − l + → tt̄

In this section, we present the helicity amplitudes for
l−lþ → tt̄ðl ¼ e; μÞ in the SM and in the new-physics
scenarios. The construction of the spin density matrix
and quantum-information observables has been defined
in Sec. II.

A. Kinematics and spinor conventions

We work in the center-of-mass frame of the incoming
leptons with 4-momenta,

pμ
1 ¼

ffiffiffi
s

p
2

ð1; 0; 0; 1Þ; ð4:1Þ

pμ
2 ¼

ffiffiffi
s

p
2

ð1; 0; 0;−1Þ; ð4:2Þ

kμ1 ¼
ffiffiffi
s

p
2

ð1; β sin θ cosϕ; β sin θ sinϕ; β cos θÞ; ð4:3Þ

kμ2 ¼
ffiffiffi
s

p
2

ð1;−β sinθ cosϕ;−β sinθ sinϕ;−β cosθÞ; ð4:4Þ

where

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
t

s

r
ð4:5Þ

is the top-quark velocity in the center-of-mass frame. The
angle θ is the scattering angle of the top quark with respect
to the l− beam, taken along the z axis. The azimuthal angle
ϕ is measured around the beam axis from the x axis, so that
the scattering plane is specified by the plane spanned by the
incoming lepton momentum and the top-quark momentum.
We use spinors in the helicity basis for a fermion

with mass m and four-momentum pμ ¼ ðE; pÞ, where
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

p
, given by

uðp;þ1=2Þ ¼
 
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − jpjp

χðp̂Þ
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ jpjp

χðp̂Þ

!
; ð4:6Þ

uðp;−1=2Þ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eþ jpjp
ξðp̂Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E − jpjp
ξðp̂Þ

!
; ð4:7Þ

vðp;þ1=2Þ ¼
 
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ jpjp

ξðp̂Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − jpjp

ξðp̂Þ

!
; ð4:8Þ

vðp;−1=2Þ ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E − jpjp
χðp̂Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ jpjp

χðp̂Þ

!
; ð4:9Þ

where p̂ ¼ p=jpj is the direction of the three-momentum.
The two-component helicity spinors are
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χðp̂Þ ¼
 

cos θ
2

eiϕ sin θ
2

!
; ξðp̂Þ ¼

 
−e−iϕ sin θ

2

cos θ
2

!
; ð4:10Þ

with ðθ;ϕÞ the polar and azimuthal angles of p̂. For the
present calculation, we choose the scattering plane to
coincide with the x-z plane. Accordingly, the initial lepton
and antilepton are taken along the þz and −z directions,
corresponding to ðθ;ϕÞ ¼ ð0; 0Þ and ðπ; 0Þ, respectively.
The final-state top quark is assigned ðθ;ϕÞ ¼ ðθ; 0Þ, while
the antitop quark is assigned ðπ − θ; πÞ. This choice entails
no loss of generality, since the azimuthal dependence is
absorbed into the definition of the orthonormal basis
ðr̂; n̂; k̂Þ introduced in Eq. (2.2). Consequently, all spin-
dependent observables depend only on the polar angle θ.
Our convention for the fermion spinors is based on the

HELAS convention [59]. However, it differs from the
HELAS convention by an overall sign in the right-handed
particle spinors. This difference originates from a conven-
tion-dependent phase choice in the definition of the spinors.
In the present work, we adopt a convention in which this
sign is explicitly retained. With this choice, the resulting
density matrix satisfies the relation,

Rλtλt̄ ;λ0tλ0t̄
¼ Rλt̄λt;λ0t̄λ

0
t
: ð4:11Þ

if the interaction is CP invariant [5]. Although the
interactions considered in this work are not CP invariant,
we adopt this convention so that the above relation holds in
the CP-conserving limit, such as in QCD.

B. SM, scalar, Z0 and graviton contributions
to the amplitude

The full helicity amplitude can be written as

Mðλl− ; λlþ ; λt; λt̄Þ
¼ MðSMÞðλl− ; λlþ ; λt; λt̄Þ þMðXÞðλl− ; λlþ ; λt; λt̄Þ: ð4:12Þ
As introduced above, we denote the helicities −1=2 and
þ1=2 by − and þ, respectively. Here MðSMÞ denotes the
SM contribution, while MðXÞ represents the contribution
from physics beyond the SM, with X ¼ Φ for the scalar
mediator, X ¼ Z0 for the Uð1ÞB−L model, and X ¼ G for
the RS scenario, respectively.
The first term in the right-hand side is of SM, which is

given by

MðSMÞðþ;−;�;�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ

�
e2QlQt þ

sgRlZ
2

gLtZ þ gRtZ
s −m2

Z þ imZΓZ

�
; ð4:13Þ

MðSMÞð−;þ;�;�Þ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ

�
e2QlQt þ

sgLlZ
2

gLtZ þ gRtZ
s −m2

Z þ imZΓZ

�
; ð4:14Þ

MðSMÞðþ;−;�;∓Þ ¼ ð1� cos θÞ
�
e2QlQt þ

sgRlZ
2

gLtZ ð1 ∓ βÞ þ gRtZ ð1� βÞ
s −m2

Z þ imZΓZ

�
; ð4:15Þ

MðSMÞð−;þ;�;∓Þ ¼ ð1 ∓ cos θÞ
�
e2QlQt þ

sgLlZ
2

gLtZ ð1 ∓ βÞ þ gRtZ ð1� βÞ
s −m2

Z þ imZΓZ

�
; ð4:16Þ

where mZ and ΓZ is the mass and the decay width of
Z boson, and

Ql ¼ −1; Qt ¼
2

3
; ð4:17Þ

gLaZ ¼ e
cos θW sin θW

ðTa
3 −Qa sin2 θWÞ;

gRaZ ¼ −
eQa sin θW
cos θW

; ð4:18Þ

with a ¼ l, t and

Tl
3 ¼ −

1

2
; Tt

3 ¼
1

2
: ð4:19Þ

The additional contributions from the scalar are as
follows:

MðΦÞð�;�;�;�Þ ¼ −
s
2

YlYtð1 − βÞ
s −m2

Φ þ imΦΓΦ
; ð4:20Þ

MðΦÞð�;�;∓;∓Þ ¼ s
2

YlYtð1þ βÞ
s −m2

Φ þ imΦΓΦ
; ð4:21Þ

For the benchmark choice mΦ ¼ 200 GeV adopted in our
numerical analysis, the channel Φ → tt̄ is closed kinemat-
ically, and we assume no other relevant decay modes.
Hence Φ decays only into l−lþðl ¼ e; μÞ, so that
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ΓΦ ≃ ΓðΦ → l−lþÞ ¼ jYlj2mΦ

16π
: ð4:22Þ

For the Uð1ÞB−L scenario, we have

MðZ0Þð�;∓;þ;þÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ

sg2B−LQ
l
B−LQ

t
B−L

s −m2
Z0 þ imZ0ΓZ0

;

ð4:23Þ

MðZ0Þð�;∓;−;−Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ

sg2B−LQ
l
B−LQ

t
B−L

s −m2
Z0 þ imZ0ΓZ0

;

ð4:24Þ

MðZ0Þð�;∓;þ;−Þ ¼ ð1� cos θÞ sg2B−LQ
l
B−LQ

t
B−L

s −m2
Z0 þ imZ0ΓZ0

;

ð4:25Þ

MðZ0Þð�;∓;−;þÞ ¼ ð1 ∓ cos θÞ sg2B−LQ
l
B−LQ

t
B−L

s −m2
Z0 þ imZ0ΓZ0

;

ð4:26Þ
where mZ0 is the mass of Z0 boson and ΓZ0 is the decay
width of Z0 given by ΓZ0 ¼ 13

24π g
2
B−LmZ0. This has the same

Lorentz structure as photon exchange but with different
couplings and a massive propagator.
For the RS scenario, the additional contribution arises

from s-channel exchange of KK gravitons. The correspond-
ing helicity amplitudes can be written as

MðGÞð�;∓;þ;þÞ ¼∓ s2β
4

AðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ cos θ;

ð4:27Þ

MðGÞð�;∓;−;−Þ ¼∓ s2β
4

AðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
sin θ cos θ;

ð4:28Þ

MðGÞð�;∓;þ;−Þ ¼∓ s2β
8

AðsÞð2 cos2 θ � cos θ − 1Þ;
ð4:29Þ

MðGÞð�;∓;−;þÞ ¼ � s2β
8

AðsÞð2 cos2 θ ∓ cos θ − 1Þ:
ð4:30Þ

Unlike the scalar and vector mediators, the exchange of a
spin-2 KK graviton induces helicity structures characteristic
of its tensorial coupling to the energy-momentum tensor.
As seen from Eqs. (4.27)–(4.30), the angular dependence
exhibits nontrivial combinations such as cos2 θ and
sin θ cos θ, which are absent in scalar or vector exchanges.
Moreover, the overall energy dependence encoded in

AðsÞ differs significantly from that of scalar or vector
mediators, effectively scaling as s at the amplitude level.
This distinct behavior reflects the higher-dimensional origin
of the interaction and can lead to qualitatively different
modifications of spin correlations and entanglement observ-
ables, especially at high energies.
While the Uð1ÞB−L contribution has the same Lorentz

structure as photon exchange, differing only by the cou-
plings and the massive propagator, the RS contribution
represents a genuinely new tensor interaction. As a con-
sequence, the RS scenario provides a qualitatively distinct
benchmark for studying the sensitivity of quantum-entan-
glement observables to the spin and Lorentz structure of
new physics.

V. NUMERICAL ANALYSIS

In this section we present numerical results for the
entanglement marker, the concurrence, and the maximal
CHSH Bell parameter in the four scenarios. The SM in-
puts are fixed to α ¼ e2=ð4πÞ ¼ 1=128, mt ¼ 173 GeV,
sin2 θW ¼ 0.23343 and mZ ¼ 91.188 GeV. For the
numerical analysis, we adopt representative benchmark
points for each new-physics scenario, as summarized in
Table I. The parameters are chosen within phenomeno-
logically viable ranges, and the new-physics contributions
lead to visible deviations from the SM. Our goal is not
merely to quantify the amount of quantum correlation in
each benchmark model. Rather, we investigate whether
quantum-information observables can reveal characteristic
signatures of new particles and the structure of their
interactions. To this end, we compare scalar, vector, and
tensor mediators on equal footing and examine how the
distinctive features of these new particles and their inter-
actions are encoded in the kinematic dependence of the
entanglement marker, concurrence, and Bell-nonlocality
observables.
We first discuss the entanglement marker, shown in

Figs. 2 and 3. The contour plots reveal the kinematic regions
where quantum correlations are enhanced, while the angular
distributions at fixed energies provide a complementary

TABLE I. Benchmark masses and coupling parameters in the new-physics models for numerical analysis.

Model Mediated particle Masses [TeV] Coupling parameters

Scalar-mediator Φ (spin-0) 0.2 Yl ¼ Yt ¼ 0.2
Uð1ÞB−L Z0 (spin-1) 5.0 gB−L ¼ 0.4
RS G (spin-2) 5.5, 10.1, 14.6, 19.1 κ=M̄Pl ¼ 0.2
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one-dimensional view that makes the location and depth of
the extrema more transparent.
The top-left panel in Fig. 2 shows the SM case. The

entanglement marker exhibits a single connected structure,
with a smooth dependence on both the scattering angle and
the center-of-mass energy. The correlation is strongest in
the central region, θ=π ∼ 0.5–0.7, and increases gradually
with energy. This behavior is also evident in the corre-
sponding energy slices shown in the top-left panel of Fig. 3,
where a single broad minimum develops and deepens asffiffiffi
s

p
increases.

The scalar mediator scenario, shown in the top-right
panels of Figs. 2 and 3, preserves the overall angular pattern
of the SM, with the entanglement marker developing a
broad minimum around intermediate scattering angles. Its
magnitude is, however, reduced. This reduction can be
understood from the helicity structure of the scalar inter-
action. Unlike the SM vector interactions, scalar exchange
enhances like-helicity top-pair configurations, which dilute

the opposite-helicity spin correlations responsible for the
strong quantum correlations in the SM. Since the scalar
amplitude does not interfere with the SM contribution in the
massless-lepton limit, the overall topology of the distribu-
tion remains largely unchanged and no qualitatively new
structures emerge. As the center-of-mass energy increases,
the minimum becomes deeper while its position remains
nearly unchanged. Narrow angular regions then emerge
where the marker exceeds the entanglement threshold,
indicating a loss of entanglement.
In contrast, the Uð1ÞB−L model leads to a more intricate

structure, with multiple disconnected regions appearing in
the contour plots, as shown in the bottom-left panel of Fig. 2.
At low energies, the contour resembles the SM pattern. At
intermediate energies, a distinct entanglement extremum
appears between

ffiffiffi
s

p
≃ 3 TeV and 4 TeV, while the entan-

glement is significantly weakened near these two energies.
This produces the isolated entangled region observed in the
contour plot. At higher energies, the entanglement extremum

FIG. 2. Contours of the entanglement marker in the ð ffiffiffi
s

p
; θ=πÞ plane. The top panels show the SM (left) and the scalar-mediator model

(right), while the bottom panels show the Uð1ÞB−L model (left) and the RS model (right).
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appears around θ=π ¼ 1=2. The analytic interpretation of
these features is presented in Appendixes A and B.
Appendix A considers a generic chiral gauge interaction
and explains the angular position of the entanglement
extremum at low and high energies in terms of the rela-
tive strengths of the left- and right-chiral couplings.
Appendix B extends this analysis by including both a
chiral SM-like interaction and a vectorlike interaction. It
shows that the energy dependence of the effective chiral
combinations defined in (B26) and (B27) governs the
motion of the entanglement extremum in the intermedi-
ate-energy region, while the weakened-entanglement
regions around

ffiffiffi
s

p
≃ 3 TeV and 4 TeV arise from the

cancellation condition, Eq. (B12), which suppresses the
off-diagonal element of the density matrix.
In the corresponding energy slices shown in the bottom-

left panel of Fig. 3, the angular minimum moves with
ffiffiffi
s

p
,

while its depth is strongly reduced around
ffiffiffi
s

p
≃ 3 TeV, in

agreement with the analytic interpretation presented in
Appendixes A and B.
The RS scenario, shown in the bottom-right panels of

Fig. 2, exhibits a qualitatively different behavior from both
the scalar and Uð1ÞB−L scenarios. Unlike these models,

the RS contribution originates from spin-2 KK gravitons,
which contribute through tensor interactions. At relatively
low energies, the contour plot exhibits a single connected
region, similar to the SM behavior. As the collision energy
increases, however, additional disconnected regions emerge,
indicating the growing impact of the KK-graviton contri-
bution. To clarify the origin of the disconnected angular
regions, we analyze in Appendix C the contribution from
the first KK graviton alone in the massless-top limit. The
analysis shows that the disconnected regions arise solely
from the characteristic angular dependence of the spin-2
exchange. The resulting angular distribution is symmetric
about θ=π ¼ 1=2 as shown in Fig. 10. While the discon-
nected regions originate from the characteristic angular
dependence of the spin-2 exchange, the full RS prediction
contains an additional feature. The contours are noticeably
asymmetric about θ=π ¼ 1=2. This asymmetry is absent for
the KK-graviton contribution alone but arises from inter-
ference with the SM amplitudes, particularly the Z-boson
exchange. Such features are absent in both the scalar and
vector scenarios, leading to a quantum-correlation pattern
that is qualitatively distinct from those found in the other
benchmark models.

FIG. 3. Angular dependence of the entanglement marker at fixed center-of-mass energies for the SM (top left), the scalar-mediator
model (top right), the Uð1ÞB−L model (bottom left) and RS model. The solid black, dashed black, solid red, and dashed red curves
correspond to

ffiffiffi
s

p ¼ 500 GeV, 1000 GeV, 3000 GeV, and 4500 GeV, respectively. The horizontal blue line indicates the threshold below
which the state is entangled.
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The same features are reflected in the corresponding
energy slices shown in the bottom-right panel of Fig. 3. At
relatively low energies, the angular distribution exhibits a
single broad minimum, similar to the SM behavior. As the
energy increases, additional local minima develop in the
angular distribution. These minima correspond to the dis-
connected angular regions observed in the contour plots and
are consistent with the spin-2 angular structure discussed in
Appendix C. Their positions are further modified by
interference with the SM amplitudes. The angular distribu-
tions also exhibit the same asymmetry about θ=π ¼ 1=2
observed in the contour plots, consistent with the interfer-
ence between the KK-graviton and SM contributions.
We now turn to the concurrence. It is instructive to

examine whether the qualitative differences among the
scalar, vector, and RS scenarios observed in the entangle-
ment marker persist in another entanglement observable.
The concurrence are shown in Figs. 4 and 5. Overall, its
behavior closely follows that of the entanglement marker,

since both quantify the strength of quantum correlations. In
particular, the locations of the extrema and the global
structure in the contour plots are nearly identical. This
correspondence is also reflected in the energy slices, where
the angular dependence exhibits a similar structure, with
the positions of the extrema largely aligned with those of
the entanglement marker.
The main difference lies in the overall normalization,

as the concurrence provides a more direct measure of
entanglement. The SM and scalar cases again show a
smooth single-region structure, with a single maximum in
the angular distribution, as shown in the top panels of
Fig. 5. The Uð1ÞB−L model, shown in the bottom-left
panel of Fig. 5, retains a single maximum whose position
evolves with

ffiffiffi
s

p
. The maximum is strongly suppressed atffiffiffi

s
p ¼ 3 TeV and increases again at higher energies. In
contrast, the RS scenario, shown in the bottom-right panel
of Fig. 5, develops multiple local maxima, confirming
the qualitatively distinct pattern already observed in the

FIG. 4. Contours of the concurrence in the ð ffiffiffi
s

p
; θ=πÞ plane. The panel assignments are the same as in Fig. 2 for the entanglement marker.
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entanglement marker. These observations confirm the
qualitative picture obtained from the entanglement marker.
We finally turn to the maximal CHSH Bell parameter,

which probes a more restrictive aspect of quantum corre-
lations than either the entanglement marker or the con-
currence. It is therefore interesting to examine whether the
qualitative differences among the scalar, vector, and RS sce-
narios persist at the level of Bell nonlocality. The plots of the
CHSH Bell parameter are shown in Figs. 6 and 7. The
contour plots in Fig. 6 exhibit qualitative features similar to
those of the entanglement marker and the concurrence,
indicating that the qualitative differences among the scalar,
vector, and RS scenarios persist across all three observables.
A similar correspondence is observed in the energy slices

in Fig. 7. Despite probing a more restrictive aspect of
quantum correlations, the Bell parameter retains the same
qualitative distinctions among the scalar, vector, and RS
scenarios that were observed in the entanglement marker
and concurrence. In the SM case shown in the top-left panel
of Fig. 7, the Bell parameter increases with energy and
develops a single broad peak in the angular distribution,
leading to Bell-inequality violation at sufficiently high
energies. The scalar scenario in the top-right panel of
Fig. 7 shows a much more limited pattern of Bell-inequality

violation. For
ffiffiffi
s

p ¼ 500 and 1000 GeV, the Bell parameter
stays below the classical bound over the entire angular
range. Only at higher energies,

ffiffiffi
s

p ¼ 3000 and 4500 GeV,
does Bmax exceed 2, and then only within a narrow interval
of intermediate scattering angles. The Uð1ÞB−L model
shown in the bottom-left panel of Fig. 7 exhibits a single
peak whose angular position evolves with

ffiffiffi
s

p
. The peak is

strongly suppressed at
ffiffiffi
s

p ¼ 3 TeV and increases at higher
energies, following the behavior already observed in the
concurrence. In contrast, the RS scenario shown in the
bottom-right panel of Fig. 7 exhibits a broad enhancement
at lower energies, while at higher energies the angular
profile becomes increasingly structured. In particular, forffiffiffi
s

p ¼ 4500 GeV, multiple local maxima emerge, reflect-
ing the characteristic angular structure of the spin-2
KK-graviton exchange. These results further demonstrate
that the characteristic differences among the scalar, vector,
and RS scenarios are consistently reflected in all three
quantum-information observables.
Taken together, the results for the entanglement marker,

concurrence, and Bell parameter reveal a common pattern.
The scalar scenario primarily suppresses the SM quantum
correlations, while the Uð1ÞB−L scenario is characterized
by the energy-dependent evolution of the angular extrema

FIG. 5. Angular dependence of the concurrence at fixed center-of-mass energies. The panel assignments are the same as in Fig. 3. The
solid black, dashed black, solid red, and dashed red curves correspond to

ffiffiffi
s

p ¼ 500 GeV, 1000 GeV, 3000 GeV, and 4500 GeV,
respectively.
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governed by the effective chiral combinations, together
with the characteristic weakening of the entanglement
caused by the cancellation condition. The RS scenario
instead develops characteristic angular structures associ-
ated with spin-2 KK-graviton exchange, leading to quali-
tatively distinct signatures absent in the scalar and vector
benchmarks considered here. The fact that the same
qualitative distinctions among the scalar, vector, and RS
scenarios are reflected in all three observables suggests that
these distinctions are closely linked to the properties of the
underlying new particles and their interaction patterns.
We note that all the numerical results shown in this section

were confirmed by automated simulation of event-by-event
spin-density matrices [36] in the MadGraph5_aMC@NLO

(MadGraph hereafter) framework [60]. As a reference, we
show Tables II and III, where we compare the diagonal

components of the spin-correlation matrix Cij and the
entanglement markers DðiÞ obtained from the analytical
calculation (Theory) and from the numerical simulation by
MadGraph. Here, for simplicity, we isolate the contributions of
each new-physics scenario from the SM contribution, and
show the results for the benchmarks defined in Table I atffiffiffi
s

p ¼ 3000 GeV with 105 generated events for simulation.
For simulations in the scalar-mediator (spin-0) model
and the RS (spin-2) model, we employ the Higgs
Charactersisation (HC) model [61], while for sim-
ulations in the Uð1ÞB−L (spin-1) model, we use the
U1XGeneric model [62]. For the RS case, we only
include the contribution from the first KK graviton mode
for the comparison tables. We find good agreement between
the two approaches within statistical uncertainties, provid-
ing a nontrivial cross-check of the analytical framework.

FIG. 6. Contours of the CHSH Bell parameter in the ð ffiffiffi
s

p
; θ=πÞ plane. The panel assignments are the same as in Fig. 2 for the

entanglement marker.
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FIG. 7. Angular dependence of the CHSH Bell parameter at fixed center-of-mass energies. The panel assignments are the same as in
Fig. 3. The solid black, dashed black, solid red, and dashed red curves correspond to

ffiffiffi
s

p ¼ 500 GeV, 1000 GeV, 3000 GeV, and
4500 GeV, respectively. The horizontal blue line marks the classical CHSH bound Bmax ¼ 2.

TABLE II. Comparison of the diagonal components of the spin-correlation matrix between the analytical
calculation (Theory) and the numerical simulation by MadGraph.

Model

Crr Cnn Ckk

Theory MadGraph Theory MadGraph Theory MadGraph

SM 0.300 0.298 −0.290 −0.287 0.989 0.990
Scalar-mediator −0.007 −0.007 −0.007 −0.007 −1.000 −1.000
Uð1ÞB−L 0.503 0.502 −0.490 −0.489 0.987 0.987
RS −0.156 −0.158 0.174 0.176 0.982 0.982

TABLE III. Comparison of the entanglement markers DðiÞ obtained from the analytical calculation (Theory) and
the numerical simulation byMadGraph.

Model

Dð1Þ DðkÞ DðrÞ DðnÞ

Theory MadGraph Theory MadGraph Theory MadGraph Theory MadGraph

SM 0.333 0.333 0.326 0.326 −0.133 −0.135 −0.526 −0.525
Scalar-mediator −0.338 −0.338 −0.329 −0.329 0.333 0.333 0.333 0.333
Uð1ÞB−L 0.333 0.333 0.325 0.325 0.002 0.002 −0.660 −0.660
RS 0.333 0.333 0.322 0.322 −0.438 −0.439 −0.217 −0.216
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VI. DISCUSSION AND CONCLUSIONS

In this work, we have performed a systematic study of
quantum entanglement and Bell-inequality violation in
l−lþ → tt̄ðl ¼ e; μÞ at future lepton colliders such as the
ILC and multi-TeV muon colliders, within the SM and
three representative extensions involving scalar, vector, and
tensor-mediated interactions. Working in a unified density-
matrix framework, we evaluated the entanglement marker,
the concurrence, and the maximal CHSH Bell parameter on
equal footing.
The central result of this work is that the scalar, vector,

and RS scenarios leave qualitatively distinct fingerprints
in quantum-information observables. Rather than merely
enhancing or suppressing entanglement, the new inter-
actions produce qualitatively distinct patterns in the quan-
tum-information observables, reflecting the properties of the
underlying new particles and their interaction patterns. The
scalar mediator leads to an overall reduction of entangle-
ment, reflecting its tendency to enhance like-helicity top-
pair configurations. The absence of strong interference with
the SM amplitudes further ensures that the overall topology
remains similar to the SM pattern. In contrast, the Uð1ÞB−L
model is characterized by the energy-dependent evolution of
the angular extrema together with a characteristic weaken-
ing of the entanglement, leading to a characteristic reshap-
ing of the entanglement pattern in the ðθ; ffiffiffi

s
p Þ plane. The RS

scenario exhibits the most distinctive behavior, developing
characteristic angular structures associated with spin-2
KK-graviton exchange that are absent in the scalar and
vector benchmarks considered here.
We further find that the CHSH parameter provides

information complementary to that of the entanglement
marker and concurrence. In the SM, as well as in the
Uð1ÞB−L and RS scenarios, the maximal CHSH parameter
exceeds the classical bound Bmax ¼ 2 over broad angular
regions, indicating persistent Bell-inequality violation
throughout much of the accessible phase space. By contrast,
in the scalar-mediator model the violation is much more
limited: for

ffiffiffi
s

p ¼ 500 and 1000 GeV, the CHSH parameter
stays below the classical bound over the entire angular
range, whereas clear violation appears only at higher center-
of-mass energies, where it is confined to narrow angular
intervals. This behavior reflects the different ways in which
the interactions considered here reshape the underlying
quantum-correlation structure. The vector and RS scenarios
exhibit Bell-inequality violation over broader regions of
phase space, whereas the scalar contribution produces a
more limited pattern that becomes visible mainly at higher
energies. Taken together, the entanglement marker, con-
currence, and CHSH parameter therefore provide comple-
mentary diagnostics of the properties of new particles and
their interaction patterns.
Future lepton colliders provide a uniquely clean envi-

ronment for probing quantum entanglement with tt̄ final

state. In particular, polarized beams would allow direct
control over the initial-state helicity configuration and could
significantly enhance the sensitivity to the chiral and
Lorentz structure of new interactions [63]. Incorporating
realistic reconstruction and detector effects will be essential
for assessing the experimental feasibility of measuring these
quantum-information observables in practice. Such studies
will help clarify the role of quantum-information observ-
ables as probes of new physics at future lepton colliders.
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APPENDIX A: CHIRAL GAUGE COUPLING
DEPENDENCE OF THE ENTANGLEMENT

OBSERVABLES

To clarify the origin of the energy-dependent shift of the
entanglement extremum observed in the Uð1ÞB−L scenario
as discussed in Sec. V, we consider the production of a
massless fermion pair through a generic neutral vector
boson with independent left- and right-chiral couplings.
The interaction Lagrangian is written as

Lint ¼ Vμ½ēγμðgeLPL þ geRPRÞeþ t̄γμðgtLPL þ gtRPRÞt�;
ðA1Þ

where

PL ¼ 1 − γ5
2

; PR ¼ 1þ γ5
2

: ðA2Þ

The couplings are taken to be real. We neglect the electron
and top masses in order to isolate the dependence of the
angular distribution on the chiral structure of the inter-
action. The overall propagator and normalization factors
cancel in the normalized density matrix and will therefore
be omitted below.
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The normalized density matrix is

ρðθÞ ¼ 1

NðθÞ

0
BBBB@

AðθÞ 0 0 BðθÞ
0 0 0 0

0 0 0 0

BðθÞ 0 0 DðθÞ

1
CCCCA; ðA3Þ

where

NðθÞ ¼ AðθÞ þDðθÞ; ðA4Þ

AðθÞ ¼ 4ðgtRÞ2
�
ðgeRÞ2cos4

θ

2
þ ðgeLÞ2sin4

θ

2

�
; ðA5Þ

DðθÞ ¼ 4ðgtLÞ2
�
ðgeLÞ2cos4

θ

2
þ ðgeRÞ2sin4

θ

2

�
; ðA6Þ

BðθÞ ¼ ½ðgeLÞ2 þ ðgeRÞ2�gtLgtR sin2 θ: ðA7Þ

From the density matrix (A3), we have the entanglement
marker as

DminðθÞ ¼ −
1

3

�
1þ 4jBðθÞj

NðθÞ
�
: ðA8Þ

Thus, the entanglement condition (2.10) is satisfied when-
ever the off-diagonal element BðθÞ is nonzero.
The concurrence can also be evaluated analytically. For

the density matrix in Eq. (A3), we have

CðθÞ ¼ 2jBðθÞj
NðθÞ : ðA9Þ

Consequently, the entanglement marker and concurrence
satisfy the simple relation

DminðθÞ ¼ −
1þ 2CðθÞ

3
: ðA10Þ

The two observables therefore contain the same angular
information in the present massless single-vector-exchange
limit. In particular, the minimum ofDmin occurs at the same
angle as the maximum of the concurrence.
The dependence of this angle on the chiral couplings can

be obtained explicitly. Introducing

P ¼ ðgtRgeRÞ2 þ ðgtLgeLÞ2; ðA11Þ

Q ¼ ðgtRgeLÞ2 þ ðgtLgeRÞ2; ðA12Þ

and defining

x ¼ cos θ; ðA13Þ

the normalization factor becomes

NðxÞ ¼ Pð1þ xÞ2 þQð1 − xÞ2; ðA14Þ

whereas

jBðxÞj ¼ Rð1 − x2Þ; R ¼ ½ðgeLÞ2 þ ðgeRÞ2�jgtLgtRj:
ðA15Þ

It follows that

CðxÞ ¼ 2Rð1 − x2Þ
Pð1þ xÞ2 þQð1 − xÞ2 : ðA16Þ

The nontrivial extremum of (A16) in the physical angular
region is located at

cos θext ¼
ffiffiffiffi
Q

p
−

ffiffiffiffi
P

pffiffiffiffi
P

p þ ffiffiffiffi
Q

p : ðA17Þ

At this angle, the concurrence reaches

Cmax ¼
Rffiffiffiffiffiffiffi
PQ

p ; ðA18Þ

and the entanglement marker takes the minimum value

DðminÞ
min ¼ −

1

3

�
1þ 2Rffiffiffiffiffiffiffi

PQ
p

�
: ðA19Þ

Equation (A17) shows explicitly that the angular posi-
tion of the entanglement structure is controlled by the
relative strengths of the chiral couplings. The distribution is
symmetric about θ ¼ π=2 when

P ¼ Q: ðA20Þ

Indeed,

P −Q ¼ ½ðgtRÞ2 − ðgtLÞ2�½ðgeRÞ2 − ðgeLÞ2�: ðA21Þ

Therefore, P ¼ Q if the coupling to either the initial or final
fermion is vectorlike in magnitude. In particular, for the
Uð1ÞB−L interaction,

geL ¼ geR; gtL ¼ gtR; ðA22Þ

and one obtains

θext ¼
π

2
: ðA23Þ

By contrast, if P > Q, the extremum is shifted to θ > π=2,
while for P < Q it is shifted to θ < π=2.
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We show the dependence of the entanglement marker
on the chiral couplings in Fig. 8. For vectorlike cou-
plings, P ¼ Q, and the minimum is located at θ ¼ π=2.
When P > Q, the minimum is shifted towards θ > π=2,
whereas P < Q shifts the minimum towards θ < π=2, in
complete agreement with Eq. (A17).
These results provide a simple interpretation of the

energy-dependent angular structures found in the full
Uð1ÞB−L calculation. At relatively low energies, the dis-
tribution is dominated by the SM amplitudes and reflects
their chiral asymmetry. In the energy region where the Z0
contribution dominates, the vectorlike Uð1ÞB−L couplings
drive the entanglement extremum toward the symmetric
position θ=π ¼ 1=2. The energy-dependent movement of
the entanglement extrema and the weakened-entanglement
regions observed in the intermediate-energy region require
the coexistence of chiral and vectorlike interactions. These
features are analyzed in Appendix B.

APPENDIX B: ANALYTIC INTERPRETATION OF
THE INTERMEDIATE-ENGRGY

ENTANGLEMENT PATTERN IN THE Uð1ÞB−L
MODEL

As discussed in Sec. V, the Uð1ÞB−L model exhibits two
characteristic features in the intermediate-energy region.
The entanglement extrema move with the collision energy,
while the entanglement is significantly weakened aroundffiffiffi
s

p
≃ 3 TeV and 4 TeV, leading to the weakened-entangle-

ment regions in Fig. 2. To clarify the origin of this behavior,
we consider a simplified model containing a massless
neutral vector boson Aμ with generic chiral couplings

and a massive neutral vector boson Xμ with vectorlike
couplings. The former mimics the chiral structure of the
SM Z boson, with its mass neglected, whereas the latter
mimics the vectorlike Z0 boson of the Uð1ÞB−L model. The
interaction Lagrangian is

Lint ¼ Aμ½ēγμðglLPL þ glRPRÞeþ t̄γμðgtLPL þ gtRPRÞt�
þ gB−LXμðQl

B−Lēγ
μeþQt

B−Lt̄γ
μtÞ: ðB1Þ

We neglect the lepton and top-quark masses, as in
Appendix A, and also neglect the width of the massive
vector boson.
The normalized density matrix takes the form

ρðs; θÞ ¼ 1

Nðs; θÞ

0
BBBB@

Aðs; θÞ 0 0 Bðs; θÞ
0 0 0 0

0 0 0 0

Bðs; θÞ 0 0 Dðs; θÞ

1
CCCCA; ðB2Þ

where

Aðs; θÞ ¼ 4

�
G2

RRðsÞcos4
θ

2
þ G2

LRðsÞsin4
θ

2

�
; ðB3Þ

Dðs; θÞ ¼ 4

�
G2

LLðsÞcos4
θ

2
þ G2

RLðsÞsin4
θ

2

�
; ðB4Þ

Bðs; θÞ ¼ ½GRRðsÞGRLðsÞ þ GLRðsÞGLLðsÞ� sin2 θ; ðB5Þ

Nðs; θÞ ¼ Aðs; θÞ þDðs; θÞ; ðB6Þ

with

GRRðsÞ ¼ glRg
t
R − χðsÞ; GLRðsÞ ¼ glLg

t
R − χðsÞ; ðB7Þ

GLLðsÞ ¼ glLg
t
L − χðsÞ; GRLðsÞ ¼ glRg

t
L − χðsÞ; ðB8Þ

and

χðsÞ ¼ g2B−L
3

s
s −M2

X
; ðB9Þ

where MX is a mass of the X-boson. Here the factor 1=3
follows from Ql

B−LQ
t
B−L ¼ −1=3, with an overall common

sign absorbed into the definition of the four channel
coefficients. The quantities GRRðsÞ, GLRðsÞ, GLLðsÞ, and
GRLðsÞmay be regarded as effective chiral couplings, since
they incorporate both the original chiral couplings and the
energy-dependent vectorlike contribution χðsÞ.
For this density matrix, the concurrence and entangle-

ment marker are, respectively,

FIG. 8. Angular dependence of the entanglement marker for
several representative choices of chiral couplings. The blue
horizontal line denotes the separability bound, Dmin ¼ −1=3.
The solid curve corresponds to vectorlike couplings P ¼ Q;
ðgeR ¼ geL ¼ gtR ¼ gtL ¼ 1), while the dashed and dotted curves
illustrate the cases P > QðglR ¼ gtR ¼ 3; glL ¼ gtL ¼ 1Þ and
P < QðglR ¼ gtR ¼ 1; glL ¼ gtL ¼ 3Þ, respectively. The minimum
shifts according to Eq. (A17), demonstrating that its angular
position is determined by the relative strengths of the left- and
right-chiral couplings. couplings.
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Cðs; θÞ ¼ 2jBðs; θÞj
Nðs; θÞ ; ðB10Þ

Dminðs; θÞ ¼ −
1

3

�
1þ 4jBðs; θÞj

Nðs; θÞ
�
¼ −

1þ 2Cðs; θÞ
3

:

ðB11Þ

The weakening of the entanglement is therefore controlled
by the ratio jBj=N. For sin θ ≠ 0, the concurrence vanishes
when

GRRðsÞGRLðsÞ þGLRðsÞGLLðsÞ ¼ 0: ðB12Þ

This can occur for suitable combination of gauge couplings
and collision energies. In such a case, the concurrence
vanishes and the entanglement marker reaches the sepa-
rability bound.
Expanding Eq. (B12) in powers of χ, we obtain

2χ2 − Sχ þ T ¼ 0; ðB13Þ

where

S ¼ ðglL þ glRÞðgtL þ gtRÞ; ðB14Þ

T ¼ ½ðglLÞ2 þ ðglRÞ2�gtLgtR: ðB15Þ

The solutions are

χ� ¼ S�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 − 8T

p

4
: ðB16Þ

A real suppression point exists only if

S2 − 8T ≥ 0: ðB17Þ

Using Eq. (B9), the corresponding collision energies are

s� ¼ χ�
χ� − g2BL=3

M2
X; ðB18Þ

ffiffiffiffiffi
s�

p ¼ MX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ�

χ� − g2BL=3

r
: ðB19Þ

Conversely, for a target energy
ffiffiffiffiffi
s0

p
,

MX ¼ ffiffiffiffiffi
s0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

g2B−L
3χ�

s
: ðB20Þ

A physical solution requires χ�=ðχ� − g2BL=3Þ > 0.
If the massless interaction is also vectorlike,

glL ¼ glR; gtL ¼ gtR; ðB21Þ

the four coefficients in Eqs. (B7) and (B8) become identical.
Away from a zero of the total production amplitude, their
common energy-dependent factor cancels from the normal-
ized density matrix. Consequently, all elements of the
density matrix acquire the same energy-dependent factor,
which cancels in the normalized density matrix. Therefore,
purely vectorlike interactions do not generate an energy-
dependent suppression of the normalized entanglement
observables.
As a concrete example, let us take

MX ¼ 5 TeV; gB−L ¼ 1; glL ¼ glR ¼ 1;

gtL ¼ −
16

27
; gtR ¼ −

3

16
: ðB22Þ

For this choice,

χð3 TeVÞ ¼ −
3

16
; χð4 TeVÞ ¼ −

16

27
: ðB23Þ

The off-diagonal element becomes

Bðs; θÞ ¼ 2

�
−

3

16
− χðsÞ

��
−
16

27
− χðsÞ

�
sin2 θ: ðB24Þ

The first factor vanishes at
ffiffiffi
s

p ¼ 3 TeV, while the second
factor vanishes at

ffiffiffi
s

p ¼ 4 TeV. Consequently,

Cðs; θÞ ¼ 0; Dminðs; θÞ ¼ −
1

3
ðB25Þ

at these two energies for sin θ ≠ 0, whereas the diagonal
normalization remains nonzero. This example explicitly
demonstrates that the weakening of the entanglement can
arise from cancellations among the chiral-channel contri-
butions to the off-diagonal density-matrix element.
The above analysis also provides a simple interpretation

of the motion of the entanglement extrema. In particular, it
explains the characteristic behavior observed in the inter-
mediate-energy region, where the SM-like and vectorlike
contributions compete. Introducing

PðsÞ ¼ G2
RRðsÞ þG2

LLðsÞ; ðB26Þ

QðsÞ ¼ G2
LRðsÞ þG2

RLðsÞ; ðB27Þ

RðsÞ ¼ jGRRðsÞGRLðsÞ þ GLRðsÞGLLðsÞj; ðB28Þ
the concurrence can be rewritten as

Cðs; xÞ ¼ 2RðsÞð1 − x2Þ
PðsÞð1þ xÞ2 þQðsÞð1 − xÞ2 ; x ¼ cos θ;

ðB29Þ
which has the same form as Eq. (A16), with the
replacements P → PðsÞ, Q → QðsÞ, and R → RðsÞ.
Consequently,
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cos θextðsÞ ¼
ffiffiffiffiffiffiffiffiffiffi
QðsÞp

−
ffiffiffiffiffiffiffiffiffi
PðsÞp

ffiffiffiffiffiffiffiffiffi
PðsÞp þ ffiffiffiffiffiffiffiffiffiffi

QðsÞp : ðB30Þ

Therefore, the motion of the entanglement extrema is
governed by the energy dependence of the effective chiral
combinations PðsÞ andQðsÞ, whereas the weakening of the
entanglement is controlled by the cancellation condi-
tion (B12).
Figure 9 shows the contour plot of the entanglement

marker Eq. (B11) for the representative parameter set
introduced in (B22). In this example, the lepton coupling
is vectorlike, glL ¼ glR, which implies PðsÞ ¼ QðsÞ and
hence θext ¼ π=2 at all energies. The entanglement is
strongly suppressed near

ffiffiffi
s

p ¼ 3 TeV and 4 TeV, where
the off-diagonal density-matrix element vanishes as dis-
cussed above.

APPENDIX C: ORIGIN OF THE DISCONNECTED
ENTANGLED REGIONS IN THE RS MODEL

In this Appendix, we clarify the origin of the discon-
nected entangled regions found in the RS model. For this
purpose, we isolate the contribution from the first KK
graviton and neglect the SM amplitudes. We also take the
massless-top limit, mt ¼ 0, in order to extract the angular
structure associated purely with the spin-2 exchange.
In this limit, the helicity amplitudes can be written

schematically as

MðGÞðs; θÞ ¼ AðsÞF ðθÞ; ðC1Þ

where AðsÞ is given in (3.8), while F ðθÞ describes the
angular dependence of the helicity amplitudes. Since the
spin density matrix is normalized by its trace, the common
factor jAðsÞj2 cancels. The normalized density matrix
therefore depends only on the scattering angle in this

simplified limit. As in Appendix A, only the ρþ−;þ−,
ρþ−;−þ, ρ−þ;þ−, and ρ−þ;−þ components are nonvanishing.
The normalized density matrix is therefore written as

ρ ¼ 1

2

0
BBBB@

1 0 0 rðθÞ
0 0 0 0

0 0 0 0

rðθÞ 0 0 1

1
CCCCA; ðC2Þ

where

rðθÞ ¼ 2 sin θ sin 3θ
2þ cos 2θ þ cos 4θ

: ðC3Þ

For the density matrix in Eq. (C2), the entanglement
marker reduces to

DminðθÞ ¼ −
1

3
ð1þ 2jrðθÞjÞ: ðC4Þ

Thus, the entanglement marker returns to its boundary value
whenever rðθÞ ¼ 0. The denominator in Eq. (C3) remains
positive throughout the physical angular range. Indeed,

2þ cos 2θ þ cos 4θ ¼ 8

�
cos2 θ −

3

8

�
2

þ 7

8
; ðC5Þ

and the polynomial on the right-hand side has no zero for
0 ≤ θ ≤ π. The numerator vanishes at

θ ¼ 0;
π

3
;

2π

3
; π; ðC6Þ

as can be easily seen from

FIG. 9. Contour plot of the entanglement marker obtained
from (B11) with parameters in (B22).

FIG. 10. Entanglement marker obtained by retaining only the
first KK graviton in the massless-top limit, with the SM ampli-
tudes omitted. The blue horizontal line denotes the separability
bound, Dmin ¼ −1=3, while the black curve shows the entangle-
ment marker induced by the first KK graviton. The disconnected
entangled regions are already present for a single spin-2 KKmode,
demonstrating that they originate from the characteristic angular
dependence of the spin-2 exchange.
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sin θ sin 3θ ¼ ð1 − cos2 θÞð4 cos2 θ − 1Þ: ðC7Þ

Thus, the two internal nodes at θ ¼ π=3 and 2π=3 divide
the physical angular interval into three separate regions.
Therefore, the separation of the angular regions is entirely
determined by the zeros of the off-diagonal matrix
element rðθÞ.
The same conclusion follows from the concurrence. For

the density matrix in Eq. (C2), the concurrence is given by

CðθÞ ¼ jrðθÞj ¼
���� 2 sin θ sin 3θ
2þ cos 2θ þ cos 4θ

����: ðC8Þ

It vanishes at the angles listed in Eq. (C6), while it becomes
nonzero in the three intervening angular intervals. Note that
the entanglement marker and concurrence satisfy the same
relation as in (A10).
The numerical result obtained by retaining only the first

KK graviton is shown in Fig. 10. The disconnected angular
structure is already present in this single-mode result. This
demonstrates that the multiple entangled regions are not
generated by interference among different KK gravitons.
Instead, they originate from the higher-order angular depen-
dence characteristic of the spin-2 exchange, in particular
from the sin 3θ dependence of the helicity coherence.
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