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We present a UV completion of the Standard Model in which quarks and leptons are unified under color
SU(4). A single fermionic representation, the real antisymmetric, provides the building blocks to address
the strong CP problem via the Nelson-Barr mechanism, while simultaneously correcting the charged-
lepton and down-quark mass relations predicted by Pati-Salam theories for the two heaviest generations.
We show that the characteristic scales of the theory are strongly constrained by its phenomenology.
The interplay between the quality of the Nelson-Barr mechanism and the nonobservation of baryon-
number-violating processes determines the scale of spontaneous CP violation and the mass of the new
vectorlike down quark. The theory predicts a distinctive baryon-number-violating decay mode of the
neutron, n → Kþl− (with l ¼ e, μ), which lies within the projected sensitivity of upcoming nucleon-decay
experiments such as Hyper-Kamiokande, Jiangmen Underground Neutrino Observatory, and the Deep
Underground Neutrino Experiment.
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I. INTRODUCTION

The fact that, in the presence of an Oð1Þ CP-violating
phase in the flavor sector [1], the combination inducing a
nonzero electric dipole moment (EDM) in hadrons is
strongly constrained by null measurements of the neutron
EDM [2–4],

θ̄QCD ¼ θQCD þ argfdetðMuMdÞg < 10−10; ð1Þ

constitutes a long-standing puzzle in the Standard Model
(SM) of particle physics.
A popular resolution is to dynamically set θ̄QCD to zero

by introducing a global symmetry that is anomalous under
QCD [5,6]. The associated pseudo-Goldstone boson, the
axion [7,8], relaxes θ̄QCD to its CP-conserving minimum in
the IR, while potentially accounting for the observed dark
matter abundance in the Universe [9–11]. However, the
Peccei-Quinn mechanism generically suffers from severe
quality problems [12]: global symmetries are not expected
to be respected in the UV, and higher-dimensional oper-
ators can shift the axion potential minimum, inducing an
effective θ̄QCD that violates the bound in Eq. (1). Various
approaches have been proposed to address this issue,
including heavy axion models (e.g. Refs. [13,14]), con-
structions enforcing high-quality global symmetries

(e.g. Refs. [15,16]), and mechanisms arising in higher-
dimensional or string-inspired axiverse scenarios (e.g.
Refs. [17–19]).
There are, however, alternative ways to understand

the smallness of θ̄QCD. From Eq. (1), it follows that in a
CP-invariant theory the topological GG̃ term is forbidden
in the Lagrangian and the Yukawa couplings are real,
implying θ̄QCD ¼ 0. However, CP violation is known to be
present in the Standard Model, as evidenced by the non-
vanishing Jarlskog invariant [1]. To account for that, one
can assume that CP is a symmetry of the Lagrangian but it
is spontaneously broken by the vacuum of the theory. In
this context, the quark mass matrices can be complex and,
as long as they satisfy

argfdetðMuMdÞg ¼ 0; ð2Þ

the strong CP problem can be resolved consistently with
the presence of an Oð1Þ CP-violating phase in the flavor
sector.
The above condition can be naturally realized through

suitable textures of the quark mass matrices.1 Nelson and
Barr [22–24] proposed extending the SM by vectorlike
quarks that couple only to the right-handed colored sector
through a scalar whose vacuum expectation value (VEV)
breaks CP. In such constructions, quark mass matrices of
the form
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1In addition to the Nelson-Barr mechanism, on which we focus
in this paper, there exist other mechanisms leading to Eq. (2); see,
for example, Refs. [20,21].
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Mq ¼
�
Mq 0

μi MQ

�
; ð3Þ

where Mq denotes the 3 × 3 SM weak mass matrix (real),
MQ the mass of the new vectorlike quark (real), and μi the
mixing mass terms between the SM quarks and the new
state (complex), allow for Oð1Þ CP violation in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix while main-
taining θ̄QCD ¼ 0 at tree level.
The minimal simplified model realizing this idea was

proposed by Bento, Branco, and Parada (BBP) in Ref. [25].
In this construction, a vectorlike down-type quark,
DL;R ∼ ð3; 1;−1=3ÞSM, is introduced together with a com-
plex scalar S ∼ ð1; 1; 0ÞSM, both charged under a Z2

symmetry. The subscript “SM” here and in the following
denotes the quantum numbers under the SM gauge group
GSM¼SUð3ÞC⊗SUð2ÞL⊗Uð1ÞY . The relevant Lagrangian
in this case is given by

−L ⊃ YdQ̄LHdR þMDD̄LDR

þ D̄LðλSþ λ0S�ÞdR þ H:c:; ð4Þ

where QL ∼ ð3; 2; 1=6ÞSM, dR ∼ ð3; 1;−1=3ÞSM, and H ∼
ð1; 2; 1=2ÞSM are SM fields, all singlets under the new Z2.
In the broken phase, μi ¼ λihSi∈C, and the texture in
Eq. (3) is realized, leading to the prediction θ̄QCD ¼ 0 at
tree level.
However, higher dimensional operators, appearing

already at dimension five,

1

Λ
Q̄LHðSDRÞ þ � � � ; ð5Þ

reintroduce a small θ̄QCD and spoil the mechanism unless the
scale of spontaneous CP violation is below 40 TeV
[26], assuming Λ ∼MPl ¼ 1.2 × 1019 GeV. Such a low
scale is incompatible with high-scale leptogenesis [27],
which requires the relevant lepton-number- andCP-violating
dynamics to occur at a much higher scale, and with infla-
tionary models featuring a hot reheating phase, since the
domain walls arising from the spontaneous breaking of CP
must be inflated away [28].
Automatic Nelson-Barr models have been proposed

[26,27,29], in which the Z2 is an accidental remnant of
the gauge symmetry and matter content. This ensures that
the operator in Eq. (5) is generically forbidden and
contributions to θ̄QCD are further suppressed, thereby
allowing for a higher spontaneous CP violation scale [27].
In this paper, we show that the Nelson-Barr mechanism

can be automatically realized in simple and well-motivated
extensions of the SM. In particular, we provide a UV
completion of the minimal BBP simplified model [25] in
the context of quark-lepton unification [30]. The frame-
work treats quarks and leptons on equal footing, explains

charge quantization, naturally includes right-handed neu-
trinos, and leads to approximate mass relations between the
down-quarks and the charged leptons.
Within color SU(4), the next-to-minimal nontrivial

representation beyond the fundamental that can be added
to the matter content is the antisymmetric representation,
F6. Remarkably, this representation is real and therefore
does not spoil anomaly cancellation. It contains a vectorlike
down quark, DL;R, which will play a twofold role:
(i) together with the SUð4ÞC symmetry and the scalars
responsible for spontaneous CP breaking, it leads to the
automatic generation of the mass texture required for the
Nelson-Barr mechanism shown in Eq. (3), and (ii) its
mixing with the SM down-type quarks helps correct the
Pati-Salam mass matrix relation Me ¼ Md for the second
and third generations. As we will show, in this framework
the scale of quark-lepton unification is bounded by an
exotic baryon-number-violating decay channel of the

FIG. 1. Allowed parameter space in the theory. The horizontal
axis shows the mass of the vectorlike down quark MD, while the
vertical axis displays the scale of spontaneous CP violation, vCP.
The blue-shaded region is excluded by the experimental bound on
the partial lifetime of the decay mode n → Kþμ−, τ=Brðn →
Kþμ−Þ > 3.2 × 1031 years [31], corresponding to Eq. (56). The
orange-shaded region is excluded by the quality of the Nelson-
Barr mechanism, obtained by requiring Δθ̄QCD < 10−10, which
leads to the bound in Eq. (32). The gray-shaded region denotes
parameter values that violate the perturbative benchmark in
Eq. (58). In this region, the Yukawa coupling λ is driven towards
larger values in the UV and may eventually develop a Landau
pole. The dashed line shows the more conservative benchmark
jλj ¼ 1. Also shown are projected sensitivities. The dashed blue
line corresponds to the expected reach of τ=Brðn → Kþμ−Þ >
1.1 × 1034 years from DUNE [32,33], while the dashed orange
line indicates the anticipated sensitivity to θ̄QCD from upcoming
hadron-EDM experiments [34–37]. As the plot shows, the
currently allowed parameter space will be probed by the next
generation of nucleon decay and EDM experiments in the
foreseeable future.

CLARA MURGUI PHYS. REV. D 114, 055012 (2026)

055012-2



neutron, for which future experimental sensitivities provide
a test of the theory.
The paper is organized as follows: we first introduce the

model in Sec. II. In Sec. III, we show how it addresses the
strong CP problem, while in Sec. IV, we discuss the origin
of fermion masses and of an Oð1Þ CP-violating phase.
Section V is devoted to the various sources of baryon-
number violation and their phenomenological implications
in relation to the other relevant scales of the theory. In
Sec. VI, we combine the results derived throughout the
paper and discuss the resulting hierarchy of scales. The first
two figures in this manuscript provide a compact summary
of the dynamics of the theory: Fig. 1 shows the allowed
parameter space for the new vectorlike quark mass and the
scale of spontaneous CP violation, while Fig. 2 illustrates

the hierarchy of scales in this simple UV completion of the
SM. Figure 3 shows the possibility of gauge-coupling
unification in the theory. We conclude in Sec. VII.

II. QUARK-LEPTON UNIFICATION

A simple extension of the SM gauge symmetry that
realizes quark-lepton unification is given by [38,39]

GPS ¼ SUð4ÞC ⊗ SUð2ÞL ⊗ Uð1ÞR; ð6Þ

which is anomaly free for the matter content:

FQL ∼ ð4; 2; 0ÞPS ¼ ðQα
L; LLÞT;

Fuν ∼ ð4; 1; 1=2ÞPS ¼ ðuαR; νRÞT;
Fde ∼ ð4; 1;−1=2ÞPS ¼ ðdαR; eRÞT: ð7Þ

Here, uR ∼ ð3; 1; 2=3ÞSM, eR ∼ ð1; 1;−1ÞSM, LL ∼
ð1; 2;−1=2ÞSM, and νR ∼ ð1; 1; 0ÞSM, while QL and dR
have been defined previously. The index α ¼ 1, 2, 3
denotes color. In Eq. (7) and in the following, the subscript

FIG. 2. Schematic distribution of the field masses and rel-
evant energy scales of the theory. The three main scales of the
theory are shown: the electroweak scale (MZ), the scale of
spontaneous CP violation (vCP ∼ hϕ0

4i), and the quark-lepton
unification scale (ΛQL ∼ hϕ0

15i). The matter content consists of
the SM fields, embedded in three copies of FQL ∼ ð4; 2; 0ÞPS,
Fuν ∼ ð4; 1; 1=2ÞPS, and Fde ∼ ð4; 1;−1=2ÞPS, together with the
Higgs doublet H ∼ ð1; 2; 1=2ÞPS. The theory also contains a
vectorlike down quark D ⊂ F6 ∼ ð6; 1; 0ÞPS responsible for
(i) correcting the Md ¼ Me relation for the two heaviest gen-
erations and (ii) solving the strong CP problem à la Nelson-Barr.
The scalar sector includes Φ15, responsible for breaking
SUð4ÞC → SUð3ÞC ⊗ Uð1ÞB−L, and Φ4, whose VEV triggers
spontaneous CP violation. In the high-scale ΛQL scenario (left
panel), Φ10 breaks Uð1ÞB−L ⊗ Uð1ÞR → Uð1ÞY with hϕ0

10i of
order the quark-lepton unification scale. Then, the hierarchy
between the quark-lepton unification scale and the electroweak
scale (ΛQL=MZ ∼ 1012) generates active neutrino masses via the
type I seesaw mechanism, consistently with neutrino data. In turn,
the gap between the quark-lepton unification scale and the Planck
scale (ΛQL=MPl ∼ 10−5) accounts for the observed down-quark
mass through nonrenormalizable operators. In the low-scale ΛQL

scenario (right panel), vCP ≪ ΛQL ¼ Oð1011Þ GeV, which is
consistent with SO(10) grand unification at ΛGUT ≳ 1015 GeV,
and consistent down quark masses if these are generated by
physics mediated at the GUT scale. In this scenario, neutrinos are
expected to get mass via the inverse seesaw mechanism.

FIG. 3. One-loop running of the gauge couplings in the two
quark-lepton-unification scenarios. The upper panel corresponds
to high-scale quark-lepton unification, ΛQL ¼ 1014 GeV, while
the lower panel corresponds to low-scale quark-lepton unifica-
tion, ΛQL ¼ 2 × 1011 GeV. The lower panel running points
toward an SO(10)-like unification scale ΛGUT ≃ 3 × 1015 GeV.
Details of the gauge-coupling renormalization gorup equations
are given in Appendix C.
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“PS” refers to the quantum numbers under GPS. The three
representations above constitute one SM family plus a
right-handed neutrino. Therefore, three copies of them,
together with a scalar boson H ∼ ð1; 2; 1=2ÞPS, are needed
to accommodate the full SM field content.
We assume that GPS breaks to the SM in two steps,

triggered by the VEVs of the adjoint Φ15 ∼ ð15; 1; 0ÞPS and
symmetric Φ10 ∼ ð10; 1; 1ÞPS scalar representations, which
decompose under GSM as

Φ15 ¼
�

ϕαβ
15 ϕα

15

ðϕα
15Þ� 0

�
þ T15ϕ

0
15;

Φ10 ¼
�ϕαβ

10

ϕα
10ffiffi
2

p

ϕα
10ffiffi
2

p ϕ0
10

�
; ð8Þ

with ϕ0
15 ∼ ð1; 1; 0ÞSM and ϕ0

10 ∼ ð1; 1; 0ÞSM being singlets
under the SM gauge group. The breaking GPS → GSM
proceeds according to the chain

GPS !hΦ15iSUð3ÞC ⊗ Uð1ÞB−L ⊗ SUð2ÞL ⊗ Uð1ÞR
!hΦ10iGSM: ð9Þ

In particular, the VEV of the adjoint representation,
hΦ15i ¼ v15T15, breaks SUð4ÞC → SUð3ÞC ⊗ Uð1ÞB−L,
where the unbroken Abelian factor is generated by the
SUð4ÞC Cartan generator

T15 ¼
1

2
ffiffiffi
6

p diagð1; 1; 1;−3Þ; ð10Þ

corresponding to the charge assignment

QB−L ¼ 2
ffiffiffi
6

p

3
T15: ð11Þ

The VEV of the symmetric representation, hΦAB
10 i ¼

δA4δ4Bðv10=
ffiffiffi
2

p Þ, then spontaneously breaks a linear com-
bination of Uð1ÞB−L ⊗ Uð1ÞR to the SM hypercharge,
given by

QY ¼ QR þQB−L=2: ð12Þ

Apart from the two breaking scales v15 and v10, the gauge
sector is fully determined by matching to the SM inputs at
the relevant scale. The vector leptoquarks associated with
the broken generators of SUð4ÞC, Xμ ∼ ð3; 1; 2=3ÞSM,
and the neutral gauge boson associated with the combina-
tion orthogonal to the SM hypercharge, Z0 ∼ ð1; 1; 0ÞSM,
acquire masses

M2
X ¼

g24
2

�
4

3
v215þv210

�
; M2

Z0 ¼
�
g2Rþ

3

2
g24

�
v210: ð13Þ

At the quark-lepton unification scale, the gauge couplings
are given by

g4 ¼
ffiffiffiffiffiffiffiffiffiffi
4παs

p
; gR ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
cos θW cos θQL

; ð14Þ

while the SUð2ÞL gauge coupling is g2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
= sin θW ,

with θW being theWeinberg angle and αem the fine structure
constant. The quark-lepton unification angle θQL,

sin2 θQL ¼ g2R
g2R þ 3

2
g24

¼ 2

3

αem
αs

1

cos2 θW
; ð15Þ

parametrizes the mixing between the Uð1ÞR and Uð1ÞB−L
generators. Using these relations, the gauge boson masses
can be written as

M2
X ¼ 2παs

�
4

3
v215 þ v210

�
;

M2
Z0 ¼ 6παs

�
1

1 − sin2 θQL

�
v210: ð16Þ

For later reference, we identify the quark-lepton unification
scale as ΛQL ∼MX ∼ v15.
Electroweak symmetry breaking occurs in the usual

manner through the VEV of the SM Higgs boson,
H ∼ ð1; 2; 1=2ÞPS. However, owing to the reduced number
of matter representations of the theory, only two Yukawa
couplings are allowed,

−L ⊃ YuνF̄QLiσ2H�Fuν þ YdeF̄QLHFde þ H:c:; ð17Þ

which lead to the following relations among the fermion
mass matrices:

Mu ¼ MD
ν ; and Md ¼ Me: ð18Þ

The relation between the up-type quark and neutrino mass
matrices implies that neutrinos must be Majorana particles;
otherwise, the resulting neutrino masses would be phenom-
enologically unacceptable. For the symmetry-breaking pat-
tern considered here, right-handed neutrinos acquire a
Majorana mass proportional to the Uð1ÞB−L ⊗ Uð1ÞR →
Uð1ÞY breaking scale through the renormalizable interaction

−L ⊃ YνRΦ�
10F

T
uνCFuν þ H:c:; ð19Þ

where C denotes the charge-conjugation matrix.
We note that, in this type I seesaw [40–43], the Dirac

mass matrix, MD
ν , which plays the role of the pivot of the

seesaw, is fixed by the up-type quark masses. As a result,
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the quark-lepton unification scale must be sufficiently large
in order to generate active neutrino masses below the
experimental upper bound mν < 0.1 eV [44–46]. This, in
turn, places a lower bound on the quark-lepton unification
scale at the canonical seesaw scale,ΛQL ≳ v10 ∼ 1014 GeV.
The mass matrix relation Md ¼ Me, while working

approximately for the third generation after renormaliza-
tion-group running [47], fails to reproduce the masses of
the lighter families. Given the high scale of
hϕ0

15i≳ 1014 GeV, one must therefore consider the effect
of the lowest-dimensional nonrenormalizable operators
such as

−L ⊃
1

MPl
F̄QLHΦ15Fde þ H:c:: ð20Þ

Since hΦ15i ∝ v15diagð1; 1; 1;−3Þ, this operator splits
the down-type quark and charged lepton masses, effectively
acting as a second Higgs doublet.2 The resulting correction
is of order v15=MPl ∼OðMeVÞ, which is naturally of the
order of the down-quark mass. However, this contribution
alone is insufficient to account for realistic fermion masses
for the second and third generations, indicating that a
modest extension of the theory is still required.
In this work, we extend the matter content of the quark-

lepton unification theory by introducing the simplest non-
trivial real fermionic representation of SUð4ÞC, as follows:

F6 ¼
1ffiffiffi
2

p
�
ϵαβγðDcÞLγ Dα

L

−Dα
L 0

�
∼ ð6; 1; 0ÞPS; ð21Þ

which contains a vectorlike downquark,DL∼ð3;1;−1=3ÞSM
and ðDcÞL ¼ ðDRÞc ∼ ð3̄; 1; 1=3ÞSM. In addition, we intro-
duce two scalar fields in the fundamental representation of
SUð4ÞC, Φ4 ¼ ðϕα

4;ϕ4Þ ∼ ð4; 1; 1=2ÞPS. Within this matter
content, Lorentz invariance and the GPS gauge symmetry
allow the following interactions at the renormalizable level:

−L ⊃
1

2
M6ðFAB

6 ÞTCFCD
6 ϵABCD

þ F̄deF6ðλaΦ�
4a þ λbΦ�

4bÞ þ H:c:; ð22Þ

which, on the one hand, enable realisticmass relations for the
heavier fermion generations through the mixing of the
vectorlike quark with the SM down-type quarks and, on
the other hand, provide a realization of the Nelson-Barr
mechanism for solving the strongCP problem, providedCP
is an exact symmetry of the UV Lagrangian.

III. THE STRONG CP PROBLEM

Let us assume that CP is an exact symmetry of the
Lagrangian, so that θQCD ¼ 0 in Eq. (1). Although all
parameters in the Lagrangian are real, the vacuum of the
theory is not invariant under CP due to a nonzero phase
generated by a linear combination of the Φ4 fields in the
scalar potential.3 This is illustrated by the following terms
in the scalar potential:

V ⊃ −μ̃24Φ4aΦ�
4b þ λ̃4ðΦ�

4aΦ4bÞ2 þ H:c:: ð23Þ

After the Φ4 fields acquire VEVs, hΦA
4ai ¼ eiθav4aδ

A4=
ffiffiffi
2

p
(and similarly for hΦ4bi), the above terms can be rewrit-
ten as

V ⊃ −μ̃24v4av4b cos θ4 þ λ̃4
v24av

2
4b

2
cos 2θ4; ð24Þ

with θ4 ¼ θ4a − θ4b. Minimizing the potential with respect
to θ4 fixes the surviving CP-violating phase as

cos θ4 ¼
μ̃24

2λ̃4v4av4b
: ð25Þ

We note that the accidental Uð1ÞΦ4a−Φ4b
symmetry in

Eq. (23) is explicitly broken by additional terms in the
scalar potential, such as

V ⊃ f1Φ2
4aΦ�

10 þ f2Φ4aΦ4bΦ�
10 þ � � � ; ð26Þ

which generically modify the relation in Eq. (25).
The physical phase θ4 renders the 4 × 4 down-type quark

mass matrix complex,

Md ¼
� ðYdeÞij vHffiffi

2
p 0i4

1
2
ðλjav4aeiθ4a þ λjbv4be

iθ4bÞ M6

�
; ð27Þ

where hHii ¼ δi2vH=
ffiffiffi
2

p
is real, with vH ¼ 246 GeV.

Roman indices i, j ¼ 1, 2, 3 run over the three SM
families. The matrix Md is written in the flavor basis
ðd; s; b;DÞ. For later convenience, we parametrize the
linear combination of the entries M4j

d ≡ λjvCPeiθj=2.
The structure of Eq. (27) allows the CKMmatrix to contain
a physical CP-violating phase while ensuring
argfdetðMdÞg ¼ 0. The latter property can be seen explic-
itly by expanding the determinant along the fourth column.
As a result, θ̄QCD ¼ 0 at tree level.

2In conventional Pati-Salam constructions, a scalar multiplet in
the fundamental of SUð2ÞL and in the adjoint of SUð4ÞC is often
introduced to generate the desired mass splitting.

3The CP phases potentially induced by the vacuum expect-
ation values of the scalar fieldsΦ15,Φ10, andH are unphysical, as
they can be removed by gauge transformations associated with
the generators broken by the corresponding VEVs.
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Additional contributions to θ̄QCD arise nevertheless from
radiative corrections and higher dimensional operators
involving θ4 that enter the down-type quark masses [48].
At one loop, processes such as the one illustrated below

generate complex contributions to the down-type quark
mass matrix in the broken phase [27,29],

which are suppressed by the quartic interaction
λHΦH†HΦ†

4aΦ4b and by a loop factor. The resulting shift
in θ̄QCD can be estimated as

Δθ̄QCD ¼ λHΦ

32π2
λ23v

2
CP

M2
Φ4

ln

�
M2

Φ4

m2
b

�
; ð28Þ

where λ3 denotes the mixing coupling involving the bottom
quark. We note that even when λ3 ¼ Oð1Þ, the quartic
coupling alone can ensure a sufficiently small radiative
contribution provided λHΦ < 10−9. This coupling can itself
be radiatively generated at one loop by the mixing between
the new vectorlike quark and the SM down quarks, as
follows:

λHΦj1−loop ∼
�
yb
4π

λ3

�
2

; ð29Þ

where yb is the bottom-quark Yukawa coupling. Even in
this case, Eq. (28) is naturally consistent with the exper-
imental bound θ̄QCD < 10−10, given that the couplings λj
remain perturbative.
We close this section by commenting on potential shifts

on θ̄QCD induced by higher-dimensional operators. Because
the F6 representation is real, it admits a mass term in the
Lagrangian through a super-renormalizable interaction.
Consequently, the leading corrections to θ̄QCD from
higher-dimensional operators arise already at dimension
five, through operators of the form

1

ΛPS
ðFAB

6 ÞTCFCD
6 ϵABCDΦ4aΦ�

4b: ð30Þ

Requiring the induced shift in θ̄QCD to remain acceptably
small,

Δθ̄QCD ≃ ImfTrfM−1
d δMdgg < 10−10; ð31Þ

one obtains the following upper bound on the spontaneous
CP breaking scale [26,27]:

vCP < 2 × 106 GeV

�
ΛPS

MPl

�1
2

�
M6

TeV

�1
2

�
Δθ̄QCD
10−10

�1
2

: ð32Þ

As pointed out in Ref. [27], domain walls generated by the
breaking of a gauged discrete symmetry require a mecha-
nism to inflate them away. In order for inflation to
successfully remove these defects without subsequently
restoring CP, the reheating temperature must satisfy
TRH ≲ vCP. Many simple realizations of inflation feature
large reheating temperatures, which in turn favors larger
values of vCP. As we will show in Sec. V, a large vCP is also
required by bounds on baryon-number-violating nucleon
decays in this model. Ultimately, for a vectorlike down-
quark mass of order vCP, Eq. (32) gives the following upper
bound:

M6 ∼ vCP < 1010 GeV: ð33Þ

In the next section, we discuss the impact of the mixing
in Eq. (27) on the fermion mass spectrum and explain how
an Oð1Þ CKM phase is generated.

IV. FERMION MASSES AND MIXING

As outlined in Sec. II, the prediction for the mass-matrix
relation Mu ¼ MD

ν involves the Dirac masses of the neu-
trinos. The VEV of Φ10, responsible for the breaking of
Uð1ÞB−L ⊗ Uð1ÞR → Uð1ÞY , generates Majorana masses
for the right-handed neutrinos, MνR ¼ YνRv10=

ffiffiffi
2

p
, via the

interaction in Eq. (19). Active neutrinos then acquire masses
through the type I seesaw mechanism, mν ∼m2

t =v10.
Because the Dirac neutrino masses are fixed by the up-type
quark masses, accommodating neutrino oscillation data [49]
as well as cosmological [44,46] and laboratory [45] con-
straints requires a high scale for MνR, corresponding to
v10 ∼ 1014 GeV.
The mass-matrix relation Md ¼ Me applies to the three

SM generations at the quark-lepton unification scale.
However, as is evident from Eq. (27), the presence of a
new vectorlike down quark modifies this relation through
its mixing with the SM down-type quarks. Diagonalizing
the Hermitian matrix MdM

†
d, with Md defined in

Eq. (27), provides both the physical masses of the
down-type quarks via the eigenvalues and the CP-violating
phase of the CKM matrix via the eigenvectors.
Let us evaluate the down-type quark mass matrix Md

at the quark-lepton unification scale, ΛQL. Following the
procedure introduced in Ref. [29], we rotate the SM down-
type quarks to the basis in which the 3 × 3 SM Yukawa
block is diagonal. In this basis, the full 4 × 4 mass matrix
takes the form
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OT
LMdOR ¼

0
BBB@

me 0 0 0

0 mμ 0 0

0 0 mτ 0

μ1 μ2 μ3 M6

1
CCCA; ð34Þ

where the orthogonal matricesOL;R act trivially on the vec-
torlike quark entry, i.e. OA4

L;R ¼ O4A
L;R ¼ 0, and O44

L;R ¼ 1.
The mixing parameters are given by

μj ≡ 1

2

X3
k¼1

ðλkav4aeiθ4a þ λkbv4be
iθ4bÞOkj

R ; ð35Þ

with OL;R being the 3 × 3 block Oij
L;R. In writing Eq. (34),

we have used the quark-lepton unification relation
MdðΛQLÞ ¼ MeðΛQLÞ.
Although the masses appearing in the upper 3 × 3 block

of Eq. (34) are not yet the physical masses of the SM down-
type quarks, they do correspond to the physical charged-
lepton masses, since OT

LMeOR ¼ diagðme;mμ; mτÞ.
Below the Pati-Salam breaking scale, the unified Yukawa

couplingYde splits into theStandardModelYukawamatrices
for down-type quarks and charged leptons. We denote these
by Yd and Ye, respectively, which satisfy the matching
condition YdðΛQLÞ ¼ YeðΛQLÞ ¼ YdeðΛQLÞ. To estimate
how these Yukawa matrices evolve toward low energies,
we consider the dominant contribution to the renormaliza-
tion-group running of the down-type Yukawa couplings,

dYdðμÞ
d ln μ

≃ −
2

π
αsðμÞYdðμÞ; ð36Þ

which arise from gluon quantum corrections, while in this
approximation dYe=d ln μ ¼ 0. On the other hand, the
running of the strong coupling is governed by

dαsðμÞ
d ln μ

≃ −
�
11 −

2

3
nf

�
α2sðμÞ
2π

; ð37Þ

with nf denoting the number of active quark flavors.
Integrating these equations yields the approximate relation,

Mij
d ðμÞ

Mij
d ðΛQLÞ

¼
�

αsðμÞ
αsðΛQLÞ

� 4
11−2nf=3: ð38Þ

Taking threshold effects into account, the down-type quark
masses at low energies satisfy Mdð2GeVÞ¼κMMdðΛQLÞ¼
κMMeðΛQLÞ, with κM ≃ 3.6 when only one-loop QCD
effects are included. Once the contributions proportional
to the top Yukawa coupling are taken into account, which
enter with the opposite sign relative to the gauge contribution
in the renormalization-group equations, this factor is reduced
to κM ≃ 3 [47].

We apply a unitary transformation to block diagonalize
OT

LMdM
†
dOL up to order Oðm3μ=M2

DÞ. At the low scale,
this yields [29]

M2 ≡ ðV†
LO

T
LMdM

†
dOLVLÞij

≃ κ2M

0
BBBBB@

m2
e

�
1− jμ1j2

M2
D

�
−memμ

μ�
1
μ2

M2
D

−memτ
μ�
1
μ3

M2
D

−mμme
μ�
2
μ1

M2
D

m2
μ

�
1− jμ2j2

M2
D

�
−mμmτ

μ�
2
μ3

M2
D

−mτme
μ�
3
μ1

M2
D

−mτmμ
μ�
3
μ2

M2
D

m2
τ

�
1− jμ3j2

M2
D

�

1
CCCCCA
:

ð39Þ

The decoupled eigenvalue, ðVT
LO

T
LMdM

†
dOLVLÞ44, cor-

responds to the physical mass of the vectorlike down quark,
M2

D ≃ μ21 þ μ22 þ μ23 þM2
6. The matrix

VL ¼
�

δij μ�i mi=M2
D

−μimi=M2
D 1

�
; ð40Þ

with mi being the masses of the charged leptons, satis-
fies VLV

†
L ¼ I þOðm2μ2=M4

DÞ.
From the structure of M2 in Eq. (39), one obtains the

general alignment

m2
d ≤ κ2Mm

2
e ≤ m2

s ≤ κ2Mm
2
μ ≤ m2

b ≤ κ2Mm
2
τ ; ð41Þ

where md, ms, and mb are the renormalizable physical
down-type quark masses, corresponding to the square roots
of the three eigenvalues of M2 (see Appendix A 1 for a
proof). Hence, the strange and bottom quark masses can be
successfully reproduced from their charged-lepton partners
after including renormalization-group running and mixing
with the vectorlike down quark.
However, the experimental value for the down-quark

mass satisfies mdð2 GeVÞ ≃ 9me, which exceeds the maxi-
mal value attainable through fermion mixing alone. As
discussed earlier, since quark-lepton unification is broken
at a high scale, higher-dimensional operators of the form in
Eq. (20) are expected on effective-field-theory grounds to
generate the splitting required between the down quark and
electron masses.
The hermitian matrix in Eq. (39) can be diagonalized by

a unitary transformation, diagðm2
d; m

2
s ; m2

bÞ ¼ U†
LM

2UL.
The unitary matrix UL then induces the physical
CP-violating phase in the CKM matrix, as follows:

VCKM ≃OT
uLULOL; ð42Þ

where OuL is defined through OT
uLMuOuR ¼

diagðmu;mc;mtÞ. Obtaining an Oð1Þ CKM phase requires
μi ∼MD [29,50,51] (see Appendix A 2 for details). As a
consequence, one has M6 ≲MD, and the quality bound in
Eq. (32) directly constrains the ratio v2CP=MD, as follows:
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�
vCP

109 GeV

�
2
�
109 GeV

MD

�
≤ 3

�
Δθ̄QCD
10−10

�
; ð43Þ

where we have taken the Pati-Salam cutoff scale at MPl.

V. BARYON NUMBER VIOLATION

In this theory, there are several processes that mediate
baryon number violation in one unit. However, we expect a
distinctive dominant baryon-number-violating mode,
n → Kþe−, to be observable in current or near-future
nucleon decay and neutrino experiments. This decay there-
fore constitutes a smoking-gun signal of this theory.
Let us begin by considering the scalar representations

Φa;b
4 ∼ ð4; 1; 1=2ÞPS ¼

�
ϕα
4

ϕ0
4

�
: ð44Þ

The electromagnetically neutral components ϕ0
4 are respon-

sible for the spontaneous CP breaking, while the colored
fields ϕα

4 , with α ¼ 1, 2, 3 being an SUð3ÞC index, are
scalar leptoquarks. These fields mediate ΔB ¼ 1 baryon-
number-violating interactions with the SM fermions
through the interactions

−L ⊃
λiaffiffiffi
2

p ðϵαβγðDc
LÞαdβRiϕγ

4a − eRiDα
Lϕ

�
4aαÞ

þ ða ↔ bÞ þ H:c:; ð45Þ

which originate from the Yukawa terms in Eq. (22).
Throughout, Greek indices α, β, γ denote SUð3ÞC color
indices, Roman indices i; j; k;l; m; n label fermion gen-
erations, and the labels a, b distinguish the two scalar
fields.
Integrating out the scalar leptoquarks and rotating the

fermions to their mass eigenbasis, we obtain the effective
operator

Heff ⊃ −
Cijkl;s

Λ2
GUT

ðdαi ; dβj ÞRēkPLd
γ
lϵαβγ þ H:c:; ð46Þ

where ðx; yÞR;L ≡ xTCPR;Lywith C the charge-conjugation
matrix and PR;L the chiral projectors. Since ðxα; xβÞR;L is
symmetric in the color indices, its contraction with the
totally antisymmetric tensor ϵαβγ vanishes unless different
flavors are involved. Consequently, strangeness changing
baryon number violation is expected. Taking i, j ¼ 1, 2
with i ≠ j and l ¼ 1 induces the neutron two-body decay
channels n → Kþðe−; μ−Þ.
Above, all Yukawa couplings and mixing parameters

have been collected into the c-number

Cijkl;s ≡
X
m;n

ξijklmnλ
m
s λ

n
s
Λ2
GUT

2M2
Φ4

; ð47Þ

where s ¼ a, b labels the two physical scalar fields.4 The
normalization scale ΛGUT ≡ 1015 GeV is introduced as a
convenient benchmark to render Eq. (47) dimensionless.
The dependence on the fermion mixing matrices is encoded
in the parameter ξijklmn, defined as

ξijklmn ≡ Ṽ4i
R Ṽ

nj
R Omk

R ðṼLÞ4l: ð48Þ

The unitary matrices ṼL;R diagonalize the down-type quark
mass matrix in Eq. (27), as follows:

Ṽ†
LMdṼR ¼ diagðmd;ms;mb;MDÞ: ð49Þ

Mapping this expression onto the results of Sec. IV, we
identify ṼL ≡OLVLUL, which implies

Ṽ4l
L ¼ −

X
j

Ujl
L

μjmj

M2
D

≃ −
μlml

M2
D

; ð50Þ

wheremi are the charged-lepton masses. In the last step, we
have used the strong hierarchy me ≪ mμ ≪ mτ, which

implies that Ujl
L ∼ δjl up to small corrections of order

Oðme=mμÞ, Oðmμ=mτÞ or Oðme=mτÞ. We refer the reader
to Appendix A 2 for an explicit proof.
While the left-handed rotation ṼL contains light-heavy

mixing suppressed as ∼miμi=M2
D, the right-handed rotation

ṼR generically features Oð1Þ entries. This can be under-
stood as follows: let us write

M†
dMd ¼ D2 þ RR†; ð51Þ

where D2 ¼ κ2Mdiagðm2
e; m2

μ; m2
τ ; 0Þ, and the heavy direc-

tion is defined by the vector RT ¼ ðμ1; μ2; μ3;M6Þ. In the
limit mi → 0, this matrix has a single nonzero eigenvalue
M2

D ¼ RTR and a three-dimensional kernel. Since μi ∼M6,
the eigenvector RT is a sizable admixture of the original
right-handed states (diR,DR), so the fourth column of VR is
manifestly unsuppressed. The three remaining eigenvec-
tors, once the small diagonal perturbation D2 lifts their
degeneracy, are generically also not aligned with the flavor
basis. Therefore, ṼR is expected to contain order-one
entries throughout.
Thus, taking into account the above considerations, and

using also that μi ∼MD, we estimate

OðξlÞ ¼
ml

MD
: ð52Þ

The operator in Eq. (46) is rather peculiar. Although it
naively appears to be of dimension six, it mediates nucleon

4In general, these two fields mix via terms in the scalar
potential. Then, the Yukawa couplings in Eq. (47) are mapped to
those appearing in Eq. (45) by a rotation.
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decay into a lepton; however, it is well known that
dimension-six baryon-number-violating operators preserve
B − L [52,53]. Indeed, the effective interaction in Eq. (46)
is secretly dimension seven, arising from integrating out
both the scalar leptoquark ϕα

4 and the vectorlike down
quark. The additional heavy scale MD is implicitly
encoded in the mixing factors appearing in Eq. (48).
Operators mediatingΔB ¼ 1 andΔðB − LÞ ¼ 2 transitions
have been studied extensively in the literature [54–57], and
can arise, for example, in SO(10) models with B − L
breaking [58]. In generic UV completions, one would
also expect the presence of lower-dimensional, B − L-
preserving operators. By contrast, in theories of quark-
lepton unification, and in particular in this Pati-Salam
realization of the Nelson-Barr mechanism, a single class
of decay channels, n → Kþðe; μÞ−, is expected to domi-
nate, providing a distinctive smoking-gun signal of the
theory. All other baryon-number-violating modes are para-
metrically suppressed.
The neutron decay rate for this channel is given by [59]

Γ ¼ mn

32π

�
1 −

m2
K

m2
n

�
2

jhKþjðdsÞRdLjnij2
A2jCj2
Λ4
GUT

: ð53Þ

The factor A accounts for the renormalization-group run-
ning of the Wilson coefficient of the operator in Eq. (46)
under QCD, as follows:

A ∼
�
αsðμHÞ
αsðmbÞ

� 6
25

�
αsðmbÞ
αsðmtÞ

� 6
23

�
αsðmtÞ
αsðvCPÞ

�2
7

∼ 1.7;

evolving from the UV scale vCP down to the hadronic scale
μH ∼ 2 GeV, where matrix elements are evaluated on the
lattice. Under isospin symmetry, the matrix element sat-
isfies hKþjðdsÞRdLjni ¼ −hK0jðusÞRuLjpi [60], which
has been computed on the lattice and is given by [56]

hK0jðusÞRuLjpi ¼ 0.103ð3Þð11Þ GeV2: ð54Þ

As a crude estimate,

jCj2 ∼ M2
Dm

2
e

M4
Φ4
v4CP

Λ4
GUT ∼

M2
Dm

2
e

v8CP
Λ4
GUT; ð55Þ

where we have taken the Yukawa couplings in Eq. (47) to
be of order λ ∼MD=vCP, since μ ∼MD is required to
generate an Oð1Þ CKM phase. Moreover, ξ ∼me=MD
according to Eq. (52), because l ¼ 1. In the final step
of Eq. (55), we have used thatMΦ4

∼ vCP, as expected for a
generic scalar potential (see Appendix B for an explicit
discussion).
In Fig. 1, we estimate the viable parameter space of this

theory in the MD vs vCP plane. The constraints included in
the figure are described below.

The current lower bounds on the partial mean lifetimes
of the decay modes n → Kþðe; μÞ− are set by the
Fréjus experiment [31], yielding τ=Brðn → Kþe−Þ >
3.2 × 1031 years and τ=Brðn→ Kþμ−Þ> 5.7× 1031 years
at 90% confidence level (CL). Such decays constrain the
ratio v4CP=MD to satisfy

�
vCP

109 GeV

�
4
�
109 GeV

MD

�
> 0.34: ð56Þ

Parameter values that violate this bound correspond to an
excessively fast nucleon decay rate and are therefore
excluded. The excluded region is shown in blue in Fig. 1.
The limits on the decay modes n → Kþðe−; μ−Þ are a

couple of orders of magnitude weaker than the leading
bounds on nucleon decay [61], and have not been updated
for more than three decades. This situation is partly due to
the experimental challenges associated with these modes,
as discussed below. In addition, experimental programs
have historically focused on the so-called normal ΔB ¼
ΔL decay modes [54], such as p → eþπ0, which arise in
minimal grand unified theories such as SU(5).
Super-Kamiokande (SK) does not have a published

bound on n → Kþl−, with l ¼ e, μ. In these two-body
neutron decays, the kaon momentum is below the
Cherenkov threshold in water, up to nuclear smearing
effects. The Kþ is therefore not observed directly; instead,
the event must be reconstructed from its decay products
together with the accompanying charged lepton. Although
one might expect SK to be sensitive to n → Kþe− at a level
comparable to its searches for p → ν̄Kþ [62], the two
modes have rather different experimental systematics. The
latter benefits from a well-developed kaon-decay tag,
including the monoenergetic muon from Kþ → μþν and,
in oxygen, prompt nuclear deexcitation γs. By contrast,
n → Kþe− contains an additional prompt charged lepton.
Depending on the Kþ decay mode, this can lead to a two-
ring or three-ring topology, often with overlapping e-like
rings, making event reconstruction and the rejection of
atmospheric-neutrino backgrounds considerably more
challenging than in canonical clean modes. A dedicated
SK analysis would therefore be needed to determine
whether a comparable sensitivity can be achieved, and
could potentially improve substantially on the existing
Fréjus bound.
Future sensitivity is expected to improve, however, at

Hyper-Kamiokande [63], primarily because of its much
larger exposure compared to Super-Kamiokande, together
with improved reconstruction and tagging of kaon decay
products. Nevertheless, Hyper-Kamiokande remains a
water Cherenkov detector, so the sub-Cherenkov Kþ poses
the same basic topological challenge as in Super-
Kamiokande. By contrast, the Deep Underground
Neutrino Experiment (DUNE) [64] benefits from liquid-
argon imaging, which allows for a more detailed
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reconstruction of the Kþ and its decay chain. The Jiangmen
Underground Neutrino Observatory (JUNO) [65], on the
other hand, should also be sensitive to kaon modes because
liquid scintillator can exploit the delayedKþ decay signature.
In Fig. 1, we show as a dashed blue line the projected

DUNE sensitivity, τ=Brðn → e−KþÞ > 1.1 × 1034 yr,
obtained assuming an exposure of 400 kiloton · yr at
90% CL [32,33]. There is not yet an official dedicated n →
Kþe− projection in the literature for JUNO. However,
scaling from the projected sensitivity to p → ν̄Kþ [66]
suggests a possible reach around 1034 years, subject to a
dedicated efficiency and background study. Hyper-
Kamiokande quotes a projected sensitivity of order
1034 years for this channel [63]. This projection should
be interpreted with some caution: if the search is limited by
multiring atmospheric-neutrino backgrounds, the improve-
ment relative to a possible SK analysis may be smaller than
suggested by exposure scaling alone.
Another constraint in the MD − vCP plane arises from

requiring the Yukawa couplings to remain perturbative. The
leading contributions to the running of λ come from QCD
corrections and, when sizable, from the λ couplings
themselves, leading to

dλ
d ln μ

≃
1

2π2
λðλ†λ − 4παsÞ; ð57Þ

where we have assumed jλaj ∼ jλbj≡ jλj. The same leading
behavior applies to the color componentsϕα

4 , whichmediate
the diquark and leptoquark interactions, and to the neutral
component ϕ0

4, which generates the bridge mass. As a
perturbative benchmark, we demand that the Yukawa
self-interaction does not overcome the QCD screening term
at low energies, so that the norm of the coupling vector is not
driven towards larger values in the UV. From Eq. (57), this
implies jλj < ffiffiffiffiffiffiffiffiffiffi

4παs
p

at low energies, which in turn gives

MD <
ffiffiffiffiffiffiffi
παs

p
vCP: ð58Þ

The region of parameter space that does not satisfy the
condition in Eq. (58) is shaded in gray. We also show the
more conservative benchmark jλj ¼ 1 as a dashed line.
The parameter space of the theory is also constrained by

the quality of the Nelson-Barr mechanism, which imposes
an upper bound on the ratio v2CP=MD by demanding
Δθ̄QCD < 10−10, as given in Eq. (43). The region excluded
by this requirement is shown in orange in Fig. 1.
In this context, a sensitivity improvement of roughly 2

orders of magnitude in θ̄QCD is anticipated in upcoming
hadron EDM experiments [34]. We indicate this reach by
an orange dashed line in Fig. 1, corresponding to the
projected sensitivity of next-generation experiments such
as n2EDM (neutron electric dipole moment) at Paul
Scherrer Institute [35,36], TRIUMF ultra cold advanced
neutron source at Tri-University Meson Facility [37],

pEDM (proton electric dipole moment experiment) at
Brookhaven National Laboratory [67], and charged particle
electric dipole moment at CERN [68], which aim to probe
values as small as θ̄QCD < 10−12.
Remarkably, the combined reach of near-future nucleon

decay and hadronic EDM experiments will be sufficient to
decisively test this minimal Pati-Salam realization of the
Nelson-Barr mechanism.
Additional baryon-number-nonconserving processes

are induced by the presence of the fermionic multiplet
F6, and also by the scalarΦ10. In particular, the kinetic term
of the antisymmetric fermionic representation contains
a diquark coupling involving the vector leptoquarks
Xα
μ ∼ ð3; 1; 2=3ÞSM. This precludes assigning a consistent

baryon number to Xμ, as illustrated by the following
interactions:

L ⊃
g4ffiffiffi
2

p ðϵαβγðDcÞαLγμDβ
L þ dγLγμeLÞXγ

μ þ H:c:: ð59Þ

The exchange of Xα
μ therefore mediates ΔB ¼ 1

processes. However, these effects are strongly suppressed.
First, the vector leptoquark mass is expected to be
MX ≃

ffiffiffiffiffiffiffiffiffiffi
2παs

p
ΛQL ∼ 1014 GeV, which is already close to

the most stringent bounds from baryon number violation.
Second, mixing between the vectorlike down quark and
the SM down-type quarks further suppresses the decay rate
by at least a factor ðmμ=MDÞ2 ≪ Oð10−8Þ, even when
saturating current lower bounds on vectorlike quark
masses [69]. Therefore, no observable signal generated
from these processes is expected in current or foreseeable
nucleon decay experiments.
Turning to the scalar Φ10 ∼ ð10; 1; 1ÞPS, besides the SM

singlet responsible for breaking Uð1ÞB−L ⊗ Uð1ÞR →
Uð1ÞY , this representation contains a scalar diquark ϕαβ

10 ∼
ð6; 1; 4=3ÞSM and a scalar leptoquark ϕα

10 ∼ ð3; 1; 2=3ÞSM;
see Eq. (8). In addition to generating Majorana masses for
the right-handed neutrinos, the Yukawa interaction
YνRFT

uCFuΦ�
10 also induces

−L ⊃ YνR½ðuα; uβÞRϕ�
10αβ þ ðuα; νÞRϕ�

10α� þ H:c:: ð60Þ

Although ϕα
10 participates only in purely leptoquark inter-

actions, scalar potential terms such as those shown in
Eq. (26) induce mixing between ϕα

10 and ϕα
4 . Due to the

hierarchy between their VEVs, v4 ∼ vCP ≪ v10, the result-
ing mixing angle is suppressed by θΦ ≲ vCP=v10, as shown
in Appendix B. On top of this, the high-scale type I seesaw
with its Dirac scale fixed by the top mass implies a
tiny mixing angle between right-handed and active neu-
trinos, which further suppresses ΔB ¼ 1 processes involv-
ing neutrinos in the final states. Consequently, no
additional decay channels are expected to compete with
the n → Kþðe; μÞ− mode discussed above.
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VI. THE HIERARCHY OF SCALES

A characteristic feature of this theory is that the scale of
spontaneous CP violation, vCP, and the mass of the new
vectorlike down quark, MD, are restricted to a relatively
narrow window of roughly 2 orders of magnitude around
109 GeV, as one reads from Fig. 1. This follows from the
interplay of two independent constraints. On the one hand,
the quality of the Nelson-Barr mechanism imposes an
upper bound on the ratio v2CP=MD; see Eq. (43). On the
other hand, the nonobservation of baryon-number violation
sets a lower bound on the ratio v4CP=MD, as given
in Eq. (56).
The resulting separation from the electroweak scale is

substantial and, as in many UV extensions involving high
mass scales, is accompanied by the usual naturalness
concerns.5

What about the remaining scales of the theory? In
principle, the scale of quark-lepton unification could be
lowered by modifying the neutrino sector. Following
Ref. [39], one may introduce a pair of gauge-singlet
fermions, N, leading to the interactions

−L ⊃ μNTCN þ λRF̄uνNΦ4 þ H:c:; ð61Þ

which generate active-neutrino masses via the inverse
seesaw mechanism [71,72]

mν ∼ μm2
t =ðλRvCPÞ2: ð62Þ

This construction would, in principle, allow for a lower
quark-lepton unification scale for an arbitrarily small μ.
However, independently of the neutrino mass generation

mechanism, requiring realistic down-quark masses from
nonrenormalizable operators sets the ratio of the quark-
lepton unification scale to the Pati-Salam cutoff scale,
ΛQL=MPl ∼ yd ¼ Oð10−5Þ. This in turn fixes the quark-
lepton unification scale to be ΛQL ¼ Oð1014Þ GeV, in
agreement with the scale required by the canonical type
I seesaw mechanism. The theory therefore exhibits a
strongly hierarchical pattern of scales, as summarized
schematically in the left panel of Fig. 2.
Alternatively, a lower quark-lepton unification scale

could be accommodated if the nonrenormalizable operators
generating the down-quark masses are suppressed by a
cutoff below the Planck scale. Indeed, we may ask whether
GQL can be embedded in a grand unified theory (GUT). In
this case, the cutoff of the effective quark-lepton unification
theory should be interpreted as the GUT scale,ΛPS ≃ ΛGUT.
This remains compatible with the Nelson-Barr construction
provided that the higher-dimensional operators responsible

for inducing a shift in θ̄QCD [see Eq. (30)] are still generated
only at the Planck scale.
The result obtained by running the gauge couplings of

the Standard Model below ΛQL, and the gauge couplings of
GQL above ΛQL, for the benchmark scales vCP ¼ 109 GeV
and ΛQL ¼ v10 ¼ 1014 GeV, is shown in the upper panel of
Fig. 3. See Appendix C for details. The running suggests
that gauge coupling unification is approached but not
achieved. This situation is analogous to the familiar case
of minimal SU(5) [73], and could be remedied by threshold
corrections, for example through mass splittings among the
scalar multiplets involved in the breaking, or among addi-
tional states belonging to larger SO(10) representations.
Nevertheless, since in the gauge-coupling unification

picture the GUT suppressed operators

1

ΛGUT
F̄QLHΦ15Fde þ H:c:; ð63Þ

can generate the down-quark mass, and neutrinos can get
mass via the inverse seesaw mechanism explained above,
the requirement of a high scale ΛQL can be relaxed.
Given that vCP is fixed by the baryon-number and

Nelson-Barr quality constraints, ΛQL is then determined
by requiring gauge-coupling unification. As shown in
Fig. 3, we find ΛQL ¼ 2 × 1011 GeV, and ΛGUT ¼
3 × 1015 GeV. These scales are also consistent with the
requirement that hΦ15i=ΛGUT reproduces the down-quark
Yukawa coupling. The resulting unification scale is close to
the range probed by baryon-number-violating processes, in
particular proton decay, and may be in mild tension with
current bounds depending on the heavy gauge-boson
spectrum and the details of the GUT UV completion.
This conclusion is sensitive to threshold effects: mass
splittings among the heavy UV states can shift the apparent
unification scale and may relax the proton-decay con-
straints. The alternative hierarchy of scales is illustrated in
the right panel of Fig. 2.
In addition to the usual naturalness problem of the SM

Higgs, which we do not attempt to resolve here, the gap
between the two high scales of the theory, vCP and either a
high ΛLQ or ΛGUT, introduces further sources of tuning. In
the high-scale quark-lepton unification scenario, as dis-
cussed in Appendix B, components of the scalar fields Φ4

and Φ10 with identical SM quantum numbers mix through
the scalar potential, thereby linking the CP-breaking scale
to the quark-lepton unification scale. Higher-dimensional
operators involving both representations and insertions of
the adjoint Φ15 with inverse powers of MPl set lower
bounds on the couplings in the scalar potential, and tend to
favor a CP-breaking scale of vCP ¼ Oð1011Þ GeV.
Achieving consistency with the viable parameter space
shown in Fig. 1 then requires, at least, a tuning at the
percent level in the scalar potential. Radiatively generated

5Indeed, even the simplest theories for quark-lepton unification
at the low scale already face naturalness issues [70].
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mass terms in the spirit of the so-called finite naturalness
[70,74] intensify the tuning.
In the scenario where a GUT scale is considered, the

tension described above disappears but analogous tensions
are expected between the scalars and radiative corrections
from the bosonic fields with masses at the GUT scale.
A final comment concerns the implications of this

hierarchy of scales for baryogenesis. Generating a mat-
ter-antimatter asymmetry is particularly nontrivial in the-
ories where CP is a symmetry of the UV Lagrangian [26].
In the present framework, heavy right-handed neutrinos are
present and a CP-violating phase is generated at the scale
vCP ¼ 109 GeV. This opens the possibility of realizing
leptogenesis, although its detailed implementation depends
on the right-handed-neutrino spectrum and on the size of
the CP-violating invariants in the lepton sector.
If a hierarchical spectrum is realized in the heavy

neutrino sector, the Dirac Yukawa couplings, which are
fixed by the up-quark sector accordingly to the SU(4)
relation for the mass matricesMD

ν ¼ Mu, may still allow for
leptogenesis via the out-of-equilibrium decay of the lightest
heavy neutrino, provided its decay rate is suppressed bym2

u.
In the high-scale quark-lepton unification scenario, the
Dirac neutrino mass matrices are real. Nevertheless, the
CP-violating phase can be transmitted to the heavy
Majorana neutrino sector through the mixing of ϕ0

4 and
ϕ0
10 (see Appendix B for details). Yet, the resulting CP

asymmetry is expected to be suppressed, since the physical
phase originates from the interplay between the renorma-
lizable coupling YνR and the effective Yukawa generated
from higher dimensional operators,

YνRΦ
�
10F

T
uνCFuν þ

1

Λ
Φ�

10F
T
uνCΦ15Fuν þ H:c:: ð64Þ

Parametrically, this leads to a suppression of the CP
asymmetry of order yd ¼ Oð10−5Þ in the CP asymmetry.
By contrast, in the GUT scenario, the CP-violating phase
enters in the neutrino mass matrix through the mixing
between νR and the new fermionic gauge singlets N. In this
case, an Oð1Þ CP-violating invariant in the heavy neutrino
sector can be expected. A dedicated study of leptogenesis,
or of alternative for baryogenesis mechanisms within this
framework, is left for future work.
At present, a suppressed Dirac CP phase in the PMNS

matrix is not decisively excluded. Although global fits and
long-baseline appearance data tend to prefer values of δCP
near −π=2, the result remains correlated with the neutrino
mass ordering, θ23, and experimental systematics [75–77].
In addition, Tokai to Kamioka (T2K) and Neutrinos at the
main injector Off-axis νe appearance (NOνA) show a mild
tension in their preferred regions of δCP [78], and CP-
conserving values for normal ordering remain allowed in
parts of the parameter space [75,78]. Future data from T2K,
NOνA, Hyper-Kamiokande, and DUNEmay therefore help

discriminate between scenarios with suppressed and unsup-
pressed low-energy leptonic CP violation.

VII. CONCLUDING REMARKS

In this paper, we have presented a UV completion of the
minimal simplified model in which the strong CP problem
is solved à laNelson-Barr. In this theory, each generation of
the Standard Model quarks and leptons is unified into
representations of SU(4). This symmetry, which predicts
the equality of the SM down quark and charged lepton
masses at the quark-lepton unification scale, plays a crucial
role in enforcing the texture required to kill contributions to
θ̄QCD from quark masses at tree level. This is achieved once
the fermionic sector is extended in the minimal nontrivial
way, namely, by the inclusion of an antisymmetric repre-
sentation, which contains a vectorlike down-type quark.
The vectorlike down quark plays a twofold role: it

enables a realistic description of the second and third
generation of fermion masses, while simultaneously pro-
viding the minimal ingredient required for the implemen-
tation of the Nelson-Barr mechanism.
In contrast to minimal realizations of quark-lepton

unification, baryon number is not conserved in this theory.
The combined requirements of a high-quality Nelson-Barr
and the nonobservation of baryon number violation sig-
nificantly restrict the viable parameter space, fixing the
scale of spontaneous CP violation and the new vectorlike
down quark to be around 109 GeV.
Although the scale of the new states is too high to

produce observable effects in flavor observables, the theory
predicts a distinctive and, in principle, experimentally
accessible signal of baryon number violation: the decay
mode n → Kþl−, with l ¼ e, μ. The predicted rate lies
within the reach of upcoming nucleon decay and neutrino
experiments. Since the existing bound on this channel dates
back to Fréjus, it would be especially interesting to revisit
this mode with Super-Kamiokande data, where a dedicated
treatment of the relevant backgrounds could substantially
improve the present sensitivity.
The relation between the quark-lepton unification scale

and the scale suppressing the nonrenormalizable operators
responsible for down-quark masses leads to two possible
scenarios in the UV. If these operators are suppressed by the
Planck scale, the observed down-quark masses point to a
high quark-lepton unification scale ofΛQL ¼ Oð1014Þ GeV.
Alternatively, if the effective cutoff is identified with an
intermediate GUT scale, the framework can be embedded in
a grand unified theory for ΛQL ¼ Oð1011Þ GeV. The two
scenarios may also lead to different expectations for low-
energy leptonicCP violation,which could be tested by future
long-baseline experiments such as T2K, NOνA, Hyper-
Kamiokande, and DUNE.
Overall, this theory provides a concrete and instructive

example of how the Nelson-Barr mechanism can arise
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naturally in well-motivated extensions of the Standard
Model, while leading to sharp phenomenological predic-
tions that may be tested in the near future.
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APPENDIX A: A BIT OF ALGEBRA

In this Appendix, we play around the diagonalization
of MdM

†
d.

1. Bounded eigenvalues

The mass matrix in Eq. (39), M2, can be rewritten as6

M2 ¼ D − jLihLj; ðA1Þ

where D ¼ κ2Mdiagðm2
e; m2

μ; m2
τÞ and jLi ¼

κMðmeϵ1; mμϵ2; mτϵ3ÞT , with ϵi ≡ μi=MD. This form
makes explicit that M2 differs from a diagonal matrix by
a rank-one operator.
The spectrum ofM2 is the set of real numbers λ satisfying

detðM2 − λIÞ ¼ 0. Using the matrix determinant lemma,
and assuming λ ≠ κ2Mm

2
li
, one finds

detðM2 − λIÞ ¼ detðD − λIÞfðλÞ; ðA2Þ

where

fðλÞ ¼ ð1 − hLjðD − λIÞ−1jLiÞ

¼
�
1 −

X3
i¼1

jLij2
ðκ2Mm2

li
− λÞ

�
: ðA3Þ

Therefore, Eq. (A2) tells us that, for λ ≠ κ2Mm
2
li
, the

eigenvalues of M2 are given by the zeros of fðλÞ.
The function fðλÞ has the following properties:
(i) Asymptotically, limλ→�∞ fðλÞ ¼ 1.
(ii) Near each pole λ ¼ κ2Mm

2
li
, as follows:

lim
λ→ðκ2Mm2

li
Þ�
fðλÞ ¼ �∞:

(iii) fðλÞ is strictly monotonically decreasing on each
interval of its domain separated by the poles,

f0ðλÞ ¼ −
X3
i¼1

jLij2
ðκ2Mm2

li
− λÞ2 < 0:

Hence, as the diagram below shows,

properties (i), (ii), and (iii) imply that fðλÞ has exactly one
zero in each interval between successive poles.
Consequently, the eigenvalues of M2 interlace with those
of D, yielding

m2
d ≤ κ2Mm

2
e ≤ m2

s ≤ κ2Mm
2
μ ≤ m2

b ≤ κ2Mm
2
τ : ðA4Þ

Equalities occur precisely when κ2Mm
2
li

is itself an eigen-
value ofM2. In particular, this happens if and only if Li ¼ 0

for nondegenerated m2
li
.

2. Texture of the diagonalizing matrix

The unitary matrix that diagonalizes M2 is defined by

U†
LM

2UL ¼ diagðλð1Þ; λð2Þ; λð3ÞÞ: ðA5Þ

The eigenvalues λðkÞ, as discussed in the main text,
correspond to the SM down-type quark masses squared.
In this section, we derive the texture ofUL by exploiting the
strong hierarchy me ≪ mμ ≪ mτ.
We begin by rewriting M2 in the form given in Eq. (A1).

From the eigenvalue equation, M2jmðkÞi ¼ λðkÞjmðkÞi, we
obtain the component-wise relation

ðκ2Mm2
li
− λðkÞÞmðkÞ

i ¼ hLjmðkÞiLi: ðA6Þ
6In this section, we use Dirac notation to streamline the

distinction between vectors, matrices, and c-numbers.
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Here jmðkÞi denotes the normalized eigenvector of M2

associated with the eigenvalue λðkÞ. It therefore corresponds
to the kth column of the diagonalizing matrix UL.
We now assume that hLjmðkÞi ≠ 0.7 In this case, the

eigenvector components satisfy

mðkÞ
i ∝

κMmliϵi
κ2Mm

2
li
− λðkÞ

; ðA7Þ

where the proportionality constant is given by hLjmðkÞi.
Equation (A7) strongly constrains the structure of the
diagonalizing matrix UL: each column is aligned with
the vector jLi, with relative weights determined by the
denominators κ2Mm

2
li
− λðkÞ. As a consequence, the ratios

mðkÞ
i =mðkÞ

j are fully fixed by the charged lepton masses,
down-type quark masses, and the parameters ϵi.
Let us examine more closely the structure of UL by

exploiting our knowledge of the eigenvalues of M2.
Focusing on the third column, Eq. (A7) implies that

mð3Þ
i¼1;2

mð3Þ
3

≃
mliϵi
mτϵ3

κ2Mm
2
τ − λð3Þ

κ2Mm
2
li
− λð3Þ

: ðA8Þ

The largest eigenvalue satisfies λð3Þ ≃ κ2Mm
2
τ . This is

encouraged by the approximate bottom-τ Yukawa unifica-
tion, since the ratio between the bottom and τ masses,
mbð2 GeVÞ ≃ 2.35mτð2 GeVÞ, becomes close to unity
when the Yukawa couplings are evolved to the quark-
lepton unification scale. Therefore, λð3Þ must differ from
κ2Mm

2
τ by an order-one factor, so that jϵ3j ¼ Oð1Þ.

Perturbation theory on M2 tells us that

κ2Mm
2
τ − λð3Þ ¼ κ2Mm

2
τ jϵ3j2 þOðκ2Mm2

μÞ; ðA9Þ

so that, using the hierarchy me ≪ mμ ≪ mτ, we obtain

mð3Þ
i¼1;2

mð3Þ
3

¼ Oð1Þmli

mτ
: ðA10Þ

Proceeding similarly for the second column of UL,
taking into account that λð2Þ ¼ m2

s ¼ Oðκ2Mm2
μÞ and using

Eq. (A7), we find

mð2Þ
1

mð2Þ
2

≃
meϵ1
mμϵ2

κ2Mm
2
μ − λð2Þ

κ2Mm
2
e − λð2Þ

¼ Oð1Þme

mμ
;

mð2Þ
3

mð2Þ
2

≃
mτϵ3
mμϵ2

κ2Mm
2
μ − λð2Þ

κ2Mm
2
τ − λð2Þ

¼ Oð1Þmμ

mτ
: ðA11Þ

Finally, for the first column, although λð1Þ cannot be
directly identified with the down-quark mass (as discussed
in the main text), we can still use the bound λð1Þ ≤ κ2Mm

2
e

derived in the previous section. It then follows that

mð1Þ
i¼2;3

mð1Þ
1

≃
mliϵi
meϵ1

m2
e − λð1Þ

m2
li
− λð1Þ

¼ Oð1Þ me

mli

: ðA12Þ

We therefore conclude that the diagonalizing matrix UL is
approximately diagonal, with off-diagonal entries para-
metrically suppressed by ratios of the charged lepton
masses, as follows:

UL ¼

0
BBBBB@

Oð1Þ O
�
me
mμ

�
Oðme

mτ
Þ

O
�
me
mμ

�
Oð1Þ O

�
mμ

mτ

�

O
�
me
mτ

�
O
�
mμ

mτ

�
Oð1Þ

1
CCCCCA
: ðA13Þ

For completeness, we briefly discuss the fate of the CKM
phase. At first sight, one might worry that the structure of
Eq. (A1) could eliminate all CP-violating phases. Indeed,
under a redefinition of the left-handed down quark fields,

dL → PdL with P ¼ diagðeiα1 ; eiα2 ; eiα3Þ; ðA14Þ

the mass matrix transforms as

M2 → P†M2P ¼ D2 − ðP†jLiÞðP†jLiÞ†; ðA15Þ

where we have used that P and D2 are diagonal matrices
and therefore commute. As a result, the three phases αi can
be chosen to absorb the phases of the parameters
ϵi ¼ jϵije−iαi , rendering M2 real. In other words, one can
always choose a weak basis in which the light down-quark
sector of M2 is CP conserving, and the diagonalizing
matrix UL is real and orthogonal.
However, the transformation P acts on the entire QL

doublet. In the same basis, the up-quark mass matrix
transforms as

Mu → P†Mu: ðA16Þ

Therefore, even if Mu is initially real, it becomes complex
after redefinition. The phases then cannot be removed
simultaneously from both quark sectors and, therefore, a
physical CKM phase remains.

7As discussed in the previous section, if hLjmðkÞi ¼ 0, then the
corresponding eigenstate is completely decoupled from the rank-
one perturbation and the eigenvalue remains fixed at κ2Mm

2
li
with

Li ¼ 0.
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We can now check whether the texture of UL in
Eq. (A13) is sufficient to reproduce the observed magnitude
of the CKM matrix elements. Comparing Eq. (42) with the
structure of UL, one can infer the parametric size of
the entries of the orthogonal matrix OuL. This leads to
the schematic texture

OuL ¼

0
B@

■ ◼ ▪

◼ ■ ◼

▪ ◼ ■

1
CA; ðA17Þ

where

▪ ¼ Oð0.01Þ; ◼ ¼ Oð0.1Þ; and ■ ¼ Oð1Þ:

Decomposing the CKM matrix as

VCKM ¼ V̄CKM þ δVCKM; ðA18Þ

where V̄CKM ¼ OT
uLdiagðULÞOL, and δVCKM contains the

off-diagonal entries of UL suppressed by the ratios of
charged lepton masses multiplied by entries ofOuL andOL.
Although V̄CKM may contain complex phases, these cor-
respond to row and column rephasings and therefore do not
contribute to the Jarlskog invariant, J. Consequently, the
leading contributions to J come from interference terms
involving at least one insertion of δVCKM. Since these
contain the suppressed off-diagonal elements of UL, order-
one phases in UL are required to reproduce its experimental
value of J ≃ 3 × 10−5 [1].

APPENDIX B: SCALAR MIXING

There is a choice of basis in the scalar potential where the
vacuum expectation value of one of theΦ4a;b scalar fields is
real, so that the physical CP-violating phase eiθ4 resides
entirely in a single Φ4 field. Let us consider, for simplicity,
the scalar Φ4 with a real VEV.
The most general renormalizable scalar potential involv-

ing the electromagnetically neutral components of Φ4 and
Φ10, consistent with the UV symmetries of the theory, GPS,
can then be written as

V ¼ −μ24jϕ0
4j2 − μ210jϕ0

10j2 þ
λ4
2
jϕ0

4j4 þ
λ10
2

jϕ0
10j4

þ λ410
2

jϕ0
4j2jϕ0

10j2 þ
f

2
ffiffiffi
2

p ðϕ0�
10ðϕ0

4Þ2 þ h:cÞ: ðB1Þ

Assuming the standard normalization hϕ0
4i ¼ vCP=

ffiffiffi
2

p
and hϕ0

10i ¼ v10=
ffiffiffi
2

p
as defined in the main text, the

minimization conditions of the potential are

−4μ210v10 þ 2λ10v310 þ ðf þ λ410v10Þv2CP ¼ 0; ðB2Þ

−4μ24 þ 2fv10 þ λ410v210 þ 2λ4v2CP ¼ 0: ðB3Þ

Given that v10 ≫ vCP, condition (B2) fixes v10 ¼ffiffiffiffiffiffiffiffiffiffiffi
2=λ10

p
μ10 in a natural way. Condition (B3), however,

implies that the parameters f and λ410 must be small to
establish a hierarchical lower CP-breaking scale.
In the absence of additional symmetries, these param-

eters are generically bounded from below by Planck-
suppressed operators induced by gravity, such as

1

MPl
Φ†

4Φ15Φ4Φ
†
10Φ10 þ

1

MPl
Φ†

10Φ2
15Φ2

4

þ 1

MPl
Φ†

4Φ4TrfΦ3
15g þ � � � : ðB4Þ

Parametrically, these contributions induce

f ∼
Λ2
LQ

MPl
; λ410 ¼

ΛLQ

MPl
; and μ24 ¼

Λ3
LQ

MPl
: ðB5Þ

Given that v10 ∼ ΛLQ, substituting these estimates
into Eq. (B3) yields a CP-breaking scale vCP ∼
OðΛLQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛLQ=MPl

p Þ ∼ 1011 GeV, which lies approximately
1 order of magnitude above what the maximum value
allowed by the quality of the Nelson-Barr mechanism [see
Eq. (43)].8 Reconciling these scales therefore requires a
tuning at the percent level in the scalar potential.
Turning to the masses of the neutral scalars in Φ4 and

Φ10, after imposing the minimization conditions, the mass
matrix for the CP-even scalar fields takes the form

v210

0
B@ λ4θ

2
Φ

1
2

�
f
v10

þ λ410
�
θΦ

1
2

�
f
v10

þ λ410
�
θΦ λ10 − 1

4
f
v10

θ2Φ

1
CA; ðB6Þ

where θΦ ≡ vCP=v10. Using the gravity-induced estimates
above, one finds f=v10 ∼ λ410 ∼ ΛLQ=MPl ∼ yd, with yd the
down-quark Yukawa coupling. The two small expansion
parameters of the system are therefore θΦ ∼ yd ∼ 10−5.
At leading order in these parameters, perturbation theory

gives

M2
Φ4

∼ λ4v2CP; and M2
Φ10

∼ λ10v210; ðB7Þ
with θΦ quantifying the mixing angle between the two
scalar fields. An analogous mass spectrum and mixing
angle are expected for the scalar leptoquarks ϕα

4 and ϕα
10.

We note that the tension in the scalar potential to achieve
the gap between ΛQL and vCP worsens once radiative
corrections to M2

Φ4
are taken into account. In particular,

heavy gauge bosons such as the vector leptoquarks Xμ and
the neutral Z0 associated with the breaking of SUð4ÞC and
UB−L ⊗ UR, respectively, generate finite contributions of

8A similar result is obtained if v10 and vCP are determined
using Eqs. (B3) and (B2), respectively, the latter with parameters
generated by higher-dimensional operators.

PATI-SALAM REALIZATION OF THE NELSON-BARR … PHYS. REV. D 114, 055012 (2026)

055012-15



the form [70]

δM2
Φ4
j1−loop ∼

αs
4π

Λ2
LQ ln

�Λ2
LQ

M2
Φ4

�
; ðB8Þ

which naturally suggest MΦ4
¼ Oð1012 GeVÞ.

APPENDIX C: RUNNING OF THE
GAUGE COUPLINGS

At one-loop, the running of the gauge couplings is
given by

α−1i ðμÞ ¼ α−1i ðMrefÞ −
bi
2π

ln

�
μ

Mref

�
; ðC1Þ

where bi denotes the one-loop β-function coefficient
appropriate to the particle content between the scale
Mref and the scale μ.
The symmetry-breaking chain relevant for the running is

SUð4ÞC × SUð2ÞL × Uð1ÞR
⟶
hΦ15i

SUð3ÞC × SUð2ÞL × Uð1ÞR × Uð1ÞB−L
⟶
hΦ10i or hΦ4i

SUð3ÞC × SUð2ÞL × Uð1ÞY: ðC2Þ

Accordingly, above the scale hΦ15i≡ ΛQL, the couplings
to be run are α4, α2, and αR. Between ΛQL and the scale at
which the Uð1ÞR × Uð1ÞB−L symmetry is broken to hyper-
charge, denoted byΛSM, the theory is described by the 3211
gauge group,

G3211 ¼ SUð3ÞC ⊗ SUð2ÞL ⊗ Uð1ÞR ⊗ Uð1ÞB−L; ðC3Þ

and the couplings are α3, α2, αR, and αB−L. Below ΛSM, the
running is that of the SM gauge couplings α3, α2, and αY ,
up to the additional thresholds specified below.
At the first threshold, ΛQL, the matching conditions are

α3ðΛQLÞ ¼ α4ðΛQLÞ;

αB−LðΛQLÞ ¼
3

2
α4ðΛQLÞ: ðC4Þ

Here, the normalization is chosen according to Eq. (12). At
the second threshold, ΛSM, the hypercharge coupling is
matched according to

α−1Y ðΛSMÞ ¼ α−1R ðΛSMÞ þ α−1B−LðΛSMÞ: ðC5Þ

In the limit in which the two thresholds are taken to be
degenerate, ΛQL ¼ ΛSM, the intermediate 3211 regime has
no logarithmic running. In that case, the matching reduces
to the combined condition

α−1Y ðΛQLÞ ¼ α−1R ðΛQLÞ þ
2

3
α−14 ðΛQLÞ: ðC6Þ

The SUð2ÞL factor is unaffected by these symmetry-
breaking steps, and therefore α2 is continuous across the
thresholds.
The bi coefficients at one-loop are fixed by group theory

and given by

bi ¼ −
11

3
C2ðGiÞ þ

2

3

X
f

TiðRfÞ
Y
j≠i

djðRfÞ

þ 1

3

X
s

TiðRsÞ
Y
j≠i

djðRsÞ; ðC7Þ

where C2ðGiÞ is the quadratic Casimir of the adjoint
representation, TiðRÞ is the Dynkin index of the represen-
tation R under the group factor Gi, and dj≠i denotes the
multiplicity of the representation under the remaining
group factors. The sums run over Weyl fermions (f) and
complex scalars (s).
The β-function coefficients depend on the energy inter-

val. Below vCP, the running is that of the SM, bSMY ¼ 41=6,
bSM2 ¼ −19=6, bSM3 ¼ −7.
For the high-scale quark-lepton unification scenario,

between vCP and ΛSM ∼ ΛQL, the vectorlike down quarks
in F6 and the two copies of Φ4 contribute to the SM β
functions. We denote the corresponding coefficients by

bCPY ¼ bSMY þ ΔbY jF6
þ 2ΔbY jΦ4

;

bCP2 ¼ bSM2 ;

bCP3 ¼ bSM3 þ Δb3jF6
þ 2Δb3jΦ4

: ðC8Þ

For the field content considered here, F6 ¼ DL ⊕ ðDcÞL,
and Φ4 ¼ Φα

4 ⊕ Φ0
4, so that ΔbY jF6

¼ ΔbY jΦ4
¼ 4=9,

Δb3jF6
¼ 2=3, Δb3jΦ4

¼ 1=6. Above ΛQL, the running is
performed in the GQL theory, with coefficients

bQL4 ¼ −8; bQL2 ¼ −
19

6
; bQLR ¼ 49

6
: ðC9Þ

In the low-scale quark-lepton scenario, there is an
intermediate regime with gauge group G3211. In this
interval, the relevant coefficients are

b32113 ¼ −6; b32112 ¼ −
19

6
;

b3211R ¼ 49

6
; b3211B−L ¼ 10

3
: ðC10Þ

The coupling αB−L is therefore run independently in this
scenario. The hypercharge coupling is recovered only at the
lower threshold through the matching condition above.
Above ΛQL, the coefficients in Eq. (C9) change by

subtracting the contribution from Φ10 ∼ ð10; 1; 1Þ, i.e.
ΔbQL4 jΦ10

¼ 1, ΔbQL2 jΦ10
¼ 0, and ΔbQLR jΦ10

¼ 10=3.
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