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In this work, we study the classical phase space for the gravitational degrees of freedom along a null ray.
We construct gauge-invariant observables localized on a null ray segment that commute with those
localized on the complement; thus, the phase space describes a genuine gravitational subsystem compatible
with both locality and diffeomorphism invariance. Our construction employs “dressing time” (a null time
coordinate built from spin O gravitational degrees of freedom) as a dynamical reference frame. The
existence of such a frame depends on the use of edge mode variables, which we argue are generally required
to upgrade a local gauge-fixing condition to a global “frame fixing.” To analyze the effects of quantum
diffeomorphism anomalies on these structures, we then establish an “effective” classical description in
which the Raychaudhuri equation, symplectic form, and edge mode variables all acquire Virasoro-type
deformations. Within this framework, we identify three distinct diffeomorphism actions: reparametrizations
(gauge transformations), reorientations (physical symmetries of the reference frame), and dressed
reparametrizations. Each acquires its own central extension and plays a different crucial role in the
effective theory. The resulting structures provide a foundation for quantizing gravitational null ray

segments, including promoting dressing time to a genuine quantum reference frame.
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I. INTRODUCTION

How should we reconcile gravitational diffeomorphism
invariance with the primary role of local experiments and
observations in physics? This question lacks a simple
answer because truly local diffeomorphism-invariant
observables do not exist [1]. Indeed, any nontrivial observ-
able supported at a fixed spacetime point (or supported on a
fixed proper subregion of spacetime) cannot be diffeo-
morphism invariant, since diffeomorphisms move the
support. For this reason, locality in gravity cannot mean-
ingfully be attached to a fixed background structure.
Rather, one must adopt a notion of “relational locality,”
in which observations are performed at spacetime locations
determined by physical reference degrees of freedom
[2-14].

Many mysteries of quantum gravity can be attributed to
the fact that these degrees of freedom must themselves
ultimately be quantum. They comprise a “quantum refer-
ence frame” (QRF), and accounting for the necessity of
such QRFs simultaneously enables a consistent picture of
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local gravitational physics and fundamentally modifies it—
because any local observations are inextricably tied up with
the quantum properties of the frame [13,15-34].

Quantum mechanical QRFs like simple clocks are by
now relatively well understood (see Refs. [35—46] for some
approaches) and have, for example, led to much recent
progress in our understanding of gravitational entropies
[47-56]. But such QRFs are only sensitive to finite-
dimensional subgroups of the diffeomorphism group, such
as the one-dimensional flow corresponding to a particular
notion of time evolution. Far richer structures should
emerge once we consider more fully fledged gravitational
QRFs, i.e., quantum coordinate systems sensitive to genu-
ine diffeomorphism groups. Such QRFs must be made of
quantum “fields,” and QRFs of this kind are rather less well
understood than their quantum mechanical counterparts
(although various different approaches have been taken,
see, for example, Refs. [23,57-63]). One of the main
difficulties is that in gauge theories the QRFs needed are
infinite-dimensional fields, which leads to new challenges.
Some of these challenges have started to be tackled in the
study of asymptotic symmetries, where the QRFs there are
identified as Goldstone modes for the broken asymptotic
symmetries [64—69].

In gravity, the reference frames can be classically
described as “embedding fields,” which are maps X from
some reference coordinate space into spacetime [14,70-
77]. Unlike ordinary fixed coordinate systems, embedding
fields X are dynamical objects and transform covariantly

Published by the American Physical Society


https://orcid.org/0000-0001-6964-0100
https://orcid.org/0000-0001-5155-9814
https://ror.org/013m0ej23
https://crossmark.crossref.org/dialog/?doi=10.1103/9wk3-jfzn&domain=pdf&date_stamp=2026-08-18
https://doi.org/10.1103/9wk3-jfzn
https://doi.org/10.1103/9wk3-jfzn
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

LAURENT FREIDEL and JOSH KIRKLIN

PHYS. REV. D 114, 046017 (2026)

under diffeomorphisms. Hence, by pulling back spacetime
fields ¢ through the embedding map, one obtains gauge-
invariant “dressed fields” ¢ := X*¢ which are relationally
local to the coordinates provided by X [14,78,79]. One can
then define a gauge-invariant gravitational subsystem as the
image under X of a subregion in the reference space. Doing
this generically necessitates' the inclusion of edge modes at
the boundary of the subregion and physical ‘“corner
symmetries” acting on the edge modes [70,74,81-84].
One way to understand the edge modes is that they provide
boundary conditions required for integrating a local gauge-
fixing condition into a complete gauge fixing or frame
fixing; we shall comment on this more in the paper. Note
that part of the gravitational edge modes is a specification
of the location of the boundary of the subregion, which is
necessary for even discussing the subregion in the first
place. In [52], it was shown that these location edge modes’
free energy contributes via nonsemiclassical corrections to
the generalized second law.

It is important to note that the edge modes can come from
different places, depending on the setup. Indeed, they can
be “internal” [73,74], meaning in this paper that they are
part of the degrees of freedom inside the subregion, or
“external,” meaning they are part of the degrees of freedom
outside the subregion. In fact, it is only the differences
between internal and external edge modes which are gauge
invariant and thus represent physical degrees of freedom
[85]; this will be important for the present paper, in which
we will be concerned with the relative boosts between
internal and external embedding fields.”

We will focus on a particular gravitational reference
frame called the dressing time [78,79], which is a particular
null time coordinate along a gravitational null surface (as
such it is the inverse of the embedding field, which we
denote V = X~1). For various reasons, null surfaces pro-
vide the simplest setting in which both relational localiza-
tion and gravitational dressing can be implemented
explicitly. The first remarkable fact is that the projection
of the gravitational constraints on a null surface can be
exactly solved and constraint-free initial data can be found
[86-94]. Moreover, in recent years, the detailed construc-
tion of the gravitational symplectic structure on null
surfaces has been achieved in [78,95-110]. The main

'A notable exception is when the gravitational system includes
dust fields that can act as gravitational QRFs [7,32,80]. In this
case, no edge mode is needed to achieve localization. This is,
however, a nongeneric case.

*Another important distinction concerns whether the edge
modes are composed of dynamical degrees of freedom already
present in the phase space or auxiliary degrees of freedom.
Sometimes the former are called internal and the latter external,
but we use this language to refer to the inside and outside of the
subregion, as described in the main text. We thank Julian De
Vuyst, Philipp Hohn, Luca Marchetti, Gon¢alo Araujo Regado,
Francesco Sartini, and Bilyana Tomova for clarifying these
distinctions for us.

results synthesized in [78] are that, on a null surface, the
gravitational degrees of freedom naturally split into spin 0
modes associated with the area element, spin 1 modes
associated with the null generators of the surface, and spin
2 modes associated with gravitational radiation.

Finally, the principle of ultralocality (i.e., the fact that
different null rays on the surface are causally disconnected)
[48,79,111-113] allows us to analyze each null ray
individually. At the level of the classical phase space
analysis used in this paper, this raywise treatment is well
defined. However, it should be noted that, in the quantum
theory in more than two spacetime dimensions, such an
analysis becomes significantly more subtle. There are
divergences associated with infinite fluctuations of the
fields along the spacelike directions tangential to the null
surface, and these must be regulated in some way (see, e.g.,
Ref. [79]). In the present paper, we restrict our analysis to
classical phase spaces.

The dynamics are then governed by the null-null compo-
nent of the Einstein equation, i.e., the Raychaudhuri equa-
tion, which in the gravitational phase space acts as a
constraint generating diffeomorphisms along the ray.
Subsystems of the null ray are “null ray segments,” and
the corner symmetry group for such segments reduces to the
affine group (containing translations and boosts of the
segment endpoints). The dressing time is a natural “pre-
ferred” reference frame for these null ray segments, made
entirely from spin O data. It has many convenient properties
(for example, it commutes with itself in the decoupling
regime described below and is the natural time coordinate in
which to express the second law [78,79,110]), which are not
satisfied by other common choices of null time coordinate
(such as affine time).

The Raychaudhuri constraint involves interactions
between the spin 0 degrees of freedom and the rest of
the fields. Thus, the reference frame (the dressing time) is
coupled with the system it is used to observe (the other
fields). In general, interactions of this kind can complicate
the analysis of reference frames and the observables
dressed to them (see, for example, Refs. [25,114,115]).
To avoid these complications, we shall make a certain
change of variables and go to a simplified regime in which
the spin 2 gravitational radiation is perturbative, and any
matter is just a collection of free scalar fields. This allows us
to neglect any interactions between the frame and system.
More precisely, we put the total Raychaudhuri constraint C
in the noninteracting form C = Hy, + Hg. Here, Hy, is the
stress contribution of the dressing time frame degrees of
freedom, while Hg is the stress tensor for matter and
gravitational radiation variables, which comprise the sys-
tem (we explain this in more detail below). This kind of
decoupled constraint is typical of much of the QRF
literature, including recent developments to do with the
algebraic crossed product [116] and gravitational entropies
[47-54,54-56].
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The purpose of this paper is threefold:

(@)

(i)

(iif)

First, we construct an explicit classical phase space
describing the localized gravitational degrees of
freedom on a null ray segment, in which observ-
ables supported on the segment commute with those
supported on its complement. This provides a
concrete realization of a gravitational subsystem
compatible with locality, causality, and diffeomor-
phism invariance. The null ray segment is relation-
ally local with respect to the dressing time reference
frame [78]. The definition of this reference frame
requires one to use edge mode degrees of freedom
[70,74,81-84,117] which come from outside the
segment. We will not need to depend on a particular
prescription for their exact origin.

Second, we point out the importance of three kinds of
diffeomorphism  symmetries: reparametrizations,
dressed reparametrizations, and reorientations. The
reparametrizations and dressed reparametrizations are
gauge transformations associated with constraints,
while reorientations are physical symmetries possess-
ing a nonvanishing charge. The reparametrizations
are gauge transformations acting on the fields defined
with respect to background coordinates, while the
dressed versions are analogous transformations of the
dressed gauge-invariant fields. The reorientations, on
the other hand, change the dressing time without
affecting the system variables; in other words, they
only change the “orientation” of the reference frame.
They correspond to the original edge mode symmetry
of [70] and the name reorientation was chosen to
match the QREF literature [46,75,76]. We show that
the generator of reorientations is the second derivative
of the gauge-invariant dressed area element along the
null ray.

Third, we show that the null ray segment is still a
well-defined local subsystem in the presence of
diffeomorphism anomalies. Indeed, such anomalies
represent one of the main difficulties in constructing
QRFs from fields and are expected to have deep
consequences for the structure of the quantum
theory, including notions of locality, subsystems,
and edge modes. We will analyze these conse-
quences for the properties of the local degrees of
freedom on the null ray segment. Despite our
motivations being quantum, we shall work entirely
at the classical level, i.e., using phase spaces,
symplectic forms, and constraint surfaces. More
precisely, we will establish a classical description
of an effective theory which can be interpreted as the
result of integrating out one-loop quantum fluctua-
tions in a gravitational path integral (assuming, as
noted above, that the divergences associated with the
tangential spacelike directions have been regulated
in some way). Such fluctuations generate a classical

anomaly in the effective theory, parametrized by a
central charge c¢. Alternatively, this classical
anomaly can be understood as a counterterm to
cancel the anomaly in the quantum theory, as in the
Green-Schwarz mechanism [118,119] (we give a
little more detail on this below, but will explicitly
show how it works in [120]).

A key technical point is that, in the classical theory, the
phase space of the dressing time can be identified with the
cotangent bundle of the diffeomorphism group, equipped
with the corresponding Kirillov-Kostant-Souriau (KKS)
symplectic form [121,122]. One of the main results of this
paper is that the anomaly in the effective theory can be
accounted for by deforming the classical phase space to the
cotangent bundle of the Virasoro group, with its associated
KKS form [123]. This leads to the existence of additional
gauge-invariant degrees of freedom in the effective theory
relative to the tree-level one [124]; the phase space of these
additional degrees of freedom is a coadjoint orbit of the
Virasoro group [125-129]. The dressing time provides a
natural set of coordinates on this coadjoint orbit.

The main application of the work in this paper is the
quantization of the dressing time reference frame, where
the dressing time is promoted to a genuine QRF [120]. A
typical choice of Hilbert space for quantum mechanical
QRFs is the space L?*(G) of square-integrable wave
functions over the relevant symmetry group G. In the
present case, G is a diffeomorphism group, which does not
have square-integrable functions in the usual sense, so the
quantization must be done differently. Indeed, the dressing
time is a field, and as such should be quantized with a Fock
space; thus, it is a kind of Kihler QRF [130]. In [120], the
dressing time is promoted to a quantum reference frame,
the dressed observables are quantized using covariant
normal ordering, the gauge-invariant algebra is identified
as a Virasoro crossed product, and the anomaly counterterm
introduced here is fixed by requiring cancellation of the
dressed reparametrization central charge.

In the effective classical theory, the central charges of the
three diffeomorphism representations are given by

Creparametrization — C> Creorientation — —C>

Cdressed reparametrization — —C» (11)
It turns out that the quantization of the null ray shifts each
of these three charges by different amounts; by picking ¢
appropriately, one can cancel the anomaly for the dressed
reparametrization algebra, thus eliminating the extra
degrees of freedom in the quantum theory [120]. The
resulting structures bear a strong resemblance with the
bosonic string and reparametrization modes in 2D con-
formal field theories [125,127,131-134].

The paper proceeds as follows. In Sec. II, we shall
describe in some detail the structure of the tree-level theory,
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including the phase space on a gravitational null ray, and the
nonanomalous Raychaudhuri constraint within the decou-
pling regime in which the constraint splits C = Hp + Hj.
We also demonstrate how one may reduce to the phase space
of a finite segment of the null ray and how this leads to the
introduction of edge modes. Then we explain how to impose
the gauge constraint and describe in more detail the three
diffeomorphism actions: reparametrizations, reorientations,
and dressed reparametrizations. We describe the effective
corrections to the tree-level structure in Sec. III, explaining
how the constraint and phase space are modified by
anomalous contributions. By extending the tree-level meth-
ods of the previous section, we derive the segment phase
space to reveal how the anomaly modifies the edge modes.
We then explain how reparametrizations, reorientations, and
dressed reparametrizations are modified in the effective
theory and derive their corresponding central charges, before
commenting on the consequences of imposing gauge invari-
ance in the effective theory. Finally, we conclude the paper in
Sec. IV with a summary of its achievements and a discussion
of some open questions.

II. TREE-LEVEL NULL RAY SEGMENTS

In order to establish a solid foundation for the effective
anomalous theory, we will first describe in some detail the
structure of the purely classical tree-level theory, with no
anomaly. We start by describing the Raychaudhuri constraint
C in a regime in which the spin 0 and radiative fields along a
null ray are decoupled, the kinematical phase space of these

FIG. 1. In this paper, we construct an effective classical descrip-
tion of the null ray segments Z of a gravitational caustic-free null
surface A/. The degrees of freedom are those of matter ¢,
perturbative spin 2 gravitational radiation %, the area element
Q, and its conjugate momentum £ on cuts C of the null surface, as
well as edge modes: the locations of the end points v, v; of the
segment and boost frames 7, 77; at each end point.

degrees of freedom, and the gauge transformations generated
by C. We explain how one may reduce this description to a
segment of the null ray by using embedding fields and show
that this leads to the inclusion of edge modes transforming
under a corner symmetry group. We introduce the dressing
time and demonstrate its use in constructing dressed observ-
ables such as the dressed area element. We derive the
Poisson algebra of these dressed observables using both
reduced phase space and Dirac bracket techniques, explicitly
describing how these give isomorphic results via a so-called
dressing map. Finally, we explain the key roles played by
three diffeomorphism actions (reparametrizations, reorienta-
tions, and dressed reparametrizations).

A. Raychaudhuri constraint in a decoupling regime

Consider the classical degrees of freedom associated
with a null surface N\ in gravity, depicted in Fig. 1. One of
the key equations governing these degrees of freedom is the
“Raychaudhuri constraint,” which we write in the form
C=02Q—ud,Q+ Q(c,°0,* + 8aGNTM) = 0.  (2.1)
Let us explain the terms that appear here. The geometric
data intrinsic to A are its degenerate metric g,, (induced
from the spacetime metric) and a nowhere-vanishing null
vector field £ (so it satisfies £“q,;, = 0); these comprise its
“Carollian structure” [94]. We consider a partially gauge-
fixed phase space with 62 = 0 (referred to in [78,79] as a
“primed” phase space)3 and define a coordinate v by
¢ = 0,. On constant v cuts C of N, g, restricts to a
nondegenerate metric which we can use to lower and raise
indices; Q is the associated infinitesimal area element. The
expansion € and shear o, are defined by %avqab =
%é’qab + o0, with the condition that the shear is traceless.
The quantity y = k — 36, where k is the “inaffinity” of # (so
V, % = k¢?), is sometimes called “surface tension.” T2 is
the null-null component of the matter stress tensor.

In the following we will consider a linearized regime for
the spin 2 part of the gravitational field, meaning the shear
6,”. In particular, we assume that xh,, is very small in the
decomposition

(0)

0
qab = Q(qab + }{hab)’ (22)

where x = /327Gy, and q((g?) is some fixed background

degenerate metric with 5q<a%) = di)qg;) = f”qg;) =0, and

det¢®©) = 1. One then has

3This gauge fixing amounts to a decoupling of the spin 1
gravitational degrees of freedom. It is only possible here because
we are choosing to ignore diffeomorphisms transverse to £ and
their corresponding gauge constraints, including the Damour
equation. A full treatment should more carefully account for
those constraints, but we leave this for future work.
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1
Gah = E}{auhah + O(}{Z)’ (23)

where  h,? = ¢©<p,.. Substituting this into the
Raychaudhuri constraint and truncating to quadratic order
in xh yields
C=02Q—10,Q+87GNQ(,h,"0,h,* +TM) =0. (2.4)
At this order, one can treat i, as traceless and decompose
it into its two polarizations h,, h,, so that
0,h,"0,hy,* = (0,h,)* + (9,h)>. (2.5)
To keep things simple, we will take the matter to just
consist of a collection of massless scalar fields ¢. It is

convenient to absorb the spin 2 polarizations ., h, into
this collection, so that

0,y 0,y + T = "(0,¢)?,

l

(2.6)

where the index i runs over the spin 2 and matter
contributions.

Let us emphasize that the spin O part of the gravitational
field Q can have arbitrarily large fluctuations in this regime.
In the future we hope to understand what happens when one
turns back on the higher-order terms in xA and includes
other types of matter, perhaps by establishing a perturbation
theory around the results of this paper. As we shall see, the
present setup is simple enough to be tractable, while
simultaneously having sufficient structure to be quite
physically and mathematically rich.

In C, the scalar fields ¢; appear to interact with the area
element Q via a cubic term. It is convenient to eliminate this
by defining

p=v,, ﬁ:=u+4nGN¢1§ap(x/§Z¢%), (2.7)

in terms of which the Raychaudhuri constraint reads

C=RQ-p0,Q+87Gy Y (9;0:). (2.8)

We will hereafter refer to the “half-densitized” fields ¢; as
the radiative degrees of freedom. Note that we have
eliminated any interaction terms between the spin 0 degrees
of freedom and the radiative ones; indeed, we can write the
constraint as C = Hyp 4+ Hg, where

Hy = #Q—0,Q (2.9)

is the contribution of the spin 0 “reference frame,” and

Hg =87Gy Y (0,9,)? (2.10)

is the contribution of the radiative “system.”

B. Kinematical phase space

The null surface A is foliated by its null rays. Since the
null rays are out of causal contact with one another at the
classical level, they are dynamically decoupled—this is the
principle of “ultralocality.” The classical null surface phase
space thereby admits a raywise ultralocal description. This
motivates studying the phase space associated with a single
null ray R. We will exploit this classical decoupling to
focus, for the remainder of the paper, on one such ray. We
will exploit this to focus, for the remainder of the paper, on
a single null ray R

Let us emphasize the scope of the raywise treatment used
below. Classically, in the ultralocal regime, the null surface
phase space decomposes into independent contributions
associated with individual null generators. Our analysis
concerns this raywise phase space. We do not claim that the
continuum quantum theory on a null hypersurface factor-
izes into independent quantum theories on each generator.
In ordinary perturbative quantum field theory (QFT),
transverse short-distance singularities obstruct such a naive
construction of stress-tensor operators on individual rays
[79,113]. Embedding the raywise construction into the full
transverse continuum theory therefore requires additional
UV input, a regulator, or a microscopic quantum gravity
completion. Nevertheless, for the remainder of the paper we
will stay within a classical phase space description.

The “canonical” symplectic 2-form of a gravitational
null surface in the primed phase space [78,79] is given by

1 1
Qe — [ 0 SQASu+6(=Qc% ) A6
[, (g, (90 5500 )

+ wmat) ,
( (0)

The volume form used above is & A(}) =dv A g;’, where

& = Qgém is the volume form associated with q(a%) on the

cuts C. The dv part gives an integral along each null ray of

(2.11)

N, while séo) integrates over all null rays. Since we are

looking at a single null ray R, we will discard this latter

integration. The term ej\(})wm‘ is the symplectic current of

the matter fields; in the case at hand @™ is a sum over
5(Q0,0;) N 6¢;. This sum by itself does not include the
spin 2 modes #h,, h, but using the linearized prescription

*Of course, at some later stage the rays must be glued back
together to recover the full system. This procedure is likely to
involve some uniquely quantum gravitational techniques and
phenomena, such as “embadons” [79], discretization of geometry
[110,135], or fuzzy geometry [136,137].
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(2.2) leads to

1 1
5(=Qo% | A 5q,, = 5(Qd,h,) A Sh,
SHGN (2 o )A qab ( v )

+5(Q0,h.) ASh,, (2.12)

so the symplectic form may be written

1
Q= A dv <8EGN59/\5M+Z§(90,,¢i)A5¢,->, (2.13)

where the >, includes the radiative degrees of freedom and
the matter fields. Making the change of variables 4 — f and
¢; = @; defined in (2.7), one finds that the symplectic
structure decouples

1
Q= [d SQAS 3. (50:) A S, 2.14
A v<8ﬂGN A ﬂ+z,~: 2 (8p:) A fp,>, (2.14)

up to a boundary term which we can safely ignore by
imposing the falloff conditions

@i = o(1/v),
B=o(1/v*)

Q= 0(v),

as v — Zoco. (2.15)

The advantage of writing the symplectic form as (2.14)
should be clear: the spin 0 fields €, B are explicitly
symplectically decoupled from the radiative fields ¢;, so
the Poisson brackets between them vanish, and importantly
the field # commutes with itself,

{Q).p:i(v)} = {p(v). ¢i(v)} = 0,

{B(v). ()} = 0. (2.16)
This structure is only valid after the change of variables to 3
and the half-densitized radiative fields ¢;. Indeed, the
original radiative fields ¢; do not commute with u, because
they contribute to (2.13) with a term proportional to Q.
Moreover, p does not commute with itself [78],

{u(@). i)} #0.  {u(v).u(@)} #0.  (2.17)
In this way, the change of variable (u, ¢;) — (5, ¢;) iden-
tifies a spin O sector which commutes with the matter and
radiative sectors. Thus, the decomposition C = Hp + Hy
amounts to a decoupling consistent with the phase space
structure of the theory, because Hy involves only (2, /),
and Hjg involves only ¢;; thus {Hg, Hg} = 0. This dra-
matically simplifies the solution of the constraint, since the
spin O fluctuations do not backreact on the radiative degrees
of freedom; the constraint C = Hp + Hg = 0 only creates
correlations (and, in the quantum theory, entanglement)
between the spin O and the radiative data.

C. Gauge transformations

Let us define the stress tensor

C

T:=—, 2.18
871'GN ( )

where C is defined in (2.8). Suppose f is a function
satisfying

f=o(1),  9,f=o0(1/v),

It is straightforward to check using the symplectic form that
Ty:= Jgdv fT is then the generator of the following
transformation:

as v —> too. (2.19)

5,Q=f0,Q.  8=0,(fp)+ %S,
6f(/7i = f0,¢;. (220)
Indeed, we have

Let F =exp(fd,) denote the (orientation-preserving)
diffeomorphism generated by the vector field f0,. Then
(2.20) may be integrated to the finite transformation

2

0, F
Fr>pf=(0,F)poF+-—.

F>Q=QoF,
° o,F

F @ =@ oF. (2.22)

In [78,79], this was called a “primed diffeomorphism.”
We will just refer to it as a diffeomorphism or reparamet-
rization. It is the combination of an ordinary diffeomor-
phism tangent to ¢ with a rescaling of £ to preserve the
condition 6 = 0. These are gauge transformations in
gravity. Note that § transforms like the v component of
a connection 1-form (the second term above comes from
the rescaling of ¢ in the inaffinity ).

D. Reducing to a segment with edge modes

So far we have described the phase space of the full null
ray R. From this we will now derive the phase space of a
subregion of the ray, i.e., a “segment” Z C R. Let us use
v = v,,a = 0, 1 todenote the end points of Z, with vy < v;.

The basic assumption we shall make in the following is
that observables O supported in Z commute with observ-
ables O supported in its complement Z = R\Z, i.e., their
Poisson bracket vanishes, {O}O = 0.

In infinite dimensions, even when the symplectic struc-
ture is nondegenerate, the Poisson bracket is only defined
for certain observables’ [138]. The bracket exists when

5In other words, even if Q is nondegenerate, the map x —
[y - Q(x, y)] is injective but not surjective. This means that there
could be phase space observables O such that 6O is not of the
form Q(-,y) for any Hamiltonian vector field ¥ [107].
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there is a Hamiltonian vector field 6, meaning /5 Q =
—60 (here I denotes phase space contraction). The Poisson
bracket of two such observables can be found by con-
tracting their corresponding vector fields into the symplec-
tic form
(01,05} = Q(0,.50,) = 60,05 (2.23)

The convention chosen here means that O — dp is an
algebraic morphism, i.e., 50, 0,} = [501,(5@2}.6

In theories with gauge symmetry, observables O must
commute with the constraints (so here {O,T,} = 0);
equivalently they must be invariant under gauge trans-
formations (so 6,0 = 0). Suppose we wish to compute the
Poisson bracket of two observables O, O, supported in
T C R, with associated Hamiltonian vector fields 6, , 50,
By the assumption that observables in Z commute with
those in Z, the field variations 00,00, must leave invariant
any gauge-invariant observable supported in Z, which
implies that 5¢,, §p, must be indistinguishable from gauge
transformations (here primed diffeomorphisms) in Z [139].
To compute the Poisson bracket of observables supported
in Z with (2.23), it therefore suffices to restrict the
symplectic form to field variations with this property.
Since the Poisson bracket should ultimately be evaluated
on shell of the constraints, we are free to also impose
T =0 in Z (where = denotes on-shell equality). The result
is a symplectic form suitable for use on the segment 7.

Let us write the symplectic form for R as Q = §®, where
the symplectic potential is

1
=[d Q9 0,9:00; |. 2.25
A v <8ﬂGN b+ Z Vi <ﬂ,> (2.25)
We decompose this as @ = @7 + @, — ©_ where
A 1
;= [d Q9 0,0:00; |, 2.26
A A U<87ZGN ﬁ + Z vPi q)z) ( )

Eﬂm 1
e, = d Qs o080 ). (227
. / ,, v<8”GN ﬁ+§; P %) (2.27)

and ¢y = —1, ¢; = +1.

®A simple proof of this is

L5, 0, @ =—=6{01,0:} = =6Ls, O, = —L;,
602 L50 150 Q= I[ Q, (224)

S0, 00,

where we have used that L50] Q=0

Let us first focus on the terms ©,. We assume that the
field variations outside Z are equal to some gauge trans-
formation,7 SO

5ﬁ = av(fﬁ) + a% ’ é(pl = favq)i (228)

for some f satisfying the falloffs (2.19). Substituting this
into ®, and integrating by parts, one finds

0,2f — Q0f + ) (va) + / “ .

(2.29)

0,=-——
4 87TGN

On shell of the constraint 7 =0 outside Z, each 0,
therefore simplifies to a boundary term at v,,.

In order to account for these boundary variations in the
symplectic structure for Z, one needs to introduce edge
mode degrees of freedom (v,,7,) which transform under
diffeomorphisms as

5fva = _f(”a)v 5f’_7a - avf(”a)‘ (230)
Here, v, is the same v, defining the region Z. In the
language of [70], this corresponds to introducing an
embedding field X:7 — Z which maps the complement®
of a reference interval [ = [0, 1] onto the complement of
T = [vg, v{] and defining
v, = X(a), M. = —1n(9,X)(a). (2.31)

The relationship between the null ray and the reference
interval is illustrated in Fig. 2. Here and henceforth we use
v to denote the coordinate on the reference space containing
I (in contrast to v, which we use as the coordinate on the ray
R). Under a gauge transformation, the embedding field
transforms according to a diffeomorphism acting on the
target of X: ;X = —foX.

A finite gauge transformation acts as F > X = F~! o X,
SO

F>uv,=F'(v,), Fr>ij,=-Ino,F'(v,). (232)
The first of these implies F >Z = F~'(Z). This is
sensible, because under a primed diffeomorphism F acting
on the fields as in (2.22) the support of an observable O

changes via supp(©) — F~! (supp(©))."’ To have a notion

"As we will explain in Sec. III D, this is only strictly true for 54
and 6¢;. One must allow more general variations for Q that
1nclude edge mode variations.

I = R\/ and similarly for Z.

Hence for example, 5;(0,X) = 3 —0,X (0 éf

""Here supp(0O) is shonhand for supp ), Where ‘3— is the
functional derivative of O with respect to the fields (collectlvely

denoted ®). Note that supp(©) depends on the field configuration
and hence can vary over phase space.
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FIG. 2. We use embedding fields X:/ — Z and X:1 = 7 to
construct the phase space of the null ray segment Z. Here, [ =
[0, 1] €R is a reference interval for Z via X, while the comple-
ment ] is a reference for the complement Z via X. On I U I we use
the coordinate v, while on Z U Z we use the coordinate v. We will
take X to be the inverse of the dressing time V:Z — I, but leave X
general, only requiring X (a) = X(a) = v, at a = 0,1 €0l. The
mismatches between the derivatives of X and X at o/ manifest as
edge modes in the segment phase space.

of observables supported in Z that is consistent with
covariance, 7 must transform in the same way. This is
achieved by the addition of the edge variables v, to the
phase space (called dynamical cuts in [52]).

Therefore, the symplectic structure for gauge-invariant
observables supported in Z can be written as

1
0= /[d Q9§ 0,0;:00;
A /I v <87ZGN ﬂ + Z v Qi (pl)

- Zea(pa(s”a + wa(‘sﬁa _ﬂa5va)>7

(2.33)

where 8, = p(v,), and the momenta conjugate to the edge
mode variables are given by

94, 8(va)

Pa= "8Gy

Q(va)

=2 2.34
s (2.34)

Recall that primed diffeomorphisms are gauge trans-
formations only if f,d,f fall off at the asymptotic boun-
daries ¥ — Foo. On the other hand, there is no requirement
that f, 0, f vanish at the boundaries v, of Z. On Z, at each
boundary v, there is in this way a distinguished residual
two-dimensional group of gauge transformations labeled
by the values of f,d,f. This group is the affine group
Aff =R X R, whose elements (e, v) correspond to
affine transformations x — v + xe”. The product and
inverse may be written
dg= ("7 e M) 4 v), gl = (e, =eM). (2.35)
The edge modes label an element of Af f, and the boundary
terms in (2.33) may be understood as the invariant

symplectic forms on the corresponding Lie algebra.
Indeed, the Maurer-Cartan form is

dgg™" = (dij, e"dv), (2.36)
while the group symplectic form is
(m,dgg™!) = peldv + wdij, (2.37)

where 7 = (w, p) €¢* is a dual Lie algebra element. This
matches the boundary term in (2.33) when f =0, if we

identify p, = elap, = SﬂlGN % (v,) where V = X~!. Note
that the edge mode transformation (2.32) means that the
diffeomorphism-invariant edge modes are w, and p,.
These are exactly the combinations that appear in the
Lie algebra symplectic form (2.37) as elements of the dual
to the affine Lie algebra. This is what one expects from the

general theory [70].

E. Gauge invariance and dressing

In order to construct quasilocalized gauge-invariant
observables with support inside Z, let us now introduce
the dressing time V [79], which is a field internal to the
interval. V €Diff*(Z — I) is an orientation-preserving
diffeomorphism that maps the segment Z = [vg, v;] into
the reference interval 7 = [0, 1].

The dressing time is defined from (3, v,) by the differ-
ential equation

RV
o,V

=p. (2.38)
This is a second-order differential equation, and accord-
ingly f itself only determines V up to the two-parameter
group of affine transformations V — AV + B. The edge
mode boundary conditions
V(v,) = a,

a=0,1 (2.39)

fix this ambiguity. V is explicitly given by

V(v) = / 0 exp ( / 0 ﬁ(v”)dv”> dv’
/Avl exp ([1/ ﬁ(v”)dv”) dv'.  (2.40)

One may readily derive that under a primed diffeomor-
phism the dressing time transforms as a scalar,

Fr>V=VoF, orinfinitesimally 6,V =fo,V. (2.41)
Note that diffeomorphisms act on the right of the dressing
field; in the following we will sometimes refer to this action
as the right action. The inverse of the dressing time, which

we denote X = V! is an embedding field of the kind
described in [70,73,74].
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Using 6 = 0 (a ‘W) and integrating by parts, one may

rewrite the symplectlc potential (2.33) in the form

@I:/ dv( 2V
o,V

where

1)(p15(pl> + GdIv (242)

®()I =

1 0,8V _0,Q . 1
82Gx | 0,V 9,V

- Zea (paéva + Wy (577111 - ﬂaéva))'

Vo

(2.43)
Here, we have defined r as the spin O stress tensor

oV (0,0 1
AP (g RQ — 0,Q).
' 784Gy ”(avv) 872Gy 02— 0.Q)

This field 7 transforms under primed diffeomorphisms like
a rank 2 tensor,

(2.44)

F 7= (0,F)*toF,
ort = fo,7+20,f7.

or infinitesimally
(2.45)

In terms of (z, V), the full stress tensor may be written
T=14+> (0,0, (2.46)

One observes from (2.42) that 7z plays the role of the
variable conjugate to the diffeomorphism Maurer-Cartan
form

oV
Opr =6XoX 1 = — . 2.47
diff o o,V ( )
This also means that the 1-form variable
T 2,Q
II:= =0.[ 2.48
w=e(Gy) e

is the momentum conjugate to V.
The Maurer-Cartan form 64 satisfies the zero curvature
condition

1
004igr + iy A 0, 0dier = 004igr + 5 (Ot - Oie] =0, (2.49)
where the bracket is the Witt bracket [f, g] = f0,9 — g0, f.

It is invariant under what we shall call “reorientations”
0,V = go V. These reorientations act on the left of v,!
the Maurer-Cartan form Oy is left invariant. This can be
checked explicitly as

qu (5‘/) =(dygoV)éV, 5g(av V) =

(0,goV)a,V, (2.50)

""The left and right actions refer to how they act on the
dressing field V. Diffeomorphisms 6,V = fd,V where f € VectZ
act on the right, while reorientations 6 V =goV, with g€ Vectl
act on the left.

where L, denotes the field space Lie derivative along the
field space vector field 6, while 1 5, denotes the field space
interior product. We shall see below that reorientations of
the dressing time frame correspond to physical symmetries
rather than gauge transformations. Note finally that under
diffeomorphisms 6 transforms as a vector,

Ls, (Ouitr) = f0,0uitt — Ouisr0uf = [, Ouise ],
15 04itr = —f

The boundary term (2.43) in the symplectic potential
simplifies significantly. To show this, we need to relate the
value of the variation of V and its derivative at v, to the
edge mode variables. We have V(v,) = a and define'”

(2.51)

e = In[o,V(v,)]. (2.52)

In this way, X = V! plays the role of an embedding field
internal to 1. From this, we can evaluate the variations
(5V)(Ua) = _avv(vu)éva

31, = 000,V (2)) =2 (1) (0o, (2:53)

. 14
from which we have

1 0,8V ai,g
87Gy | 0,V

] = X eloalon, = fudra)

+ padv,]. (2.54)
Adding the two terms, we see that the terms proportional to
ov, cancel, and we are simply left with

®6I = Zeawa5qu where 9a = Na — r_la' (255)

Thus, the boundary term amounts to a simple pairing of the
boundary areas w, with the relative boosts g, between the
internal and external embedding fields.

The edge mode contribution therefore results from the
fact that the internal embedding field X = V~! differs, in
general, from the external embedding field X, and thus that

"This is equivalent to the edge mode definition V=!(a) = v,
and 5, = —1Ind, (V") (a), where X = V! plays the role of the
embedding field internal to /. With these data one can define
n(v) =ny + fljoﬁ which transforms as §,n(v) = 9,.f + pf. This
will be useful in Sec. III.

BWhile X introduced earlier is the embedding field for
T=R\L

“A possible generalization is to choose I = [vg,v,] to be
different from the complement of T given by [0, 1] and impose that
V(v,) = v,. This still imposes that X(I) = Z is complementary to
7, but it allows the variation 6V (v,) = —d,V (v,)év, + 6v,. This
adds a term to (2.54) given by —p v, where p, = p,es". For the
moment we assume v, = a and this term is not present.
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n, can be different from #,, even if both embeddings satisfy
v, = X(a) = X(a)."” Note that the external embedding
field X can be chosen arbitrarily. The only conditions we
need are the initial conditions at v, and the asymptotic
conditions V ~ v at Zoo. If, for example, we decide to
S
j‘ = g:_“;’
then the asymptotic conditions on X will still typically lead
to a mismatch between 7, and 7,. Note that the fact that
edge modes can be understood as a difference between
internal and external dressings was first emphasized in the
context of Maxwell theory in [85].
Taking an exterior derivative of the symplectic potential
gives the total symplectic form for Z,

oV
Q - 5( /Z dv ( o Zijapcoi&p,-))

+ Zeaéwa A 6q,.

gauge fix X to satisfy the dressing time condition f|

(2.56)

1. Dressed fields, constraint, and phase space

By pulling back fields through the embedding map X,
one may construct dressed fields such as
P =Xp; =@;oX, = X7=(0,X)*t0X. (2.57)
These are fields on the reference interval I = [0, 1]. They
are gauge invariant by construction, because under a gauge
transformation one has X — F~!o X and, e.g., ¢; = F*¢;,
so overall

pi=@ioX = (F'oX),(¢;oF) = @i (2.58)

An important fact is that the dressed version of f

identically vanishes,

- 2X
=X pf=0,X)foX+—
P=Xep= X)X +35
f A% 2X
— 0 X v X v = O, 2.59
@0 ((57) %+ ) (2.59)
where we used the inversion formula GV _ __RX_ V. In

o,V — T ax)?

this sense, the operation of dressing observables with respect
to the dressing time is similar in spirit to imposing the local
gauge-fixing condition f = 0. But note that this local
condition is not sufficient to completely fix the gauge—
indeed there is a residual affine symmetry as noted above.
The frame V contains two additional degrees of freedom: the
edge modes vy, v;. We call the choice of frame V frame
fixing, to distinguish it from the gauge fixing = 0. In a

15Relaxing this latter condition would be interesting, but goes
beyond what we need in this paper.

general sense, the difference between frame fixing and local
gauge fixing is precisely the presence of the edge modes,
which play the role of boundary conditions required for the
solution of the local gauge-fixing condition (typically a
differential equation involving the local fields).'®

One may also dress the Raychaudhuri constraint to
obtain

T=(0X)PToX =%+ (9,@)%  (260)

Note that 7 = 0 and 7 = 0 are equivalent conditions.

In the symplectic potential, the change of perspective
from Z to [ in the spin O sector may be encoded by the
identities

oV X
/dm :/dv%c?Vo y-! :—/dV% )
. 0,V i 10X

Thus, “in the perspective of”” the dressing time V, 7 is paired
with the right-invariant Maurer-Cartan form of the
Diff(R) group

(2.61)

X
=6VoVl,
X

édiff =~ (262)

Like the left-invariant 6, this form satisfies the zero
curvature condition

- 1 -~ -
004ifr + 3 [Oair» Oaie] = O. (2.63)

It is invariant under the right action of diffeomor-
phisms: Lﬁfgdiff =0.

2. Dressed area element

It may be confirmed that the dressed area Q = Qo X is
related to 7 by

22Q. (2.64)

The boundary conditions ﬁfl(a) = w, fix the integra-
tion constants. To give a more explicit expression, let us

introduce

I general, a gauge fixing is a local condition on the fields
that renders the equation of motion hyperbolic. A frame fixing is
a complete characterization of the representative along the gauge
orbit. Gauge fixing is what is needed to define the inverse
propagator and the path integral. Frame fixing is what is needed
to define gauge-invariant observables. The difference between the
two notions is the presence of the edge modes degrees of
freedom.
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([v=v|+2vw —v-=v). (2.65)

| =

G(v,v') =

This Green’s function is symmetric under the exchange
v <V, obeys 02G(v,V') =8(v—V'), and satisfies the
boundary condition

G(v,1) =G(v,0) =0. (2.66)

Using this we can write Q in the segment / as

S;,;gi = vo, + (1= V)wy + A LAV V)R (2.67)

Using the identity

1
/(av+b)%(v)dv=(a+b)i71—bi)o—b(a)l—wo), (2.68)
0

it is direct to check that Q; satisfies the boundary conditions

£~21(‘1)
871'GN

aVQ](a)
877.'GN

=w,, =Py, (2.69)

Note that this expression only agrees with the area
clement Q(v) when vel. Outside 7, the area depends
through the Raychaudhuri equation on the value of the
radiative fields in the exterior ¢;|7 = @, X, which we have
left unspecified (here ¢, are some background fields which
are not part of the phase space of the segment Z, see
Sec. IMI D). Indeed, evaluating Q, for v 1T yields

Q(v)
Sﬂ'GN

=w,+ p,(v—a), whenvela,ec0].  (2.70)

Therefore, Q = Q, on all of R only when there is no
radiation on Z.

F. Algebraic structure

Let us now show how to compute the brackets of the
gauge-invariant observables constructed above. Generally
speaking there are various equivalent ways to do this, and
the choice of procedure depends on whether one is inclined
to think about things in terms of Poisson structures or
symplectic structures and whether one wants to do gauge
fixing or not.

In terms of Poisson structures, one can just restrict to
gauge-invariant observables and employ the Poisson
bracket obtained by inverting the kinematical symplectic
form (2.56). On the other hand, one can proceed at the
symplectic level by constructing a reduced phase space.
This consists of restricting to the subspace of the kinemati-
cal phase space in which the constraints are satisfied and

then quotienting by the action generated by the first-class
constraints.

Alternatively, one can impose a gauge-fixing condition
in addition to the gauge constraint C = 0. Here, a very
natural gauge-fixing condition is to make the embedding
field trivial, X(v) = v (this is a frame fixing in the sense
described above). All functions of the remaining degrees of
freedom are then observables, and the Poisson bracket is
replaced by the Dirac bracket.'”

In the following, we will explicitly demonstrate these
different approaches and then show that they give iso-
morphic results, where the isomorphism is a “dressing
map” taking bare observables to their gauge-invariant
counterparts.

1. Poisson brackets of dressed fields

In the present case, the full set of gauge-invariant
observables in Z consists of functions of w,, g, and the
dressed fields 7,{;. One may efficiently compute the
brackets of these objects by starting with the fully dressed
version of the symplectic form (2.93). From that equation it
is simple to construct the reduced phase space correspond-
ing to the Raychaudhuri constraint. Imposing 7' = 0, the
first term in the integral in (2.93) vanishes. Then X just acts
as a degenerate coordinate within the gauge orbit, and the
constraints are completely first class, so we can quotient by
the gauge group by simply discarding the field X, ending up
with

Q. :/dv 0,0(; A S6p; + Y €60, N Sq,, (2.71
o= foX 2 .

which is a symplectic form for the dressed radiative fields
@; and the edge mode variables w,, ¢g,. One may read off
the brackets

(2.72)

(ot = {0G).5(V)} =550 -).

On the reduced phase space, 7 is defined in terms of @; via
the constraint: 7 := — Y ;(d,®;)?; from this we can derive
the brackets

(7). @:(V)} = =6(v = V') 0y :(v),

{2(v),7(v))} = =20,6(v = V)Z(v) = (v — V')a, (V).
(2.74)

(2.73)

As a consequence, 7 acts as a stress tensor generating
diffeomorphisms of the radiative fields @;. There is an

"One can also do gauge fixing at the level of the reduced
phase space, by simply including the gauge-fixing condition
among the set of constraints considered.
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overall minus sign appearing here, which accounts for the
fact that these diffeomorphisms act on the left of the
dressing field V, in contrast to gauge transformations
which act on the right. We refer to them as “reorientations”
and describe them further below.

The brackets of the dressed area may be obtained using
(2.67). One has, for example,

{Q(V)y 90} = 87Gn(v—1),

{Q(v). ¢1} = 8aGyv, (2.75)

and

(). ,(v)} = 82Gy / VG V) (EV). iV}
(2.76)

= —8aGNG(V,V)oy @ (V). (2.77)

Note in particular that Q generates a nonlocal transforma-
tion, because of the integration against the Green’s function.

2. Dirac brackets of bare fields

Alternatively one can use a gauge-fixing condition and
compute the resulting Dirac brackets. We will go to the
gauge where f =0 and v, = a, i.e.,, X(V) = v.

To this end, define

T, = /) 1 fTdv, X, = /) lh(X—v)dV (2.78)

for functions f,h:[0,1] > R. We impose T, =0 and
X;, = 0. We have
{T7. X} =—-fo,X=-Ff, (2.79)

where = denotes equality on shell of the constraints, so

. R 1
(T %)= - A hfdv. (2.80)

Additionally,

(T,.T}20.  {X.Xy}=0.  (281)

We can straightforwardly invert this constraint algebra. We
get a Dirac bracket in the following form:

(01.05}p = {0,.0,} - / Lav({0,. T ()X (V). 03}

{0, TWV)HX(v). O1}) (2.82)

2(0,,0,) + / do({0,, T(W)H{V(v), 05}
—{0,, T(v){V(v), O, })

where O;, O, are any two observables, and these expres-
sions should be evaluated at 7 = X —v = 0, or equiva-
lently, T =V —v =0.

Since ¢,, w, commute with both 7" and V, their Dirac
brackets with anything else reduce to Poisson brackets.
Also, since the radiative fields ¢; all commute with V, the
Dirac brackets among them simply agree with the regular
Poisson brackets. We only get a difference between Dirac
and Poisson brackets when at least one of the observables
depends on 7. Using that 7 satisfies {z(v),V(v')} =
0,V(v)s(v—1") and {z(v),T(v")} = =6(v —v")o,7(v')
—20,6(v — v')z(v'), one finds

(2.83)

{z(v), 0i(v) }p = =6(v = V)0, 00;(v), (2.84)

{t(v),z(v')}p = —=20,6(v — V')z(v) = 5(v — v')d,7(v).
(2.85)

Since we have fixed V = v, we have 7 = ﬁaﬁ.g, from
which the area brackets can be obtained.

3. Isomorphism via the dressing map

It should be clear that the brackets obtained by the above
two approaches are isomorphic: the Dirac brackets of the
bare observables are equal to the Poisson brackets of their
dressed counterparts. Let us make this precise.

Let O be some (not necessarily gauge-invariant) Kin-
ematical observable, and suppose we fix the gauge such
that dressing time agrees with background time, i.e., we set

X(v) =v, V(v) = v, (2.86)
as in Sec. I F 2. For the observable, this means restricting it
to the subspace of phase space in which X(v) =,

Og.f. = O'X(v):v' (287)
Conversely, any observable in this gauge-fixed subspace
can be extended to a gauge-invariant observable on the full
phase space by pushing forward its dependence on the
fields through the dressing time. We call the map from
gauge-fixed observables to gauge-invariant ones the dress-
ing map, and denote it D,

O =D(Oyp). (2.88)

For example,
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0= ["dvf)ato)

U0

Oyt = Alde(V)%(V)v

D(O,1) = / Ly F()(v). (2.89)

The Poisson bracket of dressed observables agrees with
the dressed Dirac bracket of the gauge-fixed observables,
{D(0)).D(0,)} = D({0;. Os}p).  (2.90)
This clearly holds for the fundamental degrees of freedom
T, p;, w,, q, by the previous explicit calculations, which
implies that it holds for all observables formed from these
degrees of freedom. Therefore, the dressing map D pro-
vides an isomorphism between two Poisson algebras: the
gauge-invariant observables equipped with the Poisson
bracket and the gauge-fixed observables equipped with
the Dirac bracket.

G. Diffeomorphism actions

There are three crucial ways in which diffeomorphisms
act on the kinematical degrees of freedom of the null ray
segment, which we call reparametrizations, reorientations,
and dressed reparametrizations, respectively—see Table I
for a summary of their properties. Each of these are
important for different reasons: reparametrizations are
the gauge transformations of the theory, reorientations
are physical symmetries of the reference frame, and the
charge generating dressed reparametrizations measures
additional gauge-invariant degrees of freedom in the
effective anomalous theory.

To derive the charges generating these diffeomorphisms,
it will be useful to obtain some alternative expressions for
the symplectic form (2.56), that use either the original
variables or the gauge-invariant variables as follows.

Using (2.61) in (2.56) one finds

. oX
Q= 5(—[ dVT()VX+/ZdUZi:a”(pi5(pi>

+ Zeaéa}a A 6q,.

(2.91)

TABLE 1.

One may also change variables from ¢; to @; and use the
identities

X 9,p
opoX =6¢p —0,p——, 0, X = , 2.92
@ o P05 (0u) © 2.X (2.92)

to write this as
- 0X
Q=6 dv| -T E 0,9;0p;

T <[ V( 6VX+ : V@i ¢l>>

(2.93)

+ Zeaéa)u A 8q,.
a

Finally, one may change variables again from 7, X to T, V
to obtain

1%
Q=6 doT d 0,Q;00;
J </Z v ()1)V+[ sz: V@i (pz>

+ Zeaéwa A 6q,.

(2.94)

One may expand out each of these expressions, using the
Maurer-Cartan zero curvature identities (2.49) and (2.63).
For example, applying this to (2.93), one finds

1 - oX 1.|6X 686X
Q= dv| =6T A ——T|—,—
g A V( 0X 2 [avx avx}

o 1
+ Z@V&pi A &p,-) + EZ‘S““ A Bq,. (2.95)

Let us now describe the various diffeomorphism actions
and their charges.

1. Reparametrizations

The first action is a restriction of the gauge trans-
formations we have already been considering, which
may be understood as reparametrizations of the fields as
functions of the background time ». These gauge trans-
formations leave invariant the dressed fields 7, »; and the
edge mode variables w,, 1,, but act nontrivially on V as

5V = fo,V, (2.96)

Three kinds of diffeomorphism action are important for the gravitational degrees of freedom along the

null ray segment: reparametrizations, reorientations, and dressed reparametrizations. These are each defined by
whether they act on the left or right of the dressing time V and which fields they leave invariant.

Action Invariant fields Generator Algebra
Reparametrization 5,V =fo,V Z, 9 Ty= [;dvfT {Tp.Tp}=-Typ
Reorientation 5,V =goV T, @ Q, = [;dvgt {0404} = Qg
Dressed reparametrization 5/:-V = fo \% T, ; Tj- = f ) dvf T {T}, T],} = T[}.j,]
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where f is any smooth function. This corresponds to an
infinitesimal version of the right action on V, i.e.,
F >V = VoF.One may use the symplectic form derived
above to confirm that the generator of this transformation is
Ty= [;dvfT, ie., 15,Qr = —6T; (assuming 5f = 0).
Note that this diffeomorphism action is an antimorphism,
meaning [6;,5p] = —0|r.p- Hence, the charges satisfy the
Poisson bracket

As expected, the charge is the Raychaudhuri constraint

integrated along 7. To show this, it is most straightforward
to use (2.94), where the only relevant term is §( fz doT %),

which is a Kirillov-Kostant-Souriau form on the cotangent
bundle of the diffeomorphism group. The important point is
that in this expression T plays the role of the momentum
conjugate to the left-invariant Maurer-Cartan form, which
immediately implies that it generates the right action (2.96)
(according to the general theory of KKS forms). In more
detail, one has that the symplectic potential fI dvT(fp—‘(, is

invariant under a finite reparametrization, since

oV oV o
/dvT N dvapFToF( >oF:/dvTV,
A vV FY(T) avv A avv
(2.98)
where we used the fact that O, = —% transforms like a

vector, and that the integrand in the middle expression is the
pullback through F. It follows that

1%
15f5< /I dvT@}V) Q;

oV oV
—_———

v v

=0

as required.

As an interesting aside, having carried out the split into
the segment 7 and its complement Z, one may now
establish a slightly different notion of reparametrization,
which has the same general form as above, but with
different requirements on the properties of the function
f- Indeed, suppose we only demand that f is smooth inside
Z. Moreover, we assume that f(v,) =0, and that this
transformation acts trivially on V, so that the transformation
respects the split between Z and Z. Finally, we allow f to be
nondifferentiable at v,, so that this reparametrization acts
nontrivially on the edge mode ¢,

6fqa = 5f’7a - 5f’_7a = lll’% €a(avf(va - 5) - avf(va + 8))

= 0,f(va), (2.100)

where on the right-hand side 0, f (v,,) is defined from inside
7. An example of such nonsmooth reparametrizations are
half-sided boosts of the segment, which are supposed to
correspond to modular flow in a regularized theory, or
indeed, in full quantum gravity; it therefore seems impor-
tant to ultimately account for them. One may use (2.56) to
confirm that 7 ; Q7 = =0T (assuming 6f = 0), where the

constraint iS now

T, = /Idva— > eaw.0,fa. (2.101)

a

This is not the same constraint as we started out with. To
take it seriously as a gauge constraint, one would have to
treat the edge mode corner areas w, as sources of energy-
momentum (as was done in [52]). To see this, one can write
the constraint as the integral T, = [, f(T67 — »,0207)dv,
where 07 (v) is the characteristic function of the interval Z,
such that 07 (v) = 1 if v€T and O7(v) = 0 if v€Z. Here
we see that the real value of having introduced the edge
mode is that it allows one to consider the interval Z
independent of its complement and to allow for one-sided
gauge transformations [70]. In quantum gravity, the
momentum conjugated to the edge mode provides some
kind of “firewall” [140], i.e., a source for the constraints
localized at the corner, which allows for the disentangle-
ment of the interval and its complement.

For completeness, let us note that one can split off the
part of the half-sided transformation that acts on the edge
modes. Indeed, the transformation

5(70-71)610 =7a

S0)Pi = O0r1)V = O(091)T = O(yp) Va = 0, (2.102)

which leaves all the fields invariant except 7, corresponds
to a half-sided boost which changes the first derivative of V
at the cut, but not V. Its charges are

9(ro1) = V1@1 = YoWo- (2.103)

2. Reorientations

The next important diffeomorphism action is one cor-
responding to a reorientation [14,46,75,76] of the dressing
time reference frame. It acts on the left of the dressing field
V:Z — I without changing the bare radiative fields ¢ or
spin O stress tensor 7.

In more detail, reorientations are labeled by a vector field
g(v)a, on the reference interval I and leave the bulk fields
invariant

0,V =goV or §X=-go X, and

8,7 = 6,0, = 0. (2.104)
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We shall assume reorientations do not act on the external
embedding field X, which implies that
8,04 = 6,X(a) =0, 8444

= 5,1n[0,V(v,)] = d,9(a).

(2.105)

So reorientations act nontrivially on the relative boost edge
mode ¢,. Also, the function g must obey g(0) = g(1) =0,
since we have defined V such that V(v,) =a with
a =0, 1, so we must have 0 = ,(a) = 6,V(v,) = g(a).
This means that G = exp gd, is a diffeomorphism that
preserves the reference interval I = G(I). The reorientation
symmetry group is therefore Dif f(I). Since the reorienta-
tions preserve the end points of the segment, it is natural to
take 5,m, = 0.

To find the charge generating a reorientation, we can use
Q; in the form (2.91). Since ¢, is unaffected by the
reorientation, we can focus on the terms involving 7, X
and the edge modes. One finds I(;yQI = —60Q,, where

Q,= Al g(vV)z(v)dv + Zeaavg(a)a)

1 ~
= / 029Qdv
0

is the charge. The edge mode contribution is simple to
confirm. The bulk integral over 7 comes from the fact that
=5(/; dvr ) is again a KKS form, with 7 now conjugate

to the nght 1nvar1ant Maurer-Cartan form 6X/0,X.

Thus, the reorientation charges are given by moments of
the gauge-invariant area element. This charge is gauge
invariant and does not vanish on shell, so reorientations are
physical symmetries (unlike reparametrizations). Note also
that the reorientation action is a morphism, meaning
[64,84] = 8).4)- We therefore get the Poisson algebra

(2.106)

{Q.q’ Qg’} =0,0y = Q)

Indeed, one may confirm this by noting that 7 transforms as
a rank 2 tensor with respect to the reorientation action

(2.107)

8,7 = —(g0,T + 20,97). (2.108)
The action of reorientations on the area element may then

be found with (2.67) and 6,0, = 0 to be

1
5,0 = / dVG(v.V') (907 + 20,47)
0

_ / LV QR [g(v). G(v. V). (2.109)

0

where

[9(v'). G(v. V)] = g(v') 0y G(v.V') = G(v.V)dyg(V').

(2.110)

3. Dressed reparametrizations

Finally, besides reparametrizations labeled by f € Vect(Z)
and reorientations labeled by ge& Vect(I), we also will
define dressed reparametrizations. These act on the left of V
(like reorientations), but leave the dressed radiative fields
@; invariant (unlike reorientations, which leave the bare
radiative fields ¢; invariant),

5;V =FoV, (2.111)

This means that the bare fields do transform: 63¢; =
—foV(d,0;/0,V). This transformation corresponds to
a field-dependent diffeomorphism f = (foV)/d,V. We
shall also require dressed reparametrizations to preserve the
bare stress tensor,

67T = 0; (2.112)
this guarantees that dressed reparametrizations have a
gauge-invariant charge. One then finds that dressed
reparametrizations act nontrivially on the dressed stress
tensor T as

5;T = —(0,f T+2f0,T). (2.113)

We shall also take the edge mode variables to be invariant
under this transformation,

5an = ea(éjna - 5]’77]11) =0

Sjw, = 050, = 6P, = 0. (2.114)
As a consequence, dressed reparametrizations preserve the
interval I, hence f(0) = f(1) =0.

To evaluate the charge, we can use the form (2.93)
for Q7, in which the only relevant term is §(— [; dvT oX)
Here, T is the conjugate variable to the nght—mvarlant

Maurer-Cartan form. From this we can immediately deduce

that the charge is
1
vidv= [ f(v)(7 0,¢;)% |d
1= [ Frs = [17o) (v S oy
(2.115)

Like reorientations, dressed reparametrizations give a mor-

phism of the algebra of diffeomorphisms [57, 7] = 37 -
Therefore, the charges satisfy the algebra

These charges are gauge-invariant—but they vanish on
shell and hence do not generate physical symmetries.
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III. EFFECTIVE NULL RAY SEGMENTS

We have so far described the purely classical theory. In
the quantum theory, fluctuations of the fields lead to extra
contributions to the energy-momentum not yet accounted
for. As discussed in [79], these contributions produce
anomalies in the quantum representations of diffeomor-
phisms. In this section, we will account for these anomalies
at the classical level, by formulating an effective theory of
gravitational null ray segments.

For simplicity, we focus our attention on the anomalies
associated with null diffeomorphisms along a single null
ray. A more full treatment would also address transverse
directions to the ray. In addition to being associated with a
larger set of diffeomorphisms, in the quantum theory such
directions also introduce additional subtleties within the
structure of the null diffeomorphism anomaly, such as a
divergent central charge which must be regularized in
quantum gravity [79]. We leave more exploration of these
details for future work.

We will start by describing in general terms how
canonical quantization typically produces diffeomorphism
anomalies, before explaining how such anomalies can be
captured in the classical theory by appropriate deformations
of the stress tensor and symplectic form. After giving some
comments on the physical interpretation of these deforma-
tions, we will proceed with analyzing how they affect the
structure of the theory. In particular, we will explain how
they lead to modifications in the edge mode structure upon
reduction to a segment, how they produce central charges in
the algebras of the three diffeomorphism actions described
in Sec. I G, and how gauge invariance should be imposed
in the presence of these anomalies.

A. Canonical quantization and anomalies
Canonical quantization is the replacement of Poisson
brackets of classical observables by the commutators of
corresponding quantum operators,

{01.02} = 03— [0,.05) = =ih0;.  (3.1)

But this replacement is typically only exact for a restricted
set of observables (usually the ones linear in the fields)—
for all the others there are corrections on the right-hand
side. In QFT, one must normal-order operators to make
sense of them, which is a significant source of such
corrections.

The classical algebra of diffeomorphism generators is
isomorphic to the Lie algebra of the vector fields they
represent. For example, we have seen that

{Ty.T,} =Ty,

where [f, g] = fd,9 — g0, f is Lie bracket. In the quantum
theory, these generators are normal-ordered Ty — :T:,
which modifies the stress-tensor algebra as follows:

(3.2)

1 ch
E[:Tf:’ Ty =Ty —E/dv(faig—gaﬁf).

(3.3)

The additional term on the right is the unique nontrivial
central extension of (3.2), and the resulting structure is
known as the Virasoro algebra.'® The uniqueness of this
central extension guarantees that any consistent quantization
procedure will produce a term of this kind. The parameter c,
whose value is typically nonzero and depends on the details
of the quantization, is called the “central charge.”

One may exponentiate the quantum diffeomorphism
generator :T,: to obtain the unitary operator U[F]| =
exp(i:T;:/h) that carries out the finite diffeomorphism
F =exp(fa,). One then finds that the quantum trans-
formation law from the stress tensor differs by a term
proportional to the central charge,

U[F):T(v): UF]' = (0,F)*: T(F(v)): —%{m}. (3.7)

Here

2F 1 (02F\2
{F7 U} B ab (auF) 2 (01/‘F> (38)
is the so-called Schwarzian derivative of F.

There is therefore a discrepancy between the algebras of
diffeomorphisms in the classical and quantum theories.
This mismatch does not necessarily go away in the classical
limit, because the Schwarzian derivative can be arbitrarily
large, so there are always diffeomorphisms F for which
the second term on the right-hand side of (3.7) is
non-negligible. For this reason, the “canonical quantiza-
tion” described above is not really the “correct”

'To get the standard presentation of the Virasoro algebra in
terms of modes L,, one can define a periodic coordinate € via a
mapping v:[0,2z] — R such that

0 . 1+iv
9 = { — l0(”>:—
o) =tanz, e I—iv’

(3.4)

which satisfies dpv =1 (1 + v*) and has Schwarzian derivative
{v,0} = % Then we can consider the charges corresponding to
the diffeomorphisms generated by

1
where e, (v) = = (1 + iv)"*(1 — iv)!=

inf(v) 5 —
e 0y = €,(v)d,, >
(3.5)

Setting L, =:T, : , and using natural units # = 1, one finds

C
- n)LrH»m + (m3 - m)5n+m.0’ (36)

L, L, =
(L L) = (m =

which agrees with, e.g., Ref. [141].
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actual quantization

S

canonical

tree level quantization quantum effective
classical
c=0 c#0 W c#0
FIG. 3. A naive canonical quantization of the tree-level theory

results in a nonzero central charge ¢ # 0. The classical limit of
this quantized theory is the effective theory. It replaces the
original tree-level description.

quantization of the classical degrees of freedom, because its
classical limit does not recover the original classical theory.
For the classical gauge constraint 7 = 0 this is particularly
evident, since the presence of a quantum anomaly (3.3)
means it is impossible to impose :7 :=0 on quantum
states. On the other hand, since the anomaly is central, one
can consistently define gauge-invariant operators to be
operators that commute with :7:. We will describe the
classical version of this below.

Two obvious remedies are possible. First, one can seek a
different quantization procedure for which ¢ =0 at the
quantum level, so that the quantum theory really does
reproduce the original classical theory in the classical limit.
This is a subtle game, because there are many properties
one typically would want the quantum theory to obey, such
as unitarity, boundedness, etc., and these properties are not
necessarily possible to guarantee at ¢ = 0. The alternative
is to take the theory obtained by canonical quantization at
its word and then to replace the original classical theory
with the classical limit of this quantum theory. This
replacement is summarized schematically in Fig. 3.

In what follows we will pursue the latter procedure. We
will refer to the original classical theory of Sec. II as the
tree-level theory and its replacement as the effective theory.
Going to the effective theory is not an ad hoc prescription.
The effective theory accounts for additional contributions
to the classical equations of motion from a one-loop
effective action (i.e., the result of integrating out quantum
fluctuations around a classical saddle point in a path
integral). Such contributions capture important physics,
for example, Hawking radiation; indeed, at a horizon, the
anomaly encodes (as we will discuss later below) the
energy flux of thermal radiation at the Hawking temper-
ature [142—144]. The effective theory thus is capable of
describing a (near-)classical limit of an evaporating black
hole, whereas the original tree-level description is not.

B. Anomaly counterterms

In order to properly account for an anomaly at the level
of the classical theory, we need to deform both the stress
tensor and the symplectic form,

T—T=T+chT,,, Q—Q =Q+chQ,,, (3.9)
where (T,Q) are the stress tensor and symplectic form,
respectively, of the tree-level theory given by

1

T =
87TGN

(O%Q - ﬂavg) + Z(av(pi)z =7+ Z(av(oi)z’

(3.10)

1
Q= | d OQ AN 9, (6¢p;) Nog; |. A1
[ (om0 S0 60 b ). 31

The first deformation 7 — T¢ is required in order to have a
constraint with an anomalous transformation law,

ch
F>T¢=(0,F)>?T o F ———{F,v}. 12
>T¢ = (0,F)T o F = —{F.0}.  (3.12)

The original Raychaudhuri constraint satisfies this equation
when ¢ =0, but we want to allow for ¢ # 0. Having
changed T — T¢, the second deformation Q — Q° is
required in order to ensure that 7°¢ is still the generator

of gauge transformations, ie., I;€Q. = —6T% where

Ty = Jr dvfT¢. This suffices to guafantee that the corre-
sponding charge algebra is centrally extended in the
appropriate way,

{16, T4} = 6,T = ~T¢,

ch
3., _ 3
g] +4_877:%¥dv(faug gav )

(3.13)

We choose to explicitly include factors of 7 in this paper.
One could use natural units in which # = 1, but we would
like to emphasize the quantum origin of the anomaly. Note
that including the 7 factors means c¢ is a dimensionless
quantity.

Let us now describe the precise forms of the two
anomaly counterterms 7,,, €,, and show that they have
the desired properties.

1. Stress tensor

To satisfty (3.12), we must have FD>T,, =
(0,F)*Tyy o F —5-{F,v}. Quite remarkably, as was

already noticed in [79], we can construct this anomalous
stress tensor purely from the spin O momenta f as

1 1 1
Tan ::_E<avﬂ_§ﬁ2) :_m{v’v}‘ (314)

Thus, the counterterm is proportional to the Schwarzian
derivative of the dressing time. Either from the anomalous
transformation (2.20) of f or from the chain rule for the
Schwarzian, we get that T, transforms in the appropri-
ate way.

This is the simplest possible choice of stress-tensor
counterterm and the most convenient for our purposes,
but it is worth pointing out that there are other possible
choices. For example, we could substitute f — f + a6 into
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(3.14), where a is an arbitrary constant, and 6 = %a,, In Qis
the expansion; this then gives a 7', constructed purely from
the spin O sector and consistent with the required anoma-
lous transformation law. This choice of counterterm would
be proportional to the Schwarzian of other possible times,
as discussed in [79]. In this paper, we will just use (3.14).
We will discuss this point further in the Conclusion.

Therefore, in the effective theory, the total Raychaudhuri
constraint is corrected as follows:

1 ch 1
T T = —(2Q - 0,Q) -~ (8, -~
- Sﬂ_GN( v ﬁ v ) 2471_( 1/ﬁ 2ﬂ>
+) (0,0 (3.15)
et 0w - v} (316)
i v 1 247[

2. Symplectic form
We want (3.16) to be the generator of a diffeomorphism,
which implies that an anomalous counterterm in the
symplectic form is also required. To construct this defor-
mation, let us introduce a “boost field” #(v) which satisfies
0,n = f and which transforms anomalously under primed
diffeomorphisms as

F>n=noF+1Ind,F. (3.17)
Inside the segment Z, we define n to be related to the

dressing time as follows:
nly =1Ina,V. (3.18)

Given the boost field we can consider the following
anomalous contribution to the symplectic structure

Qui=— [ 0,(6n) A dndw. (3.19)
487 R
For an infinitesimal gauge transformation
8pn = f0,1 + 0,f, (3.20)

one may confirm that [assuming d6f = 0 and the gauge
falloff conditions (2.19)]

1 1
_Iéfgan =-0 (ﬂAf(aﬁﬂ _5 (()1)71)2>dv>
- 5< A fTandv>.

As a consequence, the anomalously deformed symplectic
structure

(3.21)

1 ch
Q=Q+chQ, = [ d SQASH+——0,(5n) A6
+chQy, A ”(SnGN A ﬂ+48ﬂ L (6n) Ao

+Zay(5(pi) /\5€0i> (3.22)

satisfies

15 Q¢ = 6T5. (3.23)

In other words, this symplectic form is such that 77 is the
charge generating the diffeomorphism &, as required.

C. Anomalous area and the effective
Raychaudhuri equation

Let us now give some comments on the physical
interpretation of the deformation of the theory out-
lined above.

The deformed symplectic form can be written in terms of
an “anomalous area element”

QC =0 ChGN

(3.24)

as

1
Q= [ do[——6Q AS 0.(50) ASp; ). (325
A v<8ﬂGN A ﬂ+§i: A (80;) A fm) (3.25)

In other words, €Q¢ can be obtained by the simple
substitution Q — Q. in the tree-level symplectic form Q.
Unlike the ordinary area element Q, this anomalous area
element Q. transforms anomalously,

nG
5,Q, = £0,Q, — CTNaI, 1. (3.26)
This action can be exponentiated into
nG
FQ =0Q0F-"NmgFr. (327

Thus, the deformation from the tree-level theory to the
effective one can alternatively be understood as the
introduction of an anomalous transformation law for
the area.

On the other hand, a different anomalous area element
seems to be more physically relevant when interpreting the
effective Raychaudhuri constraint 7¢. Indeed, defining

_ ChGN
3 "

Q= Q (3.28)

one has
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, 1
Te = % (av - ﬂ)anZc + Tiadv
nh
where 774 = —2C4—ﬂ (@) + Y (0,00)*. (3.29)

Comparing this to the tree-level constraint

1
T=g=(0,=$0,Q+T™,  where 7% = 3~ (9,0,)".

1

(3.30)

one observes that £, evolves in the effective theory similar
to how Q evolves in the tree-level theory, except that there
is an additional kinetic term for the boost field # in the
deformed radiative stress energy 77,

The sign of ¢ appears to be rather important. If ¢ is
negative, then this additional kinetic term has the same
sign as that of the radiative fields ¢;, and so €,. has the
same kinds of dynamical properties as Q in the tree-level
theory—for example, it is subject to focusing, and one
recovers a second law of area increase for €,.. On the
other hand, if ¢ is positive, the new kinetic term for n has
the opposite sign to that of the radiative fields, contrib-
uting to a negative energy flux across the surface.

In a unitary quantum theory one usually expects ¢ to be
positive. This reproduces the standard situation for quan-
tum fields near a horizon: the effective negative energy flux
generated by Hawking radiation allows for the shrinking of
Q,., corresponding physically to horizon evaporation.

Even if ¢ is negative, such that Q,. is consistent with
focusing and the area law AQ,. > 0, the ordinary area
element then only needs to obey

AQ > ChGN

An. (3.31)

In principle, if Ay is sufficiently large, one observes that the
nonanomalous area €2 can macroscopically decrease, vio-
lating the tree-level area theorem."

Let us finally comment on another interpretation of the
deformed constraint. As will be explained shortly, given a
configuration of the tree-level stress tensor 7, one can
always construct a scalar V7, called the Hill potential, such
that T(v) = £ {V7.v}. The construction of this scalar,
detailed below follows from solving the Hill equation for
the Hill prepotentials associated with 7. This V7 is defined
up to a Mobius transformation in the projective special
linear group PSL(2, R),

(IVT +,B

, with ad—py=1.
YVT+5

- (3.32)

PIt is interesting to note the resemblance between (3.31) and
the modification to the generalized second law in [52].

Therefore the deformed constraint 7¢ = 0, hence T =

ch .
31=1V. v} can be written as

{V,v} ={Vp,v} (3.33)
which means that the Hill potential V; must be related to
the dressing time V by a PSL(2, R) Mobius transformation
(since such transformations are the only ones which
preserve the Schwarzian derivative). Thus, V can be
understood as a Hill potential for 7.

By including the anomalous counterterm in the effective
constraint, we are in this way effectively allowing for
configurations which are off shell of the tree-level constraint,
absorbing them into the Hill potential V = V. The source
term - {V,v} corresponds to the parametrization of a
coadjoint orbit of the Virasoro group. This is related to the
“extra particle” interpretation of QRFs [145], where an
additional degree of freedom (the eponymous extra particle),
which carries an irreducible representation of the symmetry
group, is used to keep track of the charges of a system. The
extra particle deforms the gauge constraint by contributions
from this additional degree of freedom, and we do the same
here with the deformation 7',,. The QRF extra particle lives
in an irreducible representation of the gauge group; here we
similarly have that V may be understood as having a phase
space constructed from a coadjoint orbit of the Virasoro
group [125-129]. After quantization, this becomes an
irreducible representation of Virasoro, parametrized by the
central charge c. Note that here this is not the most general
possible irreducible representation—there are other ones
parametrized by numbers such as the vacuum value b, of the
zero mode of the stress tensor, as well as the winding number
n. Here we have chosen the minimal irreducible representa-
tion, in the sense that it has the largest isotropy group—in
this case, SL(2,R).

For completeness, let us give some details on how one
may construct the Hill potential V7, given T. We follow the
presentation of [146]: given a stress tensor 7" and a central
charge ¢ for this stress tensor, the Hill prepotentials are
defined as solutions @ of Hill’s equation, which is the
second-order equation 0;® + 2ZZT® = 0.

Given T we can find two linearly independent solutions
of Hill’s equation (®,®’) which are —1/2 densities. To
ensure linear independence we ask for the Wronskian
condition ®'0,® — ®0,®" = 1. Given two such solutions,
we can define a scalar function by taking the ratio V; = %
which is such that

1
ODVT = —5

ch
cI)2 and m {VT’ 7)} =T. (334)

The monodromy of V is a PSL(2, R) transformation such
that Vy, = 2= where V;, = Vy(4o0). This follows

yVor_+6
from having that T(4o0) = T(—o0). The two Hill
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potentials can be obtained from V; as

1 Vr
O = ., @ = . 3.35
Vo, Vr o, Vr (335)

It is interesting to note that the vector fields which preserve
T are given by

1 Vi Vi
Fpan =Poy TGy Ty

v

(3.36)

These precisely generate the PSL(2
tions (3.32).

,R) transforma-

D. Reduction to the segment

We will now show how to restrict the deformed phase
space to the segment Z C R. To do so, we will follow the
strategy employed in Sec. II D: we assume that the variations
of (z, 8, ¢;) outside 7 are gauge transformations [recall that
7 is the spin O stress tensor, 827Gyt = (9, — f)9,Q].

The end result will be to write the total symplectic form
as

Q=0 + Q. +Q, (3.37)

where

oV
Qr =96 d 0,0
T (/I 1]<T avv+z vPi (pl)>
edge Ze 5(

1 5V Cfl
Q_ == C
T /_dv61 ) E €aﬂa517u/\51}

(3.38)

m) A Sq,,  (3.39)

(3.40)

are the symplectic forms for the segment, the edge modes,
and the complement, respectively.20 Here T =T + chT,,
is the anomalous Raychaudhuri constraint, and we have
defined

ch o,n 9, (ﬁg 40871 n)
-—209,Vo, =9,Vo, s
Ty ”<avv> v ( o,V
_ a’l/‘v a a’l/‘gzt,'
~ 82Gy "\ 9,V )’
which replaces 7 in the effective theory as the conjugate

variable to the diffeomorphism group Maurer-Cartan
form 6V /0, V.

T, =

(3.41)

**Note that in Sec. II we included the edge modes and bulk of
7 together in Q7; here we find it more convenient to split them up
as in (3.37).

The decomposition (3.37) involves a specific distribution
of the boundary contributions at » = v, among the three
terms. The chosen decomposition is justified for the
following reasons. First, the symplectic forms €Q7, Q.40c
for Z and the edge modes can be obtained from their tree-
level counterparts by the straightforward replacement of the
area element by the anomalous area element, Q — Q..
Second, the boundary term in €7 depends only on
boundary values of V and its derivatives.”’ And last but
not least, each of the terms in (3.37) is a closed 2-form and
hence can serve as a symplectic form for its respective
degrees of freedom. For Q7, Q4. this is manifest; for Q7 it
is less obvious, but will be confirmed below.

In the tree-level theory of Sec. 11, in the complement of 7
we went on shell of the constraint, 7|7 = 0. We shall avoid
explicitly doing so in the effective theory, because in the
presence of an anomaly the constraints are second class,
meaning 7¢|7 = 0 is not a gauge-invariant condition; we
shall describe the consequences of this more in Sec. III H.
In any case, we shall not need to set 7¢|7 = 0 to proceed.

Let us now show how to derive (3.37). To formalize that
the field variations &(z, 3, ;) are indistinguishable from
gauge transformations in Z, we shall take the field
configurations in Z to be finite gauge transformations of
some fixed background field configurations denoted
(z. B, 9,), satisfying 6(z,f, @,) = 0. The fields outside 7
are therefore given by

(3.42)

Here, we take the gauge transformation to be given by the
dressing field V which maps the external intervals [v,, €,00|
to the reference intervals [a, €,00].

Let us emphasize that we are only introducing these
external background configurations in order to make the
following calculations explicit. Crucially, the final phase
space and symplectic form for the segment do not depend
on the particular choice of external background field
configurations.

It is important to note that although the variations of the
fields z, f are taken to be indistinguishable from gauge
transformations outside Z, the same is not necessarily true
of Q, 5. Indeed, Q is related to 7 by a second-order
differential equation, and # is related to f by a first-order
differential equation, and this means there are three addi-
tional constants of integration (in each of the disconnected
regions [v,, €,00]) that parametrize the configurations of Q,

Zle depends on 3, but f3, itself can be written as a function of

V and the background configuration B indeed, we have

— 21/
fu= 0, Vp+57), -
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n outside Z. It turns out that these constants of integration
are precisely related by continuity to the edge modes
considered previously.

In particular, one finds

Q(’U) |[va,enoo[ = 877'-GN(60a + ﬁu(z_a) +9) 0\7(1}) (343)

where Q is a background area element configuration
satisfying Q(a) = 0,Q(a) =0 and V is a background

. . . . RV
dressing time configuration that satisfies f = v
Similarly, we have that

Mool =10V +10,V +q,, (3.44)

where 7 is a background configuration satisfying n(a) = 0
and 0, = f. Recall that the edge modes contributing here
are defined as

Q(Uu) ~ 1 aUQ(va)
a pr— s a pr— s
“~ 832Gy Pa = Gy 0,V (v,)
9o =Ng —g- (345)

One can confirm (3.43) and (3.44) by evaluating these
expressions and their derivatives at v = v,,.

In Sec. II, we showed that the tree-level symplectic
potential under these assumptions reduces to

v %
0= AO dv (r oV + Zabga,é(p,) + Zeaa)aéqa

/ 5V
7 0\7’

where T is the tree-level Raychaudhuri constraint The final
5% into (2.29).

Taking an exterior derivative of (3.46) ylelds the tree-level
symplectic form

1)
Q=5 (/ dv <T— + Z(),@,égo,)) + Zeaéwa A bq,
Vg a

5V
+6</jdva VT). (3.47)

It will be useful to rewrite the last term. First, note that
T =(0,V)’ToV (with T equal to T evaluated on the
background configuration) implies

o = (&Y 0,T + 20, V.
9,V o,V

With this we can establish that

(3.46)

term here follows from substituting f =

(3.48)

5V 5V 0,0
é/dv _T :/dv — A “VT 6T

1 5v
dvdT A
2/ OLAGT

(3.49)

Let us now compute the analogous contributions coming
from the anomalous counterterm in the symplectic form.
We look first at the contributions from Z. From (3.44) we

have
% %
onl =6 o) 0, —= |, 3.50
’1|Z 9da + 1}’7(0 V) + v <avv> ( )
so that
5V 5V
2,0 on=209,0n N |6 — |0 d,| —
arnon=an (s0+ (Z)an+a(25))
(3.51)
1 5V %
=6|=(0 -2 —0d,| o
(2( W) m) PR (qa o >
(3.52)

Note that the first term is 24z7T,, /\ Usmg the falloff

conditions at €,00 to discard the boundary term there, we
therefore have

Q. = dvdvén Adn+Ql —Q0 . (3.53)

T 487

where

Qi — | /eamafs AS —l/e“waT P
an = 400 . vOT] 77_2 g an av‘-/

- ﬂaéva))'

1
———(6v, A 8P, —

% (3.54)

8q, N (61,

22
Here we have used

6V(Ua) = —00‘7(00)57}“, [577](1)11) =0y — Padv,.

(3.55)

Now we can focus on the anomalous contributions to the
symplectic structure supported on Z. Using 5|; =1nd,V

one finds
0,6V
/dvavén/\ér]: /d115 p—— (3.56)
7 a,V

“We also have that [0,67](v,) = 68, — (0,8)(v,)6v,. and the
ov, term conveniently disappears from the wedge product.
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= /Idvé <6 (aﬂv 5V> -0, <de) 5V> (3.57)

oM
/ dvéo, < = V) A SV + ;e:a (BuSNa — 5B,) A Sv,.
(3.58)

Combining this with the above, the anomalous counterterm
in the symplectic form can be written as

1 a,n 1
oo [ ) Lo

1%
N3 T Zeaéna A (811q = Babva)-

(3.59)

One may now straightforwardly combine the tree-level
symplectic form (3.47) with the anomalous contribution
(3.59) to obtain (3.37), as required.

Finally, let us confirm §Q; = 0. Using

5V SV\ ch [V
5, T +2T.0, () ———a3 . (3.60
o, et <ayv) 24r"" <avv> (3.60)

oT |I—

we have

o 1/dvéT AN —= i —l/dvéTcA()L. 5—‘i A 5V_
2 0,V 2 )7 2,V 2,V

(3.61)
) 5V SV\ 6V
P e (2 o (2N A2 (3.62)
87 o,V o,v) "o,V
" _ i
L N A P A N
487 J; o,V o,v) "o,V
(3.63)
)
- —4% €,50, A Siiy A Sv,. (3.64)

Hence, Q; is closed, as claimed.

E. Phase space in dressed variables

Let us write the segment symplectic structure €2; in terms
of the embedding field X and dressed fields 7, ;. First, note
that

oV
dvr. — =
/I ey

oX
=— [ dv(0,X)*(r.0X
[ @i T

/ dv(0,X)*(z, 0 X)sVo V™!
1

(3.65)

Using 7, = 7 — 2 9,V0, (( )2) one may find the infini-

48r
tesimal action of a diffeomorphism on 7,

h P
5yte =[O, + 200,f = 1o-9,V0, ( ) ‘C ) (3.66)

This action can be exponentiated to

ch 02F\ 2Fd(VoF)
. (o Fo 9 v S A I
> 7. ( v ) Tco 48 |: v(@JF) a1FaL(VOF):|
(3.67)

So one has

(0 Xt 0X =X D> 7, +—— (3.68)

ch o, 02X
487 '\ o, X
Now 7,:==X>7.=XD>7=7 [since X >n =0, see
Eq. (3.17)]. Thus,

8V ch 2X\\ 6X
dvr, = — [ dv(z+ Lo, .
/I Vg v [ ( ta8n (a X)) 0.X

We also have (as in the tree-level case)

oX
/dvat‘goiégoi = /dV avfi)i&@i - (av(pi>2 . (370)
A 1 avX

Using the above in (3.38), one finds
- ch 02X

Q= [ dvé|—|T —a

o= fwal-(7 i (5x) ) ox

where

(3.69)

Zdvfﬂ,&m)

(3.71)

T=X>T=%+)» () (3.72)

is the dressed stress tensor (note that its form is unchanged
from the tree-level case).

F. Virasoro Maurer-Cartan form

Throughout the paper so far, we have made extensive use
of the left and right Maurer-Cartan 1-forms for the diffeo-
morphism group

oV ~ oX
Hdiff:5X0X_1 = —avv, GdiffzéVOV_l = —aVX.
(3.73)

Indeed, these played a central role in the symplectic form
for the spin 0 degrees of freedom at tree level. They appear
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similarly in the effective spin 0 symplectic form (3.38). But
in the effective theory, the diffeomorphism group is
replaced by the Virasoro group, and this is suggestive that
one should really be making use of the Maurer-Cartan
forms for the Virasoro group, instead of (3.73).

It is interesting and useful to note that the effective spin O
symplectic potential

5X  ch 22X\ 86X
v =- 7 —0, == 74
©; [ dv (’ o.x asg % (ax) avx> (3.74)

can indeed be understood in this way. In particular, it is the
pairing of an element (7 — ¢) in the dual of the Virasoro
algebra, with the right-invariant Virasoro Maurer-Cartan
form Oy;. Thus, the spin 0 symplectic form is a KKS
symplectic form for the Virasoro group. This point of view
will allow us to efficiently derive diffeomorphism charges
in the effective theory.

Recall that for a group G with Lie algebra g and Lie
bracket [, -], the Maurer-Cartan form is a g valued 1-form
on the group defined by 0= Sgog~'. It satisfies

50+ 10,8 = 0. (3.75)

N

Given an element 7 = Adjz (we have been denoting this as
g > 7) valued in the dual g* of the Lie algebra one has

67 = ad;(7), (3.76)
for variations that leave 7 invariant. Here Ad*, ad* are the
coadjoint actions of G, g, respectively, on g*, i.e., the duals
of the corresponding adjoint actions on g. Finally, recall
that the KKS symplectic potential is simply given by the
pairing (7|6).

In our case we consider as Lie algebra the Lie algebra of
the diffeomorphism group of I; accordingly Oy =
8Vo V! = —5§X/0,X is valued in this algebra.” It is right
invariant, i.e., it is invariant under reparametrizations (the
right action 6,V = fd,V), while it transforms as a vector
field under reorientations or dressed reparametrizations (the
left action 6§,V = goV),

Ls Oqitr = 0,

Lﬁgédiff = -[g. édiff]- (3.77)

It also satisfies 7, 5qédiff = ¢; in fact, this condition and the
flatness property (3.75) suffice to uniquely determine the
Maurer-Cartan form.

Dual elements of the Lie algebra are rank 2 tensor fields
7, which are paired with vector fields fd, via integration,

; “More precisely, 5V o V=! is the v component of O, i.e.,
Ogite = (8V o V7')a,.

Ef) = /1 dvif. (3.78)

One can readily recognize the KKS potential form (7|@g;)
as the tree-level spin 0 symplectic potential.

Now let us see how this extends to the Virasoro group.
Elements of this group are a tuple (X,a) of a diffeo-
morphism X €Diff(/) and a number a (the central
element). The group composition law is

n
X,a)o(X,d) = (XoX a+d +——
(X,a)o (X', d) ( a+a+48ﬂ

22X’

y [ dvlog(av(XoX’))aX,> (3.79)

\%

(usually the group is defined over R or S!; here we define it
on the interval 7). The integral appearing on the right is
known as the Bott-Thurston cocycle [147,148]. It is
important to note that this satisfies the cocycle identity24
under the conditions X(a) = a and 9,X(0) = 9,X(1). The
inverse is

X,a)™' = (X7, —a) = (V,-a). (3.81)
Elements of the Lie algebra of the Virasoro group may be
decomposed as the direct sum of a vector field go,
(corresponding to the diffeomorphism) and a number k
(corresponding to the central element); we denote such an
element as g+ k. From (3.79) one may derive the right-
invariant Maurer-Cartan form (see also Ref. [123])

Oyic = 6(X. )" o (X. )

~ h X ~
= Ogiss — —— [ dvo, | == | Ouisr — 6 3.82
diff 4871[ v V<0VX> diff — o0&, ( )
where Oy = —6X/0,X. One may also derive the Virasoro

bracket

h
lg+k g+ Ky =199 = / dv(gdig — g d39).
487 1

(3.83)

where [g,¢| = g0,¢ — ¢'0,g is the usual vector field Lie
bracket, and the left action

**That is B(F,G) = [,Ind,(FoG)dInd,G satisfies the co-
cycle identity
B(FG.H) + B(F.G) = B(F,GH) + B(G.H)  (3.80)

for F,G,HeDiff(I) when 0,H(0) =0d,H(1) and similarly
for G.
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h PX
5g+kX = —g@vX, 5g+ka = —@/dVgav (aV—X> — k.

(3.84)

One may confirm that / %kéwr =g+k

To obtain these expressions, we had to integrate by parts
and neglect boundary terms, which is only valid when the
appropriate boundary conditions are satisfied. A proper
treatment involves the edge modes, and we shall address
this in more detail below.

Dual elements of the Virasoro algebra are the direct sum
of a rank 2 tensor field 7 and a number ¢ (which is the
central charge); we denote elements of the dual as 7 — c.
The pairing is defined as

(T—clg+k) :/dv%g—ck. (3.85)
I

Using (3.82), one finds

. _6X ch _ (02X 86X
<T—C|9Vir> = —[dV(TaVX+@aV <0V—X> ()VX) + coa.

(3.86)

As promised above, this is a symplectic potential for the
spin O degrees of freedom (3.74) (since we are fixing the
central charge, the extra term appearing here coa is closed
and so does not affect the symplectic form).

One point of subtlety is that the dressing field X is not a
diffeomorphism of /. It maps I onto Z where the image
involves the edge modes v,. To properly address the role
played by the edge modes in the Virasoro Maurer-Cartan
form we need to evaluate 60y;,. Using

5 02X\ 02X a%xavcsx_a 00X\ _ (06X
oX) oX oXdX \oX) T\oX
+a 85X\ 02X
\\o, X/ 0,X)°
we have
2X\ 86X X X
5( a, AX)V X\ __9 N 2
0,X ) 0,X 0,X 0,X

02X 6X 56X

The final term yields a boundary contribution in
~ ~ oX 0X
00y, = 004 +—— | d A 03
Vir diff + 4871'/1 v aVX v <0VX>

po (BXIX (¢
“\o,Xo,X " "\, X

(3.87)

h

(3.89)

1. - h [02X 86X sX\ ]!
= = [Oyir. Oviclyie + o | 2= 2 n 9, [ o 3.90
3 Ovie:Ovilvie 787 [avxavx/\ <avx>]o (3:90)
where we have used 80 = -1 [Buicr Ogire]- One may write

this in terms of the edge modes by using X(a) = v, and

22X
0,X =e™oX, 6:X = —(e™p)o X, (3.91)
which implies
oX oX
= ¢l 22 ) a) = - . (3.92
(@) = evoud, ()@ = -1, + puov (392
One finds

~ 1. - h
69Vir + 5 [QViN eVir] = _Mgeaﬂaana A 5va' (393)

Thus, the form 6y;, does not quite obey the zero curvature
condition, in the presence of the edge modes, when év, and
on, are both nonvanishing.

It seems likely that it is possible to describe these
structures using a unified group that accounts for both
the bulk Virasoro structure and the edge modes, and whose
Maurer-Cartan form obeys the zero curvature condition
even in the presence of nonzero dv,,dn,. We hope to
properly investigate this possibility in future work.

G. Anomalous diffeomorphism actions

In Sec. I G we described reparametrizations, reorienta-
tions, and dressed reparametrizations in the tree-level
theory. These diffeomorphism actions continue to play a
role in the effective theory, but they are anomalous,
acquiring central charges according to Table II.

In the effective theory, the importance of the dressed
reparametrizations becomes more clear. They are generated
by the dressed constraint T, and this is the constraint that
should be imposed in the effective theory; see Sec. III H for
more detail.

1. Reparametrizations

We have already demonstrated that, before reducing to
the null ray segment, the generator of a reparametrization is
the anomalous stress tensor, i.e., I5 fﬂc = —5TJ€» where

7o = / dvfTe. (3.94)
R

Moreover, we showed that these obey the algebra

ch
(T5.T5) = T,y + A do(FOf — F3f). (3.95)
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TABLE IL

The effective theory inherits the three diffeomorphism actions from the tree-level theory, with some

modifications: the generator of reparametrizations is changed from 7 to 7¢, and each diffeomorphism algebra

develops anomalies.

Central charge Generator Algebra
Reparametrization ¢ TG = [pdofTe  {T%, TG} ==Tf o + 42 b do(fodf — fo3f)
Reorientation —c Q, = [,dvgt {0,.04} = Q[g’g + b [ do(falf' — foif)
Dressed reparametrization —c Ty= [iaviT  AT3. T3} =Typ) + g3 [ do(fOf = f'03f)

After reducing to the segment, 7% continues to be the

generator, and it satisfies the same algebra. This is a
consequence of the fact that we did not break any gauge
symmetries when doing the reduction, and it can be
checked by a direct evaluation using the segment sym-
plectic structure.

The central charge is ¢, and recall that the reparamet-
rizations form an antimorphism of the underlying Virasoro
algebra.

2. Reorientations

Let us now consider how reorientations are modified in
the effective theory. Recall that at tree-level reorientations
are transformations parametrized by a vector field g(v)a,
with g(0) = ¢g(1) = 0 and act as (2.104)

= avg(a)

The above is still true in the effective theory. They
correspond to a change in the frame value which leaves
the original fields invariant.

However, under a reorientation, at tree-level 7 trans-
formed as a rank 2 tensor, and the edge modes w,
corresponding to the area element at the end points were
invariant, while in the effective theory these objects trans-
form anomalously. The appropriate anomalous transforma-
tion for 7 is

6,V =goV, Oy0: = 0, Oy (3.96)

ch
20,9t — —— 039, (3.97)

5,7 = —go
99 = 24z

1.e., it transforms as an anomalous stress tensor at central
charge —c [the overall minus sign in (3.97) implies
reorientations form a morphism of the Virasoro algebra].
The edge modes w, will be required to satisfy

ch

5 (3.98)

S,w, = o,g(a).

g
This is such that the values of the anomalous area element
Q. at the end points of the segment are invariant under a
reorientation,

Q.(v,) ch
5. (22l — 5 (g — ) ) — 0,
g(SﬂGN> -"(“’“ 487 ”“)

(3.99)

Finally we have that reorientations leave the external frame
invariant 6,V = 0.

Let us now find the generator of reorientations in the
effective theory. To this end, it is simplest to write the

symplectic form as
Q = 6(7 — c|Oyy) Ze 6( a) A 8q,
o /dv av(piégoi) + Q3. 3.100
(foy ; (3.100)

When computing /5 Q, only the first two terms here
contribute. One has

8(z = c|fyir) = (5%|0yir) + (7 — c|60vs) (3.101)
Iy 1 -
= (0%(0vir) — 3 (7 = cl[Ovir, Oviclvir)
ch
- . .102
5 zajeaﬂaéna A bv, (3.102)

Using / 6_qéVir = ¢ and the definition of the Virasoro bracket
one then finds

ch
1 = — F _
5, 5(% C|9V1r> 5(1 dvrg) 1% ga €,0y9(a)pov,

(3.103)

. ch
+ [ dv <5979diff_7[ga Ouite] — 134 [90304is; — 9diff039])-
(3.104)

With (3.97), the final integral reduces to a boundary term,

- ~ 5 ch
15,0(% — c|Oyy) = —6 f dvig | — @za:eadvg(a)ﬂaéva
(3.105)

- . N 1
(02904isr + 903 0gisr — avgavediff):| 0
(3.106)

[ s+
gtoifr 487
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ch
— 7 _ Na 92 —
o ([ dVTg) * 13, Eﬂ eq(e"dg(a)ov, — d,g(a)on,)

(3.107)
5 / avig + < Y eadvgla)
=— v — ) ¢ a
f 79 487 & aOvg\a)Nq
+ iZG eTed2g(a)bv (3.108)
48g =" “
To get the second equality, we used g(a) = 0 and
~ oX
(@) = = 5, — : 1
avgdltf( ) 0 (a X) 57751 ﬁaavu (3 09)
Using (3.99), we also have
15 (Zea <a)a ’/Ia) A 5‘](1)
=-5 Ze oy9(a)| @ —ﬂn . (3.110)
- a~v a 48][ a
so in total one finds
Is Q=-6 /dv%g—i— €,0yg(a a)a)
2= =3( [ g+ Yendta)
ch -
@Zeae «02g(a)bv (3.111)

The last term is not integrable in general. Indeed, reor-
ientations are integrable only if we impose the additional
condition

d%g(a) = 0. (3.112)
Note that this condition may be understood as coming from
the continuity of f at v,, which is an implicit assumption
we have been making in this paper. Indeed, dq‘_/ =0
implies 6,4, = 0, but

0,8,V
5gﬁa =0,——

3.113

= e dg(a).

Therefore, we must have d2g(a) = 0.
One then finds I,syﬂ = —6Q,,, where

1 1 ~
Qg:/ dvg%—l—Zea()vg(a)wa:/ 02gQdv. (3.114)
a 0

0

Thus, the reorientation charges are the same in the effective
theory as in the tree-level theory. However, the reorienta-
tion algebra is modified,

ch
{Qg’ Qg’} :5gQg’ = —éd(ga T+210vg+—a )

24
ch ,
_@Zgaavg(a)avg (Cl) (3115)

/(gavg —-g'dyg T——/dv gaig—gdyg)  (3.116)

ch /dv(ga

so we have a Virasoro algebra at central charge —c.
For completeness, let us compute how the reorientation
acts on the dressed area. Using (2.67), we have

5,Q |
gﬂ((;:]) = V6o + (1 = V)09 +A dv'G(v,v)s,z(v')
(3.118)
1
= / dv'G(v. V') (gdyT + 270y ) (V') (3.119)
0

48h (w)vg(l) (1 =v)ayg(0) +2 / 1dv’g(v,v’)ag,g)

0
(3.120)

- / AVG(v. V) (90,7 + 270,9)(V)

0

+%(20vg(v) —va,g(1) = (1 =v)a,g(0)).  (3.121)

We have integrated by parts. The first term is the tree-level
result, and the second term is the effective correction.”

3. Dressed reparametrizations

In the effective theory, the action of a dressed repar-
ametrization is given by

5V=FoV. 6@ =0. &V=0,  6:q,=0,

(3.122)
which is the same as in the tree-level theory, and

It is interesting to note that the term proportional to d,g(v)
appearing here is similar to the d,f term appearing in the
transformation law for the anomalous area element (3.26).
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8;T = —fo,T —2To f——af

(3.123)

which is deformed from the tree-level theory.

For the same reason as with reorientations, the continuity
of f# at v = v, implies that we must have 02 f(a) = 0. Here
we additionally have the condition that 9,f(a) =0
from 679, = 0.

The generator of this transformation is the same as in the
tree-level theory: the dressed stress tensor

T=2+) (0.0 (3.124)
Indeed, we will show below that
I5,Q@=—6T;, where T; = [ dvf T (3.125)

However, the algebra is deformed; using (3.123) leads to

{T;,Tf/}:(sfff,:—/dv} <f0 T+2T0Vf+ 03f>
1
(3.126)

/dv(favf flo.f)z - h/dV(féf Jof)

(3.127)

dV(f‘aéf’ - J'31). (3.128)

This is a Virasoro representation at central charge —c.
To show (3.125) it is useful to write the symplectic
form as

~ ~ ch
Q=06(T - clovi) + > _€ud| 00— 1
< C| V1r> + - €4 (wa 487 ”a)

A 5qa + 5(/ dvzav@ié(pi) + Qi, (3129)
1 i

which follows from (3.71). One then has
15,Q =15, (T = c|Byi) (3.130)

6/dvT} Chz o,f(a)

== —-——>Y € a
I 487[ - a=v na
ch 0

+ prepa e.(e"0if(a)dv,), (3.131)

where the second equality follows from the same derivation
that led to (3.108), with the substitutions 7 — T, g — f.
Using d, f(a) = 02f(a) = 0 then gives (3.125) as required.

The properties of the different diffeomorphism sym-
metries are summarized in Table II.

H. Imposing the anomalous constraint

Let us now give some brief comments on what it means
to impose gauge invariance in the effective theory, i.e., in
the presence of the anomaly. The key point is that, although
the notion of gauge-invariant observable is unchanged, it is
no longer directly possible to impose the constraint on
states within the effective classical description. At tree-level
one sets 7 = 0, but in the effective theory, the best one can
do is to allow T to take values in a minimal coadjoint orbit
of the Virasoro group. Therefore, there are extra gauge-
invariant degrees of freedom in the effective classical
theory, characterized by this orbit. The orbit degrees of
freedom decouple from the gauge-invariant dressed radi-
ative fields, {7, ®;} = 0.2

Nevertheless, once one performs a quantization of the
effective theory, an appropriate choice of ¢ allows for
cancellation between the classical and quantum anomalies,
thus removing these extra degrees of freedom and rendering
the entire procedure self-consistent [120].

In general, gauge invariance is imposed at the level of
observables by restricting to those which are unchanged by
gauge transformations, as discussed previously. At tree
level, this means observables O satisfying

O ={T; 0} =0. (3.132)
This is unchanged in the effective theory,
5,0 ={T5,0} =0. (3.133)

The condition (3.133) appears at first to differ from (3.132)
in that it uses the deformed stress tensor 7¢ instead of T
(and the Poisson bracket of the effective theory instead of
the Poisson bracket of the tree-level theory). However, both
conditions reduce to 6f(’) =0, and &y is the same in both
theories. The central nature of the anomaly is crucial here,
as it means there are no additional conditions coming from
an application of the Jacobi identity,

{T5.0} =0= {T%, .0}

= (T4 (TS0} ) — (TS, {T50}} = 0. (3.134)

So the set of gauge-invariant observables is unaffected by
the anomaly—before imposing the constraint.

0f course, they do not decouple from the reorientation
charge {T,7} #0.
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At tree level, we impose the constraint by restricting to
states satisfying 7' = 0, and this constraint is first class,
meaning it is preserved by gauge transformations. But in
the effective theory, the deformed constraint 7¢ would be
second class, meaning gauge transformations no longer
preserve the anomalous Raychaudhuri equation 7¢ = 0,

cT°=0 ch 3

6T = 24ﬂavf (3.135)
[except in the special case where 03 f = 0, which corre-
sponds to an SL(2,R) subgroup of vacuum-preserving
diffeomorphisms]. In this way, it is no longer consistent to
impose the constraint 7¢ = 0 while preserving complete
gauge redundancy. It is also not appropriate to just revert to
the tree-level constraint 7 = 0, because the tree-level stress
tensor 7" does not form a closed algebra with respect to the
Poisson brackets of the effective theory and in any case is
not the generator of gauge transformations.

In the tree-level theory setting 7 = 0 eliminates unphys-
ical degrees of freedom; the inability to set 7¢ = 0 in the
effective theory means these extra degrees of freedom are
still there. They are measured by the value of the gauge-
invariant stress tensor 7, which takes values in a Virasoro
coadjoint orbit. One cannot try to additionally impose
T =0, because T does not commute with other gauge-
invariant observables (including itself, because of the
anomaly). Hence, measuring other gauge-invariant observ-
ables would typically create nontrivial configurations for 7.

As we shall see in [120], in the quantum theory the
puzzle is easily resolved. One may in fact cancel the
dressed reparametrization anomaly and thus remove the
extra degrees of freedom. Doing so requires one to still
have an anomaly for ordinary reparametrizations and
reorientations. This is unlike the classical description given
here, where if the anomaly vanishes for one of these
diffeomorphism representations then it must also vanish
for the others (because in all cases the central charge is
proportional to c¢). In the quantum case one cancels the
physical anomaly of 7 without canceling the anomalies of
T and Q.

IV. CONCLUSION

In this paper, we have presented a classical analysis of
localization, dressing, and diffeomorphism anomalies
along a gravitational null ray.

The first main result we achieved is a localization of the
gravitational degrees of freedom on a null ray segment. We
showed that this was made possible by the inclusion of
edge mode variables v, that represent the segment end
points’ locations. We can understand these edge modes in
two ways: on the one hand, from an external perspective,
they represent the influence of the segment’s complement
on the choice of frame. On the other hand, they can be
understood internally as the degrees of freedom that enable

us to convert a gauge-fixing condition f = 0 into a frame-
fixing condition V = v, and thus allow us to construct an
internal frame. The gauge-fixing condition is a second-
order differential equation on the frame, and the edge
modes are the additional degrees of freedom required to
construct it. With the edge modes, we can convert the
gravitational canonical pair of area and surface tension
(Q, p) into the alternative canonical pair of energy and time
(7, V). This allows us to construct localized gauge-invariant
observables that commute with observables localized on
the complement.

In the second part of the paper, we introduced a
deformation of the Raychaudhuri constraint and null ray
symplectic structure that allows us to include the quantum
anomaly in the classical phase space. This led to an
effective description of quantum-gravitational fluctuations
compatible with the quantum anomaly. As already noted, it
is important to be aware that the quantization of the degrees
of freedom on a null surface has additional subtleties in
higher than two spacetime dimensions, including diver-
gences associated with transverse spacelike directions
which must be regulated in some way to have a sensible
theory [79]. A setting in which the transverse obstruction is
absent is genuinely two-dimensional gravity. There the
Virasoro/coadjoint-orbit structures appearing here should
admit a more direct comparison with known constructions
and provide a useful testing ground for the formalism.

We identified three important diffeomorphism actions
(reparametrizations, reorientations, and dressed reparamet-
rizations) and computed their central charges,

cr =c, c; = —c, cy = —c. (4.1)

Both the localization and the choice of anomalous stress
tensor were based on the dressing field which trivializes f3,
see Eq. (2.59).

From our perspective, the dressing time possesses three
distinctive features that make it favored over all other
choices: First, the commutator of the dressing fields at
different times Poisson commutes. At the quantum level,
this means that the dressing time is the most efficient
reference frame in the sense that it minimizes its
Heisenberg uncertainty. Second, it is such that the classical
dressed constraint satisfies a generalization of the Wald-
Zoupas criteria [149] as explained in [108]. In particular,
this means that the dressed constraint equation simply reads
02Q = —>,(0y¢;)> with no additional spin O energy
involved. This implies that the expansion is constant when
there is no radiation and, moreover, that the area element in
dressing time satisfies an analog of the generalized second
law (GSL) [78].

It is still an interesting question to wonder what would
happen if we considered a different dressing for the
localization and/or the anomalous extension. For example,
one can define a different dressing field V, such that
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av,
9V,

P+p= (4.2)

where p is any field that transforms like a 1-form, i.e.,
8¢p = 0,(fp). Then V, defined in this way transforms
appropriately for a dressing field,

FV,=V,oF. (4.3)

So one can use it to dress other fields and obtain gauge-
invariant observables. For example, by picking

1 1 1
p = Pair = —4nGy ﬁav (\/ﬁ Z@%) +50. (4.4)

where 0 is the expansion, one would obtain the affine
time V/, = Vaff'27

Such a dressing field would be noncommuting and
would thus considerably complicate the quantization
achievable with the dressing time choice [120].

One could also wonder what would happen if the
anomalous extension were chosen by adding the
Schwarzian derivative of a time coordinate that is different
from the localization time. Again, this would considerably
complicate the construction of edge modes and the reor-
ientation charges. It would also imply that the dressed
constraints are different from the reduced constraints. So,
this would be neither natural nor simple.

The choice we have made here seems by far to be the
most natural. But it would be interesting to understand
whether this choice is uniquely determined by physical
criteria such as the ones outlined above: Wald-Zoupas,
GSL, and minimal fluctuations.

A related issue concerns the interactions between the
frame and the system. In this paper, we used a decoupling
regime, in which the spin 0 degrees of freedom (the frame)
are decoupled from the radiative degrees of freedom (the
system). It will be important in the full theory to turn the
interactions back on. The kinematical degrees of freedom
will be the same, but the structure of the gauge-invariant
degrees of freedom can be fundamentally altered by such
interactions [25,114,115]. Moreover, one needs to take into
account the renormalization of these interactions in the
quantum theory, which can affect the structure of the
effective theory, including the exact forms of the anomaly
counterterms. Understanding this in more detail is another
task for future work.

In this paper, we have focused on a single null ray and
addressed the group of diffeomorphisms that act along it. To
address the physics of a full null surface, one has to find a
way to consistently glue all the null rays together and
account for diffeomorphisms that act transversally to the
rays. This will introduce new layers of complication. For
example, the tree-level Raychaudhuri constraint transforms

“Recall (2.7) and p = k — 10 with « the inaffinity.

as a density with respect to transverse diffeomorphisms, and
one would expect this to be true at the effective level also, but
naively this does not seem like it will be the case, at least
with the effective theory described in this paper. To illustrate
the issue, we can examine the anomalous area element

CGNh
=0 - .
c 6 n

(4.5)

The tree-level area element Q transforms like a density, but
the anomalous term # only transforms like a scalar, with
respect to transverse diffeomorphisms. One way to cure this
mismatch is to promote the central charge to a density
depending on the transverse directions; this may be related to
the embadons of [79]. Transverse diffeomorphisms will, in
principle, also be subject to anomalies, which should be
accounted for in the effective theory by appropriate counter-
terms, and it seems plausible that a central charge density
may be more natural in such a framework. We are very
interested in resolving these questions in the future.
Throughout the paper, we extensively used the Maurer-
Cartan forms of both the bulk diffeomorphism and Virasoro
groups for the dressing time and the corner symmetry group
for the edge modes. However, we did not have a unified
picture of a single Maurer-Cartan form governing both the
dressing time and the edge modes. We believe such a
structure is possible and should be physically illuminating
and hope to discover it in later work. A related point is that
the corner symmetry group on the null ray segment was
found to reduce to the affine group—but in the context of
the Virasoro group, a more relevant structure ought to be
based on SL(2,R). It seems likely that various issues can
be tackled by extending the edge modes such that they
transform under an SL(2,R) corner symmetry group. For
example, recall that we found that reorientations 5g in the

effective theory are only integrable when d2¢g vanishes at the
end points, see Eq. (3.111). By including edge modes
transforming under SL(2, R), one should be able to cancel
the final term in that equation and hence allow for
integrable reorientations for which 02g(a) is nonzero.

There are also some remaining questions about the
physical nature of the edge modes. We have mostly consid-
ered smooth diffeomorphisms in this paper, but as alluded to
briefly in Sec. I G 1, the presence of the edge modes at the
end points of a segment allows one to break this condition, so
long as one treats the edge modes as being physical sources
of energy-momentum, as is done, for example, in [47,52].
This perspective is compatible with the original proposal of
[70], where the edge modes were designed to allow space-
time to be cut open. It would be important to understand if
that option is available at the quantum level.

In our case, we have remained fairly agnostic about the
origin of the edge modes. Within our framework, they are
part of the external dressing field V, but we did not say
where that field came from. It would be interesting to dig
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deeper into this question and investigate the relationship
between the picture of edge modes as additional internal
degrees of freedom and the one where edge modes are
made out of the fields that already existed in the theory (for
instance, it could be a dressing time for the exterior), as in,
for example, [18,19,27]. This question should be essential
for the quantization of open regions.

Finally, the original motivation for this work was the
quantization of the dressing time reference frame. As
already mentioned in the Introduction, upon quantization,
the central charges of the three diffeomorphism represen-
tations are shifted by different amounts. By appropriately
tuning the classical central charge ¢, we can cancel the
anomaly in the dressed reparametrization algebra at
the quantum level and thereby consistently quantize the
classical Raychaudhuri equation. This will be described in
full detail in [120]. More broadly, null rays provide a
natural arena for studying energy conditions in quantum
field theory and their gravitational consequences. Classical
focusing, singularity theorems, and horizon area laws are
controlled by the null-null component of the stress tensor
and the Raychaudhuri equation. Their quantum refine-
ments, including averaged null energy conditions, the
quantum null energy condition, and generalized entropy
inequalities, are likewise naturally formulated along null
directions. The raywise structures developed here isolate
the local gravitational degrees of freedom directly involved
in these null energy and focusing phenomena.
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