PHYSICAL REVIEW D 113, 106028 (2026)

Symmetry topological field theory entanglement and holographic

nonfactorization
Ethan Torres®"" and Xingyang Yu 2

"Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland
2Physics Department, Robeson Hall, Virginia Tech, Blacksburg, Virginia 24061, USA

® (Received 9 January 2026; accepted 27 April 2026; published 22 May 2026)

Given two otherwise decoupled D-dimensional CFTs which possess a common (finite) symmetry
subcategory, one can consider entangled boundary states of their (D + 1)-dimensional symmetry
topological field theories (SymTFTs). This roughly corresponds to performing a gauging of the tensor
product of two CFTs, and we call this phenomena “SymTFT entanglement” (or “S entanglement” for
short). In the case when these CFTs have semiclassical holographic duals, the S entanglement relates the
bulk gauge charges between two otherwise disconnected AdS spacetimes as we highlight in several top-
down examples. We show that taking partial traces of such S-entangled states leads to a streamlined
approach to preparing ensemble-averaged CFTs in string theory. This ensemble averaging coincides with
that generated by a states in the baby universe Hilbert space, and we propose a symmetry-enriched
generalization of this Hilbert space via generalized global symmetries. We quantify how this symmetry-
governed averaging violates holographic factorization and leads to the emergence of bulk global
symmetries. We also consider the eternal (two-sided) AdS black hole geometries, where our SymTFT
entanglement considerations imply that there exist refinements of the usual theromofield double state
preparation of the system. We show that one may prepare the system in such a way that the total CFT data
does not factorize into left and right copies. As anticipated by Marolf and Wall [Classical Quantum Gravity
30, 025001 (2013)], we highlight that such considerations are necessary to define the gauge charges of
eternal black holes and, in certain cases, can imply that there exist extended bulk objects stretching across

the wormhole which cannot be expressed in terms of a product of left and right CFT operators.

DOI: 10.1103/9wgn-ntnn

I. INTRODUCTION

In the study of generalized symmetries of quantum field
theories (QFTs) (for reviews, see [1-3]), symmetry topo-
logical field theories (SymTFTs) have emerged as a central
concept. This is due to the fact that SymTFTs are both
conceptually and technically useful in understanding sym-
metry structures. For instance, they are useful in calculating
the fusion rules of topological operators and especially in
understanding the families of theories related to each other
by gauging. See Fig. 1 for a basic illustration of a SymTFT
“sandwich” construction. The utility of SymTFTs is espe-
cially helpful in more complicated field theory settings
such as when the QFTs of interest are placed on manifolds

“Contact author: ethan.martin.torres@cern.ch
"Contact author: xingyangy @vt.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/113(10)/106028(38)

106028-1

with boundaries (see, for instance, [4-9]) or when the
QFT does not possess a well-defined partition function
[10,11].

In the context of string theory, SymTFT constructions
naturally arise when engineering QFTs decoupled from
gravity. These are often constructed from branes and/or
geometric singularities which are localized on some codi-
mension-k sublocus of the string theory target space
geometry. SymTFT constructions are then realized, roughly
speaking, by treating a radial direction away from the
codimension-k sublocus as the interval direction in the
SymTFT sandwich. Typically,' the SymTFT is obtained by
first taking an infinite scaling of this radial direction and
restricting to a topological subsector of the compactifica-
tion supergravity on the radial shells surrounding the
sublocus [12]. In such realizations, topological symmetry

'This, in particular, assumes that no cycles in such a scaling
limit have a finite volume and that the radial shells are smooth.
Otherwise, the SymTFT may no longer be topological, as it
contains a free Abelian or non-Abelian gauge theory, respectively
[4]. The examples considered in this paper will not be met with
such technicalities.

Published by the American Physical Society
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Tlustration of a basic SymTFT “sandwich” construction whereby a (D + 1)-dimensional TFT has a physical boundary, where

typically gapless degrees of freedom are localized, and a topological boundary. Compactifying the interval leads to an absolute

op) .

D-dimensional QFT, which one can denote Tf ; U is then a topological symmetry operator and O denotes a charged operator.

75
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FIG. 2. Two equivalent ways of presenting a disconnected
SymTFT construction. In (a), the world volume of the SymTFT
Sp,1 is disconnected and the topological boundary condition is
specified by a possibly entangled state |3). This is the convention
we will most commonly take in this work. In (b), the data
topological coupling caused by the entanglement in |B) is given
by a topological interface Z 5 when Z 5 being trivial implies |B) is
maximally entangled.

operators typically arise as branes (wrapping cycles) on the
radial shells, while objects charged under the symmetry
operators intersect the sublocus [13-16].

In this work, we study generalizations of the usual
SymTFT setup in Fig. 1 where the usual (Euclidean) world
volume for the SymTFT, M, x I, for some D-dimensional
manifold M and some interval /, is replaced as

MDxI—>MDx<I]_[I]_[--~I>. (1.1)

In other words, we consider multiple disconnected sand-
wich constructions labeled by i = 1, ..., K and with multi-

ple (potentially different) gapless boundary theories Tg).
Our main interest is in studying the role of entangled states
in a K-fold tensor product Hilbert space for SymTFTs,
which is necessary to understand the possible choices of
topological boundaries in the setting of (1.1). We will
call such boundary states SymTFT entangled (or the
phonetically friendlier S entangled), which means that
the total boundary state cannot be written as a direct
product: |B) # |B;) @ |B,)--- ® |Bg). We will see
that this essentially amounts to a gauging of a common

080-0 0-0-D0--

FIG. 3. Atleast naively, a gravitational path integral for the case
of two asymptotic boundaries (blue circles) includes both
disconnected and connected contributions.

finite” subsymmetry between the various Tg) theories. We
will also see that S entanglement can be equivalently
viewed as coupling multiple theories via a topological
interface; see Fig. 2.

A straightforward implication of S entanglement is that it
leads to a lack of factorization of field theory data (e.g.,
partition functions, correlation functions, algebra of genu-
ine line operators, etc.) into the K constituent QFTs.
Specifically (for the case K = 2), we show the following.

Statement 1. Given two S-entangled QFTs 7° g) and 7 ?,
there exists a p such that the algebra of genuine
p-dimensional defect operators of the total system does
not factorize into the tensor product of genuine p-dimen-

sional defect operators of TE)” and Tg).

When the QFTs 7 (D’) have semiclassical® holographic
duals, then the factorization of physical data, or lack
thereof, is of central interest in understanding generaliza-
tions of the AdS/CFT correspondence to spacetimes with
multiple (disconnected) asymptotic boundaries [17,18]. In
particular, what is known as the “factorization puzzle”
(American English spelling) arises when one considers a
gravitational path integral in the bulk which includes a sum
over topologies; see Fig. 3. Including wormhole configu-
rations into this sum seems to lead to a violation of
factorization in the partition function, correlators, Hilbert
spaces, etc., of the system. While such a sum can be made

*We restrict ourselves to finite symmetries, as the SymTFT
construction is currently most firmly established for these cases,
but we will motivate interesting consequences for generalizing to
continuous symmetries in Sec. V D.

In other words, the low-energy bulk gravitational sector is
described by Einstein gravity.
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precise (to varying degrees) in low dimensions, such as in
the case of Jackiw-Teitelboim gravity or perturbative string
world sheets, Fig. 3 is merely a heuristic for D > 4. In the
context of top-down realizations of AdS/CFT in string
theory, one can easily construct holographic duals of direct
product CFTs 7| ® 7, which are simple two disconnected
asymptotically AdS spacetimes.”

When two CFTs are coupled via a discrete gauging,
such as 4D N =4 SYM theory with gauge group
G = (SU(N) x SU(N))/Zy, this leads to S-entangled
theories, and part of the purpose of this work is to give
a top-down string construction of such scenarios as well as
bulk interpretation of their physics. Roughly speaking, we
will find that S entanglement correlates discrete gauge
theory data between two or more disconnected AdS
spacetimes. These AdS spacetimes are otherwise not
coupled to one another, as topological coupling between
CFTs does not affect the stress tensor, by definition.

Such bulk interpretations of S entanglement are particu-
larly interesting in the context of AdS eternal (two-sided)
black holes. The aforementioned correlations between
gauge charges clarifies a conceptual puzzle first raised
in [20] regarding original proposal of Maldacena [21] that
these systems are described by a thermofield double (TFD)
state in a direct product CFT 7 ® 7, where § denotes
CPT conjugate. While we leave a review of the puzzle
posed by Marolf and Wall to Sec. V C, we argue that, given
that the CFT 7 has a discrete, internal O-form global
symmetry H®), then the following applies.

Statement 2. A two-sided black hole in AdS which
has a single well-defined H® gauge charge is dual to a
TFD state prepared in a diagonal gauging of a product
CFT: (T @ TT)/H".

If one does not include the diagonal gauging, then we
show that the corresponding eternal AdS black hole has two
separate H(®) gauge charges, one associated with the left
horizon and the other the right horizon. Overall, we argue
that the AdS eternal black hole systems can be prepared in a
plurality of ways, some of which (including those for which
there is only one H®) charge) have a total Hilbert space
which does not factorize H # H; ® Hp. In fact, by the

*For example, one can generalize the original argument
considered in [19] of the duality between 4D N = 4 super
Yang-Mills (SYM) and IIB (Type IIB string theory) on AdSs x
S by starting with IIB string on a disconnected target space
R“TIR!?. One can consider a large-N; number of D3-branes
in the first component and a large-N, number of D3-branes in
the second component, and the gravitational backreaction will
produce two near-horizon throats which are decoupled. In this
language, a key point of our work is to point out the that
transverse spaces of the D3’s, IR6]_[R6, can have boundary
conditions which are entangled.

>This can be obtained from gauging a diagonal Z,-valued
I-form symmetry of the G = SU(N)? theory. Readers perhaps
unfamiliar with such statements are referred to the review
material in Sec. IL

state-operator correspondence, one can see this as a special
case of Statement 1 above when p = 0. In the literature, the
question of factorization for two-side black holes often
called the “factorisation puzzle” (British English spelling),6
but we will simply use “factorization” throughout this work
for notational uniformity.7

Another application of S entanglement arises when we
focus on just one of the constituent theories Tg). This
requires one to take a partial trace of the pure state density
matrix | B) (B]; thus, one is led to consider the generalization
of the SymTFT construction whereby the topological
boundary state is a mixed state. Our top-down string theory
examples of S entanglement, therefore, also construct top-
down examples of ensemble averaging in string theory,
which unifies constructions found in [24,25]. One set of
examples we consider which has particular overlap with
previous considerations of ensemble averaging from bot-
tom-up perspectives displays S entanglement of (—1)-form
symmetries. Since (—1)-form global symmetry background
fields are simply parameters of a QFT, nontrivial mixed
topological boundary states in the SymTFT sector describ-
ing (—1)-form symmetries precisely lead to ensemble
averaging. Additionally, in light of recent work on the
connection between (non)factorization and the dimension of
baby universe Hilbert spaces (see, for instance, [26] as well
as related discussions in [27-32]), we comment on how our
top-down nonfactorizing AdS models have a dimension of
their baby universe Hilbert spaces larger than one and also
display features of having bulk global symmetries.8 In
particular, we obtain the following quantitative result.

Statement 3. Partial traces of SymTFT-entangled states
prepare ensemble-averaged boundary theories, whose
effective baby universe Hilbert space dimension is given
by the exponential of the von Neumann entropy or,
equivalently, the dimension of the Lagrangian algebra of
the SymTFT.

This paper is organized as follows. In Sec. II, we start
by reviewing the basics of SymTFT constructions and
how it is naturally realizes in AdS/CFT. We then define S
entanglement, give a holographic interpretation, and
explore various examples. This section works entirely
in the context of 4D N =4 SYM theories. Section III
discusses other examples of S entanglement including 6D
(2, 0) SCFTs (Superconformal field theories), 3D

6According to [22], this linguistic distinction is due to Henry
Maxfield.

"This is despite the fact that this violates the preprint require-
ments of one of the author’s organizations [23].

SWe emphasize that we, of course, do not claim to construct in
bulk global symmetries in a quantum gravity model, as this arises
only when one looks at part of the system. Specifically, the bulk
picture of our top-down models always take the form of multiple
disconnected AdS spacetimes with some entangled boundary
conditions at infinity, and our baby universe/bulk global sym-
metries statements hold only if one takes into account only a
subset of these AdS spacetimes.
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Aharony-Bergman-Jafferis-Maldacena (ABJM) theories,
and 2D symmetric orbifold CFTs. In Sec. IV, we general-
ize the SymTFT construction to mixed boundary states, as
it naturally arises from taking partial traces of S-entangled
constructions. We show how this leads to (higher)
ensemble averaging in various examples and explain
the holographic implications for baby universe states
and bulk global symmetries. In Sec. V, we apply what
we have learned about S entanglement to eternal AdS
black holes and how this enriches the original proposal of
[21] and discuss some physical consequences of this.
Section VI contains our conclusions and future directions.
Appendix A gives more details on thermofield double
state preparation with S entanglement relevant for
AdS;/CFT,, and Appendix B gives an example showcas-
ing how a simple generalization of our construction can
yield S entanglement for continuous symmetries and a
continuous ensemble averaging.

II. SYMTFT ENTANGLEMENT FOR 4D N =4
SUPER YANG-MILLS THEORIES

Having outlined the concept of SymTFT entanglement (or
S entanglement for short) in the Introduction, we turn now in
this section to concretely presenting our proposal for the
case when the physical boundary theories are copies of

T := (4DN = 4 SYM with gauge algebras 3u(N)). (2.1)

After first reviewing the SymTFT construction for a single
copy of 7 and the dictionary with the holographic dual
(assuming large N), we discuss the field theoretic and
holographic ramifications of our proposal for two identical
copies of 7.

A. Review of SymTFT and holographic
interpretation for 7

We first begin with a review of the SymTFT picture for
the 1-form symmetries of 7 as well as its holographic
interpretation. Readers familiar with SymTFTs can safely
skip the first half of this subsection. Recall that the gauge
algebra 81(N) determines a set of line operators that come
in two (irreducible) flavors: Wilson lines and 't Hooft lines.
Wilson lines are labeled by representations R of 8u(N) and
are defined as

Wg(L) := TrgPexp <1/

A>, (2.2)
L

where P is the path ordering and L is the support of the
Wilson line. A Wilson line can be thought of as an infinitely
massive probe electric particle in the R representation; on
the other hand, 't Hooft operators are infinitely massive
probe magnetic monopoles. Their charge is characterized
by representations of the Langlands dual algebra of 8u(N)

L
— [~ Lo
Lo

FIG. 4. The equivalence class of line operators where two line
operators are identified under an equivalence relation ~ iff there is
a local operator separating the two lines.

which is, incidentally, also 81(N). This means that we can
label the minimal charge ’t Hooft line Hy(L) by the
fundamental representation N, just as Wy has minimum
electric charge. One can also consider dyonic lines by
fusing Wilson and ’t Hooft lines. Note that, while the
operator (2.2) is not strictly speaking Bogomol’nyi-Prasad-
Sommerfield, we will implicitly use Wg (L) to also denote
its %—Bogomol’nyi—Prasad—Sommerﬁeld cousin. We do this
because we are mainly worried about the global symmetry
charge of such line operators [which is the same for
supersymmetric versions of (2.2)] and the amount of
supersymmetry in the situations we consider will be
clear.

Within the set of Wilson and ’t Hooft lines, one can
consider the equivalence class of line operators where two
line operators are identified under an equivalence relation ~
iff there is a local operator separating the two lines; see
Fig. 4. We will call this equivalence class the defect group
of line operators [33,34] (see also Appendix A in [35] for a
gentle introduction), which we will denote by D(!) with the
superscript anticipating that these are charged under 1-form
symmetries. For pure 4D gauge theories (possibly coupled
to adjoint matter like in ' = 4 SYM) with gauge algebra g,
this is given by

D(g)!" := {Line operators}/~ = Z(G..)") & Z(G,.)!V,
(2.3)

where G, .. is the unique simply connected Lie group
associated with g and Z(G; . ) denotes its center. The group
operation of D(g)!) follows from fusion of line operators.
For g = 8u(N), we have

D(su(N)V =z @ (Zv)W.  (2.4)

which are generated by Wy and Hy, respectively, which
explains the subscripts. This implies that N copies of each
can end on local operators. For example, the fact that N
copies of Wy can end on a creation operator for a vector
boson (such that the combined configuration is gauge
invariant) follows from the fact that

106028-4
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Adj c N®V, (2.5)
One can define 2D topological surface operators U(X,) and
V(X,) which measure these equivalence classes:

U Wy(L) = DN (LU (S,). (26)

V(Z,)Hy(L) = 2 K ELINEG(L)V(E,).  (27)
where Link(—, —) denotes the integer-valued link pairing of
1-cycles and 2-cycles in 4D. Together, U and V generate a

1-form symmetry group (ZN)EI) ® (ZN),(J). Because of the
nontrivial Dirac pairing” between electric and mag-

netic particles associated with the representation N, there

is a nontrivial 't Hooft anomaly between (ZN)gl) and

(ZN),(,:) which is captured by the 5D topological action

2w
Ssp =~

b, Ub
Nx52 (&)

(2.8)

via inflow as we take the 4D world volume of 7, M, to be
such that M4 C 0Xs. Here, ¢, and b, are Zy-valued 2-form
gauge potentials.

We will regard the 5D TFT with action (2.8) as the'
SymTFT for 7 where we take the 5D TFT world volume to
be X5 = M4 x I with the interval I = [0, 1] parametrized by
a coordinate y. The CFT 7 is localized at y = 0, while
y =1 is a topological boundary condition whose purpose
will be made clear below. The topological surface operators
of this 5D TFT are given by

i
U(s,) —exp(i‘ / c2>, (2.9)

N Js,

27i

V(%) =exp|— [ b2, (2.10)

N Js,

which satisfy the algebraic relations
U(S)V(S) = FERDIYVEUE,),  (2.11)

9Technically, we mean the Dirac pairing modulo 1. As an
example, let us take N =2 and turn on a vacuum expectation
value (VEV) for an adjoint scalar which Higgs the gauge group to
U(1). In the normalization where the W bosons have electric 42
under this U(1), the Wilson line operators decompose as
Wy —> W, + W_; where the subscript is the U(l) charge.
Meanwhile, the 't Hooft line operators decompose as
Hy — Hy + H_p, where H,, ), is defined by the condition
that [ Fy) = £1/2 for an §? linking the "t Hooft operator.
This Higgsing picture makes clear that W, and H, have Dirac
pairing %modl.

A5 ‘mentioned in the Introduction, what we call SymTFT
throughout most of this work captures discrete internal sym-
metries.

UEZ)VN =1, V(Z,)N =1, (2.12)
where Link(—,—) denotes the integer-valued link
pairing of 2-cycles in X5 and ~ denotes homological
equivalence. Given some y,€[0,1], the dictionary
between SymTFT topological operators and symmetry
operators of 7 is

UZ, x{y}) (ZN)EI) symmetry operator,  (2.13)

V(Z, x {yo}) © (Zl\,)ﬁn1> symmetry operator. (2.14)
Moreover, Wilson and ’t Hooft line operators with support
L Cc M, x {y = 0} are, respectively, attached to V(L x I
and U(L x I). This implies that the 5D link pairing (2.11)
reproduces the usual action of symmetry operators on
charged line operators. In other words, after reducing on /
we have, for instance,

U(S)W(L) = FURESIW(L)U(S,)  (2.15)
and similarly for action of V on Hy. Note that the link
pairing between 1-cycles and 2-cycles in (2.15) descends
from the 2-cycle link pairing in 5D.

Note that when the theory 7 is placed on a Euclidean
4-manifold M, such that |H,(M4, Zy)| #0, it is well
known that the relative theory 7 does not enjoy an
unambiguous partition function but should be described
by a partition vector [36,37]. In SymTFT language, this is
simply due to the fact that the quantization of the action
(2.8) along [ assigns a Hilbert space of dimension N X
|Hy(My,Zy)| to My. One can obtain a well-defined
partition function by selecting topological boundary con-
ditions at y = 1. Such boundary data are equivalent to
selecting a polarization'' for the Heisenberg algebra in
(2.11) (see, for instance, [38] for more details). Upon
selecting such a boundary state |By,) € Hs(M,), then

reducing on [ yields an absolute 4D QFT, 7 (BM, whose
partition function is schematically

ZB[{)p (M4) = <T|Btop>a (216)

where |7') denotes the nontopological boundary state with
the localized N = 4 gauge degrees of freedom. We will
highlight below how these choice of boundary conditions
determine which line operators are genuine or nongenuine

“Choosing a polarization specifies the absolute theory only up
to the addition of local counterterms or symmetry-protected-
topological (SPT) phases. One way to refine this choice is to
consider a polarization pair, namely, two Lagrangian algebras in
the SymTFT, with one determining the global form of the gauge
group and the other selecting the corresponding counterterm or
SPT stacking [10].

106028-5



ETHAN TORRES and XINGYANG YU

PHYS. REV. D 113, 106028 (2026)

(i.e., those which require a two-dimensional surface oper-
ator to be attached to them).12
For example, let us take the case of N =2 and
Hy(My,Z,) = Z, for simplicity. Then, along the y =1
boundary, we can, for instance, choose Dirichlet boundary
conditions for b, and a Neumann boundary condition
for c,:
b, | - fixed,

dye, =0, (2.17)

where d, := a% dy is the exterior derivative transverse to M.

This amounts to choosing the global topology of the 4D
gauge group to be SU(2), which follows from our above
definitions, as the Dirichlet value b,|,_; = B, (well defined
up to shifting by exact 2-forms and large gauge trans-

formations) is the background field for the (22)2” global
symmetry. Notice that ¢, being dynamical along y =1 is
necessary for U(X,) to be a nontrivial operator in the
theory, while V(Z,) is simply a ¢ number times the identity
surface operator. Additionally, such boundary conditions
also have implications for U and V with support along the
interval direction. For instance, we can allow V(L x I) to
end on the topological boundary at y = 1 but are forbidden
from ending U(L x I) on it in a gauge-invariant manner."”
Meanwhile, both U and V can end on the nontopological
boundary at y =0 as ’t Hooft operators or Wilson
operators, respectively, which are nontrivial in the defect
group equivalence class. Upon closing the SymTFT sand-
wich, this implies that such Wilson lines will be genuine
line operators (not attached to higher-dimensional oper-
ators), which such ’t Hooft lines must be attached to the
symmetry operators U, see Fig. 5 for a summary.
Highlighting more general boundary choices, we can
take a Dirichlet boundary condition for c¢,, where

¢3],—1 = C, is the background field for the (ZZ)E,:) global
symmetry, and a Neumann boundary condition for b,
amounts to choosing SO(3) as the gauge group. Of course,
when |H,(My,Z,)| > 1, there are more general choices
one can make, but we will always choose polarizations
which treat each of the generators of H,(M,, Z,) on equal
footing for simplicity. Additionally, even when
|H,(My, Z5)| = 1, there is yet another polarization choice
which amounts to picking Dirichlet condition for b, + c¢5.

“In general, given a boundary state of a SymTFT for the
symmetry category C, it corresponds to a topological boundary if
and only if it is associated to an object m of the (higher) module
category M over C. Physically, M gives rise to “representations”
of C, which needs the states to form a closed set under the action
of topological operators generating the symmetry C. For fusion
category symmetry in 2D QFTs, this is completely understood in
rigorous mathematical language [39] (see also [6,40-43] for a
partial list of recent physical discussions).

There is a slight abuse of notation here, since the world
volume of such U operators would be as depicted in Fig. 5 rather
than L x [.

1
su(2) theory |0>

SU(2) theory

FIG. 5. Left: SymTFT setup for 4D N = 4 3u(2) theory with
topological boundary condition |0). Right: closing the sandwich
fixes the gauge group to SU(2) where minimal charge Wilson
(’t Hooft) line W, (H,) is genuine (nongenuine).

This results in a SO(3)_ gauge theory where the subindex
labels the nontrivial discrete theta angle [33]. The (Z,)(")
global symmetry in this case acts nontrivially on dyonic
line operators W,H,. The case without the discrete theta
angle will be denoted G = SO(3), below.

We now take a concrete look at the Hilbert space the
SymTFT assigns to M, in this context with N =2 and
b, = 1 and what it means to choose various polarizations.
This can be presented as a two-dimensional space with
qubit basis vectors |0) and |1), which we take to be
eigenvectors of U:

V[0) = 10),

V|1 = —|1), (2.18)

uloy =11), Ull) =10). (2.19)
V and U are, thus, also known as “clock” and “shift”
operators, respectively. These eigenstates are relevant for the
theory with the global form SU(2) because, from (2.10), we
see that the |k) state is associated with a background
J,, B> =kmod2, where (y,) =Z, = H,(M,,Z,). Similarly
from (2.19), the operator U acts as the symmetry operator,
since its presence changes the background field. For the
choice of G = SO(3) ., one could make similar statements
for the basis of vectors which are eigenstates of V instead,
but we will choose to stay in the U-diagonalized basis. This
means that the V eigenstates are

1
V2

where the + = (—1)? coefficient is determined by the value
of fy C, = #mod2. Meanwhile the G = SO(3)_ polariza-

tion boundary states must be eigenstates of the operator

(10) £11)), (2.20)

W= iVU = exp <i/>:2(b2+cz)>, (2.21)

which are \/% (|0) & i|1)) where the + = (—1)" coefficient
is determined by the value of fy(Bz + C,) = mmod2. The

results are summarized in Table I. For latter purposes, we
gen lines for the

find it helpful to introduce the notation V|B)
algebra of genuine line operators for the theory associated

106028-6
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TABLE I.  Qubit states in the Hilbert space of the SymTFT for
global forms of 4D 8u(N) SYM and the genuine line operators
with minimal 1-form global symmetry charge.

Global form Qubit Min. charge
or polarization boundary states genuine lines
SU(2) |0) and |1) W,
S0(3). 2 (0) £ 1)) H,
SO(3)_ 1=(10) £ i[1)) W,H,
with  SymTFT boundary state |B). For example,

Wz c V‘g(;:)n hnes’ while H2 ¢ V‘goe;l hnes'

One can now recover the fact that the G = SU(2) and
G = S0(3), theories are related by gauging their 1-form
global symmetries by the fact that their topo-
logical boundary states are discrete Fourier transforms
of each other. For instance, denoting Zgy) (k)=
ZSU(Z)(fyz Bz = k) = <T|k>, then

1 i C
Zs03), (C2) = NG <ZSU(2)<O) +e Jn ZZSU(Z)(1)>'

(2.22)

Indeed, one perspective of the fact that ’t Hooft operators
|

G = SUQN)/Z,: —

S

2

(k) + (1IN + k) = /c2 = ¢mod2,

are nongenuine for the SU(2) theory is that they are
charged under a (Zy)") gauge symmetry, which is the
same 1-form gauging that would reverse the process
of (2.22) to take one from SO(3), to SU(2).

For general N, the set of possible polarizations one can
take are heavily dependent on number-theoretic properties
of N, but we can always consider the choices G = SU(N)
and G = PSU(N) := SU(N)/Zy, which are related to each
other by gauging their respective (Zy)(") global sym-
metries. Assuming H,(My,Zy) = Zy, their SymTFT
boundary states (depending on the 1-form symmetry back-
ground fields) are given by

G =SU(N): |k) = /B2 = kmodN,
G =PSU(N): —= ) e¥rIN|k) = / C, = #modN.
D

(2.23)

As an example of more intermediate cases, consider
8u(2N) SYM theories. These additionally include the
cases (ignoring discrete theta angles)

/32 = kmodN,

1=,
G =SU2N)/Zy: \/TVZ 2T REIN D 4 k) = / C, = #modN, / B, = kmod2.
k=0

Such cases have two background fields, because there exist
both electric and magnetic 1-form symmetries: The former
has a Z](\})e X Zg;
Zy) X Ziy),

Before moving onto the holographic interpretation of
this SymTFT story, we comment on the case of taking
M, = R*. One might conclude that the SymTFT Hilbert
space assigned to R* is trivial and that there are no
meaningful notions of global form of the gauge group in
R*. However, we know that this latter statement is
incorrect, as it was first shown in [33] that gauge theories
in flat space which differ by global forms of gauge theories
can indeed have different phase structures. In the SymTFT
setting, one can address this technicality by formally
compactifying the Euclidean world volume and taking
the volume to infinite size. Since we already mentioned
above that we consider only polarizations that treat cycles
uniformly, this technicality will not play any role in
this work.

global symmetry, while the latter has

1. Holographic interpretation

In the large-N limit, there exists a dictionary between the
SymTFT picture and the holographically dual IIB theory on
AdSs x §? as first discussed for similar theories in [13,14]
(see also [44] for a helpful introduction and the earlier [36]).
The basic idea starts by reducing the IIB supergravity action
on the internal S° with N units of five-form flux; the effective
action includes a topological term N |, ads; B2 A dCy

as it descends from the 10D term [Cy A H3 A F3. We
see that this 5D term is identical to that of (2.8) up to a
normalization, and one obtains bona fide discretely valued
fields as in (2.8) if the kinetic terms of B, and C, vanish. This
is indeed the case in an infinitesimal neighborhood of the
boundary, as the field fluctuations in this neighborhood have
an infinitely large redshift with respect to the bulk degrees of
freedom. That is the sense in which we obtain a topological
field theory close to the boundary where the boundary
conditions of AdS space are identified with the topological
boundary of the SymTFT picture; see Fig. 6. Meanwhile the
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Z =€

F1-string (R, x L)

|D1-string ({z =0} x X»)

<
<

FIG. 6. Poincaré patch of AdSs spacetime. The standard
SymTFT sandwich in a limit € — 0 where the spacetime z > ¢
is captured by the physical boundary condition [i.e., u(N) N =
4 SYM], and the z = 0 boundary corresponds to the topological
boundary condition, which we implicitly take to be |0). The
region [0, ¢] as the SymTFT interval. Note that we do not show
the temporal directions of L, or Z,.

bulk physics, as captured by the gapless degrees of freedom
of the CFT, are, of course, identified with the physical
boundary.

To state the SymTFT-AdS spacetime dictionary pre-
cisely, let us consider a Poincaré patch of the AdS;
spacetime which has metric

2 4D . .uv
ds> = R (%). (2.24)

Equivalently, this means we either take the boundary theory
to be R*! or R* depending on the signature of the bulk
spacetime. We then have the following dictionary for the
lines generating the defect group (2.4):

Wx(L,) & F1

stringon R, x L, (2.25)

Tn(Ly) © D1 stringonR_ x L. (2.26)
In Fig. 6, we took the boundary condition |0) which yields a
SU(N) SYM theory, which in the spacetime picture implies
that the F'1 string is free to end on the boundary z = 0,
while D1 strings are forbidden from ending. The fact that N
F1 strings can end on a D5-brane wrapping the internal S°
is mirrored in the field theory by the fact that N Wilson
lines can end on a local operator (often called a “baryon
vertex”) [45]." While the statements (2.25) and (2.26) have
long been appreciated in holography (see also [47]), it was
relatively recently shown that the topological operators
generating the electric and magnetic 1-form symmetries
can also be realized from branes [13,14]:

V(X%,) © DI stringon {0 < zg <€} x X, (2.27)

YSee also [46] for a recent discussion on these baryonic
operators from a SymTFT perspective.

U(%,) © F1 stringon {0 < zp <€} X X,. (2.28)
These objects become topological in the limit € in the sense
their fluctuations are redshifted away from affecting bulk
observables. These statements can, of course, be general-
ized from a flat space CFT world volume to a general 4D
manifold where a coordinate z can be defined in the
negatively curved bulk near the boundary.

These statements all have parallels in the dictionary
between SymTFT and geometric or brane engineering of
field theories [15,16]. Relevant to the case at hand is the
system of N parallel D3-branes, where the radial coordinate
of the transverse R is related as r ~ 1/z to the Poincaré
patch coordinate above. Wilson (’t Hooft) lines are engi-
neered from F'1- (D1-) branes stretching from the D3-brane
stack out to r = oo, while topological operators are
engineered from F1- (D1-) branes with world volume
support at r = oo. Note that an overall U(1) center-of-mass
gauge theory factor may or may not be present depending
on what boundary conditions we take along the angular $°
at r = oo. These boundary conditions are more general than
the topological ones considered earlier in this section, and
the corresponding holographic version of the boundary
conditions are spelled out in Appendix A in [48].

Finally, we end with a disclaimer that we are, strictly
speaking, not studying the “full SymTFT” of 4D N =4
SYM but only restricting to the 1-form symmetry operators
and their charged objects. As mentioned in [13-15], the
Wess-Zumino terms on branes can enhance the algebraic
structure of these topological operators built from branes to
be noninvertible. These technicalities will not play much
role in this work, since our main focus on invertible
symmetries will factor through, but we leave a more
thorough treatment for future work.

B. SymTFT entanglement between two copies of 7

We turn now to studying the behavior of two copies of
the SymTFT sandwich constructions considered in the
previous subsection. Note that if we take two copies of the
same physical boundary QFT 7 in (2.1) which we denote
T, and 7T ,, then, of course, a priori we could choose two
separate topological boundary conditions, B, and B,, to

obtain two absolute QFTs TEB” and Tg&). After compac-
tifying the intervals of both sandwiches, the system is
equivalent to two decoupled copies of 7 on disconnected
4-manifolds." By the axioms of QFT, this is equivalent to a

“Notice that it is equivalent to present the SymTFT picture for
this composite system as the tensor product of SymTFTs S ®
St placed on Mp x I or as the SymTFT S placed on the
disconnected manifold (M, x I)[J(Mp x I). This equivalence
follows from the Atiyah-Segal axioms where TFTs can be
regarded as functors between symmetric monoidal categories
and the fact that one can take tensor products of functors. We opt
for the latter of these presentations throughout our work.
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tensor product CFT T ® T where, by definition, the
Hilbert space ass1gned to some spatlal slice Mp_; takes the
factorized form
Hr,e1,(Mp_1) = Hr (Mp_1) @ Hr,(Mp_y).  (2.29)
Similarly, partition functions also factorize Z7 g7, (Mp) =
Zr,(Mp)-Zr,(Mp), and data such as the algebra of

. (gen lines)
genuine Vl BB

V(gen fines) @ Vis gen nes) For example, let us take |B;) = |0)

1B))
and |B,) = \/‘Z V'k); then, our CFT is simply N = 4
SYM with gauge group SU(N) x PSU(N).

The key point of this section is that there is no reason to
restrict topological boundary states to be of the factorized
form |B,)|B,) for this two-sandwich SymTFT system.
Indeed, the Hilbert space the 5D SymTFT Ssp [with
action (2.8)] assigns to the disconnected topological boun-

dary Mp][Mp, a tensor product Hilbert space

line operators also factorize:

Hs(MplIMp) = Hs(Mp) ® Hs(Mp). (2.30)
and generic states of this are entangled. To obtain a
topological boundary, one is free to consider entangled

states which are representations of the Heisenberg algebra
27i
ViU, = exp (W‘SU> Uu,vi, 1,J=1.2 (2.31)

Perhaps the simplest example of such an entangled
boundary state is

1 N—-1
= TNZ k) |k). (2.32)

k=0

Upon reducing along the interval direction of the SymTFT,
this will cause the Euclidean partition functions on general
4-manifolds to no longer factorize:

—_
2

= (T:(T2)IB) = (Zsu( ) (K))?2.

0

v (2.33)

To better understand this, notice that the state (2.32)
satisfies the following relations:

=~
Il

UilB) = Us|B).  Vi|B) =V3'IB). (2.34)
In the SymTFT setup, this means that we are free to
“teleport” symmetry operators U, (X,) and V(Z,) from the
first interval to the second by moving them to the
topological boundary; see Fig. 7. At the level of symmetry
operators, this indicates that there is a correspondence
between the electric and magnetic 1-form symmetries

between the two intervals and from the definition of

FIG. 7. Teleportation of operators due to the entangled boun-
dary conditions relevant for the gauge group structure

SU(N)?/Zy(1,-1).

U and V operators is equivalent to enforcing the boundary
conditions

. 1 2 1 2
(Dirichlet) : c; )|y:1 —cg >|y:1 =0, bg )|y:1 +b£ >|y:l =0,
(2.35)

(Neumann): dycgl)|y:l + dyc§2)|y:] =0,

dyby |y = d, b5,y = (2.36)
for the 5D gauge fields of the SymTFT.

At the level of line operators, notice first that if we
rewrite (2.34) as

U3'U,|B) = V,V|B) = |B). (2.37)

then the fact that |B) is an eigenvector of U5'U; and V,V/,
means that these operators can terminate on the topological
boundary as implied by the orientation of the arrows in
Fig. 7. Such a configuration, however, again appears as a
form of teleportation: An operator U; with support along the
first interval can thread through the topological boundary to
become U, (oriented in the opposite direction). In fact,
because |B) is not an eigenvector under U; nor V/, this
means that one cannot end U, on the topological boundary,
without also including U, ending on its topological boun-
dary. This allows us to conclude that the set of genuine line
operators for this system does not factorize, explicitly
realizing Statement 1 in the Introduction. In particular, let
(R,, R,) denote a representation of 8u(N) x 31(N); then,
the above S entanglement implies, for example,

(gen lines)

W(NN) and H(N N) S V\B s (238)

¢ V gen lines) .
(2.39)

H(N,l)’ and H

Such a list of genuine and nongenuine line operators is
identical to that of SYM theory with gauge group

SU(N) x SU(N)

G =
Zy(1,-1)

(2.40)
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where the quotient identifies  ({ylywn, Lyxy) ~
(Inxns Cylyxy) in matrix notation. One can see that this
is indeed the case from the fact that, if one starts with
SU(N)? SYM and then gauges the subgroup of the electric
I-form global symmetry Zz(\:) X Z}J) generated by
(1, —1)modN, this yields the gauge group (2.40). This is
similar what we saw in the previous subsection where the
PSU(N) SYM theory can be obtained from SU(N) by
gauging the electric 1-form symmetry. The theory with
quotient gauge group (2.40) will have a Z](\})m magnetic
symmetry due to the fact that z,(G) = Zy, and there will

additionally still be a Zy
Z(G) = Zy.

One can also consider turning on background fields for
the Z 1\;)5 X ZE\})m global symmetries, which corresponds to
modifying (2.37) to

electric symmetry, since

U5'U\|B)=e*IN|B),  V,V,|B)=e>"/N|B), (2.41)
which is satisfied by the states
1 o
IB) = —= ¥ kIN|)|k = £). (2.42)
i

The eigenvalues in (2.41) correspond to the Dirichlet values
for the background fields, i.e.,

1 2 1 2
/Cg)|y1_cg>|y1:f7 /bg>|yl+b<2)|y1:f/

72 V2
(2.43)
for all 2-cycles y, in M,.
Alternatively, we can consider the gauge group
SU(N) x SU(N
G — SU(N) x SU(N) (2.44)

Zy(1,1) ’

where the Z, quotient identifies ({ylywns Iyxn) ~
(Iyxn> v Iyxn)- Some examples of genuine and non-
genuine line operators in this case are

gen lines)

Wiy and Hg €V, (2.45)

en lines
W(N,l) , W(I,N)’ H(N,l)’ and H(IN) ¢ Vl([gg> ) (246)

Once again, there is a Z%lz X ZE\})m global symmetry group,

the analogs of the conditions (2.41) are

U Uy |B) = IN|B), V3!V, |B) = "/N|B).  (2.47)

and the relevant boundary states are

1 o
1B) = ﬁZez’”M NIk |~k + ). (2.48)
k=0

1. Interface picture

As mentioned in the Introduction (see Fig. 2), one can
equivalently present two disconnected SymTFT sand-
wiches (with or without S entanglement) as a single interval
configuration with physical boundary conditions on both
sides and a topological interface in the middle. Indeed, even
staring at Fig. 7 suggests that the teleportation of the
symmetry operators or defect operators could be interpreted
as a simple translation along the y direction after gluing the
two intervals.

Such a claim follows from a simple application of the
Atiyah-Segal axioms to the background field (BF)-like
theory (2.8). If we quantize the TFT in the y direction, then
the vector space of all possible topological interfaces
localized at some y = y, is equivalent to the vector space
that the TFT assigns to M4][M,. This means that an
interface 7 acts as a matrix

Ip < Zcij|i><j| (2.49)

when translating states along the y direction. We have
labeled by a subscript 3 because one can obtain this matrix
from a state |B) = >_;; ¢;;]i)|j) flipping the second “ket”
for a “bra.” Take, for instance, the SU(N)?/Zy(1,-1)
case; then, the corresponding interface is the identity (up to
an overall normalization)

1

1 N-1
B) = TN; ) = Ty = ST (2:50)

To complete the dictionary between the two-sandwich
picture and the interface picture, we must apply the identity
(T|k) = (k|T)* = (k|T") to match the partition functions
or observables to match. Here, |7 ") is the boundary state
for the orientation reversal of the theory 7" which will differ
in two ways from 7. The first is that the complexified
gauge coupling 7 = 47i/giyy + 0/2x will transform as
7 — —7*, while the second is that the 't Hooft line 1-form
charges will flip sign. The latter is due to the fact that,
because magnetic fields are pseudovectors, magnetic
charges are pseudoscalars. Indeed, this allows us to make
sense of the fact that, in Fig. 7, that orientation-reversal
properties of the U and V operators are different'®:

y—==y=>by——by, ¢ +c. (25])
This is a symmetry of the action (2.8) and upon acting with
S duality permutes to a transformation under which b, is

even and ¢, is odd. This is the perhaps familiar fact

'“This relation should be viewed at the level of forms,
where, for instance, in terms of components where if u and v
denote directions along My, then (b,),, — —(b,),, while

(b2)y = +(b2)y,-
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that P and CP are exchanged under S duality in
N =4 SYM.

If we consider the more general boundary states with
1-form background fields turned on (2.42), then the
corresponding interface will act on the U and V operators
crossing it by phases. Meanwhile, the interface for the
SU(N)?/Zx(1,1) case will flip the charges of the U and V
operators crossing it, so will have the opposite behavior in
Fig. 7. Finally, for the case G = SU(N)?, which has no S
entanglement, the interface allows U operators to end on it,
from either the left or the right independently, which means
that no operators are allowed to pass through.

2. Bipartite SymTFT entanglement generalities

While we have considered S entanglement only between
identical theories in this section, we emphasize that such
entanglement may always exist so long as two theories 7 ;
and 7, share a common symmetry subcategory. Let S be
the SymTFT corresponding to this subcategory; then, by
assumption, there exist two physical boundary conditions
T, and 7,. For a general S, classifying the set of
topological interfaces may be highly nontrivial in contrast
to the 5D BF theory above. However, because the identity
interface always exists, one can always consider a
maximal (sub)symmetry entanglement between 7 ; and
T,. We also touch on such scenarios in Sec. VD. As a
simple example, consider 4D N =4 SYM with gauge
group (SU(2N) x SU(6))/Z,. This entangles the Z, sub-
group of the Z,y 1-form symmetry of the 81(2N) theory
with the Z, subgroup of the Z4 1-form symmetry of the
3u(6) theory. In the SymTFT picture, the operators U" and
VN from the left side are allowed to pass through the
interface and become U? and V3, respectively.

C. Holographic interpretation

We now address the holographic interpretation of S
entanglement which, given the SymTFT-holographic dic-
tionary given in Sec. I A, is fairly straightforward.
Consider a configuration consisting of two disconnected
copies of the AdSs x S° spacetimes depicted in Fig. 6. As
we learned from Sec. IT A, the SymTFT fields b, and ¢, can
be, respectively, identified with the reductions of the IIB 2-
form potentials B, and C, on the S3 (with all legs along the
AdS;s directions). S entanglement between the two con-
formal boundaries just means that the boundary conditions
for these 2-form potentials are correlated in some way. For
instance, from (2.35) and (2.36), we see that the boundary
conditions relevant for the G = SU(N)?/Zy(1,-1)
case are

1 2
z:0:O7 Bé )|z=O+Bg )|z=0:0’
(2.52)

(Dirichlet) : ¢{"|._—C%

AdsSV AdS? AdsSV AdSS?
Allowed Banned
FIG. 8. Examples of allowed and banned F1/DI1 string

configurations for the bulk dual of 4D SYM theory with gauge
group SU(N)?/Zy(1,-1]).

(Neumann): dZCgl) l.—o + dZCf)
dzBé1)|z:0 - dng2)|z:0 =0,

7=0 — 0,

(2.53)

where d, = a%dz is the exterior derivative along the AdSs
radial direction. Combining the holographic dictionary of
Sec. II A with the SymTFT conclusions of Sec. II B implies
that F'1 and D1 strings can teleport from one universe to the
other by connecting through their conformal boundaries.
Moreover, as we saw from the previous section, it is not
possible to place a U (L x [0,1]) or V(L x [0,1])
operator along the first SymTFT interval without including
a corresponding U (L x [0, 1]) or V(L x [0, 1]) in the
second interval. In bulk language, this leads us to conclude
that allowed configurations of F1/D1 strings are such that
an F1/D1 string can end only on the conformal boundary

of AdSél) , if there is a corresponding F'1/D1 string ending

on the conformal boundary of AdSéz); see Fig. 8. All other
configurations are inconsistent with the boundary condi-
tions (2.52).

Another bulk interpretation of such a phenomenon is that
there exists some sort of wormhole connecting the dis-
connected AdS spacetimes at their conformal boundaries.
This wormhole is topological in the sense that the precise
positions of the branes ending on the boundary are not
dynamically correlated. In dual CFT language, this is
equivalent to the fact that we are free to make a deformation

Wonso(L) = Wi (L) - V(E) - W s (L), (254)
where 0% = L]JL'. This topological nature is ultimately

due to the fact the stress tensors of the two CFT copies
commute with each other.

1. Comment on D3-brane picture

From the perspective of the above AdSs background
before considering the backreaction and near-horizon limit,
we simply have a string background consisting of two
disconnected 10D Minkowski spacetimes, each containing
a stack of N D3-branes. String theory on disconnected
spacetimes is hardly exotic, as the perturbative world sheet
CFT picture just consists of a sigma model with a
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disconnected target space. The 2D CFT Hilbert space just
factorizes as a connected sum. Altogether, this just means
that the bulk fields along the asymptotic boundaries

(S5)$:1’2> surrounding the D3 stacks are coupled as in
(2.52) but with z = 0 replaced with r = oo the [RGl radial
coordinate.

III. OTHER EXAMPLES OF SYMTFT
ENTANGLEMENT

In this section, we extend the construction of S entan-
glement to holographic setups in dimensions other than
four. Our aim here is not to analyze these cases with the
same level of detail as in the example of 4D N/ = 4 SYM
but rather to illustrate the generality of the framework. A
more systematic treatment of specific models will be
deferred to future work.

A. D =6: Absolute SCFTs via SymTFT entanglement

Six-dimensional SCFTs are intrinsically relative QFTs,
in the sense that their associated 7D (Sym)TFTs17 generally
do not admit topological boundary conditions. As a result,
the corresponding Heisenberg algebra of topological oper-
ators admits no polarization, and, hence, the 6D theory
lacks a well-defined global structure.

Nevertheless, it has been shown in [10,49] that direct
sums of such relative 6D SCFTs can sometimes admit
polarizations, thereby yielding absolute theories with well-
defined global structure. We reinterpret this phenomenon as
an instance of S entanglement.

Consider the 6D N = (2, 0) theory of type Ay, i.e., with
Lie algebra ¢ = 3u(5). Its associated 7D TFT is a Chern-
Simons theory at level k = 5:

5

— A dcs. 3.1
e Mot C3 C3 ( )

The topological line operators
U, =exp (in/ c3>, ne”Zs, (3.2)

Z3
generate a Heisenberg algebra
2zimn

U,U,=U,U,exp 5 ) (33)

whose defect group D(?) = Z5 does not admit a Lagrangian
subgroup. As a result, the theory 1is intrinsically

YStrictly speaking, “SymTFT” is an abuse of terminology
here, since the absence of topological boundary conditions
prevents the separation of symmetry operators from charged
defects in the TFT.

relative [50], and no polarization exists for constructing
a Hilbert space basis on a general 6-manifold M.

However, consider the decoupled pair of theories
A, @ Ay The associated bulk 7D theory consists of two
Chern-Simons gauge fields ¢; and ¢, and the correspond-
ing topological operators take the form

Upw = exp <l/ ney + n’0’3>, n.n'€Zs. (3.4)
Z3

The resulting Heisenberg algebra
2 : 1.,/
Um,m' Un,n' = Un,n’ Um,m’ €Xp <M) (35)

now has defect group Zs @ Zs, which does admit
Lagrangian subgroups. For example, the subgroup gener-
ated by (1,2)e{(a,b)la,b=0,1,2,3,4} =75 ® Zs
gives rise to a set of mutually commuting operators:

Vo, V1.V, V3, Vy} ={1,U,,,Uz4.Us 1, Ugs}. (3.6)

These operators define a polarization of the tensor product
Hilbert space ‘H ® H, which becomes a five-dimensional

qudit space with basis vectors |a) labeled by

2rina

V,,|a>—exp( >|a>, a€Zs.  (3.7)

The resulting absolute theory, defined by this polariza-
tion, is denoted by ((SU(5) x SU(5))/Zs),. Another
Lagrangian subgroup, generated by (2, 1), yields an
orthogonal basis {|b)} corresponding to the global form
((SU(5) x SU(5))/Zs)_. We summarize:

|a) < ((SU(5) x SU(5))/Zs) .,

b) < ((SU(5) x SU(5))/Zs) . (3.8)

These states |a) and |b) are not tensor product of states in
‘H. Rather, they are entangled states, and it is this
entanglement that renders the combined system absolute.
Figure 9 gives a schematic representation of this construc-
tion. In this sense, S entanglement provides a concrete
mechanism for realizing global structure in intrinsically
relative 6D theories.

See also [11] for a recent related interpretation via
Wigner wavefunctions.

B. D=3: ABJM theories and Mixed-Form Symmetry
Entanglement

In contrast to the examples in 4D and 6D, where we only
consider intermediate defect groups [10], the three-dimen-
sional ABJM theory [51] exhibits a particularly rich
symmetry structure: its associated SymTFT involves
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|a) 5, —o
—eo = o ® A } entanglement
A4 @ A4 A4 A4 14.—.
4

FIG. 9. Schematic depiction of S entanglement for two copies of the 6D A, SCFT. Each copy corresponds to a 7D Chern-Simons
theory with a relative boundary condition on the bottom edge (black) and a symmetry boundary condition on the top edge (colored). The
interface (middle) glues the two systems via a Lagrangian algebra in the combined Heisenberg algebra, yielding a topological boundary
condition for the folded theory. This construction produces a symmetry-entangled state in H ® H, which corresponds to an absolute

theory with global form ((SU(5) x SU(5))/Zs)..

UWN), UWN)_

FIG. 10. The ABJM theory is a Chern-Simons—matter theory
with gauge group U(N), x U(N)_; and bifundamental matter
fields. It describes N M2-branes probing a C*/Z, singularity.

multiple background fields coupling to both 0-form and
1-form global symmetries. This enables novel forms of
S-entanglement that intertwine different types of symmetry
sectors. See Fig. 10.

To set the stage, we first review the topological
boundary conditions in the ABJM SymTFT and the
corresponding global structures of the theory [52].
These boundary conditions select distinct polarizations
of the bulk operator algebra, determining which global
symmetries are genuine, which defects can end, and which
global form of the gauge group is realized. In the second
part of this section, we will construct symmetry-entangled
states by gluing two such boundary conditions diagonally
and interpret the resulting global structures as entangled
state of the SymTFT.

1. A Review of SymTFTs for ABJM theories

We begin by a lighting review of the structure of the
SymTFT associated with the ABJM theory and refer the
reader to [52,53] for more details. This will allow us to
precisely define the meaning of boundary conditions and
clarify which global symmetries are genuine in each case.

The ABIM theory with gauge group U(N), x U(N)_,
admits three interrelated global symmetries:

(i) a magnetic U (1),(,(1J symmetry, under which mono-

pole operators are charged;

(i) a baryonic U (1)5;)) symmetry, under which baryonic
operators built by bifundamental matter are
charged; and

(iii) a discrete 1-form symmetry, either Z,({]) or ZE\}),
depending on the global form.

However, not all three symmetries can be simultaneously
genuine: They are related by the SymTFT action [52]:

1
— B, A d(kC NA,),
27 Ju, 2 (kCy + NA;)

(3.9)
where Cy, A, and B, are background gauge fields for
U(1)g, U(1),,, and the 1-form symmetry, respectively.
To define a well-posed 3D QFT, we must impose
topological boundary conditions (on the asymptotic boun-
dary in string theory setup) on these background fields. For
simplicity, below, we describe three canonical boundary
conditions, corresponding to three standard global structures.
(1) Dirichlet for A; and C,, Neumann for B,. This
boundary condition allows DO-branes (electrically
charged under A;) and D4-branes (charged under
C,) to end on the boundary but forbids F'1 strings
from ending. As a result, we have a

(0)
U( 1 ) 0 % chd{N,k}

global symmetry. This corresponds to the global
form

UN) x UNN)_; _ SU(N); x SU(N)_

., (3.10

where Wilson lines are not genuine operators.

(ii) Dirichlet for Ay and B,, Neumann for Cy. This
boundary condition allows F1 strings and
DO-branes to end but not D4-branes. Consequently,
we have

Uy x z9

global symmetry. The associated global form is
UN)y x U(N)_. (3.11)

(iii) Dirichlet for C, and B,, Neumann for A;. This

allows D4-branes and F1 strings to end but not
DO-branes. Thus, we have

Uy xzy

global symmetry. The global form in this case is

106028-13



ETHAN TORRES and XINGYANG YU

PHYS. REV. D 113, 106028 (2026)

SU(N); x SU(N)_, (3.12)

In each of these three cases, the boundary condition
selects a maximal commuting subalgebra of the SymTFT
operator algebra, effectively specifying a polarization.
These polarizations correspond to physical choices of
global structure for the theory. More exotic, “intermediate”
boundary conditions may exist (e.g., partial gauging or
discrete quotients), but we focus on the above three for
clarity and concreteness.

In the following, we will construct entangled states in the
doubled SymTFT Hilbert space by gluing together two
copies of the theory along these boundary conditions. Each
such gluing defines a different symmetry-entangled inter-
face, leading to distinct combinations of gauged sym-
metries and resulting global forms.

2. SymTFT Entanglement for ABJM theories

Consider two copies of the ABJM theory and their
associated SymTFTs. A simple, unentangled state corre-
sponds to the direct product of two absolute ABIM
theories. For instance, the global form

U(N); x U(N)_; % UN), x UNN)_;
Zy Zy

can be interpreted as such an unentangled configuration.
Alternatively, this state can be viewed as the SymTFT (3.9)
bounded by two copies of the relative ABJM theory, glued
along a topological interface that does not mix the field
profiles on either side. Explicitly labeling fields on the two
sides with superscripts (1) and (2), respectively,'® this
configuration corresponds to the boundary condition:

(3.13)

Dirichletfor A", ¢!, AP, and ¢, (3.14)

To construct an entangled state in the tensor product
Hilbert space of the two SymTFTs, we instead consider a
topological interface 7 that glues the field profiles across
the two sides. A natural choice of gluing condition is

1 2
V=4 Vp=c?l (3.15)

This boundary condition leads to a new absolute global
form:

U(N)g x UN)_; x U(N); x U(N)_;

Zy
_ SU(N); x SU(N)_; x SUN); x SU(N)_,
— z

(3.16)

"We hope the reader will not confuse these superscripts with
those used elsewhere in the paper to denote the degree of
generalized symmetry.

The genuine global symmetries associated with this
absolute theory—and, hence, the entangled state—can be
analyzed as follows. We begin with the unentangled state
(3.13), which enjoys a global symmetry group:

W)Y <z, (3.17)

Upon gauging the diagonal Z,((l) symmetry, we arrive at the
global form (3.16). The gauging process produces a
quantum symmetry Z,((O)
residual Z,(J) intact.

However, due to the presence of a mixed anomaly
between U ( )5,1) and Z
emergent Z,; ) does not exist as a stand-alone symmetry.
Instead, it becomes part of an extended O-form symmetry
group, in which U(1)(® x U(1)©) is nontrivially fibered
over a Zgeq(n i}-

The resulting global symmetry group can be schemati-
cally written as

while leaving an ungauged

[52] prior to gauging, the

U x u()© xz2 - xzV

ocd{N K} (3.18)
This construction illustrates a mixed-form symmetry
entanglement between the two ABJM copies. Specifically,
(i) their unscreened Wilson lines are charged under a
common Z,’ symmetry, and

(ii) there exist Z( ) j Symmetry operators that can
transit freely tghrough both SymTFT bulks.
This structure is schematically illustrated in Fig. 11.

We close this subsection by noting that similar mixed-
form symmetry entanglement structures can be constructed
for 7D SYMs and 5D SCFTs (see, e.g., [4,25,54]), both of
which admit M-theory approach to their SymTFTs. In both
cases, one may consider gauging the diagonal 1-form
symmetry of two copies of electrically polarized theories.
The resulting absolute theory then corresponds to an
entangled state, correlated by the residual 1-form symmetry
as well as the emergent quantum symmetry, which is
2-form for the 5D case and 4-form for the 7D case.
Since the SymTFTs in these examples involve only a
single BF term (up to possible cubic anomaly terms), the
structure is considerably cleaner than in the ABJM case,
and we will therefore refrain from further elaboration here.

C. D=2: SymTFT Entanglement for noninvertible
symmetries

The previous examples focused on invertible symmetries
—either O-form or higher-form—that act as grouplike
global transformations. A more general class of sym-
metries, however, are noninvertible symmetries. In 2D
QFTs, such symmetries are particularly ubiquitous and
are now well understood to be captured by fusion catego-
ries (at least for finite symmetries).
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54

|12

FIG. 11.

o——o

entanglement

via 7© x 7V
o——o gcdnky k

Left: topological interface Z between two relative ABJM boundaries of the SymTFT (3.9) with the gluing condition (3.15).

Right: interpretation of the entangled state as a global symmetry quotient.

This makes 2D a natural setting in which to generalize
the notion of S entanglement beyond invertible cases. In
this subsection, we construct entangled states for theories
with noninvertible symmetry by using the associated 3D
SymTFT built from a modular tensor category and coupling
two such SymTFTs via a topological interface defined by a
Lagrangian algebra.

Since our general theme is the role of symmetry and
entanglement in holography, we focus on a well-studied
AdS;/CFT, dual pair where such noninvertible symmetries
arise naturally. In particular, type IIB string theory on
AdS; x §% x M, in the tensionless limit (with k = 1 units
of Neveu-Schwarz-Neveu-Schwarz (NS-NS) flux and
M, =T* or K3) is dual to a 2D CFT given by the
symmetric orbifold

MmN
Sy

(3.19)

describing N fundamental strings (see, e.g, [55-59]). This
theory has a noninvertible global symmetry governed by the
fusion category Rep(Sy), which can be regarded as the
quantum symmetry under the Sy orbifold [60]. This holo-
graphic noninvertible symmetry has been recently discussed in
[61-63]. We will see in the following that this setup provides a
controlled and physically meaningful setting in which to
explore S entanglement for noninvertible symmetries.

1. SymTFT for Rep(Sy)

The SymTFT associated with this noninvertible sym-
metry is the 3D Turaev-Viro theory based on the Drinfeld
center Z(Rep(Sy)) (see, e.g., [64-67]). Since Rep(Sy) and
Sy are connected by gauging in 2D QFTs [mathematically
speaking, the fusion category Rep(Sy) and Vecg are
Morita-equivalent], one can instead use Z(Vecg, ) as the
SymTFT. The simple line operators in this theory are
labeled by pairs

(lgl, 7,),

where [g] is a conjugacy class in Sy and 7, is an irreducible
representation of the centralizer Z,,.
There are two canonical choices of Lagrangian algebra in
Z(Vecg,) (see, e.g., [68]).
(i) The electric boundary condition, corresponding to a
2D QFT with Vecg, symmetry, is given by the
Lagrangian algebra

Eelectric =

D 4. ([1].7)

7 €lrrep(Sy)

(3.20)

where d, is the dimension of the representation 7.
(i) The magnetic boundary condition, corresponding to
a 2D QFT with Rep(Sy) symmetry, is defined by

D). 1),

(9]

(3.21)

Lmagnetic =

where the sum runs over all conjugacy classes in Sy
and 1 denotes the trivial representation of the
stabilizer Z,.

From the SymTFT point of view, the holographic CFT,
as a symmetric orbifold theory Sym®"(M,), is realized by
placing a magnetic boundary condition in for Z(Vecg, ). In
this language, if we have the following product theory:

M®N M®N
— e (<)
Sy SN
it will correspond to two copies of the SymTFT, each with a

magnetic boundary condition, and no entanglement
between them.

(3.22)

2. SymTFT entanglement

We now define a genuine entangled state in the
doubled Hilbert space by coupling these two boundary
conditions via a topological interface. Let us consider two
SymTFTs, each associated with Z(Vecg, ), and couple
them through a topological interface corresponding to a
diagonal Lagrangian algebra in the product category
Z(Vecg, ) W Z(Vecg, ):

Laiag = D(lg]:1) ® ([g]. 1)

9]

(3.23)

This diagonal algebra ensures that, for each conjugacy class
[g], the same simple object in the Drinfeld center is inserted
in both copies. Folding this interface yields a state |¥) in
the tensor product Hilbert space H @ H, which is pure
globally but a mixed state from the perspective of either
copy alone. It realizes a symmetry-entangled state between
two CFTs with Rep(Sy) symmetry. See Fig. 12 for an
illustration.

The 2D interpretation of this entangled state is a single
CFT with global structure given by the diagonal Sy
orbifolding. A natural candidate for such a theory is the
symmetric orbifold
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Z (VecSN)
Z diag S diag o———0
— o = o PY s = } entanglement
F(Vec s, X F(Vec sy) F(Vec SN) Z(Vec SN) F(Vec 5y)

FIG. 12. A topological interface in Z(Vecs,) defined by the diagonal Lagrangian algebra Lg,, = @([g].1) ® ([g].1) of

(9]
Z(Vecg, )W Z(Vecg, ) under the folding trick. Folding this yields an entangled state in the tensor product Hilbert space. Each
individual factor corresponds to a local CFT, while the entangled state corresponds to a diagonally orbifold theory (M?N ® M?N )/Sn-

®N ®N

M’ (3.24)
Sy

where the diagonal Sy permutation symmetry acts simul-
taneously on the two MY factors. This theory cannot be
decomposed as a product of two symmetric orbifolds, and
its Hilbert space is entangled across the two copies. Thus,
the SymTFT framework naturally extends the notion of
symmetry-entangled states to noninvertible symmetries.

IV. BABY UNIVERSES, HIGHER ENSEMBLE
AVERAGING, AND BULK GLOBAL SYMMETRIES

Having discussed S entanglements for (S)CFTs in
various dimensions admitting a top-down construction,
we now explore how taking partial traces of S-entangled
SymTFT states makes contact with holographic ensemble
averaging and the dimension of baby universe Hilbert
spaces. We first review how to build « states in the context
of the gravitational path integral, following [27,32] and
their resulting statistical averaging for the ensemble of
CFTs. From a generalized symmetry perspective, this can
be viewed as an entanglement for (—1)-form symmetries of
CFTs, where a serves as the background field labeling
elements in the theory ensemble. From the S-entanglement
perspective, it is then natural to generalize the baby
universe Hilbert space involving S entanglement for any
p-form, possibly categorical, global symmetries. We then
show how this higher generalization of baby universe
Hilbert space can lead to ensemble averaging of theories
over not just coupling constants, but allowing an ensemble
whose element theories are differed by higher-form back-
ground fields. After this, we show that the baby universe
Hilbert space dimension can be expressed in terms of
S-entanglement data (Statement 3 from the Introduction).

We then comment on how one recovers factorization in
the context of UV-complete quantum gravity by including
the full information of the combined S-entangled system.
This amounts to making the baby universe Hilbert space
one-dimensional, following the baby universe conjecture
[28]. From a bulk perspective, this amounts to breaking
potential global symmetries which, for invertible (—1)-form
symmetries, aligns with the statement in [28] that the one-
dimensional baby universe Hilbert space can be viewed as a

corollary of the cobordism conjecture [69]. However, given
that the global symmetries we are considering can be
categorical, we expect the trivialization of topological
sectors responsible for the one-dimensional baby universe
Hilbert space to be beyond the cobordism classification.

A. Baby universes and « states

We start with a lighting review of how the ensemble
averaging shows up from a states in baby universe Hilbert
space, following [27] (see also [24]). Consider a (semi-
classical) bulk theory with a set of fields @ (including the
metric, scalars, higher-form gauge fields, etc.) whose
asymptotic boundary has n disconnected components.
Associate each component with a boundary condition
® ~ J;, and the gravitational path integral can then be
defined schematically as

DSl
D

(4.1)

The connected bulk geometry implies the nonfactorization
of the above path integral, e.g., for n = 2,
(ZUNZI) # (210 ) (Z1). (4.2)
See Fig. 13 for a rough depiction. This nonfactorization
property of the gravitational path integral is closed related
to baby universes, which we review as follows.
Consider cutting open the gravitational path integral at
7 = 0 so that the resulting spatial slices including sectors
not associated on this slice with any of the asymptotically
AdS boundaries, but which is instead associated with
spatially compact universes. These closed universes are
referred to as baby universes in [27] (following [32,70,71]).
See Fig. 14 for an illustration. One can then associate a
Hilbert space Hpy consisting of all intermediate states
separating the “past” (r <0) and “future” (r > 0),
corresponding to all possible configurations including
baby universes at 7 = 0. Now given a boundary condition
with n components {J,...J,}, there is an associated
state
Z11].

Z[J,]) € Hpy. (4.3)
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(Z[h])

>
(ZLIy) ZLJy)) = +
>

(ZLI,1)

FIG. 13. The nonfactorization of partition functions of gravi-
tational path integral with spacetime wormholes. The red and
green lines label two components of the conformal boundary.
From the CFT point of view, these two disconnected boundary
components correspond to partition functions Z[J,] and Z[J,]
with associated sources J; and J,. However, the full gravitational
path integral (Z[J|]Z[J,]) by summing over bulk topologies
includes an extra configuration where the red and green asymp-
totic boundaries are connected via a spacetime wormhole.

parent universe baby universe

FIG. 14. A baby universe is detached from the parent universe.
Cutting open the gravitational path integral (4.1), the baby
universe does not intersect with the parent universe along the
spatial slice.

Among all states in Hpy, a special one is the Hartle-
Hawking state |HH) corresponding to the configuration
with no boundary. The so-called “cosmological partition
function” is given by its norm:

(HH|HH) = / DdeS1,

no boundary

(4.4)

The operators acting on the Hyy can be introduced to
change the number of boundary components from n to

—

n + 1. Denoting the operator as Z[J] with the boundary
condition ® ~ J, its action reads

(4.5)

The Hartle-Hawking state can then be regarded as the

—

“ground state,” upon which the “creation operators” Z[J]
can act and obtain the state (4.3) in Hpy associated to a
general boundary condition with multiple boundary com-
ponents:

—

ZI)).. ZIHH) = |Z[7)]...Z[0,]).  (4.6)

The gravitational path integral (4.1) is then be interpreted as
the vacuum expectation value

DDe—SIP] — <HH|Z[J1] . Z[‘]n]|HH>
D~J

(4.7)

For a general state (4.3) in Hpy, one can freely exchange
the order of all Z[J]’s, due to the fact that it will associate to
the same state. Together with (4.5), this leads to a key

property of the set of operators Z[J]:

—_

Z1|Z[02]) = |212)Z10]) = [211], Z1o]] = 0. (4.8)

—

Therefore, all Z[J] operators share eigenvectors, building a
orthogonal basis for Hpy, known as a states [27,32]:

Z)|a) = Z[J]a) ¥ J. (4.9)

Thatis to say, the eigenvalue for an a state is a partition function
for an asymptotic AdS boundary with a single component.

The gravitational path integral (4.1), written in terms of
the VEV (4.7), can now be obtained via projections onto «
states:

X <an—1 ‘Z[]n] |an> <an|HH>

Y AR ATA) (4.10)

where :t = (HH) is the norm given by the “cosmological
partition function” (4.4) and the probability p,, is given by
the inner product in Hgy:

|(HH]e)|?
e

This shows that a gravitational path integral involving
spacetime wormholes enjoys an ensemble averaging inter-
pretation. Element theories in the ensemble are labeled by a
parameters, and p, specifies the probability for drawing
that theory from the ensemble."”

Pa = (4.11)

B. Ensemble averaging from SymTFT entanglement

We have seen that the @ parameter plays a key role in
labeling states in the baby universe Hilbert space, effec-
tively indexing different elements in an ensemble of

T 19y, . . . .

It is also possible to consider continuous ensemble
averaging, exemplified by, e.g., random matrix models dual to
the Jackiw-Teitelboim gravity [72,73] and averaging over con-
formal manifolds of 2D CFTs [74]. The according modification
of the above discussion is to realize that |a) is now not
normalizable by itself but requires a delta-function normalization.
The resulting ensemble will be equipped with an probability
distribution p(a), whose averaging reads, schematically,
(Zl1]...Z17,)) = [dap(a)Za[]1]...Za[J,].
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theories. However, in a UV-complete theory of gravity—
such as string theory—it is generally believed that there are
no free parameters: All couplings and discrete labels are
fixed by the vacuum expectation values of dynamical
modulus fields. This suggests that only a single theory is
physically realized, and the baby universe Hilbert space
should collapse to a one-dimensional space [28].

This raises a natural tension between two perspectives.
On the one hand, semiclassical gravitational path integrals
with wormholes point to ensemble averaging over o
parameters. On the other hand, top-down constructions
from string theory typically produce a specific boundary
theory with fixed parameters. Reconciling these two
pictures remains a subtle problem.

One proposal addressing this issue was put forward
in [24], where ensemble-averaged SCFTs are engineered
on branes, and a distinguished sector of operators is
selected to reconstruct a single AdS bulk.*’

In this subsection, we describe a complementary per-
spective based on S entanglement. The idea is to associate a
family of QFTs labeled by a parameter with the Hilbert
space of a SymTFT implementing a global (—1)-form
symmetry. Entanglement within this symmetry sector then

gives rise to ensemble-averaged quantities such as Z2, in a
way that naturally admits a string-theoretic origin.

In favorable cases where the D-dimensional boundary
QFT admits a string-theoretic engineering, the correspond-
ing SymTFT for (—1)-form symmetries can be understood
as a topological limit of the modulus sector of the higher-
dimensional bulk theory. Concretely, a modulus field
descending from 10D or 11D string theory—such as a
gauge coupling, an axion, or a brane separation parameter
—gives rise to a propagating dynamical field in (D + 1)
dimensions. Its topological limit, describing discrete or
continuous parameter values modulo gauge redundancy,
defines the SymTFT implementing the (—1)-form sym-
metry [76] (see also [77-79] and Appendix C in [80]). The
entanglement structure of this SymTFT encodes the cou-
pling of the boundary theory to this modulus sector and
governs the statistical properties of ensemble observables.

This connection provides a UV origin for the ensemble
averaging from the S entanglement: It is not an ad hoc
construct but a limit of a physical modulus theory that
propagates in the bulk. It applies equally well to discrete
parameters (such as gauge ranks or fluxes) and to (compact)
continuous parameters (such as theta angles or axions),
thereby offering a unified language for describing holo-
graphic ensemble phenomena.

1. SymTFT Hilbert space and averaging mechanism

Consider a (D + 1)-dimensional SymTFT for a

Z; (—1)-form symmetry, with action

*See also [25] for a follow-up on Schlenker-Witten’s large-N
averaging proposal [75].

k
SSymTFT = %/ ¢ Ndfp, (4.12)

where ¢ is a O-form field and f( is a D-form gauge field.
This theory contains

(i) local operators U,, =exp(im¢p), m =0,1,....k—1;
and

(ii) topological —domain  wall  operators V, =
exp (infMDfD), n=0,1,....k—1.

The Hilbert space H of the SymTFT admits an ortho-
normal basis {|a) }, labeled by a = 0, 1, ..., k — 1, satisfying
Vya) = emolla),  Upla) = la+m).  (4.13)
Each basis vector |a) corresponds to a definite value of the
background parameter in the associated D-dimensional
QFT—for instance, a discrete theta angle or gauge rank
modulo £.
We now consider an entangled state in the doubled
Hilbert space H; ® H,:

| ke
) = 7%; |a), ® |a),. (4.14)

This state is maximally entangled in the parameter basis.
Tracing out the second factor yields a reduced density
matrix

1 k—1

p1 = Try, ly) (| =;Z|a><a|- (4.15)

Now consider a relative QFT whose partition vector in H is

k-1
7) =) Za), (4.16)
a=0

where Z,, denotes the partition function of the absolute theory
with background label a. This vector specifies a physical,
nontopological boundary condition for the SymTFT, corre-
sponding to a choice of relative theory [37]. The partition
function for a specific background b of the modulus field ¢ is
recovered as
(b|T) = Z,,. (4.17)
The entangled partition function is then given by
pairing”' |7 with p;:

|Zemangled|2 = Tl‘(p,;—pl), where pr = |T> <T| (4'18)

A straightforward computation yields

*'Given two density matrices p, and pg, there is a canonical
inner product Tr(prB). For the case of pure states,

Tr(pypp) = |(A|B)[>.
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1 k—1
|Zentangled|2 = %Z |Za|2‘ (419)
a=0

This expression exactly matches the ensemble-averaged
partition function Eq. (4.10) obtained by Marolf and
Maxfield via baby universe a states with two disconnected
AdS boundary components with the probability p, = % In
our case, the averaging emerges directly from entanglement
under the topological symmetry sector.

2. Schlenker-Witten averaging over gauge ranks
in ABJ(M) theory

An explicit interpretation of ensemble averaging in
AdS/CFT was proposed by Schlenker and Witten [75],
where the semiclassical gravitational path integral is argued
to describe an average over the large-N limit—namely, over
the gauge rank. Motivated by this certain averaging, we
model an analogous averaging over the gauge rank M in the
ABJ(M) theory U(N),x U(N + M)_, [81], based on
SymTFT for the corresponding (—1)-form symmetry.

Recall that the ABJ theory U(N), x U(N + M)_, [81] is
engineered on N regular M2-branes probing C*/Z,
orbifold singularity, with M fractional M2-branes, i.e.,
MS5-branes wrapping on torsional 3-cycles. This discrete
torsion is also Z;; namely, the possible values for M reads
M=0,1,..k—1.

Promoting M to a background field for a (—1)-form
symmetry, we ask: What is the corresponding SymTFT?
Fortunately, this corresponding theory has been derived®
in [76]:

k / by U des. (4.20)
M,

Schematically, b, and c3 come from C5 and its magnetic
dual fields reduced on torsional 3-cycles, respectively.23 In
particular, b, is a Z, field whose background value gives
rise to the gauge rank M, determining the number of
fractional M2-branes. The admitted value of M is upper
bounded by k, namely, M =0, 1, ...,k — 1.

To model averaging over gauge rank, we follow the
general procedure outlined above: We consider an
entangled state

1 k—1
|W>:7%;|M>1®|M>2 (4.21)

and a relative QFT state

*There are extra topological terms involving the coupling
between b, and a 2-form field b,, which matters little in our
current context.

BA careful treatment of this dimensional reduction involves
differential cohomology computation. See, e.g., [82,83].

k—

> ZulM),

>: —

—_

|7 ABim (4.22)

where Z,, is the partition function of ABJ(M) theory at rank
U(N); x UN + M)_,. Entangling with the topological
sector as above yields

av, 1
|ZAI§JM|2 = %Z|ZM|2' (4.23)
M

This construction provides a concrete top-down analog
of the Marolf-Maxfield picture, where a states responsible
for nonfactorization are embedded in M theory as a
SymTFT associated to a discrete parameter. In particular,
it mimics the averaging over gauge group ranks proposed
by Schlenker and Witten. Here, we reproduce the same
statistical structure purely from entanglement under the
topological sector, encoded in the SymTFT. This offers
further support for the idea that ensemble behavior in
gravity may be understood as the shadow of symmetry-
based entanglement on the boundary.

We emphasize that, while the above discussion focused
on discrete parameters associated to finite (—1)-form
symmetries, similar constructions can be extended to
compact continuous parameters. A simple illustration is
theta-angle averaging in N =4 SYM, modeled using a
U(1) SymTFT. We relegate this continuous case to
Appendix B to maintain focus on the finite setting.

C. From SymTFT entanglement entropy to baby
universe Hilbert space dimension

In the framework described above, the ensemble
average over k discrete element theories arises from the
Z; (—1)-form symmetry implementing S entanglement. We
have chosen an extreme case where the state Eq. (4.14) is a
maximally entangled state. This entanglement can be
measured by the von Neumann entropy computed from
the reduced density matrix:

Sw(p1) = —te(py Inp;) = logk. (4.24)
Alternatively, from Eq. (4.19), this ensemble averaging can
be interpreted as a result of a k-dimensional baby universe
Hilbert space, spanned by k orthogonal a states, as we
reviewed in Sec. IVA.

We, thus, propose that the S-entanglement entropy
reflects the number of distinguishable component theories
in the ensemble and corresponds to the dimensionality of
the baby universe Hilbert space:

dimy,, = exp (Sx(71)). (4.25)

which in the case of Z; SymTFT reads dimy,, = k.

106028-19



ETHAN TORRES and XINGYANG YU

PHYS. REV. D 113, 106028 (2026)

—e 4
e . fop P
71 ly) & e ® o =X o—o
.—. 91 92 g] ® 92
T

FIG. 15. Tllustration of alternative perspectives.

There is one subtlety to be clarified: For a general
entangled state, it is very unlikely that exp(S,n(p;)) will be
an integer. However, we emphasize that the entangled state
|w) we are considering corresponds to a polarization of the
relative theory 7, ® 7,. Under the SymTFT picture, this
entangled state corresponds to not arbitrary but topological
interface 7, ‘t’f)p within the SymTFT bulk, with two relative
boundary states corresponding to 7 ; and 7,. This topo-
logical interface, under the folding trick, corresponds to a
topological boundary L% of the SymTFT; X SymTFT,.
See Fig. 15 for an illustration of these alternative
perspectives.

Given the L£? is a topological boundary of the
tensor product theory SymTFT; X SymTFT,, it defines a
maximal commuting set of topological operators.
This set of operators diagonalize the Hilbert space of
SymTFT; X SymTFT,. That is to say, the Hilbert space
is spanned by the joint eigenstates of this commuting
algebra, whose dimension k counts the number of distin-
guishable topological sectors supported by the boundary.
As a result, any entangled state deviating from the
maximally entangled one—beyond the direct product of
polarizations for SymTFT; and SymTFT,—would neces-
sarily exhibit a bias toward certain sectors. This would
break the maximal commuting structure of the boundary
operator algebra and render the boundary condition
nontopological.

From the Z;, SymTFT example, it seems that the
dimension of the baby universe Hilbert space is given by

dimHBU = €xp (SvN(Pl)) = |£W| =/ dimSymTFT’ (4-26)

where the dimension of SymTFT can be expressed as

(a) (b)

dimgy,rer = Z| Ul (4.27)

and is defined as the sum of squares of the quantum
dimensions of all topological operators of the SymTFT.
The square root corresponds to the dimension of the Hilbert
space associated to the maximally commuting subset of
these operators (i.e., a Lagrangian subalgebra). This
matches the known results: (a) For Abelian groups in
diverse dimensions, it corresponds to the order of the
Lagrangian subgroup defining the polarization, and (b) for
noninvertible symmetries in 2D, dimension of the fusion
category C associated to a Lagrangian algebra of the center
Z(C) (i.e., of the SymTFT).

To rigorously establish (and refine) the relation (4.26),
consider a QFT 7,(Mp) living on the boundary of a
SymTFT world volume X, | such that 0Xp,; = Mp. This
can be seen as an S entanglement between 7 ,(Mp) and a
QFT with a trivial world volume 7 (@), which is equiv-
alent to a trivial theory. Holographically, this can be seen as
an entanglement between the AdSp,; theory dual to
T,(Mp) and a baby universe dual to the trivial theory
7.(@). Let us now cut Xp,, into two pieces X;H and
Xp., along some Yp, such that 0X5,, = ¥p UMp and
()XZ;H =Y [see Figs. 16(a) and 16(b)]. Similar to what
we have seen many times throughout this work, the
SymTFT entangled state is a maximally entangled wave
function:

1 ® [K), (4.28)

1
Vdim(Hs(Yp)) zk:|k>

where |k) is a basis of states for Hg(Yp). Taking the partial

(©

FIG. 16. (a) Manifold X, , |, on which a SymTFT is defined, with boundary M . (b) Cutting the bulk manifold into two parts X, and
Xp., with an interface Y. (¢) Gluing X, with its orientation reversal along Y.
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trace Tr, of this wave function yields the SymTFT density
matrix p = > |k);(k|, = 1. Following the discussion
around (4.18), this allows us to compute the partition
function for the partial trace of the S-entangled system to
the trivial theory as

1Z7, (@) = (4.29)

Tr(plwx) (wx- ).
where |yy-) is defined® as the state that the SymTFT S
assigns to the manifold with boundary X ;. Note that in
(4.29) we have suppressed the notation in Z7 (@) which
labels the information on the S entanglement and partial
tracing. This appears on the right-hand side of the equation
from the choice of X}, and SymTFT theory. Since the
trivial theory can be seen as holographically dual to a baby
universe theory, let us denote |Zpy|* = |Z7,(@)|>. From
our choice of p, we have

=Zs(X" Uy XTpi1),

Zlgy = (v lwxe) (4.30)

where Zg(X}, | Uy XTp.1) is the SymTFT partition func-
tion evaluated on the (D + 1)-dimensional manifold
obtained from gluing X}, , and its orientated reversed

partner Xt along Y, [see Fig. 16(c)], which by
construction is equal to the norm of |yx+). The argument
relating the baby universe and SymTFT partition functions
in (4.30) can be “categorified” to relation between Hilbert
spaces, category of boundary conditions, etc., by reducing
the dimensionality of the manifolds involved by 1, 2, etc.
At the level of Hilbert spaces, we have

Heu ® Hiyy = Hs(X) Uy X7 p), (4.31)

where now X, is D-dimensional and Y is (D — 1)-dimen-
sional and which reproduces the intuited relation (4.26).

D. Generalized ensemble averaging
through symmetry-enriched « states

The above derivation based on (—1)-form symmetry
entanglement generalizes naturally to higher-form sym-
metries. For example, one can simply substitute the
(—=1)-form symmetry with the 1-form symmetry of 4D
g = 3u(N) theory, which we intensively discussed in
Sec. II, and build the reduced density matrix for a
maximally entangled state

*In the language of the Atiyah-Segal axioms, a manifold with
a boundary is associated with a map Hs(@) = C — Hs(Yp)
which selects out a state in Hg(Yp). Imposing a boundary
condition b with associated boundary state |b) to Y, is required
to assign a partition function to X which would be (wx+|b).
Equation (4.29) is then a generalization of this formula to a
density matrix of boundary states.

s
—NZO |a),

| M=t
= p1 = Tp, = NZ |a){a (4.32)

a=0

Consider a relative QFT state
N-1

7 =3"2[BY)|a). (4.33)

Il
=)

a

where Z[BEZZ)] is the partition function for G = SU(N)
theory coupled to the background B§,2> field for the 1-form
symmetry, associated to the topological boundary state |a)
of the 5D SymTFT. Similar to Sec. II, we leave implicit
indices coming from basis elements of H*(M,, U(1)). With
respect to this relative QFT state, the partition function
corresponding to the mixed state p; is

N—

Z 1P

a=0

(4.34)

|Zentangled|2 p']’pl

This is likewise an ensemble-averaged observable, though
the averaging is now over background configurations rather
than over distinct local theories.

This motivates a more general construction that incor-
porates other generalized global symmetries into the con-
ventional averaging built from the (—1)-form symmetry
entanglement. Given that a (—1)-form symmetry entangle-
ment resulting in an ensemble of & theories (e.g., maximally
entangled state for Z; SymTFT) can be interpreted as o
states in a k-dimensional baby universe Hilbert space, we
introduce a notion of symmetry-enriched a state, so that the
ensemble averaging is not just about theories labeled by
different parameters (coupling constants, gauge ranks, etc.),
but also over different symmetry background fields.

In simple cases such that different symmetries are
independent to each other, the SymTFT for the QFT under
consideration decomposes as

@SD+1[ B+, (4.35)

SDJrl

where S%’L is the SymTFT for the p-form symmetry, each

of which has a separate field variable B("*!) (as well as its
canonical conjugate). An entangled state for two copies of
QFTs associated to the SymTFT is then embedded in the
Hilbert space

PH @ HY. (4.36)
P

For illustration, consider the state
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w) =Y Paw ld?), (4.37)
ar)

where a(?) = (a',a°, a',...aP~") labels eigenstates for

all p-form symmetry sectors of the (D + 1)-dimensional
SymTFT under admitted polarizations.

Following the derivation of (—1)-form symmetry in the
previous subsection, it is straightforward to obtain that, for
a relative QFT state

IT) = Z[BY V)@, (4.38)

where Z[B{7*V] is the partition function for the absolute

theory with well-defined polarizations for all p-form sym-
metries with background fields B! = (Bg()g,), ...B{(II(DD),I) ),
the entangled

the resulting partition function for
state |y)

= Tr(|T)(T|"Tro(|w) (wl))

P+l |

|Zentangled|2 = Tr(p;’pl)

_Zl’al’

This is an ensemble averaging governed by a joint proba-
bility pz, with D-dimensional random variables
a?) = (a',d%d',...aP").

The conventional ensemble averaging over coupling
constants can now be viewed as a first layer, i.e., focusing
on the p = —1 sector. We can then interpret the (—1)-form
symmetry as generating a states of the baby universe
Hilbert space and regard p > —1 sectors as enrichment on
top of it. Grouping the (—1)-form label as a and the

(4.39)

remaining as b, the partition function becomes
=22 pelb

Turning off all EE;HI) fields, we recover the Marolf-
Maxfield a-state-driven ensemble averaging, while with

nontrivial background E'ﬁﬂ“), we are enriching each

element theory Z, labeled by the a state by symmetry
background fields. Each a state now labels a family of
theories rather than a single one, leading to a nested
ensemble structure.

BV (4.40)

entangled |

E. Bulk global symmetries

In this subsection, we briefly comment on how the S
entanglement can lead to the appearance of global sym-
metries in the bulk.

It is widely believed that quantum gravity admits no
exact global symmetries. In the standard AdS/CFT corre-
spondence (without averaging), global symmetries of the
CFT are realized by a SymTFT together with appropriate
asymptotic boundary conditions, which occupies a

topological sector of the bulk AdS theory.25 As a stand-
alone quantum field theory, however, the SymTFT itself
carries global symmetries. These must be either gauged or
broken in the UV completion by gravity, so that no global
symmetry survives in the full bulk theory. Often, gauging
alone cannot suffice due to the emergence of dual quantum
symmetries. Ultimately, one is forced to invoke additional
breaking of such global symmetries in the bulk.

To be concrete, consider embedding a (D + 1)-dimen-
sional SymTFT localized near the AdSp., conformal
boundary (see Fig. 6). For illustration, let us take the
Zy gauge theory

STFT :ﬁ/ bp+l A dCD_p (441)
27 Jp1

together with topological boundary conditions to encode a

p-form symmetry and/or a (D — p — 1)-form symmetry of

a D-dimensional QFT. The corresponding topological

operators are

im b in c
pt1 D-p
l)’n = e ‘[Eerl s ‘/Vl = e ‘fZD—p s
N — 1}

As a (D + 1)-dimensional QFT, this SymTFT, therefore,

carries both a (p + 1)-form Zl(\fH)

m,ne{0,1,... (4.42)

symmetry and a
(D = p —1)-form ZﬁVD_p - symmetry, with

Z%” D, charged operators U,,, symmetry operatorsV,,
Z%D_p . charged operators V,,, symmetry operators U ,.

(4.43)
For definiteness, we focus on the Z%’H) symmetry and

discuss its fate once the SymTFT is coupled to bulk gravity

away from the conformal boundary. The case of Z (D=p=1)

symmetry works similarly.
There are two complementary viewpoints for why this
symmetry cannot persist deep in the AdS throat.

(i) From acharged operator perspective, suppose the bulk
contains a p-dimensional excitation on which the
charged defect U, can end. In this case, the symmetry
operator V,, which previously linked with U,,, can
now be freely deformed and shrunk to nothing due to
its topological nature. See Fig. 17(b) for an illustration.
If the mass of the p-dimensional object is m ,, the

p’
Zg\fﬂ) symmetry is effectively broken at a UV scale

25Stn'ctly speaking, the embedding of SymTFTs into the bulk
works most transparently in situations with a semiclassical
description. If the bulk theory is described by a perturbative
string world sheet, such as the tensionless limit of type I1IB on
AdS; discussed in Sec. III C, the SymTFT is better viewed as an
organizational tool for symmetries of the CFT rather than as a
literal target-space theory.
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FIG. 17. Two standard mechanisms by which bulk global
symmetries fail in AAS/CFT. (a) A SymTFT at the AdS boundary
supports symmetry operators V linking with charged operators U.
(b) If the bulk contains excitations (such as wrapped branes) that
terminate the charged operator U, the linking defect V becomes
trivial. (c) Even in the absence of such excitations, pulling the
symmetry operator V away from the boundary turns it into a
tensionful object V, thereby destroying the bulk global symmetry.

Ayy Z m,,. In string theory, such excitations are often
provided by Dg-branes wrapping (¢ + 1 — p)-cycles

2 +1-p»> With a schematic mass

m, T, -vol(Z,i_,)

1
 (n)g, (@)t vol(Zgyi-p).  (4.44)

(¢))
Bphy B (sl))/m

B®

phy
V@

Bgym

(@)

(i) From the perspective of the (D — p)-dimensional
symmetry operator itself, pulling it away from the
conformal boundary into the bulk throat turns it into
a tensionful object [13,14,16,44]. See Fig. 17(c) for
a rough depiction. Denoting its tension by Tp_,_;,
the symmetry is absent once the UV scale exceeds
Auyy 2 Tp_p—y - VOl(Zp_,), where Xp_, is the bulk
cycle supporting the object. In string theory, this
reflects the fact that symmetry operators at finite
radial depth typically arise from tensionful ingre-
dients such as wrapped D-branes or Kaluza—Klein
monopoles.

The situation is qualitatively different in the entangled

construction. Consider two D-dimensional theories 7 g>

and 7 532) coupled through a common (D + 1)-dimensional
SymTFT, which creates an entangled state of the form
illustrated in Fig. 18(a).

In this setup, an operator inserted in one sector can be
transported through the SymTFT into the other sector, as
shown in the figure by the teleportation of U(") into U?.
The symmetry is, therefore, realized as a diagonal action
across the two sectors rather than as an operator that must
extend independently into the bulk. While the total bulk
system is free of global symmetries, this mechanism allows
the entangled pair to individually avoid both of the
obstacles to symmetry breaking that we discussed in the
standard case: From the charged-operator viewpoint, a
charged defect in one sector can be terminated by moving
into the entangled partner rather than by the introduction of
a bulk excitation; from the symmetry-operator viewpoint,
the defect does not need to propagate into the bulk throat as
a tensionful object, since its action can be represented in the
partner sector.

Now suppose we trace out sector 2. The remaining state
of sector 1 is described by the reduced density matrix

7

(b)

FIG. 18. S entanglement as a mechanism for bulk global symmetries. (a) Two boundary theories 7° 3'2) coupled via the S entanglement
admit teleportation of operators (U1 <> U®), V(1) & V(2)) across the entangled pair. The linking operator V, therefore, persists without
requiring tensionful bulk realizations. (b) From the bulk perspective, this corresponds to a defect threading a wormhole and linking the
disconnected conformal boundaries of two asymptotic AdS regions, thereby generating a nontrivial topological sector that realizes a

bulk global symmetry.
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p1 = Tro|¥) (Y. (4.45)
As we discussed before, the resulting partition function
reads

1
z2 — NZ|Z(BP+1)|2, (4.46)
B

p+1

which is an average over distinct background field sectors.
This averaging indicates that the baby universe Hilbert
space is larger than one-dimensional (here, N-dimen-
sional). Hence, there are extra labels conserved, corre-
sponding to unscreened charge in the bulk. As discussed in,
e.g., [28], this inability of the bulk to interpolate between
these superselection sectors is precisely the statement that
there is a nontrivial cobordism class, leading to nontrivial
topological operators generating global symmetries in the
bulk [69].

From the bulk gravity point of view, the above process
means that there exists a defect extending between the
disconnected conformal boundaries of two asymptotic
AdS regions of a wormhole geometry, as illustrated in
Fig. 18(b). The presence of this object implies that the bulk
theory contains a nontrivial topological sector generated by
operators linking with the defect. In contrast to the standard
AdS/CFT case, where a symmetry operator pulled into the
bulk necessarily becomes tensionful and, thus, destroys the
global symmetry, here the linking operator is protected by
the fact that the defect connects the two asymptotic
boundaries. The entangled construction, therefore, provides
a concrete mechanism by which bulk global symmetries
can persist, realized as topological sectors supported by
defects threading the wormhole.

It is also instructive to turn this logic around. Suppose
instead that one knows enough about the UV-complete
gravitational theory to realize a bulk excitation on which U
terminates. In this case, the linking defect V necessarily
trivializes: The putative bridge between the two sectors
collapses, and the bulk global symmetry disappears.
However, once the bridge is gone, the symmetry entangle-
ment itself cannot be consistently defined, since there is no
longer a defect that can mediate ensemble averaging across
the two boundaries.

This is precisely in line with the general expectation that
bulk global symmetries in quantum gravity can arise only
through ensemble averaging rather than as exact sym-
metries of a single UV completion. The S-entanglement
construction, thus, provides a concrete mechanism for how
ensemble averaging can restore topological symmetry
operators in the bulk.

V. ETERNAL ADS BLACK HOLES

We revisit Maldacena’s proposal on the holographic
description of eternal AdS black holes but now within the

framework of SymTFT. In reviewing the original argument
for this duality in [21], we show that the usual entanglement
present in the thermofield double state is independent from
the amount of S entanglement between the two CFT copies.
In particular, the extent of the S entanglement can be
determined by various choices of boundary conditions
involved for the SymTFT when the CFTj, world volume
is taken to be the (Euclidean signature) manifold
[0,8/2] x SP=1. As we review below, the importance of
the CFTj on this Euclidean manifold stems from the fact
that it appears in an intermediate step in the duality
argument of [21].

We then show how the splittability property of objects
threading the nontransversable wormhole, as conjectured
in [84], can be violated when the S entanglement is nontrivial.
We explain how this is due to a lack of factorization of the total
CFT data, such as certain spaces of genuine defect operators as
well as the Hilbert itself, into the left and right copies. We then
revisit the work of Marolf and Wall [20], which, motivated by
certain Alice and Bob experiments, proposed that eternal AdS
black hole Hilbert spaces should take the form
H; ® Hr @ V. Here, H;  are the Hilbert spaces for the
left and right copies of the CFT, and V is an extra “super-
selection” sector which determines the outcome of the Alice
and Bob experiments. In comparing to our work, we find that V
plays a similar role to the tensor product of the SymTFT Hilbert
space, Hs(Mp)®?. We interpret entangled states in this
Hilbert space as implying that the black hole has a single
associated gauge charge, as opposed to a separate ones for the
left and right boundaries (Statement 2 from the Introduction).
Finally, we sketch how we expect these considerations to
generalize beyond discrete bulk gauge symmetries.

A. Maldacena’s argument revisited

Given a CFTj, 7, which we assume for the moment to be
an absolute CFT, dual to some quantum gravity theory on
AdSp | x M, the main claim of [21] is that eternal (two-
sided) black hole solutions of the low-energy gravitational
theory are dual to two copies of 7 in the thermofield double
state:

1
|TFD) := mze‘“ﬂ“lnh Q |1z,

ITFD) e H'Y) @ HF. (5.1)
Here, H(TL *) are two identical copies of the Hilbert space of
7 on SP~! with “left” and “right” labels, n runs over energy
eigenstates, and Z7(f) = Z7(S; x SP~"). From the bulk
perspective, the intuitive reason this state exists in the
tensor product is because there are two asymptotically AdS
boundaries (see Fig. 19) and performing a partial trace over,
say, H(TR ), reproduces the thermal density matrix p = e~
which has the expected entropy for a large black hole with

106028-24



SYMMETRY TOPOLOGICAL FIELD THEORY ENTANGLEMENT ...

PHYS. REV. D 113, 106028 (2026)

I _—

T =11

FIG. 19. Hartle-Hawking preparation of the eternal AdS black
hole for ¢ > 0. The top half of the figure is the Penrose diagram
for the Lorentzian signature spacetime, while the bottom half
represents the (z, r) coordinates of the Euclidean AdS black hole.

temperature 4~ in an AdS space with a single asymptotic
region.

The argument for this equivalence in [21] proceeds as
follows. First consider the Euclidean AdS , |-Schwarzschild
black hole solution:

ds> = Fdt*> + F~'dr?* + r*dQp_,, (5.2)
}’2 H
F=1+ﬁ—p. (53)

In (5.2), the Euclidean time coordinate is periodic 7 ~ 7 + f3,
u = pu(f) parametrizes the mass of the black hole,”® L is the
AdS radius, and dQ2j,_, is the volume form for a unit (D — 2)
sphere. Notice that the L — oo limit reproduces the flat space
Schwarzschild black hole solution.

Next, consider the restriction of the Euclidean time
coordinate to 7€ |0,/2], then the asymptotic boundary
of the Euclidean bulk spacetime is I/, x S°~'. From
holography, we expect this to be dual to a CFT on
L5 x SP=1, but, since I5/, x SP~! itself has a boundary,
this procedure prepares the system in some particular state

|¥). This state is in the vector space H<TL ' ® Hg’f )
two factors are due to the fact that /5, x SP~! has two
disconnected boundaries. With such a state in hand, we can
evolve this system in Lorentzian time as in Fig. 19. In other
words, this procedure gives a Hartle-Hawking preparation
for the state |V).

One can see that |¥) = |[TFD) as defined in (5.1) from
quantizing the Euclidean CFT on Ig/, X S§P=1 in two
different ways as illustrated in Fig. 21. Quantizing along

. 2
**In terms of the horizon length, 73 = & (=1 + /1 + 4u/L?),
u can be expressed in terms of the inverse temperature from the
TT. 27'
22riL+L+2'
black holes which have positive specific heat and satisfy

\/Er+ > L.

whose

relation f = Note that we are considering “large” AdS

FIG. 20. For a CFT on Iz, x SP-1" one can consider the
Euclidean time direction 7 along I/, or 7 = |z — f/4].

the 7 direction means evolving states along the length of the
cylinder, while quantizing along the 7/ = |z — /4] direc-
tion evolves states away from the middle of the cylinder.
This implies that the inner produce of |¥) with some state

[vL) ® [vg) GH(;) ® H(TR> is given as

(o] @ (vg])[¥) = (v |e P2 ]vg)

=Y Bl |n) (vgln),  (5.4)

where the first equality follows from the equivalence of
quantization directions in Fig. 20 and the second follows
from inserting 1 = >_, |n)(n|. Equation (5.4) then exactly
matches the matrix elements of |TFD).

Let us now replay this story while taking into account the
SymTFT construction of 7 on I/, x SP~!. As pointed out
in [4], there is a plurality of ways one can build a (D + 1)-
dimensional SymTFT sandwich when the D-dimensional
field theory of interest is placed on a manifold with
a boundary.27 See Fig. 21 for a sampling of such possibil-
ities which differ by the insertion of topological interfaces
localized on the D-dimensional topological boundary of the
SymTFT. We define the corners where the topological
boundaries and the CFT world volume meet (i.e., where the
dotted blue lines hit the red intervals in Fig. 21) in the
simplest manner possible by just imposing the relevant
boundary condition for the field shared between the CFT
and the SymTFT, which are always discrete p-form gauge
fields in our cases, at 7 = 0 and 7 = /2. Different choices
of boundary conditions at corners can be obtained by
placing different topological interfaces there. Furthermore,
from the fact that Sp_; is topological, each of the SymTFT
sandwiches in Fig. 21 can be deformed into each
other. Therefore, one can simply restrict to the case of
having only a single topological interface without loss of
generality.

*In [4], the suggested term for these general constructions was
cheesesteaks (a logical generalization of sandwiches). See also
[5-9] for recent works which also generalize the SymTFT
construction to QFTs with boundaries.
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FIG. 21. Several possible SymTFT configurations for a CFT on

I3/, x P! The world volume of this CFT is depicted by the red
interval. The blue dotted lines denote topological boundaries for
Sp.1, while the blue crosses are topological interfaces.

The SymTFT setup relevant for eternal AdS black
holes then crucially relies on a choice of a topological
interface which we label by i. These can be defined by
matrices

MB) e Hom(Hg(Mp), Hs(M})), (5.5)
where M}, UMy, = Mp and OM5 = Mp_; is the world
volume of the interface. In other words, they transform
SymTFT boundary states below the interface to SymTFT
boundary states above the interface. Fusing topological
interfaces then just amounts to finite-dimensional matrix
multiplication. This presentation is most natural if we
quantize the SymTFT vertically in Fig. 21, while if one
quantizes in a radial direction away from the interface, then
one can equivalently present it as a vector:

1B) € Hs(Mp)®2. (5.6)
This is reminiscent of the fact that local operators on
boundaries of string world sheets are labeled by two
Chan-Paton factors and follows the (extended)
Atiyah-Segal axioms™ [86,87]. One can go between
these two descriptions by changing the basis vectors
1), ® [J)p €Hs(Mp)®* to basis matrices |I); (/| €
Hom(H,s(Mp). Hs(M})).

Now, due to the topological nature of the SymTFT we
can redraw the rightmost diagram in Fig. 21 into the
suggestive form (see Fig. 22).

The cylinder end points are located at 7 = f5/4, where
from this location we can choose to time evolve the system
into Lorentzian signature to produce to the CFT dual to the
eternal AdS black hole or choose to time evolve into
Euclidean signature. Either way, the time evolution, as
illustrated in Fig. 23, recovers the main picture of this paper
where we have two CFTs whose SymTFT topological
boundaries are specified by a state in 'H?z. Indeed, above
some Euclidean time slice 7 > /4, this setup is com-
pletely identical that of previous sections. As mentioned in
the Introduction and shown in Sec. II, we have an
equivalence between presenting the S entanglement as a

BFor an introduction to extended TFTs, see Sec. 1 in [85].

FIG. 22. The rightmost diagram in Fig. 21 redrawn.

single connected SymTFT world volume (possibly with an
interface) and a disconnected world volume (possibly with
S entanglement). This equivalence in the current setup is
also illustrated in Fig. 23.

As we have shown in Sec. I, the SymTFT vector | B) labels
different absolute theories; it accordingly labels different
Hilbert spaces and algebras of defect operators, e.g.,

(gen line defects) (nongen surface defects)
My, V Y

B) ) , etc. (5.7)

In the current context, this now includes a labeling on the
thermofield double state |TFD, B) € H|z whose form
will be given in some examples below. In the case of a
product SymTFT state |B) = |I); & |J)g, then we have
that
His) = Hy) @ HY (5.8)
where H, is the Hilbert space for the absolute CFTs 7 ; (and
similarly for the polarization J). The algebras of defect
operators also factorize for such a SymTFT state.
As we know from Sec. II, if |B) implies an S entangle-
ment of p-form symmetries, then the algebra of p-dimen-

sional genuine defect operators of the combined system
does not factorize:

gen p defects gen p defects gen p defects
1% £V eV b

= (5.9)

For p = 0, these are algebras of local operators which, by
the CFT state-operator correspondence, are equivalent to
the Hilbert space, which implies that if |B) displays 0-form
S entanglement, then the Hilbert space does not factorize:

His) # Hy ® HY (5.10)

for some polarizations I and J for 7. Perhaps the simplest

(i)

such case is when the interface Ité is just the trivial

D
identity interface: o >, |I), (I|. In this case, |B) is just
given by the maximally entangled state >, |I); ® |I).

This agrees with the intuitive fact that the left and right
CFTs should have maximal S entanglement if the left side
in Fig. 23 has no topological interface in the SymTFT
sandwich.
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L R
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FIG. 23.

L

I('L )

top.

S/

Two equivalent ways of (Lorentzian or Euclidean) time evolving the CFT-SymTFT system in Fig. 22 beyond 7/ = /4. On

the left, we evolve with a single SymTFT world volume for each time slice, albeit with an interface. On the right, we evolve with two
disconnected SymTFT world volumes with two (possibly entangled) topological boundaries. Note that the interface can change between

the two presentations given; we focus on the left one in the text.

While the thermofield double state, as traditionally
defined in (5.1), is a state in the product of the left and
right CFT Hilbert spaces, we now address how to construct
such states when the Hilbert space of the AdS black hole
does not factorize. For the sake of concreteness, let us
assume that the SymTFT includes the Zy-valued gauge
fields b, and cp_; and the usual BF term

2r

b](sCD_l C SSD+I' (511)

The topological Wilson line and surface operators for this
SymTFT are

27i 27i
Uz@xp(—/ b1>, V:exp<—/ cD_1>. (5.12)
N o] N Op-1

Denote the boundary theory as 7 and then recall that in the
usual SymTFT sandwich construction it has a ZI(\(,)) global
symmetry if b; (respectively, c¢,) has Dirichlet (respec-
tively, Neumann) boundary conditions along the topologi-
cal boundary and V is the O-form topological symmetry
operator. We now consider the 7 theory in the setup in
Fig. 23 to understand what the TFD states are when the
topological boundary condition is entangled or not. The
nonentangled state |00) is equivalent to considering the
theory with the polarization such that 7; and 7  each have
their own ZS\?) global symmetry and we do not have a
background ﬁeld turned on. Meanwhile, the entangled state
IB) = & (>-N! |ii)) is the polarization where the diagonal
subgroup (ZN)dlag C(Zy);, x (Zy)g  generated by
(+1,+1) is gauged. This means that the usual thermofield
double state (|TFD, 00) in this notation) is transformed to

one where we gauge (Zy )iy,

ITFD, 00) — |TFD, B) =

1 N-1
v (Z % vk> ITFD, 00).

(5.13)

More explicitly, if we keep track of the Z, charges ¢g,,, we
can write the usual thermofield double state (5.1) as

2%

One can see why the Zy charges are the same for both the
left and right states in the tensor product by returning to the
derivation around (5.4) and deriving a selection rule:

n

ITED,00) =

Ve (5.14)

(vr.qrle2|vg. —qg)

= e*2ax/N (g, |ePHI2V 0%, —qg) (5.15)
= et 2milae=a)/N (p; g, |ePH2| vk, —qp) (5.16)
= ¢; = qrgmodN. (5.17)

Because the projection operator from the diagonal gauging,
(Mg VEVE), requires that the Z, charges satisfy
(L) (R)

qn’ = —qn , only the zero-charge states remain:
| /=
[TFD, B) =~ (Z vk VR> |TED,00)
=0
1
e_/jE"/2|n,O>L . >R. (518)

0 {nlg,=0}

This state is in the Hilbert space defined by projecting onto
the invariant states of Hl(é)) ® Hl((i) ,

Hygy = (K @ 1)/ (2 (5.19)

)diag ’
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FIG. 24.
splittable in the sense of the right-hand part of the figure?.

and the left- and right- ZE\?) symmetry operators are
identified as

V=V, ~ Vil (5.20)

which is the symmetry operator for the remaining
Zy = [(Zn)r X (ZN)Rl/(ZN)diag ~ O-form  symmetry.
Additionally, this gauging in the CFT implies that every
genuine local operator will take the form

H(’)LH(’) ., such that qu Zq] )s

(5.21)

which is the same answer one would get from applying the
state-operator correspondence to H . We can consider a
nontrivial background field labeled by amodN for the
remaining Zz(\(/)) global symmetry by taking the SymTFT
state to be |B) =+ (3N e*™*a/N|kk)) which cor-
respondingly changes the projection operator to
L (>N e?mika/NyK vk, The thermofield double state in
this case will be

! (Z vk Vk> ITFD, 00)

= Z e PE2|n,a), @|n,a)g.
z ( ){'1|!1;sz1}

ITFD, B) =

(5.22)

Additionally, notice that it was important that in this
example the CFT is of dimension D # 2 because of
0-form gauging because we would have to include twisted
sector states (as the reader may be familiar with from string
world sheet orbifolding) which makes obtaining the
SymTFT-entangled thermofield double states more com-
plicated. We address this technicality in Appendix A.
Alternatively, we can choose a SymTFT state |B) that
amounts to gauging by the “antidiagonal” subgroup of

In blue, we have an object whose spatial world volume goes through the AdS black hole wormhole. Is this object necessarily

(Zy), % (Zy)g generated by (41, —1). In this case, the
thermoﬁeld double state is invariant under the projection
operator v (3= V5 VF), while the Hilbert space will still
be nonfactorizable 1nt0 left and right pieces.

In summary, the analysis of this section shows that the
definition of gauge charges of the eternal AdS black hole
crucially relies on the degree of S entanglement. This
relation boils down to the following two points:

(1) If an eternal AdS black hole has a single well-
defined Z, O-form gauge charge under which
objects in both causal regions outside of the black
hole are charged, then |5) must have a nontrivial S
entanglement.

(i) If |B) does not have S entanglement, then the eternal
AdS black hole has a separate Z, gauge charge for
each of its (left and right) horizons.

B. On Harlow’s splittability argument

We now comment on the ramifications of the previous
section on the claims® of [84] that all objects threading the
wormhole in these bulk geometries are splittable;
see Fig. 24.

Briefly reviewing the physical reasoning [84], consider a
Wilson line for a bulk U(1)® gauge theory with some
charge +¢ threading the wormhole as in the left side in
Fig. 24. Such an insertion of a bulk Wilson line corresponds
to some operator in quantum gravity theory on AdS, so
assuming the factorization of the Hilbert space (as well as
the algebra of all operators) into left and right pieces seems
to imply that such an operator can be expressed in terms of
a product of operators localized on the left and right
exteriors of the black hole. This is further corroborated
by the fact that the U(1)®) gauge theory should have a
complete spectrum of electrically charged particle states
[89]. In particular, the creation operator for a particle state
with electric charges +¢ can furnish end points for the

#See also [88] for a similar study of wormhole-threading bulk
Wilson line operators.
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Win ) (Le)

Wina) (LU (Ey) SU(N)?/Zy 7 .

W1 (Le)

UL (Xy)

FIG. 25.

SU(N)?/Zy T R

SU(N)?

SU(N)? L R

We give a sampling of objects (left column) involving Wilson lines and 1-form symmetry operators present for 4D SYM

theory with corresponding gauge group (middle column) and their bulk interpretations (right column). Note Zy = Zy(1,—1) here. In
the second row, Z, is a timelike surface in the 4D gauge theory such that 0%, = L,, and the symbol @ means that the F'1 string spatial
world volume goes into the nonradial spatial direction. In the third column, we interpret the Wilson line in the CFT as an F'1 string which

ends on the black hole.

charge +¢ which can cause it to split as in the right side
in Fig. 24.

Given that the presence of S entanglement can cause a
lack of factorization, let us understand how this alters the
above conclusions. For concreteness, our focus will be on
the 4D N =4 CFT case with maximal S entanglement
being between 1-form symmetries. In particular, we take the
gauge group to be (SU(N) x SU(N))/Zy. We then place a
timelike Wilson line in the representation (N,N) at
R, x {py} CR, x S, where py€S® denotes the north
pole. From our holographic dictionary, this operator creates
two copies of the F'1-string configuration as in Fig. 8, one for
the left and right black hole exteriors which in the Penrose
diagram appears as in the top line of Fig. 25. These two sides
of the F'1 string are then connected in the bulk and charged
under a common (Zy)") gauge group. This object is
nonsplittable in the sense that the (Zy)") gauge charge
in the left region must cancel the (Z)(") gauge charge in the
right region. This charge cancellation is not possible in the
imagined scenario in the right side in Fig. 24, since if the
configuration of an F'1 string ending is valid in each separate
left and right patch, then one is free to add multiple copies of
this configuration on one side.

A subtlety of this construction is that such a Wilson line
configuration will violate Gauss’ law for the gauge theory
since S3 is closed, so we must include, for instance, a

timelike Wilson line in the representation (N, N) at the
south pole pg € S3. This creates a wormhole threading F1
string with opposite orientation which can annihilate the F'1
string at the north pole. This decay process is suppressed in
the limit f# — oo. For the sake of completeness, we also
detail in Fig. 25 interpretations for various Wilson lines and
topological operator configurations when the gauge group
is SU(N)? or SU(N)?/Zy,.

Notice that the key difference between the U(1) Wilson
line example of [84] and our example is that, in our case, the
1-branes threading the wormhole have a bulk gauge charge.
The Wilson lines considered in [84] are charged under an
emergent U(1)()) global symmetry at low energies which is
broken at high energies due to the tower of electrically
charge particles states required for the electric charge
completeness for the U(1)®) gauge symmetry. While this
means that the nonsplittable example of this section does not
directly contradict the splittable example of [84] (or
charge completeness, in general), it does illustrate how
the S entanglement can lead to configurations not
considered in [84], because this reference assumed
factorizability.

Finally, note that, for large finite 3, the configuration of
F1 and anti-F'1 strings mentioned above has long but finite
lifetime and so is “splittable” in the sense that it can decay.
However, the fact that this lifetime can be made arbitrarily
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large by increasing f is in stark contrast with the U(1)
Wilson line example of [84], because the lifetime for the
Wilson line source to decay is proportional to the mass of
the lightest U(1)(® charged particle, which is expected to
be bounded above by the Planck mass [90].

C. Comments on Marolf and Wall’s “superselection
sectors”

We now use the proposal of Sec. VA to understand a
puzzle posed by Marolf and Wall in [20] on the apparent
inadequacy of the thermofield double state in describing the
physics of eternal AdS black holes. We then compare our
answer with their conjectured solution which involved what
they referred to as superselection sectors for the eternal
AdS black hole Hilbert space.30

Reviewing Marolf and Wall’s puzzle, they start by
considering two in-falling observers, which we name
“Lois” and “Ryan,” that are, respectively, created by local
CFT operators O} and O. The idea is that these observers
are created near the left and right asymptotic boundaries;
see Fig. 26. In the original setting of Maldacena (i.e., with
no S entanglement), the Hilbert space factorizes into left
and right pieces H =H; ® Hg, so O pr€H;z. The
authors of [20] then claim that there should be a way to
measure the interaction between Lois and Ryan inside the
black hole, i.e., some observable whose VEV in the Lois +
Ryan + eternal AdS black hole system is =1 when they
interact and ~0 when they do not. This was motivated by a
the expectation that there should be a semiclassical under-
standing of the large black hole interior. More precisely,
Marolf and Wall expect that there exists an operator P such
that one simultaneously satisfies

1. (TED|O, Ox PO O} |TFD) % 1, (5.23)

2.(TFD|0, PO} |TFD) ~ (TFD|0x POL|TFD) ~0. (5.24)

Because of the exact factorization of the Hilbert space,
P =P + Pg, where P; commutes with all operators in
‘Hg, and similarly for (L <> R). Therefore, satisfying the
second condition will always make the correlation function
in the first condition approximately vanish. The proposal of
[20] to address this discrepancy is that one should replace
ITFD) in the above conditions by a new state they call |w2).
They claim that both states should exist in an extended
Hilbert space

%Note that Ref. [91] claims that some of the conceptual issues
brought up by Marolf and Wall can be addressed in their
formulation of bulk observers in AdS. Since we do not see a
clear relation between their claims and our statements on the
black hole charges, we leave an understanding of how our two
works relate for the future.

FIG. 26. Two observers falling into the AdS black hole and
meeting in the interior. One originates from the left asymptotic
boundary and the other from the right.

where V is some auxiliary Hilbert space (the superselection
sector space) which is large enough such that [w2) € Hyo
with a nontrivial component in V such that the two above
conditions are satisfied.

Comparing to our proposal, we first specialize to the case
that the two in-falling observers are charged under a ZI(\(,))
bulk gauge symmetry. We consider an eternal AdS black
hole with maximal entanglement for a Z%, symmetry, such
as the AdS, black holes dual to two copies of CFTs
possessing O-form symmetries. In CFT language, we have a

Zz(\(/)) global symmetry obtained by gauging (Z[(\(/)))L «

(Zl(\?)) g by the Z, subgroup generated by (+1,—1). Let
q1 g denote the charges under (Z](\?)) L.z and then genuine

local operators will take the form O\ O such that
qr = qg =t q. Moreover, this gauging identifies the sym-
metry operators U; ~Up=:U. We can then calculate the
following correlator:

(TFD, B|O\ 0 W14(0\?)H (0| TFD, B)

= e~ 274N L O(p™), (5.26)

where |B) = £ > ¥} [k) ® |k) as in Sec. VA. The leading
term comes from evaluating the correlator in f — oo, where
the thermofield double state reduces the CFT vacuum.
Similarly, one can compute that

(TFD, B|O\Y1(0O")"|TFD, B)

= (TFD, BIOYU(OY)[TFD, B)  (5.27)

— 1+ 0(87) (5.28)

due to the fact that these nongenuine local operators®' are

31Technically, when one writes O(Lq}, one should include the
dependence on the topological line operators attached to these

local operators, e.g., O(Lq) (x9)V(L), where oL = x,.
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not charged under ¢/. Consider now the operator

eQniq/N

P, = (5.29)

1— eeriq/N (Z/{ - 1)

The above correlators of U implies that P, satisfies the
conditions (5.23) and (5.24). We must caution that giving a
more complete solution to Marolf and Wall’s puzzle would
involve not just generalizing our S-entanglement construc-
tion to continuous internal symmetries but also to space-
time symmetries: An observable measuring whether or not
Lois and Ryan hit each other surely depends on their initial
momenta. Indeed, the operator P in (5.29) detects only
whether or not both Lois and Ryan exist in the spacetime or
not—much more coarse information. We hope that our
arguments here can serve as a stepping stone to understand
how CFT data can measure such events past the horizon
that one may expect semiclassically to be sensible
information.

Finally, we note that the SymTFT Hilbert space
Hs(Mp)®? played an identical role as the superselection
sector space V in Marolf and Wall’s conjectural answer to
their puzzle. Indeed, if we chose |B) to be a direct product
state, then it would have been impossible to construct an
operator P satisfying (5.23) and (5.24), and |TFD, B)
would have similar properties to the state Marolf and
Wall denote as “|TFD).” Meanwhile, the entangled |B)
used in this section behaves as their “|w2).”

D. A conjecture on refining the holographic dual
proposal of an eternal AdS black hole

In this section, we have so far been working in a top-
down perspective to construct eternal AdS black holes with
S entanglement and understanding the physical conse-
quences. While rigorous, our sacrifice is that we have
had to restrict ourselves to consider S entanglement for
p-form discrete internal symmetries. In this subsection, we
let ourselves speculate on how to extend our claims to
continuous and spacetime symmetries.

As we saw from Sec. V A, eternal AdS black holes have a
globally well-defined Z O-form charge (as opposed to
separately defined charges for the left and right boundaries)
only iff the S entanglement was nontrivial. We suspect a
similar conclusion holds also for all types of gauge charges
as well. In particular, we first expect that there exists an
embedding of the SymTFT of discrete symmetries, Sp1,
into a SymTFT for all internal global symmetries of the
CFT, Sf';lfr'ilm, which further embeds in a SymTFT con-
struction for all global symmetries of the CFT:

Spri C S c S (5.30)
Proposals for SymTFT constructions for continuous inter-

nal symmetries have appeared recently [92-94] which
involve TFTs with noncompact gauge groups, as well as

the SymTh proposal of [95] (see also [96]) which replaces
the TFT with a gapless (albeit scale-invariant) theory. See
also [97] for work on developing a SymTFT construction
for spacetime symmetries. In sketching such a nested
sequence (5.30), we remain agnostic as to whether the
correct formulation of S%‘L‘rl is truly topological or not, but
we simply assume that a CFT of interest 7 is a valid
boundary condition for S, and that all symmetry data
such as topological operators and their linking with charged
operators are captured by SHI .

With these conservative assumptions, one can form
S-entangled setups exactly analogous to Fig. 2, where
we have S| placed on M, x [0, 1] with 7 p, at M, x {0}
and 7 , at M, x {1}. This follows from the fact that if the
first boundary condition exists, then the conjugate boun-
dary condition also exists. This is implies that for any
complicated s%/mmetry higher category C, regardless of how
complicated,3 there will always exist a notion of “diagonal
gauging” of C ® C'. See [100] for an example of defining
such a gauging for the case when C = Rep(G) which is
nontrivial. Note that the existence of such a sandwich
construction further implies that anomaly associated with
this diagonal gauging cancels schematically as™

Adiag:AC_FAC*:-AC—AC:O'

We conjecture then that preparing a TFD state for the
product CFT 7 ® T, with an S entanglement associated
with the diagonal gauging of their symmetries is dual to an
eternal AdS black hole whose spacetime gauge charges,
such as angular momentum, and internal gauge charges are
globally well defined in the sense that these charges are not
separately defined with respect to the left and right event
horizons. Such a construction should, in principle, con-
stitute a full solution to the types of puzzles posed in Marolf
and Wall [20].

(5.31)

VI. CONCLUSIONS AND OUTLOOK

In this paper, we have introduced and explored the
concept of SymTFT entanglement (S entanglement for
short) between QFTs. This provides a natural generalization
of the familiar “sandwich” construction of SymTFTs,
clarifying how (non)invertible subsymmetries can be
gauged between two or more theories. From the holographic
perspective, S entanglement appears as a new entry in the
AdS/CFT dictionary and is a necessary ingredient whenever
multiple disconnected conformal boundaries are present. In
particular, we have shown how baby universe Hilbert spaces
(with more than one dimension) and their associated

For higher fusion categories, it is still an open question on
how to rigorously treat the condition of unitarity. See [98,99] for
recent work in this direction.

3For a similar recent discussion, see [11].
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ensemble averaging naturally arise from SymTFT entangle-
ment and established a relation Hpy ® My, = Hg (4.31).
Furthermore, in the case of two-sided AdS black holes, the
SymTFT entanglement data can determine whether the
Hilbert space factorizes or not and also whether 0-form
internal gauge charges of the black holes are independent
between the left and right horizons or not.

We anticipate several avenues of future directions and

generalizations of this work.

(1) In this work, we focused on discrete internal
symmetries. A natural extension is to consider
continuous and even spacetime symmetries.”* Ap-
pendix B illustrates how a U(1) SymTFT can lead to
ensemble averaging over 6 angles in 4D holographic
CFTs. We also sketched in Sec. V D how this might
impact the physics of two-sided AdS black holes and
clarify puzzles raised by Marolf and Wall [20].

(i1) Another direction is to revisit stringy AdS; holog-
raphy, discussed briefly in Sec. IIIC, in the case
where no semiclassical supergravity description is
available near the conformal boundary. See
[62,63,101] for recent work mapping bulk world
sheet data to CFT, symmetries. It would be inter-
esting to explore S entanglement for these string
backgrounds because of the interesting resolution to
the factorization puzzle in this setting from the bulk
point of view [102]. A concrete question to ask then
would be: How does one impose entangled boun-
dary conditions from the point of view of the bulk
tensionless string world sheet in the presence of
multiple conformal boundaries?

(iii) Closely related, the AdS;/CFT, correspondence has
also been approached from bottom-up perspectives
using 3D TFT path integrals. Interpreted as
SymTFTs, these constructions capture the CFT data
in rational models, where the vertex operator algebra
is fully encoded in Verlinde lines and modular tensor
categories. More generally, one may view the
Virasoro TFT as the SymTFT governing 2D topo-
logical defects commuting with the Virasoro alge-
bra. See [103—114] for a partial list of recent work
along these lines. It would be interesting to explore S
entanglement in this setting, as it may provide new
insight into ensemble averaging phenomena in the
bottom-up AdS;/CFT, correspondence.

(iv) In addition to considering S entanglement as corre-
lations between boundary conditions of AdS space-
times, one can also ask what are the consequences of
this for asymptotically Minkowski vacua. We ad-
dressed this briefly in Sec. II C when considering the

A subtlety for spacetime symmetries, compared to internal
ones, is the absence of a clear notion of topological operators
generating them. This raises the puzzle of whether they admit a
description purely in terms of SymTFTs or require a more general
framework. See [97] for a recent work in this direction.

system of N D3-branes before backreaction, but we
expect that, in the context of celestial holography,35
there should exist a construction which entangles
two disconnected Minkowski vacua in a similar
manner as we have done for AdS vacua.

(v) In the context of ensemble averaging in AdS/CFT,
there is an ongoing discussion of whether the
averaging should be understood as taken over
microscopically well-defined element theories
(see, e.g., the Maloney-Witten construction of aver-
aging over Narain moduli space [74]) or instead as
an averaging over more abstract axiomatic data of
the CFT (see, e.g., the proposal to average over
random three-point function data of large-c CFTs
[116]). The latter mechanism has, in particular, been
motivated by the chaotic behavior of CFTs above the
black hole threshold [75].*° The ensemble averaging
derived from S entanglement in this work is closer in
spirit to the former type, as it naturally produces
mixtures of well-defined element theories. It would,
nevertheless, be interesting to explore whether S
entanglement can also be adapted to mimic the latter
mechanism.

(vi) Finally, given that taking a partial trace of two (or
more) S-entangled AdS vacua can lead to bulk global
symmetries, it would be interesting to explore how
other core swampland principles are violated for
these partial traced subsystems, given that so many
swampland conjectures rely on assuming the absence
of global symmetries in quantum gravity theories.
Such a direction would be in similar spirit to the work
of [119], which explored how swampland principles
can be violated for gravitationally coupled subsys-
tems (in this case, end-of-the-world branes) in the
context of AdS/BCFT correspondence.

Note added. Recently [120,121], an independent preprint
[11] appeared on the arXiv which includes examples of
what we refer to as S entanglement. We also mention
upcoming work [122,123] which has some overlapping
themes with this paper.
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APPENDIX A: SYMTFT ENTANGLED TFD
STATES FOR ETERNAL AdS; BLACK HOLES

We now address how to construct S-entangled thermo-
field double states when the CFT is two-dimensional. What
makes this case special is that, for a given D = 2 CFT, 7
with nonanomalous global 0-form symmetry G(*), gauging
it results in a quantum symmetry which is also O-form
symmetry. In general, this is a (D —2)-form symmetry
Rep(G)(D‘z), and the fact that D = 2, together with the
state-operator correspondence, means that the Hilbert space
of the gauged theory, 7/G), has sectors labeled by
charges®’ of Rep(G)(©). This is perhaps more familiar in
the setting of orbifolds in string perturbation theory, where
we also have that the twisted sectors are labeled by charges
of Rep(G). For a modern review of these statements,
see [60].

For simplicity, we will restrict to the case of 7 having a
GO = Zg\?) global symmetry where now Rep(G)© ~ 7\
is the Pontryagin dual of the original group. We will let

gmodN denote charges of the original group ZE\(,)) and will

let gmodN denote charges of the quantum symmetry Zg\(,)).

With these preliminaries in hand, we see that the algebra of
genuine local operators of 7 decomposes as

e = Ve (A1)
q

where each V5™ has charge gmodN under ZE\(,)). Meanwhile
nongenuine local operators are attached to topological lines
V; which are symmetry operators for ZI(\(,)). The reason why
these have a ¢ is label is because of the perfect pairing

between finite Abelian groups and their Pontryagin duals:

' These charges are classified by conjugacy classes of G.

Zy X Zy = Q/Z. More explicitly, this means that the
symmetry action on genuine local operators O, € V5™ i
given by

V,0, = exp(2zigg/N)O (A2)
assuming V, links once around O,. We can now define the
total algebra of local operators as
@V where V0 = peen,

Vtotal ( A3)

Note that each V@ for § # 0 does not have a unique
decomposition into g-charge sectors as in (A1) because of

the mixed ’t Hooft anomaly between Zg\?) and ZE\(,)). Note
that a natural interpretation of the nongenuine local
operators of 7 are genuine local operators in the twisted
sector of the orbifolded theory 7 /Z,. These are projected
out of the spectrum of genuine local operators after gauging
T /Zy by Zy which brings one back to 7. Also, by the
state-operator correspondence, one can similarly define a

“total Hilbert space” of 7 as

Htotal

oM. (A4)

where HY) =@, H, with g # 0 labeling the twisted
sectors. The total Hilbert space for 7 /Zy is identical to
that of the 7 theory just as the set of local operators does
not change: Only which ones are labeled genuine or
nongenuine changes. However, the decomposition into
subspaces does change. If we let O, denote a local operator

of charge ¢ under Z](\(,)), then the symmetry operator is

labeled by ¢ and has an action

U,0; = exp(27iqq/N)O, (A5)
The total Hilbert space for the 7 /Z, theory then has the
form

M7y, = @H (A6)
where H(%) have a U ¢ topological line defect inserted at a
given point in the spatial S' and H(© =, H@ is the
decomposition of the usual Hilbert space into twisted
sectors.

With this background in mind, let us apply it to the case
of 7 :=T7; @ Tgand Zz(v given by the diagonal subgroup

of (Z), x (Z\"), generated by (1,—1)modN. The TFD
states with the S entanglement associated with gauging

BAs the reader may have noticed, this structure can be
reproduced by a 3D SymTFT action «x N f b,éc;.
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such a diagonal subgroup was studied in Sec. VA, and we
saw there that the preparation of the thermofield double
state followed from one without S entanglement by acting
with a projection operator P = + > ¥=) V& Vk. For D = 2,
however, the presence of twisted sector states modifies this
answer to

1 ; ;
TFD,B) =P [—— Y e PEa?|p+d)), @ [n-0 )
[TFD. B) <%w§j ), @ [nl=0)

g.n'@)
(A7)

Explaining the notation, 3 denotes the SymTFT boundary
conditions leading to such an S entanglement, while

|n+@)), is an energy eigenstate in the subspace H(L’?) C
H‘;‘Lal which is mapped to a nongenuine local operator
attached to V after applying the state-operator correspon-
dence to 7 ; . The derivation of (A7) follows from repeating
the derivation of the TFD state reviewed in Sec. V A, where
now the key difference arises from the insertion of the

complete basis of states [see below (5.4)], which includes
twisted sector states.

APPENDIX B: U(1) SYMTFT ENTANGLEMENT
AND 60-ANGLE AVERAGING

In this appendix, we sketch a generalization of the
S-entanglement construction to the case of continuous
symmetries, using the U(1) SymTFT introduced in [92,93],
whose string theory approach is proposed in [76,124]. After
building entangled states for U(1) SymTFTs, we follow the
discussion in Sec. IV to build an ensemble averaging of
holographic 4D (S)CFTs over the 6 angle.

For a D-dimensional QFT with a (p — 1)-form U(1)
symmetry, its associated SymTFT has the following
action:

1

= — B1
27 Mpy ( )

ap A de—[J’

where a,, is a p-form representing a U(1) gauge field while
fp-p 1s a R gauge field. The topological operators of this
TFT are given by

U,(y) = exp (m% a,,), nez;
V() = exp (iaéf,;_,,) acU(1). (B2)

Under the canonical quantization on Mp x R,, we have
y€H,(Mp,Z)andT"€ Hp,_,(Mp, Z). The basic commu-
tator then reads

[Uy(y). V()] = etz (B3)

where Int(y, ) is the intersection number between y and I’
in M D-

Since eventually we are interested in building entangle-
ment and averaging for the 6 angle, from now on we will set
p = 0 [76]. The Hilbert space of this SymTFT39 can then
be spanned by eigenstates of either U,’s or V,’s. We will
use U,,’s to build the polarization. The corresponding basis
{|6)} of the Hilbert space®” is acted by U,’s and V,’s as
clock and shift operators:

U,|0) = e0).

V.l0) =10 + a). (B4)
Given a relative QFT defined on the physical boundary of
the SymTFT, its associated state in the Hilbert space
reads

|ﬂ—ﬂw%ww (BS)

A specific QFT with the parameter value 6, is picked by the
symmetry boundary state |6, ):

Now let us consider entangled states for this SymTFT
and the resulting ensemble averaging. To be more explicit,
we consider 4D QFTs associated to D3-branes probing
singular Calabi-Yau 3-folds, which are cones over 5D
Einstein-Sasaki manifolds. This includes 4D N = 4 SYM
associated to the flat internal geometry C3, as well as
N =1 quiver SCFTs associated to C3/T",I" c SU(3)
orbifolds or general toric local Calabi-Yau." These 4D
theories are holographically dual to AdSs x X5, where X5
is the 5D link geometry of the Calabi-Yau. This
infinite class of 4D holographic QFTs is equipped
with a 6 angle, coming from the type IIB axion field
Cy. The SymTFT for this (—1)-form symmetry is exactly
the one in Eq. (B1), whose IIB approach is derived
in [76].

Consider two copies of 4D relative QFTs within this
infinite class; then we can write down an entangled state in
the tensor product Hilbert space H; ® H, of the U(1)
SymTFT as

PMore precisely, the physical boundary in this case is not a
single relative QFT but a deformation class of relative QFTs
labeled by the circle-valued parameter [76].

“There is an ongoing discussion in the community whether
the U(1) SymTFT is mathematically well defined as a TFT. One
subtlety is that the Hilbert space does not have finite dimensions
but has a continuous basis, which does not obey the Atiyah-Segal
axiom [86,87] for the TFT.

“IThere is a vast literature on the subject of 4D SCFTs on D-
brane probes of singularities; see, e.g., [125-127] for reviews.
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/ d6][6), ® [6),. (B7)

Following the discussion in Sec. IV, we can then compute
the “partial trace” over H,. The resulting mixed state is
given by the following reduced density matrix:

o= [ Laslioyl. (B3)

which can be regarded as a continuous version of
Eq. (4.15). The ensemble averaging can then be realized
by computing the partition function for the relative QFT
state |T) = [[d6)Z1[0]|0) with respect to this mixed state:

Tr(prpr) = Te(|T)(T |p1)

~ [ avizrlap. (B9)

This is an ensemble averaging of 4D QFTs with random
coupling constant 6 under a uniform distribution.
Interestingly, this can be interpreted as a one-dimensional
slice of the SL(2,Z) ensemble averaging over the com-
plexified gauge coupling of 4D SYM, which is argued
in [128] to be holographic dual to quantum AdSs x S°. We
leave the full treatment of a top-down and SymTFT
approach to this SL(2, Z) averaging for a future study.
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