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Given two otherwise decoupled D-dimensional CFTs which possess a common (finite) symmetry
subcategory, one can consider entangled boundary states of their (Dþ 1)-dimensional symmetry
topological field theories (SymTFTs). This roughly corresponds to performing a gauging of the tensor
product of two CFTs, and we call this phenomena “SymTFT entanglement” (or “S entanglement” for
short). In the case when these CFTs have semiclassical holographic duals, the S entanglement relates the
bulk gauge charges between two otherwise disconnected AdS spacetimes as we highlight in several top-
down examples. We show that taking partial traces of such S-entangled states leads to a streamlined
approach to preparing ensemble-averaged CFTs in string theory. This ensemble averaging coincides with
that generated by α states in the baby universe Hilbert space, and we propose a symmetry-enriched
generalization of this Hilbert space via generalized global symmetries. We quantify how this symmetry-
governed averaging violates holographic factorization and leads to the emergence of bulk global
symmetries. We also consider the eternal (two-sided) AdS black hole geometries, where our SymTFT
entanglement considerations imply that there exist refinements of the usual theromofield double state
preparation of the system. We show that one may prepare the system in such a way that the total CFT data
does not factorize into left and right copies. As anticipated by Marolf and Wall [Classical Quantum Gravity
30, 025001 (2013)], we highlight that such considerations are necessary to define the gauge charges of
eternal black holes and, in certain cases, can imply that there exist extended bulk objects stretching across
the wormhole which cannot be expressed in terms of a product of left and right CFT operators.

DOI: 10.1103/9wgn-ntnn

I. INTRODUCTION

In the study of generalized symmetries of quantum field
theories (QFTs) (for reviews, see [1–3]), symmetry topo-
logical field theories (SymTFTs) have emerged as a central
concept. This is due to the fact that SymTFTs are both
conceptually and technically useful in understanding sym-
metry structures. For instance, they are useful in calculating
the fusion rules of topological operators and especially in
understanding the families of theories related to each other
by gauging. See Fig. 1 for a basic illustration of a SymTFT
“sandwich” construction. The utility of SymTFTs is espe-
cially helpful in more complicated field theory settings
such as when the QFTs of interest are placed on manifolds

with boundaries (see, for instance, [4–9]) or when the
QFT does not possess a well-defined partition function
[10,11].
In the context of string theory, SymTFT constructions

naturally arise when engineering QFTs decoupled from
gravity. These are often constructed from branes and/or
geometric singularities which are localized on some codi-
mension-k sublocus of the string theory target space
geometry. SymTFT constructions are then realized, roughly
speaking, by treating a radial direction away from the
codimension-k sublocus as the interval direction in the
SymTFT sandwich. Typically,1 the SymTFT is obtained by
first taking an infinite scaling of this radial direction and
restricting to a topological subsector of the compactifica-
tion supergravity on the radial shells surrounding the
sublocus [12]. In such realizations, topological symmetry
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1This, in particular, assumes that no cycles in such a scaling
limit have a finite volume and that the radial shells are smooth.
Otherwise, the SymTFT may no longer be topological, as it
contains a free Abelian or non-Abelian gauge theory, respectively
[4]. The examples considered in this paper will not be met with
such technicalities.
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operators typically arise as branes (wrapping cycles) on the
radial shells, while objects charged under the symmetry
operators intersect the sublocus [13–16].
In this work, we study generalizations of the usual

SymTFT setup in Fig. 1 where the usual (Euclidean) world
volume for the SymTFT, MD × I, for some D-dimensional
manifold MD and some interval I, is replaced as

MD × I → MD ×
�
I∐I∐ � � � I

�
: ð1:1Þ

In other words, we consider multiple disconnected sand-
wich constructions labeled by i ¼ 1;…; K and with multi-

ple (potentially different) gapless boundary theories T ðiÞ
D .

Our main interest is in studying the role of entangled states
in a K-fold tensor product Hilbert space for SymTFTs,
which is necessary to understand the possible choices of
topological boundaries in the setting of (1.1). We will
call such boundary states SymTFT entangled (or the
phonetically friendlier S entangled), which means that
the total boundary state cannot be written as a direct
product: jBi ≠ jB1i ⊗ jB2i � � � ⊗ jBKi. We will see
that this essentially amounts to a gauging of a common

finite2 subsymmetry between the various T ðiÞ
D theories. We

will also see that S entanglement can be equivalently
viewed as coupling multiple theories via a topological
interface; see Fig. 2.
A straightforward implication of S entanglement is that it

leads to a lack of factorization of field theory data (e.g.,
partition functions, correlation functions, algebra of genu-
ine line operators, etc.) into the K constituent QFTs.
Specifically (for the case K ¼ 2), we show the following.

Statement 1.Given two S-entangled QFTs T ð1Þ
D and T ð2Þ

D ,
there exists a p such that the algebra of genuine
p-dimensional defect operators of the total system does
not factorize into the tensor product of genuine p-dimen-

sional defect operators of T ð1Þ
D and T ð2Þ

D .
When the QFTs T ðiÞ

D have semiclassical3 holographic
duals, then the factorization of physical data, or lack
thereof, is of central interest in understanding generaliza-
tions of the AdS/CFT correspondence to spacetimes with
multiple (disconnected) asymptotic boundaries [17,18]. In
particular, what is known as the “factorization puzzle”
(American English spelling) arises when one considers a
gravitational path integral in the bulk which includes a sum
over topologies; see Fig. 3. Including wormhole configu-
rations into this sum seems to lead to a violation of
factorization in the partition function, correlators, Hilbert
spaces, etc., of the system. While such a sum can be made

(a) (b)

FIG. 2. Two equivalent ways of presenting a disconnected
SymTFT construction. In (a), the world volume of the SymTFT
SDþ1 is disconnected and the topological boundary condition is
specified by a possibly entangled state jBi. This is the convention
we will most commonly take in this work. In (b), the data
topological coupling caused by the entanglement in jBi is given
by a topological interface IB when IB being trivial implies jBi is
maximally entangled.

FIG. 1. Illustration of a basic SymTFT “sandwich” construction whereby a (Dþ 1)-dimensional TFT has a physical boundary, where
typically gapless degrees of freedom are localized, and a topological boundary. Compactifying the interval leads to an absolute

D-dimensional QFT, which one can denote T
ðBtopÞ
D ; U is then a topological symmetry operator and O denotes a charged operator.

FIG. 3. At least naively, a gravitational path integral for the case
of two asymptotic boundaries (blue circles) includes both
disconnected and connected contributions.

2We restrict ourselves to finite symmetries, as the SymTFT
construction is currently most firmly established for these cases,
but we will motivate interesting consequences for generalizing to
continuous symmetries in Sec. V D.

3In other words, the low-energy bulk gravitational sector is
described by Einstein gravity.
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precise (to varying degrees) in low dimensions, such as in
the case of Jackiw-Teitelboim gravity or perturbative string
world sheets, Fig. 3 is merely a heuristic for D ≥ 4. In the
context of top-down realizations of AdS/CFT in string
theory, one can easily construct holographic duals of direct
product CFTs T 1 ⊗ T 2 which are simple two disconnected
asymptotically AdS spacetimes.4

When two CFTs are coupled via a discrete gauging,
such as 4D N ¼ 4 SYM theory with gauge group5

G ¼ ðSUðNÞ × SUðNÞÞ=ZN , this leads to S-entangled
theories, and part of the purpose of this work is to give
a top-down string construction of such scenarios as well as
bulk interpretation of their physics. Roughly speaking, we
will find that S entanglement correlates discrete gauge
theory data between two or more disconnected AdS
spacetimes. These AdS spacetimes are otherwise not
coupled to one another, as topological coupling between
CFTs does not affect the stress tensor, by definition.
Such bulk interpretations of S entanglement are particu-

larly interesting in the context of AdS eternal (two-sided)
black holes. The aforementioned correlations between
gauge charges clarifies a conceptual puzzle first raised
in [20] regarding original proposal of Maldacena [21] that
these systems are described by a thermofield double (TFD)
state in a direct product CFT T ⊗ T †, where † denotes
CPT conjugate. While we leave a review of the puzzle
posed by Marolf and Wall to Sec. V C, we argue that, given
that the CFT T has a discrete, internal 0-form global
symmetry Hð0Þ, then the following applies.
Statement 2. A two-sided black hole in AdS which

has a single well-defined Hð0Þ gauge charge is dual to a
TFD state prepared in a diagonal gauging of a product
CFT: ðT ⊗ T †Þ=Hð0Þ.
If one does not include the diagonal gauging, then we

show that the corresponding eternal AdS black hole has two
separate Hð0Þ gauge charges, one associated with the left
horizon and the other the right horizon. Overall, we argue
that the AdS eternal black hole systems can be prepared in a
plurality of ways, some of which (including those for which
there is only one Hð0Þ charge) have a total Hilbert space
which does not factorize H ≠ HL ⊗ HR. In fact, by the

state-operator correspondence, one can see this as a special
case of Statement 1 above when p ¼ 0. In the literature, the
question of factorization for two-side black holes often
called the “factorisation puzzle” (British English spelling),6

but we will simply use “factorization” throughout this work
for notational uniformity.7

Another application of S entanglement arises when we
focus on just one of the constituent theories T ðiÞ

D . This
requires one to take a partial trace of the pure state density
matrix jBihBj; thus, one is led to consider the generalization
of the SymTFT construction whereby the topological
boundary state is a mixed state. Our top-down string theory
examples of S entanglement, therefore, also construct top-
down examples of ensemble averaging in string theory,
which unifies constructions found in [24,25]. One set of
examples we consider which has particular overlap with
previous considerations of ensemble averaging from bot-
tom-up perspectives displays S entanglement of (−1)-form
symmetries. Since (−1)-form global symmetry background
fields are simply parameters of a QFT, nontrivial mixed
topological boundary states in the SymTFT sector describ-
ing (−1)-form symmetries precisely lead to ensemble
averaging. Additionally, in light of recent work on the
connection between (non)factorization and the dimension of
baby universe Hilbert spaces (see, for instance, [26] as well
as related discussions in [27–32]), we comment on how our
top-down nonfactorizing AdS models have a dimension of
their baby universe Hilbert spaces larger than one and also
display features of having bulk global symmetries.8 In
particular, we obtain the following quantitative result.
Statement 3. Partial traces of SymTFT-entangled states

prepare ensemble-averaged boundary theories, whose
effective baby universe Hilbert space dimension is given
by the exponential of the von Neumann entropy or,
equivalently, the dimension of the Lagrangian algebra of
the SymTFT.
This paper is organized as follows. In Sec. II, we start

by reviewing the basics of SymTFT constructions and
how it is naturally realizes in AdS/CFT. We then define S
entanglement, give a holographic interpretation, and
explore various examples. This section works entirely
in the context of 4D N ¼ 4 SYM theories. Section III
discusses other examples of S entanglement including 6D
(2, 0) SCFTs (Superconformal field theories), 3D

4For example, one can generalize the original argument
considered in [19] of the duality between 4D N ¼ 4 super
Yang-Mills (SYM) and IIB (Type IIB string theory) on AdS5 ×
S5 by starting with IIB string on a disconnected target space
R1;9∐R1;9. One can consider a large-N1 number of D3-branes
in the first component and a large-N2 number of D3-branes in
the second component, and the gravitational backreaction will
produce two near-horizon throats which are decoupled. In this
language, a key point of our work is to point out the that
transverse spaces of the D3’s, R6∐R6, can have boundary
conditions which are entangled.

5This can be obtained from gauging a diagonal ZN-valued
1-form symmetry of the G ¼ SUðNÞ2 theory. Readers perhaps
unfamiliar with such statements are referred to the review
material in Sec. II.

6According to [22], this linguistic distinction is due to Henry
Maxfield.

7This is despite the fact that this violates the preprint require-
ments of one of the author’s organizations [23].

8We emphasize that we, of course, do not claim to construct in
bulk global symmetries in a quantum gravity model, as this arises
only when one looks at part of the system. Specifically, the bulk
picture of our top-down models always take the form of multiple
disconnected AdS spacetimes with some entangled boundary
conditions at infinity, and our baby universe/bulk global sym-
metries statements hold only if one takes into account only a
subset of these AdS spacetimes.
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Aharony-Bergman-Jafferis-Maldacena (ABJM) theories,
and 2D symmetric orbifold CFTs. In Sec. IV, we general-
ize the SymTFT construction to mixed boundary states, as
it naturally arises from taking partial traces of S-entangled
constructions. We show how this leads to (higher)
ensemble averaging in various examples and explain
the holographic implications for baby universe states
and bulk global symmetries. In Sec. V, we apply what
we have learned about S entanglement to eternal AdS
black holes and how this enriches the original proposal of
[21] and discuss some physical consequences of this.
Section VI contains our conclusions and future directions.
Appendix A gives more details on thermofield double
state preparation with S entanglement relevant for
AdS3=CFT2, and Appendix B gives an example showcas-
ing how a simple generalization of our construction can
yield S entanglement for continuous symmetries and a
continuous ensemble averaging.

II. SYMTFT ENTANGLEMENT FOR 4D N = 4
SUPER YANG-MILLS THEORIES

Having outlined the concept of SymTFTentanglement (or
S entanglement for short) in the Introduction, we turn now in
this section to concretely presenting our proposal for the
case when the physical boundary theories are copies of

T ≔ ð4DN ¼ 4 SYMwith gauge algebras suðNÞÞ: ð2:1Þ

After first reviewing the SymTFT construction for a single
copy of T and the dictionary with the holographic dual
(assuming large N), we discuss the field theoretic and
holographic ramifications of our proposal for two identical
copies of T .

A. Review of SymTFT and holographic
interpretation for T

We first begin with a review of the SymTFT picture for
the 1-form symmetries of T as well as its holographic
interpretation. Readers familiar with SymTFTs can safely
skip the first half of this subsection. Recall that the gauge
algebra suðNÞ determines a set of line operators that come
in two (irreducible) flavors: Wilson lines and ’t Hooft lines.
Wilson lines are labeled by representationsR of suðNÞ and
are defined as

WRðLÞ ≔ TrRP exp

�
i
Z
L
A

�
; ð2:2Þ

where P is the path ordering and L is the support of the
Wilson line. AWilson line can be thought of as an infinitely
massive probe electric particle in the R representation; on
the other hand, ’t Hooft operators are infinitely massive
probe magnetic monopoles. Their charge is characterized
by representations of the Langlands dual algebra of suðNÞ

which is, incidentally, also suðNÞ. This means that we can
label the minimal charge ’t Hooft line HNðLÞ by the
fundamental representation N, just as WN has minimum
electric charge. One can also consider dyonic lines by
fusing Wilson and ’t Hooft lines. Note that, while the
operator (2.2) is not strictly speaking Bogomol’nyi-Prasad-
Sommerfield, we will implicitly use WRðLÞ to also denote
its 1

2
-Bogomol’nyi-Prasad-Sommerfield cousin. We do this

because we are mainly worried about the global symmetry
charge of such line operators [which is the same for
supersymmetric versions of (2.2)] and the amount of
supersymmetry in the situations we consider will be
clear.
Within the set of Wilson and ’t Hooft lines, one can

consider the equivalence class of line operators where two
line operators are identified under an equivalence relation ∼
iff there is a local operator separating the two lines; see
Fig. 4. We will call this equivalence class the defect group
of line operators [33,34] (see also Appendix A in [35] for a
gentle introduction), which we will denote by Dð1Þ with the
superscript anticipating that these are charged under 1-form
symmetries. For pure 4D gauge theories (possibly coupled
to adjoint matter like inN ¼ 4 SYM) with gauge algebra g,
this is given by

DðgÞð1Þ ≔ fLine operatorsg=∼¼ ZðGs:c:Þð1Þ ⊕ ZðGs:c:Þð1Þ;
ð2:3Þ

where Gs:c. is the unique simply connected Lie group
associated with g and ZðGs:c:Þ denotes its center. The group
operation of DðgÞð1Þ follows from fusion of line operators.
For g ¼ suðNÞ, we have

DðsuðNÞÞð1Þ ¼ ðZNÞð1Þe ⊕ ðZNÞð1Þm ; ð2:4Þ

which are generated by WN and HN, respectively, which
explains the subscripts. This implies that N copies of each
can end on local operators. For example, the fact that N
copies of WN can end on a creation operator for a vector
boson (such that the combined configuration is gauge
invariant) follows from the fact that

FIG. 4. The equivalence class of line operators where two line
operators are identified under an equivalence relation ∼ iff there is
a local operator separating the two lines.
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Adj ⊂ N⊗N: ð2:5Þ

One can define 2D topological surface operatorsUðΣ2Þ and
VðΣ2Þ which measure these equivalence classes:

UðΣ2ÞWNðLÞ ¼ e2πiLinkðΣ2;LÞ=NWNðLÞUðΣ2Þ; ð2:6Þ

VðΣ2ÞHNðLÞ ¼ e2πiLinkðΣ2;LÞ=NHNðLÞVðΣ2Þ; ð2:7Þ

where Linkð−;−Þ denotes the integer-valued link pairing of
1-cycles and 2-cycles in 4D. Together, U and V generate a

1-form symmetry group ðZNÞð1Þe ⊕ ðZNÞð1Þm . Because of the
nontrivial Dirac pairing9 between electric and mag-
netic particles associated with the representation N, there

is a nontrivial ’t Hooft anomaly between ðZNÞð1Þe and

ðZNÞð1Þm which is captured by the 5D topological action

S5D ¼ 2π

N

Z
X5

b2 ∪ δc2 ð2:8Þ

via inflow as we take the 4D world volume of T ,M4, to be
such thatM4 ⊂ ∂X5. Here, c2 and b2 are ZN-valued 2-form
gauge potentials.
We will regard the 5D TFT with action (2.8) as the10

SymTFT for T where we take the 5D TFTworld volume to
be X5 ¼ M4 × I with the interval I ≡ ½0; 1� parametrized by
a coordinate y. The CFT T is localized at y ¼ 0, while
y ¼ 1 is a topological boundary condition whose purpose
will be made clear below. The topological surface operators
of this 5D TFT are given by

UðΣ2Þ ¼ exp

�
2πi
N

Z
Σ2

c2

�
; ð2:9Þ

VðΣ2Þ ¼ exp

�
2πi
N

Z
Σ2

b2

�
; ð2:10Þ

which satisfy the algebraic relations

UðΣ2ÞVðΣ0
2Þ ¼ e

2πi
N LinkðΣ2;Σ0

2
ÞVðΣ0

2ÞUðΣ2Þ; ð2:11Þ

UðΣ2ÞN ¼ 1; VðΣ2ÞN ¼ 1; ð2:12Þ

where Linkð−;−Þ denotes the integer-valued link
pairing of 2-cycles in X5 and ∼ denotes homological
equivalence. Given some y0 ∈ ½0; 1�, the dictionary
between SymTFT topological operators and symmetry
operators of T is

UðΣ2 × fy0gÞ ⇔ ðZNÞð1Þe symmetry operator; ð2:13Þ

VðΣ2 × fy0gÞ ⇔ ðZNÞð1Þm symmetry operator: ð2:14Þ

Moreover, Wilson and ’t Hooft line operators with support
L ⊂ M4 × fy ¼ 0g are, respectively, attached to VðL × IÞ
and UðL × IÞ. This implies that the 5D link pairing (2.11)
reproduces the usual action of symmetry operators on
charged line operators. In other words, after reducing on I
we have, for instance,

UðΣ2ÞWNðLÞ ¼ e
2πi
N LinkðL;Σ2ÞWNðLÞUðΣ2Þ ð2:15Þ

and similarly for action of V on HN. Note that the link
pairing between 1-cycles and 2-cycles in (2.15) descends
from the 2-cycle link pairing in 5D.
Note that when the theory T is placed on a Euclidean

4-manifold M4 such that jH2ðM4;ZNÞj ≠ 0, it is well
known that the relative theory T does not enjoy an
unambiguous partition function but should be described
by a partition vector [36,37]. In SymTFT language, this is
simply due to the fact that the quantization of the action
(2.8) along I assigns a Hilbert space of dimension N ×
jH2ðM4;ZNÞj to M4. One can obtain a well-defined
partition function by selecting topological boundary con-
ditions at y ¼ 1. Such boundary data are equivalent to
selecting a polarization11 for the Heisenberg algebra in
(2.11) (see, for instance, [38] for more details). Upon
selecting such a boundary state jBtopi∈HSðM4Þ, then
reducing on I yields an absolute 4D QFT, T ðBtopÞ, whose
partition function is schematically

ZBtop
ðM4Þ ¼ hT jBtopi; ð2:16Þ

where jT i denotes the nontopological boundary state with
the localized N ¼ 4 gauge degrees of freedom. We will
highlight below how these choice of boundary conditions
determine which line operators are genuine or nongenuine

9Technically, we mean the Dirac pairing modulo 1. As an
example, let us take N ¼ 2 and turn on a vacuum expectation
value (VEV) for an adjoint scalar which Higgs the gauge group to
Uð1Þ. In the normalization where the W bosons have electric �2
under this Uð1Þ, the Wilson line operators decompose as
W2 → Wþ1 þW−1 where the subscript is the Uð1Þ charge.
Meanwhile, the ’t Hooft line operators decompose as
H2 → Hþ1=2 þH−1=2, where H�1=2 is defined by the condition
that

R
S2 FUð1Þ ¼ �1=2 for an S2 linking the ’t Hooft operator.

This Higgsing picture makes clear that W2 and H2 have Dirac
pairing 1

2
mod1.

10As mentioned in the Introduction, what we call SymTFT
throughout most of this work captures discrete internal sym-
metries.

11Choosing a polarization specifies the absolute theory only up
to the addition of local counterterms or symmetry-protected-
topological (SPT) phases. One way to refine this choice is to
consider a polarization pair, namely, two Lagrangian algebras in
the SymTFT, with one determining the global form of the gauge
group and the other selecting the corresponding counterterm or
SPT stacking [10].
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(i.e., those which require a two-dimensional surface oper-
ator to be attached to them).12

For example, let us take the case of N ¼ 2 and
H2ðM4;Z2Þ ¼ Z2 for simplicity. Then, along the y ¼ 1
boundary, we can, for instance, choose Dirichlet boundary
conditions for b2 and a Neumann boundary condition
for c2:

b2jy¼1fixed; dyc2 ¼ 0; ð2:17Þ

where dy ≔ ∂

∂y dy is the exterior derivative transverse toM4.
This amounts to choosing the global topology of the 4D

gauge group to be SUð2Þ, which follows from our above
definitions, as the Dirichlet value b2jy¼1 ¼ B2 (well defined
up to shifting by exact 2-forms and large gauge trans-

formations) is the background field for the ðZ2Þð1Þe global
symmetry. Notice that c2 being dynamical along y ¼ 1 is
necessary for UðΣ2Þ to be a nontrivial operator in the
theory, while VðΣ2Þ is simply a c number times the identity
surface operator. Additionally, such boundary conditions
also have implications for U and V with support along the
interval direction. For instance, we can allow VðL × IÞ to
end on the topological boundary at y ¼ 1 but are forbidden
from ending UðL × IÞ on it in a gauge-invariant manner.13

Meanwhile, both U and V can end on the nontopological
boundary at y ¼ 0 as ’t Hooft operators or Wilson
operators, respectively, which are nontrivial in the defect
group equivalence class. Upon closing the SymTFT sand-
wich, this implies that such Wilson lines will be genuine
line operators (not attached to higher-dimensional oper-
ators), which such ’t Hooft lines must be attached to the
symmetry operators U, see Fig. 5 for a summary.
Highlighting more general boundary choices, we can

take a Dirichlet boundary condition for c2, where

c2jy¼1 ¼ C2 is the background field for the ðZ2Þð1Þm global
symmetry, and a Neumann boundary condition for b2
amounts to choosing SOð3Þ as the gauge group. Of course,
when jH2ðM4;Z2Þj > 1, there are more general choices
one can make, but we will always choose polarizations
which treat each of the generators of H2ðM4;Z2Þ on equal
footing for simplicity. Additionally, even when
jH2ðM4;Z2Þj ¼ 1, there is yet another polarization choice
which amounts to picking Dirichlet condition for b2 þ c2.

This results in a SOð3Þ− gauge theory where the subindex
labels the nontrivial discrete theta angle [33]. The ðZ2Þð1Þ
global symmetry in this case acts nontrivially on dyonic
line operators W2H2. The case without the discrete theta
angle will be denoted G ¼ SOð3Þþ below.
We now take a concrete look at the Hilbert space the

SymTFT assigns to M4 in this context with N ¼ 2 and
b2 ¼ 1 and what it means to choose various polarizations.
This can be presented as a two-dimensional space with
qubit basis vectors j0i and j1i, which we take to be
eigenvectors of U:

Vj0i ¼ j0i; Vj1i ¼ −j1i; ð2:18Þ
Uj0i ¼ j1i; Uj1i ¼ j0i: ð2:19Þ

V and U are, thus, also known as “clock” and “shift”
operators, respectively. These eigenstates are relevant for the
theory with the global form SUð2Þ because, from (2.10), we
see that the jki state is associated with a backgroundR
γ2
B2¼ kmod2, where hγ2i¼Z2 ¼H2ðM4;Z2Þ. Similarly

from (2.19), the operator U acts as the symmetry operator,
since its presence changes the background field. For the
choice of G ¼ SOð3Þþ, one could make similar statements
for the basis of vectors which are eigenstates of V instead,
but we will choose to stay in theU-diagonalized basis. This
means that the V eigenstates are

1ffiffiffi
2

p ðj0i � j1iÞ; ð2:20Þ

where the� ¼ ð−1Þl coefficient is determined by the value
of

R
γ C2 ¼ lmod2. Meanwhile the G ¼ SOð3Þ− polariza-

tion boundary states must be eigenstates of the operator

W ≡ iVU ¼ exp

�
i
Z
Σ2

ðb2 þ c2Þ
�
; ð2:21Þ

which are 1ffiffi
2

p ðj0i � ij1iÞ where the � ¼ ð−1Þm coefficient

is determined by the value of
R
γðB2 þ C2Þ ¼ mmod2. The

results are summarized in Table I. For latter purposes, we
find it helpful to introduce the notation Vgen lines

jBi for the
algebra of genuine line operators for the theory associated

FIG. 5. Left: SymTFT setup for 4D N ¼ 4 suð2Þ theory with
topological boundary condition j0i. Right: closing the sandwich
fixes the gauge group to SUð2Þ where minimal charge Wilson
(’t Hooft) line W2 (H2) is genuine (nongenuine).

12In general, given a boundary state of a SymTFT for the
symmetry category C, it corresponds to a topological boundary if
and only if it is associated to an object m of the (higher) module
categoryM over C. Physically,M gives rise to “representations”
of C, which needs the states to form a closed set under the action
of topological operators generating the symmetry C. For fusion
category symmetry in 2D QFTs, this is completely understood in
rigorous mathematical language [39] (see also [6,40–43] for a
partial list of recent physical discussions).

13There is a slight abuse of notation here, since the world
volume of such U operators would be as depicted in Fig. 5 rather
than L × I.
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with SymTFT boundary state jBi. For example,
W2 ∈Vgen lines

j0i , while H2 ∉ Vgen lines
j0i .

One can now recover the fact that the G ¼ SUð2Þ and
G ¼ SOð3Þþ theories are related by gauging their 1-form
global symmetries by the fact that their topo-
logical boundary states are discrete Fourier transforms
of each other. For instance, denoting ZSUð2ÞðkÞ≡
ZSUð2Þð

R
γ2
B2 ¼ kÞ ¼ hT jki, then

ZSOð3ÞþðC2Þ ¼
1ffiffiffi
2

p
�
ZSUð2Þð0Þ þ e

πi
R
γ2
C2ZSUð2Þð1Þ

�
:

ð2:22Þ

Indeed, one perspective of the fact that ’t Hooft operators

are nongenuine for the SUð2Þ theory is that they are
charged under a ðZNÞð1Þ gauge symmetry, which is the
same 1-form gauging that would reverse the process
of (2.22) to take one from SOð3Þþ to SUð2Þ.
For general N, the set of possible polarizations one can

take are heavily dependent on number-theoretic properties
of N, but we can always consider the choices G ¼ SUðNÞ
andG ¼ PSUðNÞ ≔ SUðNÞ=ZN , which are related to each
other by gauging their respective ðZNÞð1Þ global sym-
metries. Assuming H2ðM4;ZNÞ ¼ ZN , their SymTFT
boundary states (depending on the 1-form symmetry back-
ground fields) are given by

G ¼ SUðNÞ∶ jki ⇒
Z

B2 ¼ kmodN;

G ¼ PSUðNÞ∶ 1ffiffiffiffi
N

p
XN−1

k¼0

e2πikl=N jki ⇒
Z

C2 ¼ lmodN:

ð2:23Þ

As an example of more intermediate cases, consider
suð2NÞ SYM theories. These additionally include the
cases (ignoring discrete theta angles)

G ¼ SUð2NÞ=Z2∶
1ffiffiffi
2

p ðjki þ ð−1ÞljN þ kiÞ ⇒
Z

C2 ¼ lmod2;
Z

B2 ¼ kmodN;

G ¼ SUð2NÞ=ZN∶
1ffiffiffiffi
N

p
XN−1

k0¼0

e2πik
0l=N j2k0 þ ki ⇒

Z
C2 ¼ lmodN;

Z
B2 ¼ kmod2:

Such cases have two background fields, because there exist
both electric and magnetic 1-form symmetries: The former

has a Zð1Þ
N;e × Zð1Þ

2;m global symmetry, while the latter has

Zð1Þ
2;e × Zð1Þ

N;m.
Before moving onto the holographic interpretation of

this SymTFT story, we comment on the case of taking
M4 ¼ R4. One might conclude that the SymTFT Hilbert
space assigned to R4 is trivial and that there are no
meaningful notions of global form of the gauge group in
R4. However, we know that this latter statement is
incorrect, as it was first shown in [33] that gauge theories
in flat space which differ by global forms of gauge theories
can indeed have different phase structures. In the SymTFT
setting, one can address this technicality by formally
compactifying the Euclidean world volume and taking
the volume to infinite size. Since we already mentioned
above that we consider only polarizations that treat cycles
uniformly, this technicality will not play any role in
this work.

1. Holographic interpretation

In the large-N limit, there exists a dictionary between the
SymTFT picture and the holographically dual IIB theory on
AdS5 × S5 as first discussed for similar theories in [13,14]
(see also [44] for a helpful introduction and the earlier [36]).
The basic idea starts by reducing the IIB supergravity action
on the internalS5withN units of five-form flux; the effective
action includes a topological term N

R
AdS5

B2 ∧ dC2

as it descends from the 10D term
R
C4 ∧ H3 ∧ F3. We

see that this 5D term is identical to that of (2.8) up to a
normalization, and one obtains bona fide discretely valued
fields as in (2.8) if the kinetic terms ofB2 andC2 vanish. This
is indeed the case in an infinitesimal neighborhood of the
boundary, as the field fluctuations in this neighborhood have
an infinitely large redshift with respect to the bulk degrees of
freedom. That is the sense in which we obtain a topological
field theory close to the boundary where the boundary
conditions of AdS space are identified with the topological
boundary of the SymTFT picture; see Fig. 6. Meanwhile the

TABLE I. Qubit states in the Hilbert space of the SymTFT for
global forms of 4D suðNÞ SYM and the genuine line operators
with minimal 1-form global symmetry charge.

Global form
or polarization

Qubit
boundary states

Min. charge
genuine lines

SUð2Þ j0i and j1i W2
SOð3Þþ 1ffiffi

2
p ðj0i � j1iÞ H2

SOð3Þ− 1ffiffi
2

p ðj0i � ij1iÞ W2H2
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bulk physics, as captured by the gapless degrees of freedom
of the CFT, are, of course, identified with the physical
boundary.
To state the SymTFT-AdS spacetime dictionary pre-

cisely, let us consider a Poincaré patch of the AdS5
spacetime which has metric

ds2 ¼ R2
AdS

�
dz2 þ η4Dμν dxμν

z2

�
: ð2:24Þ

Equivalently, this means we either take the boundary theory
to be R3;1 or R4 depending on the signature of the bulk
spacetime. We then have the following dictionary for the
lines generating the defect group (2.4):

WNðL1Þ ⇔ F1 string onRz × L1; ð2:25Þ

TNðL1Þ ⇔ D1 string onRz × L1: ð2:26Þ

In Fig. 6, we took the boundary condition j0iwhich yields a
SUðNÞ SYM theory, which in the spacetime picture implies
that the F1 string is free to end on the boundary z ¼ 0,
whileD1 strings are forbidden from ending. The fact thatN
F1 strings can end on a D5-brane wrapping the internal S5

is mirrored in the field theory by the fact that N Wilson
lines can end on a local operator (often called a “baryon
vertex”) [45].14 While the statements (2.25) and (2.26) have
long been appreciated in holography (see also [47]), it was
relatively recently shown that the topological operators
generating the electric and magnetic 1-form symmetries
can also be realized from branes [13,14]:

VðΣ2Þ ⇔ D1 string on f0 ≤ z0 ≤ ϵg × Σ2; ð2:27Þ

UðΣ2Þ ⇔ F1 string on f0 ≤ z0 ≤ ϵg × Σ2: ð2:28Þ

These objects become topological in the limit ϵ in the sense
their fluctuations are redshifted away from affecting bulk
observables. These statements can, of course, be general-
ized from a flat space CFT world volume to a general 4D
manifold where a coordinate z can be defined in the
negatively curved bulk near the boundary.
These statements all have parallels in the dictionary

between SymTFT and geometric or brane engineering of
field theories [15,16]. Relevant to the case at hand is the
system ofN parallelD3-branes, where the radial coordinate
of the transverse R6 is related as r ∼ 1=z to the Poincaré
patch coordinate above. Wilson (’t Hooft) lines are engi-
neered from F1- (D1-) branes stretching from theD3-brane
stack out to r ¼ ∞, while topological operators are
engineered from F1- (D1-) branes with world volume
support at r ¼ ∞. Note that an overall Uð1Þ center-of-mass
gauge theory factor may or may not be present depending
on what boundary conditions we take along the angular S5

at r ¼ ∞. These boundary conditions are more general than
the topological ones considered earlier in this section, and
the corresponding holographic version of the boundary
conditions are spelled out in Appendix A in [48].
Finally, we end with a disclaimer that we are, strictly

speaking, not studying the “full SymTFT” of 4D N ¼ 4
SYM but only restricting to the 1-form symmetry operators
and their charged objects. As mentioned in [13–15], the
Wess-Zumino terms on branes can enhance the algebraic
structure of these topological operators built from branes to
be noninvertible. These technicalities will not play much
role in this work, since our main focus on invertible
symmetries will factor through, but we leave a more
thorough treatment for future work.

B. SymTFT entanglement between two copies of T

We turn now to studying the behavior of two copies of
the SymTFT sandwich constructions considered in the
previous subsection. Note that if we take two copies of the
same physical boundary QFT T in (2.1) which we denote
T 1 and T 2, then, of course, a priori we could choose two
separate topological boundary conditions, B1 and B2, to

obtain two absolute QFTs T ðB1Þ
1 and T ðB2Þ

2 . After compac-
tifying the intervals of both sandwiches, the system is
equivalent to two decoupled copies of T on disconnected
4-manifolds.15 By the axioms of QFT, this is equivalent to a

FIG. 6. Poincaré patch of AdS5 spacetime. The standard
SymTFT sandwich in a limit ϵ → 0 where the spacetime z > ϵ
is captured by the physical boundary condition [i.e., suðNÞN ¼
4 SYM], and the z ¼ 0 boundary corresponds to the topological
boundary condition, which we implicitly take to be j0i. The
region ½0; ϵ� as the SymTFT interval. Note that we do not show
the temporal directions of L1 or Σ2.

14See also [46] for a recent discussion on these baryonic
operators from a SymTFT perspective.

15Notice that it is equivalent to present the SymTFT picture for
this composite system as the tensor product of SymTFTs ST ⊗
ST placed on MD × I or as the SymTFT ST placed on the
disconnected manifold ðMD × IÞ∐ðMD × IÞ. This equivalence
follows from the Atiyah-Segal axioms where TFTs can be
regarded as functors between symmetric monoidal categories
and the fact that one can take tensor products of functors. We opt
for the latter of these presentations throughout our work.
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tensor product CFT T ðB1Þ
1 ⊗ T ðB2Þ

2 where, by definition, the
Hilbert space assigned to some spatial sliceMD−1 takes the
factorized form

HT 1⊗T 2
ðMD−1Þ ≔ HT 1

ðMD−1Þ ⊗ HT 2
ðMD−1Þ: ð2:29Þ

Similarly, partition functions also factorize ZT 1⊗T 2
ðMDÞ ¼

ZT 1
ðMDÞ · ZT 2

ðMDÞ, and data such as the algebra of

genuine line operators also factorize: Vðgen linesÞ
jB1B2i ¼

Vðgen linesÞ
jB1i ⊗ Vðgen linesÞ

jB2i . For example, let us take jB1i ¼ j0i
and jB2i ¼ 1ffiffiffi

N
p

P
N−1
k¼0 jki; then, our CFT is simply N ¼ 4

SYM with gauge group SUðNÞ × PSUðNÞ.
The key point of this section is that there is no reason to

restrict topological boundary states to be of the factorized
form jB1ijB2i for this two-sandwich SymTFT system.
Indeed, the Hilbert space the 5D SymTFT S5D [with
action (2.8)] assigns to the disconnected topological boun-
dary MD∐MD a tensor product Hilbert space

HS

�
MD∐MD

� ¼ HSðMDÞ ⊗ HSðMDÞ; ð2:30Þ

and generic states of this are entangled. To obtain a
topological boundary, one is free to consider entangled
states which are representations of the Heisenberg algebra

VIUJ ¼ exp

�
2πi
N

δIJ

�
UJVI; I; J ¼ 1; 2: ð2:31Þ

Perhaps the simplest example of such an entangled
boundary state is

jBi ¼ 1ffiffiffiffi
N

p
XN−1

k¼0

jkijki: ð2:32Þ

Upon reducing along the interval direction of the SymTFT,
this will cause the Euclidean partition functions on general
4-manifolds to no longer factorize:

Z ¼ ðhT 1jhT 2jÞjBi ¼
1ffiffiffiffi
N

p
XN−1

k¼0

ðZSUðNÞðkÞÞ2: ð2:33Þ

To better understand this, notice that the state (2.32)
satisfies the following relations:

U1jBi ¼ U2jBi; V1jBi ¼ V−1
2 jBi: ð2:34Þ

In the SymTFT setup, this means that we are free to
“teleport” symmetry operatorsU1ðΣ2Þ and V1ðΣ2Þ from the
first interval to the second by moving them to the
topological boundary; see Fig. 7. At the level of symmetry
operators, this indicates that there is a correspondence
between the electric and magnetic 1-form symmetries
between the two intervals and from the definition of

U and V operators is equivalent to enforcing the boundary
conditions

ðDirichletÞ∶cð1Þ2 jy¼1−cð2Þ2 jy¼1¼0; bð1Þ2 jy¼1þbð2Þ2 jy¼1¼0;

ð2:35Þ

ðNeumannÞ∶ dyc
ð1Þ
2 jy¼1 þ dyc

ð2Þ
2 jy¼1 ¼ 0;

dyb
ð1Þ
2 jy¼1 − dyb

ð2Þ
2 jy¼1 ¼ 0 ð2:36Þ

for the 5D gauge fields of the SymTFT.
At the level of line operators, notice first that if we

rewrite (2.34) as

U−1
2 U1jBi ¼ V2V1jBi ¼ jBi; ð2:37Þ

then the fact that jBi is an eigenvector of U−1
2 U1 and V2V1

means that these operators can terminate on the topological
boundary as implied by the orientation of the arrows in
Fig. 7. Such a configuration, however, again appears as a
form of teleportation: An operatorU1 with support along the
first interval can thread through the topological boundary to
become U2 (oriented in the opposite direction). In fact,
because jBi is not an eigenvector under UI nor VI, this
means that one cannot end U1 on the topological boundary,
without also including U2 ending on its topological boun-
dary. This allows us to conclude that the set of genuine line
operators for this system does not factorize, explicitly
realizing Statement 1 in the Introduction. In particular, let
ðR2;R2Þ denote a representation of suðNÞ × suðNÞ; then,
the above S entanglement implies, for example,

WðN;N̄Þ and HðN;NÞ ∈Vðgen linesÞ
jBi ; ð2:38Þ

WðN;1Þ; Wð1;N̄Þ; HðN;1Þ; and Hð1;N̄Þ ∉ Vðgen linesÞ
jBi :

ð2:39Þ

Such a list of genuine and nongenuine line operators is
identical to that of SYM theory with gauge group

G ¼ SUðNÞ × SUðNÞ
ZNð1;−1Þ

; ð2:40Þ

FIG. 7. Teleportation of operators due to the entangled boun-
dary conditions relevant for the gauge group structure
SUðNÞ2=ZNð1;−1Þ.
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where the quotient identifies ðζN1N×N; 1N×NÞ ∼
ð1N×N; ζN1N×NÞ in matrix notation. One can see that this
is indeed the case from the fact that, if one starts with
SUðNÞ2 SYM and then gauges the subgroup of the electric

1-form global symmetry Zð1Þ
N × Zð1Þ

N generated by
ð1;−1ÞmodN, this yields the gauge group (2.40). This is
similar what we saw in the previous subsection where the
PSUðNÞ SYM theory can be obtained from SUðNÞ by
gauging the electric 1-form symmetry. The theory with

quotient gauge group (2.40) will have a Zð1Þ
N;m magnetic

symmetry due to the fact that π1ðGÞ ¼ ZN , and there will

additionally still be a Zð1Þ
N;e electric symmetry, since

ZðGÞ ¼ ZN .
One can also consider turning on background fields for

the Zð1Þ
N;e × Zð1Þ

N;m global symmetries, which corresponds to
modifying (2.37) to

U−1
2 U1jBi¼e2πil=N jBi; V2V1jBi¼e2πil

0=N jBi; ð2:41Þ
which is satisfied by the states

jBi ¼ 1ffiffiffiffi
N

p
X
k¼0

e2πikl
0=N jkijk − li: ð2:42Þ

The eigenvalues in (2.41) correspond to the Dirichlet values
for the background fields, i.e.,Z
γ2

cð1Þ2 jy¼1−cð2Þ2 jy¼1¼l;
Z
γ2

bð1Þ2 jy¼1þbð2Þ2 jy¼1¼l0

ð2:43Þ
for all 2-cycles γ2 in M4.
Alternatively, we can consider the gauge group

G ¼ SUðNÞ × SUðNÞ
ZNð1; 1Þ

; ð2:44Þ

where the ZN quotient identifies ðζN1N×N; 1N×NÞ∼
ð1N×N; ζ−1N 1N×NÞ. Some examples of genuine and non-
genuine line operators in this case are

WðN;NÞ and HðN;N̄Þ ∈Vðgen linesÞ
jBi ; ð2:45Þ

WðN;1Þ; Wð1;N̄Þ; HðN;1Þ; andHð1;N̄Þ∉Vðgen linesÞ
jBi : ð2:46Þ

Once again, there is a Z½ð1Þ
N;e × Zð1Þ

N;m global symmetry group,
the analogs of the conditions (2.41) are

U2U1jBi¼e2πil=N jBi; V−1
2 V1jBi¼e2πil

0=N jBi; ð2:47Þ

and the relevant boundary states are

jBi ¼ 1ffiffiffiffi
N

p
X
k¼0

e2πikl
0=Njkij−kþ li: ð2:48Þ

1. Interface picture

As mentioned in the Introduction (see Fig. 2), one can
equivalently present two disconnected SymTFT sand-
wiches (with or without S entanglement) as a single interval
configuration with physical boundary conditions on both
sides and a topological interface in the middle. Indeed, even
staring at Fig. 7 suggests that the teleportation of the
symmetry operators or defect operators could be interpreted
as a simple translation along the y direction after gluing the
two intervals.
Such a claim follows from a simple application of the

Atiyah-Segal axioms to the background field (BF)-like
theory (2.8). If we quantize the TFT in the y direction, then
the vector space of all possible topological interfaces
localized at some y ¼ y0 is equivalent to the vector space
that the TFT assigns to M4∐M̄4. This means that an
interface IB acts as a matrix

IB ↔
X
ij

cijjiihjj ð2:49Þ

when translating states along the y direction. We have
labeled by a subscript B because one can obtain this matrix
from a state jBi ¼ P

ij cijjiijji flipping the second “ket”
for a “bra.” Take, for instance, the SUðNÞ2=ZNð1;−1Þ
case; then, the corresponding interface is the identity (up to
an overall normalization)

jBi ¼ 1ffiffiffiffi
N

p
XN−1

k¼0

jkijki → IB ¼ 1ffiffiffiffi
N

p 1N×N: ð2:50Þ

To complete the dictionary between the two-sandwich
picture and the interface picture, we must apply the identity
hT jki ¼ hkjT i� ¼ hkjT †i to match the partition functions
or observables to match. Here, jT †i is the boundary state
for the orientation reversal of the theory T which will differ
in two ways from T . The first is that the complexified
gauge coupling τ ¼ 4πi=g2SYM þ θ=2π will transform as
τ ↦ −τ�, while the second is that the ’t Hooft line 1-form
charges will flip sign. The latter is due to the fact that,
because magnetic fields are pseudovectors, magnetic
charges are pseudoscalars. Indeed, this allows us to make
sense of the fact that, in Fig. 7, that orientation-reversal
properties of the U and V operators are different16:

y → −y ⇒ b2 → −b2; c2 → þc2: ð2:51Þ
This is a symmetry of the action (2.8) and upon acting with
S duality permutes to a transformation under which b2 is
even and c2 is odd. This is the perhaps familiar fact

16This relation should be viewed at the level of forms,
where, for instance, in terms of components where if μ and ν
denote directions along M4, then ðb2Þμν → −ðb2Þμν while
ðb2Þyν → þðb2Þyν.
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that P and CP are exchanged under S duality in
N ¼ 4 SYM.
If we consider the more general boundary states with

1-form background fields turned on (2.42), then the
corresponding interface will act on the U and V operators
crossing it by phases. Meanwhile, the interface for the
SUðNÞ2=ZNð1; 1Þ case will flip the charges of the U and V
operators crossing it, so will have the opposite behavior in
Fig. 7. Finally, for the case G ¼ SUðNÞ2, which has no S
entanglement, the interface allows U operators to end on it,
from either the left or the right independently, which means
that no operators are allowed to pass through.

2. Bipartite SymTFT entanglement generalities

While we have considered S entanglement only between
identical theories in this section, we emphasize that such
entanglement may always exist so long as two theories T 1

and T 2 share a common symmetry subcategory. Let S be
the SymTFT corresponding to this subcategory; then, by
assumption, there exist two physical boundary conditions
T 1 and T 2. For a general S, classifying the set of
topological interfaces may be highly nontrivial in contrast
to the 5D BF theory above. However, because the identity
interface always exists, one can always consider a
maximal (sub)symmetry entanglement between T 1 and
T 2. We also touch on such scenarios in Sec. V D. As a
simple example, consider 4D N ¼ 4 SYM with gauge
group ðSUð2NÞ × SUð6ÞÞ=Z2. This entangles the Z2 sub-
group of the Z2N 1-form symmetry of the suð2NÞ theory
with the Z2 subgroup of the Z6 1-form symmetry of the
suð6Þ theory. In the SymTFT picture, the operatorsUN and
VN from the left side are allowed to pass through the
interface and become U3 and V3, respectively.

C. Holographic interpretation

We now address the holographic interpretation of S
entanglement which, given the SymTFT-holographic dic-
tionary given in Sec. II A, is fairly straightforward.
Consider a configuration consisting of two disconnected
copies of the AdS5 × S5 spacetimes depicted in Fig. 6. As
we learned from Sec. II A, the SymTFT fields b2 and c2 can
be, respectively, identified with the reductions of the IIB 2-
form potentials B2 and C2 on the S5 (with all legs along the
AdS5 directions). S entanglement between the two con-
formal boundaries just means that the boundary conditions
for these 2-form potentials are correlated in some way. For
instance, from (2.35) and (2.36), we see that the boundary
conditions relevant for the G ¼ SUðNÞ2=ZNð1;−1Þ
case are

ðDirichletÞ∶Cð1Þ
2 jz¼0−Cð2Þ

2 jz¼0¼0; Bð1Þ
2 jz¼0þBð2Þ

2 jz¼0¼0;

ð2:52Þ

ðNeumannÞ∶ dzC
ð1Þ
2 jz¼0 þ dzC

ð2Þ
2 jz¼0 ¼ 0;

dzB
ð1Þ
2 jz¼0 − dzB

ð2Þ
2 jz¼0 ¼ 0; ð2:53Þ

where dz ≔ ∂

∂z dz is the exterior derivative along the AdS5
radial direction. Combining the holographic dictionary of
Sec. II Awith the SymTFT conclusions of Sec. II B implies
that F1 andD1 strings can teleport from one universe to the
other by connecting through their conformal boundaries.
Moreover, as we saw from the previous section, it is not
possible to place a Uð1ÞðL × ½0; 1�Þ or Vð1ÞðL × ½0; 1�Þ
operator along the first SymTFT interval without including
a corresponding Uð2ÞðL × ½0; 1�Þ or Vð2ÞðL × ½0; 1�Þ in the
second interval. In bulk language, this leads us to conclude
that allowed configurations of F1=D1 strings are such that
an F1=D1 string can end only on the conformal boundary

of AdSð1Þ5 , if there is a corresponding F1=D1 string ending

on the conformal boundary of AdSð2Þ5 ; see Fig. 8. All other
configurations are inconsistent with the boundary condi-
tions (2.52).
Another bulk interpretation of such a phenomenon is that

there exists some sort of wormhole connecting the dis-
connected AdS spacetimes at their conformal boundaries.
This wormhole is topological in the sense that the precise
positions of the branes ending on the boundary are not
dynamically correlated. In dual CFT language, this is
equivalent to the fact that we are free to make a deformation

WðN;N̄ÞðLÞ → WðN;1ÞðLÞ · VðΣÞ ·Wð1;N̄ÞðL0Þ; ð2:54Þ

where ∂Σ ¼ L∐L0. This topological nature is ultimately
due to the fact the stress tensors of the two CFT copies
commute with each other.

1. Comment on D3-brane picture

From the perspective of the above AdS5 background
before considering the backreaction and near-horizon limit,
we simply have a string background consisting of two
disconnected 10D Minkowski spacetimes, each containing
a stack of N D3-branes. String theory on disconnected
spacetimes is hardly exotic, as the perturbative world sheet
CFT picture just consists of a sigma model with a

FIG. 8. Examples of allowed and banned F1=D1 string
configurations for the bulk dual of 4D SYM theory with gauge
group SUðNÞ2=ZNð1;−1�Þ.
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disconnected target space. The 2D CFT Hilbert space just
factorizes as a connected sum. Altogether, this just means
that the bulk fields along the asymptotic boundaries

ðS5Þði¼1;2Þ
⊥ surrounding the D3 stacks are coupled as in

(2.52) but with z ¼ 0 replaced with r ¼ ∞ the R6⊥ radial
coordinate.

III. OTHER EXAMPLES OF SYMTFT
ENTANGLEMENT

In this section, we extend the construction of S entan-
glement to holographic setups in dimensions other than
four. Our aim here is not to analyze these cases with the
same level of detail as in the example of 4D N ¼ 4 SYM
but rather to illustrate the generality of the framework. A
more systematic treatment of specific models will be
deferred to future work.

A. D= 6: Absolute SCFTs via SymTFT entanglement

Six-dimensional SCFTs are intrinsically relative QFTs,
in the sense that their associated 7D (Sym)TFTs17 generally
do not admit topological boundary conditions. As a result,
the corresponding Heisenberg algebra of topological oper-
ators admits no polarization, and, hence, the 6D theory
lacks a well-defined global structure.
Nevertheless, it has been shown in [10,49] that direct

sums of such relative 6D SCFTs can sometimes admit
polarizations, thereby yielding absolute theories with well-
defined global structure. We reinterpret this phenomenon as
an instance of S entanglement.
Consider the 6D N ¼ ð2; 0Þ theory of type A4, i.e., with

Lie algebra g ¼ suð5Þ. Its associated 7D TFT is a Chern-
Simons theory at level k ¼ 5:

5

4π

Z
M6×I

c3 ∧ dc3: ð3:1Þ

The topological line operators

Un ¼ exp

�
in

Z
Σ3

c3

�
; n∈Z5; ð3:2Þ

generate a Heisenberg algebra

UmUn ¼ UnUm exp

�
2πimn

5

�
; ð3:3Þ

whose defect groupDð2Þ ¼ Z5 does not admit a Lagrangian
subgroup. As a result, the theory is intrinsically

relative [50], and no polarization exists for constructing
a Hilbert space basis on a general 6-manifold M6.
However, consider the decoupled pair of theories

A4 ⊕ A4. The associated bulk 7D theory consists of two
Chern-Simons gauge fields c3 and c03, and the correspond-
ing topological operators take the form

Un;n0 ¼ exp

�
i
Z
Σ3

nc3 þ n0c03

�
; n; n0 ∈Z5: ð3:4Þ

The resulting Heisenberg algebra

Um;m0Un;n0 ¼ Un;n0Um;m0 exp

�
2πiðmnþm0n0Þ

5

�
ð3:5Þ

now has defect group Z5 ⊕ Z5, which does admit
Lagrangian subgroups. For example, the subgroup gener-
ated by ð1; 2Þ∈ fða; bÞja; b ¼ 0; 1; 2; 3; 4g ≅ Z5 ⊕ Z5

gives rise to a set of mutually commuting operators:

fV0; V1; V2; V3; V4g ¼ f1; U1;2; U2;4; U3;1; U4;3g: ð3:6Þ

These operators define a polarization of the tensor product
Hilbert space H ⊗ H, which becomes a five-dimensional
qudit space with basis vectors jai labeled by

Vnjai ¼ exp

�
2πina
5

�
jai; a∈Z5: ð3:7Þ

The resulting absolute theory, defined by this polariza-
tion, is denoted by ððSUð5Þ × SUð5ÞÞ=Z5Þþ. Another
Lagrangian subgroup, generated by (2, 1), yields an
orthogonal basis fjbig corresponding to the global form
ððSUð5Þ × SUð5ÞÞ=Z5Þ−. We summarize:

jai ↔ ððSUð5Þ × SUð5ÞÞ=Z5Þþ;
jbi ↔ ððSUð5Þ × SUð5ÞÞ=Z5Þ−: ð3:8Þ

These states jai and jbi are not tensor product of states in
H. Rather, they are entangled states, and it is this
entanglement that renders the combined system absolute.
Figure 9 gives a schematic representation of this construc-
tion. In this sense, S entanglement provides a concrete
mechanism for realizing global structure in intrinsically
relative 6D theories.
See also [11] for a recent related interpretation via

Wigner wavefunctions.

B. D= 3: ABJM theories and Mixed-Form Symmetry
Entanglement

In contrast to the examples in 4D and 6D, where we only
consider intermediate defect groups [10], the three-dimen-
sional ABJM theory [51] exhibits a particularly rich
symmetry structure: its associated SymTFT involves

17Strictly speaking, “SymTFT” is an abuse of terminology
here, since the absence of topological boundary conditions
prevents the separation of symmetry operators from charged
defects in the TFT.
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multiple background fields coupling to both 0-form and
1-form global symmetries. This enables novel forms of
S-entanglement that intertwine different types of symmetry
sectors. See Fig. 10.
To set the stage, we first review the topological

boundary conditions in the ABJM SymTFT and the
corresponding global structures of the theory [52].
These boundary conditions select distinct polarizations
of the bulk operator algebra, determining which global
symmetries are genuine, which defects can end, and which
global form of the gauge group is realized. In the second
part of this section, we will construct symmetry-entangled
states by gluing two such boundary conditions diagonally
and interpret the resulting global structures as entangled
state of the SymTFT.

1. A Review of SymTFTs for ABJM theories

We begin by a lighting review of the structure of the
SymTFT associated with the ABJM theory and refer the
reader to [52,53] for more details. This will allow us to
precisely define the meaning of boundary conditions and
clarify which global symmetries are genuine in each case.
The ABJM theory with gauge group UðNÞk ×UðNÞ−k

admits three interrelated global symmetries:
(i) a magnetic Uð1Þð0Þm symmetry, under which mono-

pole operators are charged;
(ii) a baryonic Uð1Þð0ÞB symmetry, under which baryonic

operators built by bifundamental matter are
charged; and

(iii) a discrete 1-form symmetry, either Zð1Þ
k or Zð1Þ

N ,
depending on the global form.

However, not all three symmetries can be simultaneously
genuine: They are related by the SymTFT action [52]:

1

2π

Z
M4

B2 ∧ dðkC1 þ NA1Þ; ð3:9Þ

where C1, A1, and B2 are background gauge fields for
Uð1ÞB, Uð1Þm, and the 1-form symmetry, respectively.
To define a well-posed 3D QFT, we must impose

topological boundary conditions (on the asymptotic boun-
dary in string theory setup) on these background fields. For
simplicity, below, we describe three canonical boundary
conditions, corresponding to three standard global structures.

(i) Dirichlet for A1 and C1, Neumann for B2. This
boundary condition allows D0-branes (electrically
charged under A1) and D4-branes (charged under
C1) to end on the boundary but forbids F1 strings
from ending. As a result, we have a

Uð1Þð0Þ × Zð0Þ
gcdfN;kg

global symmetry. This corresponds to the global
form

UðNÞk ×UðNÞ−k
Zk

¼ SUðNÞk × SUðNÞ−k
ZN

; ð3:10Þ

where Wilson lines are not genuine operators.
(ii) Dirichlet for A1 and B2, Neumann for C1. This

boundary condition allows F1 strings and
D0-branes to end but not D4-branes. Consequently,
we have

Uð1Þð0Þm × Zð0Þ
k

global symmetry. The associated global form is

UðNÞk ×UðNÞ−k: ð3:11Þ

(iii) Dirichlet for C1 and B2, Neumann for A1. This
allows D4-branes and F1 strings to end but not
D0-branes. Thus, we have

Uð1Þð0ÞB × Zð1Þ
N

global symmetry. The global form in this case is

FIG. 10. The ABJM theory is a Chern-Simons–matter theory
with gauge group UðNÞk × UðNÞ−k and bifundamental matter
fields. It describes N M2-branes probing a C4=Zk singularity.

FIG. 9. Schematic depiction of S entanglement for two copies of the 6D A4 SCFT. Each copy corresponds to a 7D Chern-Simons
theory with a relative boundary condition on the bottom edge (black) and a symmetry boundary condition on the top edge (colored). The
interface (middle) glues the two systems via a Lagrangian algebra in the combined Heisenberg algebra, yielding a topological boundary
condition for the folded theory. This construction produces a symmetry-entangled state in H ⊗ H, which corresponds to an absolute
theory with global form ððSUð5Þ × SUð5ÞÞ=Z5Þþ.
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SUðNÞk × SUðNÞ−k: ð3:12Þ

In each of these three cases, the boundary condition
selects a maximal commuting subalgebra of the SymTFT
operator algebra, effectively specifying a polarization.
These polarizations correspond to physical choices of
global structure for the theory. More exotic, “intermediate”
boundary conditions may exist (e.g., partial gauging or
discrete quotients), but we focus on the above three for
clarity and concreteness.
In the following, we will construct entangled states in the

doubled SymTFT Hilbert space by gluing together two
copies of the theory along these boundary conditions. Each
such gluing defines a different symmetry-entangled inter-
face, leading to distinct combinations of gauged sym-
metries and resulting global forms.

2. SymTFT Entanglement for ABJM theories

Consider two copies of the ABJM theory and their
associated SymTFTs. A simple, unentangled state corre-
sponds to the direct product of two absolute ABJM
theories. For instance, the global form

UðNÞk ×UðNÞ−k
Zk

×
UðNÞk ×UðNÞ−k

Zk
ð3:13Þ

can be interpreted as such an unentangled configuration.
Alternatively, this state can be viewed as the SymTFT (3.9)
bounded by two copies of the relative ABJM theory, glued
along a topological interface that does not mix the field
profiles on either side. Explicitly labeling fields on the two
sides with superscripts (1) and (2), respectively,18 this
configuration corresponds to the boundary condition:

Dirichlet for Að1Þ
1 ; Cð1Þ

1 ; Að2Þ
1 ; and Cð2Þ

1 : ð3:14Þ
To construct an entangled state in the tensor product

Hilbert space of the two SymTFTs, we instead consider a
topological interface I that glues the field profiles across
the two sides. A natural choice of gluing condition is

Að1Þ
1 jI ¼ Að2Þ

1 jI ; Cð1Þ
1 jI ¼ Cð2Þ

1 jI : ð3:15Þ

This boundary condition leads to a new absolute global
form:

UðNÞk × UðNÞ−k ×UðNÞk ×UðNÞ−k
Zk

¼ SUðNÞk × SUðNÞ−k × SUðNÞk × SUðNÞ−k
ZN

: ð3:16Þ

The genuine global symmetries associated with this
absolute theory—and, hence, the entangled state—can be
analyzed as follows. We begin with the unentangled state
(3.13), which enjoys a global symmetry group:

ðUð1Þð0Þm × Zð1Þ
k Þ2: ð3:17Þ

Upon gauging the diagonal Zð1Þ
k symmetry, we arrive at the

global form (3.16). The gauging process produces a

quantum symmetry Zð0Þ
k while leaving an ungauged

residual Zð1Þ
k intact.

However, due to the presence of a mixed anomaly

between Uð1Þð1Þm and Zð1Þ
k [52] prior to gauging, the

emergent Zð0Þ
k does not exist as a stand-alone symmetry.

Instead, it becomes part of an extended 0-form symmetry
group, in which Uð1Þð0Þ ×Uð1Þð0Þ is nontrivially fibered
over a ZgcdfN;kg.
The resulting global symmetry group can be schemati-

cally written as

Uð1Þð0Þ ×Uð1Þð0Þ × Zð0Þ
gcdfN;kg × Zð1Þ

k : ð3:18Þ

This construction illustrates a mixed-form symmetry
entanglement between the two ABJM copies. Specifically,

(i) their unscreened Wilson lines are charged under a
common Zð0Þ

k symmetry, and
(ii) there exist Zð0Þ

gcdðN;kÞ symmetry operators that can
transit freely through both SymTFT bulks.

This structure is schematically illustrated in Fig. 11.
We close this subsection by noting that similar mixed-

form symmetry entanglement structures can be constructed
for 7D SYMs and 5D SCFTs (see, e.g., [4,25,54]), both of
which admit M-theory approach to their SymTFTs. In both
cases, one may consider gauging the diagonal 1-form
symmetry of two copies of electrically polarized theories.
The resulting absolute theory then corresponds to an
entangled state, correlated by the residual 1-form symmetry
as well as the emergent quantum symmetry, which is
2-form for the 5D case and 4-form for the 7D case.
Since the SymTFTs in these examples involve only a
single BF term (up to possible cubic anomaly terms), the
structure is considerably cleaner than in the ABJM case,
and we will therefore refrain from further elaboration here.

C. D= 2: SymTFT Entanglement for noninvertible
symmetries

The previous examples focused on invertible symmetries
—either 0-form or higher-form—that act as grouplike
global transformations. A more general class of sym-
metries, however, are noninvertible symmetries. In 2D
QFTs, such symmetries are particularly ubiquitous and
are now well understood to be captured by fusion catego-
ries (at least for finite symmetries).

18We hope the reader will not confuse these superscripts with
those used elsewhere in the paper to denote the degree of
generalized symmetry.
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This makes 2D a natural setting in which to generalize
the notion of S entanglement beyond invertible cases. In
this subsection, we construct entangled states for theories
with noninvertible symmetry by using the associated 3D
SymTFT built from a modular tensor category and coupling
two such SymTFTs via a topological interface defined by a
Lagrangian algebra.
Since our general theme is the role of symmetry and

entanglement in holography, we focus on a well-studied
AdS3=CFT2 dual pair where such noninvertible symmetries
arise naturally. In particular, type IIB string theory on
AdS3 × S3 ×M4 in the tensionless limit (with k ¼ 1 units
of Neveu–Schwarz-Neveu–Schwarz (NS-NS) flux and
M4 ¼ T4 or K3) is dual to a 2D CFT given by the
symmetric orbifold

M⊗N
4

SN
; ð3:19Þ

describing N fundamental strings (see, e.g, [55–59]). This
theory has a noninvertible global symmetry governed by the
fusion category RepðSNÞ, which can be regarded as the
quantum symmetry under the SN orbifold [60]. This holo-
graphicnoninvertible symmetryhasbeen recently discussed in
[61–63].Wewill see in the following that this setup provides a
controlled and physically meaningful setting in which to
explore S entanglement for noninvertible symmetries.

1. SymTFT for Rep(SN)

The SymTFT associated with this noninvertible sym-
metry is the 3D Turaev-Viro theory based on the Drinfeld
center ZðRepðSNÞÞ (see, e.g., [64–67]). Since RepðSNÞ and
SN are connected by gauging in 2D QFTs [mathematically
speaking, the fusion category RepðSNÞ and VecSN are
Morita-equivalent], one can instead use ZðVecSN Þ as the
SymTFT. The simple line operators in this theory are
labeled by pairs

ð½g�; πgÞ;

where [g] is a conjugacy class in SN and πg is an irreducible
representation of the centralizer Zg.
There are two canonical choices of Lagrangian algebra in

ZðVecSN Þ (see, e.g., [68]).
(i) The electric boundary condition, corresponding to a

2D QFT with VecSN symmetry, is given by the
Lagrangian algebra

Lelectric ¼ ⨁
π ∈ IrrepðSNÞ

dπ · ð½1�; πÞ; ð3:20Þ

where dπ is the dimension of the representation π.
(ii) The magnetic boundary condition, corresponding to

a 2D QFT with RepðSNÞ symmetry, is defined by

Lmagnetic ¼ ⨁
½g�
ð½g�; 1Þ; ð3:21Þ

where the sum runs over all conjugacy classes in SN
and 1 denotes the trivial representation of the
stabilizer Zg.

From the SymTFT point of view, the holographic CFT,
as a symmetric orbifold theory SymNðM4Þ, is realized by
placing a magnetic boundary condition in for ZðVecSN Þ. In
this language, if we have the following product theory:

�
M⊗N

4

SN

�
⊗

�
M⊗N

4

SN

�
; ð3:22Þ

it will correspond to two copies of the SymTFT, each with a
magnetic boundary condition, and no entanglement
between them.

2. SymTFT entanglement

We now define a genuine entangled state in the
doubled Hilbert space by coupling these two boundary
conditions via a topological interface. Let us consider two
SymTFTs, each associated with ZðVecSN Þ, and couple
them through a topological interface corresponding to a
diagonal Lagrangian algebra in the product category
ZðVecSN Þ⊠ZðVecSN Þ:

Ldiag ¼ ⨁
½g�
ð½g�; 1Þ ⊗ ð½g�; 1Þ: ð3:23Þ

This diagonal algebra ensures that, for each conjugacy class
[g], the same simple object in the Drinfeld center is inserted
in both copies. Folding this interface yields a state jΨi in
the tensor product Hilbert space H ⊗ H, which is pure
globally but a mixed state from the perspective of either
copy alone. It realizes a symmetry-entangled state between
two CFTs with RepðSNÞ symmetry. See Fig. 12 for an
illustration.
The 2D interpretation of this entangled state is a single

CFT with global structure given by the diagonal SN
orbifolding. A natural candidate for such a theory is the
symmetric orbifold

FIG. 11. Left: topological interface I between two relative ABJM boundaries of the SymTFT (3.9) with the gluing condition (3.15).
Right: interpretation of the entangled state as a global symmetry quotient.
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M⊗N
4 ⊗ M⊗N

4

SN
; ð3:24Þ

where the diagonal SN permutation symmetry acts simul-
taneously on the two M⊗N

4 factors. This theory cannot be
decomposed as a product of two symmetric orbifolds, and
its Hilbert space is entangled across the two copies. Thus,
the SymTFT framework naturally extends the notion of
symmetry-entangled states to noninvertible symmetries.

IV. BABY UNIVERSES, HIGHER ENSEMBLE
AVERAGING, AND BULKGLOBAL SYMMETRIES

Having discussed S entanglements for (S)CFTs in
various dimensions admitting a top-down construction,
we now explore how taking partial traces of S-entangled
SymTFT states makes contact with holographic ensemble
averaging and the dimension of baby universe Hilbert
spaces. We first review how to build α states in the context
of the gravitational path integral, following [27,32] and
their resulting statistical averaging for the ensemble of
CFTs. From a generalized symmetry perspective, this can
be viewed as an entanglement for (−1)-form symmetries of
CFTs, where α serves as the background field labeling
elements in the theory ensemble. From the S-entanglement
perspective, it is then natural to generalize the baby
universe Hilbert space involving S entanglement for any
p-form, possibly categorical, global symmetries. We then
show how this higher generalization of baby universe
Hilbert space can lead to ensemble averaging of theories
over not just coupling constants, but allowing an ensemble
whose element theories are differed by higher-form back-
ground fields. After this, we show that the baby universe
Hilbert space dimension can be expressed in terms of
S-entanglement data (Statement 3 from the Introduction).
We then comment on how one recovers factorization in

the context of UV-complete quantum gravity by including
the full information of the combined S-entangled system.
This amounts to making the baby universe Hilbert space
one-dimensional, following the baby universe conjecture
[28]. From a bulk perspective, this amounts to breaking
potential global symmetries which, for invertible (−1)-form
symmetries, aligns with the statement in [28] that the one-
dimensional baby universe Hilbert space can be viewed as a

corollary of the cobordism conjecture [69]. However, given
that the global symmetries we are considering can be
categorical, we expect the trivialization of topological
sectors responsible for the one-dimensional baby universe
Hilbert space to be beyond the cobordism classification.

A. Baby universes and α states

We start with a lighting review of how the ensemble
averaging shows up from α states in baby universe Hilbert
space, following [27] (see also [24]). Consider a (semi-
classical) bulk theory with a set of fields Φ (including the
metric, scalars, higher-form gauge fields, etc.) whose
asymptotic boundary has n disconnected components.
Associate each component with a boundary condition
Φ ∼ Ji, and the gravitational path integral can then be
defined schematically as

hZ½J1�…Z½Jn�i ¼
Z
Φ∼J

DΦe−S½Φ�: ð4:1Þ

The connected bulk geometry implies the nonfactorization
of the above path integral, e.g., for n ¼ 2,

hZ½J1�Z½J2�i ≠ hZ½J1�ihZ½J2�i: ð4:2Þ

See Fig. 13 for a rough depiction. This nonfactorization
property of the gravitational path integral is closed related
to baby universes, which we review as follows.
Consider cutting open the gravitational path integral at

τ ¼ 0 so that the resulting spatial slices including sectors
not associated on this slice with any of the asymptotically
AdS boundaries, but which is instead associated with
spatially compact universes. These closed universes are
referred to as baby universes in [27] (following [32,70,71]).
See Fig. 14 for an illustration. One can then associate a
Hilbert space HBU consisting of all intermediate states
separating the “past” (τ < 0) and “future” (τ > 0),
corresponding to all possible configurations including
baby universes at τ ¼ 0. Now given a boundary condition
with n components fJ1;…Jng, there is an associated
state

jZ½J1�…Z½Jn�i∈HBU: ð4:3Þ

FIG. 12. A topological interface in ZðVecSN Þ defined by the diagonal Lagrangian algebra Ldiag ¼ ⨁
½g�
ð½g�; 1Þ ⊗ ð½g�; 1Þ of

ZðVecSN Þ⊠ZðVecSN Þ under the folding trick. Folding this yields an entangled state in the tensor product Hilbert space. Each
individual factor corresponds to a local CFT, while the entangled state corresponds to a diagonally orbifold theory ðM⊗N

4 ⊗ M⊗N
4 Þ=SN.
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Among all states in HBU, a special one is the Hartle-
Hawking state jHHi corresponding to the configuration
with no boundary. The so-called “cosmological partition
function” is given by its norm:

hHHjHHi ¼
Z
no boundary

DΦe−S½Φ�: ð4:4Þ

The operators acting on the HBU can be introduced to
change the number of boundary components from n to

nþ 1. Denoting the operator as dZ½J� with the boundary
condition Φ ∼ J, its action reads

dZ½J�jZ½J1�…Z½Jn�i ¼ jZ½J�Z½J1�…Z½Jn�i: ð4:5Þ

The Hartle-Hawking state can then be regarded as the

“ground state,” upon which the “creation operators” dZ½J�
can act and obtain the state (4.3) in HBU associated to a
general boundary condition with multiple boundary com-
ponents:

dZ½J1�… dZ½Jn�jHHi ¼ jZ½J1�…Z½Jn�i: ð4:6Þ

The gravitational path integral (4.1) is then be interpreted as
the vacuum expectation valueZ

Φ∼J
DΦe−S½Φ� ¼ hHHjẐ½J1�…Ẑ½Jn�jHHi: ð4:7Þ

For a general state (4.3) inHBU, one can freely exchange
the order of all Z½J�’s, due to the fact that it will associate to
the same state. Together with (4.5), this leads to a key

property of the set of operators dZ½J�:
jZ½J1�Z½J2�i ¼ jZ½J2�Z½J1�i ⇒ ½ dZ½J1�; dZ½J2�� ¼ 0: ð4:8Þ

Therefore, all dZ½J� operators share eigenvectors, building a
orthogonal basis for HBU, known as α states [27,32]:

Ẑ½J�jαi ¼ Zα½J�jαi ∀ J: ð4:9Þ
That is to say, the eigenvalue for anα state is a partition function
for an asymptotic AdS boundary with a single component.
The gravitational path integral (4.1), written in terms of

the VEV (4.7), can now be obtained via projections onto α
states:

hZ½J1�…Z½Jn�i ¼
X

α0;…;αn

hHHjα0ihα0jZ½J1�jα1i…

× hαn−1jZ½Jn�jαnihαnjHHi
¼ N

X
α

pαZα½J1�…Zα½Jn�; ð4:10Þ

where N ¼ hHHi is the norm given by the “cosmological
partition function” (4.4) and the probability pα is given by
the inner product in HBU:

pα ¼
jhHHjαij2

N
: ð4:11Þ

This shows that a gravitational path integral involving
spacetime wormholes enjoys an ensemble averaging inter-
pretation. Element theories in the ensemble are labeled by α
parameters, and pα specifies the probability for drawing
that theory from the ensemble.19

B. Ensemble averaging from SymTFT entanglement

We have seen that the α parameter plays a key role in
labeling states in the baby universe Hilbert space, effec-
tively indexing different elements in an ensemble of

FIG. 14. A baby universe is detached from the parent universe.
Cutting open the gravitational path integral (4.1), the baby
universe does not intersect with the parent universe along the
spatial slice.

FIG. 13. The nonfactorization of partition functions of gravi-
tational path integral with spacetime wormholes. The red and
green lines label two components of the conformal boundary.
From the CFT point of view, these two disconnected boundary
components correspond to partition functions Z½J1� and Z½J2�
with associated sources J1 and J2. However, the full gravitational
path integral hZ½J1�Z½J2�i by summing over bulk topologies
includes an extra configuration where the red and green asymp-
totic boundaries are connected via a spacetime wormhole.

19It is also possible to consider continuous ensemble
averaging, exemplified by, e.g., random matrix models dual to
the Jackiw-Teitelboim gravity [72,73] and averaging over con-
formal manifolds of 2D CFTs [74]. The according modification
of the above discussion is to realize that jαi is now not
normalizable by itself but requires a delta-function normalization.
The resulting ensemble will be equipped with an probability
distribution pðαÞ, whose averaging reads, schematically,
hZ½J1�…Z½Jn�i ¼

R
dαpðαÞZα½J1�…Zα½Jn�.
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theories. However, in a UV-complete theory of gravity—
such as string theory—it is generally believed that there are
no free parameters: All couplings and discrete labels are
fixed by the vacuum expectation values of dynamical
modulus fields. This suggests that only a single theory is
physically realized, and the baby universe Hilbert space
should collapse to a one-dimensional space [28].
This raises a natural tension between two perspectives.

On the one hand, semiclassical gravitational path integrals
with wormholes point to ensemble averaging over α
parameters. On the other hand, top-down constructions
from string theory typically produce a specific boundary
theory with fixed parameters. Reconciling these two
pictures remains a subtle problem.
One proposal addressing this issue was put forward

in [24], where ensemble-averaged SCFTs are engineered
on branes, and a distinguished sector of operators is
selected to reconstruct a single AdS bulk.20

In this subsection, we describe a complementary per-
spective based on S entanglement. The idea is to associate a
family of QFTs labeled by a parameter with the Hilbert
space of a SymTFT implementing a global (−1)-form
symmetry. Entanglement within this symmetry sector then

gives rise to ensemble-averaged quantities such as Z2, in a
way that naturally admits a string-theoretic origin.
In favorable cases where the D-dimensional boundary

QFT admits a string-theoretic engineering, the correspond-
ing SymTFT for (−1)-form symmetries can be understood
as a topological limit of the modulus sector of the higher-
dimensional bulk theory. Concretely, a modulus field
descending from 10D or 11D string theory—such as a
gauge coupling, an axion, or a brane separation parameter
—gives rise to a propagating dynamical field in (Dþ 1)
dimensions. Its topological limit, describing discrete or
continuous parameter values modulo gauge redundancy,
defines the SymTFT implementing the (−1)-form sym-
metry [76] (see also [77–79] and Appendix C in [80]). The
entanglement structure of this SymTFT encodes the cou-
pling of the boundary theory to this modulus sector and
governs the statistical properties of ensemble observables.
This connection provides a UV origin for the ensemble

averaging from the S entanglement: It is not an ad hoc
construct but a limit of a physical modulus theory that
propagates in the bulk. It applies equally well to discrete
parameters (such as gauge ranks or fluxes) and to (compact)
continuous parameters (such as theta angles or axions),
thereby offering a unified language for describing holo-
graphic ensemble phenomena.

1. SymTFT Hilbert space and averaging mechanism

Consider a (Dþ 1)-dimensional SymTFT for a
Zk (−1)-form symmetry, with action

SSymTFT ¼ k
2π

Z
ϕ ∧ dfD; ð4:12Þ

where ϕ is a 0-form field and fD is a D-form gauge field.
This theory contains

(i) local operators Um¼ expðimϕÞ, m ¼ 0; 1;…; k − 1;
and

(ii) topological domain wall operators Vn ¼
exp ðin RMD

fDÞ, n ¼ 0; 1;…; k − 1.
The Hilbert space H of the SymTFT admits an ortho-

normal basis fjaig, labeled by a ¼ 0; 1;…; k − 1, satisfying

Vnjai ¼ e2πina=kjai; Umjai ¼ jaþmi: ð4:13Þ

Each basis vector jai corresponds to a definite value of the
background parameter in the associated D-dimensional
QFT—for instance, a discrete theta angle or gauge rank
modulo k.
We now consider an entangled state in the doubled

Hilbert space H1 ⊗ H2:

jψi ¼ 1ffiffiffi
k

p
Xk−1
a¼0

jai1 ⊗ jai2: ð4:14Þ

This state is maximally entangled in the parameter basis.
Tracing out the second factor yields a reduced density
matrix

ρ1 ¼ TrH2
jψihψ j ¼ 1

k

Xk−1
a¼0

jaihaj: ð4:15Þ

Now consider a relative QFTwhose partitionvector inH is

jT i ¼
Xk−1
a¼0

Zajai; ð4:16Þ

whereZa denotes the partition function of the absolute theory
with background label a. This vector specifies a physical,
nontopological boundary condition for the SymTFT, corre-
sponding to a choice of relative theory [37]. The partition
function for a specific background b of the modulus fieldϕ is
recovered as

hbjT i ¼ Zb: ð4:17Þ

The entangled partition function is then given by
pairing21 jT i with ρ1:

jZentangledj2 ≔ Trðρ†T ρ1Þ; where ρT ≔ jT ihT j: ð4:18Þ

A straightforward computation yields

20See also [25] for a follow-up on Schlenker-Witten’s large-N
averaging proposal [75].

21Given two density matrices ρA and ρB, there is a canonical
inner product Trðρ†AρBÞ. For the case of pure states,
Trðρ†AρBÞ ¼ jhAjBij2.
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jZentangledj2 ¼
1

k

Xk−1
a¼0

jZaj2: ð4:19Þ

This expression exactly matches the ensemble-averaged
partition function Eq. (4.10) obtained by Marolf and
Maxfield via baby universe α states with two disconnected
AdS boundary components with the probability pa ¼ 1

k. In
our case, the averaging emerges directly from entanglement
under the topological symmetry sector.

2. Schlenker-Witten averaging over gauge ranks
in ABJ(M) theory

An explicit interpretation of ensemble averaging in
AdS/CFT was proposed by Schlenker and Witten [75],
where the semiclassical gravitational path integral is argued
to describe an average over the large-N limit—namely, over
the gauge rank. Motivated by this certain averaging, we
model an analogous averaging over the gauge rankM in the
ABJ(M) theory UðNÞk ×UðN þMÞ−k [81], based on
SymTFT for the corresponding (−1)-form symmetry.
Recall that the ABJ theoryUðNÞk × UðN þMÞ−k [81] is

engineered on N regular M2-branes probing C4=Zk
orbifold singularity, with M fractional M2-branes, i.e.,
M5-branes wrapping on torsional 3-cycles. This discrete
torsion is also Zk; namely, the possible values for M reads
M ¼ 0; 1;…k − 1.
Promoting M to a background field for a (−1)-form

symmetry, we ask: What is the corresponding SymTFT?
Fortunately, this corresponding theory has been derived22

in [76]:

k
Z
M4

b0 ∪ dc3: ð4:20Þ

Schematically, b0 and c3 come from C3 and its magnetic
dual fields reduced on torsional 3-cycles, respectively.23 In
particular, b0 is a Zk field whose background value gives
rise to the gauge rank M, determining the number of
fractional M2-branes. The admitted value of M is upper
bounded by k, namely, M ¼ 0; 1;…; k − 1.
To model averaging over gauge rank, we follow the

general procedure outlined above: We consider an
entangled state

jψi ¼ 1ffiffiffi
k

p
Xk−1
M

jMi1 ⊗ jMi2 ð4:21Þ

and a relative QFT state

jT ABJMi ¼
Xk−1
M¼0

ZMjMi; ð4:22Þ

where ZM is the partition function of ABJ(M) theory at rank
UðNÞk × UðN þMÞ−k. Entangling with the topological
sector as above yields

jZavg
ABJMj2 ¼

1

k

X
M

jZMj2: ð4:23Þ

This construction provides a concrete top-down analog
of the Marolf-Maxfield picture, where α states responsible
for nonfactorization are embedded in M theory as a
SymTFT associated to a discrete parameter. In particular,
it mimics the averaging over gauge group ranks proposed
by Schlenker and Witten. Here, we reproduce the same
statistical structure purely from entanglement under the
topological sector, encoded in the SymTFT. This offers
further support for the idea that ensemble behavior in
gravity may be understood as the shadow of symmetry-
based entanglement on the boundary.
We emphasize that, while the above discussion focused

on discrete parameters associated to finite (−1)-form
symmetries, similar constructions can be extended to
compact continuous parameters. A simple illustration is
theta-angle averaging in N ¼ 4 SYM, modeled using a
Uð1Þ SymTFT. We relegate this continuous case to
Appendix B to maintain focus on the finite setting.

C. From SymTFT entanglement entropy to baby
universe Hilbert space dimension

In the framework described above, the ensemble
average over k discrete element theories arises from the
Zk (−1)-form symmetry implementing S entanglement. We
have chosen an extreme case where the state Eq. (4.14) is a
maximally entangled state. This entanglement can be
measured by the von Neumann entropy computed from
the reduced density matrix:

SvNðρ1Þ ¼ −trðρ1 ln ρ1Þ ¼ log k: ð4:24Þ

Alternatively, from Eq. (4.19), this ensemble averaging can
be interpreted as a result of a k-dimensional baby universe
Hilbert space, spanned by k orthogonal α states, as we
reviewed in Sec. IVA.
We, thus, propose that the S-entanglement entropy

reflects the number of distinguishable component theories
in the ensemble and corresponds to the dimensionality of
the baby universe Hilbert space:

dimHBU
¼ exp ðSvNðρ1ÞÞ; ð4:25Þ

which in the case of Zk SymTFT reads dimHBU
¼ k.

22There are extra topological terms involving the coupling
between b0 and a 2-form field b2, which matters little in our
current context.

23A careful treatment of this dimensional reduction involves
differential cohomology computation. See, e.g., [82,83].
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There is one subtlety to be clarified: For a general
entangled state, it is very unlikely that expðSvNðρ1ÞÞ will be
an integer. However, we emphasize that the entangled state
jψi we are considering corresponds to a polarization of the
relative theory T 1 ⊗ T 2. Under the SymTFT picture, this
entangled state corresponds to not arbitrary but topological
interface Iψ

top within the SymTFT bulk, with two relative
boundary states corresponding to T 1 and T 2. This topo-
logical interface, under the folding trick, corresponds to a
topological boundary Lψ of the SymTFT1⊠ SymTFT2.
See Fig. 15 for an illustration of these alternative
perspectives.
Given the Lϕ is a topological boundary of the

tensor product theory SymTFT1⊠ SymTFT2, it defines a
maximal commuting set of topological operators.
This set of operators diagonalize the Hilbert space of
SymTFT1⊠ SymTFT2. That is to say, the Hilbert space
is spanned by the joint eigenstates of this commuting
algebra, whose dimension k counts the number of distin-
guishable topological sectors supported by the boundary.
As a result, any entangled state deviating from the
maximally entangled one—beyond the direct product of
polarizations for SymTFT1 and SymTFT2—would neces-
sarily exhibit a bias toward certain sectors. This would
break the maximal commuting structure of the boundary
operator algebra and render the boundary condition
nontopological.
From the Zk SymTFT example, it seems that the

dimension of the baby universe Hilbert space is given by

dimHBU
¼ exp ðSvNðρ1ÞÞ ¼ jLψ j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dimSymTFT

q
; ð4:26Þ

where the dimension of SymTFT can be expressed as

dimSymTFT ¼
X
i

jUij2 ð4:27Þ

and is defined as the sum of squares of the quantum
dimensions of all topological operators of the SymTFT.
The square root corresponds to the dimension of the Hilbert
space associated to the maximally commuting subset of
these operators (i.e., a Lagrangian subalgebra). This
matches the known results: (a) For Abelian groups in
diverse dimensions, it corresponds to the order of the
Lagrangian subgroup defining the polarization, and (b) for
noninvertible symmetries in 2D, dimension of the fusion
category C associated to a Lagrangian algebra of the center
ZðCÞ (i.e., of the SymTFT).
To rigorously establish (and refine) the relation (4.26),

consider a QFT T 2ðMDÞ living on the boundary of a
SymTFTworld volume XDþ1 such that ∂XDþ1 ¼ MD. This
can be seen as an S entanglement between T 2ðMDÞ and a
QFT with a trivial world volume T 1ð∅Þ, which is equiv-
alent to a trivial theory. Holographically, this can be seen as
an entanglement between the AdSDþ1 theory dual to
T 2ðMDÞ and a baby universe dual to the trivial theory
T 1ð∅Þ. Let us now cut XDþ1 into two pieces Xþ

Dþ1 and
X−
Dþ1 along some YD such that ∂X−

Dþ1 ¼ ȲD ∪ MD and
∂Xþ

Dþ1 ¼ YD [see Figs. 16(a) and 16(b)]. Similar to what
we have seen many times throughout this work, the
SymTFT entangled state is a maximally entangled wave
function:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dimðHSðYDÞÞ

p X
k

jki1 ⊗ jki2; ð4:28Þ

where jki is a basis of states forHSðYDÞ. Taking the partial

FIG. 15. Illustration of alternative perspectives.

FIG. 16. (a) Manifold XDþ1, on which a SymTFT is defined, with boundaryMD. (b) Cutting the bulk manifold into two parts Xþ
Dþ1 and

X−
Dþ1 with an interface YD. (c) Gluing Xþ

Dþ1 with its orientation reversal along YD.
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trace Tr2 of this wave function yields the SymTFT density
matrix ρ ¼ 1

k

P
k jki1hkj1 ¼ 1

k 1. Following the discussion
around (4.18), this allows us to compute the partition
function for the partial trace of the S-entangled system to
the trivial theory as

jZT 1
ð∅Þj2 ¼ TrðρjψXþihψXþjÞ; ð4:29Þ

where jψXþi is defined24 as the state that the SymTFT S
assigns to the manifold with boundary Xþ

Dþ1. Note that in
(4.29) we have suppressed the notation in ZT 1

ð∅Þ which
labels the information on the S entanglement and partial
tracing. This appears on the right-hand side of the equation
from the choice of Xþ

Dþ1 and SymTFT theory. Since the
trivial theory can be seen as holographically dual to a baby
universe theory, let us denote jZBUj2 ≔ jZT 1

ð∅Þj2. From
our choice of ρ, we have

jZj2BU ¼ hψXþ
Dþ1

jψXþi ¼ ZSðXþ ∪Y Xþ
Dþ1Þ; ð4:30Þ

where ZSðXþ
Dþ1 ∪Y Xþ

Dþ1Þ is the SymTFT partition func-
tion evaluated on the (Dþ 1)-dimensional manifold
obtained from gluing Xþ

Dþ1 and its orientated reversed

partner Xþ
Dþ1 along YD [see Fig. 16(c)], which by

construction is equal to the norm of jψXþi. The argument
relating the baby universe and SymTFT partition functions
in (4.30) can be “categorified” to relation between Hilbert
spaces, category of boundary conditions, etc., by reducing
the dimensionality of the manifolds involved by 1, 2, etc.
At the level of Hilbert spaces, we have

HBU ⊗ H†
BU ¼ HSðXþ

D ∪Y Xþ
DÞ; ð4:31Þ

where now XD is D-dimensional and Y is (D − 1)-dimen-
sional and which reproduces the intuited relation (4.26).

D. Generalized ensemble averaging
through symmetry-enriched α states

The above derivation based on (−1)-form symmetry
entanglement generalizes naturally to higher-form sym-
metries. For example, one can simply substitute the
(−1)-form symmetry with the 1-form symmetry of 4D
g ¼ suðNÞ theory, which we intensively discussed in
Sec. II, and build the reduced density matrix for a
maximally entangled state

jψi ¼ 1ffiffiffiffi
N

p
XN−1

a¼0

jai1 ⊗ jai2

⇒ ρ1 ¼ Tr2ρψ ¼ 1

N

XN−1

a¼0

jaihaj: ð4:32Þ

Consider a relative QFT state

T ¼
XN−1

a¼0

Z½Bð2Þ
a �jai; ð4:33Þ

where Z½Bð2Þ
a � is the partition function for G ¼ SUðNÞ

theory coupled to the background Bð2Þ
a field for the 1-form

symmetry, associated to the topological boundary state jai
of the 5D SymTFT. Similar to Sec. II, we leave implicit
indices coming from basis elements ofH2ðM4; Uð1ÞÞ. With
respect to this relative QFT state, the partition function
corresponding to the mixed state ρ1 is

jZentangledj2 ¼ Trðρ†T ρ1Þ ¼
1

N

XN−1

a¼0

jZ½Bð2Þ
a �j2: ð4:34Þ

This is likewise an ensemble-averaged observable, though
the averaging is now over background configurations rather
than over distinct local theories.
This motivates a more general construction that incor-

porates other generalized global symmetries into the con-
ventional averaging built from the (−1)-form symmetry
entanglement. Given that a (−1)-form symmetry entangle-
ment resulting in an ensemble of k theories (e.g., maximally
entangled state for Zk SymTFT) can be interpreted as α
states in a k-dimensional baby universe Hilbert space, we
introduce a notion of symmetry-enriched α state, so that the
ensemble averaging is not just about theories labeled by
different parameters (coupling constants, gauge ranks, etc.),
but also over different symmetry background fields.
In simple cases such that different symmetries are

independent to each other, the SymTFT for the QFT under
consideration decomposes as

SDþ1 ¼ ⨁
p
SðpÞDþ1½Bðpþ1Þ�; ð4:35Þ

where SðpÞDþ1 is the SymTFT for the p-form symmetry, each
of which has a separate field variable Bðpþ1Þ (as well as its
canonical conjugate). An entangled state for two copies of
QFTs associated to the SymTFT is then embedded in the
Hilbert space

⨁
p
HðpÞ

1 ⊗ HðpÞ
2 : ð4:36Þ

For illustration, consider the state

24In the language of the Atiyah-Segal axioms, a manifold with
a boundary is associated with a map HSð∅Þ ¼ C → HSðYDÞ
which selects out a state in HSðYDÞ. Imposing a boundary
condition b with associated boundary state jbi to YD is required
to assign a partition function to Xþ which would be hψXþ jbi.
Equation (4.29) is then a generalization of this formula to a
density matrix of boundary states.
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jψi ¼
X
a⃗ðpÞ

ffiffiffiffiffiffiffiffiffi
pa⃗ðpÞ

p ja⃗ðpÞi; ð4:37Þ

where a⃗ðpÞ ¼ ða−1; a0; a1;…aD−1Þ labels eigenstates for
all p-form symmetry sectors of the (Dþ 1)-dimensional
SymTFT under admitted polarizations.
Following the derivation of (−1)-form symmetry in the

previous subsection, it is straightforward to obtain that, for
a relative QFT state

jT i ¼ Z½B⃗ðpþ1Þ
a �ja⃗ðpÞi; ð4:38Þ

where Z½B⃗ðpþ1Þ
a � is the partition function for the absolute

theory with well-defined polarizations for all p-form sym-

metries with background fields B⃗ðpþ1Þ
a ¼ ðBð0Þ

að−1Þ
;…BðDÞ

aðD−1Þ Þ,
the resulting partition function for the entangled
state jψi

jZentangledj2 ¼ Trðρ†T ρ1Þ ¼ TrðjT i�hT j�Tr2ðjψihψ jÞÞ
¼

X
a⃗ðpÞ

pa⃗ðpÞ jZ½B⃗ðpþ1Þ
a �j2: ð4:39Þ

This is an ensemble averaging governed by a joint proba-
bility pa⃗ðpÞ with D-dimensional random variables
a⃗ðpÞ ¼ ða−1; a0; a1;…aD−1Þ.
The conventional ensemble averaging over coupling

constants can now be viewed as a first layer, i.e., focusing
on the p ¼ −1 sector. We can then interpret the (−1)-form
symmetry as generating α states of the baby universe
Hilbert space and regard p > −1 sectors as enrichment on
top of it. Grouping the (−1)-form label as α and the
remaining as b⃗, the partition function becomes

jZentangledj2 ¼
X
α

X
b⃗

pαðb⃗ÞjZα

	
B⃗ðqþ1Þ
b


��2: ð4:40Þ

Turning off all B⃗ðqþ1Þ
b fields, we recover the Marolf-

Maxfield α-state-driven ensemble averaging, while with
nontrivial background B⃗ðqþ1Þ

a , we are enriching each
element theory Zα labeled by the α state by symmetry
background fields. Each α state now labels a family of
theories rather than a single one, leading to a nested
ensemble structure.

E. Bulk global symmetries

In this subsection, we briefly comment on how the S
entanglement can lead to the appearance of global sym-
metries in the bulk.
It is widely believed that quantum gravity admits no

exact global symmetries. In the standard AdS/CFT corre-
spondence (without averaging), global symmetries of the
CFT are realized by a SymTFT together with appropriate
asymptotic boundary conditions, which occupies a

topological sector of the bulk AdS theory.25 As a stand-
alone quantum field theory, however, the SymTFT itself
carries global symmetries. These must be either gauged or
broken in the UV completion by gravity, so that no global
symmetry survives in the full bulk theory. Often, gauging
alone cannot suffice due to the emergence of dual quantum
symmetries. Ultimately, one is forced to invoke additional
breaking of such global symmetries in the bulk.
To be concrete, consider embedding a (Dþ 1)-dimen-

sional SymTFT localized near the AdSDþ1 conformal
boundary (see Fig. 6). For illustration, let us take the
ZN gauge theory

STFT ¼ N
2π

Z
Dþ1

bpþ1 ∧ dcD−p ð4:41Þ

together with topological boundary conditions to encode a
p-form symmetry and/or a ðD − p − 1Þ-form symmetry of
a D-dimensional QFT. The corresponding topological
operators are

Um ¼ e
im
R
Σpþ1

bpþ1

; Vn ¼ e
in
R
ΣD−p

cD−p
;

m; n∈ f0; 1;…N − 1g: ð4:42Þ
As a (Dþ 1)-dimensional QFT, this SymTFT, therefore,

carries both a (pþ 1)-form Zðpþ1Þ
N symmetry and a

ðD − p − 1Þ-form ZðD−p−1Þ
N symmetry, with

Zðpþ1Þ
N ∶ chargedoperatorsUm; symmetryoperatorsVn;

ZðD−p−1Þ
N ∶ chargedoperatorsVn; symmetryoperatorsUm:

ð4:43Þ

For definiteness, we focus on the Zðpþ1Þ
N symmetry and

discuss its fate once the SymTFT is coupled to bulk gravity

away from the conformal boundary. The case of ZðD−p−1Þ
N

symmetry works similarly.
There are two complementary viewpoints for why this

symmetry cannot persist deep in the AdS throat.
(i) From a charged operator perspective, suppose the bulk

contains a p-dimensional excitation on which the
charged defectUm can end. In this case, the symmetry
operator Vn, which previously linked with Um, can
now be freely deformed and shrunk to nothing due to
its topological nature. See Fig. 17(b) for an illustration.
If the mass of the p-dimensional object is mp, the

Zðpþ1Þ
N symmetry is effectively broken at a UV scale

25Strictly speaking, the embedding of SymTFTs into the bulk
works most transparently in situations with a semiclassical
description. If the bulk theory is described by a perturbative
string world sheet, such as the tensionless limit of type IIB on
AdS3 discussed in Sec. III C, the SymTFT is better viewed as an
organizational tool for symmetries of the CFT rather than as a
literal target-space theory.
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ΛUV ≳mp. In string theory, such excitations are often
provided by Dq-branes wrapping ðqþ 1 − pÞ-cycles
Σqþ1−p, with a schematic mass

mp ∝ Tq · volðΣqþ1−pÞ

¼ 1

ð2πÞqgsðα0Þðqþ1Þ=2 · volðΣqþ1−pÞ: ð4:44Þ

(ii) From the perspective of the (D − p)-dimensional
symmetry operator itself, pulling it away from the
conformal boundary into the bulk throat turns it into
a tensionful object [13,14,16,44]. See Fig. 17(c) for
a rough depiction. Denoting its tension by TD−p−1,
the symmetry is absent once the UV scale exceeds
ΛUV ≳ TD−p−1 · volðΣD−pÞ, where ΣD−p is the bulk
cycle supporting the object. In string theory, this
reflects the fact that symmetry operators at finite
radial depth typically arise from tensionful ingre-
dients such as wrapped D-branes or Kaluza–Klein
monopoles.

The situation is qualitatively different in the entangled

construction. Consider two D-dimensional theories T ð1Þ
D

and T ð2Þ
D coupled through a common (Dþ 1)-dimensional

SymTFT, which creates an entangled state of the form
illustrated in Fig. 18(a).
In this setup, an operator inserted in one sector can be

transported through the SymTFT into the other sector, as
shown in the figure by the teleportation of Uð1Þ into Uð2Þ.
The symmetry is, therefore, realized as a diagonal action
across the two sectors rather than as an operator that must
extend independently into the bulk. While the total bulk
system is free of global symmetries, this mechanism allows
the entangled pair to individually avoid both of the
obstacles to symmetry breaking that we discussed in the
standard case: From the charged-operator viewpoint, a
charged defect in one sector can be terminated by moving
into the entangled partner rather than by the introduction of
a bulk excitation; from the symmetry-operator viewpoint,
the defect does not need to propagate into the bulk throat as
a tensionful object, since its action can be represented in the
partner sector.
Now suppose we trace out sector 2. The remaining state

of sector 1 is described by the reduced density matrix

FIG. 18. S entanglement as a mechanism for bulk global symmetries. (a) Two boundary theories T ð1;2Þ
D coupled via the S entanglement

admit teleportation of operators (Uð1Þ ↔ Uð2Þ, Vð1Þ ↔ Vð2Þ) across the entangled pair. The linking operator V, therefore, persists without
requiring tensionful bulk realizations. (b) From the bulk perspective, this corresponds to a defect threading a wormhole and linking the
disconnected conformal boundaries of two asymptotic AdS regions, thereby generating a nontrivial topological sector that realizes a
bulk global symmetry.

FIG. 17. Two standard mechanisms by which bulk global
symmetries fail in AdS/CFT. (a) A SymTFT at the AdS boundary
supports symmetry operators V linking with charged operatorsU.
(b) If the bulk contains excitations (such as wrapped branes) that
terminate the charged operator Ũ, the linking defect V becomes
trivial. (c) Even in the absence of such excitations, pulling the
symmetry operator V away from the boundary turns it into a
tensionful object Ṽ, thereby destroying the bulk global symmetry.
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ρ1 ¼ Tr2jΨihΨj: ð4:45Þ

As we discussed before, the resulting partition function
reads

Zð2Þ ¼ 1

N

X
Bpþ1

jZðBpþ1Þj2; ð4:46Þ

which is an average over distinct background field sectors.
This averaging indicates that the baby universe Hilbert
space is larger than one-dimensional (here, N-dimen-
sional). Hence, there are extra labels conserved, corre-
sponding to unscreened charge in the bulk. As discussed in,
e.g., [28], this inability of the bulk to interpolate between
these superselection sectors is precisely the statement that
there is a nontrivial cobordism class, leading to nontrivial
topological operators generating global symmetries in the
bulk [69].
From the bulk gravity point of view, the above process

means that there exists a defect extending between the
disconnected conformal boundaries of two asymptotic
AdS regions of a wormhole geometry, as illustrated in
Fig. 18(b). The presence of this object implies that the bulk
theory contains a nontrivial topological sector generated by
operators linking with the defect. In contrast to the standard
AdS/CFT case, where a symmetry operator pulled into the
bulk necessarily becomes tensionful and, thus, destroys the
global symmetry, here the linking operator is protected by
the fact that the defect connects the two asymptotic
boundaries. The entangled construction, therefore, provides
a concrete mechanism by which bulk global symmetries
can persist, realized as topological sectors supported by
defects threading the wormhole.
It is also instructive to turn this logic around. Suppose

instead that one knows enough about the UV-complete
gravitational theory to realize a bulk excitation on which U
terminates. In this case, the linking defect V necessarily
trivializes: The putative bridge between the two sectors
collapses, and the bulk global symmetry disappears.
However, once the bridge is gone, the symmetry entangle-
ment itself cannot be consistently defined, since there is no
longer a defect that can mediate ensemble averaging across
the two boundaries.
This is precisely in line with the general expectation that

bulk global symmetries in quantum gravity can arise only
through ensemble averaging rather than as exact sym-
metries of a single UV completion. The S-entanglement
construction, thus, provides a concrete mechanism for how
ensemble averaging can restore topological symmetry
operators in the bulk.

V. ETERNAL ADS BLACK HOLES

We revisit Maldacena’s proposal on the holographic
description of eternal AdS black holes but now within the

framework of SymTFT. In reviewing the original argument
for this duality in [21], we show that the usual entanglement
present in the thermofield double state is independent from
the amount of S entanglement between the two CFT copies.
In particular, the extent of the S entanglement can be
determined by various choices of boundary conditions
involved for the SymTFT when the CFTD world volume
is taken to be the (Euclidean signature) manifold
½0; β=2� × SD−1. As we review below, the importance of
the CFTD on this Euclidean manifold stems from the fact
that it appears in an intermediate step in the duality
argument of [21].
We then show how the splittability property of objects

threading the nontransversable wormhole, as conjectured
in [84], can be violated when the S entanglement is nontrivial.
We explain how this is due to a lack of factorization of the total
CFT data, such as certain spaces of genuine defect operators as
well as the Hilbert itself, into the left and right copies. We then
revisit the work of Marolf and Wall [20], which, motivated by
certain Alice and Bob experiments, proposed that eternal AdS
black hole Hilbert spaces should take the form
HL ⊗ HR ⊗ V. Here, HL;R are the Hilbert spaces for the
left and right copies of the CFTD and V is an extra “super-
selection” sector which determines the outcome of the Alice
andBob experiments. In comparing to ourwork,we find thatV
plays a similar role to the tensor product of theSymTFTHilbert
space, HSðMDÞ⊗2. We interpret entangled states in this
Hilbert space as implying that the black hole has a single
associated gauge charge, as opposed to a separate ones for the
left and right boundaries (Statement 2 from the Introduction).
Finally, we sketch how we expect these considerations to
generalize beyond discrete bulk gauge symmetries.

A. Maldacena’s argument revisited

Given a CFTD T , which we assume for the moment to be
an absolute CFT, dual to some quantum gravity theory on
AdSDþ1 ×M, the main claim of [21] is that eternal (two-
sided) black hole solutions of the low-energy gravitational
theory are dual to two copies of T in the thermofield double
state:

jTFDi ≔ 1

ZT ðβÞ
X
n

e−βEn=2jniL ⊗ jniR;

jTFDi∈HðLÞ
T ⊗ HðRÞ

T : ð5:1Þ

Here,HðL;RÞ
T are two identical copies of the Hilbert space of

T on SD−1 with “left” and “right” labels, n runs over energy
eigenstates, and ZT ðβÞ≡ ZT ðS1β × SD−1Þ. From the bulk
perspective, the intuitive reason this state exists in the
tensor product is because there are two asymptotically AdS
boundaries (see Fig. 19) and performing a partial trace over,

say, HðRÞ
T , reproduces the thermal density matrix ρ ¼ e−βH

which has the expected entropy for a large black hole with
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temperature β−1 in an AdS space with a single asymptotic
region.
The argument for this equivalence in [21] proceeds as

follows. First consider the Euclidean AdSDþ1-Schwarzschild
black hole solution:

ds2 ¼ Fdτ2 þ F−1dr2 þ r2dΩD−2; ð5:2Þ

F ≔ 1þ r2

L2
−

μ

r2
: ð5:3Þ

In (5.2), the Euclidean time coordinate is periodic τ ∼ τ þ β,
μ ¼ μðβÞ parametrizes the mass of the black hole,26 L is the
AdS radius, and dΩD−2 is the volume form for a unit (D − 2)
sphere. Notice that theL → ∞ limit reproduces the flat space
Schwarzschild black hole solution.
Next, consider the restriction of the Euclidean time

coordinate to τ∈ ½0; β=2�, then the asymptotic boundary
of the Euclidean bulk spacetime is Iβ=2 × SD−1. From
holography, we expect this to be dual to a CFT on
Iβ=2 × SD−1, but, since Iβ=2 × SD−1 itself has a boundary,
this procedure prepares the system in some particular state

jΨi. This state is in the vector space HðLÞ
T ⊗ HðRÞ

T whose
two factors are due to the fact that Iβ=2 × SD−1 has two
disconnected boundaries. With such a state in hand, we can
evolve this system in Lorentzian time as in Fig. 19. In other
words, this procedure gives a Hartle-Hawking preparation
for the state jΨi.
One can see that jΨi ¼ jTFDi as defined in (5.1) from

quantizing the Euclidean CFT on Iβ=2 × SD−1 in two
different ways as illustrated in Fig. 21. Quantizing along

the τ direction means evolving states along the length of the
cylinder, while quantizing along the τ0 ≡ jτ − β=4j direc-
tion evolves states away from the middle of the cylinder.
This implies that the inner produce of jΨi with some state

jvLi ⊗ jvRi∈HðLÞ
T ⊗ HðRÞ

T is given as

ðhvLj ⊗ hvRjÞjΨi ¼ hvLje−βH=2jv�Ri
¼

X
n

e−βEn=2hvLjnihvRjni; ð5:4Þ

where the first equality follows from the equivalence of
quantization directions in Fig. 20 and the second follows
from inserting 1 ¼ P

n jnihnj. Equation (5.4) then exactly
matches the matrix elements of jTFDi.
Let us now replay this story while taking into account the

SymTFT construction of T on Iβ=2 × SD−1. As pointed out
in [4], there is a plurality of ways one can build a (Dþ 1)-
dimensional SymTFT sandwich when the D-dimensional
field theory of interest is placed on a manifold with
a boundary.27 See Fig. 21 for a sampling of such possibil-
ities which differ by the insertion of topological interfaces
localized on theD-dimensional topological boundary of the
SymTFT. We define the corners where the topological
boundaries and the CFTworld volume meet (i.e., where the
dotted blue lines hit the red intervals in Fig. 21) in the
simplest manner possible by just imposing the relevant
boundary condition for the field shared between the CFT
and the SymTFT, which are always discrete p-form gauge
fields in our cases, at τ ¼ 0 and τ ¼ β=2. Different choices
of boundary conditions at corners can be obtained by
placing different topological interfaces there. Furthermore,
from the fact that SDþ1 is topological, each of the SymTFT
sandwiches in Fig. 21 can be deformed into each
other. Therefore, one can simply restrict to the case of
having only a single topological interface without loss of
generality.

FIG. 19. Hartle-Hawking preparation of the eternal AdS black
hole for t > 0. The top half of the figure is the Penrose diagram
for the Lorentzian signature spacetime, while the bottom half
represents the ðτ; rÞ coordinates of the Euclidean AdS black hole.

FIG. 20. For a CFT on Iβ=2 × SD−1, one can consider the
Euclidean time direction τ along Iβ=2 or τ0 ≡ jτ − β=4j.

26In terms of the horizon length, r2þ ¼ L2

2
ð−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4μ=L2

p
Þ,

μ can be expressed in terms of the inverse temperature from the
relation β ¼ 2πL2rþ

2r2þþL2. Note that we are considering “large” AdS

black holes which have positive specific heat and satisfyffiffiffi
2

p
rþ > L.

27In [4], the suggested term for these general constructions was
cheesesteaks (a logical generalization of sandwiches). See also
[5–9] for recent works which also generalize the SymTFT
construction to QFTs with boundaries.
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The SymTFT setup relevant for eternal AdS black
holes then crucially relies on a choice of a topological
interface which we label by i. These can be defined by
matrices

MðBiÞ ∈HomðHSðM−
DÞ;HSðMþ

DÞÞ; ð5:5Þ

where Mþ
D ∪ M−

D ¼ MD and ∂M�
D ¼ MD−1 is the world

volume of the interface. In other words, they transform
SymTFT boundary states below the interface to SymTFT
boundary states above the interface. Fusing topological
interfaces then just amounts to finite-dimensional matrix
multiplication. This presentation is most natural if we
quantize the SymTFT vertically in Fig. 21, while if one
quantizes in a radial direction away from the interface, then
one can equivalently present it as a vector:

jBii∈HSðMDÞ⊗2: ð5:6Þ

This is reminiscent of the fact that local operators on
boundaries of string world sheets are labeled by two
Chan-Paton factors and follows the (extended)
Atiyah-Segal axioms28 [86,87]. One can go between
these two descriptions by changing the basis vectors
jIiL ⊗ jJiR ∈HSðMDÞ⊗2 to basis matrices jIiLhJjR ∈
HomðHSðM−

DÞ;HSðMþ
DÞÞ.

Now, due to the topological nature of the SymTFT we
can redraw the rightmost diagram in Fig. 21 into the
suggestive form (see Fig. 22).
The cylinder end points are located at τ0 ¼ β=4, where

from this location we can choose to time evolve the system
into Lorentzian signature to produce to the CFT dual to the
eternal AdS black hole or choose to time evolve into
Euclidean signature. Either way, the time evolution, as
illustrated in Fig. 23, recovers the main picture of this paper
where we have two CFTs whose SymTFT topological
boundaries are specified by a state in H⊗2

S . Indeed, above
some Euclidean time slice τ0 ≥ β=4, this setup is com-
pletely identical that of previous sections. As mentioned in
the Introduction and shown in Sec. II, we have an
equivalence between presenting the S entanglement as a

single connected SymTFTworld volume (possibly with an
interface) and a disconnected world volume (possibly with
S entanglement). This equivalence in the current setup is
also illustrated in Fig. 23.
Aswe have shown in Sec. II, the SymTFTvector jBi labels

different absolute theories; it accordingly labels different
Hilbert spaces and algebras of defect operators, e.g.,

HjBi; Vðgen line defectsÞ
jBi ; Vðnongen surface defectsÞ

jBi ; etc: ð5:7Þ

In the current context, this now includes a labeling on the
thermofield double state jTFD;Bi∈HjBi whose form
will be given in some examples below. In the case of a
product SymTFT state jBi ¼ jIiL ⊗ jJiR, then we have
that

HjBi ¼ HðLÞ
T I

⊗ HðRÞ
T J

; ð5:8Þ

whereHT I
is the Hilbert space for the absolute CFTs T I (and

similarly for the polarization J). The algebras of defect
operators also factorize for such a SymTFT state.
As we know from Sec. II, if jBi implies an S entangle-

ment of p-form symmetries, then the algebra of p-dimen-
sional genuine defect operators of the combined system
does not factorize:

Vðgen p defectsÞ
jBi ≠ Vðgen p defectsÞ

L ⊗ Vðgen p defectsÞ
R : ð5:9Þ

For p ¼ 0, these are algebras of local operators which, by
the CFT state-operator correspondence, are equivalent to
the Hilbert space, which implies that if jBi displays 0-form
S entanglement, then the Hilbert space does not factorize:

HjBi ≠ HðLÞ
T I

⊗ HðRÞ
T J

ð5:10Þ

for some polarizations I and J for T . Perhaps the simplest

such case is when the interface I ðiÞ
top is just the trivial

identity interface: ∝
P

I jIiLhIjR. In this case, jBi is just
given by the maximally entangled state ∝

P
I jIiL ⊗ jIiR.

This agrees with the intuitive fact that the left and right
CFTs should have maximal S entanglement if the left side
in Fig. 23 has no topological interface in the SymTFT
sandwich.

FIG. 21. Several possible SymTFT configurations for a CFT on
Iβ=2 × SD−1. The world volume of this CFT is depicted by the red
interval. The blue dotted lines denote topological boundaries for
SDþ1, while the blue crosses are topological interfaces.

FIG. 22. The rightmost diagram in Fig. 21 redrawn.

28For an introduction to extended TFTs, see Sec. 1 in [85].
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While the thermofield double state, as traditionally
defined in (5.1), is a state in the product of the left and
right CFT Hilbert spaces, we now address how to construct
such states when the Hilbert space of the AdS black hole
does not factorize. For the sake of concreteness, let us
assume that the SymTFT includes the ZN-valued gauge
fields b1 and cD−1 and the usual BF term

2π

N

Z
b1δcD−1 ⊂ SSDþ1

: ð5:11Þ

The topological Wilson line and surface operators for this
SymTFT are

U¼exp

�
2πi
N

Z
σ1

b1

�
; V¼exp

�
2πi
N

Z
σD−1

cD−1

�
: ð5:12Þ

Denote the boundary theory as T and then recall that in the

usual SymTFT sandwich construction it has a Zð0Þ
N global

symmetry if b1 (respectively, c2) has Dirichlet (respec-
tively, Neumann) boundary conditions along the topologi-
cal boundary and V is the 0-form topological symmetry
operator. We now consider the T theory in the setup in
Fig. 23 to understand what the TFD states are when the
topological boundary condition is entangled or not. The
nonentangled state j00i is equivalent to considering the
theory with the polarization such that T L and T R each have

their own Zð0Þ
N global symmetry and we do not have a

background field turned on. Meanwhile, the entangled state
jBi ¼ 1

N ð
P

N−1
i¼0 jiiiÞ is the polarization where the diagonal

subgroup ðZNÞdiag ⊂ ðZNÞL × ðZNÞR generated by
ðþ1;þ1Þ is gauged. This means that the usual thermofield
double state (jTFD; 00i in this notation) is transformed to
one where we gauge ðZNÞdiag:

jTFD; 00i → jTFD;Bi ¼ 1

N

�XN−1

k¼0

Vk
LV

k
R

�
jTFD; 00i:

ð5:13Þ

More explicitly, if we keep track of the ZN charges qn, we
can write the usual thermofield double state (5.1) as

jTFD;00i¼ 1

ZT ðβÞ
X
n

e−βEn=2jn;qniL⊗ jn;qniR: ð5:14Þ

One can see why the ZN charges are the same for both the
left and right states in the tensor product by returning to the
derivation around (5.4) and deriving a selection rule:

hvL; qLje−βH=2jv�R;−qRi
¼ eþ2πiqR=NhvL; qLje−βH=2Vjv�R;−qRi ð5:15Þ

¼ eþ2πiðqR−qLÞ=NhvL; qLje−βH=2jv�R;−qRi ð5:16Þ

⇒ qL ≡ qRmodN: ð5:17Þ

Because the projection operator from the diagonal gauging,
1
N ð

P
N−1
k¼0 V

k
LV

k
RÞ, requires that the ZN charges satisfy

qðLÞn ¼ −qðRÞn , only the zero-charge states remain:

jTFD;Bi¼ 1

N

�XN−1

k¼0

Vk
LV

k
R

�
jTFD;00i

¼ 1

ZT ðβÞ
X

fnjqn¼0g
e−βEn=2jn;0iL⊗ jn;0iR: ð5:18Þ

This state is in the Hilbert space defined by projecting onto

the invariant states of HðLÞ
j0i ⊗ HðRÞ

j0i ,

HjBi ¼ ðHðLÞ
j0i ⊗ HðRÞ

j0i Þ=ðZNÞdiag; ð5:19Þ

FIG. 23. Two equivalent ways of (Lorentzian or Euclidean) time evolving the CFT-SymTFT system in Fig. 22 beyond τ0 ¼ β=4. On
the left, we evolve with a single SymTFT world volume for each time slice, albeit with an interface. On the right, we evolve with two
disconnected SymTFTworld volumes with two (possibly entangled) topological boundaries. Note that the interface can change between
the two presentations given; we focus on the left one in the text.
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and the left- and right- Zð0Þ
N symmetry operators are

identified as

V ≔ VL ≃ V−1
R ; ð5:20Þ

which is the symmetry operator for the remaining
ZN ¼ ½ðZNÞL × ðZNÞR�=ðZNÞdiag 0-form symmetry.
Additionally, this gauging in the CFT implies that every
genuine local operator will take the form

Y
i

OL
i

Y
j

OR
j ; such that

X
i

qðLÞi ðOL
i Þ ¼ −

X
j

qðRÞj ðOR
j Þ;

ð5:21Þ

which is the same answer one would get from applying the
state-operator correspondence to HjBi. We can consider a
nontrivial background field labeled by amodN for the

remaining Zð0Þ
N global symmetry by taking the SymTFT

state to be jBi ¼ 1
N ð

P
N−1
k¼0 e

2πika=N jkkiÞ which cor-
respondingly changes the projection operator to
1
N ð

P
N−1
i¼0 e2πika=NVk

LV
k
RÞ. The thermofield double state in

this case will be

jTFD;Bi¼ 1

N

�XN−1

k¼0

Vk
LV

k
R

�
jTFD;00i

¼ 1

ZT ðβÞ
X

fnjqn¼ag
e−βEn=2jn;aiL⊗ jn;aiR: ð5:22Þ

Additionally, notice that it was important that in this
example the CFT is of dimension D ≠ 2 because of
0-form gauging because we would have to include twisted
sector states (as the reader may be familiar with from string
world sheet orbifolding) which makes obtaining the
SymTFT-entangled thermofield double states more com-
plicated. We address this technicality in Appendix A.
Alternatively, we can choose a SymTFT state jBi that

amounts to gauging by the “antidiagonal” subgroup of

ðZNÞL × ðZNÞR generated by ðþ1;−1Þ. In this case, the
thermofield double state is invariant under the projection
operator 1

N ð
P

N−1
k¼0 V

k
LV

−k
R Þ, while the Hilbert space will still

be nonfactorizable into left and right pieces.
In summary, the analysis of this section shows that the

definition of gauge charges of the eternal AdS black hole
crucially relies on the degree of S entanglement. This
relation boils down to the following two points:

(i) If an eternal AdS black hole has a single well-
defined ZN 0-form gauge charge under which
objects in both causal regions outside of the black
hole are charged, then jBi must have a nontrivial S
entanglement.

(ii) If jBi does not have S entanglement, then the eternal
AdS black hole has a separate ZN gauge charge for
each of its (left and right) horizons.

B. On Harlow’s splittability argument

We now comment on the ramifications of the previous
section on the claims29 of [84] that all objects threading the
wormhole in these bulk geometries are splittable;
see Fig. 24.
Briefly reviewing the physical reasoning [84], consider a

Wilson line for a bulk Uð1Þð0Þ gauge theory with some
charge þq threading the wormhole as in the left side in
Fig. 24. Such an insertion of a bulkWilson line corresponds
to some operator in quantum gravity theory on AdS, so
assuming the factorization of the Hilbert space (as well as
the algebra of all operators) into left and right pieces seems
to imply that such an operator can be expressed in terms of
a product of operators localized on the left and right
exteriors of the black hole. This is further corroborated
by the fact that the Uð1Þð0Þ gauge theory should have a
complete spectrum of electrically charged particle states
[89]. In particular, the creation operator for a particle state
with electric charges �q can furnish end points for the

FIG. 24. In blue, we have an object whose spatial world volume goes through the AdS black hole wormhole. Is this object necessarily
splittable in the sense of the right-hand part of the figure?.

29See also [88] for a similar study of wormhole-threading bulk
Wilson line operators.
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charge þq which can cause it to split as in the right side
in Fig. 24.
Given that the presence of S entanglement can cause a

lack of factorization, let us understand how this alters the
above conclusions. For concreteness, our focus will be on
the 4D N ¼ 4 CFT case with maximal S entanglement
being between 1-form symmetries. In particular, we take the
gauge group to be ðSUðNÞ × SUðNÞÞ=ZN . We then place a
timelike Wilson line in the representation ðN; N̄Þ at
Rt × fpNg ⊂ Rt × S3, where pN ∈ S3 denotes the north
pole. From our holographic dictionary, this operator creates
two copies of theF1-string configuration as in Fig. 8, one for
the left and right black hole exteriors which in the Penrose
diagram appears as in the top line of Fig. 25. These two sides
of the F1 string are then connected in the bulk and charged
under a common ðZNÞð1Þ gauge group. This object is
nonsplittable in the sense that the ðZNÞð1Þ gauge charge
in the left regionmust cancel the ðZNÞð1Þ gauge charge in the
right region. This charge cancellation is not possible in the
imagined scenario in the right side in Fig. 24, since if the
configuration of anF1 string ending is valid in each separate
left and right patch, then one is free to addmultiple copies of
this configuration on one side.
A subtlety of this construction is that such a Wilson line

configuration will violate Gauss’ law for the gauge theory
since S3 is closed, so we must include, for instance, a

timelike Wilson line in the representation ðN̄;NÞ at the
south pole pS ∈ S3. This creates a wormhole threading F1
string with opposite orientation which can annihilate the F1
string at the north pole. This decay process is suppressed in
the limit β → ∞. For the sake of completeness, we also
detail in Fig. 25 interpretations for various Wilson lines and
topological operator configurations when the gauge group
is SUðNÞ2 or SUðNÞ2=ZN.

Notice that the key difference between the Uð1ÞWilson
line example of [84] and our example is that, in our case, the
1-branes threading the wormhole have a bulk gauge charge.
The Wilson lines considered in [84] are charged under an
emergentUð1Þð1Þ global symmetry at low energies which is
broken at high energies due to the tower of electrically
charge particles states required for the electric charge
completeness for the Uð1Þð0Þ gauge symmetry. While this
means that the nonsplittable example of this section does not
directly contradict the splittable example of [84] (or
charge completeness, in general), it does illustrate how
the S entanglement can lead to configurations not
considered in [84], because this reference assumed
factorizability.
Finally, note that, for large finite β, the configuration of

F1 and anti-F1 strings mentioned above has long but finite
lifetime and so is “splittable” in the sense that it can decay.
However, the fact that this lifetime can be made arbitrarily

FIG. 25. We give a sampling of objects (left column) involving Wilson lines and 1-form symmetry operators present for 4D SYM
theory with corresponding gauge group (middle column) and their bulk interpretations (right column). Note ZN ¼ ZNð1;−1Þ here. In
the second row, Σt is a timelike surface in the 4D gauge theory such that ∂Σt ¼ Lt, and the symbol ⊗ means that the F1 string spatial
world volume goes into the nonradial spatial direction. In the third column, we interpret the Wilson line in the CFTas an F1 string which
ends on the black hole.
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large by increasing β is in stark contrast with the Uð1Þ
Wilson line example of [84], because the lifetime for the
Wilson line source to decay is proportional to the mass of
the lightest Uð1Þð0Þ charged particle, which is expected to
be bounded above by the Planck mass [90].

C. Comments on Marolf and Wall’s “superselection
sectors”

We now use the proposal of Sec. VA to understand a
puzzle posed by Marolf and Wall in [20] on the apparent
inadequacy of the thermofield double state in describing the
physics of eternal AdS black holes. We then compare our
answer with their conjectured solution which involved what
they referred to as superselection sectors for the eternal
AdS black hole Hilbert space.30

Reviewing Marolf and Wall’s puzzle, they start by
considering two in-falling observers, which we name
“Lois” and “Ryan,” that are, respectively, created by local
CFT operators O†

L and O†
R. The idea is that these observers

are created near the left and right asymptotic boundaries;
see Fig. 26. In the original setting of Maldacena (i.e., with
no S entanglement), the Hilbert space factorizes into left
and right pieces H ¼ HL ⊗ HR, so OL;R ∈HL;R. The
authors of [20] then claim that there should be a way to
measure the interaction between Lois and Ryan inside the
black hole, i.e., some observable whose VEV in the Loisþ
Ryanþ eternal AdS black hole system is ≈1 when they
interact and ≈0 when they do not. This was motivated by a
the expectation that there should be a semiclassical under-
standing of the large black hole interior. More precisely,
Marolf and Wall expect that there exists an operator P such
that one simultaneously satisfies

1: hTFDjOLORPO
†
RO

†
LjTFDi ≈ 1; ð5:23Þ

2:hTFDjOLPO
†
LjTFDi≈hTFDjORPO

†
RjTFDi≈0: ð5:24Þ

Because of the exact factorization of the Hilbert space,
P ¼ PL þ PR, where PL commutes with all operators in
HR, and similarly for (L ↔ R). Therefore, satisfying the
second condition will always make the correlation function
in the first condition approximately vanish. The proposal of
[20] to address this discrepancy is that one should replace
jTFDi in the above conditions by a new state they call jw2i.
They claim that both states should exist in an extended
Hilbert space

Hbulk ¼ HL ⊗ HR ⊗ V; ð5:25Þ

where V is some auxiliary Hilbert space (the superselection
sector space) which is large enough such that jw2i∈Hbulk
with a nontrivial component in V such that the two above
conditions are satisfied.
Comparing to our proposal, we first specialize to the case

that the two in-falling observers are charged under a Zð0Þ
N

bulk gauge symmetry. We consider an eternal AdS black
hole with maximal entanglement for a Z0

N symmetry, such
as the AdS4 black holes dual to two copies of CFTs
possessing 0-form symmetries. In CFT language, we have a

Zð0Þ
N global symmetry obtained by gauging ðZð0Þ

N ÞL ×

ðZð0Þ
N ÞR by the ZN subgroup generated by ðþ1;−1Þ. Let

qL;R denote the charges under ðZð0Þ
N ÞL;R, and then genuine

local operators will take the form OðqLÞ
L OðqRÞ

R such that
qL ¼ qR≕ q. Moreover, this gauging identifies the sym-
metry operators UL ∼ UR ≕U. We can then calculate the
following correlator:

hTFD;BjOðqÞ
L OðqÞ

R UðOðqÞ
L Þ†ðOðqÞ

R Þ†jTFD;Bi
¼ e−2πiq=N þOðβ−1Þ; ð5:26Þ

where jBi ¼ 1
N

P
N−1
k¼0 jki ⊗ jki as in Sec. VA. The leading

term comes from evaluating the correlator in β → ∞, where
the thermofield double state reduces the CFT vacuum.
Similarly, one can compute that

hTFD;BjOðqÞ
L UðOðqÞ

L Þ†jTFD;Bi
¼ hTFD;BjOðqÞ

R UðOðqÞ
R Þ†jTFD;Bi ð5:27Þ

¼ 1þOðβ−1Þ ð5:28Þ

due to the fact that these nongenuine local operators31 are

FIG. 26. Two observers falling into the AdS black hole and
meeting in the interior. One originates from the left asymptotic
boundary and the other from the right.

30Note that Ref. [91] claims that some of the conceptual issues
brought up by Marolf and Wall can be addressed in their
formulation of bulk observers in AdS. Since we do not see a
clear relation between their claims and our statements on the
black hole charges, we leave an understanding of how our two
works relate for the future.

31Technically, when one writes OðqÞ
L;R, one should include the

dependence on the topological line operators attached to these
local operators, e.g., OðqÞ

L ðx0ÞVðLÞ, where ∂L ¼ x0.
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not charged under U. Consider now the operator

Pq ≔
e2πiq=N

1 − e2πiq=N
ðU − 1Þ: ð5:29Þ

The above correlators of U implies that Pq satisfies the
conditions (5.23) and (5.24). We must caution that giving a
more complete solution to Marolf and Wall’s puzzle would
involve not just generalizing our S-entanglement construc-
tion to continuous internal symmetries but also to space-
time symmetries: An observable measuring whether or not
Lois and Ryan hit each other surely depends on their initial
momenta. Indeed, the operator P in (5.29) detects only
whether or not both Lois and Ryan exist in the spacetime or
not—much more coarse information. We hope that our
arguments here can serve as a stepping stone to understand
how CFT data can measure such events past the horizon
that one may expect semiclassically to be sensible
information.
Finally, we note that the SymTFT Hilbert space

HSðMDÞ⊗2 played an identical role as the superselection
sector space V in Marolf and Wall’s conjectural answer to
their puzzle. Indeed, if we chose jBi to be a direct product
state, then it would have been impossible to construct an
operator P satisfying (5.23) and (5.24), and jTFD;Bi
would have similar properties to the state Marolf and
Wall denote as “jTFDi.” Meanwhile, the entangled jBi
used in this section behaves as their “jw2i.”

D. A conjecture on refining the holographic dual
proposal of an eternal AdS black hole

In this section, we have so far been working in a top-
down perspective to construct eternal AdS black holes with
S entanglement and understanding the physical conse-
quences. While rigorous, our sacrifice is that we have
had to restrict ourselves to consider S entanglement for
p-form discrete internal symmetries. In this subsection, we
let ourselves speculate on how to extend our claims to
continuous and spacetime symmetries.
As we saw from Sec. VA, eternal AdS black holes have a

globally well-defined ZN 0-form charge (as opposed to
separately defined charges for the left and right boundaries)
only iff the S entanglement was nontrivial. We suspect a
similar conclusion holds also for all types of gauge charges
as well. In particular, we first expect that there exists an
embedding of the SymTFT of discrete symmetries, SDþ1,
into a SymTFT for all internal global symmetries of the
CFT, Sfull;int

Dþ1 , which further embeds in a SymTFT con-
struction for all global symmetries of the CFT:

SDþ1 ⊂ Sfull;int
Dþ1 ⊂ Sfull

Dþ1: ð5:30Þ

Proposals for SymTFT constructions for continuous inter-
nal symmetries have appeared recently [92–94] which
involve TFTs with noncompact gauge groups, as well as

the SymTh proposal of [95] (see also [96]) which replaces
the TFT with a gapless (albeit scale-invariant) theory. See
also [97] for work on developing a SymTFT construction
for spacetime symmetries. In sketching such a nested
sequence (5.30), we remain agnostic as to whether the
correct formulation of Sfull

Dþ1 is truly topological or not, but
we simply assume that a CFT of interest T D is a valid
boundary condition for Sfull

Dþ1 and that all symmetry data
such as topological operators and their linking with charged
operators are captured by Sfull

Dþ1.
With these conservative assumptions, one can form

S-entangled setups exactly analogous to Fig. 2, where
we have Sfull

Dþ1 placed onMD × ½0; 1� with T D atMD × f0g
and T D at MD × f1g. This follows from the fact that if the
first boundary condition exists, then the conjugate boun-
dary condition also exists. This is implies that for any
complicated symmetry higher category C, regardless of how
complicated,32 there will always exist a notion of “diagonal
gauging” of C ⊗ C†. See [100] for an example of defining
such a gauging for the case when C ¼ RepðGÞ which is
nontrivial. Note that the existence of such a sandwich
construction further implies that anomaly associated with
this diagonal gauging cancels schematically as33

Adiag ¼ AC þAC† ¼ AC −AC ¼ 0: ð5:31Þ

We conjecture then that preparing a TFD state for the
product CFT T ⊗ T̄D with an S entanglement associated
with the diagonal gauging of their symmetries is dual to an
eternal AdS black hole whose spacetime gauge charges,
such as angular momentum, and internal gauge charges are
globally well defined in the sense that these charges are not
separately defined with respect to the left and right event
horizons. Such a construction should, in principle, con-
stitute a full solution to the types of puzzles posed in Marolf
and Wall [20].

VI. CONCLUSIONS AND OUTLOOK

In this paper, we have introduced and explored the
concept of SymTFT entanglement (S entanglement for
short) between QFTs. This provides a natural generalization
of the familiar “sandwich” construction of SymTFTs,
clarifying how (non)invertible subsymmetries can be
gauged between two ormore theories. From the holographic
perspective, S entanglement appears as a new entry in the
AdS/CFT dictionary and is a necessary ingredient whenever
multiple disconnected conformal boundaries are present. In
particular, we have shown how baby universe Hilbert spaces
(with more than one dimension) and their associated

32For higher fusion categories, it is still an open question on
how to rigorously treat the condition of unitarity. See [98,99] for
recent work in this direction.

33For a similar recent discussion, see [11].
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ensemble averaging naturally arise from SymTFTentangle-
ment and established a relation HBU ⊗ H†

BU ¼ HS (4.31).
Furthermore, in the case of two-sided AdS black holes, the
SymTFT entanglement data can determine whether the
Hilbert space factorizes or not and also whether 0-form
internal gauge charges of the black holes are independent
between the left and right horizons or not.
We anticipate several avenues of future directions and

generalizations of this work.
(i) In this work, we focused on discrete internal

symmetries. A natural extension is to consider
continuous and even spacetime symmetries.34 Ap-
pendix B illustrates how aUð1Þ SymTFT can lead to
ensemble averaging over θ angles in 4D holographic
CFTs. We also sketched in Sec. V D how this might
impact the physics of two-sided AdS black holes and
clarify puzzles raised by Marolf and Wall [20].

(ii) Another direction is to revisit stringy AdS3 holog-
raphy, discussed briefly in Sec. III C, in the case
where no semiclassical supergravity description is
available near the conformal boundary. See
[62,63,101] for recent work mapping bulk world
sheet data to CFT2 symmetries. It would be inter-
esting to explore S entanglement for these string
backgrounds because of the interesting resolution to
the factorization puzzle in this setting from the bulk
point of view [102]. A concrete question to ask then
would be: How does one impose entangled boun-
dary conditions from the point of view of the bulk
tensionless string world sheet in the presence of
multiple conformal boundaries?

(iii) Closely related, the AdS3=CFT2 correspondence has
also been approached from bottom-up perspectives
using 3D TFT path integrals. Interpreted as
SymTFTs, these constructions capture the CFT data
in rational models, where the vertex operator algebra
is fully encoded in Verlinde lines and modular tensor
categories. More generally, one may view the
Virasoro TFT as the SymTFT governing 2D topo-
logical defects commuting with the Virasoro alge-
bra. See [103–114] for a partial list of recent work
along these lines. It would be interesting to explore S
entanglement in this setting, as it may provide new
insight into ensemble averaging phenomena in the
bottom-up AdS3=CFT2 correspondence.

(iv) In addition to considering S entanglement as corre-
lations between boundary conditions of AdS space-
times, one can also ask what are the consequences of
this for asymptotically Minkowski vacua. We ad-
dressed this briefly in Sec. II C when considering the

system of N D3-branes before backreaction, but we
expect that, in the context of celestial holography,35

there should exist a construction which entangles
two disconnected Minkowski vacua in a similar
manner as we have done for AdS vacua.

(v) In the context of ensemble averaging in AdS/CFT,
there is an ongoing discussion of whether the
averaging should be understood as taken over
microscopically well-defined element theories
(see, e.g., the Maloney-Witten construction of aver-
aging over Narain moduli space [74]) or instead as
an averaging over more abstract axiomatic data of
the CFT (see, e.g., the proposal to average over
random three-point function data of large-c CFTs
[116]). The latter mechanism has, in particular, been
motivated by the chaotic behavior of CFTs above the
black hole threshold [75].36 The ensemble averaging
derived from S entanglement in this work is closer in
spirit to the former type, as it naturally produces
mixtures of well-defined element theories. It would,
nevertheless, be interesting to explore whether S
entanglement can also be adapted to mimic the latter
mechanism.

(vi) Finally, given that taking a partial trace of two (or
more) S-entangled AdS vacua can lead to bulk global
symmetries, it would be interesting to explore how
other core swampland principles are violated for
these partial traced subsystems, given that so many
swampland conjectures rely on assuming the absence
of global symmetries in quantum gravity theories.
Such a direction would be in similar spirit to thework
of [119], which explored how swampland principles
can be violated for gravitationally coupled subsys-
tems (in this case, end-of-the-world branes) in the
context of AdS/BCFT correspondence.

Note added. Recently [120,121], an independent preprint
[11] appeared on the arXiv which includes examples of
what we refer to as S entanglement. We also mention
upcoming work [122,123] which has some overlapping
themes with this paper.

ACKNOWLEDGMENTS

We thank Ibrahima Bah, Arkya Chatterjee, Elliott
Gesteau, Monica Guica, Jonathan J. Heckman, Max
Hübner, Da-Chuan Lu, Juan Maldacena, Jake
McNamara, Ruben Monten, Miguel Montero, Sridip Pal,
Kyriakos Papadodimas, and Zhengdi Sun for helpful
discussions. E. T. thanks the Harvard Swampland
Initiative and Uppsala Center for Geometry and Physics
for their hospitality during which part of this work was

34A subtlety for spacetime symmetries, compared to internal
ones, is the absence of a clear notion of topological operators
generating them. This raises the puzzle of whether they admit a
description purely in terms of SymTFTs or require a more general
framework. See [97] for a recent work in this direction.

35See, e.g., [115] for a review of celestial holography.
36See also [117,118] for more recent discussion.

ETHAN TORRES and XINGYANG YU PHYS. REV. D 113, 106028 (2026)

106028-32



carried out and presented. E. T. thanks the Aspen Center for
Physics, which is supported by National Science
Foundation (NSF) Grant No. PHY-2210452, for their
hospitality during the completion of this work. X. Y. thanks
the Kavli Institute for the Physics and Mathematics of the
Universe (IPMU) for the hospitality during the completion
of this work. X. Y. thanks the Southeastern Regional
Mathematical String Theory Meeting for the hospitality
during the completion of this work. E. T. and X. Y. thank
the 2025 Simons Physics Summer Workshop for their
hospitality during the completion of this work. The work of
E. T. is supported in part by the ERC Starting Grant
QGuide-101042568—StG 2021. The work of X. Y. is
partially supported by the NSF Grant No. PHY-2310588.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: SYMTFT ENTANGLED TFD
STATES FOR ETERNAL AdS3 BLACK HOLES

We now address how to construct S-entangled thermo-
field double states when the CFT is two-dimensional. What
makes this case special is that, for a given D ¼ 2 CFT, T
with nonanomalous global 0-form symmetry Gð0Þ, gauging
it results in a quantum symmetry which is also 0-form
symmetry. In general, this is a (D − 2)-form symmetry
RepðGÞðD−2Þ, and the fact that D ¼ 2, together with the
state-operator correspondence, means that the Hilbert space
of the gauged theory, T =Gð0Þ, has sectors labeled by
charges37 of RepðGÞð0Þ. This is perhaps more familiar in
the setting of orbifolds in string perturbation theory, where
we also have that the twisted sectors are labeled by charges
of RepðGÞð0Þ. For a modern review of these statements,
see [60].
For simplicity, we will restrict to the case of T having a

Gð0Þ ¼ Zð0Þ
N global symmetry where now RepðGÞð0Þ ≃ Ẑð0Þ

N
is the Pontryagin dual of the original group. We will let

qmodN denote charges of the original group Zð0Þ
N and will

let q̂modN denote charges of the quantum symmetry Ẑð0Þ
N .

With these preliminaries in hand, we see that the algebra of
genuine local operators of T decomposes as

Vgen ¼ ⨁
q
Vgen
q ðA1Þ

where each Vgen
q has charge qmodN under Zð0Þ

N . Meanwhile
nongenuine local operators are attached to topological lines

Vq̂ which are symmetry operators for Zð0Þ
N . The reason why

these have a q̂ is label is because of the perfect pairing
between finite Abelian groups and their Pontryagin duals:

ZN × ẐN → Q=Z. More explicitly, this means that the
symmetry action on genuine local operators Oq ∈Vgen

q . is
given by38

Vq̂Oq ¼ expð2πiqq̂=NÞOq; ðA2Þ

assuming Vq̂ links once around Oq. We can now define the
total algebra of local operators as

V total
T ¼ ⨁

q̂
Vðq̂Þ; where Vð0̂Þ ≔ Vgen: ðA3Þ

Note that each Vðq̂Þ for q̂ ≠ 0 does not have a unique
decomposition into q-charge sectors as in (A1) because of

the mixed ’t Hooft anomaly between Zð0Þ
N and Ẑð0Þ

N . Note
that a natural interpretation of the nongenuine local
operators of T are genuine local operators in the twisted
sector of the orbifolded theory T =ZN. These are projected
out of the spectrum of genuine local operators after gauging
T =ZN by ẐN which brings one back to T . Also, by the
state-operator correspondence, one can similarly define a
“total Hilbert space” of T as

Htotal
T ¼ ⨁

q̂
Hðq̂Þ; ðA4Þ

where Hð0̂Þ ¼⊕q Hq with q ≠ 0 labeling the twisted
sectors. The total Hilbert space for T =ZN is identical to
that of the T theory just as the set of local operators does
not change: Only which ones are labeled genuine or
nongenuine changes. However, the decomposition into
subspaces does change. If we letOq̂ denote a local operator

of charge q̂ under Ẑð0Þ
N , then the symmetry operator is

labeled by q and has an action

UqOq̂ ¼ expð2πiqq̂=NÞOq̂: ðA5Þ

The total Hilbert space for the T =ZN theory then has the
form

Htotal
T =ZN

¼ ⨁
q
HðqÞ; ðA6Þ

where HðqÞ have a Uq topological line defect inserted at a
given point in the spatial S1 and Hð0Þ ¼⊕q̂ Hðq̂Þ is the
decomposition of the usual Hilbert space into twisted
sectors.
With this background in mind, let us apply it to the case

of T ≔ T L ⊗ T R and Zð0Þ
N given by the diagonal subgroup

of ðZð0Þ
N ÞL × ðZð0Þ

N ÞR generated by ð1;−1ÞmodN. The TFD
states with the S entanglement associated with gauging

37These charges are classified by conjugacy classes of G.

38As the reader may have noticed, this structure can be
reproduced by a 3D SymTFT action ∝ N

R
b1δc1.
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such a diagonal subgroup was studied in Sec. VA, and we
saw there that the preparation of the thermofield double
state followed from one without S entanglement by acting
with a projection operator P≡ 1

N

P
N−1
k¼0 V

k
LV

−k
R . For D ¼ 2,

however, the presence of twisted sector states modifies this
answer to

jTFD;Bi ¼ P ·

�
1

ZT ðβÞ
X
q̂;nðq̂Þ

e−βEnðq̂Þ=2jnðþq̂ÞiL ⊗ jnð−q̂ÞiR
�
:

ðA7Þ
Explaining the notation, B denotes the SymTFT boundary
conditions leading to such an S entanglement, while

jnðþq̂ÞiL is an energy eigenstate in the subspace Hðq̂Þ
L ⊂

Htotal
T L

which is mapped to a nongenuine local operator
attached to Vq̂ after applying the state-operator correspon-
dence to T L. The derivation of (A7) follows from repeating
the derivation of the TFD state reviewed in Sec. VA, where
now the key difference arises from the insertion of the
complete basis of states [see below (5.4)], which includes
twisted sector states.

APPENDIX B: Uð1Þ SYMTFT ENTANGLEMENT
AND θ-ANGLE AVERAGING

In this appendix, we sketch a generalization of the
S-entanglement construction to the case of continuous
symmetries, using theUð1Þ SymTFT introduced in [92,93],
whose string theory approach is proposed in [76,124]. After
building entangled states forUð1Þ SymTFTs, we follow the
discussion in Sec. IV to build an ensemble averaging of
holographic 4D (S)CFTs over the θ angle.
For a D-dimensional QFT with a (p − 1)-form Uð1Þ

symmetry, its associated SymTFT has the following
action:

S ¼ 1

2π

Z
MDþ1

ap ∧ dfD−p; ðB1Þ

where ap is a p-form representing a Uð1Þ gauge field while
fD−p is a R gauge field. The topological operators of this
TFT are given by

UnðγÞ ¼ exp

�
in

I
γ
ap

�
; n∈Z;

VαðΓÞ ¼ exp

�
iα

I
Γ
fD−p

�
; α∈Uð1Þ: ðB2Þ

Under the canonical quantization on MD × Rt, we have
γ ∈HpðMD;ZÞ and Γ∈HD−pðMD;ZÞ. The basic commu-
tator then reads

½U1ðγÞ; V1ðΓÞ� ¼ eð2πi Intðγ;ΓÞÞ; ðB3Þ

where Intðγ;ΓÞ is the intersection number between γ and Γ
in MD.
Since eventually we are interested in building entangle-

ment and averaging for the θ angle, from now on wewill set
p ¼ 0 [76]. The Hilbert space of this SymTFT39 can then
be spanned by eigenstates of either Un’s or Vα’s. We will
use Un’s to build the polarization. The corresponding basis
fjθig of the Hilbert space40 is acted by Un’s and Vα’s as
clock and shift operators:

Unjθi ¼ einθjθi;
Vαjθi ¼ jθ þ αi: ðB4Þ

Given a relative QFT defined on the physical boundary of
the SymTFT, its associated state in the Hilbert space
reads

jT i ¼
Z

½dθ�ZT ½θ�jθi: ðB5Þ

A specific QFTwith the parameter value θ� is picked by the
symmetry boundary state jθ�i:

hT jθ�i ¼ ZT ½θ��: ðB6Þ

Now let us consider entangled states for this SymTFT
and the resulting ensemble averaging. To be more explicit,
we consider 4D QFTs associated to D3-branes probing
singular Calabi-Yau 3-folds, which are cones over 5D
Einstein-Sasaki manifolds. This includes 4D N ¼ 4 SYM
associated to the flat internal geometry C3, as well as
N ¼ 1 quiver SCFTs associated to C3=Γ;Γ ⊂ SUð3Þ
orbifolds or general toric local Calabi-Yau.41 These 4D
theories are holographically dual to AdS5 × X5, where X5

is the 5D link geometry of the Calabi-Yau. This
infinite class of 4D holographic QFTs is equipped
with a θ angle, coming from the type IIB axion field
C0. The SymTFT for this (−1)-form symmetry is exactly
the one in Eq. (B1), whose IIB approach is derived
in [76].
Consider two copies of 4D relative QFTs within this

infinite class; then we can write down an entangled state in
the tensor product Hilbert space H1 ⊗ H2 of the Uð1Þ
SymTFT as

39More precisely, the physical boundary in this case is not a
single relative QFT but a deformation class of relative QFTs
labeled by the circle-valued parameter [76].

40There is an ongoing discussion in the community whether
the Uð1Þ SymTFT is mathematically well defined as a TFT. One
subtlety is that the Hilbert space does not have finite dimensions
but has a continuous basis, which does not obey the Atiyah-Segal
axiom [86,87] for the TFT.

41There is a vast literature on the subject of 4D SCFTs on D-
brane probes of singularities; see, e.g., [125–127] for reviews.
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Z
½dθ�jθi1 ⊗ jθi2: ðB7Þ

Following the discussion in Sec. IV, we can then compute
the “partial trace” over H2. The resulting mixed state is
given by the following reduced density matrix:

ρ1 ¼
Z

½dθ�jθihθj; ðB8Þ

which can be regarded as a continuous version of
Eq. (4.15). The ensemble averaging can then be realized
by computing the partition function for the relative QFT
state jT i ¼ R ½dθ�ZT ½θ�jθi with respect to this mixed state:

TrðρT ρ1Þ ¼ TrðjT ihT jρ1Þ

¼
Z

dθjZT ½θ�j2: ðB9Þ

This is an ensemble averaging of 4D QFTs with random
coupling constant θ under a uniform distribution.
Interestingly, this can be interpreted as a one-dimensional
slice of the SLð2;ZÞ ensemble averaging over the com-
plexified gauge coupling of 4D SYM, which is argued
in [128] to be holographic dual to quantum AdS5 × S5. We
leave the full treatment of a top-down and SymTFT
approach to this SLð2;ZÞ averaging for a future study.
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