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To date, the second-order post-Newtonian (2PN) Hamiltonian has been known in closed analytic form
only for systems of up to three point masses. In this paper, we present an analytic expression for the general
N-body 2PN Hamiltonian in the Arnowitt-Deser-Misner (ADM) gauge up to a single integral term that, to
our knowledge, has no known closed-form analytic solution. We show that the integrals appearing in the
2PN Hamiltonian can be evaluated numerically to machine precision, allowing for cross-validation against
analytical results and enabling the full numerical computation of the N-body 2PN Hamiltonian.
Furthermore, we demonstrate the practical feasibility of the numerical integration of the equations of
motion for N bodies at the 2PN order using different methods and discuss several strategies for improving
computational efficiency.
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I. INTRODUCTION

Understanding the motion of N gravitating bodies is a
longstanding problem in astrophysics and celestial mechan-
ics. The two-body problem permits exact analytic solutions
in the Newtonian theory. Due to the high symmetry and
reducibility to a single effective one-body system, it was
possible to develop several formalisms to include relativ-
istic corrections to the two-body problem up to the fifth
and partially sixth post-Newtonian (PN) order in the
potential contributions, which have proven to be remark-
ably effective in describing the dynamics and gravitational
wave emission of compact binaries up to the late-inspiral
phase [1–6]. The PN approximation applies to systems
where the involved gravitational inter-body fields are
weak, and the characteristic velocities are slow compared
to the speed of light. In this regime, one can characterize a
bound or almost bound system by a small parameter
ϵ ∼ ðv=cÞ2 ∼ GM=ðrc2Þ (where the last relation comes
from the virial theorem), allowing Einstein’s field
equations to be solved perturbatively as a series
expansion in powers of ϵ. The highest power of ϵ
retained in the series expansion defines the order of the
post-Newtonian approximation.
Other approximation schemes—most notably the

post-Minkowskian (PM) expansion, gravitational self-force

(GSF) theory, and the effective-one-body (EOB) frame-
work—have been successfully used to model relativistic
compact-binary dynamics. These approaches, however,
are primarily formulated for the two-body problem and
do not straightforwardly generalize to general N > 2
systems, except for the PM expansion [7–10].
In 2005, numerical relativity matured to the point that

the solution of the full Einstein equations for the two-body
problem became an option [11–13]. A large number of
fully relativistic simulations of compact binaries consist-
ing of black holes, neutron stars, and more exotic objects
have been carried out, revealing numerous interesting
results, such as strong-gravity precession and spin dynam-
ics, merger recoil kicks and accurate theoretical predic-
tions for the gravitational waveforms, the ejection of
matter, and the emission of neutrinos and electromagnetic
radiation during the merger of two compact objects
[14–20].
For more than two bodies, even the Newtonian equations

of motion do not admit general analytic solutions. Such
N-body systems exhibit highly nonlinear and chaotic
behavior, where small variations in the initial conditions
can lead to vastly different outcomes. It has been demon-
strated that these chaotic properties can be significantly
affected by the inclusion of PN corrections [21,22]. From
an astrophysical standpoint, understanding N-body dynam-
ics is crucial in many contexts, including the stability of
planetary systems, galactic evolution, star cluster dynam-
ics, and cosmic structure formation.
The broad range of astrophysical applications has

driven major advances in PN methods for N-body systems,
and even numerical-relativity simulations of N-body
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configurations have been performed [23–31]. Corrections
up to the 3.5PN order are implemented in many modern
N-body simulations [32–36]. However, the complete
N-body dynamics can currently only be fully included
at 1PN order, using the Einstein-Infeld-Hoffmann equa-
tions of motion [37], as well as at the 2.5PN and 3.5PN
orders, which include the leading and next-to-leading
dissipative effects due to gravitational radiation reaction
[38]. Even when including these relativistic corrections,
one often has to resort to approximations, as the full
computations do not scale well and can therefore
quickly become too expensive. In most of the larger
N-body simulations, only pairwise two-body PN terms
are considered. Reference [39] argued that incorporating
at least some of the occurring nonpairwise couplings in
the equations of motion can be crucial for obtaining
reliable results.
As of today, only up to three bodies can be treated

consistently at the 2PN order. The three-body 2PN
Hamiltonian was derived in [40] (with small corrections
in the three-body reduction of four-point functions in the
potential terms ∝ G3 apart fromUTT, see Refs. [41,42]) and
has since been employed in several numerical studies of
three-body systems [41–44]. Since then, little progress has
been made in extending the 2PN Hamiltonian formalism to
systems containing more than three bodies, primarily due to
the analytical complexity of the involved integrals. A note-
worthy work on the extension of the 2PN approximation to
N-body systems was done in [45], where the author derived
(up to certain integrals) the effective Lagrangian for the N-
body problem up to 2PN order in the harmonic gauge/de
Donder coordinates using methods from perturbative field
theory. Compared to the three-body Hamiltonian, the key
missing piece for describing the gravitational dynamics of
N ≥ 4 bodies is the four-point correlation function occurring
in the N-body Hamiltonian (see Sec. II).
Modeling the accurate dynamics of systems of more than

three bodies can be relevant, for example, in binary-binary
encounters of stellar-mass objects [30,46–48], in mergers
of galaxies containing multiple supermassive black-holes
[49], in hierarchical systems consisting of more than three
bodies [50–54], or in the evolution of the dense cores of
globular or nuclear star clusters [36,55–57]. Furthermore, it
has been shown in previous studies that PN corrections can
significantly affect the secular evolution of hierarchical
systems, for example, by modifying the effects of the
Kozai-Lidov mechanism [58–63]. Finally, the four-point
correlation function occurring in the N-body Hamiltonian
is also used in describing the dynamics of continuously
distributed matter [64].
In the present work, we build a bridge between the

analytical treatment and promising numerical approaches.
We present an explicit analytic expression for the N-body
2PN Hamiltonian in the Arnowitt-Deser-Misner (ADM)
gauge up to a single integral term that, to our knowledge,

has no known closed algebraic form. We demonstrate that
it is possible to numerically evaluate this integral to
machine precision, and we use this to numerically
integrate the equations of motion for N bodies up to
the 2PN order.
The paper is structured as follows. In Sec. II, we provide

a summary of the post-Newtonian formalism for N point
particles and present the N-body 2PN Hamiltonian.
Section III is dedicated to the numerical evaluation and
accuracy analysis of the integrals in the 2PN Hamiltonian,
including the integral for which we do not have a closed-
form analytic expression. In Sec. IV, we present efficient
methods for the force and energy computation, as well as
the numerical integration of the equations of motion for N
bodies at the 2PN order. We use these methods in Sec. V to
evolve two example four-body systems and to quantify
the relative importance of the four-point correlation func-
tion. A summary and discussion of our results can be found
in Sec. VI. Throughout this paper, we use geometric units
where G ¼ c ¼ 1.

II. THE POST-NEWTONIAN HAMILTONIAN
FORMALISM

In this section, we describe the general post-Newtonian
Hamiltonian formalism leading to the complete 2PN
Hamiltonian H ¼ HN þH1PN þH2PN for N-body sys-
tems. We want to note that gravitational radiation first
enters at the 2.5PN order, and therefore the systems
described by H are conservative. Adding a 2.5PN or
even 3.5PN radiation reaction to the Hamiltonian can be
easily done for general N-body systems (see, e.g.,
Refs. [38,44]). However, we do not discuss this further
here, since the conservative 2PN Hamiltonian will later
allow us to test the robustness of our numerical integration
methods by evaluating the conservation of energy,
linear momentum, and angular momentum. With the
Hamiltonian H, one can obtain the canonical equations
of motion,

ẋia ¼
∂H
∂pai

; ṗai ¼ −
∂H
∂xia

; ð1Þ

where xia and pai are the ith components of the position
and momentum of the ath body.
In the Newtonian theory, one obtains

HN ¼ 1

2

X
a

p2
a

ma
−
1

2

X
a

X
b≠a

mamb

rab
; ð2Þ

and the Hamiltonian to the first PN order is given by
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H1PN ¼ −
1

8

X
a

ma
p4
a

m4
a
−
1

4

X
a

X
b≠a

mamb

rab

�
6
p2
a

m2
a
− 7

pa · pb

mamb
−
ðnab · paÞðnab · pbÞ

mamb

�

þ 1

2

X
a

X
b≠a

X
c≠a

mambmc

rabrac
; ð3Þ

where rab ¼ jxa − xbj, nab ¼ ðxa − xbÞ=rab, andma is the mass of the ath body. Up to this point, the Hamiltonian applies
to general systems of N point particles, and using Eq. (1), the equations of motion can be written as

ẋa ¼
pa

ma
−
1

2

p2
a

m3
a
pa −

1

2

X
b≠a

1

rab

�
6
mb

ma
pa − 7pb − ðnab · pbÞnab

�
; ð4Þ

ṗa ¼ −
X
b≠a

mamb

r2ab
nab −

1

2

X
b≠a

1

r2ab

��
3
mb

ma
p2
a þ 3

ma

mb
p2
b − 7pa · pb − 3ðnab · paÞðnab · pbÞ

�
nab

þ ðnab · pbÞpa þ ðnab · paÞpb

�
þ
X
b≠a

X
c≠a

mambmc

r2abrac
nab þ

X
b≠a

X
c≠b

mambmc

r2abrbc
nab: ð5Þ

At the second PN order, things become more difficult, primarily due to the complicated static potential term

UTT ¼ −
1

4π

Z
d3x

X
i;j;k

∂kfTTij ∂kfTTij ; ð6Þ

with

fTTij ¼ fij −
1

8

X
a

X
b≠a

mamb

�
δij

�
1

rarb
−

2

rarab
þ 2

r2ab
na · nab

�

þ ∂

∂xi
∂

∂xj

�
lnðra þ rb þ rabÞ −

ra
rab

þ r2a
2r2ab

na · nab

�
−

4

r2ab
ðnianjab þ njaniabÞ

�
; ð7Þ

and

fij ¼
X
a

X
b≠a

ma mb
∂

∂xia

∂

∂xjb
lnðra þ rb þ rabÞ; ð8Þ

arising in the 2PN Hamiltonian, where ra ¼ jx − xaj, na ¼ ðx − xaÞ=ra, and TT indicates the transverse-traceless part of
the affixed tensor (see, e.g., Ref. [65]). Due to the double sum in fTTij , there are four sums over particle indices in UTT.
One can therefore decompose UTT as

UTT ¼ UTT
ð2Þ þ UTT

ð3Þ þ UTT
ð4Þ; ð9Þ

where UTT
ð2Þ is the two-point correlation function, for which only two particle indices in the sums are distinct; UTT

ð3Þ is the
three-point correlation function, for which three particle indices are distinct; and UTT

ð4Þ is the four-point correlation

function, for which all four particle indices are distinct. The two-point correlation function has been calculated in, e.g.,
Ref. [66] for two particles, and for N particles it is given by

UTT
ð2Þ ¼ −

1

4

X
a

X
b≠a

m2
am2

b

r3ab
: ð10Þ
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The three-point correlation function has been calculated in [40] and is given by

UTT
ð3Þ ¼ −

1

64

X
a

X
b≠a

X
c≠a;b

m2
ambmc

r3abr
3
acrbc

h
18r2abr

2
ac − 60r2abr

2
bc − 24r2abracðrab þ rbcÞ þ 60rabracr2bc

þ 56r3abrbc − 72rabr3bc þ 35r4bc þ 6r4ab
i
: ð11Þ

In systems with N ¼ 2, only the two-point correlation function UTT
ð2Þ is required in the potential U

TT. For N ¼ 3, both UTT
ð2Þ

and UTT
ð3Þ are required, and for systems with N ≥ 4, one needs the full UTT potential, consisting of the two-, three-, and

four-point correlation functions. At 2PN order, there are no correlation functions beyond the four-point correlation
function. To date, there is no complete closed-form analytic expression for UTT

ð4Þ, which means that, at the 2PN order, the

dynamics can presently be described fully analytically only for systems containing up to three bodies. One can show that
the four-point correlation function can be written as

UTT
ð4Þ ¼

1

4π

X
a

X
b≠a

X
c≠a;b

X
d≠a;b;c

mambmcmd

X
i;j

∂
2

∂xic∂x
j
d

�
∂
2

∂xia∂x
j
b

Z
d3x

lnðsabÞ
rcrd

−
1

8

Z
d3x

∂i∂j lnðsabÞ
rcrd

−
δij
8

�Z
d3x

1

rarbrcrd
−

2

rab

Z
d3x

1

rarcrd
þ 2

r2ab

Z
d3x

na · nab

rcrd

�

þ 1

8

�
1

rab

Z
d3x

∂i∂jra
rcrd

−
1

2r2ab

Z
d3x

∂i∂jðr2aðna · nabÞÞ
rcrd

�
þ 1

2r2ab

Z
d3x

nian
j
ab þ njaniab
rcrd

�
; ð12Þ

with sab ¼ ra þ rb þ rab. Most of the integrals can be solved with quite lengthy calculations involving several
integrations by parts and standard identities. For the case of four (or more) bodies in the 2PN approximation (with a, b, c,
d distinct), applying all particle derivatives yields integrands that are at most locally of order ∝ 1=r2k and therefore locally
integrable around each particle position and at least ∝ 1=r4 when approaching infinity. Hence, all volume integrals are
well defined, and no regularization is required. In contrast, in the two- and three-body cases, particle indices can coincide
and generate stronger singularities, which require treatments under regularization. One of the less trivial results is the
solution for the expression containing the integral

Z
d3x

1

rarbrcrd
¼

Z
d3x

Δ lnðsabÞ
rcrd

; ð13Þ

which also occurs in Eq. (C15) of [67]. In combination with the occurring partial derivatives with respect to the particle
positions and the sums over all particle labels, the integral expression can be written as

X
a

X
b≠a

X
c≠a;b

X
d≠a;b;c

X
i;j

δij
∂
2

∂xic∂x
j
d

Z
d3x

1

rarbrcrd
¼ 4π

3

X
a

X
b≠a

X
c≠a;b

X
d≠a;b;c

1

radrbdrcd
; ð14Þ

as given in Equation (A3.1) of [65]. In order to obtain this, one can use the identity

ð∇a þ ∇b þ ∇cÞ · ∇d

Z
d3x

1

rarbrcrd
¼ −

Z
d3x

1

rarbrc
Δ

1

rd
¼ 4π

radrbdrcd
: ð15Þ

After evaluating all the integral expressions in Eq. (12) and performing several simplifications, the four-point correlation
function can be written as
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UTT
ð4Þ ¼ −

1

64

X
a

X
b≠a

X
c≠a;b

X
d≠a;b;c

mambmcmd

r3abr
3
cdr

3
adr

3
bc

�
16

r3abr
3
bcr

2
cdr

2
ad

rbd
− 24r3bcr

2
abr

2
cdr

2
ad

− 30r4adr
3
bcðr2ad þ r2bc − r2ac − r2bdÞ þ r2abðr2bd − r2bc − r2cdÞ

�
16

rabr3adr
2
bc

rac þ rbc þ rab

− 8r3adr
2
bc þ rabr2cdðr2ac − r2ad − r2cdÞ

��
þ 1

4π

X
a

X
b≠a

X
c≠a;b

X
d≠a;b;c

mambmcmdIlnab;cd; ð16Þ

where

Ilnab;cd ¼
X
i;j

∂
2

∂xia∂x
j
b

∂
2

∂xic∂x
j
d

Z
d3x

lnðsabÞ
rcrd

¼
Z

d3x
1

r2cr2d

�ðnc · nab − na · ncÞðnd · nab þ nb · ndÞ
s2ab

−
nc · nd − ðnc · nabÞðnd · nabÞ

rabsab

�
ð17Þ

is the only integral for which we were not able to derive a closed algebraic form. It occurs in the integral part of UðG3Þ in
Equation (3.19) of [68], which is related to one of the two unperformed integrals in Equation (A5.11) of [69] (the other
integral was solved by [40]) and is equivalent to the one in Eq. (45) of [45]. The 3D integral does mathematically exist
and is regular only after at least two of the partial differentiations have been performed. We want to note the symmetry
properties

Ilnab;cd ¼ Ilnba;dc ¼ Ilncd;ab ¼ Ilndc;ba; ð18Þ

where the symmetry Ilnab;cd ¼ Ilncd;ab arises because of

Δ lnðsabÞ ¼
1

rarb
: ð19Þ

Besides UTT, the 2PN Hamiltonian contains additional
static potential terms ∝ G3 with quadruple sums over the
particle indices, which are, for example, given in
Equations (3.2) and (3.3) of [65]. With this, the 2PN part
of the N-body Hamiltonian can be written down explicitly
and is given in Eq. (A1) of the Appendix.

III. NUMERICAL EVALUATION OF THE 2PN
INTEGRALS

In this section, we demonstrate that the integrals appear-
ing in the N-body 2PN Hamiltonian can be solved numeri-
cally. The integrals occurring in the four-point correlation
function (12) can be evaluated individually to machine
precision, including (17), for which we have no analytic
expression.
Part of the numerical challenge is that the integral in

question involves an infinite domain, an integrand with two
poles in varying locations, and discontinuities due to the
n-vectors. For the numerical integration, we used the open-
source CUBA library [70]. In order to evaluate the three-
dimensional (3D) integrals, we employed the included
routine CUHRE, which is a deterministic cubature algorithm
with a globally adaptive subdivision scheme [71,72]. At

each iteration, the subregion with the highest estimated
error is subdivided along the axis corresponding to the
largest fourth difference of the integrand. The algorithm is
highly effective in moderate dimensions and, within
CUBA, is often the only viable option for achieving
relative accuracies better than 10−3, unlike the available
Monte Carlo methods. The integrals over R3 are compac-
tified to the three-dimensional unit cube via a coordinate
transformation, without employing any domain decompo-
sition (e.g., isolation of poles). For assessing the accuracy
of our numerical methods, we used quadruple precision for
all computations.
We evaluated all the integrals occurring in Eq. (12) as

well as the integrals occurring in the two- and three-point
correlation functions for various random particle positions
and compared the numerical values to the exact results
given by their analytic solutions. For the integrands used in
this work, we calculated all the occurring partial derivatives
analytically, as exemplified in Eq. (17). With this, we were
able to reproduce the exact values of all the integrals inUTT

ð4Þ
with available analytic solutions to machine precision, and
the algorithm’s estimated errors always served as reliable
upper bounds on the true errors. In Fig. 1 on the left, we
show examples for the true and estimated relative errors
for a few selected integrals and for varying numbers of
integrand evaluations in the cubature. The integral without
a known analytic solution and, therefore, no true relative
error is Ilnab;cd given in Eq. (17). The other integral that was
computed numerically to machine precision is
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I1 ¼
X
i;j

∂
2

∂xic∂x
j
d

Z
d3x

∂i∂jðr2aðna · nabÞÞ
rcrd

¼ 2π

rab

�
2

rac þ rad þ rcd
−

1

rcd

��
r2ab þ r2ac − r2bc

rac
þ r2ab þ r2ad − r2bd

rad

�

þ π

rabr3cd

�ðr2ab þ r2ad − r2bdÞðr2cd þ r2ad − r2acÞ
2rad

−
ðr2ab þ r2ac − r2bcÞðr2ad − r2ac − r2cdÞ

2rac

þ ðrad − racÞðr2ad þ r2bc − r2ac − r2bdÞ
�
; ð20Þ

which occurs in Eq. (12) for UTT
ð4Þ and which has a known analytic solution. The remaining integral is a two-point integral

from Equation (A3a) of [66] that is similar to Ilnab;cd but has a known analytic solution given by

I2 ¼
X
i;j

Z
d3x∂i

�
1

ra

�
∂j

�
1

rb

�
∂
2

∂xja∂xib
lnðsabÞ ¼ −

2π

r3ab
: ð21Þ

When evaluating this integral with the same methods used
for the other cases, the true relative error levels off at
approximately 7.5 × 10−8, while the estimated error
remains a safe upper bound. Furthermore, we were able
to numerically evaluate all the occurring integrals in the
three-point correlation function UTT

ð3Þ and used the results to
verify the correctness of the closed-form expression in
Eq. (11) from [40]. We therefore conclude that the
algorithm’s reported error estimates are reliable for this
class of integrals and that our numerical results for Ilnab;cd
can be trusted. This conclusion is further supported by the
convergence behavior of the numerical values of Ilnab;cd with
an increasing number of cubature function evaluations, as
shown in the right panel of Fig. 1. We want to note that the
results shown in Fig. 1 are for relatively small-scale
configurations. We found that when increasing the particle
distances, the estimated errors for Ilnab;cd become larger at
higher numbers of cubature evaluations. This should not be

a major problem since in this regime, the integral does not
contribute much to the energy and dynamics, as we will
show in Sec. IV.
With the numerical values of Ilnab;cd we are therefore able

to reliably compute UTT
ð4Þ for different particle positions. We

found that, independent of the particle positions, Ilnab;cd
largely dominates the value of UTT

ð4Þ and can in general not

be neglected.

IV. NUMERICAL INTEGRATION OF THE
EQUATIONS OF MOTION

A. Force computation

In order to compute the contribution of the integral Ilnab;cd
given by Eq. (17) to the total force acting on the particles,
we need to compute its gradients with respect to the particle
positions. Therefore, in order to solve the equations of
motion (1), Ilnab;cd has to be evaluated many times for each

FIG. 1. Left: the true and estimated relative errors for the numerical evaluation of three different integrals for a random particle
configuration using different numbers of integrand evaluations. Right: the absolute deviation of the value of Ilnab;cd from the final value
with 108 cubature integrand evaluations, indicating convergence to the final result.
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timestep. The total number of integral evaluations per
timestep is determined by the ordinary differential equation
(ODE) integration method, the number of evaluations of
Ilnab;cd required for the computation of its partial derivatives,
and it strongly depends on the number of bodies N. In
practice, all integral evaluations at a given stage of an ODE
integration method are independent and can be computed in
parallel. CUHRE allows for a vector integrand, which can
notably improve the performance, since in many of the
computations each integrand differs only a little bit, and
some of the common calculations, as well as the work for
finding a good subdivision of the domain, can be shared
among all of the integral calculations. In principle, the work
can even be shared between subsequent timesteps if the
particle positions do not vary significantly such that the
domain subdivision from a previous timestep can still be
used. Due to the symmetries given in Eq. (18), one can
additionally save a factor of 4 in the required integral
evaluations.
In our setup, we tried to integrate the gradients with

respect to the particle coordinates of the integrand of Ilnab;cd
since this would significantly reduce the number of
required integral evaluations. Using the analytical expres-
sions of the partial derivatives of the integrand of (17), we
only achieved maximum accuracies on the order of a few
percent. Using finite differencing inside and outside the
integral also introduces a significant numerical error and, if
used outside the integral, requires multiple integral eval-
uations. Instead, we used complex-step differentiation (see,
e.g., Ref. [73]) such that the partial derivative of Ilnab;cd with
respect to the jth component of the qth particle position
(q∈ f1;…; Ng) is given by

∂Ilnab;cd
∂xjq

≈
X

p∈ fa;b;c;dg
δpq

ℑIlnab;cdð…;xp þ iεej;…Þ
ε

; ð22Þ

where ej is the unit vector in the jth Cartesian direction, ℑ
denotes the imaginary part, and ε is a small real step size
that can be set to a small value, e.g., ε ¼ 10−30M. We
actually did not compute the complex-valued integral
Ilnab;cdð…;xp þ iεej;…Þ, as suggested by Eq. (22), but
instead, we applied Eq. (22) to the integrand of Ilnab;cd,
resulting in a single real-valued integral. According to the
numerical integrator’s estimated error, these integrals can
also be evaluated to machine precision. However, there is a
problem if q∈ fc; dg, as the singular integrand in Eq. (17),
can cause severe instabilities in the calculation of the
corresponding gradients. One can rewrite the integrand
such that it is regular everywhere, but this results in
significantly more terms that increase the computation
time. Instead, one can also use the symmetry property
from Eq. (18) to obtain

∇cIlnab;cd ¼ ∇cIlncd;ab; ∇dIlnab;cd ¼ ∇dIlncd;ab; ð23Þ

which also resolves the issue.
Using the symmetry relations from Eq. (18), the 3D force

evaluation due to Ilnab;cd for all bodies requires 72ðN
4
Þ ∼

OðN4Þ independent integral evaluations. Each unordered
quadruple of bodies fa; b; c; dg contributes 4!=4 ¼ 6
symmetry-inequivalent permutations, and for each such
permutation, one must evaluate the 3 × 4 ¼ 12 partial
derivatives with respect to the positions of the four
particles, giving 6 × 12 ¼ 72 scalar integrals per quadru-
ple. These 72 integrals can be computed in parallel for each
quadruple using the same domain subdivision. The esti-
mated numerical error of these integrals, as well as
comparisons with accurate finite-difference approxima-
tions, indicates that this is an accurate, stable, and reliable
method for the force evaluations.

B. Energy computation

In order to monitor the total energy of the system, one
has to evaluate the Hamiltonian at certain timesteps. Here
one can proceed in the same way as for the force
computation, but one only needs 6ðN

4
Þ ∼OðN4Þ integral

evaluations, i.e., 6 per unordered quadruple of bodies,
which can be computed in parallel using the same domain
subdivision. For a timestep for which one wants to compute
both the forces and the energy, one therefore needs a total of
78ðN

4
Þ ∼OðN4Þ integral evaluations, and the 78 evaluations

per unordered quadruple of bodies can be done with
shared intermediate computations and the same domain
subdivision.

C. ODE integration

The choice of a suitable ODE integration method
depends on the intended use case, the desired accuracy,
and the available computational resources. In any case, one
should aim to reduce the number of expensive numerical
evaluations of (17) as much as possible.
Adaptive high-order methods are an appropriate choice

for accurately integrating systems with close encounters.
When long-term stability and the conservation of energy,
linear momentum, and angular momentum over long time
scales are important, symplectic integrators are preferable.
In the 2PN N-body case, however, explicit symplectic
schemes cannot be constructed due to the nonseparability
of the Hamiltonian into purely kinetic and potential parts.
Because of that, one has to resort to (semi-)implicit
symplectic integrators (e.g., Refs. [74–76]), which can
strongly increase the number of integral evaluations due to
the fixed-point or Newton iterations needed during the
evolution.
As we will show, for typical situations, UTT

ð4Þ is relatively
small compared to the complete Hamiltonian H and
becomes significant primarily during close multibody
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encounters involving at least four bodies. It could therefore
be sufficient to compute UTT

ð4Þ only for close encounters in

such subsystems (possibly with a smooth switching func-
tion). In situations where the contributions from UTT

ð4Þ are
non-negligible, one can split the N-body 2PN Hamiltonian
from Eq. (A1) into

H ¼ H0 þ UTT
ð4Þðx1;…;xNÞ; ð24Þ

where H0 is the part that primarily contributes to the
dynamics and where UTT

ð4Þ contributes much less but is

computationally much more expensive, both due to the
quadruple sum and due to the numerical evaluation of the
integral (17). A suitable approach to integrate the equations
of motion is a multiple time stepping method, such as
the second-order impulse method (here, we primarily
follow [77])

Ψh ¼ ΦðTT;4Þ
h=2 ∘ ðΦð0Þ

h=nÞn ∘ΦðTT;4Þ
h=2 ; ð25Þ

where n ≥ 1 is the number of substeps for the method
associated with H0, h is the outer timestep of the full
composition method Ψh, h=n is the inner (effective) time-

step used for the base Hamiltonian H0, and Φð0Þ
h=n and

ΦðTT;4Þ
h=2 are numerical integrators consistent with the

Hamiltonians H0 and UTT
ð4Þ, respectively, and the corre-

sponding equations of motion (1). In the case of n ¼ 1, this
reduces to a second-order Strang splitting,

Ψh ¼ ΦðTT;4Þ
h=2 ∘Φð0Þ

h ∘ΦðTT;4Þ
h=2 : ð26Þ

Since UTT
ð4Þ depends only on the particle positions, the

corresponding subflow can be integrated in closed form.

The exact subflow ΦðTT;4Þ
h=2 is given by

xia;kþ1=2 ¼ xia;k;

pai;kþ1=2 ¼ pai;k −
h
2

∂UTT
ð4Þ

∂xia
ðx1;k;…;xN;kÞ: ð27Þ

This makes ΦðTT;4Þ
h=2 both symmetric and symplectic in exact

arithmetic. Since ∂UTT
ð4Þ=∂x

i
a is computed numerically, this

results in the exact kick flow of a numerically defined
potential ŨTT

ð4Þ ¼ UTT
ð4Þ þ δU, i.e., the method is symmetric

and symplectic for a modified Hamiltonian H̃ ¼ H0 þ ŨTT
ð4Þ

up to quadrature and floating-point errors. If one now

chooses Φð0Þ
h=n to be a symmetric (and/or symplectic)

method of order 2 (or higher), then the composition (25)
is also symmetric (and/or symplectic) and second order.

Alternatively, one can use (26) and let Φð0Þ
h be an

adaptive high-order method completing the timestep h in
an adaptive number of substeps. Then, the composition
(26) generally loses its structure-preserving properties, and
while the underlying splitting is second order, in practice,
the accuracy is primarily governed by the adaptive toler-
ance during close encounters. Higher-order multiple time
stepping methods can be obtained by higher-order split-
tings, at the cost of additional evaluations of UTT

ð4Þ. In both

(25) and (26), ∂UTT
ð4Þ=∂x

i
a effectively only needs to be

evaluated once per timestep since one can reuse
∂UTT

ð4Þ=∂x
i
a from the end of one timestep for the beginning

of the next timestep because the particle positions do not
change during the kick.

V. EVOLUTION OF TWO EXAMPLE
SYSTEMS

We now present the numerical evolution of two example
systems computed with the PN-NBODY code, which we

TABLE I. Masses, initial positions, and initial momenta for the
numerical simulations of the close binary-binary encounter and
the hierarchical binary-binary system.

Example
system

Close binary-binary
encounter

Hierarchical binary-binary
system

m1=M 0.25 0.25
m2=M 0.25 0.25
m3=M 0.25 0.25
m4=M 0.25 0.25

x1=M −9.15192258 −1.65713232
y1=M −11.557844025 22.885323885
z1=M −21.650635095 −1.319017475
x2=M −3.34807742 1.65713232
y2=M −10.09279107 27.114676115
z2=M −21.650635095 1.319017475
x3=M 5.058522725 1.340201605
y3=M 8.07975174 −24.660050385
z3=M 21.650635095 2.654438475
x4=M 7.441477275 −1.340201605
y4=M 13.570883355 −25.339949615
z4=M 21.650635095 −2.654438475
px;1=M 0.01061056 −0.013415605
py;1=M −0.04124137 −0.02321345
pz;1=M 0.007501 0.03566595
px;2=M −0.01061056 −0.016584395
py;2=M 0.04124137 0.02321345
pz;2=M 0.007501 −0.03566595
px;3=M 0.039141425 0.006824365
py;3=M −0.016774495 −0.040782355
pz;3=M −0.007501 0.00913199
px;4=M −0.039141425 0.023175635
py;4=M 0.016774495 0.040782355
pz;4=M −0.007501 −0.00913199
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developed to integrate few-body dynamics in a range of
post-Newtonian (PN) approximations [78]. For simplicity,
we do not apply any regularization in the examples shown
here. Our main purpose is to demonstrate the practical
feasibility of such numerical orbit calculations and to
quantify the impact of UTT

ð4Þ, whose evaluation is dominated
by the computationally expensive numerical integral in
Eq. (17). The initial parameters for these simulations are
listed in Table I.

A. Close binary-binary encounter

Our first system is a close binary-binary encounter with a
resonance interaction. The system’s total mass is M, it
consists of four equal-mass bodies with mk ¼ 0.25M
(k ¼ 1, 2, 3, 4), and we evolved the system up to the final
time tfinal ¼ 2500M. For the numerical ODE integration,

we used the Strang splitting (26), with Φð0Þ
h being an

embedded fifth-order Runge-Kutta method with an adap-
tive step size to achieve a relative estimated error tolerance

of rtol ¼ 10−16 inΦð0Þ
h . For this system, the (outer) step size

of Ψh is set to h ¼ 0.1M, and for the numerical evaluation
of (17), we used a relative error tolerance of εrel ¼ 10−6,
which corresponds to around 106 integrand evaluations per
integral, according to Fig. 1. Our convergence tests have
shown that for these values of h, rtol, and εrel, the
trajectories have sufficiently converged.
Figure 2 depicts the trajectories of the system. The solid

lines show the evolution of the full system, and the dashed
lines show the evolution of the system withoutUTT

ð4Þ. On the
left, we only show the first 650M of the full evolution in a

3D view together with 2D projections. Here, one can
clearly see that the solid and dashed trajectories do not
visibly differ during the entire approach phase, where the
two binaries are further apart. In the strong interaction
region, where all four bodies are relatively close, the
trajectories start to differ notably, especially the red
trajectories, which move in different directions. This
already illustrates that the influence of UTT

ð4Þ becomes

primarily important when all four bodies are relatively
close to each other, and otherwise, it is relatively weak. The
differing trajectories are, of course, no surprise in this
system, as it is highly chaotic in the strong interaction
region such that even tiny perturbations can significantly
alter the long-term behavior. This can especially be seen in
Fig. 2 on the right, where we plot the xy-projection of the
full evolution. The outcomes of both simulations are very
different due to multiple close encounters. In encounters in
which both binaries stay intact and where the four bodies
are relatively close only once and for a short duration, UTT

ð4Þ
only has a very small effect and does not lead to significant
differences. In any case, when averaged over a statistical
ensemble of encounters, the 1PN and 2PN terms are
generally not expected to alter the final outcomes and
are therefore often neglected in the study of stellar
encounters (see, e.g., Ref. [79]). They do play a much
stronger role in the secular evolution of hierarchical
systems, which we consider in our second example.
In Fig. 3 on the top left, we show the relative contri-

butions of UTT
ð4Þ and its gradient with respect to the particle

positions to the full Hamiltonian and its gradient. On the
bottom left, we plot the quantities

FIG. 2. Trajectories of the four bodies in the binary-binary resonance interaction. The solid lines indicate the simulation including
UTT

ð4Þ, and the dashed lines the one without U
TT
ð4Þ. The dots indicate the final positions of the bodies (filled including U

TT
ð4Þ, hollow without

UTT
ð4Þ). Left: 3D view for the first 650M of the evolution with projections onto different planes to give a better sense of the locations in 3D

space. Right: xy-projection for the full evolution until tfinal ¼ 2500M.
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Dmax ¼ max
a<b

jjxa − xbjj; ð28Þ

Davg ¼
2

NðN − 1Þ
X
a<b

jjxa − xbjj; ð29Þ

Rg¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

amaðxa−RÞ2P
ama

s
; with R¼

P
amaxaP
ama

: ð30Þ

One can clearly see that all these quantities anticorrelate
with UTT

ð4Þ and its relative contribution to H and its gradient,

albeit with stronger oscillations in the contributions ofUTT
ð4Þ.

The oscillations from around t ≈ 1300M onward are due to
the formation of a tight binary (blue and orange trajecto-
ries). Our numerical experiments suggest that the average
distance of the four bodies Davg is a good indicator for the
relative importance of UTT

ð4Þ. The closer the particles are on
average, the more importantUTT

ð4Þ becomes, with energy and

force contributions up to the order of a percent in small-
scale configurations. Other numerical experiments have
shown that Dmax is less suitable for estimating the relative
importance of the four-point correlation function. For
example, if a body is relatively far away while the other
bodies approach one another, the contribution of UTT

ð4Þ
increases, but it still remains well below that of a configu-
ration in which all bodies are close. Besides UTT

ð4Þ, there are
additional terms coming from the other quadruple sums in
(A1), which additionally contribute to the N-body
Hamiltonian for systems with N > 3. In this work, we
do not aim to quantify their relative contributions to the
energy and dynamics, as they can be calculated much more
efficiently than UTT

ð4Þ.

The plot in Fig. 3 on the right shows the relative errors in
the conservation of energy, linear momentum, and angular
momentum. These errors are primarily dominated by the
accuracy of the numerical computation of the integral (17).
In our example, one can see that, albeit several variations
during close encounters, the relative energy errors do not
show a strong secular drift on average. Because of the
numerically evaluated integral (17), the approximated
gradients of UTT

ð4Þ do not satisfy translation and rotation
invariance to machine precision. This can introduce small
spurious perturbations to the total linear and angular
momentum at each kick, most notably when the contribu-
tion from UTT

ð4Þ becomes comparatively large. As a result,

the deviations in linear and angular momentum accumulate
in a diffusive manner, like a random walk, rather than
exhibiting a secular drift.

B. Hierarchical binary-binary system

Our second example is a hierarchical system consisting
of two similar binaries orbiting each other at a larger
distance. The masses of the bodies are the same as in our
first example, and we evolved the system up to
tfinal ¼ 104M. For the numerical integration, we employed

the impulse method (25) with Φð0Þ
h=n being the implicit

midpoint method, which is second order and both sym-
metric and symplectic. We solved the resulting nonlinear
equations using fixed-point iteration with a tolerance of
10−12. The outer step size is set to h ¼ 1.0M and the
number of substeps to n ¼ 100, corresponding to an
effective timestep of h=n ¼ 0.01M. For the numerical
integral evaluations, we chose a relative error tolerance
of εrel ¼ 10−6, which corresponds to around 106 integrand
evaluations per integral. Convergence tests with different

FIG. 3. The top left panel shows the contributions of UTT
ð4Þ relative to H as well as the ratio between their gradients ∇UTT

ð4Þ and ∇H with
respect to the particle positions for the close binary-binary encounter. The bottom left panel highlights how the quantities describing the
particle separation Dmax, Davg, and Rg defined in Eqs. (28)–(30) vary accordingly. In the panel on the right, the relative errors in the
conservation of energy, linear momentum, and angular momentum are plotted.
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values of h, n, and εrel have shown that our obtained results
have sufficiently converged.
Figure 4 shows the trajectories of the system. On the left,

we depict the trajectories until the final time tfinal ¼ 104M,
for which UTT

ð4Þ is included. On the right, the last of the six
outer orbits is shown, corresponding to the final 1500M of
the simulation, both with (solid lines) and without UTT

ð4Þ
(dashed lines). Here, one can see that including UTT

ð4Þ in this

system primarily leads to a small phase shift in the
individual binaries, while the center-of-mass trajectories

(gray lines) and the orientations of the individual binaries
remain mostly unchanged. The left plots of Fig. 5 highlight
the relative contribution of UTT

ð4Þ to the total energy and the

forces in the system for different particle separations. As
expected, these relative contributions show oscillations that
anticorrelate with the distance of the two binaries, with
maximum ratios of around 5 × 10−4 for both the energies
and the forces. The plot on the right displays the behavior
of the errors in the conservation of the total energy, linear
momentum, and angular momentum. The energy error

FIG. 4. Trajectories of the four bodies in the hierarchical binary-binary system. Left: xy-projection of the full trajectories. Right: xy-
projection of the trajectories of the final outer orbit. The solid lines indicate the simulation including UTT

ð4Þ, and the dashed lines the one

withoutUTT
ð4Þ. The gray solid and dashed lines indicate the center-of-mass motion of the two binaries. The dots indicate the final positions

of the bodies (filled including UTT
ð4Þ, hollow without UTT

ð4Þ).

FIG. 5. The top left panel shows the contributions of UTT
ð4Þ relative to H as well as the ratio between their gradients ∇UTT

ð4Þ and ∇H with
respect to the particle positions for the hierarchical binary-binary system. The bottom left panel highlights how the quantities describing
the particle separation Dmax, Davg, and Rg defined in Eqs. (28)–(30) vary accordingly. In the panel on the right, the relative errors in the
conservation of energy, linear momentum, and angular momentum are plotted.
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shows strong oscillations but remains bounded and does
not exhibit a visible secular drift. As in our first example
system, the linear and angular momentum errors show a
diffusive, random-walk-like behavior, which again results
from numerical errors in the evaluation of the integral (17).

VI. SUMMARY AND DISCUSSION

In this paper, we presented the full N-body 2PN
Hamiltonian in the ADM gauge [Eq. (A1)]. Compared
to the three-body Hamiltonian from [40] and other known
results, the new key contribution comes from the four-point
correlation function UTT

ð4Þ presented in Eq. (16). We were
able to find a closed-form analytic expression for the
integrals occurring in UTT

ð4Þ, with the exception of a single

integral Ilnab;cd given in Eq. (17), which becomes very
difficult to treat analytically in the four-body case with
distinct particle labels a, b, c, d. Despite the inability to find
a complete closed-form expression for UTT

ð4Þ, we demon-
strated that we are able to reliably compute the remaining
integral Ilnab;cd numerically to machine precision using the
CUBA library.
Our method enables the computation of the full 2PN

Hamiltonian for general N-body systems. In addition, it
provides a practical, independent validation of existing
results for specific integrals obtained through lengthy
analytic calculations. We tested our numerical method
against existing analytic results and used it to verify the
correctness of the three-point correlation function UTT

ð3Þ
[Eq. (11)] that was first presented in [40].
We further demonstrated that it is feasible in practice to

use these numerical results to perform accurate numerical
orbit calculations. We presented methods to efficiently
compute the energy and forces associated with the integral
Ilnab;cd, which results in OðN4Þ independent and paralleliz-
able integral evaluations per timestep. For the numerical
integration of the equations of motion associated with the
Hamiltonian (A1), we used a nontrivial impulse method
given by Eq. (25), which minimizes the effective number of
evaluations of UTT

ð4Þ to one evaluation per outer timestep h.
This makes it possible to efficiently use both adaptive high-
order methods and symplectic methods to reliably evolve
few-body systems at the 2PN order on short-to-medium
time scales. We demonstrated the practical feasibility of
the orbit calculations using two example systems—a close
binary-binary encounter, for which we used a high-order
adaptive method, and a hierarchical binary-binary system,
for which we employed a method that is both symmetric
and symplectic. The errors in the conservation of energy,
linear momentum, and angular momentum remain rela-
tively small, they do not show a strong increasing
trend, and they are primarily dominated by the accuracy
of the numerical computation of Ilnab;cd. Our numerical
orbit calculations further revealed that UTT

ð4Þ strongly

anticorrelates with the average distance between the
individual bodies and that the relative contributions to
the energy and dynamics are usually very small (only up
to a few percent in very close multibody configurations).
Besides UTT

ð4Þ, there are additional terms coming from the
other quadruple sums in (A1), which contribute to the N-
body Hamiltonian for systems with N > 3.
In summary, our method enables self-consistent simu-

lations of general N-body systems at the 2PN order,
facilitating systematic studies of 2PN effects and direct
comparisons with numerical-relativity predictions for sys-
tems with N > 3. Additional improvements, such as
allowing for efficient orbit calculations for a higher number
of bodies could be made by (smoothly) switching UTT

ð4Þ off
or modifying the relative error tolerance for the numerical
computation of Ilnab;cd based on the average distance in few-
body subsystems. Future work could further focus on the
analytic solution or approximation of Ilnab;cd for specific
N-body systems, which, on the one, hand would provide
significant theoretical insight and on the other hand would
improve the efficiency of such orbit calculations dramati-
cally. Finally, it would be worthwhile to explore alternative
numerical strategies that improve the accuracy and effi-
ciency of evaluating Ilnab;cd.
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APPENDIX: EXTRA MATERIAL

Equation (A1) is the full expression for the 2PN part of
the N-body Hamiltonian in the ADM gauge. As described
in the main text, xa is the position of the ath body,
rab ¼ jxa − xbj, nab ¼ ðxa − xbÞ=rab, pa is the momen-
tum of the ath body, and ma is the mass of the ath body.
Ilnab;cd is given by Eq. (17), and it is the only integral
expression for which wewere not able to find a closed-form
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analytic expression. Compared to the three-body Hamiltonian, additional contributions for systems with N > 3 arise in the
form of quadruple sums with distinct particle indices.
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