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We evaluate the pion and kaon transverse momentum dependent parton distribution functions in the
instanton liquid model, a model of the QCD vacuum at low resolution. The relevant transverse momentum
distributions (TMDs) are factored into a constituent quark distribution times a rapidity dependent soft factor
from staple-shaped Wilson lines, for fixed parton longitudinal momentum and transverse separation. The
results are evolved to higher rapidities using the Collins-Soper kernel and higher resolution using
renormalization group evolution. The comparison to existing extractions of pion TMDs from Drell-Yan
data is briefly discussed.
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I. INTRODUCTION

Fast-moving hadrons carry an increasing number of
subconstituent quarks and gluons in QCD, deemed partons.
The parton distribution functions (PDFs) capture their
longitudinal momentum distributions, the simplest of all
partonic distributions in a hadron [1]. PDFs play a central
role in the description of inclusive and semi-inclusive
processes in high-energy scattering, thanks to factorization.
Transverse momentum distributions (TMDs) allow for a
spatial description of the partons in a fast-moving hadron
by recording both the longitudinal momentum and the
transverse location of a given parton [2].
Transverse momentum dependent parton distribution

functions (TMDPDFs) play a central role in the analyses
of a wide range of high-energy data at both electron and
hadron facilities worldwide. Their understanding is part of
a large experimental effort at COMPASS at CERN, JLAB
in Virginia, LHC at CERN, and the future EIC at BNL.
Currently, TMDPDFs are empirically extracted from Drell-
Yan (DY) processes and semi-inclusive deep inelastic
scattering (SIDIS), with small final hadron momentum
transfer [3].
TMDPDFs, or beam functions, are defined as correlation

functions of bilocal quarks connected with staple-like
Wilson lines, which are inherently nonperturbative. Their

understanding from first principles has been challenging.
Recent lattice developments using the large-momentum
effective theory (LaMET) have proven useful for their
possible Euclidean extraction and matching using quasi-
TMDs, where the gluonic soft function can be related to a
mesonic form factor [4].
Lattice QCD offers a first-principles approach to address

all nonperturbative aspects of the theory, yet it does not
provide the necessary insights to the physical mechanisms
at work. In the continuum, these mechanisms require a
nonperturbative description of the vacuum state. The QCD
vacuum as captured by the QCD instanton liquid model
(ILM) offers by far the most compelling description of the
gauge configurations at low resolution. In Fig. 1, we show a
snapshot of the vacuum state in gluodynamics at a high
resolution of 1

10
fm (top) and a low resolution of about 1

3
fm

(bottom), following from a gradient flow technique [5–12].
The emergent ILM at low resolution is characterized by a
density of pseudoparticles (instantons plus anti-instantons)
n ¼ 1 fm−4 and a typical size of ρ ¼ 1

3
fm [13]. Thanks to

the low packing fraction κ ¼ π2ρ4n ∼ 0.1, the ILM is
sufficiently dilute to allow for a many-body analysis using
semiclassical techniques ([14–25] and references therein).
The purpose of this paper is to develop an understanding

of the TMDPDFs for the pion and kaon at low resolution,
using the ILM. In Sec. II, we outline the general aspects of
pion TMDs, with those for the kaons following similarly.
We suggest that in the ILM, the pion and kaon TMDs split
into a bare constituent quark TMD distribution times a
rapidity dependent soft factor capturing the contribution
from the Wilson staples. The constituent quark TMD
distributions of pion and kaon are evaluated with the
leading Fock state. In Sec. III, we make use of the
Collins-Soper-Sterman (CSS) renormalization group to
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evolve the TMDs to larger resolution. The results for the
pion and kaon TMDs at low and high resolution are
presented in Sec. IV, with some comparison to existing
DY data. Our conclusions are given in Sec. V. A number of
appendixes are added to detail and support our arguments
in the main text.

II. PION AND KAON TMDs

TMDs map the internal structure of a light-ray hadron, in
terms of partons with fixed longitudinal momentum at a

given separation in the transverse space. In this section, we
will briefly review the general definition for the pion
unpolarized and polarized TMDs, and present arguments
for a soft approximation in the ILM at low resolution.

A. General

In the leading twist, the pion TMDs, or pion beam
functions, are matrix elements of nonlocal quark bilinear
operators, with staple-shaped Wilson lines,

qπðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixpþz−−ik⊥·b⊥hπjψ̄ð0ÞγþWð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjπi;

Δqπðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixpþz−−ik⊥·b⊥hπjψ̄ð0Þγþγ5Wð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjπi;

δqπðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixpþz−−ik⊥·b⊥hπjψ̄ð0Þiσ⊥þγ5Wð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjπi ð1Þ

for the unpolarized, spin, and transversity cases, respec-
tively. The transverse coordinate dependence can be ob-
tained by using the Fourier transform

q̃πðx; b⊥Þ ¼
Z

d2k⊥
ð2πÞ2 e

ik⊥·b⊥qπðx; k⊥Þ: ð2Þ

The pion is on shell with energy Ep⃗ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ p⃗2
p

and
3-momentum p⃗,

pμ ¼ pþn̄μ −
m2

π

2pþ nμ þ pμ
⊥; ð3Þ

with hadron mass mπ . Here, n ¼ ð1; 0; 0⊥Þ and n̄ ¼
ð0; 1; 0⊥Þ are the longitudinal and transverse light-cone
vectors. Similar definitions are assumed for the kaons.
The Wilson line staples run spacelike for SIDIS and

timelike for DY [27], as illustrated in Fig. 2. The resum-
mation of the collinear gluons from the final state in the
SIDIS process yields WðþÞ. Similarly, the resummation of
the collinear gluons from the initial state in the Drell-Yan
process yields Wð−Þ [28–32]. More specifically,

Wð�Þ½0; 0⊥; z−; b⊥� ¼ W½0;�n∞�W½�n∞;�n∞þ b⊥�
×W½�n∞þ b⊥; nz− þ b⊥�; ð4Þ

where the Wilson line from point x to point y reads

W½x; y� ¼ P exp

�
ig
Z

y

x
dzμAμðzÞ

�
ð5Þ

with a straight integration path. The stapled Wilson line in
Eq. (4) is composed of two Wilson lines along the

light-cone direction nμ, and one along the transverse
direction.

B. f , g, h TMDs

In general, TMDs can be decomposed into several
functions depending on the quark and target spin orienta-
tions. The notational conventions are f, g, and h for
unpolarized, longitudinally polarized, and transversely
polarized TMDs, respectively. For the pion with spin 0,
there are only two TMDs:

qπðx; k⊥Þ ¼ fq=π1 ðx; k⊥Þ;

δqαπðx; k⊥Þ ¼
ϵαβ⊥ kβ⊥
mπ

h⊥;q=π
1 ðx; k⊥Þ: ð6Þ

Here, α and β are transverse and Cartesian indices, and the
subscript 1 refers to the leading twist.

C. Soft separation

One important aspect of the pion TMDs in Eq. (1) is the
stapled Wilson contour. The standard factorization of the
pion TMD at high resolution is briefly reviewed in
Appendix C, involving soft subtraction to remove the
rapidity (light-cone) singularity. In the ILM at low reso-
lution, the gauge invariant beam functions [Eq. (1)] still
suffer the rapidity divergence induced by the stapled
Wilson line, where the cusp dependence from the instanton
and anti-instanton contributions have recently been dis-
cussed in Ref. [33]. To capture the rapidity dependence, we
will carry its analysis by assuming an “approximate
separation” of the staple from the overlap of the pion
light-cone wave function, as illustrated in Fig. 3:
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f̃q=π1 ðx;b⊥;μ∼1=ρ;yq−ynÞ≈ f̃q=π1 ðx;b⊥ÞeK
ðinstÞ
CS ðb⊥=ρÞðyq−ynÞ:

ð7Þ

This is justified for a large parton rapidity yq, and only
the cusp contribution is retained. The corresponding

Collins-Soper (CS) kernel KðinstÞ
CS in the ILM has been

evaluated in Ref. [33]. This kernel introduces cusp

dependence but is distinct from the perturbative gluon
contribution to the CS kernel at high resolution [34,35].
Here, f̃q=π1 ðx; b⊥Þ on the right-hand side is the low-
resolution constituent quark distribution in the pion, calcu-
lated by the overlap of the pion light-front wave functions
(LFWFs) in the ILM. The contribution from the stapled

Wilson line is included in eK
ðinstÞ
CS ðyq−ynÞ. The Wilson line

rapidities and parton rapidities are defined as

yn ¼
1

2
ln
nþ

n−
; yq ¼

1

2
ln
kþ

k−
; ð8Þ

where k is the parton momentum. The normalization of the
unpolarized quark TMD is the standard PDF [36–38]Z

d2k⊥fq=π1 ðx; k⊥Þ ¼ fq=π1 ðx; μ ¼ 1=ρÞ: ð9Þ

D. Pion beam function

Due to the soft separation at low resolution, the pion
beam function [Eq. (1)] is divided into a constituent quark
distribution and a Wilson staple factor carrying the cusp
dependence. The constituent quark contributions in the
pion follow from the pion LFWFs in the lowest Fock space:

qπðx; k⊥Þ ¼
1

ð2πÞ3
X
s1;s2

Φ†
πðx; k⊥; s1; s2ÞΦπðx; k⊥; s1; s2Þ;

Δqπðx; k⊥Þ ¼
1

ð2πÞ3
X

s1;s01;s2

Φ†
πðx; k⊥; s1; s2Þσ3s1s01Φπðx; k⊥; s01; s2Þ;

δqπðx; k⊥Þ ¼
1

ð2πÞ3
X

s1;s01;s2

Φ†
πðx; k⊥; s1; s2Þσ⊥s1s01Φπðx; k⊥; s01; s2Þ; ð10Þ

FIG. 1. Visualization of the vacuum in gluodynamics, before
cooling at a resolution of about 1

10
fm (top), and after cooling at a

resolution of about 1
3
fm (bottom) [26], where the pseudoparticles

emerge.

FIG. 2. Wilson lines for (a) the SIDIS process with a spacelike
correlation function and (b) the Drell-Yan process with timelike
correlation.

FIG. 3. Soft separation for the quark pion TMD [Eq. (1)], which
is approximated into a constituent quark distribution without
rapidity dependence, and a rapidity dependent factor generated
by the stapled Wilson line.
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where σ3;⊥ss0 are the Pauli matrices, and the pseudoscalar
meson wave functions are defined as

Φπðx; k⊥; s1; s2Þ ¼
1ffiffiffiffiffiffi
Nc

p
�

Cπffiffiffiffiffi
xx̄

p ðm2
π −

k2⊥þM2

xx̄ Þ
F
�

k⊥
λπ

ffiffiffiffiffi
xx̄

p
��

× ūs1ðk1Þiγ5τavs2ðk2Þ: ð11Þ

Here, us1ðk1Þ refers to the light front quark spinor with
spin s1 and internal momentum kþ1 ¼ xpþ, while k1⊥ ¼ k⊥

and vs2ðk2Þ refer to the light front antiquark spinor with
spin s2 and internal momentum kþ2 ¼ x̄pþ and k2⊥ ¼ −k⊥.
The instanton size induces the nonlocal form factor

F ðkÞ, profiling the wave function with ρ ¼ 0.313 fm,

F ðkÞ ¼ ½ðzF0ðzÞÞ2�jz¼kρ
2
: ð12Þ

The normalization condition for the pion LFWF is

Cπ ¼
�
1

4π2

Z
1

0

dx
Z

∞

0

dk2⊥
k2⊥ þM2

ðxx̄m2
π − k2⊥ −M2Þ2F

2

�
k⊥

λπ
ffiffiffiffiffi
xx̄

p
��

−1=2
; ð13Þ

with the parameter λπ fixed by the pion decay constant fπ ,
using the same LFWF contribution to the pion DA;
see Appendix B. More specifically, for the canonical
ILM parameters, giving a constituent quark mass of
M ¼ 398.2 MeV, a pion mass of mπ ¼ 139 MeV, and a
pion decay constant of fπ ¼ 94 MeV, we have λπ ¼ 2.550.
More details regarding this construction can be found in
Refs. [16,17].
Inserting Eq. (11) into (10) and carrying the spin

contraction yields the constituent quark TMD distribution
in a unpolarized pion:

fq=π1 ðx; k⊥Þ

¼ C2
π

ð2πÞ3
2ðk2⊥ þM2Þ

ðxx̄m2
π − k2⊥ −M2Þ2F

2

�
k⊥

λπ
ffiffiffiffiffi
xx̄

p
�
; ð14Þ

and the null TMD pion Boer-Mulders function

h⊥;q=π
1 ðx; k⊥Þ ¼ 0; ð15Þ

as originally noted in Ref. [39]. For simplicity, we will only
focus on the fq=π1 TMD PDF. A nonzero Boer-Mulders
function requires a cross contribution from the staple [40].

T-odd TMDPDFs emerge from the gauge link structure,
through a higher Fock contribution in the initial or final
state [41–43]. A similar approach using overlaps of LFWFs
in the context of the spectator model to evaluate the Boer-
Mulders function has been discussed in Ref. [44], and
has been applied to T-even gluon TMDs in Ref. [45] and to
T-odd gluon TMDs in Ref. [46].

E. Kaon beam function

The constituent quark distribution in the kaon follows
from similar arguments. More specifically, the lowest Fock
contribution to the kaon LFWF is

ΦKðx; k⊥; s1; s2Þ

¼ 1ffiffiffiffiffiffi
Nc

p
"

CKffiffiffiffiffi
xx̄

p ðm2
K − k2⊥þx̄M2

uþxM2
s

xx̄ Þ
F
�

k⊥
λK

ffiffiffiffiffi
xx̄

p
�#

× ūs1ðk1Þiγ5τavs2ðk2Þ; ð16Þ

with the 1 assigned to the u-quark with constituent mass
Mu, and the 2 assigned to the s-quark with constituent mass
Ms. The normalization condition fixes the normalization
constant

CK ¼
�
1

4π2

Z
1

0

dx
Z

∞

0

dk2⊥
k2⊥þ x̄2M2

uþx2M2
s þ2xx̄MuMs

ðxx̄m2
K −k2⊥− x̄M2

u−xM2
sÞ2

F 2

�
k⊥

λK
ffiffiffiffiffi
xx̄

p
��

−1=2
ð17Þ

with λK ¼ 3.069 to reproduce the kaon decay constant
fK ¼ 112 MeV. For our choice of the ILM parameters, the
kaon mass is mK ¼ 458 MeV, and the constituent quark
masses areMu ¼ 394.4 MeV andMs ¼ 556.5 MeV. A re-
run of the preceding arguments for the kaon yields the
constituent quark TMD distribution in an unpolarized kaon:

fu=K
þ

1 ðx; k⊥Þ ¼
C2
K

ð2πÞ3
2ðk2⊥ þ x̄2M2

u þ x2M2
s þ 2xx̄MuMsÞ

ðxx̄m2
K − k2⊥ − x̄M2

u − xM2
sÞ2

× F 2

�
k⊥

λK
ffiffiffiffiffi
xx̄

p
�
: ð18Þ
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FIG. 4. Constituent quark TMD distribution in the pion [left, Eq. (14)] and kaon [right, Eq. (18)] at low resolution μ ¼ 1=ρ with
ρ ¼ 0.313 fm: (a),(b) are the density plots; (c),(d) the 3D plots; (e),(f) the transverse momentum dependent plots for fixed x; and (g),(h)
the longitudinal momentum dependence for fixed k⊥. The pion parameters are Cπ ¼ 7.240, mπ ¼ 139.0 MeV, and M ¼ 398.17 MeV.
The kaon parameters are CK ¼ 6.60, mK ¼ 458.0 MeV, Mu ¼ 394.4 MeV, and Ms ¼ 556.5 MeV.
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The constituent quark TMD distributions in Eqs. (14) and
(18), defined through LFWFs with the stapled Wilson line
softly separated in the instanton vacuum picture, are later
associated with the soft subtracted quark TMD at low
resolution in Eq. (20). In Fig. 4, we show the constituent
quark distribution evaluated by the lowest Fock state LFWF
overlap in the pion [left, Eq. (14)] andkaon [right, Eq. (18)] at
low resolution μ ¼ 1=ρ with ρ ¼ 0.313 fm: Figs. 4(a) and
4(b) are the density plots; Figs. 4(c) and 4(d) are the 3D plots;
Figs. 4(e) and 4(f) are the transverse momentum dependent
plots for fixed x; and Figs. 4(g) and 4(h) are the longitudinal
momentum dependence for fixed k⊥. The pion parameters
are Cπ ¼ 7.240,mπ ¼ 139.0 MeV, andM ¼ 398.17 MeV.
The kaon parameters are CK ¼ 6.60, mK ¼ 458.0 MeV,
Mu ¼ 394.4 MeV, and Ms ¼ 556.5 MeV.

III. TMD EVOLUTION

The rapidity scale plays an important role in TMD
evolution, as it distangles the soft exchanges between the
collinear hadrons in phase space, in the context of TMD
factorization. The rapidity divergences in Eq. (1) are con-
trolled by Wilson line rapidity yn → −∞. With this in mind,
the TMDbeam functions are renormalized by subtracting the
rapidity divergence with the soft function S. The renormal-
ized (soft-subtracted) TMD functions read [34]

F̃q=π
1 ðx; b⊥; μ; ζÞ ¼ lim

yn→−∞

f̃q=π1 ðx; b⊥; μ; yπ − ynÞ
Sðb⊥; μ; y − ynÞ

; ð19Þ

where S is the soft factor given in Eq. (C3). Here, the rapidity
scale [47]

ζ ¼ 2ðkþÞ2e−2y

represents the energy of a parton in the hadron, and y is an
arbitrary rapidity mark to account for the rapidity subtraction
under evolution.
The amount of subtraction is controlled by the rapidity

dependence ζ. At low-resolution μ0, the soft-subtracted
TMD F̃q=π

1 ðx; b⊥; μ0; ζ0Þ in the ILM, as given by Eq. (7), is
defined as

F̃q=π
1 ðx; b⊥; μ0; ζ0Þ ¼ f̃q=π1 ðx; b⊥Þe

KðinstÞ
CS ðb⊥=ρÞ ln

ffiffiffiffiffiffi
ζ0

1=ρ2

q
; ð20Þ

where f̃q=π1 ðx; b⊥Þ is evaluated in Eqs. (14) and (18) for
kaons. The variation in the rapidity y determines the ζ
evolution of TMDs [48–51]. Generally, this is implemented
in the b⊥-space Fourier conjugate to k⊥, allowing for a
clearer separation of perturbative and nonperturbative
effects [47]. For any leading-twist TMD with soft sub-
traction F̃, the CSS renormalization group equations
read [52,53]

d

d ln
ffiffiffi
ζ

p ln F̃ðx; b⊥; μ; ζÞ ¼ KCSðb⊥; μÞ;
d

d ln μ
ln F̃ðx; b⊥; μ; ζÞ ¼ ΓFðμ; ζÞ; ð21Þ

where

ΓFðμ; ζÞ ¼ γFðαsðμÞÞ − ΓcuspðαsðμÞÞ ln
�
ζ

μ2

�
:

The CS kernel KCS drives the rapidity ζ-scale evolution.
The explicit forms of the anomalous dimensions γF depend
on the quark operator insertion: γþ, γþγ5, and iσαþγ5. Their
perturbative expansions are given in Appendix F. The
evolved TMDs involve one intrinsic transverse scale b⊥
and two evolution scales μ, ζ, both driven by perturbative
and nonperturbative physics.
A consistent matching between the TMD evolution in

the nonperturbative part of the transverse space, and that in
the standard and perturbative collinear factorization part, is
notoriously subtle. For completeness, we note the recent
development on the k⊥ momentum space TMD approach,
related to the nonperturbative TMD evolution in
Refs. [37,54,55]. For a more thorough review, see
Ref. [56]. Alternatively, we use a simple procedure in
b⊥ space, which consists in minimal matching of the large
and small b⊥ regions.
For simplicity, we can choose a simple renormalization

scheme where the rapidity evolution follows ζ ¼ μ2. In
Fig. 5, we illustrate the regime of scales pertinent to
perturbative evolution with shading. In the perturbative
regime, the perturbative gluons are dominant, while in the
opposite regime, the primordial gluon epoxy (hard
glue) [21] is dominant. More specifically, in the perturba-
tive regime (2e−γE=μ≲ b⊥ ≪ bNP), we have [47,57–59]

F̃q=π
1 ðx; b⊥; μ; μ2Þjb⊥≪bNP →

X
i¼q;q̄;g

Z
1

x

dx0

x0
Cq=iðx=x0; b⊥; μbÞfi=π1 ðx0; μbÞe−Ssudðμb;μÞ; ð22Þ

where the transverse scale μb is defined as

μb ¼ 2e−γE=b⊥; ð23Þ
with γE being the Euler-Mascheroni constant. This formu-
lation follows the CSS formalism in Ref. [35], and it is

perturbatively meaningful only at small values of b⊥, with a
scale μb that is sufficiently larger than the Landau pole
ΛQCD. The convolution is the operator product expansion
(OPE) which describes the small-b⊥ behavior of the TMDs
in terms of the collinear PDFs fq=π1 convoluted with the
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perturbative Wilson coefficients Ci=j [60] defined in
Appendix D. The PDFs with the evolution are shown in
Fig. 6. The Sudakov factor contains the perturbative effects
of soft gluon radiation, driving the evolution of the TMDs
from μb to the UV renormalization scale μ perturbatively.
The Sudakov kernel Ssud is defined as

Ssudðμb;μÞ≈
Z

μ

μb

dμ0

μ0

�
Γcuspðαsðμ02ÞÞ ln

�
μ2

μ02

�
− γFðαsðμ02ÞÞ

�

−KðpertÞ
CS ðb⊥;μbÞ ln

�
μ

μb

�
: ð24Þ

We note that when b⊥ → 0, the perturbative formulation
in Eq. (22) is not valid, and it should bematched to the fixed-
order collinear calculation at μ following from the OPE,

FIG. 5. Perturbative (shaded) and nonperturbative (unshaded)
regions for TMD evolution in transverse b⊥ and resolution μ.

FIG. 6. ILM estimated (a) parton density distribution and (b) momentum distribution of a pion evolved with the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equation. The results in the ILM are from Refs. [16,17]. The momentum distribution is compared to
E615 experimental data [67] and JAM global QCD analysis [68].

FIG. 7. The comparison of ILM estimated pion TMD distribution F̃q=π
1 ðx; b⊥; μ0; ζÞ [Eq. (20)] at scale μ0 ∼ 1=ρ (perturbative gluons

excluded) between the case with full unsubtracted quark transverse momentum included (blue, ζ ¼ μ20) and that with soft transverse
momentum subtracted (red, ζ ¼ μ2 ¼ 4 GeV2) at x ¼ 0.3 (a) in b⊥ space and (b) in k⊥ space.
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F̃q=π
1 ðx; b⊥; μ; μ2Þjb⊥→0 → fq=π1 ðx; μÞ: ð25Þ

This can be improved bymodifying the transverse scale (23)
in the Sudakov factor Ssud through a smooth substitution
μb → μ as b⊥ → 0, so that the lower limit of the integral in
Eq. (24) never exceeds the upper limit. This is similar to the
transverse scale introduced in Refs. [48,56,58,61,62]. In a
way, this modification corresponds to a resummation of
logarithms, such that the Sudakov exponent Ssud interpolates
to 0 at b⊥ ¼ 0, as it should [63,64].
In the nonperturbative region (b⊥ ≫ bNP), as illustrated

by the unshaded region in Fig. 5, the glue contribution in
the ILM starts to modify the perturbative prediction in

Eq. (22). As the transverse distance grows, the soft (trans-
verse) scale μb in the Sudakov factor saturates to μ0. A
similar b� prescription with the transverse scale μb satu-
rated at large b⊥ has been discussed in Refs. [48,65]. The
perturbative gluon radiation at large transverse distance is
suppressed, and the nonperturbative component of the
TMD evolution compensates the gluon radiation. A phe-
nomenological illustration of this mechanism is discussed
in Refs. [47,66], where the transverse scale is smoothly
saturated at large distances, μbðb⊥ → ∞Þ → μ0, to ensure
that the perturbative evolution remains within the pertur-
bative regime. With this in mind, the soft-subtracted TMD
at large distances can be defined as

FIG. 8. The upper panels show the contour plot of the pion TMD parton distribution F̃q=π
1 ðx; b⊥; μ; ζÞ: (a) soft-subtracted quark TMD

at intrinsic rapidity scale ζ ¼ μ20 and μ0 ¼ 1=ρ ¼ 0.63 GeV, and (b) soft-subtracted TMD evolved to μ ¼ 2 GeV with the chosen

scheme ζ ¼ μ2. The lower panels show the 3D plot of the pion TMD parton distribution F̃q=π
1 : (c) quark TMD with soft subtraction at the

intrinsic rapidity scale ζ ¼ μ20 and μ0 ¼ 1=ρ ¼ 0.63 GeV, and (d) subtracted TMD evolved to μ ¼ 2 GeV. Here, b⊥ is given in fm.
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F̃q=π
1 ðx;b⊥;μ;μ2Þjb⊥≫bNP ≃ F̃q=π

1 ðx;b⊥;μ0;μ20Þe
KðinstÞ

CS ðb⊥=ρÞ ln
ffiffiffi
μ2

μ2
0

q
exp

�Z
μ

μ0

dμ0

μ0

�
γFðαsðμ02ÞÞ−Γcuspðαsðμ02ÞÞ ln

�
μ20
μ02

���
: ð26Þ

The perturbative Sudakov form factor Ssud evolves from
μ0 to μ. At the initial scale μ ¼ μ0 ∼ 1=ρ, the large-distance
TMD can be fully estimated by the instanton vacuum.
The amount of soft subtraction is controlled by the
rapidity dependence ζ. The full TMD function at high-
resolution μ interpolates between the large b⊥ and small b⊥
by optimal matching with the smooth cutoff bNP in linear
combination.

F̃q=h
1 ðx;b⊥;μ;μ2Þ¼ csðb⊥;bNPÞF̃q=h

1 ðx;b⊥≪ bNP;μ;μ2Þ
þclðb⊥;bNPÞF̃q=h

1 ðx;b⊥≫ bNP;μ;μ2Þ:
ð27Þ

Here, bNP is an optimized crossover, with a value of about
ρ, that interpolates the perturbative and nonperturbative

FIG. 9. The upper panels show the contour plot of the kaon TMD parton distribution F̃u=Kþ
1 : (a) quark TMD with soft subtraction at the

minimal rapidity scale ζ ¼ μ20 and μ0 ¼ 1=ρ ¼ 0.63 GeV, and (b) subtracted TMD evolved to μ ¼ 2 GeV. The lower panels show the

3D plot of the kaon TMD parton distribution F̃u=Kþ
1 : (c) quark TMD with soft subtraction at minimal rapidity scale ζ ¼ μ20 and

μ0 ¼ 1=ρ ¼ 0.63 GeV, and (d) subtracted TMD evolved to μ ¼ 2 GeV. Here b⊥ is given in fm.
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contributions. The matching coefficient functions ðcs; clÞ
can be parametrized by any smooth functions with the
boundary conditions where at short distance (b⊥ ≪ bNP),
ðcs; clÞ → ð1; 0Þ; and at long distance (b⊥ ≫ bNP),
ðcs; clÞ → ð0; 1Þ; and a crossover occurs at bNP.

IV. RESULTS

In Fig. 7(a), we show the pion TMD F̃q=π
1 ðx; b⊥; μ0; ζÞ at

the inverse instanton size resolution μ0 ¼ 1=ρ and the
parton momentum fraction x ¼ 0.3, versus b⊥ with the
minimal rapidity scale ζ ¼ μ20 (solid blue curve), and with
higher rapidity ζ ¼ μ2 (solid red curve). In Fig. 7(b), we
show the Fourier transform of the same results versus k⊥.
In the upper panels of Fig. 8, we show the contour plots

for our final results for the pion TMDPDFs with b⊥
measured in fm: Fig. 8(a) shows the contour for the
pion TMD F̃q=π

1 at intrinsic parton rapidity ζ ¼ μ20 and
μ0 ¼ 1=ρ ¼ 0.63 GeV; Fig. 8(b) is the contour plot
for the final subtracted pion TMD F̃q=π

1 , evolved to
μ ¼ ffiffiffi

ζ
p ¼ 2 GeV with bNP ¼ 1.3 GeV−1. The lower pan-

els of Fig. 8 show the 3D plots of the same results shown in
the upper panels. It is evident that the extent of subtraction
is more pronounced at small x, where the soft gluons are
more populated.
In the upper panels of Fig. 9, we show the contour

plots for our final results for the kaon TMDPDFs, also
with b⊥ measured in fm: Fig. 9(a) shows the contour for

the kaon TMD F̃u=Kþ
1 ðx; b⊥; μ0; ζÞjζ¼μ2

0
¼ f̃u=K

þ
1 ðx; b⊥Þ at

μ0 ¼ 1=ρ ¼ 0.63 GeV; Fig. 9(b) is the contour plot for the

subtracted kaon TMD F̃u=Kþ
1 , evolved to μ ¼ ffiffiffi

ζ
p ¼ 2 GeV

with bNP ¼ 1.3 GeV−1. The lower panels of Fig. 9 show
the 3D plots of the same results shown in the upper panels.
The huge change in the evolved TMD at high resolution, in
comparison to those at low resolution, stems from the large
modifications following from the DGLAP evolution of the
PDFs, shown in Fig. 6.
The conditional distribution moment of b⊥ is defined as

hbn⊥iðxÞ ¼
R
d2b⊥bn⊥F̃

q=π
1 ðx; b⊥; μ; μ2ÞR

d2b⊥F̃q=π
1 ðx; b⊥; μ; μ2Þ

: ð28Þ

In Fig. 10, we show the ILM estimate for the conditional
average of b⊥ following from Eq. (28) (solid red curve), as
well as the renormalization group (RG)-improved result
with a N3LO evolution kernel (solid green curve) with the
choice bNP ¼ 1.3 GeV−1 in Eq. (27). The evolved result is

FIG. 10. The instanton estimation on the conditional average of
b⊥ [Eq. (28)] is compared to the Drell-Yan experimental data
extraction performed by the Jefferson Lab Angular Momentum
(JAM) Collaboration [59], where the TMD evolution is taken
from μ ¼ 1.27 GeV to μ ¼ 4 GeV. The red line shows the
estimation by ILM, and the green curve gives the renormaliza-
tion-group-improved result with a N3LO evolution kernel. The
optimal matching crossover bNP in Eq. (27) is chosen
to be 1.3 GeV−1.

FIG. 11. The evolved pion TMD versus b⊥ with (a) x ¼ 0.3 and
(b) x ¼ 0.6, compared to the Drell-Yan experimental data
extraction [69] from three available measurements of the trans-
verse momentum cross section for the pion-induced Drell-Yan
process performed by NA3 [70], E537 [71], and E615 [67]. The
black band represents the optimized result with the propagated
uncertainty from the original data.

WEI-YANG LIU and ISMAIL ZAHED PHYS. REV. D 112, 034039 (2025)

034039-10



compared to the experimentally extracted moment by the
JeffersonLabAngularMomentumCollaboration (JAM) [59]
(wide blue band). The empirical TMD uses the Drell-Yan
data with evolution from μ ¼ 1.27 GeV to μ ¼ 4 GeV.
In Fig. 11, we show the results for the pion TMD in b⊥ in

fm, with (a) x ¼ 0.3 and (b) x ¼ 0.6 for the ILM (solid red
curve), for pQCD (solid green curve), and the combined
TMD with ILM plus pQCD (solid black curve) with the
crossover between Eqs. (22) and (26) bNP ≈ 0.55 fm, as in
Eq. (27). The comparison is to the Drell-Yan experimental
data extraction [69] (wide blue band) from three available
measurements of the transverse momentum cross section
for pion-induced Drell-Yan processes performed by
NA3 [70], E537 [71], and E615 [67]. Our results compare
fairly to the empirical Drell-Yan results, for the reported
values of x.
In Fig. 12, we show the ILM evolved pion TMD in

momentumspaceFq=π
1 ðx; k⊥Þ [Fourier transformofEq. (27)]

versus k⊥, for (a) x ¼ 0.05, (b) x ¼ 0.1, (c) x ¼ 0.2, and
(d) x ¼ 0.3. The results are compared to the extracted
experimental data from the unpolarized pion-nucleus
Drell-Yan process from Ref. [69] for x ¼ 0.3 and from

the MAP Collaboration [72] for x ¼ 0.05–0.2. Our
results compare fairly to the empirical MAP and Drell-
Yan results at larger x. The deviation at smaller x ¼ 0.05
with the MAP results is expected, as the sea partons
become more dominant. The extension of the Fock space
description at low resolution (say from2 to4) should enhance
the sea quark contribution and improve the comparison at
very low x.

V. CONCLUSIONS

We have developed an analysis of the pion and kaon
TMDs using the ILM of the QCD vacuum. The leading
twist TMDs are pertinent expectation values of quark
bilinears dressed by stapled Wilson lines, evaluated in
luminal pion and kaon states. They provide a tomographic
description of the pion and kaon parton content, in both
parton fraction x and transverse space b⊥.
Our analysis shows that the emerging tomographic

pictures of both the pion and kaon TMDs F̃q=h
1 at different

resolutions appear strikingly different. In the ILM, at low
resolution μ0 ∼ 1=ρ and large b⊥, the TMDs carry partons

FIG. 12. The evolved pion TMD versus k⊥ [Fourier transform of Eq. (27)] with the optimized matching crossover bNP ¼ 0.26 fm,
with (a) x ¼ 0.05, (b) x ¼ 0.1, (c) x ¼ 0.2, and (d) x ¼ 0.3. The results are compared to the extracted experimental data from the
unpolarized pion-nucleus Drell-Yan process from Ref. [69] for x ¼ 0.3 and from the MAP Collaboration [72] for x ¼ 0.05–0.2.
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mostly around x ∼ 1
2
within a range b⊥ ∼ ρ of the order of

the meson size. In contrast, after CSS evolution to higher
resolution, the TMDs are dominated by partons at small
x ∼ 0 in a narrow region of b⊥ ≪ ρ. In light of this, it may
be important to revisit the reliability of the CSS evolution
starting from μ0 ∼ 1=ρ, by readapting it to the gradient flow
technique [10,73], which revealed the ILM in the deeply
cooled regime [7].
Nevertheless, most effective models for TMDs of the

pion and kaon do not take into account CSS evolution
[74–76], or at least do not address the source of the rapidity
scale dependence [42,77], so they are not readily amenable
to comparison with the present results. Our comparison to
the extracted TMDs from Drell-Yan data is not very
conclusive, as the latter appear to be dominated by
perturbative contributions well into the nonperturbative
regime. We would welcome more data analyses and lattice
simulations for further comparison. The role of higher Fock
components and molecular configurations in the ILM
would be important to consider.
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APPENDIX A: LF CONVENTIONS

Throughout, we use the Kogut-Soper conventions with
the Weyl chiral basis for the gamma matrices

γ0 ¼
�
0 1

1 0

�
; γi ¼

�
0 σi

−σi 0

�
: ðA1Þ

The LF components are normalized to

γ� ¼ γ0 � γ3ffiffiffi
2

p ; ðA2Þ

with the LF projectors

Pþ ¼ 1

2
γ−γþ ¼

0
BBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

1
CCCA ðA3Þ

and P− ¼ 1 − Pþ.
The LF fermionic field is composed of the plus (good)

component ψþ ¼ 1
2
γ−γþψ ,

ψ ¼ ψþ þ i
∂−

γþ

2
ðiγ⊥ · ∂⊥ −MÞψþ; ðA4Þ

after eliminating theminus (bad) componentψ− ¼ 1
2
γþγ−ψ .

The spin-dependent wave functions denote the spin
states in the creation of a quark-antiquark pair. The spin
wave functions for each channel can be computed using the
LF spinors for the quarks and antiquarks. The spinors are
defined as

usðkÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
kþ

p ðkþMÞ
�
ξs

ξs

�����
k−¼k2⊥þM2

2kþ

;

vsðkÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
kþ

p ðkþMÞ
�−ηs

ηs

�����
k−¼k2⊥þM2

2kþ

; ðA5Þ

respectively. Here ξs (ηs) refers to a quark 2-spinor
(antiquark 2-spinor) with a spin pointing in the z direction,
and M is the constituent quark mass. The antiquark
2-spinor is related to the quark 2-spinor by charge con-
jugation ηs ¼ iσ2ξ�s ¼ −2sξ−s.

APPENDIX B: PION AND KAON DAS

The pion and kaon distribution amplitudes (DAs) are
defined as

φπðxÞ ¼
1

ifπ

Z þ∞

−∞

dz−

2π
eixp

þz−h0jd̄ð0Þ

×
1ffiffiffi
2

p γþγ5W½0; z−�uðz−Þjπi;

φKðxÞ ¼
1

ifK

Z þ∞

−∞

dz−

2π
eixp

þz−h0js̄ð0Þ

×
1ffiffiffi
2

p γþγ5W½0; z−�uðz−ÞjKi: ðB1Þ

Their explicit forms in the ILM read [16,17]
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φπðxÞ ¼
2

ffiffiffiffiffiffi
Nc

p
M

fπ

Cπ

8π2

Z
∞

0

dk2⊥

×
1

k2⊥ þM2 − xx̄m2
π
F 2

�
k⊥

λπ
ffiffiffiffiffi
xx̄

p
�
;

φKðxÞ ¼
2

ffiffiffiffiffiffi
Nc

p ðx̄Mu þ xMsÞ
fK

CK

8π2

×
Z

∞

0

dk2⊥
1

k2⊥ þ x̄M2
u þ xM2

s − xx̄m2
K

× F 2

�
k⊥

λK
ffiffiffiffiffi
xx̄

p
�
; ðB2Þ

where x̄ ¼ 1 − x. Both distribution amplitudes are properly
normalized as Z

1

0

dxφπ;KðxÞ ¼ 1: ðB3Þ

The normalization condition is ensured by choosing the
parameters λπ;K with given decay constants fπ ¼ 94 MeV
and fK ¼ 122 MeV at μ ¼ 1=ρ:

λπ ¼ 2.550; λK ¼ 3.069: ðB4Þ

APPENDIX C: TMD FACTORIZATION

TMD factorization offers a framework to describe high-
energy processes with transverse momentum much smaller
than the characteristic hard scale of the interaction, in Drell-
Yan (DY), semi-inclusive deep inelastic scattering (SIDIS),
and hadron production in lepton-pair annihilation. The
scattering process is decomposed into a collinear factor or
TMD distribution/fragmentation functions for the two
hadrons, and soft factors capturing the long-range soft gluon
exchange. A detailed review can be found in Ref. [78].
For DY processes, the naive TMD factorization for

scattering involving hadrons A onto B factors into

dσ ∼ f̃AðxA; b⊥; yA − ynÞf̃BðxB; b⊥; yn̄ − yBÞ
× Sðb⊥; yn − yn̄Þ; ðC1Þ

with the impact Fourier transforms

f̃hðxh; b⊥; yh − ynÞ

¼
Z

d2k⊥
ð2πÞ2 e

ik⊥·b⊥fhðx; k⊥; yh − ynÞ; ðC2Þ

where yh ¼ 1
2
lnðpþ=p−Þ is the hadron rapidity and yn ¼

1
2
lnðnþ=n−Þ is the rapidity for the near-light-cone direction

n in the Wilson line. This direction usually refers to the
moving direction of the other hadron. The soft function is
defined as [33,34,47]

Sðb⊥; yn − yn̄Þ

¼ 1

Nc
TrhW�n̄ð0ÞW†

�nð0ÞW�nðb⊥ÞW†
�n̄ðb⊥Þi; ðC3Þ

where the half-infinite Wilson lines, which represent the
intermediate gluon resummation during the process, are
specified by the direction v and the initial point x:

WvðxÞ ¼ W½v∞þ x; x�

¼ P exp

�
ig
Z

∞

0

dzvμAμðvzþ xÞ
�
: ðC4Þ

While naive factorization is straightforward, applying
the definitions in Eq. (C1) often leads to ambiguous
overlaps between collinear and soft kinematic regions,
leading to unregulated light-cone divergences caused by
yn → −∞ and yn̄ → ∞. To disentangle their contributions,
rapidity regulators are introduced, allowing the formula to
be recast as [34]

lim
yn→−∞
yn̄→∞

f̃Aðb⊥; yA − ynÞf̃Bðb⊥; yn̄ − yBÞSðb⊥; yn − yn̄Þ

→
f̃Aðb⊥; yA − ð−∞ÞÞ
Sðb⊥; y1 − ð−∞ÞÞ

f̃BðxB; b⊥;∞− yBÞ
Sðb⊥;∞− y2Þ

× Sðb⊥; y2 − y1Þ: ðC5Þ

Here, y1 and y2 are arbitrary rapidities introduced to
subtract the overcounting soft region. For simplicity, we
can assume y1 ¼ y2. The original definition of TMD
distributions f̃ in Eq. (C2) are called unsubtracted TMD
distributions. After subtraction, the remaining soft factors
can be absorbed into renormalized TMD distributions.
Conventionally, the soft-subtracted TMD distributions
are defined as [50,51]

F̃hðx;b⊥;μ;ζÞ¼ f̃hðx;b⊥;μ;y−ð−∞ÞÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sðb⊥;μ;∞−yÞ

Sðb⊥;μ;y−ð−∞ÞÞSðb⊥;μ;∞−ð−∞ÞÞ

s
;

ðC6Þ

where ζ ¼ 2ðxpþÞ2e−y ¼ m2
hx

2e2ðyh−yÞ represents the
energy of the hadron, with y distinguishing the energy
between two hadrons, ζAζB ¼ ð2xAxBpþ

Ap
−
BÞ2 ¼ Q4.

APPENDIX D: TMD EVOLUTION

The TMD renormalization group (RG) equations of
leading-twist TMD functions in Eq. (21) are driven by
the Collin-Soper kernel KCS that governs the rapidity
ζ-scale evolution and the anomalous dimension γF,
depending on the anomalous dimension of the TMD quark
operators.
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The naive solution for the RG equation of the TMD distributions reads [53]

F̃hðx; b⊥; μ; ζÞ ¼ F̃hðx; b⊥; μ0; ζ0Þ exp
Z ðμ;ζÞ

ðμ0;ζ0Þ

�
dμ
μ

�
γFðαsðμÞÞ − ΓcuspðαsðμÞÞ ln

�
ζ0
μ2

��
þ dζ0

ζ0
KCSðb⊥; μÞ

2

�
: ðD1Þ

In the perturbative region where b approaches zero, the TMD distribution reads [35,47,57–59]

F̃q=h
1 ðx; b⊥; μ; μ2Þjb⊥→0 →

X
i¼q;q̄;g

Z
1

x

dx0

x0
Cq=iðx=x0; b⊥; μÞfi=π1 ðx0; μÞ: ðD2Þ

Here, we choose a simple scheme, where the evolution
follows ζ ¼ μ2. The convolution is the operator product
expansion (OPE), which factorizes the small-b behavior of
the TMDs into the collinear PDFs fq=h convoluted with
perturbative Wilson coefficients Ci=j at scale μb. The
Sudakov factor accounts for the remaining scale depend-
ence, evolving the TMD distribution back to μ from μb. The
perturbative Wilson coefficient for quarks up to OðαsÞ is
given by [60]

Cq=qðx;b⊥;μbÞ¼δð1−xÞ

þ αs
4π

CF

�
−
π2

6
δð1−xÞþ2ð1−xÞ

�
; ðD3Þ

where no flavor or quark-gluon mixing are considered.

APPENDIX E: CS KERNEL

The evolution of the CS kernel is driven by cusp
anomalous dimension [3,66,79–81],

dKCSðb⊥; μÞ
d ln μ2

¼ −ΓcuspðαsðμÞÞ; ðE1Þ

which is guaranteed by integrability. The implementation
of TMD evolution equations, though based on pQCD,
requires certain prescriptions to prevent extending the
calculations to the nonperturbative region. In Ref. [47],
the Collins-Soper kernel is divided into a perturbative
contribution plus a nonperturbative leftover separated by
a smooth cutoff b�,

KCSðb⊥; μÞ

¼ KðpertÞ
CS ðb�; μb�Þ − 2

Z
μ

μb�

dμ0

μ0
Γcusp þ KðnpÞ

CS ðb⊥Þ: ðE2Þ

Here, μb� ¼ 2e−γE
b�

, and b� is the modified transverse distance
suggested in Ref. [47], such that b�ðb⊥ → ∞Þ → bNP to
ensure that the evolution remains within the perturbative
regime.
The first and second parts in Eq. (E2) are given by the

perturbative renormalization group (RG) Eq. (E1), with the

evolution defined by the perturbative cusp anomalous
dimension and its interaction constant with minimal log-
arithmic dependence. The coefficients of KðpertÞ

CS for each
order of αs can be found in Appendix F. The third part,

KðnpÞ
CS ðb⊥Þ, in Eq. (E2) is the nonperturbative correction to

the Collins-Soper kernel, which is μ-independent.
A simple model proposed in Refs. [82–84] suggests

KðnpÞ
CS to be a quadratic function, following the recent

analysis in Refs. [57,58]. In Ref. [33], we have estimated
the nonperturbative contribution in the ILM as

KðnpÞ
CS ðb⊥Þ ¼ KðinstÞ

CS ðb⊥=ρÞ − KðinstÞ
CS ðb�=ρÞ: ðE3Þ

The CS kernel with the instanton contributionKðinstÞ
CS ðb⊥=ρÞ

is shown in Fig. 13 (red curve) following from the analysis
in Ref. [33], suggesting a logarithmic dependence in the
large-b⊥ region. The nonperturbative parameter bNP is
chosen by matching the nonperturbative calculation (inst)
with the perturbative calculation (perp) at the boundary
b⊥ ¼ bNP:

FIG. 13. The instanton estimated Collin-Soper kernel (red
curve) in Ref. [33] and instanton estimation with RG improved
by perturbative QCD evolution in Eq. (E2) (black curve) at small
b⊥ is compared to the pure perturbative RG (green curve) and
data extraction (blue curve) from a global analysis of Drell-Yan
lepton pair and Z boson production [84].
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KðinstÞ
CS ðbNP=ρÞ ¼ KðperpÞ

CS ðbNP; μbNPÞ: ðE4Þ

The renormalization group (RG)-improved CS kernel
with bNP ∼ 0.13 fm in Eq. (E2) (black curve) is compared
to the pure perturbative RG (green curve), and to the
empirically extracted (blue curve) from a global analysis,
from a Drell-Yan lepton pair and Z boson production [84].

APPENDIX F: ANOMALOUS DIMENSIONS
AND WILSON COEFFICIENTS

FOR TMD EVOLUTION

In this Appendix, we summarize the anomalous dimen-
sions and Wilson coefficients for TMD evolution up to
next-to-next-to-next-to-leading order (N3LO) [35,81,85].
The light-cone cusp anomalous dimension is given by

ΓcuspðαsÞ ¼
X∞
n¼1

�
αs
4π

�
n
Γn; ðF1Þ

where n-th order coefficients at each order are defined as

Γ1 ¼ 4CF; ðF2Þ

Γ2 ¼ 8CF

�
CA

�
67

18
−
π2

6

�
−
5

9
Nf

�
¼ 1072

9
−
16π2

3
−
160

27
Nf; ðF3Þ

Γ3 ¼ 352ζð3Þ þ 176π4

15
−
2144π2

9
þ 1960þ Nf

�
−
832ζð3Þ

9
þ 320π2

27
−
5104

27

�
−
64

81
N2

f; ðF4Þ

Γ4 ¼ 28032ζð3Þ − 1536ζð3Þ2 − 704π2ζð3Þ − 34496ζð5Þ
3

þ 337112

9
−
178240π2

27
þ 3608π4

5
−
32528π6

945

þ Nf

�
1664π2ζð3Þ

9
−
616640ζð3Þ

81
þ 25472ζð5Þ

9
−
1377380

243
þ 51680π2

81
−
2464π4

135

�

þ N2
f

�
16640ζð3Þ

81
þ 71500

729
−
1216π2

243
−
416π4

405

�
þ N3

f

�
256ζð3Þ

81
−
128

243

�
: ðF5Þ

The collinear anomalous dimension for the TMD operator is given by

γFðαsÞ ¼
X∞
n¼1

�
αs
4π

�
n
γn; ðF6Þ

where the nth-order coefficients at each order are defined as

γ1 ¼ 6CF; ðF7Þ

γ2 ¼ C2
Fð3 − 4π2 þ 48ζð3ÞÞ þ CFCA

�
961

27
þ 11π2

3
− 52ζð3Þ

�
þ CFNf

�
−
130

27
−
2π2

3

�
; ðF8Þ

γ3 ¼ C2
FNf

�
−
2953

27
þ 26π2

9
þ 28π4

27
− 512ζð3Þ

�
þ CFN2

f

�
−
4834

729
þ 20π2

27
þ 16ζð3Þ

27

�

þ C3
F

�
29þ 6π2 þ 16π4

5
þ 136ζð3Þ − 32π2ζð3Þ

3
− 480ζð5Þ

�

þ C2
FCA

�
139345

1458
þ 7163π2

243
þ 83π4

27
−
7052ζð3Þ

9
þ 88π2ζð3Þ

9
þ 272ζð5Þ

�

þ CACFNf

�
17318

729
−
2594π2

243
−
22π4

27
þ 1928ζð3Þ

27

�

þ CAC2
F

�
151

2
−
410π2

9
−
494π4

135
þ 1688ζð3Þ

3
þ 16π2ζð3Þ

3
þ 240ζð5Þ

�
: ðF9Þ
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The 2D evolution of the transverse momentum depend-
ence are driven by the anomalous dimension γF and Γcusp.
They are identical between TMD PDFs and TMD frag-
mentation functions to all orders [35]. The anomalous

dimensions γF only vary by the quark operator defining the
TMD functions.
The perturbative part of the Collins-Soper kernel at the

minimal logarithmic scale KðpertÞ
CS ðb⊥; μ ¼ μbÞ is defined as

KðpertÞ
CS ðb⊥; μbÞ ¼

X∞
n¼1

�
αsðμbÞ
4π

�
n
kn; ðF10Þ

k1 ¼ 0; ðF11Þ

k2 ¼ 8CF

��
7

2
ζð3Þ − 101

27

�
CA þ 14

27
Nf

�
¼ −2

�
−56ζð3Þ þ 1616

27
−
224

81
Nf

�
; ðF12Þ

k3 ¼ −2
�
176π2ζð3Þ

3
−
24656ζð3Þ

9
þ 1152ζð5Þ þ 594058

243
−
6392π2

81
−
154π4

45

�

− 2Nf

�
7856ζð3Þ

81
−
166316

729
þ 824π2

243
þ 4π4

405

�
− 2N2

f

�
64ζð3Þ
27

þ 3712

2187

�
: ðF13Þ
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