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Recent studies invoke a unified description of different neutron star observables using metamodels,
which parametrize the equation of state of neutron star matter close to nuclear saturation density in terms of
few nuclear parameters. In this light, the bulk viscosity in the neutrino-transparent regime of dense nuclear
matter composed of neutrons, protons and electrons has been recently shown to be mostly sensitive to the
value of the nuclear symmetry energy. As muons are also present at densities around nuclear saturation, we
further analyze in this manuscript their impact on this transport coefficient as a function of the slope L of
the symmetry energy. We find that muons introduce both relevant qualitative and quantitative effects in the
bulk viscous dissipation. Increasing L by a factor two has an effect of several orders of magnitude on the
(frequency-independent) bulk viscosity. We also find that for all values of L the frequency-dependent bulk
viscosity presents a double peak structure for some values of the density, absent without muons. This also
represents changes in orders of magnitude of the viscosity in narrow windows of densities that could be
attainable in a neutron star for enough high values of L. The double-peak structure is due to the fact that
direct Urca processes open up at different densities for electrons and muons, the critical values depending
on L. We present a systematic numerical analysis of both second-order transport coefficients, frequency-
dependent bulk viscosity, and damping times of density oscillations as a function of the density and the
slope, and find when these could be relevant for the dynamics of the merger of neutrons stars.
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I. INTRODUCTION

Neutron stars (NSs) are one of the most compact objects
in the Universe [1]. Structured in different layers of
increasing density, they are generally thought to consist
primarily of neutrons, protons, and leptons, although the
presence of more exotic degrees of freedom—such as
hyperons or even deconfined quark matter—cannot be
excluded. The densities realized in these compact objects
cannot be reproduced in terrestrial laboratory conditions.
Consequently, the behavior of their interiors can only be
inferred from theoretical models, validated at far lower
densities, requiring extrapolations spanning many orders of
magnitude.
The internal structure of NSs is characterized by the

equation of state (EoS), which defines their observable

properties like masses, radii or cooling [2,3]. The study of
the transport properties of nuclear matter at high densities is
also of major relevance for the description of NSs. Whereas
the EoS fixes the mass–radius relation of the star, the
transport properties—such as viscosities and thermal con-
ductivities—govern its dynamical response to external
perturbations [4]. Measurements of the frequencies and
damping times of the stellar oscillation modes could, in
principle, be used to infer the values of the various transport
coefficients, thereby yielding information on the star’s
internal composition, following an approach already
employed for other types of stars, such as the Sun [5–7].
The emergence of gravitational wave (GW) astronomy is

transforming the study of NS physics. It has provided
crucial constraints on the EoS after the detection of binary
neutron-star mergers [8]. This is achieved by performing
numerical simulations of the coalescence of two NSs and
comparing the theoretically computed GW signal with that
measured by GW detectors. Until now, numerical simu-
lations have neglected transport coefficients [9–11], with
the exceptions of [12–14]. One hopes that future imple-
mentation of transport effects in these numerical simula-
tions will open a new avenue for constraining transport
properties beyond what is possible through conventional
electromagnetic astronomy.
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There are strong indications that transport coefficients
will play an essential role in modeling NS mergers. In
particular, bulk viscosity appears to operate on timescales
comparable to those associated with the merger
dynamics [15], while the influence of other coefficients
depends sensitively on the temperatures attained during the
event. This has opened a renewed interest for the study of
the bulk viscosity [16–25] (see [26] for a review and a more
complete set of references), as it could leave an imprint on
the GW emitted in the merger of NSs. The GW data from
the binary neutron star GW170817 has recently been used
to analyze the dissipative tidal deformability, yielding
bounds on the average bulk and shear viscosities of
NSs [27]. In fact, both the bulk viscosity associated to
nuclear matter with hyperons, and that associated to strange
quark matter would result in a phase shift of the GW form
in the inspiral phase of the neutron star merger [28,29].
Earlier estimates of the viscosities in nuclear matter
suggest that they do not have an impact in the inspiral
phase [30–32], while they can have an effect on the
postmerger dynamics. These claims motivate us to have
a closer inspection on the viscosities as their values are very
much affected by the underlying EoS of nuclear matter.
The microscopic computation of the bulk viscosity in the

nucleonic case depends both on the electroweak inter-
actions among neutrons, protons and leptons, as well as on
the EoS which dictates the partial densities associated to
each particle species. Among the electroweak interactions
direct-Urca (dUrca) processes at sufficiently low temper-
atures are forbidden below some critical values of the
density, the specific value depending on the particular
choice of the EoS describing the matter, and then the bulk
viscosity is dominated by modified-Urca (mUrca) proc-
esses, with much lower rates.
In a recent publication [33], see also [34], it has been

stressed that the bulk viscosity is highly dependent on the
value of the symmetry energy, which quantifies the energy
cost of an isospin asymmetry in nuclear matter. The
symmetry energy can be parametrized by its value J and
its slope L at nuclear saturation density n0 ≈ 0.15 fm−3.
The authors of [33] noted that small changes in the value of
L could produce changes in the bulk viscosity of several
orders of magnitude. This abrupt change is related to the
opening of dUrca processes, which is highly dependent on
the symmetry energy [35].
In this paper we study the bulk viscosity of nuclear

matter composed of both neutrons, protons, electrons, and
also muons. It had been previously computed in the
neutrino-transparent regime in Refs. [23,24] and also in
the neutrino-trapped regime in [22]. Here we only consider
the neutrino-transparent regime, and leave the neutrino-
trapped regime for future works. Muons are allowed by
most models of EoSs at densities around saturation density,
so that it is relevant to assess their effect. The previous
studies were done using two different microscopic models,

characterized by different EoS and different nuclear sym-
metry parameters. In this work we use a metamodel to
describe the EoS of nuclear matter, which allows us to
check the dependence of the viscosity on the slope energy
L. As in previous studies, we find that small changes in L
lead to big changes in the bulk viscosity, a fact that was
already noticed in the models studied in Refs. [23,24]. We
also find some new big qualitative and quantitative
changes. We find that the critical densities for the opening
of dUrca processes for electrons and muons are different
and relatively low for high values of L. This has a relevant
impact on the value of the frequency-dependent bulk
viscosity that has been unnoticed so far, as we find a
double peak resonance for some values of the densities,
which is due to the presence of muons.
This paper is organized as follows. In Sec. II we describe

the EoS of the nuclear matter composed of neutrons,
protons, electrons and muons, written as an expansion
around nuclear saturation density and in terms of nuclear
parameters. In Sec. II A we review the constraints that
several experiments put on the nuclear parameters.
Section III is devoted to review all the electroweak
processes that equilibrate the system after an expansion
or rarefaction, and give the numerical values of the dUrca
and mUrca processes that will be used in our computations.
We present the formalism that we use to compute the bulk
viscosity in Sec. IV that allows us to compute either the
second-order transport coefficients that enter in a Burgers
equation (Sec. IVA), or the frequency-dependent bulk
viscosity (Sec. IV B). Our numerical results for the sec-
ond-order transport coefficients and of the frequency-
dependent bulk viscosity are presented in Sec. V, while
we evaluate the value of the damping time of density
oscillations due to the bulk viscosity in Sec. VI. We end the
manuscript with a discussion and conclusion of our results
in Sec. VII. Details of the computations are given in the
Appendices, such as of the thermodynamical relations
associated to the metamodel in Appendix A, explicit
analytical expressions of the second-order transport coef-
ficients in Appendix B, or a discussion of the peak value of
the frequency-dependent bulk viscosity when the muon
channels are frozen in Appendix C. We use natural units
k ¼ c ¼ ℏ ¼ 1, except in the figures, where we plot the
bulk viscosity and relaxation times in C.G.S. units. We use
metric conventions ðþ;−;−;−Þ.

II. EOS FOR NUCLEAR MATTER

In this section we briefly discuss the metamodeling for
the nuclear EoS at zero temperature, which, together with
the chemical equilibrium and electric charge neutrality (β-
equilibrium) constraints, enables us to obtain the thermo-
dynamics needed to compute the transport coefficients. The
impact of these metamodels on other neutron star proper-
ties, such as the value of masses and radii have been
analyzed somewhere else [36,37].
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The energy density of nuclear matter including electrons
and muons at zero temperature can be written as a sum of
the contribution from nucleons and their interactions based
on a Taylor expansion around the nuclear saturation density
and symmetric matter (when the proton fraction Xp ≡
np=nB equals 1=2) and the one from leptons described as
ideal Fermi gases. Defining the variables

x≡ nB − n0
3n0

; β≡ 1 − 2Xp; ð1Þ

and expanding around zero for these variables, we have

εðnB;Xp;ne;nμÞ¼ nB

�
m−Bsatþ

K
2
x2þQ

6
x3
�

þnBSðnBÞβ2þ
μ4e
4π2

þ 1

8π2

n
μμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2μ−m2

μ

q
ð2μ2μ−m2

μÞ

−m4
μ ln

h�
μμþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2μ−m2

μ

q �
=mμ

io
; ð2Þ

where μe and μμ are the electron and muon chemical
potential, respectively, and mμ ≈ 105 MeV is the muon
mass. We neglect the electron mass, as it is much smaller
than μe.
The first term is the energy per baryon of symmetric

nuclear matter wherem is the nucleon mass in vacuum, Bsat
is the binding energy, K and Q are the incompressibility
and the skewness in symmetric nuclear matter, respectively.
The second expression considers the asymmetric part of the
expansion with SðnBÞ defined as

SðnBÞ≡ J þ Lxþ Ksym

2
x2 þQsym

6
x3; ð3Þ

with J the symmetry energy at saturation density, L the
slope, Ksym the incompressibility andQsym the skewness in
asymmetric matter. We elaborate on their values according
to nuclear experiments constraints at nuclear saturation in
the next subsection. The third and fourth terms are the
electron and muon contributions to the energy density,
respectively [38]. Note that we can use the following free
thermodynamic relations for the electron density

ne ¼
μ3e
3π2

; ð4Þ

and for the muon density

nμ ¼
1

3π2
ðμ2μ −m2

μÞ3=2; ð5Þ

in Eq. (2) to write the chemical potentials of leptons in
terms of their number densities.

Finally, we consider the chemical equilibrium and
electric charge neutrality conditions in Eq. (2) to determine
the chemical potentials and number densities for our
calculations. Using the following expressions of the neu-
tron and proton number densities, nn and np, respectively,

np ¼ nQ þ ne þ nμ;

nn ¼ nB − nQ − ne − nμ; ð6Þ

with the baryon and electric charge number densities
defined as follows

nB ≡ nn þ np;

nQ ≡ np − ne − nμ; ð7Þ

we fix nB and set nQ ¼ 0. In this way, we have two
unknown variables, namely, ne and nμ, which together with
the β-equilibrium conditions μe ¼ μn − μp and μμ ¼ μe,
enable us to determine the remaining variables. Thus, given
the baryon number density we are able to determine the
thermodynamics of the system in β-equilibrium.
In Fig. 1 we show the particle fraction Xa ≡ na=nB as a

function of the baryon number density divided by the
nuclear saturation density in β-equilibrium with a ¼ n, p,
e, μ, hereafter we consider n0 ¼ 0.15 fm−3 [39]. Our
calculations are performed for densities from nB ¼ n0 up
to 4n0, and at L ¼ 50, L ¼ 70 MeV and L ¼ 110 MeV,
while fixing J ¼ 32 MeV, K ¼ 240 MeV and Ksym ¼
Q ¼ Qsym ¼ 0 MeV. The values for the nuclear parameters
are discussed in the next subsection. Particularly, for the
cases considered in this plot, we observe muons appear
slightly below nuclear saturation density. Proton, electron
and muon fractions increase with density, more strongly for

FIG. 1. Particle fractions Xa as a function of the baryon number
densitynB divided by nuclear saturation densityn0 atL ¼ 50 MeV
(dotted-dashed lines), L ¼ 70 MeV (dashed lines) and L ¼
110 MeV (continuous lines). The different curves are obtained
at J ¼ 32 MeV, K ¼ 240 MeV and Ksym ¼ Q ¼ Qsym ¼ 0.
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larger values of L, while the neutron fraction decreases
accordingly.

A. Constraints on nuclear parameters
from experiments

Several constraints on the values of the previously
defined nuclear parameters can be extracted from nuclear
experiments (see [40] for a comprehensive review).
As for the parameters associated to symmetric nuclear

matter, the so-called isoscalar parameters Bsat, K and Q,
only Bsat is well constrained. Measurements of density
distributions [41] and nuclear masses [42] allowed for the
determination of Bsat ¼ −16� 1 MeV at the nuclear sat-
uration density n0 ¼ 0.15–0.16 fm−3. As for the incom-
pressibility at saturation density K, the extraction comes
from the analysis of isoscalar giant monopole resonances in
heavy nuclei. However, the determination of its value is
complicated and ambiguous, with possible values in the
range of K ∼ 200–300 MeV (see for example [43–45]).
Moreover, Q is not well constrained, with a band of
uncertainty of a few hundreds of MeVs.
With regard to the parameters J, L, Ksym and Qsym, also

called isovector parameters as they are associated to the
asymmetric part of the EoS, these could be determined
from experiments involving isospin diffusion measure-
ments [46], isobaric analog states [47], isoscaling [48],
analysis of giant [49] and pygmy resonances [50,51],
production of pions [52] and kaons [53–55] in heavy-ion
collisions or data on neutron skin thickness of heavy
nuclei [56–61]. Whereas J is relatively well determined
with values around ∼30 MeV for nuclear saturation den-
sity, L and Ksym are still poorly known. In particular, L
could vary from few tenths of MeV up to ∼120 MeV, this
last value inferred from the parity-violating electron scat-
tering neutron skin experiment in 208Pb [60]. Moreover,
Ksym or Qsym are barely constrained. For the discussion on
the values for the isovector parameters and possible
correlations among them, we refer the reader to
Ref. [40]. In most part of this article we will neglect the
effect ofKsym,Q, andQsym as there is not much we know of
these parameters and set them to zero unless otherwise
stated.

III. ELECTROWEAK RATES RELEVANT
FOR THE BULK VISCOSITY

Neutron stars are driven out of chemical equilibrium in a
volume expansion and/or compression, thereby deviating
values of chemical potentials and number densities of the
medium from their equilibrium values. The electroweak
interactions provide a mechanism for the system to
reestablish chemical equilibrium in the medium at the
dynamical timescales of the system. As a starting point, the
evolution equations of the number densities of neutrons,
protons, electrons and muons out of equilibrium can be

expressed as

∇μðuμnnðtÞÞ ¼ ΓLC;e − ΓND;e þ ΓLC;μ − ΓND;μ;

∇μðuμnpðtÞÞ ¼ ΓND;e − ΓLC;e þ ΓND;μ − ΓLC;μ;

∇μðuμneðtÞÞ ¼ ΓND;e − ΓLC;e þ ΓMD;

∇μðuμnμðtÞÞ ¼ ΓND;μ − ΓLC;μ − ΓMD; ð8Þ

respectively, where the electroweak transition rates Γ act as
source or sink terms to restore equilibrium number den-
sities. Here we use the subscripts LC for lepton capture, ND
for neutron decay, MD for the muon decay and l ¼ e, μ
denotes the lepton involved in the process. The lepton
capture and neutron decay electroweak processes receive
contributions either from dUrca processes or mUrca proc-
esses. The dUrca processes correspond to the reactions

n → pþ lþ ν̄l;

pþ l → nþ νl; ð9Þ

and contribute to the neutron decay and the lepton capture,
respectively. Here νl (ν̄l) denotes neutrinos (antineutrinos)
associated to the lepton l.
When dUrca processes are forbidden by momentum

conservation, the bulk viscosity is then generated by the
mUrca processes

nþ N → pþ N þ lþ ν̄l; ð10Þ

pþ N þ l → nþ N þ νl; ð11Þ

where N ¼ n, p is a spectator nucleon that guarantees
momentum conservation. The different choices of the
spectator nucleon are known as the neutron or proton
branches of the mUrca processes [19].
The critical density where the dUrca processes are

allowed depends on the symmetry energy, as this controls
the proton and electron densities, and thus, it changes
according to the EoS. In Fig. 2, we display the density
threshold nB;dU of dUrca processes as a function of the
slope L from 40 MeV up to high values around 120 MeV
predicted by the PREXII experiment [60]. As can be seen,
dUrca processes with electrons have a lower threshold
density as compared to the ones with muons. Our results are
in qualitative and quantitative agreement with previous
studies [62–64], reproducing the decreasing trend of the
density threshold with increasing L. As L increases, the
neutron-proton asymmetry above saturation density dimin-
ishes, and, hence, the threshold density for the dUrca
process shifts to lower values.
In Fig. 3 we show the critical density for the opening of

dUrca process as a function of the (poorly) constrained
Ksym parameter at L ¼ 50 MeV, L ¼ 70 MeV, and
L ¼ 110 MeV. Only positive values of Ksym produce lower
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thresholds of both dUrca processes including electrons and
muons compared to the scenario where Ksym ¼ 0. In
addition, these thresholds slightly decrease as Ksym

increases its value, the decreasing trend is stronger as
we consider small values of L. When Ksym < 0 we notice
the opposite effect.
Hereafter, we consider small deviations of chemical

equilibrium in the system. To this end, we define the
following chemical imbalances

μ1 ≡ δμn − δμp − δμe;

μ2 ≡ δμn − δμp − δμμ; ð12Þ

where δμa with a ¼ n, p, e, μ are out-of-equilibrium
deviations of the chemical potentials small enough to
describe subthermal bulk-viscous effects so that
μ1; μ2 ≪ 2πT. The chemical imbalances represent two
independent degrees of freedom to describe the system
out of equilibrium. In this way, the following differences of
electroweak rates can be computed at linear order in μ1
and μ2

ΓND;e − ΓLC;e ≈ λ1μ1;

ΓND;μ − ΓLC;μ ≈ λ2μ2;

ΓMD ≈ λ3μ3; ð13Þ

with μ3 ¼ μ1 − μ2. The electroweak coefficients λ1 and λ2
can be expressed as follows

λ1 ¼ λe þ λne þ λpe;

λ2 ¼ λμ þ λnμ þ λpμ; ð14Þ

where λl and λNl are the contributions from the dUrca and
the mUrca processes, respectively, where subscripts denote
the branch of the spectator nucleon N and l the lepton
involved in the process.
The coefficients for dUrca processes λl in the low-

temperature regime and in the Fermi surface approxima-
tion, this is, considering that only the particles near the
Fermi surface take part in the electroweak processes are
given by [24]

λl ≈
17

480π
G2T4μ�nΘðpF;l þ pF;p − pF;nÞ

× ðp2
F;p þ p2

F;l þ 2μlμ
�
p − p2

F;nÞ; ð15Þ

with G≡GF cosΘCð1þ gAÞ, GF ¼ 1.166 × 10−5 GeV−2

the Fermi coupling constant, ΘC ≈ 13.02° is the
Cabbibo angle, gA ¼ 1.26 is the axial-vector coupling
constant, the effective nucleon chemical potential μ�N ¼
ðk2F;N þ ðm�

NÞ2Þ1=2, the effective nucleon mass m�
N ≈

ð0.7� 0.1ÞmN with mN ≈ 940 MeV at nuclear saturation
density, Θ denotes the Heaviside function and pF is the
Fermi momentum of the particles.
For the mUrca processes, we employ the reaction

rates coming from a nucleon-nucleon interaction that
consists of a long-range one-pion-exchange tensor contri-
bution and a short-range piece parametrized with nuclear
Fermi liquid (also known Landau) parameters [65]. Within
this framework, we use the expressions for λNl shown in
Ref. [21] (see also Ref. [19] for simplified versions of these
expressions)

FIG. 2. Density threshold of the dUrca processes nB;dU in
multiples of the saturation density n0 as a function of the
symmetry slope. Only for densities above the red/blue
curve dUrca processes for electrons/muons are kinematically
allowed. The different curves are obtained at J ¼ 32 MeV and
K ¼ 240 MeV, and Ksym ¼ Q ¼ Qsym ¼ 0.

FIG. 3. Density threshold of the dUrca processes nB;dU in
multiples of the saturation density n0 as a function of the
incompressibility Ksym. Only for densities above the red/blue
curve dUrca processes for electrons/muons are kinematically
allowed. We vary L as follows: L ¼ 50 MeV (dashed-dotted
lines), L ¼ 70 MeV (dashed lines) and L ¼ 110 MeV (continu-
ous lines). The different curves are obtained at J ¼ 32 MeV and
K ¼ 240 MeV, and Q ¼ Qsym ¼ 0.
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λne ≈
367

1152π3
G2

Fcos
2ΘCg2Af

4
πNN

×
m�3

n m�
p

m4
π

p4
FnpFp

ðp2
Fn þm2

πÞ2
ϑneT6; ð16Þ

λnμ ≈
367

1152π3
G2

F cos
2 ΘCg2Af

4
πNN

×
m�3

n m�
p

m4
π

pFμp4
FnpFp

pFeðp2
Fn þm2

πÞ2
ϑnμT6; ð17Þ

λpe ≈
367

8064π3
G2

F cos
2 ΘCg2Af

4
πNN

×
m�

nm�3
p

m4
π

pFnðpFn − pFpÞ4
½ðpFn − pFpÞ2 þm2

π�2
ϑpeT6; ð18Þ

λpμ ≈
367

8064π3
G2

F cos
2ΘCg2Af

4
πNN

×
m�

nm�3
p

m4
π

pFμpFnðpFn − pFpÞ4
pFe½ðpFn − pFpÞ2 þm2

π�2
ϑpμT6; ð19Þ

where the functions ϑnl and ϑpl are given by

ϑnl ≡
(
1 if pFn > pFp þ pFl;

1 − 3
8

ðpFpþpFl−pFnÞ2
pFppFl

if pFn < pFp þ pFl;
ð20Þ

ϑpl≡

8>>>>>>>>>>><
>>>>>>>>>>>:

0; if pFn > 3pFpþpFl;

ð3pFpþpFl−pFnÞ2
pFnpFl

; if pFn > 3pFp −pFl;

4
3pFp−pFn

pFn
; if

pFn < 3pFp þpFl;

3pFp −pFl > pFn;

2þ 3ð2pFp−pFnÞ
pFl

− 3ðpFp−pFlÞ2
pFnpFl

; if
pFn > pFpþpFl;

pFn < pFpþpFl:

ð21Þ

where fπNN ≈ 1 is the πN-interaction constant in the p-
state in the one-pion-exchange model potential [19], mπ ≈
139.57 MeV is the mass of the charged pions π� and the
Fermi momentum of the particles holds pF;a ¼ ð3π2naÞ1=3.
Lastly, for the leptonic channel, that is the muon decay,

corresponding to the process

μ → eþ ν̄e þ νμ: ð22Þ

The coefficient λ3 can be computed as follows

λ3 ¼
∂ΓMD

∂μ3

����
μ3¼0

; ð23Þ

where the full expression of ΓMD is given in Eq. (17) of
Ref. [24]. However, this process is subdominant with

respect to λ1 and λ2 [24]. According to Ref. [26] (see
Fig. 8), λ3=λ1 and λ3=λ2 are approximately 0.5 × 10−7 at
nB ¼ n0 and T ¼ 1 MeV. Hereafter, we will neglect it in
our numerical results.
In Fig. 4 we display the electroweak rates λ1 (upper

panel) and λ2 (bottom panel) as a function of temperature in
log-scale and at nB ¼ 2n0 (dashed-dotted lines) and nB ¼
3n0 (solid lines), for values of the slope L ¼ 50 MeV (red
curves), L ¼ 70 MeV (black curves) and L ¼ 110 MeV
(blue curves). We see little dependence on nB or L (several
curves are almost on top of each other) for lower values of
L, except when either the value of L or of nB is high enough
so as to open the dUrca processes. Then the rates change by
several orders of magnitude.
In Fig. 5 we display the density profiles of the electro-

weak rates: λ1 (upper panel) and λ2 (lower panel). In this
case, we evaluate electroweak coefficients at T ¼ 1 MeV
(dashed-dotted curves) and T ¼ 5 MeV (continuous
curves) and also vary L as follows: L ¼ 50 MeV (red
lines), L ¼ 70 MeV (black lines), and L ¼ 110 MeV (blue
lines). First, electroweak rates at T ¼ 5 MeV are orders of

FIG. 4. Electroweak coefficients λ1 (upper panel) and λ2
(bottom panel) as a function of temperature T in log scale at
nB ¼ 2n0 (dashed-dotted lines) and nB ¼ 3n0 (solid lines). The
red, black and blue curves represent L ¼ 50 MeV, L ¼ 70 MeV
and L ¼ 110 MeV, respectively. The different curves are ob-
tained at J ¼ 32 MeV, K ¼ 240 MeV and Ksym ¼ Q ¼
Qsym ¼ 0.
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magnitude higher than at T ¼ 1 MeV because they receive
contributions proportional to ∝ T4 from dUrca processes
and ∝ T6 from mUrca processes. In addition, at a fixed
temperature we observe an abrupt increase that occurs at
the density threshold of dUrca processes. For a fixed L this
jump occurs at lower densities for dUrca processes with
electrons (λ1, upper panel) than dUrca processes with
muons (λ2, lower panel), whereas the density threshold
for each dUrca is reduced as the value of L increases, as
also observed in Fig. 2.
It is worth to mention we are using the electroweak rates

of dUrca and mUrca processes using the Fermi surface
approximation. It is well-known more precise calculations
of these rates without the Fermi surface approximation do
not produce abrupt steps on the rates as those considered
here [21,66]. We leave these improvements on the rates and
its possible impact on the bulk viscosity for future research.
Let us mention that the vast majority of computations of

the bulk viscosity in neutron stars use the FS approxima-
tion, as this allows for analytical computations of the
different rates. According to the results of Ref. [21]

(see Fig. 2), in the regime of temperature between 1 to
10 MeV, the FS is still a reasonable approximation, which
however differs from the exact treatment of the electroweak
rates. As soon as the temperature goes up, the Fermi sea is
blurred. One expects then the direct Urca density threshold
to also blur, exactly as it happens to the maximum value of
bulk viscosity as a function of the temperature, as found in
Ref. [21]. This is also the effect we may expect on our
results. We only expect refinements on the numerical
values we provide, but the main result we discuss would
still be there.

IV. BULK VISCOSITY IN NUCLEAR MATTER
INCLUDING ELECTRONS AND MUONS

The bulk viscosity in nuclear matter has been addressed
in several studies considering different phases at ultrahigh
density, either neutrino-transparent and neutrino-trapped
matter, both considering the subthermal or suprathermal
regimes. For a review of these studies and references see
Ref. [26]. At densities close and below to the nuclear
saturation density, neutron stars are expected to be com-
posed by neutrons, protons and electrons. For astrophysical
applications, it is customary to give an effective frequency-
dependent bulk viscosity. These effective descriptions can
also be formulated within second-order hydrodynamics,
with the help of an Israel-Stewart equation [67,68].
In this work, we analyze the bulk viscosity of neutrino-

transparent nuclear matter including electrons and also
muons. The latter can also be generated in the system around
and a few times the nuclear saturation density for realistic
EoSs and have an important effect on the chemical equili-
bration of the system. The frequency-dependent bulk vis-
cosity in this medium has been studied using the constitutive
relation at first-order hydrodynamics in the transparent-
neutrino regime [23,24] and also at high enough temper-
atures for neutrinos to get trapped in the system [22]. Later
on, it was realized that the description of these effective
frequency-dependent bulk viscosity could be attained in
second-order hydrodynamics, and that the bulk-viscous
pressure in neutrino-transparent nuclear matter with elec-
trons and muons follows a Burgers equation [69].
In this section we review these two formalisms, that we

will finally use for the numerical evaluation of the different
transport coefficients.

A. Burgers equation fulfilled
by the bulk viscous pressure

In this subsectionwe derive the dynamical evolution of the
bulk-viscous pressure in nuclear matter, which corresponds
to a Burgers equation when there are both electrons and
muons, as first noted in [69], see also [70].We also determine
the associated second-order transport coefficients.
Close to chemical equilibrium, one can linearize Eq. (8)

to reach to

FIG. 5. Electroweak rates λ1 (upper panel) and λ2 (lower panel)
as a function of baryon number density nB (in multiples of the
saturation density) in log scale at T ¼ 1 MeV (dashed-dotted
lines) and T ¼ 5 MeV (continuous lines). The red, black and blue
curves represent L ¼ 50 MeV, L ¼ 70 MeV and L ¼ 110 MeV,
respectively. The different curves are obtained at J ¼ 32 MeV,
K ¼ 240 MeV and Ksym ¼ Q ¼ Qsym ¼ 0.
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∇μðuμnnðtÞÞ ≈ −λ1μ1ðtÞ − λ2μ2ðtÞ;
∇μðuμnpðtÞÞ ≈ λ1μ1ðtÞ þ λ2μ2ðtÞ;
∇μðuμneðtÞÞ ≈ λ1μ1 þ λ3½μ1ðtÞ − μ2ðtÞ�;
∇μðuμnμðtÞÞ ≈ λ2μ2ðtÞ − λ3½μ1ðtÞ − μ2ðtÞ�: ð24Þ

The number densities are modified with respect to their
values in chemical equilibrium by linear deviations of the
chemical potentials

na ¼ nðeqÞa þ
X
b

χbaδμb; ð25Þ

where nðeqÞa is the equilibrium density of the particle species
a with the matrix of isothermal susceptibilities defined as

χba ¼
∂na
∂μb

����
μc≠μb;T;δμb¼0

; ð26Þ

with a; b; c;¼ n, p, e, μ. The susceptibilities can also be
computed at constant entropy per baryon (adiabatic sus-
ceptibilities) valid to neglect the heat flow between adjacent
fluid elements [21]. For a zero-temperature EoS, as in this
work, both susceptibilities match.
Using Eq. (25) and the evolution equations of the

different particle densities, we get an expression to study
the evolution in time of μα, with α ¼ 1, 2,

uμ∇μμβ ¼ Ma
βðλαaμα − nðeqÞa θÞ; ð27Þ

where θ≡∇μuμ is the expansion rate. We collect the
inverse susceptibilities in the two vectors

Ma
1 ≡ ðχ−1Þan − ðχ−1Þap − ðχ−1Þae;

Ma
2 ≡ ðχ−1Þan − ðχ−1Þap − ðχ−1Þaμ; ð28Þ

as well as the different electroweak rates in the matrix

λαa ≡

0
BBB@

−λ1 −λ2
λ1 λ2

λ1 þ λ3 −λ3
−λ3 λ2 þ λ3

1
CCCA; ð29Þ

with the indexes α, β ¼ 1, 2 and a ¼ n, p, e, μ (in this
order). Thus, Eq. (27) can be written as an evolution
equation of the chemical imbalances

ταβu
μ∇μμα þ μβ ¼ −θbβ; ð30Þ

with

ðτ−1Þαβ ≡ −Ma
βλ

α
a; ð31Þ

and

bβ ¼ ταβM
a
αn

ðeqÞ
a : ð32Þ

Using Eq. (30) and given that the bulk scalar Π defined
as Π≡ P − P0 (where P is the total pressure and P0 is the
pressure in chemical equilibrium) can be expressed as a
linear combination of the chemical imbalances

Π ¼ Π1μ1 þ Π2μ2; ð33Þ

we obtain that a Burgers-type equation describes the
evolution with time of the bulk viscous pressure [69,70].
The coefficients Π1 and Π2 are obtained following the
procedure described in Appendix A.
As a result, the time evolution of the bulk scalar pressure

in nuclear matter with electrons and muons is given by the
following Burgers equation

det τD2
uΠþ TrτDuΠþ Π ¼ −ζθ − ξDuθ; ð34Þ

whereDu ≡ uμ∇μ is the convective derivative. The second-
order transport coefficients ζ and ξ are given by

ζ ≡ Παbα;

ξ≡ det τΠαðτ−1Þβαbβ; ð35Þ

with Πα ≡ ðΠ1;Π2Þ.
The Green’s function of the Burgers equation in the fluid

rest frame, uμ ¼ ð1; 0; 0; 0Þ, can be written down as the sum
of two Green’s function of a Israel-Stewart equation [69]

GðtÞ ¼ GþðtÞ þ G−ðtÞ; ð36Þ

with

G�ðtÞ≡ ζ�
τ�

ΘHðtÞe−t=τ� ; ð37Þ

where τ� are the eigenvalues of τ, and ζ� are the bulk
viscosity components which are related with the transport
coefficients as follows

ζ ¼ ζþ þ ζ−;

ξ ¼ ζþτ− þ ζ−τþ: ð38Þ

The parameter ζ is the total viscosity of the system. We will
compute in Sec. V and plot the partial viscosities, keeping
in mind that the total viscosity is provided by the sum of the
components.
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A solution to Eq. (34) can be written as

ΠðtÞ ¼ −
Z

∞

−∞
Gðt0Þ∇μuμðt − t0Þdt0: ð39Þ

Explicit expressions for the whole set of second-order
coefficients in terms of the scattering rates and suscep-
tibilities are provided in Appendix B.

B. Frequency-dependent bulk viscosity

In different astrophysical scenarios it is common to study
the dissipation occurring when there is a perturbation
periodic in time, characterized by a frequency ω. From
first-order hydrodynamics one can derive a frequency-
dependent bulk viscosity. However, it can also be recovered
using the formalism derived in Sec. IVA [69]. Let us see
how this is achieved.
First, consider the Burgers equation Eq. (34) in the rest

frame, that is, using the fluid-velocity uμLRF ¼ ð1; 0; 0; 0Þ,
and assume perturbations periodic in time, such that Π ∝
e−iωt and θ ∝ e−iωt. Then the bulk scalar can be obtained as

Π ¼ −
ζ − iωξ

1 − iωTrτ − ω2 det τ
θ: ð40Þ

The frequency-dependent bulk viscosity is obtained in first
order hydrodynamics from the real part of the bulk viscous
pressure

ζðωÞ≡ −
Re½Π�
θ

: ð41Þ

Thus, the frequency-dependent bulk viscosity is
expressed as

ζðωÞ ¼ ζ=ðdet τÞ2 þ ω2ðξTrτ − ζ det τÞ=ðdet τÞ2
ð1= det τ − ω2Þ2 þ ω2ðTrτ= det τÞ2 : ð42Þ

Moreover, we note that the bulk scalar in Eq. (40) can
also be written as

Π ¼
�

ζþ
iωτþ − 1

þ ζ−
iωτ− − 1

�
θ; ð43Þ

and this expression enables us to split the frequency-
dependent bulk viscosity into two contributions as follows

ζðωÞ ¼ ζþ
1þ ω2τ2þ

þ ζ−
1þ ω2τ2−

; ð44Þ

in concordance to Eq. (36), which expresses the fact that the
solution to the Burgers equation can be represented as the
sum of two solutions of an Israel-Stewart equation. Note
that the values obtained for τþ and τ− (see Appendix B)
cannot be interpreted in general as being associated

exclusively to one of the two reaction channels λ1 and
λ2. This only happens in the high frequency limit [26]. It is
also important to note that if we set λ2 ¼ 0, when muons
densities would be frozen, there is only one relaxation time
τþ, while 1=τ− ¼ 0 (see Appendix C).
We note that Eq. (44) exhibits in general two maximal

values when plotted as a function of the temperature. We
have not identified analytically where these resonant peaks
are, but our numerical results suggest that they occur when
ω ≈ 1=τþ and ω ≈ 1=τ−. We also find that τþ ≈ τ− when
λ1 ≈ λ2, and there is only one resonant peak. This is the
situation which is predicted by many models of EoS of
nuclear matter with muons [24]. It is also the situation when
there are not muons. We discuss in the remaining part of
this manuscript different scenarios where one or two
resonances are present in the temperature profile of the
bulk viscosity and its strong dependence on the nuclear
parameters in Eq. (2), and thus on the dUrca density
thresholds, which are different for electrons and for muons.

V. NUMERICAL RESULTS FOR TRANSPORT
COEFFICIENTS

In this section we present numerical results for the
different second-order transport coefficients, as well as
for the frequency-dependent bulk viscosity, as a function of
the parameters used in the metamodel EoS, and for
different values of the temperature and density. We only
focus on temperatures ranging from 0.5 MeVup to 10MeV,
the expected maximal value of the temperature for the
neutrino-transparent regime [20,71]. Although our expres-
sions take into account the dependence of all nuclear
parameters in Eq. (2), as stated above, in the remaining
part of the manuscript we fix the values of the nuclear
parameters as

J ¼ 32 MeV; K ¼ 240 MeV; ð45Þ

and setKsym ¼ Q ¼ Qsym ¼ 0, given their poor constraints,
and consider three values of the slope L ¼ 50 MeV, L ¼
70 MeV and L ¼ 110 MeV. Additionally, we neglect λ3 in
our analysis because themuondecay rate ismuch slower than
semileptonic processes in the temperature regime considered
(see Fig. 8 of Ref. [26]). However, our derived expressions in
Appendix B are fully general and also consider its
contribution.
In Fig. 6 we show the temperature profile of relaxation

times in log scale, τþ (dashed-dotted lines) and τ−
(continuous lines) and in Fig. 7 the temperature profile
of bulk viscosity components in log scale, ζþ (dashed-
dotted lines) and ζ− (continuous lines). For both figures we
use the same baryon number densities and values of the
slope of the symmetry energy. This is, we study τ� and ζ�
at nB ¼ 2n0 (top panels) and nB ¼ 3n0 (bottom panels) and
L ¼ 50 MeV (red curves), L ¼ 70 MeV (black curves)
and L ¼ 110 MeV (blue curves). We also include a
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continuous green line at ω−1 where 2π=ω ¼ 10−3 s (with ω
a typical frequency in mergers) in Fig. 6 to identify the
temperatures where relaxation times match this inverse
angular frequency. When dashed-dotted and continuous
lines of the same color are on top of each other or very
close, we only expect one resonant peak in the frequency
bulk viscosity, while in the opposite case, we will expect
two resonant peaks. For all the cases considered in Fig. 6,
this latter trend occurs at L ¼ 110 MeV and nB ¼ 2n0
(blue curves in the top panel) and L ¼ 70 MeV and nB ¼
3n0 (black curves in the bottom panel). These parameter
sets provide the conditions for only dUrca processes with
electrons to be kinematically allowed (see Fig. 2) producing
a significant increase on λ1 with respect to λ2 as can be
observed in Fig. 4.
For the parameter sets considered in this work, relaxation

times and bulk viscosity components decrease significantly
as temperature increases; we also observe a slight variation
of these transport coefficients with respect to baryon
number density unless is high enough at fixed L to reach
dUrca processes thresholds. For instance, at L ¼ 50 MeV

(red curves in both panels of Figs. 6 and 7) and L ¼
70 MeV and nB ¼ 2n0 (black curves in the top panels of
Figs. 6 and 7), the chemical equilibration in the system is
carried out by mUrca processes. However, at L ¼
110 MeV and nB ¼ 3n0 (blue curves in the bottom panels
of Figs. 6 and 7), the slope and density are high enough to
access to the kinematic region where both dUrca processes
with electrons and muons are allowed (above the shaded
gray region in Fig. 2). As a result, we observe a significant
decrease of second-order transport coefficients.
Additionally, we consider the case where only dUrca
processes with electrons are allowed (shaded gray region
in Fig. 2), this occurs at L ¼ 110 and nB ¼ 2n0 (blue
curves in the top panels of Figs. 6 and 7) and at L ¼
70 MeV and nB ¼ 3n0 (black curves in the bottom panels
of Figs. 6 and 7). The resulting behavior is the dominance
of ζ− over the ζþ, opposite to the trend obtained for the
other cases mentioned before. For relaxation times, despite
τ− > τþ in the temperature regime considered and for all
the sets studied, we observe that the gap between them is
enhanced significantly for the parameter sets where only
electronic dUrca together with mUrca processes contribute
to the chemical equilibration.

FIG. 6. Relaxation times τ� as a function of temperature T in
log scale at nB ¼ 2n0 (top panel) and nB ¼ 3n0 (bottom panel);
τþ (dashed-dotted lines) and τ− (continuous lines). The red, black
and blue curves represent L ¼ 50 MeV, L ¼ 70 MeV and
L ¼ 110 MeV, respectively. We also include a green line that
represents ω−1 so that 2π=ω ¼ 10−3 s.

FIG. 7. Bulk viscosity components ζ� as a function of temper-
ature T in log scale at nB ¼ 2n0 (top panel) and nB ¼ 3n0
(bottom panel); ζþ (dashed-dotted lines) and ζ− (continuous
lines). The red, black and blue curves represent L ¼ 50 MeV,
L ¼ 70 MeV and L ¼ 110 MeV, respectively.
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In Fig. 8 we plot the temperature profile of the fre-
quency-dependent bulk viscosity at ω=2π ¼ 1 kHz (top
panel) and ω=2π ¼ 10 kHz (bottom panel). We set L ¼
50 MeV (red curves), L ¼ 70 MeV (black curves), and
L ¼ 110 MeV (blue curves) and also consider nB ¼ 2n0
(dashed-dotted lines) and nB ¼ 3n0 (continuous lines) for
comparison with second-order transport coefficients in
Figs. 6 and 7. We also consider nB ¼ n0 at L ¼ 110
(continuous green line).
We observe that for L ¼ 50 MeV and ω=2π ¼ 1 kHz

(red curves in the top panel), the bulk viscosity profile
reaches its maximum at T ≈ 5.63 MeV and T ≈ 5.50 MeV
when nB ¼ 2n0 and nB ¼ 3n0, respectively. And for
ω=2π ¼ 10 kHz (red lines in the bottom panel) this
maximum is shifted to T ≈ 8.26 MeV and T ≈
8.07 MeV when nB ¼ 2n0 and nB ¼ 3n0, respectively.
Particularly, this trend is in accordance with the result-
ing profile considering the microscopic DDME2 model
in Ref. [24], whose value for L ¼ 51.27 MeV [23],
and K ¼ 251.5 MeV, slightly above our value of
K ¼ 240 MeV, while the values of the nuclear parameters

Bsat; n0 and J are the same as those we used and Ksym is not
specified. Note that for the DDME2 model, the density
threshold for dUrca processes occurs above 5n0 [23]. With
our choice of nuclear parameters, we can identify the
density threshold for the opening of dUrca processes,
which are at lower values of the density (see Fig. 2). We
suspect that this could be due to the choice of Ksym, which
in this model is not specified. However, for the densities we
consider in our plots, the viscosity is also dominated by
mUrca, and we thus obtain results in concordance with the
DDME2 model.
We note that for L ¼ 110 MeV and nB ¼ 3n0 (continu-

ous blue curve in both panels) dUrca processes including
electrons and muons are allowed and together with the
mUrca processes slightly increase the maximum value of
the bulk viscosity profile and shift it to lower temperatures
at T ¼ 1.26 MeV for ω=2π ¼ 1 kHz and to T ≈ 2.25 MeV
for ω=2π ¼ 10 kHz. This effect seems to be consistent with
the results obtained from the microscopic NL3 model used
in Ref. [24], with values of the nuclear parameters as
L ¼ 118.9 MeV, K ¼ 251.5 MeV, and J ¼ 37.4 MeV,
while the remaining parameters are the same as ours,
and Ksym is not specified [23]. The threshold densities
for electronic dUrca rates occurs at nB ≈ 1.3n0 and for
muonic dUrca rates at nB ≈ 1.6n0, while the threshold
densities with the choice of parameters of Sec. II are
slightly below those values. For the choice nB ¼ 3n0 we
find that the viscosity is then dominated by dUrca, and we
obtain for this density results on concordance with the
results discussed for the NL3 model in [23].
We also observe an interesting behavior when only

dUrca processes with electrons are allowed (shaded gray
region in Fig. 2). For instance, at L ¼ 110 MeV and nB ¼
2n0 (dashed-dotted blue lines in both panels) and at L ¼
70 MeV and nB ¼ 3n0 (continuous black lines in both
panels) for ω=2π ¼ 1 kHz, we observe two local maxima
at T ≈ 1.52 MeV and T ≈ 5.96 MeV and at T ≈ 1.56 MeV
and T ≈ 5.96 MeV, respectively. For ω=2π ¼ 10 kHz they
are slightly shifted to higher temperatures. These local
maxima seem to occur when τ−1� ≈ ω, although it seems
complicated to find analytical expressions for the T when
the maxima occurs in full generality (see Appendix C).
It is also relevant to mention that this behavior is not

necessarily restricted to high values of L. As we can see in
the shaded region in Fig. 2, a similar scenario can be
produced for much lower values of the slope as we slightly
increase the baryon number density. For L ¼ 50 MeV this
effect occurs but at very high densities.
Note that we have kept Ksym ¼ 0 given its poorly

constrained value, but we have studied the variation of
the dUrca density thresholds with Ksym to show the
possible dependence of the threshold on its value in
Fig. 3. The range of values for Ksym in that figure was
chosen such that the Taylor expansion performed in the
metamodel is still valid. Within these reasonable limits for

FIG. 8. Frequency-dependent bulk viscosity ζðωÞ as a function
of the temperature T in log scale at ω=2π ¼ 1 kHz (top panel)
and ω=2π ¼ 10 kHz (bottom panel) and nB ¼ 2n0 (dashed-
dotted lines) and nB ¼ 3n0 (continuous lines). The red, black
and blue curves represent L ¼ 50, L ¼ 70 MeV and
L ¼ 110 MeV, respectively. We also include a solid green line
to display the case nB ¼ n0 and L ¼ 110 MeV.
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Ksym, we find that for large values of L, the dUrca density
onsets are almost independent of this value. Therefore, for
models with similar L, such as NL3, we expect the double-
peak to be robust against possible variations of Ksym within
the validity region. As for smaller values of L, there is a
stronger dependence with Ksym of the dUrca density
thresholds, specially for models with L ∼ 50 MeV, such
as DDME2. In that case, the two-double peak structure of
the bulk viscosity will be correlated with Ksym, always
appearing once the dUrca for electrons is allowed and the
one for muons forbidden, as indicated by the gray areas
in Fig. 3.
In Table I we show the local-maximum temperature in

Fig. 8 for the parameter sets where we obtained a one-
resonance peak. A numerical analysis allow us to determine
that in this scenario these local-maximum temperatures
approximately correspond to the values where τþ ¼ ω−1.
Moreover, in Table II we display the two local maxima and
the intermediate minimum in a two-resonance peak behav-
ior of the temperature profile of frequency-dependent bulk
viscosity in Fig. 8. In both tables, we note that the local
maxima and minimum shift to higher temperatures as we
increase the angular frequency up to ω=2π ¼ 10 kHz.
Particularly, in Table II we observe small variation of
the local maxima and minimum with the slope and baryon
number density.

For completeness, we study second-order transport
coefficients and frequency-dependent bulk viscosity as a
function of baryon number density. In Fig. 9, we show the
relaxation times τþ (dashed-dotted curves) and τ− (con-
tinuous curves) and in Fig. 10, the bulk viscosity compo-
nents, ζþ (dashed-dotted lines) and ζ− (continuous lines).
For both figures we set T ¼ 1 MeV and consider L ¼
50 MeV (red lines), L ¼ 70 MeV (black lines), and L ¼
110 MeV (blue lines).
In Fig. 9 we note, despite the relaxation times involve

both rates λ1 and λ2, it is possible to infer their individual
impact on τþ and τ− when baryon number density reaches
the density threshold of dUrca processes. At these thresh-
olds, dUrca processes produce a piecewise curve of
relaxation times with two visible decreases. On one hand,
τþ suffers an abrupt change of around four orders of

TABLE I. Local maximum of the temperature profile of
frequency-dependent bulk viscosity for the sets where there is
only one-resonance peak.

Tmax [MeV] L [MeV] nB=n0 ω=2π [kHz]

5.63 50 2 1
8.26 50 2 10
5.50 50 3 1
8.07 50 3 10
5.52 70 2 1
8.10 70 2 10
1.26 110 3 1
2.25 110 3 10
5.85 110 1 1
8.59 110 1 10

TABLE II. Local maxima the intermediate minimum temper-
ature in a two-resonance peak behavior of the temperature profile
of frequency-dependent bulk viscosity for the parameter sets
considered in this work.

Tmax [MeV] Tmin [MeV] L [MeV] nB=n0 ω=2π [kHz]

1.56, 5.96 3.63 70 3 1
2.77, 8.72 5.76 70 3 10
1.52, 5.96 3.58 110 2 1
2.70, 8.73 5.68 110 2 10

FIG. 9. Relaxation times τ� as a function of baryon number
density nB in multiples of the saturation density n0 in log scale at
T ¼ 1 MeV; τþ (dashed-dotted lines) and τ− (continuous lines).
The red curves represent L ¼ 50 MeV, while black and blue lines
to L ¼ 70 and L ¼ 110 MeV, respectively.

FIG. 10. Bulk viscosity components ζ� as a function of baryon
number density nB in multiples of the saturation density n0 in log
scale at T ¼ 1 MeV; ζþ (dashed-dotted lines) and ζ− (continuous
lines). The red curves represent L ¼ 50 MeV, while black and
blue lines to L ¼ 70 and L ¼ 110 MeV, respectively.
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magnitude due to the emergence of dUrca processes with
electrons, while a second step much smaller can be
observed when dUrca processes with muons are allowed.
On the other hand, τ− shows an opposite trend with a sharp
decrease when dUrca processes with muons emerge.
Typically, τ− is slightly higher than τþ, but in the density
regime when only dUrca processes with electrons are
allowed at fixed L, τ− is around four orders of magnitude
higher than τþ.
In Fig. 10, for all the cases considered, bulk viscosity

components are also a piecewise function of baryon density
with the domain partitioned as dUrca processes open. In
particular, ζþ is an increasing function of baryon number
density before the density threshold of dUrca processes
with electrons. Slightly above this value, ζþ decreases
around four orders of magnitude and then it continues
increasing with nB. Note this component does not expe-
rience a visible change when muonic dUrca processes
emerge. Moreover, ζ− changes abruptly its almost constant
trend when dUrca thresholds are reached. First, dUrca
processes with electrons generate an increase slightly above
one order of magnitude, while the emergence of dUrca
processes including muons produce an abrupt decrease of
almost seven orders of magnitude. Recall that the total
(frequency-independent) bulk viscosity ζ is given by the
sum of the two components, and thus also ζ changes by
orders of magnitude for some fixed values of nB when L is
changed.
In Fig. 11, we consider the frequency-dependent bulk

viscosity as a function of the baryon number density in
multiples of the saturation density n0 at ω=2π ¼ 1 kHz. We
set T ¼ 1 MeV (dotted-dashed curves) and T ¼ 5 MeV
(continuous curves) and vary the slope of the symmetry
energy for L ¼ 50 MeV, L ¼ 70 MeV and L ¼ 110 MeV
in red, black and blue lines, respectively. Note that dUrca

processes have different effects on the frequency-dependent
bulk viscosity for the two different temperatures consid-
ered. This is, when electronic dUrca processes contribute to
the chemical equilibration, at T ¼ 1 MeV, they produce a
sudden increase in bulk viscosity around four orders of
magnitude, while at T ¼ 5 MeV the effect is opposite,
making the bulk viscosity almost one order of magnitude
smaller. Furthermore, when density is high enough for the
emergence of dUrca processes with muons, at T ¼ 1 MeV
this contribution produce a slight increase of bulk viscosity,
while at T ¼ 5 MeV the bulk viscosity suffer a moderate
decrease slightly above one order of magnitude. The slope
only varies the density threshold of dUrca processes and
does not seem to impact on how bulk viscosity changes.
Our results at T ¼ 1 MeV are in qualitative agreement with
previous studies [17,19] where T ¼ 109K ≈ 0.1 MeV and
ω ¼ 10 kHz are considered. The reported behavior also
suggests that there is an intermediate temperature where the
emergence of dUrca processes with electrons or muons do
not produce a noticeable change on the bulk viscosity. In
fact, this can be observed in Fig. 8. For dUrca processes
with electrons this occurs at the temperature where the
black curves at L ¼ 70 MeV cross. As stated above, at
nB ¼ 2n0 (dashed-dotted black curves), the equilibration is
leading by mUrca processes, but at nB ¼ 3n0 (solid black
curves), dUrca processes with electrons are allowed. For
dUrca processes with muons, we infer this temperature by
identifying the temperature where blue curves at L ¼
110 MeV cross each other.

VI. DAMPING TIMES OF DENSITY
OSCILLATIONS

In this section we determine the damping time associated
to the dissipative bulk viscosity in the presence of density
oscillations of frequency ω, which can be obtained after
evaluating [15,16]

τζ ¼
n2B

ω2ζðωÞ
∂
2ε

∂n2B

����
Xp;Xe

; ð46Þ

and thus, depends on the EoS used to model the neutron star
matter. In particular,with theuse of themetamodel,weobtain

∂
2ε

∂n2B

����
Xp;Xe

¼ 3nB−2n0
9n20

KþðnB−n0Þð2nB−n0Þ
27n30

Q

�
πX2

e

3nB

�
2=3

þβ2
�
2

3n0
Lþð3nB−2n0Þ

9n20
Ksym

þðnB−n0Þð2nB−n0Þ
27n30

Qsym

	

þ π4=3ðXp−XeÞ5=3

ð3nBÞ1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

μþ½3π2nBðXp−XeÞ�2=3
q : ð47Þ

for electrically neutral matter.

FIG. 11. Frequency-dependent bulk viscosity ζðωÞ as a func-
tion of the baryon density in multiples of the saturation density n0
in log scale at ω=2π ¼ 1 kHz and T ¼ 1 MeV (dashed lines) and
T ¼ 5 MeV (continuous lines). The red curves represent
L ¼ 50 MeV, while black and blue lines to L ¼ 70 and
L ¼ 110 MeV, respectively.
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In Fig. 12, we report the corresponding values of the
damping times for the cases studied in our temperature
profiles of the frequency-dependent bulk viscosity in Fig. 8.
First, we can note that damping times significantly decrease
with angular frequency. For all the cases reported, at
ω=2π ¼ 1 kHz damping times are at least one order of
magnitude higher than the ones obtained at ω=2π ¼
10 kHz where damping times are below the millisecond
scale (L ¼ 110 MeV at nB=n0 ¼ 1, 2, 3). Note that the
lowest values of the damping times obtained are not
necessarily correlated with the sets where bulk viscosity
is the strongest one. Particularly at nB ¼ n0 and L ¼
110 MeV (continuous green line) produces the lowest
damping times reported in Fig. 12 and the maximum value
produced in its bulk viscosity is one of the lowest ones
considered in Fig. 8. This effect is mainly associated to role
of the incompressibility of nuclear matter

κ ¼ 9nB
∂
2ε

∂n2B

����
Xp;Xe

; ð48Þ

which acts like a spring constant of dense nuclear matter.
The trend reported in Fig. 12 is also consistent with the
results in Figs. 12, 15, 17, 18 of Ref. [24].
Our results allow us to identity for which values of the

different set nuclear parameters and densities we may
expect to have the fastest damping of density oscillations,
ranging from a few milliseconds to hundred milliseconds at
ω=2π ¼ 1 kHz for the densities and temperatures consid-
ered, so as to evaluate whether the bulk viscosity might
have an impact on the dynamics of neutron star mergers.

VII. CONCLUSIONS

In this work we have set a formalism to study the bulk
viscosity when there are two out-of-equilibrium chemical
imbalances in the most possible general way, relating both
the second-order transport coefficients that appear in the
Burgers equation with the most commonly used frequency-
dependent bulk viscosity. Then we have studied the bulk
viscosity in the neutrino-transparent regime of neutron star
matter composed by neutrons, protons, electrons and
muons using a metamodel to describe its thermodynamics.
There is hope that the different nuclear parameters might be
constrained, not only with terrestrial experiments, but also
with different future astrophysical observations (see as
possible examples [72,73]). Fixing the nuclear parameters
would allow to fix the value of the viscosity. As emphasized
in Ref. [34], there is little linkage in most part of the
literature between computations of EoS and transport
coefficients for NS.
Our work should be viewed as an effort in the direction

to provide a unified microscopic description of neutron star
physics, and could be readily implemented in numerical
simulations of merger dynamics [74]. One should however
keep in mind that the metamodel is only expected to be
valid for densities not far away from the nuclear saturation
density, while in mergers much higher values might be
reached, which would then require a different modelization.
As in the postmerger phase temperatures much larger than
10 MeV can be reached, and then neutrinos get trapped, our
work should be generalized in that regime to describe those
stages of the merger. Let us here also stress that there are
very few simulations that include muons, and these studies
conclude that their effect is not negligible [75–77].
Our results are consistent with those of Refs. [23,24],

which were carried for two different microscopic models,
when some values of the nuclear parameters are similar,
and find that the presence of muons slightly increase the
value of the viscosity for fixed values of the different
parameters. However, we found new effects after exploring
the dependence of the viscosity on the slope of the
symmetry energy. We have studied the density threshold
for the opening of dUrca processes for electrons and muons
as a function of the parameters L and Ksym that describe the
nuclear symmetry energy. We have focused our study on L,
as Ksym is poorly constrained. However, our Fig. 3 suggests

FIG. 12. Damping times τζ as a function of the temperature T in
log scale at ω=2π ¼ 1 kHz (top panel) and ω=2π ¼ 10 kHz
(bottom panel) and nB ¼ 2n0 (dashed lines) and nB ¼ 3n0
(continuous lines). The red, black and blue curves represent
L ¼ 50, L ¼ 70 MeV and L ¼ 110 MeV, respectively. We also
include a solid green line to display the case nB ¼ n0 and
L ¼ 110 MeV.
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that it would also be interesting to explore its effect. For
every value of L there is a window of densities (those in the
shaded gray region of Fig. 2) where we might expect a
visible two-resonant peak behavior of the frequency-de-
pendent bulk viscosity. This is an effect entirely due to the
presence of muons, and absent when nuclear matter is only
composed of neutrons, protons and electrons, and which
has not been found out before. For low values of L this
effect is only noticeable at very high densities, but for
higher values of L it appears at values which are realized in
the core of a NS. The effect changes the bulk viscosity by
several orders of magnitude different from what one could
naively expect, and should lead to relevant effects in the
damping of density oscillations and of hydrodynamical
fluctuating modes, that we hope to explore in a near future.
This work makes use of SciPy [78], JUPYTER [79], and

Mathematica [80] software packages.
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APPENDIX A: THERMODYNAMICS OF
NUCLEAR MATTER INCLUDING ELECTRONS

AND MUONS WITH A METAMODEL EOS

Using the energy density in Eq. (2) we are able to
compute chemical potentials and susceptibilities at zero
temperature in terms of the nuclear parameters mentioned
above. The chemical potential of a particle species and
inverse susceptibilities are given by the thermodynamic
relations:

μa ¼
∂ε

∂na

����
s;nb≠na

; ðχ−1Þba ¼
∂μa
∂nb

����
s;nc≠nb

; ðA1Þ

with a; b; c ¼ n, p, e, μ and s the entropy density.

Using Eqs. (2) and (A1), we have

μn ¼ m − Bsat þ
K
2
x2 þQ

6
x3 þ SðnBÞβð2 − βÞ

þ nB
3n0

�
KxþQ

2
x2 þ β2

�
Lþ Ksymxþ

Qsym

2
x2
�	

;

μp ¼ m − Bsat þ
K
2
x2 þQ

6
x3 − SðnBÞβð2þ βÞ

þ nB
3n0

�
KxþQ

2
x2 þ β2

�
Lþ Ksymxþ

Qsym

2
x2
�	

:

ðA2Þ

For the susceptibilities, we obtain

ðχ−1Þee ¼
�

π

3ne

�
2=3

; ðA3Þ

ðχ−1Þμμ ¼
π4=3

ð3nμÞ1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3π2nμÞ2=3 þm2

μ

q ; ðA4Þ

ðχ−1Þnn ¼
2

3n0

�
KxþQ

2
x2
�
þ 2

nB
ð1 − βÞ2SðnBÞ

þ 2

3n0
β

�
1þ nB

n0
ð1 − βÞ

	

×
�
Lþ Ksymxþ

Qsym

2
x2
�

þ nB
9n20

½K þQxþ β2ðKsym þQsymxÞ�;

ðχ−1Þpp ¼ 2

3n0

�
KxþQ

2
x2
�
þ 2

nB
ð1þ βÞ2SðnBÞ

−
2

3n0
βð2þ βÞ

�
Lþ Ksymxþ

Qsym

2
x2
�

þ nB
9n20

½K þQxþ β2ðKsym þQsymxÞ�: ðA5Þ

and the crossed-susceptibilities

ðχ−1Þnp ¼ 2

3n0

�
KxþQ

2
x2
�
−

2

nB
ð1 − β2ÞSðnBÞ

−
2

3n0
β2
�
Lþ Ksymxþ

Qsym

2
x2
�

þ nB
9n20

½K þQxþ β2ðKsym þQsymxÞ�: ðA6Þ

with ðχ−1Þnp ¼ ðχ−1Þpn and the rest of them are zero.
Furthermore, the total pressure of the system can be

expressed as follows at linear order in deviations of the
chemical potentials
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P ¼ P0 þ
X
a

∂P
∂μa

����
μb≠μa;T;δμa¼0

δμa; ðA7Þ

where P0 is the pressure in chemical equilibrium and the
second term represents the out-of-equilibrium correction,
that is the bulk scalar Π

Π ¼ nðeqÞn δμn þ nðeqÞp δμp þ nðeqÞe δμe þ nðeqÞμ δμμ: ðA8Þ

In what follows, we will drop the equilibrium superscript,
to alleviate the notation. Initially, the four unknown
deviations of the chemical potentials in Eq. (A7) can be
reduced to two by imposing constraints to keep the system
local electric charge neutral and not to induce out-of-
equilibrium deviations to the baryon number density, that is
δnQ ¼ 0 and δnB ¼ 0. In this way, we get

δnp ¼ δne þ δnμ;

δnn ¼ −δne − δnμ; ðA9Þ

or equivalently

χapδμa ¼ ðχbe þ χbμÞδμb;
χanδμa ¼ −ðχbe þ χbμÞδμb: ðA10Þ

From Eq. (A10), we get δμn and δμp as a function of δμe
and δμμ.

δμn ¼ −
χ−1n ½δμμðχ−1Þee þ δμeðχ−1Þμμ�

ðχ−1Þeeðχ−1Þμμ
;

δμp ¼ χ−1p ½δμμðχ−1Þee þ δμeðχ−1Þμμ�
ðχ−1Þeeðχ−1Þμμ

: ðA11Þ

To simplify the formulas, it is convenient to define the
following shorthand

χ−1n ≡ ðχ−1Þnn − ðχ−1Þnp; ðA12Þ

χ−1p ≡ ðχ−1Þpp − ðχ−1Þnp; ðA13Þ

χ−11 ≡ ðχ−1Þee þ χ−1n þ χ−1p ; ðA14Þ

χ−12 ≡ ðχ−1Þμμ þ χ−1n þ χ−1p ; ðA15Þ

χ−13 ≡ ðχ−1Þee þ ðχ−1Þμμ: ðA16Þ

Note that we also write the resulting expressions in terms of
the inverse susceptibilities obtained in this Appendix. This
is done by employing the matrix of susceptibilities χba in
terms of the inverse susceptibilities

χba ≡

0
BBBBB@

ðχ−1Þpp=D −ðχ−1Þpn=D 0 0

−ðχ−1Þnp=D ðχ−1Þnn=D 0 0

0 0 1=ðχ−1Þee 0

0 0 0 1=ðχ−1Þμμ

1
CCCCCA;

ðA17Þ

with

D≡ ðχ−1Þnnðχ−1Þpp − ðχ−1Þpnðχ−1Þnp; ðA18Þ

the determinant of the submatrix that only contains the
diagonal and crossed terms of nucleons in the inverse
susceptibility matrix.
We use the definitions in Eq. (12) to get δμe and δμμ as a

linear combination of μ1 and μ2

δμe ¼ −
½ðχ−1n þ χ−1p Þðμ1 − μ2Þ þ μ1ðχ−1Þμμ�ðχ−1Þee

ðχ−1n þ χ−1p Þðχ−1Þee þ χ−11 ðχ−1Þμμ
;

δμμ ¼
½ðχ−1n þ χ−1p Þðμ1 − μ2Þ − μ2ðχ−1Þee�ðχ−1Þμμ

ðχ−1n þ χ−1p Þðχ−1Þee þ χ−11 ðχ−1Þμμ
; ðA19Þ

Finally, using Eq. (A8) we get Eq. (33) with the
coefficients Π1 and Π2 given by

Π1 ¼ ½−ðχ−1n þ χ−1p Þneðχ−1Þee þ ðχ−1n ðnn þ nμÞ
þ χ−1p ðnμ − npÞ − neðχ−1ÞeeÞðχ−1Þμμ�=½ðχ−1n þ χ−1p Þ
× ðχ−1Þee þ χ−11 ðχ−1Þμμ�;

Π2 ¼ ½χ−1n ðne þ nnÞðχ−1Þee þ χ−1p ðne − npÞðχ−1Þee
− nμχ−11 ðχ−1Þμμ�=½ðχ−1n þ χ−1p Þ
× ðχ−1Þee þ χ−11 ðχ−1Þμμ�: ðA20Þ

APPENDIX B: TRANSPORT COEFFICIENTS IN
NUCLEAR MATTER

In this section, we provide the explicit expressions for
the calculation of the transport coefficients in terms of
susceptibilities, particle number densities and electroweak
rates. First, the relaxation times are given by

2τ−1� ¼ �fðλ1χ−11 þ λ2χ
−1
2 þ λ3χ

−1
3 Þ2 − 4Qðλ1; λ2; λ3Þ

× ½ðχ−1Þμμðχ−1n þ χ−1p Þ þ ðχ−1Þeeχ−12 �g1=2
þ λ1χ

−1
1 þ λ2χ

−1
2 þ λ3χ

−1
3 : ðB1Þ

here we employ the sum of pairwise products
Qðx; y; xÞ≡ xyþ yzþ zx.
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The bulk viscosity components have a complex and long expressions in terms of the combination of susceptibilities
define above and particle number densities. Instead, we write ζ and ξ and the bulk viscosity components can be obtained
using the expressions Eq. (38) together with Eq. (B1)

ζ¼ 1

Qðλ1;λ2;λ3Þ½ðχ−1n þχ−1p Þðχ−1Þeeþχ−11 ðχ−1Þμμ�2
f½χ−1n ðneþnnÞðχ−1Þeeþχ−1p ðne−npÞðχ−1Þee−nμχ−11 ðχ−1Þμμ�

× ½ðχ−1p neλ1þχ−1n ðneþnnÞλ1þχ−1n nnλ3−χ−1p npðλ1þλ3ÞÞðχ−1Þee− ðχ−1n ðnμλ1−nnλ3Þþχ−1p ðnμλ1þnpλ3Þ
þnμλ1ðχ−1ÞeeþðneþnμÞλ3ðχ−1ÞeeÞðχ−1Þμμ�þ ½−ðχ−1n þχ−1p Þneðχ−1Þeeþðχ−1n ðnnþnμÞþχ−1p ð−npþnμÞ−neðχ−1ÞeeÞðχ−1Þμμ�
× ½−ðχ−1n neλ2þχ−1p neλ2−χ−1n nnλ3þχ−1p npλ3Þðχ−1Þeeþðχ−1p nμλ2þχ−1n ðnnþnμÞλ2
þχ−1n nnλ3−χ−1p npðλ2þλ3Þ− ðχ−1Þeeðnμλ3þneðλ2þλ3ÞÞÞðχ−1Þμμ�g; ðB2Þ

and

ξ ¼ 1

Qðλ1; λ2; λ3Þ½ðχ−1n þ χ−1p Þðχ−1Þee þ χ−11 ðχ−1Þμμ�2
fðχ−1Þee½ðχ−1n nn − χ−1p npÞ2 þ ðχ−1n þ χ−1p Þn2eðχ−1Þee�

þ ½ðχ−1n nn − χ−1p npÞ2 − 2ðχ−1n nenn þ χ−1n ðne þ nnÞnμ − χ−1p ðneðnp − nμÞ þ npnμÞÞðχ−1Þee þ n2eððχ−1ÞeeÞ2�
× ðχ−1Þμμ þ n2μðχ−1n þ χ−1p þ ðχ−1ÞeeÞððχ−1ÞμμÞ2g: ðB3Þ

Note that in this manuscript all our numerical results were
obtained taking λ3 ¼ 0, and thus both the expressions of the
relaxations times and partial viscosity coefficients simplify
as compared to the general expressions we provide in this
Appendix.
The resulting expression in Eq. (42) is consistent with

the result reported in Eq. (46) of Ref. [24] with the
following identifications

n1 ¼
ζþ þ ζ−
ðτþτ−Þ2

;

n2 ¼
ζþ
τ2þ

þ ζ−
τ2−

;

d1 ¼
1

τþτ−
;

d2 ¼
�
τþ þ τ−
τþτ−

�
2

: ðB4Þ

We have checked that our expressions reproduce the
values of the above parameters given in Eqs. (47)–(50) of
Ref. [24] for λ3 ¼ 0.

APPENDIX C: PEAK VALUE OF THE BULK
VISCOSITY

It is not easy to determine analytically peak values of
the frequency-dependent bulk viscosity, except in some

limiting situations. Taking λ3 ¼ 0 and if we further assume
that muon densities are frozen we find

lim
λ2→0

ζðωÞ ¼ λ1C2

λ21ðχ−11 Þ2 þ ω2
; ðC1Þ

where C≡ neðχ−1Þee − nnχ−1n − npχ−1p , which matches the
expression of the bulk viscosity of nuclear matter com-
posed only of neutrons, protons and electrons [26]

lim
λ2→0

ζðωÞ ¼ C2

χ−11

γeðTÞ
γ2eðTÞ þ ω2

; ðC2Þ

with γeðTÞ≡ χ−11 λ1ðTÞ. In the temperature regime consid-
ered, it is correct to take the EoS at T ¼ 0 so that all the
temperature dependence is on the rates, and thus on γeðTÞ.
In this case it is easy to find that the peak value of the
viscosity occurs at ω ¼ γe, and then [26]

½limλ2→0ζðωÞ�max ¼
C2

2χ−11 γe
: ðC3Þ

Finding the peak values of the bulk viscosity (44) as a
function of T does not allow us to find such a simple
expression, as all the second-order transport coefficients
depend on T. Numerical values of the peak values are
however found in the manuscript.
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