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In relational quantum dynamics, evolution emerges via the correlations between some system of interest
and a clock system, which plays the role of a temporal reference frame. Here, we investigate the interplay of
two aspects, namely, temporal localization and causal relations, when comparing emergent dynamics with
respect to different choices of clock. We first explore the extent to which two clocks can agree on the
temporal localization of events. Then, focusing on the operational notion of causality, we require a clearly
defined notion of interventions, i.e., quantum operations, and consider two different approaches to
modeling these operations within relational dynamics. The first considers their application via the choice of
solutions to the constraint equation, i.e., the choice of which “history” is considered. The second approach
incorporates the operations into the constraint equation itself and thereby into its solutions, giving a
dynamical picture of the interventions. From the perspective of a single clock, both approaches allow for a
notion of operational causality in relational dynamics. However, for multiple clocks, only the second
approach gives a consistent picture regarding causal relations, while necessarily manifesting some degree
of temporal delocalization between frames. Moreover, this second approach, when considering certain
cases of temporal delocalization, naturally describes scenarios with indefinite causal order, a well-known

quantum feature of operational causality.
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I. INTRODUCTION

By describing the properties of one quantum system
relative to another, treated as a quantum reference frame
(QRF), we can construct a relational picture of physics that
eliminates reliance on idealized background structures, thus
making explicit the physical encoding of otherwise
“unspeakable” information such as optical phase or
classical spacetime coordinates [1]. When applied to time,
in particular, this perspective offers a compelling route for
addressing the “problem of time” in canonical quantum
gravity [2—4]. More broadly, QRFs provide a platform for
constructing theories in which space and time emerge from
the relations among physical systems, breathing new life
into the longstanding philosophical debate between the
relational and the substantivalist understandings of
spacetime [5-7].
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However, the pursuit of this program raises significant
challenges. Unlike classical reference frames, different
choices of QRF can lead to radically different descriptions
of physical systems, which in the context of temporal QRFs
is known as the “multiple clock problem” [4]. Crucially,
different choices of clock lead to different tensor factoriza-
tions of the Hilbert space and in some cases to the loss of
distinction between subsystems [8]. While one may adopt a
fully clock-neutral perspective and interpret these problems
as simply features of a relational world, the operational
comparison of events in different frames remains an open
problem [9], particularly since the joint temporal local-
izability of events required for such a comparison seems
to be ruled out by the gravitational interaction [10]. Indeed,
this issue becomes especially acute in a gravitational context,
as spacetime geometry is (up to a conformal factor) deter-
mined by the causal relations of the events comprising that
spacetime [11], leading to the hypothesis that quantum
gravity extends quantum indeterminacy to causal structure
itself [12—16]. How, then, can causal structure be understood
within in a fully relational quantum framework, and how can
itbe compared across reference frames, particularly given the
lack of joint localizability mentioned above?.

A subtlety arises here due to inequivalent but over-
lapping notions of causality. Relativistic causality is
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associated with the situation of events in the past and
future light cones of each other, expressed in the context
of quantum field theory via microcausality conditions, i.e.,
the commutation or anticommutation of observables at
spacelike separations. In contrast, information-theoretic
approaches define causality in operational terms via the
correlations between inputs and outputs of a given process
(e.g., the dynamical evolution of some system), for exam-
ple, by considering the effect of interventions on a
given input to the process [17-19]. The study of indefinite
causal order is situated within a similarly operational
setting [14,15]. The difference between the two notions
of causality is highlighted by the fact that a processes
exhibiting indefinite causal order in the operational sense
can be embedded in a fixed spacetime [20,21].

Some first steps have been made in the study of causal
relations in a relational setting, such as in recent work
exploring how the identification of spacetime points
becomes frame dependent in quantum gravity [9] and how
the definite or indefinite character of causal order, defined
through proper-time differences between worldline intersec-
tions, remains invariant under changes of quantum reference
frame [22]. In the context of field theory, a relational
description can provide an alternative to [23], or a means
to recover [24,25], relativistic microcausality conditions.

Here, we focus on the operational notion of causality,
asking how to apply it into the context of relational
dynamics, and studying how this intersects with the
problem of temporal localization. We adopt the relational
picture afforded by the Page-Wootters formalism [26-28],
whose equivalence to other formalisms for relational
dynamics has been explored in [29-31]. In this framework,
we investigate the extent to which different reference
frames can agree about the temporal localization of an
event and how they can disagree about the direction of time
and the ordering of operations. Interventions form a key
element of the operational approach to causality, and we
consider two possible relational representations thereof:
first through the choice of physical state, analogous to
specifying initial conditions, and second through (emer-
gent) dynamical processes incorporated into the constraint.
We show that the former supports a causal interpretation
relative to a single clock but generally fails to preserve that
interpretation across temporal reference frames, whereas
the latter avoids this limitation and can also describe
instances of indefinite causal order.

We begin by briefly reviewing the Page-Wootters for-
malism in Sec. II. In Sec. III, we discuss in more detail the
concept of time delocalization when dealing with multiple
temporal reference frames, and in Sec. IV, we examine
whether the order of operations can be reference-frame-
dependent. In Sec. V, we review the operational approach to
causal relations before presenting a naive attempt to
incorporate it into relational dynamics, showing in
Sec. VB how this attempt turns out to be problematic

when comparing the perspective of different clocks.
Consequently, we discuss how clock-system interaction
terms in the constraint operator can model timed inter-
ventions in the Page-Wootters formalism in Sec. VI. This
not only allows us to fully incorporate standard operational
causality into relational dynamics but also for describing
instances of indefinite causal order. Finally, we discuss our
results in Sec. VIL.

II. THE PAGE-WOOTTERS FORMALISM

The Page-Wootters formalism describes the evolution
of one or more quantum systems in relation to another
one, which acts as a temporal reference frame, i.e., a
clock [26-28]. Dynamics emerge from a Wheeler-DeWitt-
like constraint equation as we explain below. We then
discuss important aspects of considering multiple clock
systems with respect to which relational dynamics can be
obtained and how the evolution depends on which clock
one chooses as the reference frame.

A. Evolution relative to a single clock

The Page-Wootters formalism was introduced in response
to the problem of time in canonical quantum gravity [3,4],
whereby the wave function of the universe is stationary.
Given a so-called kinematical Hilbert space C and a con-
straint operator C (identified with the Hamiltonian) defined
thereupon, the physical states are the solutions of a con-
straint, i.e., Wheeler-DeWitt equation [32],
Cle) =o. (1)
We denote the physical Hilbert space, comprised of the
set of all such [¥)), by H,y.. Let us for now consider a
simple toy setting, namely, where the kinematical Hilbert
space K is composed of the Hilbert spaces of some system S,
whose evolution one is interested in, and that of a clock C,
ie., K="Hc® Hg. Moreover, consider a constraint
Hamiltonian which separates into clock and system terms
H and Hj, respectively,

(Aj = IA{ C + [,'\I S (2)
where, for ease of notation, we neglect tensor factors of
identity throughout this work, except where their inclusion is
illustrative. For so-called ideal clocks, one can define a self-
adjoint operator 7' via [H,T] =i, which can then be
expressed in terms of its (improper) eigenstates |t>,1

'More generally, outside of the ideal setting, one defines time
states and their corresponding nonprojective positive operator
valued measure via a covariance condition [29,33]. While we
later relax some of the assumptions introduced in this section, we
maintain the assumption of ideal clocks throughout this work,
unless stated otherwise.
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c (3)

T= / drt|)(t

where ¢ is the parameter time of the clock C, and where
e Hc!|t) = |t + 1'). Since the vectors |f) form a basis, we
can expand the solutions to the constraint equation as
follows:

Wy = / dtft)elyc(0))s. (4)

where |y|c(7)) = (z|'¥)) are the conditional states of the
system corresponding to the clock reading t = 7. Throughout
this work, we use ¢ as the label for elements of the basis of
time states and 7 in the case where we refer to a specific
element of this basis, e.g., when describing conditional
states. We use the subscript “|C” to denote that a quantity
is being described relative to C. While the solutions to the
constraint equation are static, the conditional system states
evolve relative to the clock times given by 7. For a constraint
Hamiltonian in the form of Eq. (2), this relational evolution is
given by the Schrodinger equation. To see this, first note that
we can find solutions to the constraint equation by averaging
over the group generated by C,

=60l =y [ dse 9

where |¢) is an arbitrary state from the kinematical Hilbert
space /C, and 5(@) is an (improper) projector onto the
physical Hilbert space H,ys. Note that, when constructing
physical states in this manner, the inner product on H,, can
be written as (¥|¥)pnys = (#16(C)1¢) = (#¥) (see [29]
Sec. IV A for a detailed discussion). Further note that 5(C) is
many to one,;i.e., there are multiple |¢) € K that give rise to
any given state |¥)) € Hypys.

We now examine how the representation of kinemati-
cal states in a time basis relates to the form of the
associated physical states. To wit, using the eigenstates
of T, we can write an arbitrary kinematical state as
|p) = [ dif,p(1.2)|1)¢|A)s, where A labels an arbitrary
basis of Hg and ¥ indicates either a sum or an integral
according to the discrete or continuous nature of this basis.
The constraint operator in Eq. (2) then leads to

= [ dsatles )Y ot pe s (6)

we(e) = {612y =Y [ttt (3} and
i (o) =Bl (), )

where the conditional states |y|-(z)) belong to a Hilbert
space which we denote H|c. Note that, despite the

possibility of correlations between clock and system in
the kinematical space, Eq. (5) yields the same physical state
as in Eq. (6) when we take a (non-normalizable) kinemati-
cal state of the form |¢) = |#o) c|¢bo) g With 1, arbitrary.” As
long as |¢)g is normalized in Hg, this gives normalized
physical and conditional states. More concretely, Egs. (6)
and (7) become

1 .
)= [ dslio +shce i)y, (8)

wic(z)) = e s |ghg) 5. ©)

In the following sections, we use the above form of
kinematical state to generate examples of physical (and
therefore conditional states).

More generally, one may consider a constraint operator
which couples the clock and the system,

C:HC+HS+Hint- (10)

We can again express the physical state as in Eq. (4),
although the conditional system states, in general, no
longer evolve according to the Schrodinger equation. As
shown in [34], if (W|[|7)(t| ® 15, Hyy]|¥) = 0, the system
S evolves according to a modified Schrédinger equation
instead, which still corresponds to unitary relational
dynamics.

B. Relational dynamics with multiple clocks

We now discuss the Page-Wootters formalism with
multiple clocks, i.e., the scenario where there are multiple
quantum systems that we may choose as temporal reference
frames, and review how to change between these different
frames. We therefore consider the kinematical Hilbert space
K = ®;H¢, ® Hs and constraint operators of the form

C: ZﬁlCi +Hrestv (11)

where H . can act on systems other than the clocks as well
as contain coupling terms. We can now apply the consid-
erations from Sec. I A to each clock individually. For a
given choice of clock, say C;, the solutions to the constraint
in Eq. (1) can be written as

1

= [ diltdelvio e, (12)

where |;) is the eigenstate of a time observable associated
with clock C;, as in Eq. (3). The subscript =C; denotes the
Hilbert space containing everything but the clock C,, i.e.,

A fThis follows from identifying |¢g) = e""“ﬂsﬁl Jr dtg(t,2)x
e”HS M’)S
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®izi He ® Hg. One can again define the conditional
states |y, (7;)) = (7;|¥)), which give the evolution of
everything but clock C;, described with respect to C;.
Assuming that (P|[|7;)(t;] ® Ts, Hyey]lw) = 0, this state
then evolves unitarily.

Scenarios described by the constraint operator in
Eq. (11) will give rise to different evolutions when
conditioning on different clocks. In other words, the chosen
clock system is a temporal reference frame, and the induced
relational dynamics are frame dependent. In order to
change from one frame to another [35,36], we describe
the Page-Wootters formalism in terms of reduction maps,
as in [29]. The map,

Ri(7;) = (zilc, ® T-¢, (13)

takes states from the Hilbert space of the solutions to the
constraint equation H,, to the space of conditional states
of clock C; at time t; = 7;, whose Hilbert space we denote
H,c,- Note that since we are considering only ideal clocks
here, the latter space admits a factorization along kinemati-
cal lines, i.e., Hjc,~ ®ix He @ Hs [8], as we discuss in
more detail below. On the other hand, the inverse of the
reduction map,

Ri' (7)) = 8(O)|zi)e, ® Tc.s (14)

takes a conditional state of clock C; back to the corre-
sponding solution of the constraint equation. We then
combine such maps to change between two temporal
reference frames, see Fig. 1. Changing from the frame
of clock i to that of clock j is thus achieved via the map,

Sinj(tint;) = Ri(t) Ry (7). (15)

which takes conditional states |y|c,(7;))-c, to conditional
states |y|c, (7;))-c, = Si~(ti. 7)) W|c, (7)) ~c,- Similarly to
the conditional states, an observable ¢, relative to C;
transforms under the change of temporal reference frame to
the observable O|cj =380, Sj_, ; (Where we have omit-
ted the 7; and 7; labels for simplicity). As discussed in [8],
conditioning on different clocks will induce different sub-
space structures for the remaining Hilbert space. We
illustrate below how this leads observables local to a
certain subsystem when described according to one clock,
to become nonlocal (i.e., acting on multiple subsystems)
when described according to another clock [8].

Consider, for example, two clocks C; and C,, and a
system S comprised of three subsystems, i.e., Hg =
Hs ® Hp @ He, and no interactions between the clocks
and S. In this case, we are guaranteed that

lo) |
l 5(C)
|w))
R (7) R;j(75)
|¢|Ci (7)) m |"/}\C’j (75))
Hie

J

FIG. 1. The relationship between the kinematical, physical, and
two conditional Hilbert spaces corresponding to the reference
frames of clocks C; and C;. To transform from the reference
frame of C; to that of C;, one first applies the inverse of the
reduction map R;(z;) which gives the conditional states of C;.
This takes us to the Hilbert space of solutions to the constraint
equation, namely, Hp,. One then applies the reduction map
R (z;), which is used to obtain the conditional states with respect
to clock C;. In total, this gives the frame change map S,_,;(7;.7;)

J
according to Eq. (15).

Hic, = Hajc, @ Hpic, ® Heje, = Haje, ® Haie, ® Hec,
~ H|C27 (16)

and that the individual subspaces are isomorphic to one
another, Hy|c, @ Hy|c, for X =A, B, C (note that in
general, for nonideal clocks, this does not hold).
Importantly, however, despite their isomorphism, Hy,c,
and Hyc, are distinct spaces, whose corresponding alge-
bras of observables do not coincide (see Theorem 1 in [8]).

Nonetheless, if the clocks are ideal, interactions between
subsystems do not change in the following sense. Consider,
for example,

é:HC1+HC2+HA+HB+HC+I:IBC’ (17)

where the system Hamiltonian consists of the free evolution
of A, B and C and a coupling term between B and C. Noting
that for both cases i = 1, 2, the constraint C consists of A G
plus some term not acting on H, and one can therefore
apply the formalism in Sec. Il A to condition on either
clock C;, finding that the conditional state |y c,(t;))-c,
evolves according to the Hamiltonian,

H e, = I:Ic,|ci +Hye, +Hpe,+Hee,+Hpee,. (18)

with j = 1, 2 and j # i, and where the Hamiltonians A x|C;
act only on Hyjc,, and H Bc|c, correlates subsystems B|C;
and C|C;. Hence, in either reference frame, subsystems B
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and C are coupled to one another but not to the other
systems. However, we stress that I:Iﬂclw] # I:Iﬂcz‘cz, in

general, unless [H + Hc, Hg] = 0, a fact which follows
from Corollary 4 of [29]. This may seem counterintuitive,
but one should recall that writing H ¢, |c, Or H -G,|c, in the
form of Eq. (18) corresponds to two different factorizations.
To summarize, despite the different notion of subsystems in
the two frames, the structure of subsystem interactions is
frame independent when the clocks in question are ideal
and do not interact with the systems that they are used to
describe.

Considering on the other hand an observable O, , which
in the frame of C; acts only on subsystem C,

Oic, = Te,aic, ® OC|C]7 (19)
we find that according to clock C, this observable acts as
Oic, = 3142(71’Tz)o\clsflz(ﬁ,fz)

- / ds|y + 5}y + sle, ® T, ® Ole(s). (20)
R

where O};C(S) :e—is(1:13+1:IC+I:IBC ( B®0 ) is H3+HC+HBC)

Thus, not only does observable O, act nontrivially on both
subsystems B and C (as a consequence of the coupling term
H gc in the constraint) but also acts on clock Cj. In
particular, Eq. (20) shows that an observable which acts
independently on some tensor factor according to clock C,
is seen by clock C, to be correlated with the time
observable of clock C;.

III. A LIMIT TO JOINT TEMPORAL
LOCALIZABILITY AND CLOCK
SYNCHRONIZATION

We saw above how, in the multiple-clock scenario, the
Page-Wootters formalism leads to reference-frame-depen-
dent relational dynamics. Importantly the relational evo-
lution of one clock with respect to another includes some
necessary time delocalization, even in the absence of clock-
system interactions (cf. [10], which examines the time
delocalization induced by clock-system interactions).
Consider the simplest example of a multiple-clock sce-
nario, namely, two clocks C; and C, and a third system S,
ie, K="H¢ ® He, ® Hg. When generating a physical
state according to Eq. (5), we can follow a similar
procedure to the one used in Sec. I A and write an arbitrary
kinematical states |¢) € K in the form

- / dndrzilco(rl,rz,z)voqrz>c2|z>s, (1)

where ¢(t,, t,, ) encodes the correlations between the two
clocks C; and C,, as well as with the system S, and as
before, A labels an arbitrary basis of H. If there are no

coupling terms between the clocks and the system, i.e.,
C=H c T H c T H;, the corresponding physical state is

1
) = 277-'/R{ ds dtldl‘zy_:fﬂ(ﬁ’ t, )|ty +5)¢, 1t + )¢,

x e~ishs| ) o. (22)

Recalling that we can write the inner product on the
physical Hilbert space in terms of projectors onto the time
eigenstates [29,34],

(PIY)) phys = CP|(|71) (71| @ T, ®T5) [P
=(Y|(T¢, ®|02) (2| @ T5)[¥) V71,72, (23)

we see that normalizability of the physical states implies
normalizability of the corresponding conditional states, i.e.,
that (yc.(7;)|w|c,(7;)) < oo, for all clock times 7; and
ie{l,2}. As we show now, this implies the impossibility
of perfectly synchronized clocks. By perfect synchroniza-
tion, we mean that there is effectively only one time
parameter simultaneously determining the time states for
both clocks, i.e., ¢(t,1,4) = @(t;,4)5(t; — t,) for some
function (1, 1), giving a kinematical state of the form

= [pdrL,o(t.2)|1)¢ 1), |14)s. Applying this condition
to Eq. (22) does not lead to normalizable physical
states since their inner product is proportional to the &
distribution,

|‘~I’)}— /dsdti ()|t +s)c, 1t +5)c,

—ISHS M

1
(P Do = 5 / dsaat Y (. 2p(0.2)
T JR ywa

x 8% (t+ s — 1) (A |e™Hs)|2)  5(0). (24)
Thus, since {¥|¥)pnys diverges, the conditional states
obtained from |¥)) are not normalizable at all clock
times: (y ¢, (7:)|y|c,(7;)) x6(0) ¥V 7;,i =1, 2. Hence,
normalizable physical states—and consequently condi-
tional states—require that in the frame of one clock another
clock is necessarily time delocalized to some extent.

As in Sec. II A, for the case of a single clock system,
we can generate examples of physical states from (non-
normalizable) kinematical states of the form [¢) =
lto)c, [ dto(t.10)|t) ¢, |o)s. Now ¢(t.1y) describes the
time delocalization of C, conditioned on C| being in state
o). We have then “shifted” the necessary time delocal-
ization to clock C, only. To simplify things further, we
choose #, = 0 and denote ¢(7) = ¢(z,0) in what follows. If
we then want the clocks to “read the same time at t = 07,
the function ¢(¢) should be sharply peaked around 0.
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Since the divergence in Eq. (24) arises due to our
assumption of ideal clocks, one may ask if the limit to
clock synchronization continues to hold outside of this
assumption. Consider for a moment nonideal clocks, such
that y(t — 1) := (t|t') # 6(t — 1) (see [29], Sec. III). In the
cases where y(0) is finite, e.g., continuous-spectrum clocks
with a doubly bounded spectrum or discrete-spectrum
clocks with a spectrum bounded below, we can normalize
the physical states |¥)) in Eq. (24). However, in each
temporal reference frame, the other clock will still appear
delocalized in time; ie., |yc,(7;)) = (7;|¥)) does not
contain a sharp value on clock Cjy;.

IV. FRAME-DEPENDENT EVOLUTION
AND ORDERING

We now investigate the extent to which relational
dynamics permits disagreement between reference frames
about the direction of time and the ordering of operations.
We consider a simple example which illustrates the limited
extent to which these features are permitted. Consider the
above scenario of two ideal clocks and a system S, where
now the two clocks run in opposite directions, which is
equivalent to writing

C=He - He, + Hy. (25)
As discussed in Sec. III, we can describe the situation
where the two clock are approximately synchronized at
t = 0 by using Eq. (5) and a kinematical state of the form
1#) = lts = O)c, [ dig(n)]1)c|do)s, where (1) is sharply
peaked around ¢ = 0, giving the following physical and
conditional states:

1

) =5 [ dsdrp01e10)c I o)y

1 LA
=5 ds dig(t)|s)c, |t — s)c,e s |dg)g.  (26)
7 Jr

|lI/|c, (Tl)> = <Tl|lp»

- / dr (1) = 71) e, go)s. (27)

|W\CZ(T2)> = (1,|'P)

- / drp(1)]t = 72)c, I y)s, (28)

where we can see that the two different clocks observe the
system evolving in two different directions in time; i.e., the
two frames are defined such that their clocks run in
opposing directions. However, the temporal correlations
between the system and the remaining clock are different in
the two reference frames due to the time delocalization. In
particular, despite choosing opposing clocks in this manner,

we do not obtain frames which are a perfect time reversal of
each other. To understand this better, let us consider the
dynamics of the system alone in each temporal reference
frame, i.e.,

Ps|c, (1)) = Trcz(|1//|c, (1) )><l//\c, (7))

= e~ lgho) (holse™ . (29)
Ps|c, (12) = Tre, (|l//|c2 (Tz)><l//\c2 (72)])

- / (D)2 0s| g0 (ol s

= emm/’s‘c2 (O)e_ifzﬁs' (30)

These are the reduced states of the system according to the
two clocks, showing the opposing directions of time as well
as time delocalization in the frame of clock C,. However,
recalling that ¢(r) is sharply peaked around ¢ =0, we
obtain at initial time 7, =7, =0,

psic, (0) = |go)(¢ols and
psic,(0) = /dt|(p(t)|2e—i’Hs|¢O><¢O|S€nﬁ5

= o) (ols + 2. (31)

where &= [ di|g(r)[Pe™"s|ho) (olse™s — |dho) (dols is
such that [(ygc,|lysic,)| <1V |wgc,) € Hgc,- While
the difference between the states according to the two
clocks at 7; = 7, = 0 can, in principle, be arbitrarily small,
if the system S exhibits the quantum analogue of the
“butterfly effect” in classical chaotic systems [37], then this
difference will be exponentially amplified over time. For
large enough S, this eventually results in an unavoidable
distinction between the past of S according to clock Cy, and
the future of S according to clock C,, despite the fact that S

— 2 ith 3
evolves under e~s for C; and under e'#s for C,.

3Given the connection between quantum chaos and the
emergence of thermal behavior [38], we speculate that it is
extremely unlikely (strictly speaking, “atypical”) for two clocks
to be capable of disagreeing about the thermodynamic arrow of
time. For example, if |¢hg) (¢ |5 corresponds to a many-body state
whose subsystems have recently thermalized [38], then according
to the description relative to clock Cy, the time-reversed evolution
of |¢ho){¢ho|s entails those subsystems going from thermal to
athermal, say at some time —7’. Now, since S begins in the state
|o) (¢po|s + & relative to clock C, and since nonequilibrium states
are highly atypical [39], the exponentially divergent paths of
|o){dols and |py){¢o|s + & under the application of the unitary
operation e/”s suggests that it is extremely unlikely that the
subsystems of pgc, (7/) are out of thermal equilibrium. Further
investigation is needed to determine whether this intuition holds.
For an in depth discussion of the reference-frame dependence of
thermodynamic properties, see [40].
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Outside of the chaotic case discussed above, one can
ask if it is possible to contrive an example where the
two clocks not only see the same initial state evolve in
different directions in time but in fact see events occur-
ring in opposite orders. One way of defining events quan-
tum mechanically is by the application of quantum
operations or completely positive trace nonincreasing
(CP) maps—see Sec. V below. Consider two such oper-
ations, £, and &g, whose Stinespring dilations can be
written as £, [] = Try (U, (- ® |ag)(ao|4)U}) and E4[] =
Trp (Up(- ® |bo)(bo|p)Ug). Ts it then possible for the
clocks C; and C, to assign different orders to these
operations, e.g., that C; sees the evolution as Ezo0&,
acting on some initial state, while C, sees this as
Ep0&p acting on the same state? As we discuss in
Appendix A, such a clock-dependent ordering only appears
(approximately) in the relational picture described above if
the unitary component of the Stinespring dilation of £, and
Ep is time-reversal invariant (i.e., Hermitian).

V. OPERATIONAL CAUSALITY AND THE
PAGE-WOOTTERS FORMALISM

As stated in Sec. I, we study how the operational notion
of causality, which considers causal influences in terms of
quantum operations [15,41-43], can be embedded in the
Page-Wootters formalism. A quantum operation can caus-
ally influence another operation if we can detect the
application of the former via the latter. After briefly
presenting this operational approach to causality in quan-
tum theory, we show how a first, ad hoc attempt of
incorporating it into the Page-Wootters formalism breaks
down when considering multiple temporal frames, i.e.,
clock systems.

A. The operational approach to causal relations

Operational causality identifies causal influences with
signaling correlations between quantum operations. A
quantum operation is a CP map M on quantum states,
potentially producing a classical outcome. If some hypo-
thetical agent A, by applying operation M, can affect the
probability associated with the outcome of operation Mg,
applied by a hypothetical agent B, then we say that A can
causally influence B. Whether this is possible will, of
course, depend on the underlying dynamics of the quantum
systems that these agents act upon, as encoded in the map
connecting the output of A’s operation to the input of B’s
operation.

More concretely, let us consider some dynamical process
represented by &, which, in general, is a completely positive
trace preserving (CPTP) map and for convenience (and, in
particular, compatibility with the Page-Wootters formal-
ism) can be dilated to a unitary using ancillary systems. We
can investigate its causal properties by considering the
scenario depicted in Fig. 2. At an initial time ¢;, we apply
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FIG. 2. Operational causality. Let a collection of quantum
systems A, B, ... evolve according to the CPTP map £. We say
that the input system A signals to the output system B if there
exist a local map M, on A and an observable Oy on B such that
the application of M, can be detected via Op. Signaling can
occur if the reduced state pp of the output on B differs depending
on whether M is applied or not.

one from a set of quantum operations {M}}; to a
subsystem A. Later, at a final time 7, > #;, we apply an
operation M, which for simplicity we assume to be the
measurement of some observable Op, to a different sub-
system B, obtaining some outcome b. If we then find that

p(b| M) # p(blMY), (32)

where i # j denote different maps on A, then the choice of
map by agent A can be detected via the outcomes obtained
by agent B. Agent A is therefore in the causal past of agent
B. To further simplify matters, we compare the application
of an operation M at ¢; to the case where no operation is
applied, i.e., {M’}; = {14, M4 }. More concretely, given
an initial state p(#;) € B(H, ® Hp ® ...) and the evolution
&, when investigating the causal relation between A and B,
we compare

pp(ty) = Trp(Elp(1))), (33)

where Tr_p denotes the trace over all subsystems except
B, to

pp(tr) = Trp(E[(Ma ® T-4)p(1;)]).- (34)

Thus, pp(ts) and pg(t;) correspond, respectively, to the
cases where, prior to the evolution &, an intervention on A
takes place or not. If these two states of B are different,

pg(tr) # pg(ts), then there exists an observable 0y =
>, bI15 whose outcome probabilities depend on whether
or not the operation M, has been applied to A at 7,, i.e.,

p(bnointervention) = Tr(I}pp(t;))
=Tr(1 @ ME[p(1;)]).  (35)
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Operational causality within the Page-Wootters formalism: (a) The solution to the constraint equation determines the unitary

evolution U ¢ relative to clock C. By tracing out the ancilla system X, we obtain the CPTP map & we want to study. (b) The operation
M, at some initial time can be absorbed into the choice of kinematical state used to construct a particular solution to the constraint
equation [W4) = R (1;) M (1;|¥)) giving conditional states |y/‘AC(t)> = (t]¥4) = Ujc(r — ;) M (t;|¥). The probabilities for the

outcomes of observable Op at time t; can then be calculated from the respective conditional state |z//|AC(tf)>. Investigating causal

properties then, in general, means comparing said probabilities for different operations M, and M respectively.

# Tr(1 @ EE[M, ® 1p(1))]) = TY(H?;/_’B(Zf))

= p(blintervention), (36)
meaning that an agent A can signal to another agent B by
choosing whether or not to apply operation M ,. A simple
illustrative example with two qubits can be found in
Appendix B.

B. A breakdown of operational causality
in relational dynamics

We now describe a naive embedding of operational
causality into the Page-Wootters formalism and show its
failure in the multiple-clock setting. First, note that any
dynamical evolution, i.e., the CPTP map &, can be repre-
sented relationally via a constraint Hamiltonian as in Eq. (2),
where an ideal clock C acts as the temporal reference frame,
in the following manner. The subsystems A, B, ..., and if
necessary an additional ancilla system X, are combined into a
single kinematical system Hg~H, Q@ Hp ® ... ® Hy,
with Hamiltonian Hy, leading to the relational evolution
with respect to clock C given by

Uc(1) = e, (37)
which is such that U|-(A¢) is a unitary corresponding to a
Stinespring dilation of the CPTP map £ in Fig. 2. We can then
choose a kinematical state |tg)c|¢g)g and, following
Sec. I A, write an arbitrary solution to the constraint
equation as

1 .
) =5 [ dslto +s)ce i)y, (38)

with

wic(0))s = (t1¥) = Uic(t = 1) o) s, (39)

such that Try (U|c(A1)|¢ho) {ho| U (A1) = E[p], where p

can be any state on Hy @ Hz ® ...,4 thus encoding the
evolution whose causal properties we wish to study. Now, to
actually investigate its causal properties, we have to introduce
interventions, see Fig. 3. Let us therefore define a conditional
state which differs from the one in Eq. (39) by the application
of an operation M to subsystem A at time #;, namely,
wie()s = Ujc(t = 1) Ua(t;|P), (40)
where U, corresponds to a Stinespring dilation of My,
whose ancilla system is included in X. Note that while we
have defined the state in the case of an intervention directly on
the reduced space of S relative to the clock [i.e., Eq. (40)], this
corresponds to a different choice of physical state
[®4) = REN (1) M, (1,]¥) # |¥). where R\(1) s the
inverse Page-Wootters reduction map defined in Eq. (14).
A causal influence of enacting the operation M, can be
detected in another subsystem, say B, at some final time
t; = t; + At according to the clock, if

Pi(tr) = Teop(lyie () (wie(tp)])

# Trop(lwic (1)) (wic(ip)]) = pliy).  (41)
where, again, Tr_p denotes the trace over all subsystems but
B. If these two reduced states differ from one another, then
there exists an observable O = >, bI14 on subsystem B
such that

“Note that the additional system X plays the role of purifying
this p, as well as providing an additional system for the Stine-
spring dilations of the pertinent CPTP maps.
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FIG. 4. System localization of operations for multiple clock
systems: if a quantum operation is applied to a single subsystem
in one temporal reference frame, here C;, in the reference frame
of another clock, C,, this quantum operation acts on multiple
subsystems. The change of temporal reference frame M, =
Sl_,2M|c]Sl‘_1,2 does, in general, not preserve the subsystem
localization of operations.

Ple(blM,) = (Wit (t)[1 @ T k(1))
# Wic(t) V@ Tlyc(ry)) = pe(bl1),  (42)

where p|c(b|M,) denotes the probability of outcome b
given intervention M ,, evaluated in the reference frame of
clock C. We thus obtain the no-intervention and interven-
tion conditional probabilities in Egs. (35) and (36) in a
relational setting. An explicit example of incorporating
operational causality into the Page-Wootters formalism in
the manner described above is given in Appendix B.

This approach, however, encounters a fundamental
problem when we consider multiple clock systems. As
we show below, a Page-Wootters representation, well suited
for investigating the causal properties according to one
clock, is no longer useful to do so after a change of
temporal reference frame (i.e., clock system).

Similar to before, we now consider a constraint operator
describing two ideal clocks C; and C, and a system
comprised of multiple subsystems and ancillas Hg =

Ha @ Hp... @ Hy,
C=He +He +Hj. (43)

Analogous to the scenario with a single clock, we can
construct a physical state as follows:

¥ =5(C)l4)
:%ﬂAde”/’(f)Vo-i-S)CI]t—l—s}cze‘”ﬁs¢O>S, (44)

where ¢(f) ensures the necessary time delocalization
between the two clocks (see Sec. III), and |¢) ¢ is chosen

such that we obtain Try(Uc, (A1)|¢o) (dho| st (A1) =
&|c,|p] for the input state p we want to consider. Note

that, in general, the CPTP map £ will be different for the
two reference frames but can be made approximately equal
by choosing ¢(¢) sharply peaked around zero (cf. Sec. IV).
However, if we now try to model quantum operations as in
the single-clock scenario, we encounter a problem due to
the relativity of subsystems discussed in Sec. II B. To show
this, it suffices to consider only two subsystems A and B
whose causal relationship we wish to investigate, i.e.,
He=Hs ® Hz ® Hy. Now, consider the case where,
in the reference frame of clock C,, we apply an operation
M|, corresponding to an intervention on subsystem H 4 ¢,
at some initial time 7| and then try to detect its effect on
subsystem Hp|c, by applying an observable O)¢, at a later

time r{ . For these operations to fit into the causal rubric
described in Sec. VA, they have the following form
according to Cy:

M|C1:“C2®MA®1]B®HX and

OICI :“C2®“A®OB®HX? (45)

where M and Oy are to be understood as placeholders for
any concrete pair of operation and observable one wants to
consider. In the reference frame of clock C,, however, these
operations are given by

Mic, = Ra(2h) Ry (7)) Me, Ri () R3 ' (z3)

= / ds|e) + s)(z) + sle,
R

® e As(M, @ 15 @ Ty)ei*Hs, and  (46)
Olc, = Ra(B) R (7])Ojc, Ru (+1) Ry (1)
= / ds|r{+s>(rf + sl¢,
R
® e Hs(1, @ Oy ® Ty)eisHs, (47)

where 75 and 1’26 are the initial and final times according to
clock C,. Clearly, these operations, in general, act on all
subsystems in the frame of clock C,, namely, Hy\c,, Hp|c,
and Hc |c,, see Fig. 4 and Appendix B for a concrete
example.

Since by construction the frame-change map preserves
probabilities, p|c, (b|My) = p|c,(b|M,), whether or not
we observe different probabilities if M, is applied or not
depends on the physical states |¥)) and [¥4)) and not on the
choice of clock. However, observed correlations can be
understood in terms of a causal relationship (or lack
thereof) between factors A and B with respect to clock
Cy; in the frame of clock C,, however, no such causal
interpretation applies, since there the relevant operations
jointly act on all the subsystems.
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VL. INTERVENTIONS IN THE PAGE-WOOTTERS
FORMALISM

A. Timed interventions via clock-system interaction

In Sec. V, the presence or absence of an intervention
corresponded to alternative choices of physical state
(analogous to different initial conditions in a dynamical
theory). Here, we show how the subsystem-delocalization
problem encountered there can be solved by considering a
more refined notion of interventions, namely, their encod-
ing as dynamical operations, via the constraint operator.
Thus, one can maintain subsystem locality across perspec-
tives by explicitly modeling the temporal locality of the
interventions.

To do this, we introduce tailored interaction terms
between a clock and the subsystem that a given operation
is to be applied to. Let us start by briefly reviewing clock-
system interactions within the Page-Wootters formalism
[10,34,44]. In general, such interactions may result in
nonunitary evolution of the system with respect to the
clock [45-48]. However, as shown in [34], clock-system
interaction terms of the form

iy = / dtfO)(tle ® Rs=F(T)e ® K. (48)

where the time states |7) are defined as in Sec. I A, can
model unitary relational dynamics with an emergent time-
dependent Hamiltonian. As we explain in detail in
Appendix C, using methods from [10], constraint operators
of the form

C=Hc+Hs+ [(T) ® K (49)
lead to well defined physical states. Specifically, the
elements of the group generated by C can be calculated
via a Dyson series (cf. Sec. III1.2 in [34]), from which one
can obtain physical states via Eq. (5). Here, we consider
approximately instantaneous interventions, in the sense that
f(z) is well localized around some value 7 and can be
treated as &(¢—7) in the Dyson series governing the
relational evolution (see Appendix C). We denote this
case by

C:HC+HS+5(T_%)C®kS’ (50)

and obtain physical states

1

|P) = E/_T di|t)¢ e_itgs|¢o>s

1 o0 PSRN S A
b [ dthce e g (s

which describe the free evolution of the system according
to Hg with the application of e~Ks at time 7. We stress,

however, that Eq. (50) is an abuse of notation, representing
the case of nonzero but negligible delocalization of the
function f(z); otherwise, since §"(x) is not a well-defined
distribution for n > 1, the exponential of Eq. (50) diverges.
Equation (51) should thus be understood as an approxi-
mation which neglects the finite width of the function f(7).
In [44], the authors used such instantaneous interventions
to describe von Neumann measurements [49,50] within the
Page-Wootters formalism, obtaining Eq. (51) in that con-
text (cf. Eq. (34) in [44]).

To consider general quantum operations, we can again
let the system S be comprised of various subsystems
A, B, ...X and ancillary systems A’, B’, .... The subsystems
A, B, ... represent the factors to which the operations are to
be applied, while A’, B'... provide the necessary additional
space for the Stinespring dilations of the relevant CPTP
maps (A’ for dilating the operation on A, and so on). The
system X, included for generality, allows for a purification
of the states which one wishes to embed into the Page-
Wootters formalism, as well as a Stinespring dilation of the
CPTP map whose causal properties we wish to investigate;
for simplicity, this will be omitted in the following, as we
focus here on the modeling of interventions. Letting
N = A, B, ..., the unitary operator dilating a given oper-
ation on factor N will be enacted by including the
appropriate generator Ky, in the constraint. Specifically
the operator Uy = e~ v will represent a dilation of the
map My on N. In the case where the operation is an
observable Oy, this corresponds to a von Neumann
measurement, correlating N with its ancilla N’ in the
eigenbasis of Oy.

We now show how incorporating these operations into
the constraint operator preserves subsystem locality under
change of temporal reference frame. Consider again the
example of two clocks C; and C,, two subsystems A and B,
and the respective ancillas A’ and B’. An instantaneous
intervention on subsystem A at time 7; according to clock
C, then corresponds to constraint operator,

C= He +He + Hs+6(T) - 7)) @ Kaw, (52)

where the system Hamiltonian A acts only on A, B, ....
Applying the method described in Appendix C to Eq. (52),
and using a kinematical state of the form [¢) =

Jdto(12)[0)¢,[12)c,|#0)s, where |0)¢, denotes |f; =0)c,,
gives the following physical and conditional states:
1 7 oA
|‘P>>=§/ dt /dfzfﬂ(f2)|tl>cl|f1 +1)c,e”s| o) s
1 [o RN
+§/ dn /dfzfﬂ(f2)|f1>cl|t1 + 1) ¢, e (1=
7

R ] (53)
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e, (71)) = (a1 [¥) = /dfz o(ty)|r + l2>c2{

i) = @) = [ dn ot - t2>c.{

Note that now M, acts only on subsystem A (via its
dilation U 44/) in both temporal reference frames. However,
in the frame of C, whether or not the operation has been
applied depends not only on clock time 7, but also on the
integration variable #,. Hence, the application of M,
appears instantaneous in the frame of Cy, i.e., the clock
that times the intervention, but time delocalized in the
reference frame the other clock C,, see Fig. 5. The extent of
time localization depends upon the extent to which ¢(7) is
peaked around a given value, and indeed, replacing (1)
with §(z) in the above expressions would give an inter-
vention which is fully system local and time local from both
perspectives. As discussed in Sec. III, however, this would
lead to divergencies. Recalling that Eq. (53) was obtained
for a specific form of kinematical state |¢), we note that, in
general, there is no need for the two perspectives to share
some sense of timed intervention, particularly when the
kinematical state (or more precisely, the physical state
obtained therefrom) does not lead to any correlation
between the clock times in the two perspectives.

In what follows, we present how to use the type of
interventions above to consistently incorporate operational
causality into the Page-Wootters formalism. Finally, we
also show how incorporating timed interventions into the
constraint operator allows for describing scenarios with
indefinite causal order.

&y S1-2 Eicy
—_—
Cy
A Cs B B

FIG. 5. Timed interventions as part of the constraint operator.
The action of a quantum operation on a given subsystems, here A,
is preserved when changing from the reference frame of clock C,
to the frame of clock C,. However, due to the necessary time
delocalization between the two clocks, the operations are not eell
localized in time according to the clock which is not coupled to A
via the interaction term, here C,.

e Hs | o) n<n (54)
e—i(‘rl—%])l:ls UAA/e_ﬁ]HS|¢O>S %1 < 71,
=15 | gy ¢ nTh <7 (55)

el tHs e s | o) ¢ T <7y — 1y

B. Timed interventions and operational causality

Incorporating the interventions necessary for investigating
causality (see Sec. V A), into the constraint operator, the gen-
eral form for arbitrarily many clocks and interventions is

(56)

where j labels the different clocks, and thus, T ; refers to the
time operator of clock C;. The different subsystems involved
in the evolution labeled / and [’ denote the corresponding
ancilla systems, such that K, 4 generates the Stinespring

dilations of the map to be applied to system /. While the
approach to investigating causal relations described in
Sec. VB entailed a comparison of different solutions to a
single constraint equation, here one compares different con-
straints. These constraints differ only in the operators K
corresponding to different operations M, being applied.
From this perspective, investigating causal relations within
relational dynamics amounts to comparing representatives of a
fixed class of constraint equations and their solutions.

Consider the simplest example, where S consists of two
subsystems A and B and their respective ancillas A’ and B’,
and with two approximately instantaneous interventions,
one applied to subsystem A followed by the other to
subsystem B, as timed by a single clock C. This corre-
sponds to a constraint operator of the form
C:I:IC+I:IS+5(7\"_71')KAA’+5(T_Tf)KBB’v (57)
where 7; < 7, are the initial and final time according to
clock C. As before, the Dirac delta notation in Eq. (57)
represents the case where the interventions have some finite
but negligible duration centered on z; and 7. The class of
constraint operators above describes a scenario where M,
is applied to A at clock-time 7; (via its dilation U,y :=
e~"®ar on A and A’) and My, at final clock-time 7, > 7; (via
its dilation Upp := e~ %55 on B and B’). Note that, while
the evolution due to H ¢ may allow for a bidirectional causal
relationship between A and B, constraint operators of the
form of Eq. (57) correspond to the question of whether A
can causally influence B but do not tell us anything about
the converse—to interrogate whether B can influence A,
one must invert the timings of the interventions.

We again consider the case where My = Op and
compare the situation where some arbitrary M is applied
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to A with the situation where no intervention on A occurs.  Beginning with the case of an arbitrary intervention on A,
The latter case can be obtained by setting K4, =0 in  and recalling that in the case of a single clock, an arbitrary
Eq. (57), explicitly, physical state can be obtained via a kinematical state of the

form |t =0)c|po)s (see Sec. ITA), the method in
R Appendix C can again be applied to find the physical
A N A
C'=Hc+Hg+6(T —77)Kpp. (58) states generated by Eq. (57),
|

1 T g Tf . 2 . A
[PAY) = </ di|t)ce™ s + / ! dt|t)ce s U eIl

2 . 7,

(o] . A . A A
*/ drlt>ce-l<f-ff>"sUBB/e"“f‘“)”SUAA*"““)|¢o>s’ (59)
T

where the superscript A in |[4)) again denotes that an intervention is made on A, and we recall that U, and Ugp are the
unitary dilations of M, and Op, respectively. We thus obtain the following expression for the conditional system states:

wic(7)) = (2[¥) = Ui (7)ldo). (60)
with
e—i‘rl:ls pe S T;
ulﬁc(T) = { ittty UAA’e_iTiﬁs 7; ST <7y (61)

e—i(‘r—rf)HS UBB/e—i(Tf—T,-)HS UAA/e_iTiHS 7y <r.

Note that the timed operations are now part of the overall evolution of the system, and when relating this scenario to the one

discussed in Sec. VA, we identify only the evolution in between these operations, i.e., e~i=)Hs in this case, with the
CPTP map & in Fig. 2. Asin Eq. (42), we write p|C(b|M 4) to denote the probability of outcome b given intervention M,
evaluated in the reference frame of clock C, where now the outcome is determined by the von Neumann measurement
associated with Op, performed at 7, according to clock C. At any time 7 > 7, this is

p\C(b|MA) — <W“4C(%)|(Hg, ® ]]_|B/)|1//"4C(%)> — <¢0\e”fﬁ5 UI‘A,ei(Tf_T")HS(Hg ® ‘]]ﬂB)e_i(Tf_Ti)f{S UAA/e—if,-I:IS|¢O>
=Tr((T, ® N5)EMy, ® T3[p(z;)]]) = p(blintervention),

where we have used the fact that, due to the von Neumann measurement, the projection on B’ at 7 > 7y is equivalent to the

corresponding projection onto B at 7y, and we have identified the input to the map £ as p(7) == Tryp (e‘”ﬁ $|¢po) <¢0|e”ﬁ s),
recalling again that the more general case of a mixed p(z) can be handled by the inclusion of an ancilla system X.
Considering now the case of no intervention, we can replace U with 14, in [P4)), |1//‘AC(1)> and Z/llAC(r) above, to obtain

the no-intervention versions [¥)), |y (7)) and Uc(7), respectively, which gives

Pic(blT4) = (wc(®)|(M15 & 1) c(7)) = <¢0|€”"ﬁsei(1"_f")ﬁs(Hg ® Top)e s g=inifls| gy )
=Tr((1, ® I%)E[p(z;)]) = p(b|nointervention).

We have therefore successfully incorporated the operational notion of causality into the Page-Wootters formalism, with
pic(b|14) and p|c(b|M,) interpretable in the same manner as Eq. (35) and Egs. (36), respectively. However, as we see
below, in contrast with the naive approach that we examined in Sec. VB [see Eqs. (42), in particular], modeling the
interventions as part of the constraint operator preserves their suitability for investigating causal relations under the change
of temporal frame.

*Recall that we have omitted the ancilla system X, and the CPTP map £ is therefore implicitly unitary in this example. The inclusion
of such an ancilla system, however, does not change any of the following analysis.
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C. Relational causality with multiple clocks

We now show how, when multiple clocks are considered,
the conditional states relative to different clocks can retain
an interpretation of a system-local intervention having
occurred and thus infer causal properties from those
interventions. Specifically, we consider two clock systems
C, and C,, and distinguish the case where the two
interventions of interest are timed by the same clock from
those where each clock times one interventions. The latter
has the clear advantage that the clock cannot carry a causal
influence from A to B and also permits examples with an
indefinite ordering of quantum operations, as we show in
Sec. VID.

The case where both interventions are timed by clock C;
in the manner discussed in Sec. VI B above gives constraint
|

1 7
k9 —%/ dr, /dlzfﬂ(f2)|fl>c.|tl + b,

operators of the form

C - HCI +I/'\IC2 +I:IS +5(f1 _Ti)KAA’ +5(f1 —Tf)KBB/,
(62)

which corresponds to the application of some M, on A at
7; and that of some My on B at 7, where both 7; and 7, are
readings of C;. Compared to Eq. (57), we have simply
added a clock system C, that evolves independently
from everything else. Again applying the method described
in Appendix C, and using a kinematical state of the
form |¢) = [dt(1:)[0)c, |1) ¢, |do)s. we  straightfor-
wardly obtain the following physical states:

eminfls o) s

1 75 TRy 7
+%/ dt /dfzfﬂ(t2)|t1>cl|f1 + 13) ¢, e THU eI | o)
i

1 [ A . , . .
+27:/ dt, /dtZ(/’(tZ)t1>C1|tl+t2>C2e_l(t]_Tf)HSUBB’e_I(Tf_Ti)HSUAA’E_lTiHS|¢0>S’
¥

where again ¢(1,) ensures the necessary time delocalization
of one clock with respect to the other (see Sec. II B). Here,
we omit the superscript A (in contrast with Sec. VB and
Sec. VIB), as we compare given interventions in different
reference frames, rather than comparing the cases where an
intervention does and does not occur. Now, conditioning on
clock C; gives

e, (z1)) = / dty p(t)ry + B)e e, (2)ldo)s.  (64)

and

P|c,(b|MA) = <ll/\c. (%)|H1bg’ ® 1]|ll/|c, (7))

= p(blintervention),

(65)

where U, (7,) is defined as in Eq. (61), and 7 > 7.
Similarly, when conditioning on C,, we find

W) = [ dott)le=t)eic (e, (6
and
P (BIMy) = (Wi, (DITTh @ Ty, ()

— [ dnlot) Pl (- '

® Wc, (7 — 1)|dho)s (67)

(63)

|
where U, (7) is again given by Eq. (61). The evolution of
the system and thus the probabilities now depend on the
time delocalization between the two clocks. In a similar
manner to the example considered in Sec. VI, the proba-
bility in Eq. (67) cannot, in general, be interpreted as
arising from a sequence of events occurring at well defined
times according to C,. In particular, |y c,(z, > 7)) con-
tains a contribution where Upp has been applied (for
7, — I, > 1) and another contribution where it has not (for
7, — I < 77). However, assuming that clocks C; and C, are
jointly localized such that ¢(z,) is negligible outside of a
region of width 7 — 74, then Eq. (67) can be interpreted as
an intervention on A, an evolution, and then a measurement
on B, with the caveat that these are subject to some time
delocalization, as illustrated in Fig. 6(a).

Let us now consider a scenario in which the two
operations are timed by different clocks corresponding to
constraint operators,

@ = I‘AICI +I:IC2 ‘|‘I:IS +5(fl _Ta)KAA’

+8(T, — 74)Kpp. (68)

where 7,,7;, > 0. We now find that the time delocalization
between the two clocks plays a crucial role in the evolution
of everything but the clock systems, namely, A, B, A’ and
B’. More concretely, the solutions to the constraint equa-
tions can again be obtained as follows:
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FIG. 6. Operational causality within the Page-Wootters formalism. If the interventions are incorporated into the constraint operator,
which subsystem the timed operations are applied to is independent of the temporal reference frame. (a) If both interventions are timed
by the same clock, C, they appear well localized in time in the frame of that clock. In the reference frame of C,, however, the operations
are time delocalized and in order investigate causal relations their times of applications have to be separated enough to prevent a
temporal overlap. (b) If each clock times one of the two operations, time delocalization appears in both temporal reference frame.
According to each clock, the operation timed by it is well localized in time (by construction) while the operation timed by the other clock
appears delocalized in time.

Wy = - / ds dt p(17) e |0) ¢, 1) | ho)s = / ds dt p(t3)|5)c, |5 + 1) U (s, 12)lbo)s (69)
277.' R 2” R

where the unitary evolution of S now explicitly depends on #, and hence the time delocalization ¢(z,), as

e_i(s+r72>1:15 s <7, and s < T, — Iy
el ) s 17, oy =500 s s<t,and s > 1, — 1,
U(s. 1) = el et te=m)Hs [ =5l Ty—ty <7, <5 (70)
e~ s, e=5ratn) s s>t,and s <7, — 1,
e~ilsT3(t—7,))Hs UBB,e—%(Tb—lz—Ta)HS UAA,e_%(Tzf+’2>ﬁS T, <Tp—1 <S.

Note that this a priori contains both orders of the operations M, and M, which will be relevant in our consideration of
indefinite order in Sec. VID. The conditional states are given by

e, (z1) = / dty ()| + ) Uic, (11 12) o). (71)

Ve, (z2) = / dty (1) 02) e Uie, (2. 1) o). (72)
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where M‘Cl (Tl s tz) :Z/[(Tl s tz) and M‘Cz (Tz,tz) :Z/[(Tz —tz,tz)
with U(z, t,) given by Eq. (70). The explicit ¢, dependence
of the conditional evolutions means that now there is some
time delocalization of events in both reference frames. To
understand this, let us first consider the case where ¢(1,) is
|

sharply peaked around 0, and 7, > 7, and 7, — 7, are large
enough that the second and third conditions in Eq. (70) are
never fulfilled. In that case, the evolutions with respect to
the two clocks are determined by

emile+ s 7, <1,
U\Cl (t1,1) = e—i(m1=3(za—1))Hs UAA’B’E_%T"HS T, <17 <7Tp—1 (73)
e—ilmi=k) H UBB,e—é(Th—sz+fz)Hs UAA,e—%fzxﬁs T, =t <14,
e—i(fz—%)ﬁs T, <T,+ 1
U\Cz (12, 10) = e~ i(m=3(zat10)) Hs UAA,e_%Tuf{s T, + b <1 <1 (74)

—i(1y—t,—L 2 i, — _ir [
e i(y—1p ZTb)HSUBB,e (7 Ta+t2>HsUAA,e 5TaH s 7, < 15,

where according to C; the application of Upgp is subject to
time delocalization, while in the reference frame of C,
the operation given by U, appears time delocalized,
cf. Fig. 6(b). In each temporal reference frame, the
intervention timed by the clock of that frame has a sharp
time of application, while the operation timed by the other
clock appears delocalized in time. Nevertheless, the order
of the two operations, as well as the evolution between
them, is the same according to both clocks. If this evolution
enables signaling between the two subsystem, then A can
causally influence B. Similarly, we can obtain a scenario
where B can causally influence A, for a different class of
constraint equations, where 7, > 7, but ¢(1, ) is still peaked
around O sharply enough.

D. Indefinite ordering of quantum operations

If, on the other hand, 7z, and 7, are closer together,
specifically if the non-negligible range of ¢(t,) is larger
than |z, — 7, |, then both orders of operations M, and Mp
contribute to the evolution in Eq. (70), and the causal relations
|

e~ i@t s

e~iltit3(t-7)Hy UBB/E—%HA{S
Uie, (11, 1) =
e~ilti=5)Hs UAA/e_%(%JHZ)HS

where the conditions for the appearance of both orderings
of U,y and Upp are now met. In particular, for the peak of
¢(t,) at t, > 0, only the first three conditions can be
satisfied, and M3 is applied before M ,. For the peak at

e—i(fi—%‘f)l:ls UAA/e—%tzHS UBB/e—%‘?I:IS

between A and B are no longer well defined. Note, that this is
categorically different from the delocalization problem
encountered in Sec. V B. There, due to subsystem delocal-
ization, operations suitable for investigating causal relations
in one temporal frame transformed to operations unsuitable to
do so in another frame. Here instead, the time delocalization
together with the properties of the constraint operator lead to a
scenario where the ordering of the operations is not well
defined, in both temporal frames. This scenario describes
indefinite causal orderrather than a breakdown of operational
causality within relational dynamics.

In fact, the constraint operator in Eq. (68) allows for
describing the evolution of the quantum switch [10,51] for
a certain choice of kinematical state |¢), 7, 7,, and @(1,).
Let 7, = 7, = 7, meaning that each clock associates the
same time with the application of its respective operation
(which does not imply synchronization between them).
Moreover, consider the case where ¢(t,) is bimodal, with
the two peaks symmetric around 0. The conditional
evolution according to C; is then given by Eq. (71), with

Tp<Tand 7y <T—1p
’f—t2<T1<‘f
(75)

’?—t2<’_[<’[1

T<1T1<T—1

. 1 —\\ 7 is F i(7 ] — -
e~ i(zit3(=7))Hs U pp e2Ms UAA/e_E(THZ)HS T<T—1t, <71y,

|

t, < 0, on the other hand, only the first one and last two
conditions for the evolution can be fulfilled, and M, is
therefore applied before Mp. As in Sec. VIC, the
application of Upp appears time delocalized in the frame
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FIG. 7. The quantum switch within the Page-Wootters formalism: if operations are timed by different clocks, with respect to each
clock, the operation timed by the other clock appears delocalized in time (see Fig. 6). We can tailor solutions to the constraint equations
such that for C; the operation timed by C, appears in a temporal superpositions of being applied before and after the operation timed by
C and vice versa for the roles of C, and C| reversed. The respective conditional states and dynamics correspond to the “causal reference

frame decomposition” of the quantum switch.

of clock Cy, with the extent of this delocalization deter-
mined by the finite extent of the two peaks of ¢(¢,). One
obtains an analogous expression for U, (7,,1,) containing
both orders of operations but where the application of U 4,/
is delocalized in time. Given the assumed symmetry of
¢(t,), these conditional evolutions describe the “causal
reference frame decomposition” of the quantum switch
(see [51-53]), as illustrated in Fig. 7.

VII. DISCUSSION AND CONCLUSION

In this work, we have investigated the modeling of
interventions and measurements in the Page-Wootters
formalism and how the resulting understanding of causal
relations depends upon the choice of clock, in particular,
the notions of time locality and subsystem locality accord-
ing to those clocks. First, we have elucidated a necessary
temporal delocalization when comparing different frames,
though in the absence of other factors (for example, certain
clock-system interactions [10]) one may consider this
delocalization to be arbitrarily small for ideal clocks.
This exemplifies the necessity of explicitly considering
the form of correlations between clocks when comparing
them as choices of reference frame, a feature which is
absent in the abstract changes of “external” frame usually
encountered in physics. To avoid a potential source of
confusion, we stress that the delocalization discussed here
is different in nature from the time-nonlocal evolution that
can result from clock-system interactions [34].

In light of the fact that two clocks may disagree not only
on the specific time of an event, but indeed whether it
occurs at a well-defined time at all, we examined the
possibility of two clocks disagreeing on the direction of
time, showing that this may only occur in an approximate

sense. Under this approximation, we found that if those
clocks are to disagree about the order of two spontaneous
processes (i.e., not triggered by interactions with the
clocks), then those processes must be time symmetric.

Moving on to the relational modeling of interventions, we
began with an approach whereby, for example, the differ-
ence between the occurrence or not of some intervention was
understood as a comparison between two different solutions
to the same constraint equation. In this manner, the counter-
factual reasoning used to determine causal relations is
incorporated as a comparison of different “alternate histor-
ies”: one in which the intervention occurred and one in
which it did not. We found that, while this is workable in a
particular reference frame, the relativity of subsystems [8]
means that the corresponding state comparison in a different
frame does not allow for an interpretation in terms of causal
influences from one party to another.

In order to obtain a picture where causal relations are
independent of the chosen clock, one must therefore
incorporate the interventions at the level of the constraint
operator. Adapting methods from [10,34], we have shown
how this results in the preservation of the subsystem
locality of an intervention or measurement across perspec-
tives. However, the extent of its joint localizablity in time is
determined by the specific form of correlations between the
clocks considered. For states where the necessary temporal
delocalization between clocks is negligible, interventions
are approximately time local in both frames, in addition to
being subsystem local. If the temporal delocalization is
small (compared to the timescales of the other processes)
but non-negligible, however, one finds some temporal
smearing of the relevant processes in one or another frame.

Considering then the more extreme case of delocaliza-
tion between clock states, one can obtain a situation where
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the ordering of some operations is indefinite, and describe a
relational version of the quantum switch in this regime.
Note that, while each clock may disagree about the
particulars, they do not disagree that the order of operations
is indefinite, in keeping with [22]. Further note that, in the
relational picture here, the quantum switch arose in part due
to a tailored choice of physical state (via a corresponding
kinematical state), where the time delocalization ¢(t,)
plays the role of the control. In [10], on the other hand,
time delocalization between the two clocks is brought
about by gravitational interaction with a mass in spatial
superposition, which constitutes an actual control system.
Hence, the scenario in [10] describes a “physical” quantum
switch, while the relational evolution discussed in
Sec. VID describes how a certain choice of “history”
(i.e., physical state) allows for this type of indefinite
causal order.

The common assumption of ideal clocks, which have the
unphysical property that their energy spectrum is
unbounded below [54,55], was made throughout this paper
except where otherwise stated. If this assumption were
relaxed, the “interaction-picture” method described in
Appendix C would no longer be applicable, at least in
its current form, and it is unclear exactly how the
conclusions above would change. Indeed in [47], the
authors showed how a measurement described with respect
to a nonideal clock leads to another kind of temporal
indefiniteness, an effect which we have not considered
here. Moreover, outside of the ideal limit, tensor factoriz-
ability itself can become frame dependent [8], and thus,
care must be taken in the relationship between the chosen
clock and subsystems in question in order to avoid this.

In addition to clock ideality, Appendix C assumed the
clock-system couplings to be effectively instantaneous, and
relaxing this assumption to account for the necessary
duration of the interventions would likewise affect the
results above. While it seems that the retention of the
subsystem-local nature of interventions between frames
was not contingent upon this assumption, the question of
time locality of interventions in a given frame must be
reexamined. Furthermore, in the consideration of time
delocalization in Sec. VI, we have ignored the potential
for overlap between the delocalized interventions and
measurements and the dynamics represented by maps of
the form &), and more refined consideration of this aspect
could yield further complications to the modeling of
operational causality in a relational setting.

While, in the absence of interactions, the Page-Wootters
formalism is one of an equivalent set of approaches to
relational dynamics [29-31], it is unclear to what extent this
equivalence is affected by nonzero interactions. If the
equivalence turns out to be broken in this case, then the
conclusions obtained here may differ from what would be
obtained in the picture of relational Dirac observables
[2,56-59] or in the relational Heisenberg picture obtained

via quantum deparametrization [35,60]. Moreover, while
the Page-Wootters formalism is an example of relational
dynamics using the perspective-neutral approach to
QRFs [8,29,30,35,40,60,61], there exist other approaches,
in particular, the perspectival [62] and algebraic [63]
approaches (see, e.g., [64,65] for a comparison).

Our results exemplify the necessity of a careful consid-
eration of the joint localizability of clocks and, in particular,
its limitations. They moreover suggest that operational
causality in relational quantum dynamics can be formulated
consistently only if interventions and measurements are
treated as part of the emergent dynamics rather than via
“initial conditions” and abstract operations, respectively.
There remains, however, the possibility that this conclusion
is altered as a consequence of relaxing one of the
assumptions mentioned above or that one can recover a
consistent notion of operational causality via “initial con-
ditions” effectively in the classical limit, despite its break-
down here. The role of joint temporal localizability here,
together with the results of [10,47,66], points toward a
broader picture in which temporal delocalization is a
generic feature in relational quantum settings, and we have
seen here how this permits relational realizations of
indefinite causal order. Indeed, the impossibility of joint
temporal localizability found here seems to be an intrinsi-
cally quantum feature, though a more careful analysis is
needed before being certain of this claim, as seemingly
quantum features of QRFs can in fact have a classical
counterpart [67]. At a more fundamental level, there is the
question of how synchronization among many distributed
clocks can arise under limited joint temporal localizability
and with it how a more familiar notion of reference frame,
closer to that envisaged in special relativity [68], and a
corresponding notion of causality may emerge.
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APPENDIX A: FRAME-DEPENDENT ORDERING
OF OPERATIONS

Here, we discuss the very limited conditions under which
the clock-dependent time direction in Sec. IV can be
understood as a temporal-reference-frame dependent order-
ing of events. In order to be able to consider general CP
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maps, we must introduce ancilla systems. We thus con-
sider a system S consisting of three subsystems,
He=He @ Hy ® Hp, ie., a target system §' and an
ancilla system A’ for the Stinespring dilation of a CP
map £, on § and an ancilla system B’ for the
Stinespring dilation of a CP map £z on §'. The state
|po) in Egs. (26)—(31) now includes the ancilla systems,

|

psic,(T1) = Tre, am (Jwic, (1)) (Wic, (71)])

= I b<a,b|€'i"ﬁs(|90><90| ® |ao){ao| ® |bo)(bol)e™s|a, b),

Ps|c, (72) = Trc,.A',B’(hI/\c2 (72)><l//|cz(72)|)

- i (ab] / dt]op(6)2 =05 (10,)(60] ® [ao) o] ® o) (bol)e===5]a, ),

where a and b label arbitrary bases of the Hilbert space
associated with the ancillary systems A" and B’, respectively.
Now, given the necessarily continuous action of the Ham-
iltonian A s in both cases, we see that an issue immediately
arises. Let us focus for now on C,’s perspective. If Eq. (A1)
should represent the composed Stinespring dilation of the
maps &, and £, then there must exist some Az such that
e "ss — U U,, where U, (Up) is the unitary dilating &,
(€p), and thus coupling S with A’ (B’). However, the
necessary coupling terms in H act at all times and cannot
a priori be neatly separated into two ordered times.

In the case where £, and £y are themselves unitary, this
is not problematic. The ancillas A’ and B’ are unnecessary,
and the required Hamiltonian H s 1s simply given (up to an
arbitrary constant) by the operator whose exponential is
equal to the product of the unitaries in question. If we wish
to model more general CP maps, on the other hand, we
must either explicitly include a mechanism for timing one
map and then the other (see Sec. VI) or “fine-tune” the
input states |ag), and |by)p of the ancillas, and their
coupling to ', such that we arrive at a situation comparable
to sequential scattering events. In other words, they are
chosen such that for some part of the evolution in Eq. (A1)
there is effectively no interaction between B’ and the other
systems. Then for some later part of the evolution, this is no
longer the case, and the interaction between A’ and the
other systems is negligible. Assuming that such a choice is
possible (and leaving aside the question of when it is), then
—iAtH ~

there exists Az such that e UgU,, and furthermore,

psic,(AT) & Trape,(UpUalp) (66| UL U)

~ ElEall60) (b0l ]]- (A3)

Considering now the perspective of the second clock, C,,
and assuming that the two clocks are approximately

and we choose [¢g) g = |00)g|ao) ar|bo) - With this setup,
we can then phrase our question as follows: since the clocks
run in different directions, are there circumstances in which
one sees the system S’ undergoing £, and then £, while
the other sees it undergoing to £z and then £47?

Analogous to Egs. (29) and (30), we thus obtain the
states of §’ relative to each clock,

(A2)

[
synchronized, i.e., that ¢(f) is tightly peaked around
t =0, such that |¢(t)|* ~ 6(t), we then have

psic, (A7) ~ TrA’B’Cz(UTAUE|90><90|S’ UgUy,)

# Eal€5l100) (6o l]- (A4)
We thus see that, even given the approximations and
assumption above, we still do not arrive at an example
of perspective-dependent ordering of CP maps, except in
the case where their Stinespring dilations are time-reversal
symmetric, i.e., where U, and Up are Hermitian. Examples
of operations which are both unitary and Hermitian include
the Pauli operators on a qubit.

APPENDIX B: EXAMPLE OF OPERATIONAL
CAUSALITY

Here, we present a simple example of two qubits and
discuss how to investigate operational causality as depicted
in Fig. 2 in the main text. We then apply our approaches for
incorporating operational causality into the Page-Wootters
formalism from Secs. V and VI to this example. Let us
consider the following two Hamiltonians:

Hi=X,1+1® X;. (B1)

s =X, ® X, (B2)

where X is the Pauli-x matrix, together with the initial two-
qubit state,

p(t:) = 10)(0l, ® [0){0[p. (B3)

While H describes the two subsystems A and B evolving
independently, A’ corresponds to the two qubits interact-
ing. The respective unitary evolutions are
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Us = cos?(1)1 —i cos(#) sin(1)(X, @ T+ 1 ® Xp)

—sin?(1)X, ® Xp, (B4)

s =cos(t)1 —isin(1)X, & Xp. (BS)
In order to determine the causal relations between A and B,
we have to apply a quantum operation to one of the
subsystems, say A, at time #; and determine whether the
choice of operation has a detectable influence on the other
subsystem, B, at a later time 77 > ¢;. Such an intervention
on subsystem A corresponds to replacing the initial state in
Eq. (B3) by

(1) = pa @ [0)(0]s. (B6)
where p, = M4(|0)(0]) depends on which operation is
performed. This intervention on A can be detected on
subsystem B at 7 if

Py (ty) = Tra(UY (e)p(1) U (1))
# Tea(UY (t)p(t) U (1) = pig (1), (BT)

where p(#;) and p(t;) are given by Egs. (B6) and (B3),
respectively. The inequality in Eq. (B7) means that there
exists a quantum operation that can be performed on B
which is affected by A’s operation, e.g., a measurement at
time 7, the outcomes of which are different depending on
whether M, is applied or not. The evolution Ug in
Eq. (B4) leads to

pi(ty) = cos(17)[0){0] 4 sin? (1) [ 1) (1]
+i cos(t;) sin(t;) (J0) (1] — [1)(0])

= pu(ty). (BS)
which in independent of p, and hence any operation
performed on A. This means that there is no causal
influence from A to B as expected since in this case the
two qubits evolve independently. Conversely, for U§ in
Eq. (B5), we obtain

(1) = cos?(1)[0)(0] + sin(z)| 1)1, (B9)
# cos?(17)[0) (0] + sin (1) 1)1
i cos(ty) sin(t, Tr(Xpa)([0)(1] = 1) 0])
= (1)), (B10)

which means that A can signal to B if their operations are
chosen accordingly. More explicitly consider, for example,
the intervention M, at t; being a Hadamard gate, i.e.,

P'(;) = M4|0)(0|M}; ® [0)(0]5 with M, = \/%(i 1), and

the operation Op at 1 is a measurement in the Pauli-y basis,

ie, Op =|+y)(+y| —|—y)(=y|. Then, we find that

. . 1
p(-+ylnointervention) = (+ylpf (1,)] +) = 5

= p(—y|nointervention),  (B11)
p(+ylintervention) = (+y|p% (/)| + y)

— %( 1 —sin(2t,)), (B12)
p(—ylintervention) = (=y|pj(7,)| — y)

- %(1 + sin(2t)), (B13)

showing that the application of the Hadamard gate on A at
time #; can be detected by this measurement on B at an
appropriately chosen time ;.

Now we consider this example within the Page-Wootters
formalism as described in Sec. V B starting with constraint
operator(s),

—
N

C=Hq+HVyg, (B14)

—

where H')g are those in Eqs. (B1) and (B2), respectively.
Solutions to the constraint equation can be obtained from
the kinematical state |¢) = |t;)|0),|0)p via

1

) =5, [ ds e Clnclo) o)

1 e
- 2—/ ds |t + s)ee ™ (0),[0)5.  (BIS)

which allows for defining the following conditional states
for different interventions M ,:

o~

—i(z—t; 0
wit(2)) = e M4 [0)4[0)p, (B16)

from which we can reproduce the example above
in a straightforward manner. We have p(t;) =

wic(t)(wic(t)| = 10)(0], ® [0)(0]g  and  p(1;) =
wic (1)) (wie(t)] = Ma4[10){0]]4 ® 0){0]; and need to
COmpare

pa(tr) = Tra(lw (1)) (wic(t)]) (B17)

and

Pulty) = Tea(wie(t)) wie(t)).  (BIS)
which are the states in Eqs. (B8) and (B9), respectively,

since exp(—irH(S'>) = U(S'>.
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Note that the Hamiltonians I:I(S/) in this example are
symmetric in A and B, and we can equally consider

—i(e—1;)AY
lwie(0) = e |0), Mpl0)s  (B19)

and compare TrB(|ng(¢f)><ng(?f)|) to find signaling
from B to A for the case where the two qubits interact,
ie., C = Hc + HY. In fact, since signaling from A to B
implies signaling from B to A for any bipartite unitary [69],
we would have found the same for nonsymmetric
Hamiltonians. In the absence of further subsystems, unitary
evolution allowing for a causal influence from A on B
equally allows for B to causally influence A.

Let us now extend this example to a relational sce-
nario with two clock systems corresponding to constraint
operator

C=He +He, +HY, (B20)
where I:I(S') are again given by Eqgs. (B1) and (B2). We can
construct a physical state as follows:

W) =5 [dse [ at)e o0, 004100

—is%/)
- / dsdtp(D)|t; + ), |t + 5) e, [0)4[0) .
(B21)

where we introduced the necessary time delocalization on
clock C, and used the same notation as before. From the
perspective of clock C;, we obtain

Wik () = / drp(1) |1+~ 1), U (21~ 1) M4 0),[0) .

(B22)
My =M, ® 15, (B23)
OB — ]]A ® OBv (B24)

which gives the following probabilities (and signaling
behaviors) for measuring O, i.e. Op = ), bIT” at time Iy

Plc, (blintervention) = Tr(1, ® Ty, (1) (wi, (1))
(B25)

MUY (1 - 1)

- / dtl(1)2(0.0

x LU (1, — 1;)M40,0),  (B26)

where b is the result obtained. If we again consider the
Pauli-y measurement, i.e., O = |+ y)(+y| — | = ¥) (-],
and compare M,=1 and M, = \/%({_11) we re-

cover p(b|nointervention) and p(b|intervention) from

Egs. (B11)—~(B13). In the reference frame of clock C,,
however, we have

Wi () = [ o0l =14 1)U (2= 14 1)

x My|0),]0) g, (B27)

M) = / dala)(alc, ® e (M, ® 15)e',  (B28)

O = / daley +a)(tp +alc, ® e (1, ® Op)eies.

(B29)

While the probabilities remain unchanged under the change
of clock perspective,

P|c, (b|(no) intervention) = p), (b|(no) intervention)
= p(b|(no) intervention),

the operations M/, and Of now no longer act on single
subsystems (see Fig. 4 in the main text). More concretely,
we find

= [ dalalale, @ (cos’ @
+sin?(a) XM X + i cos(a) sin(a)[M4, X]) ® 14,
(B30)
Oy = [ day laale, ® 14 ® (cos@)
b

+ sin?(a) XI5 X + i cos(a) sin(a)[I15, X]), (B31)

for the case where A and B do not interact, i.e., A 5. Since
here M/, acts trivially on B, O'p acts trivially on A, and the
probabilities are nonsignaling, we can still conclude that
there is no causal connection between A and B. However,

when the two qubits interact, i.e., for H'., we have

M, = /da|a> (alc, ® (cos*(a)M, @ Tp

+sin? (@) XM, X ® Tg

+ i cos(a) sin(a)[M,, X] ® Xp), (B32)
Oy = / day "bla)(al¢, ® (cos*(a)1, @ I}
b
+ sin?(a)1, ® XTI4X
+ i cos(a) sin(a)X, ® (14, X]), (B33)

meaning that both operations jointly act on all the sub-
systems, A, B, and Cy. This means that in the reference
frame of C, the signaling probabilities can no longer be
attributed to a causal influence form A to B.

086005-20



TIME DELOCALIZATION AND CAUSALITY ACROSS TEMPORAL ...

PHYS. REV. D 114, 086005 (2026)

Finally, we include the interventions above into the
constraint Hamiltonian and show how it gives consistent
causal reasoning for all reference frames, as discussed in
Sec. VI of the main text. Let us consider constraint
Hamiltonians,

C=He +He +HY +5(T,

— 1)Ky +8(T) - lf)kBBu

(B34)
|

Wy = / " / dty 9(6) 1), |11 + B,

—/ dt1/df290 B)lt)e, It + B,

27r

which gives the conditional evolution from Eq. (60) in the
main text and the probabilities form Eqs. (B11)-(B13)
provided that ¢(t,) is peaked around O sharply enough,
compare Sec. VI C. We have, hence, fully incorporated the
above example of operational causality into the Page-
Wootters formalism via including timed interventions into
the constraint operator.

APPENDIX C: TIMED INTERVENTIONS IN THE
PAGE-WOOTTERS FORMALISM

Here, we show how tailored interaction terms in the
constraint operator give rise to physical states with timed
interventions. We start with a general form and transform it
in a way that allows us to evaluate e~**“. We then consider
the limiting case of instantaneous interventions.

1. An interaction picture for clock-conditioned
operations

Let Hyn = He ® Hs, and let V(T') denote a self-adjoint
operator on Hy;, of the form

P (1) = / dt f OV e] @ K. (c1)

Consider the Hamiltonian constraint C|¥)) = 0 with
One can then move to an “interaction picture” as

follows [70]. Define Uy, = ¢/7®s and C,, = Ui CU; .,
then the constraint equation C |¥) = 0 can be rewritten as

U (1, — 1) F U (1))

- dfl/dlzfﬂ L)t et +16)c U()(’ —ff)e_ikBUg)(tf

where both interventions are timed by clock C;. When
considering the example above, we need to compare K , =0
corresponding to no intervention to K, = ﬁ(X +2Z)
describing the application of the Hadamard gate at time
t;. The operation at 7 is the van Neumann measurement in
the Pauli-y basis, i.e., e 'K5| £ ) p|bo)p = | £ ¥) 5| £ V)5
Since #; < 1, we obtain

UV (11)]0,0)451a0) b0}

> >AB|aO>A’|bO>B’

e KU (1;)(0,0) pla0) bo)y,  (B3S)

[
Clql» = Umtélly» - UthU U1nt|lp» = 1nt|lP1nt»

int

(C3)

where |W;,)) == Uy |¥). We thus have a new set of
physical states {| W,y ) : Cine| i) = 0}, which are unitarily
equivalent to the original set. One can then construct a
projector from any element of the kinematical Hilbert space
|¢) to the corresponding “interaction picture” physical state
in an analogous manner to Eq. (5), i.e.,

W) = 5(Cn)l) = / ds eCul ). (C4)

The form of C‘im can be obtained via the Baker—
Campbell-Hausdorff formula,

Cie = He + Vin(T), (Cs)

where

A

Vi) = Uin V(T )Ufm—/dtf(t)tﬂtl ® s Kgeiths
R

= [ arsol @ &slo). (co)
with f{s(f) = e”HSIA(Se_M:IS.
2. Exponentiating the interacting

constraint Hamiltonian

Now, note that we can use the
write

“Interaction picture” to

—mC UT

—iaCi 7.
1[1t " Ul[lt

(€7)
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We now follow the Supplemental Material of Ref. [10] to ~ where we have used the fact that
obtain an expression of the middle factor in terms of an
time-ordered exponential. First, using Eq. (C5) and the

Trotter-Suzuki formula, we have e~iaVin(T) — / dt |1)(1] @ emi/WKs() —(C10)
R
e—iaCin — 13im (e=iifc g=ii Vi (C8)

Repeating the process, one finds that

Recalling that the eigenstates {|)},cp of 7 form a basis of
‘He and taking the tensor product with an arbitrary basis
{|r)}, of Hg, one can consider the action of the base on the
right-hand side of Eq. (C8) on an arbitrary basis element

[t)clr)s of Hiin,

—jafy ey (T)\2
(emwlee= VD)) 1) | r) g

= e Nf(H’N) (t+}v) i%f(t)kSO)

a
t+2ﬁ>c|r>5, (C11)

e_l_HCe NAml |t>C| > e_i;Tl/f(t)f(S(t)

(04
t+— . (C9 -
+ N>c"’>s (©9) and thus that the N™ power satisfies

N-1
(emittee iVl |y = [] etk 19)s 4 al, c12)
n=0
A N ] A
— e—iaHc H e—i%f(lJr,’\—’]a)Ks(tJr,’\—']a)|t>C|r>S’ (C13)
n=0
. N-1
= cote [ drle)ie) @ [[ skt o el (c14)
n=0

where [[¥=! should be understood as successive left multiplication. Since Eq. (C14) holds for all 7 and r, we can simply
equate the operators themselves, i.e.,

N-1
(e—i%ﬁICe—i%\A/im(T))N _ e—iaﬁc / dt|l l| ® H e~ igf( t+Na)KS(t+Na) (CIS)

n=0
Then, as N — oo in Eq. (C8), the time-dependent Trotter-Suzuki formula (see, e.g., [71]) applied to the product in Eq. (C15)

gives

_mClm _ e—zaﬂc Adt|t><t| ®Texp |:_i[l+adsf(s)f<s(s):| i (C16)

where 7 denotes the time-ordered exponential, and we have performed a change of integration variables from s — s — ¢
(which, being monotone increasing in s, does not affect the time ordering). The time-ordered exponential can be written in
terms of the Dyson series,

pmiaCun — gt / )t ® {n i / “dsy f(s1 + NRs(s1 +1)
R 0
—/adsz /52 dS] f(SQ —+ t)f(sl =+ l)ks(SQ + t)f{S(sl + l) + } (C17)
0 0

Note that this expression can also be obtained by the methods presented in [34] by equating A, therein with Eq. (C1) above
(cf. Egs. (17)—(19) in [34]).
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3. Instantaneous interventions and we can approximate this situation by using the Dirac
A perfectly well-timed intervention, such as () = §(¢), ~ delta distribution in the Dyson series in Eq. (C17). For
is strictly speaking ill defined, since the exponential of ~ €Xample, considering such a perfectly timed intervention
Eq. (C2) will in that case lead to powers of §(0) and ~ Occurring at CIOCI.( time 7, we have f(r) = d(t—7), and
therefore diverge. However, we may consider the case then, Eq. (C17) gives
where f(¢) is arbitrarily well localized around some value,
|

o—iaCin — e—iafic/ di|r) (1] ® {1] - i/a ds\6(s, + 1t —7)Kg(s, +1)
R 0
—/ dSz/zdslé(SZ—F[—%)a(Sl+[—%)k5(52+t)ks<sl+t>+...}. (CIS)
0 0

Considering the terms in the series individually, we have

Ky(z) ifze(tt+a),

/ dSl 5(s1+t—‘f)f(s(s1+t) = { . (C19)
0 0 otherwise,
and for the second-order term, noting that §(s, + 7 —7)8(s; + ¢ —7) = 0 if 51 # 5,, we find that
a s ~ N IA( )2 ifz et s
t/dh/zhﬁ@yH—ﬂMﬁ+%@Mﬂh+ﬁKﬂﬁ+ﬁ—{ s(@)° it z€lt.t 4] (C20)
0 0 0 otherwise,
and so on for each term, and thus, Eq. (C18) becomes
e—iaé‘im — e—iaI:IC / dl|l><[| ® e—irecta(%—t)f(s(%)’ (C21)
R
where rect,(s) is a rectangular function defined such as
1 if s€|0,al,
rect,(s) = { [ ] (C22)
0 otherwise.
Then,
e—iozé'-lm _ e—iaﬁ]c/ dl|t><t| ® e—irect(,(%—t)i(s(%)' (C23)
R

We now show how this can give a Page-Wootters picture with the usual evolution under A + H, interspersed with an
intervention occurring at time 7. Recalling that an arbitrary physical state can be obtained via a kinematical state of the form

|t = 0)¢|dho)s (see Sec. IT A), we consider the action of e~ Ci on such a state. Assuming for simplicity that 7 > 0,

e=iaflc|t = 0) - |¢ho)s. if @ <7

o ci (C24)
(e—ch ® e—lKS(T))|[ = 0>C|¢0>S’ if a>7,

e""’a"llt = 0)cldo)s = {

Recalling that the interaction-picture physical state corresponding to | = 0)|¢) s is given by 6(Ciy )|t = 0)¢|¢ho) s and that
a physical state can be obtained from the interaction picture via |[¥)) = U} [P, )), we have

) 1 o
W) = Uit 6(Cing) |t = 0) cldho) s = f/’_’T@HSzﬂ/Rda@_mH” = 0)cleo)s

PR 1 7 1 o0 s
= 6_'T®H“{2—/ di|t)cldo)s +—/ dl|f>ce_lK’(T>|¢o>s}- (€C25)
T J_ 2r J;

(5]
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Noting that, as in the usual interaction picture, K s(T)" = eifﬁskge‘ims, one can write the physical state |¥)) above as

1 [z - 1 [ e
k9 —_/ dit)c e™"™s|gpy) g "’%/ dt|t)c e_’("T)HSe—lee_”HS|¢o>s- (C26)

27 o
In other words, the reduced physical (i.e., Page-Wootters) state |y S|C(t)> corresponds to relational evolution under Hg for
—o00 < t < 7 consistent with the “initial condition” ‘ll/s‘c(o» = |¢o) and then subsequent relational evolution under H g
consistent with the “initial condition” [ygc(0)) = [¢o)s as well as with the unitary intervention ¢~iKs having occurred at
t = 7. The state in Eq. (C26) has the same structure as the one in Eq. (44) of [44], where the authors consider the particular

case of measurements. By replacing the interaction term f(T ) ® K¢ with multiple interactions, one obtains a corresponding

segmentwise evolution, as employed in Sec. V of the main text.
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