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In relational quantum dynamics, evolution emerges via the correlations between some system of interest
and a clock system, which plays the role of a temporal reference frame. Here, we investigate the interplay of
two aspects, namely, temporal localization and causal relations, when comparing emergent dynamics with
respect to different choices of clock. We first explore the extent to which two clocks can agree on the
temporal localization of events. Then, focusing on the operational notion of causality, we require a clearly
defined notion of interventions, i.e., quantum operations, and consider two different approaches to
modeling these operations within relational dynamics. The first considers their application via the choice of
solutions to the constraint equation, i.e., the choice of which “history” is considered. The second approach
incorporates the operations into the constraint equation itself and thereby into its solutions, giving a
dynamical picture of the interventions. From the perspective of a single clock, both approaches allow for a
notion of operational causality in relational dynamics. However, for multiple clocks, only the second
approach gives a consistent picture regarding causal relations, while necessarily manifesting some degree
of temporal delocalization between frames. Moreover, this second approach, when considering certain
cases of temporal delocalization, naturally describes scenarios with indefinite causal order, a well-known
quantum feature of operational causality.
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I. INTRODUCTION

By describing the properties of one quantum system
relative to another, treated as a quantum reference frame
(QRF), we can construct a relational picture of physics that
eliminates reliance on idealized background structures, thus
making explicit the physical encoding of otherwise
“unspeakable” information such as optical phase or
classical spacetime coordinates [1]. When applied to time,
in particular, this perspective offers a compelling route for
addressing the “problem of time” in canonical quantum
gravity [2–4]. More broadly, QRFs provide a platform for
constructing theories in which space and time emerge from
the relations among physical systems, breathing new life
into the longstanding philosophical debate between the
relational and the substantivalist understandings of
spacetime [5–7].

However, the pursuit of this program raises significant
challenges. Unlike classical reference frames, different
choices of QRF can lead to radically different descriptions
of physical systems, which in the context of temporal QRFs
is known as the “multiple clock problem” [4]. Crucially,
different choices of clock lead to different tensor factoriza-
tions of the Hilbert space and in some cases to the loss of
distinction between subsystems [8]. While one may adopt a
fully clock-neutral perspective and interpret these problems
as simply features of a relational world, the operational
comparison of events in different frames remains an open
problem [9], particularly since the joint temporal local-
izability of events required for such a comparison seems
to be ruled out by the gravitational interaction [10]. Indeed,
this issue becomes especially acute in a gravitational context,
as spacetime geometry is (up to a conformal factor) deter-
mined by the causal relations of the events comprising that
spacetime [11], leading to the hypothesis that quantum
gravity extends quantum indeterminacy to causal structure
itself [12–16]. How, then, can causal structure be understood
within in a fully relational quantum framework, and how can
it be compared across reference frames, particularly given the
lack of joint localizability mentioned above?.
A subtlety arises here due to inequivalent but over-

lapping notions of causality. Relativistic causality is
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associated with the situation of events in the past and
future light cones of each other, expressed in the context
of quantum field theory via microcausality conditions, i.e.,
the commutation or anticommutation of observables at
spacelike separations. In contrast, information-theoretic
approaches define causality in operational terms via the
correlations between inputs and outputs of a given process
(e.g., the dynamical evolution of some system), for exam-
ple, by considering the effect of interventions on a
given input to the process [17–19]. The study of indefinite
causal order is situated within a similarly operational
setting [14,15]. The difference between the two notions
of causality is highlighted by the fact that a processes
exhibiting indefinite causal order in the operational sense
can be embedded in a fixed spacetime [20,21].
Some first steps have been made in the study of causal

relations in a relational setting, such as in recent work
exploring how the identification of spacetime points
becomes frame dependent in quantum gravity [9] and how
the definite or indefinite character of causal order, defined
through proper-time differences between worldline intersec-
tions, remains invariant under changes of quantum reference
frame [22]. In the context of field theory, a relational
description can provide an alternative to [23], or a means
to recover [24,25], relativistic microcausality conditions.
Here, we focus on the operational notion of causality,

asking how to apply it into the context of relational
dynamics, and studying how this intersects with the
problem of temporal localization. We adopt the relational
picture afforded by the Page-Wootters formalism [26–28],
whose equivalence to other formalisms for relational
dynamics has been explored in [29–31]. In this framework,
we investigate the extent to which different reference
frames can agree about the temporal localization of an
event and how they can disagree about the direction of time
and the ordering of operations. Interventions form a key
element of the operational approach to causality, and we
consider two possible relational representations thereof:
first through the choice of physical state, analogous to
specifying initial conditions, and second through (emer-
gent) dynamical processes incorporated into the constraint.
We show that the former supports a causal interpretation
relative to a single clock but generally fails to preserve that
interpretation across temporal reference frames, whereas
the latter avoids this limitation and can also describe
instances of indefinite causal order.
We begin by briefly reviewing the Page-Wootters for-

malism in Sec. II. In Sec. III, we discuss in more detail the
concept of time delocalization when dealing with multiple
temporal reference frames, and in Sec. IV, we examine
whether the order of operations can be reference-frame-
dependent. In Sec. V, we review the operational approach to
causal relations before presenting a naive attempt to
incorporate it into relational dynamics, showing in
Sec. V B how this attempt turns out to be problematic

when comparing the perspective of different clocks.
Consequently, we discuss how clock-system interaction
terms in the constraint operator can model timed inter-
ventions in the Page-Wootters formalism in Sec. VI. This
not only allows us to fully incorporate standard operational
causality into relational dynamics but also for describing
instances of indefinite causal order. Finally, we discuss our
results in Sec. VII.

II. THE PAGE-WOOTTERS FORMALISM

The Page-Wootters formalism describes the evolution
of one or more quantum systems in relation to another
one, which acts as a temporal reference frame, i.e., a
clock [26–28]. Dynamics emerge from a Wheeler-DeWitt-
like constraint equation as we explain below. We then
discuss important aspects of considering multiple clock
systems with respect to which relational dynamics can be
obtained and how the evolution depends on which clock
one chooses as the reference frame.

A. Evolution relative to a single clock

The Page-Wootters formalism was introduced in response
to the problem of time in canonical quantum gravity [3,4],
whereby the wave function of the universe is stationary.
Given a so-called kinematical Hilbert space K and a con-
straint operator Ĉ (identified with the Hamiltonian) defined
thereupon, the physical states are the solutions of a con-
straint, i.e., Wheeler-DeWitt equation [32],

ĈjΨ⟫ ¼ 0: ð1Þ

We denote the physical Hilbert space, comprised of the
set of all such jΨ⟫, by Hphys. Let us for now consider a
simple toy setting, namely, where the kinematical Hilbert
spaceK is composed of the Hilbert spaces of some system S,
whose evolution one is interested in, and that of a clock C,
i.e., K ¼ HC ⊗ HS. Moreover, consider a constraint
Hamiltonian which separates into clock and system terms
ĤC and ĤS, respectively,

Ĉ ¼ ĤC þ ĤS; ð2Þ

where, for ease of notation, we neglect tensor factors of
identity throughout this work, except where their inclusion is
illustrative. For so-called ideal clocks, one can define a self-
adjoint operator T̂ via ½ĤC; T̂� ¼ i, which can then be
expressed in terms of its (improper) eigenstates jti,1

1More generally, outside of the ideal setting, one defines time
states and their corresponding nonprojective positive operator
valued measure via a covariance condition [29,33]. While we
later relax some of the assumptions introduced in this section, we
maintain the assumption of ideal clocks throughout this work,
unless stated otherwise.
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T̂ ¼
Z
R
dt tjtihtjC; ð3Þ

where t is the parameter time of the clock C, and where
e−iĤCt0 jti ¼ jtþ t0i. Since the vectors jti form a basis, we
can expand the solutions to the constraint equation as
follows:

jΨ⟫ ¼
Z
R
dtjtiCjψ jCðtÞiS; ð4Þ

where jψ jCðτÞi ≔ hτjΨ⟫ are the conditional states of the
system corresponding to the clock reading t ¼ τ. Throughout
this work, we use t as the label for elements of the basis of
time states and τ in the case where we refer to a specific
element of this basis, e.g., when describing conditional
states. We use the subscript “jC” to denote that a quantity
is being described relative to C. While the solutions to the
constraint equation are static, the conditional system states
evolve relative to the clock times given by T̂. For a constraint
Hamiltonian in the formof Eq. (2), this relational evolution is
given by the Schrödinger equation. To see this, first note that
we can find solutions to the constraint equation by averaging
over the group generated by Ĉ,

jΨ⟫ ¼ δðĈÞjϕi≡ 1
2π

Z
R
ds e−isĈjϕi; ð5Þ

where jϕi is an arbitrary state from the kinematical Hilbert
space K, and δðĈÞ is an (improper) projector onto the
physical Hilbert space Hphys. Note that, when constructing
physical states in this manner, the inner product onHphys can
be written as ⟪ΨjΨ⟫phys ¼ hϕjδðĈÞjϕi ¼ hϕjΨ⟫ (see [29]
Sec. IVA for a detailed discussion). Further note that δðĈÞ is
many to one,;i.e., there are multiple jϕi∈K that give rise to
any given state jΨ⟫∈Hphys.
We now examine how the representation of kinemati-

cal states in a time basis relates to the form of the
associated physical states. To wit, using the eigenstates
of T̂, we can write an arbitrary kinematical state as
jϕi ¼ R

R dt⨋λφðt; λÞjtiCjλiS, where λ labels an arbitrary
basis of HS and ⨋ indicates either a sum or an integral
according to the discrete or continuous nature of this basis.
The constraint operator in Eq. (2) then leads to

jΨ⟫ ¼ 1
2π

Z
R
ds dtjtþ siC

XZ
λ
φðt; λÞe−isĤS jλiS; ð6Þ

jψ jCðτÞi¼hτjΨ⟫¼e−iτĤS

XZ
λ

Z
R
dtφðt;λÞeitĤS jλiS and

i
d
dτ

jψ jCðτÞi¼ ĤSjψ jCðτÞi; ð7Þ

where the conditional states jψ jCðτÞi belong to a Hilbert
space which we denote HjC. Note that, despite the

possibility of correlations between clock and system in
the kinematical space, Eq. (5) yields the same physical state
as in Eq. (6) when we take a (non-normalizable) kinemati-
cal state of the form jϕi ¼ jt0iCjϕ0iS with t0 arbitrary.

2 As
long as jϕ0iS is normalized in HS, this gives normalized
physical and conditional states. More concretely, Eqs. (6)
and (7) become

jΨ⟫ ¼ 1
2π

Z
R
dsjt0 þ siCe−isĤS jϕ0iS; ð8Þ

jψ jCðτÞi ¼ e−iðτ−t0ÞĤS jϕ0iS: ð9Þ

In the following sections, we use the above form of
kinematical state to generate examples of physical (and
therefore conditional states).
More generally, one may consider a constraint operator

which couples the clock and the system,

Ĉ ¼ ĤC þ ĤS þ Ĥint: ð10Þ

We can again express the physical state as in Eq. (4),
although the conditional system states, in general, no
longer evolve according to the Schrödinger equation. As
shown in [34], if ⟪Ψj½jtihtj ⊗ 1S; Ĥint�jΨ⟫ ¼ 0, the system
S evolves according to a modified Schrödinger equation
instead, which still corresponds to unitary relational
dynamics.

B. Relational dynamics with multiple clocks

We now discuss the Page-Wootters formalism with
multiple clocks, i.e., the scenario where there are multiple
quantum systems that we may choose as temporal reference
frames, and review how to change between these different
frames. We therefore consider the kinematical Hilbert space
K ¼ ⊗iHCi

⊗ HS and constraint operators of the form

Ĉ ¼
X
i

ĤCi
þ Ĥrest; ð11Þ

where Ĥrest can act on systems other than the clocks as well
as contain coupling terms. We can now apply the consid-
erations from Sec. II A to each clock individually. For a
given choice of clock, say Ci, the solutions to the constraint
in Eq. (1) can be written as

jΨ⟫ ¼ 1
2π

Z
R
dtijtiiCi

jψ jCi
ðtiÞi¬Ci

; ð12Þ

where jtii is the eigenstate of a time observable associated
with clock Ci, as in Eq. (3). The subscript ¬Ci denotes the
Hilbert space containing everything but the clock Ci, i.e.,

2This follows from identifying jϕ0i ¼ e−it0ĤS⨋λ

R
R dtφðt; λÞ×

eitĤS jλiS.
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⊗i0≠i HC0
i
⊗ HS. One can again define the conditional

states jψ jCi
ðτiÞi ¼ hτijΨ⟫, which give the evolution of

everything but clock Ci, described with respect to Ci.
Assuming that ⟪Ψj½jtiihtij ⊗ 1S; Ĥrest�jψ⟫ ¼ 0, this state
then evolves unitarily.
Scenarios described by the constraint operator in

Eq. (11) will give rise to different evolutions when
conditioning on different clocks. In other words, the chosen
clock system is a temporal reference frame, and the induced
relational dynamics are frame dependent. In order to
change from one frame to another [35,36], we describe
the Page-Wootters formalism in terms of reduction maps,
as in [29]. The map,

RiðτiÞ ¼ hτijCi
⊗ 1¬Ci

; ð13Þ

takes states from the Hilbert space of the solutions to the
constraint equation Hphys to the space of conditional states
of clock Ci at time ti ¼ τi, whose Hilbert space we denote
HjCi

. Note that since we are considering only ideal clocks
here, the latter space admits a factorization along kinemati-
cal lines, i.e., HjCi

≃ ⊗i0≠i HC0
i
⊗ HS [8], as we discuss in

more detail below. On the other hand, the inverse of the
reduction map,

R−1
i ðτiÞ ¼ δðĈÞjτiiCi

⊗ 1¬Ci
; ð14Þ

takes a conditional state of clock Ci back to the corre-
sponding solution of the constraint equation. We then
combine such maps to change between two temporal
reference frames, see Fig. 1. Changing from the frame
of clock i to that of clock j is thus achieved via the map,

Si→jðτi; τjÞ ¼ RjðτjÞR−1
i ðτiÞ; ð15Þ

which takes conditional states jψ jCi
ðτiÞi¬Ci

to conditional
states jψ jCj

ðτjÞi¬Cj
¼ Si→jðτi; τjÞjψ jCi

ðτiÞi¬Ci
. Similarly to

the conditional states, an observable OjCi
relative to Ci

transforms under the change of temporal reference frame to
the observable OjCj

¼ Si→jOjCi
S†
i→j (where we have omit-

ted the τi and τj labels for simplicity). As discussed in [8],
conditioning on different clocks will induce different sub-
space structures for the remaining Hilbert space. We
illustrate below how this leads observables local to a
certain subsystem when described according to one clock,
to become nonlocal (i.e., acting on multiple subsystems)
when described according to another clock [8].
Consider, for example, two clocks C1 and C2, and a

system S comprised of three subsystems, i.e., HS ¼
HA ⊗ HB ⊗ HC, and no interactions between the clocks
and S. In this case, we are guaranteed that

HjC1
≃HAjC1

⊗ HBjC1
⊗ HCjC1

≃HAjC2
⊗ HBjC2

⊗ HCjC2

≃HjC2
; ð16Þ

and that the individual subspaces are isomorphic to one
another, HXjC1

≃HXjC2
for X ¼ A, B, C (note that in

general, for nonideal clocks, this does not hold).
Importantly, however, despite their isomorphism, HXjC1

and HXjC2
are distinct spaces, whose corresponding alge-

bras of observables do not coincide (see Theorem 1 in [8]).
Nonetheless, if the clocks are ideal, interactions between

subsystems do not change in the following sense. Consider,
for example,

Ĉ ¼ ĤC1
þ ĤC2

þ ĤA þ ĤB þ ĤC þ ĤBC; ð17Þ

where the system Hamiltonian consists of the free evolution
of A, B andC and a coupling term between B andC. Noting
that for both cases i ¼ 1, 2, the constraint Ĉ consists of ĤCi

plus some term not acting on HCi
, and one can therefore

apply the formalism in Sec. II A to condition on either
clock Ci, finding that the conditional state jψ jCi

ðtiÞi¬Ci

evolves according to the Hamiltonian,

Ĥ¬CijCi
¼ ĤCjjCi

þ ĤAjCi
þ ĤBjCi

þ ĤCjCi
þ ĤBCjCi

; ð18Þ

with j ¼ 1, 2 and j ≠ i, and where the Hamiltonians ĤXjCi

act only on HXjCi
, and ĤBCjCi

correlates subsystems BjCi

and CjCi. Hence, in either reference frame, subsystems B

FIG. 1. The relationship between the kinematical, physical, and
two conditional Hilbert spaces corresponding to the reference
frames of clocks Ci and Cj. To transform from the reference
frame of Ci to that of Cj, one first applies the inverse of the
reduction map RiðτiÞ which gives the conditional states of Ci.
This takes us to the Hilbert space of solutions to the constraint
equation, namely, Hphys. One then applies the reduction map
RjðτjÞ, which is used to obtain the conditional states with respect
to clock Cj. In total, this gives the frame change map Si→jðτi; τjÞ
according to Eq. (15).
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and C are coupled to one another but not to the other
systems. However, we stress that Ĥ¬C1jC1

≠ Ĥ¬C2jC2
, in

general, unless ½ĤB þ ĤC; ĤBC� ¼ 0, a fact which follows
from Corollary 4 of [29]. This may seem counterintuitive,
but one should recall that writing Ĥ¬C1jC1

or Ĥ¬C2jC2
in the

form of Eq. (18) corresponds to two different factorizations.
To summarize, despite the different notion of subsystems in
the two frames, the structure of subsystem interactions is
frame independent when the clocks in question are ideal
and do not interact with the systems that they are used to
describe.
Considering on the other hand an observableOjC1

, which
in the frame of C1 acts only on subsystem C,

OjC1
¼ 1C2ABjC1

⊗ ÔCjC1
; ð19Þ

we find that according to clock C2 this observable acts as

OjC2
¼ S1→2ðτ1; τ2ÞOjC1

S−1
1→2ðτ1; τ2Þ

¼
Z
R
dsjτ1 þ sihτ1 þ sjC1

⊗ 1A ⊗ Ô0
BCðsÞ; ð20Þ

where Ô0
BCðsÞ¼e−isðĤBþĤCþĤBCÞð1B⊗ÔCÞeisðĤBþĤCþĤBCÞ.

Thus, not only does observableOC2
act nontrivially on both

subsystems B andC (as a consequence of the coupling term
ĤBC in the constraint) but also acts on clock C1. In
particular, Eq. (20) shows that an observable which acts
independently on some tensor factor according to clock C1

is seen by clock C2 to be correlated with the time
observable of clock C1.

III. A LIMIT TO JOINT TEMPORAL
LOCALIZABILITY AND CLOCK

SYNCHRONIZATION

We saw above how, in the multiple-clock scenario, the
Page-Wootters formalism leads to reference-frame-depen-
dent relational dynamics. Importantly the relational evo-
lution of one clock with respect to another includes some
necessary time delocalization, even in the absence of clock-
system interactions (cf. [10], which examines the time
delocalization induced by clock-system interactions).
Consider the simplest example of a multiple-clock sce-
nario, namely, two clocks C1 and C2 and a third system S,
i.e., K ¼ HC1

⊗ HC2
⊗ HS. When generating a physical

state according to Eq. (5), we can follow a similar
procedure to the one used in Sec. II A and write an arbitrary
kinematical states jϕi∈K in the form

jϕi ¼
Z
R
dt1dt2

XZ
λ
φðt1; t2; λÞjt1iC1

jt2iC2
jλiS; ð21Þ

where φðt1; t2; λÞ encodes the correlations between the two
clocks C1 and C2, as well as with the system S, and as
before, λ labels an arbitrary basis of HS. If there are no

coupling terms between the clocks and the system, i.e.,
Ĉ ¼ ĤC1

þ ĤC2
þ ĤS, the corresponding physical state is

jΨ⟫ ¼ 1

2π

Z
R
ds dt1dt2

XZ
λ
φðt1; t2; λÞjt1 þ siC1

jt2 þ siC2

× e−isĤS jλiS: ð22Þ

Recalling that we can write the inner product on the
physical Hilbert space in terms of projectors onto the time
eigenstates [29,34],

⟪ΨjΨiiphys¼⟪Ψjðjτ1ihτ1j⊗1C2
⊗1SÞjΨ⟫

¼⟪Ψjð1C1
⊗ jτ2ihτ2j⊗1SÞjΨ⟫ ∀τ1;τ2; ð23Þ

we see that normalizability of the physical states implies
normalizability of the corresponding conditional states, i.e.,
that hψ jCi

ðτiÞjψ jCi
ðτiÞi < ∞, for all clock times τi and

i∈ f1; 2g. As we show now, this implies the impossibility
of perfectly synchronized clocks. By perfect synchroniza-
tion, we mean that there is effectively only one time
parameter simultaneously determining the time states for
both clocks, i.e., φðt1; t2; λÞ ¼ φðt1; λÞδðt1 − t2Þ for some
function φðt1; λÞ, giving a kinematical state of the form
jϕi ¼ R

R dt⨋λφðt; λÞjtiC1
jtiC2

jλiS. Applying this condition
to Eq. (22) does not lead to normalizable physical
states since their inner product is proportional to the δ
distribution,

jΨ⟫ ¼ 1

2π

Z
R
ds dt

XZ
λ
φðt; λÞjtþ siC1

jtþ siC2

× e−isĤS jλiS;

⟪ΨjΨ⟫phys ¼
1

2π

Z
R
ds dtdt0

XZ
λ;λ0

φ�ðt0; λ0Þφðt; λÞ

× δ2ðtþ s − t0Þhλ0jeisĤS jλi ∝ δð0Þ: ð24Þ

Thus, since ⟪ΨjΨ⟫phys diverges, the conditional states
obtained from jΨ⟫ are not normalizable at all clock
times: hψ jCi

ðτiÞjψ jCi
ðτiÞi ∝ δð0Þ ∀ τi; i ¼ 1, 2. Hence,

normalizable physical states—and consequently condi-
tional states—require that in the frame of one clock another
clock is necessarily time delocalized to some extent.
As in Sec. II A, for the case of a single clock system,

we can generate examples of physical states from (non-
normalizable) kinematical states of the form jϕi ¼
jt0iC1

R
dtφðt; t0ÞjtiC2

jϕ0iS. Now φðt; t0Þ describes the
time delocalization of C2 conditioned on C1 being in state
jt0i. We have then “shifted” the necessary time delocal-
ization to clock C2 only. To simplify things further, we
choose t0 ¼ 0 and denote φðtÞ ≔ φðt; 0Þ in what follows. If
we then want the clocks to “read the same time at t ¼ 0”,
the function φðtÞ should be sharply peaked around 0.
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Since the divergence in Eq. (24) arises due to our
assumption of ideal clocks, one may ask if the limit to
clock synchronization continues to hold outside of this
assumption. Consider for a moment nonideal clocks, such
that χðt − t0Þ ≔ htjt0i ≠ δðt − t0Þ (see [29], Sec. III). In the
cases where χð0Þ is finite, e.g., continuous-spectrum clocks
with a doubly bounded spectrum or discrete-spectrum
clocks with a spectrum bounded below, we can normalize
the physical states jΨ⟫ in Eq. (24). However, in each
temporal reference frame, the other clock will still appear
delocalized in time; i.e., jψ jCi

ðτiÞi ¼ hτijΨ⟫ does not
contain a sharp value on clock Cj≠i.

IV. FRAME-DEPENDENT EVOLUTION
AND ORDERING

We now investigate the extent to which relational
dynamics permits disagreement between reference frames
about the direction of time and the ordering of operations.
We consider a simple example which illustrates the limited
extent to which these features are permitted. Consider the
above scenario of two ideal clocks and a system S, where
now the two clocks run in opposite directions, which is
equivalent to writing

Ĉ ¼ ĤC1
− ĤC2

þ ĤS: ð25Þ

As discussed in Sec. III, we can describe the situation
where the two clock are approximately synchronized at
t ¼ 0 by using Eq. (5) and a kinematical state of the form
jϕi ¼ jt0 ¼ 0iC1

R
dtφðtÞjtiC2

jϕ0iS, where φðtÞ is sharply
peaked around t ¼ 0, giving the following physical and
conditional states:

jΨ⟫ ¼ 1

2π

Z
R
ds dtφðtÞe−isĈj0iC1

jtiC2
jϕ0iS

¼ 1

2π

Z
R
ds dtφðtÞjsiC1

jt − siC2
e−isĤS jϕ0iS; ð26Þ

jψ jC1
ðτ1Þi ¼ hτ1jΨ⟫

¼
Z

dtφðtÞjt − τ1iC2
e−iτ1ĤS jϕ0iS; ð27Þ

jψ jC2
ðτ2Þi ¼ hτ2jΨ⟫

¼
Z

dtφðtÞjt − τ2iC1
eiðτ2−tÞĤS jϕ0iS; ð28Þ

where we can see that the two different clocks observe the
system evolving in two different directions in time; i.e., the
two frames are defined such that their clocks run in
opposing directions. However, the temporal correlations
between the system and the remaining clock are different in
the two reference frames due to the time delocalization. In
particular, despite choosing opposing clocks in this manner,

we do not obtain frames which are a perfect time reversal of
each other. To understand this better, let us consider the
dynamics of the system alone in each temporal reference
frame, i.e.,

ρSjC1
ðτ1Þ ≔ TrC2

ðjψ jC1
ðτ1Þihψ jC1

ðτ1ÞjÞ
¼ e−iτ1ĤS jϕ0ihϕ0jSeiτ1ĤS ; ð29Þ

ρSjC2
ðτ2Þ ≔ TrC1

ðjψ jC2
ðτ2Þihψ jC2

ðτ2ÞjÞ

¼
Z

dtjφðtÞj2eiðτ2−tÞĤS jϕ0ihϕ0jSe−iðτ2−tÞĤS

¼ eiτ2ĤSρSjC2
ð0Þe−iτ2ĤS : ð30Þ

These are the reduced states of the system according to the
two clocks, showing the opposing directions of time as well
as time delocalization in the frame of clock C2. However,
recalling that φðtÞ is sharply peaked around t ¼ 0, we
obtain at initial time τ1 ¼ τ2 ¼ 0,

ρSjC1
ð0Þ ¼ jϕ0ihϕ0jS and

ρSjC2
ð0Þ ¼

Z
dtjφðtÞj2e−itĤS jϕ0ihϕ0jSeitĤS

¼ jϕ0ihϕ0jS þ ε̂; ð31Þ

where ε̂ ≔
R
dtjφðtÞj2e−itĤS jϕ0ihϕ0jSeitĤS − jϕ0ihϕ0jS is

such that jhψSjC2
jε̂jψSjC2

ij ≪ 1 ∀ jψSjC2
i∈HSjC2

. While
the difference between the states according to the two
clocks at τ1 ¼ τ2 ¼ 0 can, in principle, be arbitrarily small,
if the system S exhibits the quantum analogue of the
“butterfly effect” in classical chaotic systems [37], then this
difference will be exponentially amplified over time. For
large enough S, this eventually results in an unavoidable
distinction between the past of S according to clock C1, and
the future of S according to clock C2, despite the fact that S
evolves under e−itĤS for C1 and under eitĤS for C2.

3

3Given the connection between quantum chaos and the
emergence of thermal behavior [38], we speculate that it is
extremely unlikely (strictly speaking, “atypical”) for two clocks
to be capable of disagreeing about the thermodynamic arrow of
time. For example, if jϕ0ihϕ0jS corresponds to a many-body state
whose subsystems have recently thermalized [38], then according
to the description relative to clock C1, the time-reversed evolution
of jϕ0ihϕ0jS entails those subsystems going from thermal to
athermal, say at some time −τ0. Now, since S begins in the state
jϕ0ihϕ0jS þ ε̂ relative to clockC2 and since nonequilibrium states
are highly atypical [39], the exponentially divergent paths of
jϕ0ihϕ0jS and jϕ0ihϕ0jS þ ε̂ under the application of the unitary
operation eiτ

0ĤS suggests that it is extremely unlikely that the
subsystems of ρSjC2

ðτ0Þ are out of thermal equilibrium. Further
investigation is needed to determine whether this intuition holds.
For an in depth discussion of the reference-frame dependence of
thermodynamic properties, see [40].
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Outside of the chaotic case discussed above, one can
ask if it is possible to contrive an example where the
two clocks not only see the same initial state evolve in
different directions in time but in fact see events occur-
ring in opposite orders. One way of defining events quan-
tum mechanically is by the application of quantum
operations or completely positive trace nonincreasing
(CP) maps–see Sec. V below. Consider two such oper-
ations, EA and EB, whose Stinespring dilations can be
written as EA½·� ¼ TrA0 ðUAð· ⊗ ja0iha0jA0 ÞU†

AÞ and EB½·� ¼
TrB0 ðUBð· ⊗ jb0ihb0jB0 ÞU†

BÞ. Is it then possible for the
clocks C1 and C2 to assign different orders to these
operations, e.g., that C1 sees the evolution as EB ∘ EA
acting on some initial state, while C2 sees this as
EA ∘ EB acting on the same state? As we discuss in
Appendix A, such a clock-dependent ordering only appears
(approximately) in the relational picture described above if
the unitary component of the Stinespring dilation of EA and
EB is time-reversal invariant (i.e., Hermitian).

V. OPERATIONAL CAUSALITY AND THE
PAGE-WOOTTERS FORMALISM

As stated in Sec. I, we study how the operational notion
of causality, which considers causal influences in terms of
quantum operations [15,41–43], can be embedded in the
Page-Wootters formalism. A quantum operation can caus-
ally influence another operation if we can detect the
application of the former via the latter. After briefly
presenting this operational approach to causality in quan-
tum theory, we show how a first, ad hoc attempt of
incorporating it into the Page-Wootters formalism breaks
down when considering multiple temporal frames, i.e.,
clock systems.

A. The operational approach to causal relations

Operational causality identifies causal influences with
signaling correlations between quantum operations. A
quantum operation is a CP map M on quantum states,
potentially producing a classical outcome. If some hypo-
thetical agent A, by applying operation MA, can affect the
probability associated with the outcome of operation MB,
applied by a hypothetical agent B, then we say that A can
causally influence B. Whether this is possible will, of
course, depend on the underlying dynamics of the quantum
systems that these agents act upon, as encoded in the map
connecting the output of A’s operation to the input of B’s
operation.
More concretely, let us consider some dynamical process

represented by E, which, in general, is a completely positive
trace preserving (CPTP) map and for convenience (and, in
particular, compatibility with the Page-Wootters formal-
ism) can be dilated to a unitary using ancillary systems. We
can investigate its causal properties by considering the
scenario depicted in Fig. 2. At an initial time ti, we apply

one from a set of quantum operations fMi
Agi to a

subsystem A. Later, at a final time tf > ti, we apply an
operation MB, which for simplicity we assume to be the
measurement of some observable OB, to a different sub-
system B, obtaining some outcome b. If we then find that

pðbjMi
AÞ ≠ pðbjMj

AÞ; ð32Þ

where i ≠ j denote different maps on A, then the choice of
map by agent A can be detected via the outcomes obtained
by agent B. Agent A is therefore in the causal past of agent
B. To further simplify matters, we compare the application
of an operation MA at ti to the case where no operation is
applied, i.e., fMi

Agi ¼ f1A;MAg. More concretely, given
an initial state ρðtiÞ∈BðHA ⊗ HB ⊗ …Þ and the evolution
E, when investigating the causal relation between A and B,
we compare

ρBðtfÞ ¼ Tr¬BðE½ρðtiÞ�Þ; ð33Þ

where Tr¬B denotes the trace over all subsystems except
B, to

ρ̄BðtfÞ ¼ Tr¬BðE½ðMA ⊗ 1¬AÞρðtiÞ�Þ: ð34Þ

Thus, ρ̄BðtfÞ and ρBðtfÞ correspond, respectively, to the
cases where, prior to the evolution E, an intervention on A
takes place or not. If these two states of B are different,
ρ̄BðtfÞ ≠ ρBðtfÞ, then there exists an observable ÔB ¼P

b bΠb
B whose outcome probabilities depend on whether

or not the operation MA has been applied to A at ti, i.e.,

pðbjno interventionÞ ¼ TrðΠb
BρBðtfÞÞ

¼ Trð1 ⊗ Πb
BE½ρðtiÞ�Þ; ð35Þ

FIG. 2. Operational causality. Let a collection of quantum
systems A; B;… evolve according to the CPTP map E. We say
that the input system A signals to the output system B if there
exist a local map MA on A and an observable OB on B such that
the application of MA can be detected via OB. Signaling can
occur if the reduced state ρB of the output on B differs depending
on whether MA is applied or not.
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≠ Trð1 ⊗ Πb
BE½MA ⊗ 1ρðtiÞ�Þ ¼ TrðΠb

Bρ̄BðtfÞÞ
¼ pðbjinterventionÞ; ð36Þ

meaning that an agent A can signal to another agent B by
choosing whether or not to apply operation MA. A simple
illustrative example with two qubits can be found in
Appendix B.

B. A breakdown of operational causality
in relational dynamics

We now describe a naive embedding of operational
causality into the Page-Wootters formalism and show its
failure in the multiple-clock setting. First, note that any
dynamical evolution, i.e., the CPTP map E, can be repre-
sented relationally via a constraint Hamiltonian as in Eq. (2),
where an ideal clock C acts as the temporal reference frame,
in the following manner. The subsystems A; B;…, and if
necessary an additional ancilla systemX, are combined into a
single kinematical system HS ≃HA ⊗ HB ⊗ … ⊗ HX,
with Hamiltonian ĤS, leading to the relational evolution
with respect to clock C given by

U jCðtÞ ≔ e−itĤS ; ð37Þ

which is such that U jCðΔtÞ is a unitary corresponding to a
Stinespring dilation of theCPTPmap E in Fig. 2.We can then
choose a kinematical state jt0iCjϕ0iS and, following
Sec. II A, write an arbitrary solution to the constraint
equation as

jΨ⟫ ¼ 1
2π

Z
R
dsjt0 þ siCe−isĤS jϕ0iS; ð38Þ

with

jψ jCðtÞiS ¼ htjΨ⟫ ¼ U jCðt − t0Þjϕ0iS; ð39Þ

such that TrXðU jCðΔtÞjϕ0ihϕ0jSU†
jCðΔtÞÞ ¼ E½ρ�, where ρ

can be any state on HA ⊗ HB ⊗ …,4 thus encoding the
evolution whose causal properties we wish to study. Now, to
actually investigate its causal properties, we have to introduce
interventions, see Fig. 3. Let us therefore define a conditional
statewhich differs from the one in Eq. (39) by the application
of an operation MA to subsystem A at time ti, namely,

jψA
jCðtÞiS ≔ U jCðt − tiÞUAhtijΨ⟫; ð40Þ

where UA corresponds to a Stinespring dilation of MA,
whose ancilla system is included in X. Note that while we
have defined the state in the case of an intervention directly on
the reduced space of S relative to the clock [i.e., Eq. (40)], this
corresponds to a different choice of physical state
jΨA⟫ ≔ R−1

C ðtiÞMAhtijΨ⟫ ≠ jΨ⟫, where R−1
C ðtÞ is the

inverse Page-Wootters reduction map defined in Eq. (14).
A causal influence of enacting the operation MA can be

detected in another subsystem, say B, at some final time
tf ¼ ti þ Δt according to the clock, if

ρABðtfÞ ¼ Tr¬BðjψA
jCðtfÞihψA

jCðtfÞjÞ
≠ Tr¬Bðjψ jCðtfÞihψ jCðtfÞjÞ ¼ ρBðtfÞ; ð41Þ

where, again, Tr¬B denotes the trace over all subsystems but
B. If these two reduced states differ from one another, then
there exists an observable ÔB ¼ P

b bΠb
B on subsystem B

such that

FIG. 3. Operational causality within the Page-Wootters formalism: (a) The solution to the constraint equation determines the unitary
evolution U jC relative to clock C. By tracing out the ancilla system X, we obtain the CPTP map E we want to study. (b) The operation
MA at some initial time can be absorbed into the choice of kinematical state used to construct a particular solution to the constraint
equation jΨA⟫ ¼ R−1

C ðtiÞMAhtijΨ⟫ giving conditional states jψA
jCðtÞi ¼ htjΨA⟫ ¼ U jCðt − tiÞMAhtijΨ⟫. The probabilities for the

outcomes of observable OB at time tf can then be calculated from the respective conditional state jψA
jCðtfÞi. Investigating causal

properties then, in general, means comparing said probabilities for different operations MA and MA0 respectively.

4Note that the additional system X plays the role of purifying
this ρ, as well as providing an additional system for the Stine-
spring dilations of the pertinent CPTP maps.
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pjCðbjMAÞ¼ hψA
jCðtfÞj1⊗Πb

BjψA
jCðtfÞi

≠ hψ jCðtfÞj1⊗Πb
Bjψ jCðtfÞi¼pjCðbj1Þ; ð42Þ

where pjCðbjMAÞ denotes the probability of outcome b
given interventionMA, evaluated in the reference frame of
clock C. We thus obtain the no-intervention and interven-
tion conditional probabilities in Eqs. (35) and (36) in a
relational setting. An explicit example of incorporating
operational causality into the Page-Wootters formalism in
the manner described above is given in Appendix B.
This approach, however, encounters a fundamental

problem when we consider multiple clock systems. As
we show below, a Page-Wootters representation, well suited
for investigating the causal properties according to one
clock, is no longer useful to do so after a change of
temporal reference frame (i.e., clock system).
Similar to before, we now consider a constraint operator

describing two ideal clocks C1 and C2 and a system
comprised of multiple subsystems and ancillas HS ¼
HA ⊗ HB… ⊗ HX,

Ĉ ¼ ĤC1
þ ĤC2

þ ĤS: ð43Þ

Analogous to the scenario with a single clock, we can
construct a physical state as follows:

jΨ⟫¼ δðĈÞjϕi

¼ 1

2π

Z
R
dsdtφðtÞjt0þ siC1

jtþ siC2
e−isĤS jϕ0iS; ð44Þ

where φðtÞ ensures the necessary time delocalization
between the two clocks (see Sec. III), and jϕ0iS is chosen
such that we obtain TrXðU jCi

ðΔtÞjϕ0ihϕ0jSU†
jCi
ðΔtÞÞ ¼

EjCi
½ρ� for the input state ρ we want to consider. Note

that, in general, the CPTP map E will be different for the
two reference frames but can be made approximately equal
by choosing φðtÞ sharply peaked around zero (cf. Sec. IV).
However, if we now try to model quantum operations as in
the single-clock scenario, we encounter a problem due to
the relativity of subsystems discussed in Sec. II B. To show
this, it suffices to consider only two subsystems A and B
whose causal relationship we wish to investigate, i.e.,
HS ¼ HA ⊗ HB ⊗ HX. Now, consider the case where,
in the reference frame of clock C1, we apply an operation
MjC1

corresponding to an intervention on subsystemHAjC1

at some initial time τi1 and then try to detect its effect on
subsystem HBjC1

by applying an observable OjC1
at a later

time τf1 . For these operations to fit into the causal rubric
described in Sec. VA, they have the following form
according to C1:

MjC1
¼ 1C2

⊗ MA ⊗ 1B ⊗ 1X and

OjC1
¼ 1C2

⊗ 1A ⊗ OB ⊗ 1X; ð45Þ

whereMA andOB are to be understood as placeholders for
any concrete pair of operation and observable one wants to
consider. In the reference frame of clock C2, however, these
operations are given by

MjC2
¼ R2ðτi2ÞR−1

1 ðτi1ÞMjC1
R1ðτ01ÞR−1

2 ðτ02Þ

¼
Z
R
dsjτ01 þ sihτ01 þ sjC1

⊗ e−isĤSðMA ⊗ 1B ⊗ 1XÞeisĤS ; and ð46Þ

OjC2
¼ R2ðτf2ÞR−1

1 ðτf1ÞOjC1
R1ðτf1ÞR−1

2 ðτf2Þ

¼
Z
R
dsjτf1 þ sihτf1 þ sjC1

⊗ e−isĤSð1A ⊗ ÔB ⊗ 1XÞeisĤS ; ð47Þ

where τi2 and τf2 are the initial and final times according to
clock C2. Clearly, these operations, in general, act on all
subsystems in the frame of clock C2, namely, HAjC2

, HBjC2

and HC1jC2
, see Fig. 4 and Appendix B for a concrete

example.
Since by construction the frame-change map preserves

probabilities, pjC1
ðbjMAÞ ¼ pjC2

ðbjMAÞ, whether or not
we observe different probabilities if MA is applied or not
depends on the physical states jΨ⟫ and jΨA⟫ and not on the
choice of clock. However, observed correlations can be
understood in terms of a causal relationship (or lack
thereof) between factors A and B with respect to clock
C1; in the frame of clock C2, however, no such causal
interpretation applies, since there the relevant operations
jointly act on all the subsystems.

FIG. 4. System localization of operations for multiple clock
systems: if a quantum operation is applied to a single subsystem
in one temporal reference frame, here C1, in the reference frame
of another clock, C2, this quantum operation acts on multiple
subsystems. The change of temporal reference frame MjC2

¼
S1→2MjC1

S−1
1→2 does, in general, not preserve the subsystem

localization of operations.
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VI. INTERVENTIONS IN THE PAGE-WOOTTERS
FORMALISM

A. Timed interventions via clock-system interaction

In Sec. V, the presence or absence of an intervention
corresponded to alternative choices of physical state
(analogous to different initial conditions in a dynamical
theory). Here, we show how the subsystem-delocalization
problem encountered there can be solved by considering a
more refined notion of interventions, namely, their encod-
ing as dynamical operations, via the constraint operator.
Thus, one can maintain subsystem locality across perspec-
tives by explicitly modeling the temporal locality of the
interventions.
To do this, we introduce tailored interaction terms

between a clock and the subsystem that a given operation
is to be applied to. Let us start by briefly reviewing clock-
system interactions within the Page-Wootters formalism
[10,34,44]. In general, such interactions may result in
nonunitary evolution of the system with respect to the
clock [45–48]. However, as shown in [34], clock-system
interaction terms of the form

Ĥint ¼
Z

dt fðtÞjtihtjC ⊗ K̂S ≕ f̂ðT̂ÞC ⊗ K̂S; ð48Þ

where the time states jti are defined as in Sec. II A, can
model unitary relational dynamics with an emergent time-
dependent Hamiltonian. As we explain in detail in
Appendix C, using methods from [10], constraint operators
of the form

Ĉ ¼ ĤC þ ĤS þ f̂ðT̂ÞC ⊗ K̂S ð49Þ

lead to well defined physical states. Specifically, the
elements of the group generated by Ĉ can be calculated
via a Dyson series (cf. Sec. III.2 in [34]), from which one
can obtain physical states via Eq. (5). Here, we consider
approximately instantaneous interventions, in the sense that
fðtÞ is well localized around some value τ̄ and can be
treated as δðt − τ̄Þ in the Dyson series governing the
relational evolution (see Appendix C). We denote this
case by

Ĉ ¼ ĤC þ ĤS þ δðT̂ − τ̄ÞC ⊗ K̂S; ð50Þ

and obtain physical states

jΨ⟫ ¼ 1

2π

Z
τ̄

−∞
dtjtiC e−itĤS jϕ0iS

þ 1

2π

Z
∞

τ̄
dtjtiC e−iðt−τ̄ÞĤSe−iK̂Se−iτ̄ĤS jϕ0iS; ð51Þ

which describe the free evolution of the system according
to ĤS with the application of e−iK̂S at time τ̄. We stress,

however, that Eq. (50) is an abuse of notation, representing
the case of nonzero but negligible delocalization of the
function fðtÞ; otherwise, since δnðxÞ is not a well-defined
distribution for n > 1, the exponential of Eq. (50) diverges.
Equation (51) should thus be understood as an approxi-
mation which neglects the finite width of the function fðtÞ.
In [44], the authors used such instantaneous interventions
to describe von Neumann measurements [49,50] within the
Page-Wootters formalism, obtaining Eq. (51) in that con-
text (cf. Eq. (34) in [44]).
To consider general quantum operations, we can again

let the system S be comprised of various subsystems
A;B;…X and ancillary systems A0; B0;…. The subsystems
A;B;… represent the factors to which the operations are to
be applied, while A0; B0… provide the necessary additional
space for the Stinespring dilations of the relevant CPTP
maps (A0 for dilating the operation on A, and so on). The
system X, included for generality, allows for a purification
of the states which one wishes to embed into the Page-
Wootters formalism, as well as a Stinespring dilation of the
CPTP map whose causal properties we wish to investigate;
for simplicity, this will be omitted in the following, as we
focus here on the modeling of interventions. Letting
N ¼ A;B;…, the unitary operator dilating a given oper-
ation on factor N will be enacted by including the
appropriate generator KNN0 in the constraint. Specifically
the operator UNN0 ≔ e−iKNN0 will represent a dilation of the
map MN on N. In the case where the operation is an
observable ON , this corresponds to a von Neumann
measurement, correlating N with its ancilla N0 in the
eigenbasis of ON .
We now show how incorporating these operations into

the constraint operator preserves subsystem locality under
change of temporal reference frame. Consider again the
example of two clocks C1 and C2, two subsystems A and B,
and the respective ancillas A0 and B0. An instantaneous
intervention on subsystem A at time τ̄1 according to clock
C1 then corresponds to constraint operator,

Ĉ ¼ ĤC1
þ ĤC1

þ ĤS þ δðT̂1 − τ̄1Þ ⊗ K̂AA0 ; ð52Þ

where the system Hamiltonian ĤS acts only on A;B;….
Applying the method described in Appendix C to Eq. (52),
and using a kinematical state of the form jϕi ¼R
dtφðt2Þj0iC1

jt2iC2
jϕ0iS, where j0iC1

denotes jt1¼0iC1
,

gives the following physical and conditional states:

jΨ⟫¼ 1

2π

Z
τ̄1

−∞
dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
e−it1ĤS jϕ0iS

þ 1

2π

Z
∞

τ̄1

dt1

Z
dt2φðt2Þjt1iC1

jt1 þ t2iC2
e−iðt1−τ̄1ÞĤS

× e−iK̂AA0e−iτiĤS jϕ0iS; ð53Þ
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jψ jC1
ðτ1Þi ¼ hτ1jΨ⟫ ¼

Z
dt2 φðt2Þjτ1 þ t2iC2

�
e−iτ1ĤS jϕ0iS τ1 < τ̄1

e−iðτ1−τ̄1ÞĤSUAA0e−iτ̄1ĤS jϕ0iS τ̄1 ≤ τ1;
ð54Þ

jψ jC2
ðτ2Þi ¼ hτ2jΨ⟫ ¼

Z
dt2 φðt2Þjτ2 − t2iC1

�
e−iðτ2−t2ÞĤS jϕ0iS τ2 − t2 < τ̄1

e−iðτ2−t2−τ̄1ÞĤSUAA0e−iτ̄1ĤS jϕ0iS τ̄1 ≤ τ2 − t2:
ð55Þ

Note that now MA acts only on subsystem A (via its
dilation UAA0 ) in both temporal reference frames. However,
in the frame of C2 whether or not the operation has been
applied depends not only on clock time τ2 but also on the
integration variable t2. Hence, the application of MA
appears instantaneous in the frame of C1, i.e., the clock
that times the intervention, but time delocalized in the
reference frame the other clock C2, see Fig. 5. The extent of
time localization depends upon the extent to which φðtÞ is
peaked around a given value, and indeed, replacing φðtÞ
with δðtÞ in the above expressions would give an inter-
vention which is fully system local and time local from both
perspectives. As discussed in Sec. III, however, this would
lead to divergencies. Recalling that Eq. (53) was obtained
for a specific form of kinematical state jϕi, we note that, in
general, there is no need for the two perspectives to share
some sense of timed intervention, particularly when the
kinematical state (or more precisely, the physical state
obtained therefrom) does not lead to any correlation
between the clock times in the two perspectives.
In what follows, we present how to use the type of

interventions above to consistently incorporate operational
causality into the Page-Wootters formalism. Finally, we
also show how incorporating timed interventions into the
constraint operator allows for describing scenarios with
indefinite causal order.

B. Timed interventions and operational causality

Incorporating the interventions necessary for investigating
causality (see Sec. VA), into the constraint operator, the gen-
eral form for arbitrarily many clocks and interventions is

Ĉ ¼
X
j

ĤCj
þ ĤS þ

X
jl

f̂ðT̂jÞ ⊗ KAlA0
l
; ð56Þ

where j labels the different clocks, and thus, T̂j refers to the
time operator of clock Cj. The different subsystems involved
in the evolution labeled l and l0 denote the corresponding
ancilla systems, such that KAlA0

l
generates the Stinespring

dilations of the map to be applied to system l. While the
approach to investigating causal relations described in
Sec. VB entailed a comparison of different solutions to a
single constraint equation, here one compares different con-
straints. These constraints differ only in the operators KAlA0

l

corresponding to different operations MAl
being applied.

From this perspective, investigating causal relations within
relational dynamics amounts to comparing representatives of a
fixed class of constraint equations and their solutions.
Consider the simplest example, where S consists of two

subsystems A and B and their respective ancillas A0 and B0,
and with two approximately instantaneous interventions,
one applied to subsystem A followed by the other to
subsystem B, as timed by a single clock C. This corre-
sponds to a constraint operator of the form

Ĉ ¼ ĤC þ ĤS þ δðT̂ − τiÞKAA0 þ δðT̂ − τfÞKBB0 ; ð57Þ

where τi < τf are the initial and final time according to
clock C. As before, the Dirac delta notation in Eq. (57)
represents the case where the interventions have some finite
but negligible duration centered on τi and τf. The class of
constraint operators above describes a scenario where MA

is applied to A at clock-time τi (via its dilation UAA0 ≔
e−iKAA0 on A and A0) andMB at final clock-time τf > τi (via
its dilation UBB0 ≔ e−iKBB0 on B and B0). Note that, while
the evolution due to ĤS may allow for a bidirectional causal
relationship between A and B, constraint operators of the
form of Eq. (57) correspond to the question of whether A
can causally influence B but do not tell us anything about
the converse—to interrogate whether B can influence A,
one must invert the timings of the interventions.
We again consider the case where MB ¼ OB and

compare the situation where some arbitrary MA is applied

FIG. 5. Timed interventions as part of the constraint operator.
The action of a quantum operation on a given subsystems, here A,
is preserved when changing from the reference frame of clock C1

to the frame of clock C2. However, due to the necessary time
delocalization between the two clocks, the operations are not eell
localized in time according to the clock which is not coupled to A
via the interaction term, here C2.
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to A with the situation where no intervention on A occurs.
The latter case can be obtained by setting KAA0 ¼ 0 in
Eq. (57), explicitly,

Ĉ0 ¼ ĤC þ ĤS þ δðT̂ − τfÞKBB0 : ð58Þ

Beginning with the case of an arbitrary intervention on A,
and recalling that in the case of a single clock, an arbitrary
physical state can be obtained via a kinematical state of the
form jt ¼ 0iCjϕ0iS (see Sec. II A), the method in
Appendix C can again be applied to find the physical
states generated by Eq. (57),

jΨA⟫ ¼ 1

2π

�Z
τi

−∞
dtjtiCe−itĤS þ

Z
τf

τi

dtjtiCe−iðt−τiÞĤSUAA0e−iτiĤS

þ
Z

∞

τf

dtjtiCe−iðt−τfÞĤSUBB0e−iðτf−τiÞĤSUAA0e−iτiĤS

�
jϕ0iS; ð59Þ

where the superscript A in jΨA⟫ again denotes that an intervention is made on A, and we recall that UAA0 and UBB0 are the
unitary dilations of MA and OB, respectively. We thus obtain the following expression for the conditional system states:

jψA
jCðτÞi ¼ hτjΨ⟫ ¼ UA

jCðτÞjϕ0i; ð60Þ

with

UA
jCðτÞ ¼

8>><
>>:

e−iτĤS τ ≤ τi

e−iðτ−τiÞĤSUAA0e−iτiĤS τi ≤ τ ≤ τf

e−iðτ−τfÞĤSUBB0e−iðτf−τiÞĤSUAA0e−iτiĤS τf ≤ τ:

ð61Þ

Note that the timed operations are now part of the overall evolution of the system, and when relating this scenario to the one
discussed in Sec. VA, we identify only the evolution in between these operations, i.e., e−iðτf−τiÞĤS in this case, with the
CPTP map E in Fig. 2.5 As in Eq. (42), we write pjCðbjMAÞ to denote the probability of outcome b given interventionMA,
evaluated in the reference frame of clock C, where now the outcome is determined by the von Neumann measurement
associated with OB, performed at τf according to clock C. At any time τ̃ > τf, this is

pjCðbjMAÞ ¼ hψA
jCðτ̃ÞjðΠb

B0 ⊗ 1¬B0 ÞjψA
jCðτ̃Þi ¼ hϕ0jeiτiĤSU†

AA0eiðτf−τiÞĤSðΠb
B ⊗ 1¬BÞe−iðτf−τiÞĤSUAA0e−iτiĤS jϕ0i

¼ Trðð1A ⊗ Πb
BÞE½MA ⊗ 1B½ρðτiÞ��Þ≡ pðbjinterventionÞ;

where we have used the fact that, due to the von Neumann measurement, the projection on B0 at τ̃ > τf is equivalent to the

corresponding projection onto B at τf, and we have identified the input to the map E as ρðτÞ ≔ TrA0B0 ðe−iτĤS jϕ0ihϕ0jeiτĤSÞ,
recalling again that the more general case of a mixed ρðτÞ can be handled by the inclusion of an ancilla system X.
Considering now the case of no intervention, we can replace UAA0 with 1AA0 in jΨA⟫, jψA

jCðτÞi and UA
jCðτÞ above, to obtain

the no-intervention versions jΨ⟫, jψ jCðτÞi and U jCðτÞ, respectively, which gives

pjCðbj1AÞ ¼ hψ jCðτ̃ÞjðΠb
B0 ⊗ 1¬B0 Þjψ jCðτ̃Þi ¼ hϕ0jeiτiĤSeiðτf−τiÞĤSðΠb

B ⊗ 1¬BÞe−iðτf−τiÞĤSe−iτiĤS jϕ0i
¼ Trðð1A ⊗ Πb

BÞE½ρðτiÞ�Þ≡ pðbjno interventionÞ:

We have therefore successfully incorporated the operational notion of causality into the Page-Wootters formalism, with
pjCðbj1AÞ and pjCðbjMAÞ interpretable in the same manner as Eq. (35) and Eqs. (36), respectively. However, as we see
below, in contrast with the naive approach that we examined in Sec. V B [see Eqs. (42), in particular], modeling the
interventions as part of the constraint operator preserves their suitability for investigating causal relations under the change
of temporal frame.

5Recall that we have omitted the ancilla system X, and the CPTP map E is therefore implicitly unitary in this example. The inclusion
of such an ancilla system, however, does not change any of the following analysis.
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C. Relational causality with multiple clocks

We now show how, when multiple clocks are considered,
the conditional states relative to different clocks can retain
an interpretation of a system-local intervention having
occurred and thus infer causal properties from those
interventions. Specifically, we consider two clock systems
C1 and C2, and distinguish the case where the two
interventions of interest are timed by the same clock from
those where each clock times one interventions. The latter
has the clear advantage that the clock cannot carry a causal
influence from A to B and also permits examples with an
indefinite ordering of quantum operations, as we show in
Sec. VI D.
The case where both interventions are timed by clock C1

in the manner discussed in Sec. VI B above gives constraint

operators of the form

Ĉ ¼ ĤC1
þ ĤC2

þ ĤS þ δðT̂1 − τiÞKAA0 þ δðT̂1 − τfÞKBB0 ;

ð62Þ

which corresponds to the application of some MA on A at
τi and that of someMB on B at τf, where both τi and τf are
readings of C1. Compared to Eq. (57), we have simply
added a clock system C2 that evolves independently
from everything else. Again applying the method described
in Appendix C, and using a kinematical state of the
form jϕi ¼ R

dtφðt2Þj0iC1
jt2iC2

jϕ0iS, we straightfor-
wardly obtain the following physical states:

jΨ⟫ ¼ 1

2π

Z
τi

−∞
dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
e−it1ĤS jϕ0iS

þ 1

2π

Z
τf

τi

dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
e−iðt1−τiÞĤSUAA0e−iτiĤS jϕ0iS

þ 1

2π

Z
∞

τf

dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
e−iðt1−τfÞĤSUBB0e−iðτf−τiÞĤSUAA0e−iτiĤS jϕ0iS; ð63Þ

where again φðt2Þ ensures the necessary time delocalization
of one clock with respect to the other (see Sec. II B). Here,
we omit the superscript A (in contrast with Sec. V B and
Sec. VI B), as we compare given interventions in different
reference frames, rather than comparing the cases where an
intervention does and does not occur. Now, conditioning on
clock C1 gives

jψ jC1
ðτ1Þi ¼

Z
dt2 φðt2Þjτ1 þ t2iC2

U jC1
ðτ1Þjϕ0iS; ð64Þ

and

pjC1
ðbjMAÞ ¼ hψ jC1

ðτ̃ÞjΠb
B0 ⊗ 1jψ jC1

ðτ̃Þi
≡ pðbjinterventionÞ; ð65Þ

where U jC1
ðτ1Þ is defined as in Eq. (61), and τ̃ > τf.

Similarly, when conditioning on C2, we find

jψ jC2
ðτ2Þi¼

Z
dt2φðt2Þjτ2−t2iC1

U jC2
ðτ2−t2Þjϕ0iS; ð66Þ

and

pjC2
ðbjMAÞ ¼ hψ jC2

ðτ̃ÞjΠb
B0 ⊗ 1jψ jC2

ðτ̃Þi

¼
Z

dt2jφðt2Þj2hϕ0jU jC2
ðτ̃ − t2Þ†Πb

B0

⊗ 1U jC2
ðτ̃ − t2Þjϕ0iS; ð67Þ

where U jC2
ðτÞ is again given by Eq. (61). The evolution of

the system and thus the probabilities now depend on the
time delocalization between the two clocks. In a similar
manner to the example considered in Sec. VI, the proba-
bility in Eq. (67) cannot, in general, be interpreted as
arising from a sequence of events occurring at well defined
times according to C2. In particular, jψ jC2

ðτ2 > τfÞi con-
tains a contribution where UBB0 has been applied (for
τ2 − t2 > τf) and another contribution where it has not (for
τ2 − t2 < τf). However, assuming that clocksC1 andC2 are
jointly localized such that φðt2Þ is negligible outside of a
region of width τ̃ − τf, then Eq. (67) can be interpreted as
an intervention on A, an evolution, and then a measurement
on B, with the caveat that these are subject to some time
delocalization, as illustrated in Fig. 6(a).
Let us now consider a scenario in which the two

operations are timed by different clocks corresponding to
constraint operators,

Ĉ ¼ ĤC1
þ ĤC2

þ ĤS þ δðT̂1 − τaÞKAA0

þ δðT̂2 − τbÞKBB0 ; ð68Þ

where τa; τb > 0. We now find that the time delocalization
between the two clocks plays a crucial role in the evolution
of everything but the clock systems, namely, A;B; A0 and
B0. More concretely, the solutions to the constraint equa-
tions can again be obtained as follows:
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jΨ⟫ ¼ 1
2π

Z
R
ds dtφðt2Þe−isĈj0iC1

jt2iC2
jϕ0iS ¼

1
2π

Z
R
ds dtφðt2ÞjsiC1

jsþ t2iC2
Uðs; t2Þjϕ0iS; ð69Þ

where the unitary evolution of S now explicitly depends on t2 and hence the time delocalization φðt2Þ, as

Uðs; t2Þ ≔

8>>>>>>>><
>>>>>>>>:

e−iðsþ
t2
2
ÞĤS s < τa and s < τb − t2

e−iðsþ1
2
ðt2−τbÞÞĤSUBB0e−

i
2
τbĤS s < τa and s > τb − t2

e−iðs−1
2
τaÞĤSUAA0e−

i
2
ðτaþt2−τbÞHSUBB0e−

i
2
τbĤS τb − t2 < τa < s

e−iðs−1
2
τaÞĤSUAA0e−

i
2
ðτaþt2ÞĤS s > τa and s < τb − t2

e−iðsþ1
2
ðt2−τbÞÞĤSUBB0e−

i
2
ðτb−t2−τaÞHSUAA0e−

i
2
ðτaþt2ÞĤS τa < τb − t2 < s:

ð70Þ

Note that this a priori contains both orders of the operations MA and MB, which will be relevant in our consideration of
indefinite order in Sec. VI D. The conditional states are given by

jψ jC1
ðτ1Þi ¼

Z
dt2 φðt2Þjτ1 þ t2iC2

U jC1
ðτ1; t2Þjϕ0iS; ð71Þ

jψ jC2
ðτ2Þi ¼

Z
dt2 φðt2Þjτ2iC2

U jC2
ðτ2; t2Þjϕ0iS; ð72Þ

FIG. 6. Operational causality within the Page-Wootters formalism. If the interventions are incorporated into the constraint operator,
which subsystem the timed operations are applied to is independent of the temporal reference frame. (a) If both interventions are timed
by the same clock, C1, they appear well localized in time in the frame of that clock. In the reference frame of C2, however, the operations
are time delocalized and in order investigate causal relations their times of applications have to be separated enough to prevent a
temporal overlap. (b) If each clock times one of the two operations, time delocalization appears in both temporal reference frame.
According to each clock, the operation timed by it is well localized in time (by construction) while the operation timed by the other clock
appears delocalized in time.
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where U jC1
ðτ1;t2Þ¼Uðτ1;t2Þ and U jC2

ðτ2;t2Þ¼Uðτ2−t2;t2Þ
with Uðτ; t2Þ given by Eq. (70). The explicit t2 dependence
of the conditional evolutions means that now there is some
time delocalization of events in both reference frames. To
understand this, let us first consider the case where φðt2Þ is

sharply peaked around 0, and τb > τa and τb − τa are large
enough that the second and third conditions in Eq. (70) are
never fulfilled. In that case, the evolutions with respect to
the two clocks are determined by

U jC1
ðτ1; t2Þ ¼

8>>><
>>>:

e−iðτ1þ
t2
2
ÞĤS τ1 < τa

e−iðτ1−1
2
ðτa−t2ÞÞĤSUAA0B0e−

i
2
τaĤS τa < τ1 < τb − t2

e−iðτ1−1
2
τbÞĤSUBB0e−

i
2
ðτb−τaþt2ÞHSUAA0e−

i
2
τaĤS τb − t2 < τ1;

ð73Þ

U jC2
ðτ2; t2Þ ¼

8>><
>>:

e−iðτ2−
t2
2
ÞĤS τ2 < τa þ t2

e−iðτ1−1
2
ðτaþt2ÞÞĤSUAA0e−

i
2
τaĤS τa þ t2 < τ2 < τb

e−iðτ2−t2−1
2
τbÞĤSUBB0e−

i
2
ðτb−τaþt2ÞHSUAA0e−

i
2
τaĤS τb < τ2;

ð74Þ

where according to C1 the application of UBB0 is subject to
time delocalization, while in the reference frame of C2

the operation given by UAA0 appears time delocalized,
cf. Fig. 6(b). In each temporal reference frame, the
intervention timed by the clock of that frame has a sharp
time of application, while the operation timed by the other
clock appears delocalized in time. Nevertheless, the order
of the two operations, as well as the evolution between
them, is the same according to both clocks. If this evolution
enables signaling between the two subsystem, then A can
causally influence B. Similarly, we can obtain a scenario
where B can causally influence A, for a different class of
constraint equations, where τa > τb but φðt2Þ is still peaked
around 0 sharply enough.

D. Indefinite ordering of quantum operations

If, on the other hand, τa and τb are closer together,
specifically if the non-negligible range of φðt2Þ is larger
than jτa − τbj, then both orders of operations MA and MB
contribute to the evolution inEq. (70), and the causal relations

betweenA andB are no longer well defined. Note, that this is
categorically different from the delocalization problem
encountered in Sec. V B. There, due to subsystem delocal-
ization, operations suitable for investigating causal relations
in one temporal frame transformed to operations unsuitable to
do so in another frame. Here instead, the time delocalization
togetherwith the properties of the constraint operator lead to a
scenario where the ordering of the operations is not well
defined, in both temporal frames. This scenario describes
indefinite causal order rather than abreakdownofoperational
causality within relational dynamics.
In fact, the constraint operator in Eq. (68) allows for

describing the evolution of the quantum switch [10,51] for
a certain choice of kinematical state jϕi, τa, τb, and φðt2Þ.
Let τa ¼ τb ¼ τ, meaning that each clock associates the
same time with the application of its respective operation
(which does not imply synchronization between them).
Moreover, consider the case where φðt2Þ is bimodal, with
the two peaks symmetric around 0. The conditional
evolution according to C1 is then given by Eq. (71), with

U jC1
ðτ1; t2Þ ¼

8>>>>>>>><
>>>>>>>>:

e−iðτiþ
t2
2
ÞĤS τ1 < τ̄ and τ1 < τ̄ − t2

e−iðτiþ1
2
ðt2−τ̄ÞÞĤSUBB0e−

i
2
τ̄ĤS τ̄ − t2 < τ1 < τ̄

e−iðτi−1
2
τ̄ÞĤSUAA0e−

i
2
t2HSUBB0e−

i
2
τ̄ĤS τ̄ − t2 < τ̄ < τ1

e−iðτi−τ̄
2
ÞĤSUAA0e−

i
2
ðτ̄þt2ÞĤS τ̄ < τ1 < τ̄ − t2

e−iðτiþ1
2
ðt2−τ̄ÞÞĤSUBB0e

i
2
t2ĤSUAA0e−

i
2
ðτ̄þt2ÞĤS τ̄ < τ̄ − t2 < τ1;

ð75Þ

where the conditions for the appearance of both orderings
of UAA0 and UBB0 are now met. In particular, for the peak of
φðt2Þ at t2 > 0, only the first three conditions can be
satisfied, and MB is applied before MA. For the peak at

t2 < 0, on the other hand, only the first one and last two
conditions for the evolution can be fulfilled, and MA is
therefore applied before MB. As in Sec. VI C, the
application of UBB0 appears time delocalized in the frame
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of clock C1, with the extent of this delocalization deter-
mined by the finite extent of the two peaks of φðt2Þ. One
obtains an analogous expression for U jC2

ðτ2; t2Þ containing
both orders of operations but where the application of UAA0

is delocalized in time. Given the assumed symmetry of
φðt2Þ, these conditional evolutions describe the “causal
reference frame decomposition” of the quantum switch
(see [51–53]), as illustrated in Fig. 7.

VII. DISCUSSION AND CONCLUSION

In this work, we have investigated the modeling of
interventions and measurements in the Page-Wootters
formalism and how the resulting understanding of causal
relations depends upon the choice of clock, in particular,
the notions of time locality and subsystem locality accord-
ing to those clocks. First, we have elucidated a necessary
temporal delocalization when comparing different frames,
though in the absence of other factors (for example, certain
clock-system interactions [10]) one may consider this
delocalization to be arbitrarily small for ideal clocks.
This exemplifies the necessity of explicitly considering
the form of correlations between clocks when comparing
them as choices of reference frame, a feature which is
absent in the abstract changes of “external” frame usually
encountered in physics. To avoid a potential source of
confusion, we stress that the delocalization discussed here
is different in nature from the time-nonlocal evolution that
can result from clock-system interactions [34].
In light of the fact that two clocks may disagree not only

on the specific time of an event, but indeed whether it
occurs at a well-defined time at all, we examined the
possibility of two clocks disagreeing on the direction of
time, showing that this may only occur in an approximate

sense. Under this approximation, we found that if those
clocks are to disagree about the order of two spontaneous
processes (i.e., not triggered by interactions with the
clocks), then those processes must be time symmetric.
Moving on to the relational modeling of interventions, we

began with an approach whereby, for example, the differ-
ence between the occurrence or not of some interventionwas
understood as a comparison between two different solutions
to the same constraint equation. In this manner, the counter-
factual reasoning used to determine causal relations is
incorporated as a comparison of different “alternate histor-
ies”: one in which the intervention occurred and one in
which it did not. We found that, while this is workable in a
particular reference frame, the relativity of subsystems [8]
means that the corresponding state comparison in a different
frame does not allow for an interpretation in terms of causal
influences from one party to another.
In order to obtain a picture where causal relations are

independent of the chosen clock, one must therefore
incorporate the interventions at the level of the constraint
operator. Adapting methods from [10,34], we have shown
how this results in the preservation of the subsystem
locality of an intervention or measurement across perspec-
tives. However, the extent of its joint localizablity in time is
determined by the specific form of correlations between the
clocks considered. For states where the necessary temporal
delocalization between clocks is negligible, interventions
are approximately time local in both frames, in addition to
being subsystem local. If the temporal delocalization is
small (compared to the timescales of the other processes)
but non-negligible, however, one finds some temporal
smearing of the relevant processes in one or another frame.
Considering then the more extreme case of delocaliza-

tion between clock states, one can obtain a situation where

FIG. 7. The quantum switch within the Page-Wootters formalism: if operations are timed by different clocks, with respect to each
clock, the operation timed by the other clock appears delocalized in time (see Fig. 6). We can tailor solutions to the constraint equations
such that for C1 the operation timed by C2 appears in a temporal superpositions of being applied before and after the operation timed by
C1 and vice versa for the roles of C2 and C1 reversed. The respective conditional states and dynamics correspond to the “causal reference
frame decomposition” of the quantum switch.
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the ordering of some operations is indefinite, and describe a
relational version of the quantum switch in this regime.
Note that, while each clock may disagree about the
particulars, they do not disagree that the order of operations
is indefinite, in keeping with [22]. Further note that, in the
relational picture here, the quantum switch arose in part due
to a tailored choice of physical state (via a corresponding
kinematical state), where the time delocalization φðt2Þ
plays the role of the control. In [10], on the other hand,
time delocalization between the two clocks is brought
about by gravitational interaction with a mass in spatial
superposition, which constitutes an actual control system.
Hence, the scenario in [10] describes a “physical” quantum
switch, while the relational evolution discussed in
Sec. VI D describes how a certain choice of “history”
(i.e., physical state) allows for this type of indefinite
causal order.
The common assumption of ideal clocks, which have the

unphysical property that their energy spectrum is
unbounded below [54,55], was made throughout this paper
except where otherwise stated. If this assumption were
relaxed, the “interaction-picture” method described in
Appendix C would no longer be applicable, at least in
its current form, and it is unclear exactly how the
conclusions above would change. Indeed in [47], the
authors showed how a measurement described with respect
to a nonideal clock leads to another kind of temporal
indefiniteness, an effect which we have not considered
here. Moreover, outside of the ideal limit, tensor factoriz-
ability itself can become frame dependent [8], and thus,
care must be taken in the relationship between the chosen
clock and subsystems in question in order to avoid this.
In addition to clock ideality, Appendix C assumed the

clock-system couplings to be effectively instantaneous, and
relaxing this assumption to account for the necessary
duration of the interventions would likewise affect the
results above. While it seems that the retention of the
subsystem-local nature of interventions between frames
was not contingent upon this assumption, the question of
time locality of interventions in a given frame must be
reexamined. Furthermore, in the consideration of time
delocalization in Sec. VI, we have ignored the potential
for overlap between the delocalized interventions and
measurements and the dynamics represented by maps of
the form EjC, and more refined consideration of this aspect
could yield further complications to the modeling of
operational causality in a relational setting.
While, in the absence of interactions, the Page-Wootters

formalism is one of an equivalent set of approaches to
relational dynamics [29–31], it is unclear to what extent this
equivalence is affected by nonzero interactions. If the
equivalence turns out to be broken in this case, then the
conclusions obtained here may differ from what would be
obtained in the picture of relational Dirac observables
[2,56–59] or in the relational Heisenberg picture obtained

via quantum deparametrization [35,60]. Moreover, while
the Page-Wootters formalism is an example of relational
dynamics using the perspective-neutral approach to
QRFs [8,29,30,35,40,60,61], there exist other approaches,
in particular, the perspectival [62] and algebraic [63]
approaches (see, e.g., [64,65] for a comparison).
Our results exemplify the necessity of a careful consid-

eration of the joint localizability of clocks and, in particular,
its limitations. They moreover suggest that operational
causality in relational quantum dynamics can be formulated
consistently only if interventions and measurements are
treated as part of the emergent dynamics rather than via
“initial conditions” and abstract operations, respectively.
There remains, however, the possibility that this conclusion
is altered as a consequence of relaxing one of the
assumptions mentioned above or that one can recover a
consistent notion of operational causality via “initial con-
ditions” effectively in the classical limit, despite its break-
down here. The role of joint temporal localizability here,
together with the results of [10,47,66], points toward a
broader picture in which temporal delocalization is a
generic feature in relational quantum settings, and we have
seen here how this permits relational realizations of
indefinite causal order. Indeed, the impossibility of joint
temporal localizability found here seems to be an intrinsi-
cally quantum feature, though a more careful analysis is
needed before being certain of this claim, as seemingly
quantum features of QRFs can in fact have a classical
counterpart [67]. At a more fundamental level, there is the
question of how synchronization among many distributed
clocks can arise under limited joint temporal localizability
and with it how a more familiar notion of reference frame,
closer to that envisaged in special relativity [68], and a
corresponding notion of causality may emerge.
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APPENDIX A: FRAME-DEPENDENT ORDERING
OF OPERATIONS

Here, we discuss the very limited conditions under which
the clock-dependent time direction in Sec. IV can be
understood as a temporal-reference-frame dependent order-
ing of events. In order to be able to consider general CP
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maps, we must introduce ancilla systems. We thus con-
sider a system S consisting of three subsystems,
HS ¼ HS0 ⊗ HA0 ⊗ HB0 , i.e., a target system S0 and an
ancilla system A0 for the Stinespring dilation of a CP
map EA on S0 and an ancilla system B0 for the
Stinespring dilation of a CP map EB on S0. The state
jϕ0i in Eqs. (26)–(31) now includes the ancilla systems,

and we choose jϕ0iS ¼ jθ0iS0 ja0iA0 jb0iB0 . With this setup,
we can then phrase our question as follows: since the clocks
run in different directions, are there circumstances in which
one sees the system S0 undergoing EA and then EB, while
the other sees it undergoing to EB and then EA?
Analogous to Eqs. (29) and (30), we thus obtain the

states of S0 relative to each clock,

ρS0jC1
ðτ1Þ ≔ TrC2;A0;B0 ðjψ jC1

ðτ1Þihψ jC1
ðτ1ÞjÞ

¼
XZ

a;b
ha; bje−iτ1ĤSðjθ0ihθ0j ⊗ ja0iha0j ⊗ jb0ihb0jÞeiτ1ĤS ja; bi; ðA1Þ

ρS0jC2
ðτ2Þ ≔ TrC1;A0;B0 ðjψ jC2

ðτ2Þihψ jC2
ðτ2ÞjÞ

¼
XZ

a;b
ha; bj

Z
dtjφðtÞj2eiðτ2−tÞĤSðjθ0ihθ0j ⊗ ja0iha0j ⊗ jb0ihb0jÞe−iðτ2−tÞĤS ja; bi; ðA2Þ

where a and b label arbitrary bases of the Hilbert space
associated with the ancillary systems A0 and B0, respectively.
Now, given the necessarily continuous action of the Ham-
iltonian ĤS in both cases, we see that an issue immediately
arises. Let us focus for now on C1’s perspective. If Eq. (A1)
should represent the composed Stinespring dilation of the
maps EA and EB, then there must exist some Δτ such that
e−iΔτĤS ¼ UBUA, where UA (UB) is the unitary dilating EA
(EB), and thus coupling S0 with A0 (B0). However, the
necessary coupling terms in ĤS act at all times and cannot
a priori be neatly separated into two ordered times.
In the case where EA and EB are themselves unitary, this

is not problematic. The ancillas A0 and B0 are unnecessary,
and the required Hamiltonian ĤS is simply given (up to an
arbitrary constant) by the operator whose exponential is
equal to the product of the unitaries in question. If we wish
to model more general CP maps, on the other hand, we
must either explicitly include a mechanism for timing one
map and then the other (see Sec. VI) or “fine-tune” the
input states ja0iA0 and jb0iB0 of the ancillas, and their
coupling to S0, such that we arrive at a situation comparable
to sequential scattering events. In other words, they are
chosen such that for some part of the evolution in Eq. (A1)
there is effectively no interaction between B0 and the other
systems. Then for some later part of the evolution, this is no
longer the case, and the interaction between A0 and the
other systems is negligible. Assuming that such a choice is
possible (and leaving aside the question of when it is), then
there existsΔτ such that e−iΔτĤS ≈UBUA, and furthermore,

ρS0jC1
ðΔτÞ ≈ TrA0B0C2

ðUBUAjθ0ihθ0jS0U†
AU

†
BÞ

≈ EB½EA½jθ0ihθ0jS0 ��: ðA3Þ

Considering now the perspective of the second clock, C2,
and assuming that the two clocks are approximately

synchronized, i.e., that φðtÞ is tightly peaked around
t ¼ 0, such that jφðtÞj2 ≈ δðtÞ, we then have

ρS0jC2
ðΔτÞ ≈ TrA0B0C2

ðU†
AU

†
Bjθ0ihθ0jS0UBUAÞ

≠ EA½EB½jθ0ihθ0j��: ðA4Þ

We thus see that, even given the approximations and
assumption above, we still do not arrive at an example
of perspective-dependent ordering of CP maps, except in
the case where their Stinespring dilations are time-reversal
symmetric, i.e., whereUA andUB are Hermitian. Examples
of operations which are both unitary and Hermitian include
the Pauli operators on a qubit.

APPENDIX B: EXAMPLE OF OPERATIONAL
CAUSALITY

Here, we present a simple example of two qubits and
discuss how to investigate operational causality as depicted
in Fig. 2 in the main text. We then apply our approaches for
incorporating operational causality into the Page-Wootters
formalism from Secs. V and VI to this example. Let us
consider the following two Hamiltonians:

ĤS ¼ XA ⊗ 1þ 1 ⊗ XB; ðB1Þ

Ĥ0
S ¼ XA ⊗ XB; ðB2Þ

where X is the Pauli-x matrix, together with the initial two-
qubit state,

ρðtiÞ ¼ j0ih0jA ⊗ j0ih0jB: ðB3Þ

While ĤS describes the two subsystems A and B evolving
independently, Ĥ0

S corresponds to the two qubits interact-
ing. The respective unitary evolutions are
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US ¼ cos2ðtÞ1 − i cosðtÞ sinðtÞðXA ⊗ 1þ 1 ⊗ XBÞ
− sin2ðtÞXA ⊗ XB; ðB4Þ

U0
S ¼ cosðtÞ1 − i sinðtÞXA ⊗ XB: ðB5Þ

In order to determine the causal relations between A and B,
we have to apply a quantum operation to one of the
subsystems, say A, at time ti and determine whether the
choice of operation has a detectable influence on the other
subsystem, B, at a later time tf > ti. Such an intervention
on subsystem A corresponds to replacing the initial state in
Eq. (B3) by

ρ̄ðtiÞ ¼ ρA ⊗ j0ih0jS; ðB6Þ

where ρA ¼ MAðj0ih0jÞ depends on which operation is
performed. This intervention on A can be detected on
subsystem B at tf if

ρ̄ð0ÞB ðtfÞ ¼ TrAðUð0Þ
S ðtfÞρ̄ðtiÞUð0Þ†

S ðtfÞÞ
≠ TrAðUð0Þ

S ðtfÞρðtiÞUð0Þ†
S ðtfÞÞ ¼ ρð0ÞB ðtfÞ; ðB7Þ

where ρ̄ðtiÞ and ρðtiÞ are given by Eqs. (B6) and (B3),
respectively. The inequality in Eq. (B7) means that there
exists a quantum operation that can be performed on B
which is affected by A’s operation, e.g., a measurement at
time tf the outcomes of which are different depending on
whether MA is applied or not. The evolution US in
Eq. (B4) leads to

ρBðtfÞ ¼ cos2ðtfÞj0ih0j þ sin2ðtfÞj1ih1j
þ i cosðtfÞ sinðtfÞðj0ih1j − j1ih0jÞ

¼ ρ̄BðtfÞ; ðB8Þ

which in independent of ρA and hence any operation
performed on A. This means that there is no causal
influence from A to B as expected since in this case the
two qubits evolve independently. Conversely, for U0

S in
Eq. (B5), we obtain

ρ0BðtfÞ ¼ cos2ðtfÞj0ih0j þ sin2ðtfÞj1ih1j; ðB9Þ

≠ cos2ðtfÞj0ih0j þ sin2ðtfÞj1ih1j
þ i cosðtfÞ sinðtfÞTrðXρAÞðj0ih1j − j1ih0jÞ

¼ ρ̄0BðtfÞ; ðB10Þ

which means that A can signal to B if their operations are
chosen accordingly. More explicitly consider, for example,
the intervention MA at ti being a Hadamard gate, i.e.,
ρ̄0ðtiÞ ¼ MAj0ih0jM†

A ⊗ j0ih0jB with MA ¼ 1ffiffi
2

p ð1
1

1
−1Þ, and

the operationOB at tf is a measurement in the Pauli-y basis,

i.e., OB ¼ j þ yihþyj − j − yih−yj. Then, we find that

pðþyjno interventionÞ ¼ hþyjρ0BðtfÞj þ yi ¼ 1

2

¼ pð−yjno interventionÞ; ðB11Þ

pðþyjinterventionÞ ¼ hþyjρ̄0BðtfÞj þ yi

¼ 1

2
ð1 − sinð2tfÞÞ; ðB12Þ

pð−yjinterventionÞ ¼ h−yjρ̄0BðtfÞj − yi

¼ 1

2
ð1þ sinð2tfÞÞ; ðB13Þ

showing that the application of the Hadamard gate on A at
time ti can be detected by this measurement on B at an
appropriately chosen time tf.
Now we consider this example within the Page-Wootters

formalism as described in Sec. V B starting with constraint
operator(s),

Ĉ ¼ ĤC þ dHð0Þ
S; ðB14Þ

where dHð0Þ
S are those in Eqs. (B1) and (B2), respectively.

Solutions to the constraint equation can be obtained from
the kinematical state jϕi ¼ jtiiCj0iAj0iB via

jΨ⟫ ¼ 1

2π

Z
ds e−isĈjtiiCj0iAj0iB

¼ 1

2π

Z
ds jti þ siCe−isĤ

ð0Þ
S j0iAj0iB; ðB15Þ

which allows for defining the following conditional states
for different interventions MA:

jψA
jCðτÞi ¼ e−iðτ−tiÞ

c
Hð0Þ

S MAj0iAj0iB; ðB16Þ

from which we can reproduce the example above
in a straightforward manner. We have ρðtiÞ ¼
jψ jCðtiÞihψ jCðtiÞj ¼ j0ih0jA ⊗ j0ih0jB and ρðtiÞ ¼
jψA

jCðtiÞihψA
jCðtiÞj ¼ MA½j0ih0j�A ⊗ j0ih0jB and need to

compare

ρBðtfÞ ¼ TrAðjψ jCðtfÞihψ jCðtfÞjÞ ðB17Þ

and

ρ̄BðtfÞ ¼ TrAðjψA
jCðtfÞihψA

jCðtfÞjÞ; ðB18Þ

which are the states in Eqs. (B8) and (B9), respectively,

since expð−iτdHð0Þ
S Þ ¼ Uð0Þ

S .
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Note that the Hamiltonians Ĥð0Þ
S in this example are

symmetric in A and B, and we can equally consider

jψB
jCðτÞi ¼ e−iðτ−tiÞĤ

ð0Þ
S j0iAMBj0iB ðB19Þ

and compare TrBðjψB
jCðtfÞihψB

jCðtfÞjÞ to find signaling
from B to A for the case where the two qubits interact,
i.e., Ĉ ¼ ĤC þ Ĥ0

S. In fact, since signaling from A to B
implies signaling from B to A for any bipartite unitary [69],
we would have found the same for nonsymmetric
Hamiltonians. In the absence of further subsystems, unitary
evolution allowing for a causal influence from A on B
equally allows for B to causally influence A.
Let us now extend this example to a relational sce-

nario with two clock systems corresponding to constraint
operator

Ĉ ¼ ĤC1
þ ĤC2

þ Ĥð0Þ
S ; ðB20Þ

where Ĥð0Þ
S are again given by Eqs. (B1) and (B2). We can

construct a physical state as follows:

jΨ⟫ ¼ 1

2π

Z
ds e−isĈ

Z
dtjtiiC1

φðtÞjtiC2
j0iAj0iB;

¼
Z

ds dtφðtÞjti þ siC1
jtþ siC2

e−isĤ
ð0Þ
S j0iAj0iB;

ðB21Þ
where we introduced the necessary time delocalization on
clock C2 and used the same notation as before. From the
perspective of clock C1, we obtain

jψA
jC1

ðτ1Þi¼
Z

dtφðtÞjtþτ1−tiiC2
Uð0Þ

S ðτ1−tiÞMAj0iAj0iB;

ðB22Þ
MA ¼ MA ⊗ 1B; ðB23Þ

OB ¼ 1A ⊗ OB; ðB24Þ

which gives the following probabilities (and signaling
behaviors) for measuringOB, i.e.OB ¼ P

b bΠb at time tf:

pjC1
ðbjinterventionÞ ¼ Trð1A ⊗ Πb

BjψA
jC1

ðtfÞihψA
jC1

ðtfÞjÞ
ðB25Þ

¼
Z

dtjφðtÞj2h0; 0jM†
AU

ð0Þ
S ðti − tfÞ

× Πb
BU

ð0Þ
S ðtf − tiÞMAj0; 0i; ðB26Þ

where b is the result obtained. If we again consider the
Pauli-y measurement, i.e., OB ¼ j þ yihþyj − j − yih−yj,
and compare M0 ¼ 1 and MA ¼ 1ffiffi

2
p ð1

1
1
−1Þ, we re-

cover pðbjno interventionÞ and pðbjinterventionÞ from

Eqs. (B11)–(B13). In the reference frame of clock C2,
however, we have

jψA
jC2

ðτ2Þi ¼
Z

dtφðtÞjτ2 − tþ tiiC2
Uð0Þ

S ðτ2 − tþ tiÞ

×MAj0iAj0iB; ðB27Þ

M0
A ¼

Z
dαjαihαjC1

⊗ e−iαĤ
ð0Þ
S ðMA ⊗ 1BÞeiαĤ

ð0Þ
S ; ðB28Þ

O0
B ¼

Z
dαjτF þ αihτF þ αjC1

⊗ e−iαĤ
ð0Þ
S ð1A ⊗OBÞeiαĤ

ð0Þ
S :

ðB29Þ

While the probabilities remain unchanged under the change
of clock perspective,

pjC1
ðbjðnoÞ interventionÞ ¼ pjC2

ðbjðnoÞ interventionÞ
¼ pðbjðnoÞ interventionÞ;

the operations M0
A and O0

B now no longer act on single
subsystems (see Fig. 4 in the main text). More concretely,
we find

M0
A ¼

Z
dαjαihαjC1

⊗ ðcos2ðαÞMA

þ sin2ðαÞXMAX þ i cosðαÞ sinðαÞ½MA;X�Þ ⊗ 1B;

ðB30Þ

O0
B ¼

Z
dα

X
b

jαihαjC1
⊗ 1A ⊗ ðcos2ðαÞΠb

B

þ sin2ðαÞXΠb
BX þ i cosðαÞ sinðαÞ½Πb

B; X�Þ; ðB31Þ
for the case where A and B do not interact, i.e., ĤS. Since
hereM0

A acts trivially on B,O0
B acts trivially on A, and the

probabilities are nonsignaling, we can still conclude that
there is no causal connection between A and B. However,
when the two qubits interact, i.e., for Ĥ0

S, we have

M0
A ¼

Z
dαjαihαjC1

⊗ ðcos2ðαÞMA ⊗ 1B

þ sin2ðαÞXMAX ⊗ 1B

þ i cosðαÞ sinðαÞ½MA;X� ⊗ XBÞ; ðB32Þ

O0
B ¼

Z
dα

X
b

bjαihαjC1
⊗ ðcos2ðαÞ1A ⊗ Πb

B

þ sin2ðαÞ1A ⊗ XΠb
BX

þ i cosðαÞ sinðαÞXA ⊗ ½Πb
B; X�Þ; ðB33Þ

meaning that both operations jointly act on all the sub-
systems, A, B, and C1. This means that in the reference
frame of C2 the signaling probabilities can no longer be
attributed to a causal influence form A to B.
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Finally, we include the interventions above into the
constraint Hamiltonian and show how it gives consistent
causal reasoning for all reference frames, as discussed in
Sec. VI of the main text. Let us consider constraint
Hamiltonians,

Ĉ ¼ ĤC1
þ ĤC2

þ Ĥð0Þ
S þ δðT̂1 − tiÞK̂A þ δðT̂1 − tfÞK̂BB0 ;

ðB34Þ

where both interventions are timed by clock C1. When
considering the example above, we need to compare K̂A¼0

corresponding to no intervention to K̂A ¼ π
2
ffiffi
2

p ðX þ ZÞ
describing the application of the Hadamard gate at time
ti. The operation at tf is the van Neumann measurement in
the Pauli-y basis, i.e., e−iKB j � yiBjb0iB0 ¼ j � yiBj � yiB0 .
Since ti < tf, we obtain

jΨ⟫ ¼ 1

2π

Z
ti

−∞
dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
Uð0Þ

S ðt1Þj0; 0iABja0iA0 jb0iB0

þ 1

2π

Z
τf

τi

dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
Uð0Þ

S ðt1 − tiÞe−iK̂AUð0Þ
S ðtiÞj0; 0iABja0iA0 jb0iB0

þ 1

2π

Z
∞

τf

dt1

Z
dt2 φðt2Þjt1iC1

jt1 þ t2iC2
Uð0Þ

S ðt1 − tfÞe−iK̂BUð0Þ
S ðtf − tiÞe−iK̂AUð0Þ

S ðtiÞj0; 0iABja0iA0 jb0iB0 ; ðB35Þ

which gives the conditional evolution from Eq. (60) in the
main text and the probabilities form Eqs. (B11)–(B13)
provided that φðt2Þ is peaked around 0 sharply enough,
compare Sec. VI C. We have, hence, fully incorporated the
above example of operational causality into the Page-
Wootters formalism via including timed interventions into
the constraint operator.

APPENDIX C: TIMED INTERVENTIONS IN THE
PAGE-WOOTTERS FORMALISM

Here, we show how tailored interaction terms in the
constraint operator give rise to physical states with timed
interventions. We start with a general form and transform it
in a way that allows us to evaluate e−iαĈ. We then consider
the limiting case of instantaneous interventions.

1. An interaction picture for clock-conditioned
operations

LetHkin ¼ HC ⊗ HS, and let V̂ðT̂Þ denote a self-adjoint
operator on Hkin of the form

V̂ðT̂Þ ≔
Z
R
dt fðtÞjtihtj ⊗ K̂S: ðC1Þ

Consider the Hamiltonian constraint ĈjΨ⟫ ¼ 0 with

Ĉ ¼ ĤC þ ĤS þ V̂ðT̂Þ: ðC2Þ

One can then move to an “interaction picture” as
follows [70]. Define Uint ≔ eiT̂⊗ĤS and Ĉint ≔ UintĈU

†
int,

then the constraint equation ĈjΨ⟫ ¼ 0 can be rewritten as

ĈjΨ⟫ ¼ UintĈjΨ⟫ ¼ UintĈU
†
intUintjΨ⟫≡ ĈintjΨint⟫ ¼ 0;

ðC3Þ

where jΨint⟫ ≔ UintjΨ⟫. We thus have a new set of
physical states fjΨint⟫∶ĈintjΨint⟫ ¼ 0g, which are unitarily
equivalent to the original set. One can then construct a
projector from any element of the kinematical Hilbert space
jϕi to the corresponding “interaction picture” physical state
in an analogous manner to Eq. (5), i.e.,

jΨint⟫ ¼ δðĈintÞjϕi ¼
1
2π

Z
R
ds e−isĈint jϕi: ðC4Þ

The form of Ĉint can be obtained via the Baker–
Campbell–Hausdorff formula,

Ĉint ¼ ĤC þ V̂ intðT̂Þ; ðC5Þ

where

V̂ intðT̂Þ ≔ UintV̂ðT̂ÞU†
int ¼

Z
R
dt fðtÞjtihtj ⊗ eitĤS K̂Se−itĤS

≡
Z
R
dt fðtÞjtihtj ⊗ K̂SðtÞ; ðC6Þ

with K̂SðtÞ ≔ eitĤS K̂Se−itĤS .

2. Exponentiating the interacting
constraint Hamiltonian

Now, note that we can use the “interaction picture” to
write

e−iαĈ ¼ U†
inte

−iαĈintUint: ðC7Þ
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We now follow the Supplemental Material of Ref. [10] to
obtain an expression of the middle factor in terms of an
time-ordered exponential. First, using Eq. (C5) and the
Trotter-Suzuki formula, we have

e−iαĈint ¼ lim
N→∞

ðe−iαNĤCe−i
α
NV̂ intðT̂ÞÞN: ðC8Þ

Recalling that the eigenstates fjtigt∈R of T̂ form a basis of
HC and taking the tensor product with an arbitrary basis
fjrigr ofHS, one can consider the action of the base on the
right-hand side of Eq. (C8) on an arbitrary basis element
jtiCjriS of Hkin,

e−i
α
NĤCe−i

α
NV̂ intðT̂ÞjtiCjriS ¼ e−i

α
NfðtÞK̂SðtÞ

���tþ α

N
iC
���riS; ðC9Þ

where we have used the fact that

e−iαV̂ intðT̂Þ ¼
Z
R
dt jtihtj ⊗ e−iαfðtÞK̂SðtÞ: ðC10Þ

Repeating the process, one finds that

ðe−iαNĤCe−i
α
NV̂ intðT̂ÞÞ2jtiCjriS

¼ e−i
α
Nfðtþα

NÞK̂Sðtþα
NÞe−i

α
NfðtÞK̂SðtÞ

����tþ 2
α

N

�
C
jriS; ðC11Þ

and thus that the Nth power satisfies

ðe−iαNĤCe−i
α
NV̂ intðT̂ÞÞN jtiCjriS ¼

YN−1

n¼0

e−i
α
Nfðtþn

NαÞK̂Sðtþn
NαÞjtþ αiCjriS; ðC12Þ

¼ e−iαĤC

YN−1

n¼0

e−i
α
Nfðtþn

NαÞK̂Sðtþn
NαÞjtiCjriS; ðC13Þ

¼ e−iαĤC

Z
R
dt0jt0iht0j ⊗

YN−1

n¼0

e−i
α
Nfðt0þn

NαÞK̂Sðt0þn
NαÞjtiCjriS; ðC14Þ

where
Q

N−1
n¼0 should be understood as successive left multiplication. Since Eq. (C14) holds for all t and r, we can simply

equate the operators themselves, i.e.,

ðe−iαNĤCe−i
α
NV̂ intðT̂ÞÞN ¼ e−iαĤC

Z
R
dtjtihtj ⊗

YN−1

n¼0

e−i
α
Nfðtþn

NαÞK̂Sðtþn
NαÞ: ðC15Þ

Then, asN → ∞ in Eq. (C8), the time-dependent Trotter-Suzuki formula (see, e.g., [71]) applied to the product in Eq. (C15)
gives

e−iαĈint ¼e−iαĤC

Z
R
dtjtihtj⊗T exp

�
−i

Z
tþα

t
dsfðsÞK̂SðsÞ

	
; ðC16Þ

where T denotes the time-ordered exponential, and we have performed a change of integration variables from s → s − t
(which, being monotone increasing in s, does not affect the time ordering). The time-ordered exponential can be written in
terms of the Dyson series,

e−iαĈint ¼ e−i
α
NĤC

Z
R
dtjtihtj ⊗

�
1 − i

Z
α

0

ds1 fðs1 þ tÞK̂Sðs1 þ tÞ

−
Z

α

0

ds2

Z
s2

0

ds1 fðs2 þ tÞfðs1 þ tÞK̂Sðs2 þ tÞK̂Sðs1 þ tÞ þ…



: ðC17Þ

Note that this expression can also be obtained by the methods presented in [34] by equating Ĥint therein with Eq. (C1) above
(cf. Eqs. (17)–(19) in [34]).
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3. Instantaneous interventions

A perfectly well-timed intervention, such as fðtÞ ¼ δðtÞ,
is strictly speaking ill defined, since the exponential of
Eq. (C2) will in that case lead to powers of δð0Þ and
therefore diverge. However, we may consider the case
where fðtÞ is arbitrarily well localized around some value,

and we can approximate this situation by using the Dirac
delta distribution in the Dyson series in Eq. (C17). For
example, considering such a perfectly timed intervention
occurring at clock time τ, we have fðtÞ ¼ δðt − τ̄Þ, and
then, Eq. (C17) gives

e−iαĈint ¼ e−iαĤC

Z
R
dtjtihtj ⊗

�
1 − i

Z
α

0

ds1δðs1 þ t − τ̄ÞK̂Sðs1 þ tÞ

−
Z

α

0

ds2

Z
s2

0

ds1 δðs2 þ t − τ̄Þδðs1 þ t − τ̄ÞK̂Sðs2 þ tÞK̂Sðs1 þ tÞ þ…



: ðC18Þ

Considering the terms in the series individually, we have

Z
α

0

ds1 δðs1 þ t − τ̄ÞK̂Sðs1 þ tÞ ¼
�
K̂Sðτ̄Þ if τ̄∈ ½t; tþ α�;
0 otherwise;

ðC19Þ

and for the second-order term, noting that δðs2 þ t − τ̄Þδðs1 þ t − τ̄Þ ¼ 0 if s1 ≠ s2, we find that

Z
α

0

ds2

Z
s2

0

ds1 δðs2 þ t − τ̄Þδðs1 þ t − τ̄ÞK̂Sðs2 þ tÞK̂Sðs1 þ tÞ ¼
�
K̂Sðτ̄Þ2 if τ̄∈ ½t; tþ α�;
0 otherwise;

ðC20Þ

and so on for each term, and thus, Eq. (C18) becomes

e−iαĈint ¼ e−iαĤC

Z
R
dtjtihtj ⊗ e−irectαðτ̄−tÞK̂Sðτ̄Þ; ðC21Þ

where rectαðsÞ is a rectangular function defined such as

rectαðsÞ ≔
�
1 if s∈ ½0; α�;
0 otherwise:

ðC22Þ

Then,

e−iαĈint ¼ e−iαĤC

Z
R
dtjtihtj ⊗ e−i rectαðτ̄−tÞK̂Sðτ̄Þ: ðC23Þ

We now show how this can give a Page-Wootters picture with the usual evolution under ĤC þ ĤS, interspersed with an
intervention occurring at time τ̄. Recalling that an arbitrary physical state can be obtained via a kinematical state of the form
jt ¼ 0iCjϕ0iS (see Sec. II A), we consider the action of e−iαĈint on such a state. Assuming for simplicity that τ̄ > 0,

e−iαĈint jt ¼ 0iCjϕ0iS ¼
�
e−iαĤC jt ¼ 0iCjϕ0iS; if α < τ̄

ðe−iαĤC ⊗ e−iK̂Sðτ̄ÞÞjt ¼ 0iCjϕ0iS; if α ≥ τ̄;
ðC24Þ

Recalling that the interaction-picture physical state corresponding to jt ¼ 0iCjϕ0iS is given by δðĈintÞjt ¼ 0iCjϕ0iS and that
a physical state can be obtained from the interaction picture via jΨ⟫≡U−1

int jΨint⟫, we have

jΨ⟫≡U−1
int δðĈintÞjt ¼ 0iCjϕ0iS ¼ e−iT̂⊗ĤS

1

2π

Z
R
dαe−iαĤC jt ¼ 0iCjϕ0iS

¼ e−iT̂⊗ĤS

�
1

2π

Z
τ̄

−∞
dtjtiCjϕ0iS þ

1

2π

Z
∞

τ̄
dtjtiCe−iK̂Sðτ̄Þjϕ0iS



: ðC25Þ

TIME DELOCALIZATION AND CAUSALITY ACROSS TEMPORAL … PHYS. REV. D 114, 086005 (2026)

086005-23



Noting that, as in the usual interaction picture, K̂Sðτ̄Þn ¼ eiτ̄ĤS K̂n
Se

−iτ̄ĤS , one can write the physical state jΨ⟫ above as

jΨ⟫ ¼ 1
2π

Z
τ̄

−∞
dtjtiC e−itĤS jϕ0iS þ

1
2π

Z
∞

τ̄
dtjtiC e−iðt−τ̄ÞĤSe−iK̂Se−iτ̄ĤS jϕ0iS: ðC26Þ

In other words, the reduced physical (i.e., Page-Wootters) state jψSjCðtÞi corresponds to relational evolution under HS for
−∞ < t < τ̄ consistent with the “initial condition” jψSjCð0Þi ¼ jϕ0iS and then subsequent relational evolution under HS

consistent with the “initial condition” jψSjCð0Þi ¼ jϕ0iS as well as with the unitary intervention e−iK̂S having occurred at
t ¼ τ̄. The state in Eq. (C26) has the same structure as the one in Eq. (44) of [44], where the authors consider the particular
case of measurements. By replacing the interaction term f̂ðT̂Þ ⊗ KS with multiple interactions, one obtains a corresponding
segmentwise evolution, as employed in Sec. V of the main text.
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