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Inverse beta decay (IBD), ν̄ep → eþnðγÞ, is the main detection channel for reactor antineutrinos in
water- and hydrocarbon-based detectors. As reactor antineutrino experiments now target sub-percent-
level sensitivity to oscillation parameters, a precise theoretical description of IBD, including recoil, weak
magnetism, nucleon structure, and radiative corrections, becomes essential. In this work, we give a
detailed and precise calculation of the total and differential cross sections for radiative IBD, ν̄ep → eþnγ.
We use a heavy baryon chiral perturbation theory framework, systematically incorporating electroweak,
electromagnetic, and strong-interaction corrections. We derive new analytic cross-section expressions,
clarify the collinear structure of radiative corrections, and provide a systematic uncertainty analysis. We
also discuss phenomenological applications for reactor antineutrino experiments, e.g., JUNO, and
neutron decay. Our results enable subpermille theoretical precision, supporting current and future
experiments.
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I. INTRODUCTION

Experimental evidence for neutrino oscillations, and thus
the existence of nonzero neutrino masses [1,2], has been
firmly established by solar [3–8], atmospheric [9,10],
reactor [11–15], and accelerator [16–18] neutrino experi-
ments. Current efforts in neutrino physics [19–21] are
focused on precision measurements of the neutrino mixing
parameters [22–34], the determination of the neutrino mass
ordering [33,35], and searches for charge-parity (CP)
violation [32,33,36]. Among these, medium-baseline reac-
tor experiments play a critical role. They probe the structure
of the lepton mixing matrix with high precision.1

The Jiangmen Underground Neutrino Observatory
(JUNO) [35,38–42] is an example of such a medium-
baseline reactor experiment. It is designed to determine
the neutrino mass hierarchy with 3σ significance by
detecting antineutrinos from the Yangjiang and Taishan
nuclear power plants. JUNO expects about 83 inverse
beta-decay (IBD) events per day with a 20-kiloton liquid
scintillator detector. This yields approximately 180,000
events over six years. These statistics enable precise tests
of the unitarity [43–46] of the Pontecorvo-Maki-
Nakagawa-Sakata matrix [47,48] at the supercent level.
JUNO aims for relative uncertainties of 0.7% on the
largest mixing matrix element and 0.6% or better on the
neutrino squared-mass differences [35]. The first JUNO
measurement of reactor neutrino oscillations has already
improved the accuracy of the solar oscillation parameters
by a factor of about ∼1.6 [49,50]. This progress has
motivated broad theoretical and phenomenological
research [51–75]. The advances in precision frontier
require updates in theoretical cross sections. Such new
predictions are needed to convert reactor antineutrino
fluxes [76–78] into observable event rates. Achieving
sub-percent precision in oscillation physics also demands
a precise understanding of the initial antineutrino flux
and energy spectrum. These quantities, determined by
complex fission processes and corresponding beta-decay
spectra, introduce critical systematic uncertainties that
must be controlled through refined reactor modeling,
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1Currently, the neutrino oscillation parameters in the frame-
work of the Standard Model with three massive neutrinos are
determined as θ12=

∘ ¼ 33.76þ0.42
−0.41 ; θ23=

∘ ¼ 43.29þ0.96
−0.79 ; θ13=

∘ ¼
8.62þ0.11

−0.11 ; δCP=
∘ ¼ 212þ26

−36 ,
Δm2

21

10−5 eV2 ¼ 7.537þ0.094
−0.10 , and

Δm2
3l

10−3 eV2 ¼
2.511þ0.021

−0.020 for the normal hierarchy and θ23=
∘ ¼ 47.90þ0.73

−0.92 ;

θ13=
∘ ¼ 8.65þ0.11

−0.11 ; δCP=
∘ ¼ 274þ22

−25 , and
Δm2

3l
10−3 eV2 ¼ −2.483þ0.020

−0.020
for the inverted hierarchy [37].
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improved nuclear data, and in situ measurements to fully
exploit the statistical power of experiments like JUNO.
Inverse beta decay on a free proton,

ν̄e þ p → eþ þ nðγÞ; ð1Þ

is the dominant reaction for reactor antineutrinos in hydro-
gen-rich media and was the channel of their first observa-
tion [79]. The positron from IBD promptly deposits its
kinetic energy and annihilates with an electron, yielding a
prompt signal. The neutron is then captured by hydrogen or
carbon nuclei with average lifetimes of about 200 μs,
producing a delayed gamma signal at 2.2 MeV or
4.95 MeV, respectively. The prompt-delayed time-energy
correlations enable efficient background discrimination.
Precise oscillation analysis requires accurate energy

reconstruction event-by-event. JUNO aims for ∼3% energy
reconstruction precision with its liquid scintillator detector.
Radiative corrections, especially real photon emission in
IBD, can affect energy reconstruction in neutrino detectors.
These corrections modify the correlation between mea-
sured positron and incident antineutrino energies. Current
analyses do not account for these effects in event
reconstruction or spectrum modeling. For precision analy-
ses in experiments like JUNO, it is essential to account for
all relevant quantum corrections to the IBD cross section.
These include recoil effects, weak magnetism, nucleon
structure contributions, and radiative corrections from
quantum electrodynamics (QED), quantum chromodynam-
ics (QCD), and electroweak interactions.
IBD cross sections and radiative corrections have been

studied for decades. The first comprehensive treatment of
QED radiative corrections was provided in Ref. [80]. This
work expressed them in terms of the electromagnetic
energy, the sum of the positron and photon energies, and
also incorporated recoil and weak magnetism corrections.
However, this work included only partially the “inner”
radiative corrections from QCD and electroweak inter-
actions, and it had a residual dependence on an ultraviolet
cutoff intended to be fixed by neutron decay experiments.
Subsequent refinements in Ref. [81] corrected recoil effects
and presented QED corrections fully analytically, using
techniques developed in Refs. [82,83]. This type of
radiative correction can be directly applied to the positron
energy spectrum within the elastic IBD kinematic range.
Here, the total electromagnetic energy serves as a signature
of the positron energy.
Further studies refined the theoretical framework of IBD.

References [84–88] examined the conserved vector current
hypothesis. They clarified the role of first- and second-class
currents in the vector sector of the hadronic matrix element
[89]. Recoil and weak magnetism corrections were revis-
ited in the context of supernova neutrinos in Refs. [90–93].
Radiative and recoil effects were also studied for primordial
nucleosynthesis [94,95].

A simplified but widely used parametrization of QED,
QCD, and electroweak radiative corrections was introduced
in Refs. [93,96–99], building on the treatment of “inner”
corrections from Ref. [100]. This approach was adopted in
Ref. [99], which also incorporated the neutron-proton mass
difference and provided a compact parametrization for IBD
cross sections. The estimated uncertainties at that time were
0.4%. Recent analyses [85,101] improved this to the
0.05%–0.1% range. They identified the axial-vector cou-
pling constant gA and the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element Vud [102,103] as dominant sources
of uncertainty. QED corrections to positron angle-depen-
dent terms were evaluated in Refs. [104,105] and repro-
duced using effective field theory methods in Ref. [106].
Despite this progress, several key aspects have remained

unresolved. Most existing calculations do not clearly
distinguish between the positron and electromagnetic
energy spectra, neglect the change in energy range from
elastic to radiative processes, and apply the static-limit
approximation in radiative phase space, assuming zero
neutron recoil and a fixed sum of photon and positron
energies. However, this approximation works very well for
precision goals above 1‰ with the electromagnetic energy
spectrum. The radiated hard photon can significantly
change the acceptance by escaping the detector or changing
the kinematics of the recoil positron. Therefore, the
electromagnetic energy spectrum can be applied in the
analysis of IBD reactions with liquid scintillators by
summing the total energy in the prompt event only
neglecting the detector-specific details [107–110] like
energy- and particle-dependent energy responses, which
are known to be nonlinear [49,50,111], and bremsstrah-
lung-related acceptance corrections, introducing potential
biases in bin-to-bin migrations, and forbidding the back-
ground rejection by the event topology. Modern
reconstruction techniques do not allow efficiently distin-
guishing electron, positron, and photon events in liquid
scintillators [49,50,109–138], but the progress in this
direction is expected by implementing the machine
learning techniques [49,50,109–111,117,120,122,123,127–
135,137,138] as well as transitioning to “self-segmented”
opaque detectors [139–145] and/or water-based liquid scin-
tillators [112–115,118,119,146–148]. Therefore, it would be
desirable to control also the positron kinematics in the
radiative IBD process directly. The dedicated calibration of
the energy reconstruction in liquid scintillators, based on
precise calculations of radiative IBD cross sections, will
improve particle identification and energy determination.
Moreover, an accurate simulation of (anti)neutrino-nucleus
reactions requires control over the final-state positron
kinematics. For instance, the broadening of charged lepton
tracks by electromagnetic interactions with the nuclear
charge density can significantly change the observed elec-
tron scattering angle in experiments with large nuclei as a
target [149–153].
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In this work, we address these shortcomings and present
a comprehensive, high-precision evaluation of IBD cross
sections that incorporates all relevant physics effects.
Specifically, we
(1) Revisit and evaluate numerically QED radiative

corrections within the heavy baryon chiral pertur-
bation theory (HBChPT) framework, using recently
determined coupling constants [154–157] that in-
clude all short-distance contributions from scales
above ∼1–10 MeV.

(2) Present a detailed uncertainty budget for total and
differential cross sections at the subpercent level,
suitable for implementation in precision reactor
antineutrino analyses.

(3) Provide analytic expressions for radiative IBD cross
sections as well as update QED radiative corrections
to the neutron lifetime and beta asymmetry, includ-
ing real photon emission beyond the static limit,
using exact three-body phase-space integrals
[158,159].

(4) Evaluate both positron and electromagnetic energy
spectra with exact phase-space boundaries, satisfy-
ing expected single-logarithm and logarithm-free
collinear behavior, respectively.

(5) Present double- and triple-differential distributions
suitable for high-precision simulations and data
analysis in reactor and solar neutrino experiments
[160–166].

(6) Quantify the effects of radiative corrections on
observable spectra, reconstruction of the antineu-
trino energy with liquid scintillators, and discuss
implications for new physics searches at leading
order in nucleon recoil.

With exact three-body phase-space integrals, we violate the
rigorous HBChPT power counting but properly account for
enhancements near kinematic endpoints in our results.
The structure of the paper is as follows. In Sec. II, we

review the kinematics of elastic IBD, introduce the
HBChPT Lagrangian and relevant coupling constants,
and provide the leading-order differential and total cross
sections. Section III evaluates recoil, weak magnetism,
nucleon structure effects, and virtual radiative corrections.
In Sec. IV, we compute real photon emission cross
sections, detail the treatment of the full three-body phase
space, and present new and known results for IBD cross
sections. Results for total cross sections, energy spectra, and
angular distributions, as well as radiative effects on the
reconstruction of the antineutrino energy in liquid scintilla-
tor, are discussed in Sec. V. In this section, we also provide a
straightforward extension to the charged-current neutrino-
neutronelastic scatteringandupdate the radiativecorrections
to the neutron decay.We present our conclusions and outline
future directions in Sec. VI. Supplemental Material [167]
and Ref. [168] include aMathematica notebook and a Python

library for fast, accurate evaluation of IBD cross sections.

II. INVERSE BETA DECAY

We review the kinematics of antineutrino scattering on
protons in Sec. II A. We then describe the low-energy
effective field theory for charged-current electroweak
processes involving (anti)neutrinos and nucleons in
Sec. II B and specify the low-energy coupling constants
and experimental inputs. In Sec. II C, we present the
leading-order cross sections in the inverse beta decay
reaction.

A. Kinematics in charged-current antineutrino-proton
elastic scattering

We consider the charged-current scattering of antineu-
trinos on protons ν̄ep → eþn. For hydrocarbon or water
targets, the molecular binding energy and momentum are
negligible compared to the energy and momentum trans-
ferred during the scattering. Therefore, we take the initial
proton to be at rest in the laboratory frame, with kinematics
given by pμ ¼ ðmp; 0Þ (initial proton with p2 ¼ m2

p), p0μ ¼
ðEn; k − k0Þ (final neutron with p02 ¼ m2

n), kμ ¼ ðEν̄e ; kÞ
(initial antineutrino), and k0μ ¼ ðEe; k0Þ (final positron with
k02 ¼ m2

e) (see Fig. 1). The antineutrino mass is negligible
compared to the masses of the other particles and typical
beam energies and is thus ignored in all expressions. We
denote the momentum transfer on the nucleon line
as qμ ¼ p0μ − pμ.
This two-to-two elastic scattering process is described by

two independent kinematic variables. We define the invari-
ant squared momentum transfer as

Q2 ¼−q2¼−ðp0−pÞ2¼m2
p−m2

nþ2mpðEν̄e −EeÞ; ð2Þ

and the squared energy in the center-of-mass reference
frame as

s ¼ ðpþ kÞ2 ¼ m2
p þ 2mpEν̄e : ð3Þ

FIG. 1. Kinematics in inverse beta decay.

THEORY OF INVERSE BETA DECAY FOR REACTOR … PHYS. REV. D 114, 053010 (2026)

053010-3



The IBD process occurs only if the antineutrino energy
exceeds the threshold required to produce a positron and
compensate for the neutron-proton mass difference. At
the level of invariants, s ¼ m2

p þ 2mpEν̄e ≥ ðmn þmeÞ2,
which translates to the threshold energy Ethr

ν̄e :

Eν̄e ≥ Ethr
ν̄e ¼ ðmnþmeÞ2

2mp
− mp

2
, with Ethr

ν̄e ≈ 1.806066 MeV.

Expanding in powers of 1=mn, we obtain

Ethr
ν̄e ¼ ðE0 þmeÞ

�
1þ E0

mn

�
þO

�
1

m2
n

�
; ð4Þ

with E0 ¼ m2
nþm2

e−m2
p

2mn
≈ 1.292581 MeV. Note that

E0 ≈ Δm ¼ mn −mp, aligning with conventions in
β-decay literature. For muon and tau antineutrinos, the
thresholds are much higher, Ethr

ν̄μ ≈ 113 MeV and

Ethr
ν̄τ ≈ 3.46 GeV, respectively. The positron energy Ee is

restricted to a narrow range Emin
e ≤ Ee ≤ Emax

e ,

Emin
e ¼ ðs −m2

n þm2
eÞðmp þ Eν̄eÞ − Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σðs;m2

n; m2
eÞ

p
2s

;

ð5Þ

Emax
e ¼ ðs −m2

n þm2
eÞðmp þ Eν̄eÞ þ Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σðs;m2

n; m2
eÞ

p
2s

;

ð6Þ

where Σðs;m2
n;m2

eÞ ¼ ðs − ðmn þmeÞ2Þðs − ðmn −meÞ2Þ
is the kinematic triangle function. The leading terms in
1=mn expansion for the boundaries in the positron energy
are given by

Emin
e ¼ Eν̄e − E0 −

ðEν̄e − E0Þ2 −m2
e þ Eν̄eðE0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e − E0Þ2 −m2

e

q
Þ

mn
þO

�
1

m2
n

�
; ð7Þ

Emax
e ¼ Eν̄e − E0 −

ðEν̄e − E0Þ2 −m2
e þ Eν̄eðE0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e − E0Þ2 −m2

e

q
Þ

mn
þO

�
1

m2
n

�
: ð8Þ

The antineutrino energy Eν̄e can be expressed in terms of the recoil positron energy Ee and scattering angle Θe as

Eν̄e ¼
1

2

m2
n −m2

p þ 2mpEe −m2
e

mp − Ee þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
cosΘe

; ð9Þ

and its 1=mn expansion is

Eν̄e ¼ Ee þ E0 −
EeE0 þm2

e − ðEe þ E0ÞðEe þ E0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
cosΘeÞ

mn
þO

�
1

m2
n

�
: ð10Þ

In the absence of radiation, the angle Θe between the
positron and the antineutrino beam direction is

cosΘe ¼
2ðEν̄eEe þmpEe −mpEν̄eÞ þm2

n −m2
p −m2

e

2Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p ;

ð11Þ

without any kinematic restrictions on the positron scatter-
ing angle, while the neutron always goes in the forward
direction. These kinematic relations also apply to muon and
tau antineutrinos, with appropriate substitutions for lepton
masses and energies. The 1=mn expansion of cosΘe is
given by

cosΘe ¼
mnðEeþE0−Eν̄eÞ
Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p −
m2

eþEeE0− ðEeþE0ÞEν̄e

Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
þ E0

2mn

E2
0−m2

e

Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p þO
�

1

m2
n

�
: ð12Þ

B. Heavy baryon chiral perturbation theory

Inverse beta decay induced by reactor antineutrinos
is a low-energy process characterized by scales well
below the pion mass and typical hadronic energies.
Specifically, the neutron-proton mass difference
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Δm ¼ mn − mp ≈ 1.3 MeV, the electron mass
me ≈ 511 keV, and the reactor antineutrino energies
≲10 MeV are all much smaller than the chiral symmetry
breaking scale and nucleon mass. This hierarchy enables a
systematic description of strong-interaction dynamics using
effective field theories. Treating nucleons as heavy static
fields, we adopt heavy baryon chiral perturbation theory
(HBChPT) to analyze IBD.
In this framework, nucleon mass effects are incorporated

as recoil corrections characterized by the small parameter
ϵrecoil ¼ qext

mN
, where mN ≈mp ≈mn denotes the nucleon

mass, and qext is the characteristic momentum transfer in
IBD. By integrating out pion degrees of freedom, the low-
energy interactions are encoded in the pionless effective
field theory (EFT) Lagrangian [154,169,170],

Lπ ¼ −
ffiffiffi
2

p
GFV⋆

ud
¯̄νeγρPLēN̄vðgVvρ − 2gASρÞτ−Nv

þO
�
α

π
; ϵrecoil; ϵπ; ϵχ

�
þ H:c:; ð13Þ

with the scale-independent Fermi coupling constant GF ¼
1.1663787ð6Þ × 10−5 GeV−2 [171–174] and the matrix
element of the CKM quark mixing matrix Vud
[102,103,175,176]. ē and ν̄e are the positron and antineu-
trino fields, respectively, PL ¼ 1−γ5

2
is the projection oper-

ator onto left-handed fermions, Nv ¼ ðp; nÞT denotes the
heavy-nucleon field doublet with the field operators for
proton and neutron p and n, respectively, vρ is the nucleon
velocity, and Sρ ¼ ð0; σ⃗

2
Þ denotes the nucleon spin. σ⃗ are

the Pauli matrices acting on spin indices, while τ⃗ act
in the isospin space, satisfying ½τa; τb� ¼ 2iεabcτc,
fτa; τbg ¼ 2δab, and τ� ¼ 1

2
ðτ1 � iτ2Þ. Besides recoil

expansion in ϵrecoil, the scale-dependent nucleon vector
gV and axial-vector gA coupling constants in Eq. (13) have
an expansion in the electromagnetic coupling constant α,
radiative pion contributions ϵ=π ¼ qext

mπ
, and HBChPT chiral

corrections ϵχ ¼ mπ
Λχ

with the pion mass mπ and the scale

Λχ ¼ 4πFπ ≈ 1 GeV, where Fπ is the pion decay constant.
Advantageously, we can work only with nucleon,

positron, antineutrino, and photon fields in this effective
field theory. All chiral corrections are captured inside the
low-energy coupling constants gV and gA, while radiative
pion contributions in low-energy theory, which do not have
large logarithm enhancements, are suppressed as
α
π ϵ=π ≲ 1.7 × 10−4.2 Recoil corrections to loops in QED

expansion are suppressed as α
π ϵrecoil ≲ 2.5 × 10−5. Hence,

the dominant corrections to the leading order in 1=mn result
arise from QED, recoil, and nucleon structure effects.
The coupling constants gV and gA include short-distance

electroweak contributions from heavy particles (W, Z,
Higgs, top quark), as well as heavy quarks (b, c), and
nonperturbative hadronic physics. These have been
recently determined via a top-down systematically improv-
able EFT matching procedure [155–157], which integrates
out electroweak-scale physics and matches the Standard
Model onto the low-energy effective field theory (LEFT)
[177] to describe weak processes through effective four-
fermion interactions down to scales of hadronic physics.
Non-perturbative matching between LEFT and HBChPT
[154,178] at hadronic scales then determines the low-
energy coupling constants, which are evolved down to
the electron mass scale. In this work, we adopt the vector
coupling constant at the electron-mass renormalization
scale gV ¼ 1.02499ð13Þ [155,179–189]. For the axial-
vector-to-vector coupling constant ratio at low energy
λ≡ gA=gV , we take the PDG quote λI ¼ 1.2754ð13Þ
[190–193] for evaluating central values and estimating
errors. We also consider the most precise measurement of
the beta asymmetry in polarized neutron decay by
PERKEO-III λII ¼ 1.27641ð45Þstatð33Þsys [194,195] for
optimistic error analysis. To avoid connection to discrep-
ancies in the axial-vector coupling constant and potential
biases related to the neutron lifetime puzzle [196–214], we
take the matrix element Vud ¼ 0.97348ð31Þ from the gA-
independent analysis [190–195,215,216] of superallowed
nuclear β decays [175], incorporating recent updates to
short-distance radiative corrections [155].3 This ensures
that the dominant uncertainties in the IBD cross section
stem solely from the axial-vector coupling constant gA and
the CKM matrix element Vud.

C. Leading-order cross sections

The leading-order differential cross section for the IBD
process can be expressed in terms of the spin-averaged
leading-order (LO) matrix element TLO,

TLO ¼ −
ffiffiffi
2

p
GFV⋆

ud
¯̄νeγρPLēN̄vðgVvρ − 2gASρÞτ−Nv; ð14Þ

where the notation follows Sec. II B. Using a standard
flux normalization, the corresponding differential cross
section is

dσLO
dQ2

¼ 1

128πm2
pE2

ν̄e

X
spins

jTLOj2; ð15Þ

with Q2 being the squared momentum transfer and Eν̄e
being the incident antineutrino energy. Evaluating the spin

2Oðαπ ϵ=πÞ corrections to the nucleon magnetic moment and
tensor interaction are evaluated in Ref. [154]. The effects from
these corrections on IBD cross sections are well below the
dominant error sources from the axial-vector coupling constant
gA and the CKM matrix element Vud.

3For both gV and λ, we account for further refinements of the
phase-space integration from Sec. V F of this paper.
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sums, the differential cross section can be compactly
written as

dσLO
dQ2

¼ G2
FjVudj2
2π

"�
1 −

E0

Eν̄e

�
ðg2V þ g2AÞ

−
Q2 þm2

e

4E2
ν̄e

ðg2V − g2AÞ
#
: ð16Þ

Notably, this cross section is nonzero for all physically
allowed kinematics.
The positron angular distribution and the energy spec-

trum can be easily obtained as4

dσLO
d cosΘe

¼ Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
mp þ Eν̄e −

EeEν̄effiffiffiffiffiffiffiffiffiffi
E2
e−m2

e

p cosΘe

2mp
dσLO
dQ2

; ð17Þ

dσLO
d cosΘe

¼ Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
mp þ Eν̄e −

EeEν̄effiffiffiffiffiffiffiffiffiffi
E2
e−m2

e

p cosΘe

mp

π
G2

FjVudj2

×

"�
1 −

E0

Eν̄e

−
Ee

2Eν̄e

ð1 − β cosΘeÞ
�
g2V

þ
�
1 −

E0

Eν̄e

þ Ee

2Eν̄e

ð1 − β cosΘeÞ
�
g2A

#
; ð18Þ

dσLO
dEe

¼ 2mp
dσLO
dQ2

; ð19Þ

whereΘe is the positron scattering angle, and β ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − m2

e
E2
e

q
is the positron velocity. Expanding to leading order in the
large nucleon mass, the angular distribution simplifies to
the well-known form

dσLO
d cosΘe

¼ Ee

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
2π

G2
FjVudj2

×
h
ð1þ β cosΘeÞg2V þ ð3 − β cosΘeÞg2A

i
þO

�
1

mn

�
: ð20Þ

The total cross section at leading order is given by

σLO ¼ G2
FjVudj2
π

ðEν̄e − E0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σðs;m2

n; m2
eÞ

p
2mn

ðg2V þ 3g2AÞ:

ð21Þ

To avoid infinite relative recoil corrections and potential
threshold problems similar to the HBChPT calculation of
the nucleon vector form factors [222–227], as it was also
pointed in Refs. [81,90] and fully included analytically in
Ref. [81], we keep the full kinematic dependence of the
triangle function Σðs;m2

n; m2
eÞ, which vanishes at the IBD

threshold. The leading term of the total cross section in
1=mn expansion reads

σLO ¼ G2
FjVudj2
π

ðEν̄e − E0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e − E0Þ2 −m2

e

q
ðg2V þ 3g2AÞ

þO
�

1

mn

�
: ð22Þ

At leading order, the total cross section can be
expressed in terms of the neutron lifetime τn as
[80,81,90,93,221,228,229]

σLO ¼ π2

mnτn

ðEν̄e − E0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σðs;m2

n; m2
eÞ

p
f0m5

e
; ð23Þ

where the phase-space integral in neutron decay f0 is

f0¼
2x40−9x20−8

60

ffiffiffiffiffiffiffiffiffiffiffiffi
x20−1

q
þx0

4
ln

�
x0þ

ffiffiffiffiffiffiffiffiffiffiffiffi
x20−1

q �
; ð24Þ

with x0 ¼ E0

me
and f0ðx0Þ ¼ 1.62989. Similarly, the differ-

ential cross section can be expressed in terms of τn, and the
axial-vector-to-vector coupling constant ratio λ ¼ gA=gV as

dσLO
dQ2

¼ π2

τn

1

f0m5
e

�
1− E0

Eν̄e

�
ð1þλ2Þ−Q2þm2

e
4E2

ν̄e
ð1−λ2Þ

1þ3λ2
: ð25Þ

Incorporating QED, recoil, weak magnetism, and phase-
space corrections in the neutron decay can be effectively
achieved by replacing the neutron lifetime in Eqs. (23) and
(25) as

1

τn
→

1

1þ ΔTOT − ðg2V − 1Þ
1

τn
; ð26Þ

with the relative correction ΔTOT − ðg2V − 1Þ ¼ 2.700ð7Þ%
[155,230], which is dominated by the Coulomb
enhancement.

4To avoid extra definitions for recoil corrections, we
specify the proton mass mp instead of the nucleon
mass mN . Previous derivations [80,81,88,92,217–220] do
not include E0=Eν̄e contribution to leading order.
References [80,81,85,88,90,93,95,99,101,106,218,221] con-
sider mn −mp corrections.
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III. HIGHER-ORDER CORRECTIONS

In this section, we discuss higher-order contributions to
the inverse beta decay process. We begin with recoil effects
in Sec. III A, which include kinematic and structure-
dependent corrections due to the finite nucleon mass and
the neutron-proton mass difference. In Sec. III B, we
consider the leading contribution from the nucleon iso-
vector-vector magnetic moment, commonly referred to as
weak magnetism. The corrections arising from strong
interaction dynamics via the nucleon form factors are
presented in Sec. III C. Finally, in Sec. III D, we discuss
QED vertex corrections arising from virtual photon
exchange.

A. Recoil corrections

In this section, we specify the recoil corrections to
unpolarized differential and total cross sections in
Eqs. (16) and (21), denoted as dσrecoil and σrecoil,
respectively.
The correction to the differential cross section arises

from recoil effects and the neutron-proton mass difference
within the nucleon matrix element. It takes the form

dσrecoil
dQ2

¼G2
FjVudj2
2π

E0

mn

"
−
E0

Eν̄e

ðg2V þg2AÞ−
Q2þm2

e

4E2
ν̄e

ðg2V −g2AÞ

þ
�
Q2þm2

e

4E2
ν̄e

−
Q2

2E0Eν̄e

�
ðgV −gAÞ2

#
: ð27Þ

The total cross-section correction also accounts for kin-
ematic modifications of the integration limits and is given
by

σrecoil ¼ −2
G2

FjVudj2
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e − E0Þ2 −m2

e

q

×

"�ðEν̄e − E0Þ2
mn

þ E0Eν̄e

2mn

�
ðg2V þ 3g2AÞ

−
�ð2Eν̄e − E0ÞðEν̄e − E0Þ

mn
−
m2

e

mn

�
gAðgV − gAÞ

#
:

ð28Þ

The recoil correction to the differential unpolarized IBD
cross section is negative and can reach 1.5% at Eν̄e ¼
5 MeV and 3.1% at Eν̄e ¼ 10 MeV. This suppression
becomes more pronounced near the IBD threshold, reach-
ing up to 3.2%. The corresponding impacts on the total
unpolarized IBD cross section are 1.9% at Eν̄e ¼ 5 MeV
and 4.0% at Eν̄e ¼ 10 MeV, with the effect continuing to
grow with the antineutrino energy. Theoretical uncertainties
in the recoil correction are negligible for practical purposes,

remaining below 10−5 for the total and below 10−6 for the
differential cross section.

B. Weak magnetism

The leading weak magnetism contributions arise from
the nucleon magnetic moments, encoded in the Oðp2Þ
pion-nucleon interaction Lagrangians [231–235].5 These
contributions correct the unpolarized differential and total
cross sections in Eqs. (16) and (21) and are denoted as
dσwm and σwm, respectively.
The corrections to the differential and total cross sections

are given by

dσwm
dQ2

¼G2
FjVudj2
2π

 
E0

mn

Q2þm2
e

2E2
ν̄e

−
Q2

mnEν̄e

!
gAðμp−μn−1Þ;

ð29Þ

σwm ¼ 2
G2

FjVudj2
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e − E0Þ2 −m2

e

q

×

�
E0ðEν̄e − E0Þ

mn
−
Q2

0

mn

�
gAðμp − μn − 1Þ; ð30Þ

with the proton μp and neutron μn magnetic moments
entering the isovector-vector combination under the
assumption of isospin symmetry.
In contrast to neutron beta decay, where the weak

magnetism corrections to the total decay rate vanish at
leading order, the IBD process receives a nonzero leading-
order correction from the weak magnetism.
Numerically, the weak magnetism correction to the

differential unpolarized IBD cross section is negative
and increases with the antineutrino energy. It reaches
approximately 2.6% at Eν̄e ¼ 5 MeV and 5.6% at
Eν̄e ¼ 10 MeV. The total cross section is similarly affected,
with corrections of 1.4% and 3.1% at these energies,
respectively. The parametric uncertainty associated with
the weak magnetism correction is below 10−5 for both total
and differential cross sections and is therefore negligible for
phenomenological applications.

C. Corrections from nucleon radii

The coupling constants in Eq. (13) serve as the nor-
malization of the nucleon form factors and incorporate all
chiral corrections. However, strong interactions also induce
a nontrivial dependence on the momentum transfer, Q2,
along the nucleon line in IBD. The leading-order effect in
the low-momentum transfer expansion is governed by the
nucleon mean-squared radii. Specifically, the vector and
axial-vector coupling constants are modified as

5We define the weak magnetism correction to be proportional
to the anomalous magnetic moment, similar to Refs. [80,95].
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gV → gV

 
1 −

r2VQ
2

6
þO

�
Q4

Λ4
χ

�!
; ð31Þ

gA → gA

 
1 −

r2AQ
2

6
þO

�
Q4

Λ4
χ

�!
; ð32Þ

with the isovector-vector rV and axial-vector rA radii of the
nucleon. These radii cannot be predicted within chiral
perturbation theory alone, as they depend on low-energy
constants specific to nucleon structure [236–239].
Therefore, we take them from fits to the electron-proton
and electron-deuteron scattering and muonic hydrogen
spectroscopy data in Ref. [240] for the isovector-vector
radius, r2V ¼ 0.578ð2Þ fm2,6 and from the weighted average
of fits to neutrino-deuterium bubble-chamber data [241],
muon capture on protons [242], and antineutrino scattering
off hydrogen in plastic scintillator targets [243] for the
axial-vector radius, r2A ¼ 0.48ð14Þ fm2. The resulting
nucleon radii corrections to unpolarized cross sections in
Eqs. (16) and (21), dσFF and σFF, respectively, are given by

dσFF
dQ2

¼ −
G2

FjVudj2
2π

"�
1 −

E0

Eν̄e

�
ðg2Vr2V þ g2Ar

2
AÞ

−
Q2 þm2

e

4E2
ν̄e

ðg2Vr2V − g2Ar
2
AÞ
#
Q2

3
; ð33Þ

σFF ¼−2
G2

FjVudj2
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEν̄e −E0Þ2−m2

e

q

×

"
ðEν̄e −E0ÞQ2

0

3

�
g2Vr

2
V þ g2Ar

2
A −

2

3
ðg2Vr2V − g2Ar

2
AÞ
�

þðEν̄e þE0Þm2
e

18
ðg2Vr2V − g2Ar

2
AÞ
#
; ð34Þ

with Q2
0 ¼ 2Eν̄eðEν̄e − E0Þ −m2

e.
These nucleon radii corrections are negative and rela-

tively small. For the differential unpolarized IBD cross
section, they reach at most 0.029(14)% at Eν̄e ¼ 5 MeV
and 0.14(6)% at Eν̄e ¼ 10 MeV. The corresponding total
cross-section corrections are 0.016(6)% and 0.07(3)%,
respectively. As expected, the impact of nucleon radii
grows with increasing antineutrino energy. With future
neutrino experiments like DUNE [33,244], the correspond-
ing form-factor uncertainties in IBD cross sections can
be reduced to a negligible relative size below 10−4

after improving the precision of the nucleon axial-vector
radius [245].

D. Virtual QED corrections

We analyze the one-loop virtual QED corrections to
charged-current antineutrino-proton elastic scattering,
ν̄ep → eþn. Within the effective field theory framework,
only the single triangle diagram in Fig. 2 contributes. We
also include the standard external field renormalization
factors for the heavy proton and positron lines.
The one-loop vertex correction to the matrix element

is computed in the MSχ renormalization scheme
[155,157,246] in dimensional regularization with d ¼ 4 −
2ε dimensions of spacetime to regularize the ultraviolet
divergence. The leading-order amplitude, TLO, receives a
correction δTLO,

7

δTLO ¼
ffiffiffi
2

p
GFV⋆

ude
2

Z
ddL
ð2πÞd

¯̄νeγρPL
k0 þ Lþme

ðk0 þ LÞ2 −m2
e

× γμēΠμνðLÞN̄vðgVvρ − 2gASρÞτ−
vν
v · L

Nv; ð35Þ

where k≡ kμγμ for any four-vector k, and the photon
propagator Πμν in momentum space is

ΠμνðLÞ ¼ i
L2 − λ2γ

�
−gμν þ ð1 − ξγÞ

LμLν

L2 − aξγλ2γ

�
: ð36Þ

FIG. 2. One-loop virtual QED diagram contributing to the IBD
process.

6We neglect percent-level isospin-breaking corrections in the
relation between neutral- and charged-current processes that are
below the current and near-future errors from the nucleon axial-
vector radius.

7For numerical evaluations in this paper, we take the electro-
magnetic coupling constant α in the MSχ renormalization scheme
at the scale μχ ¼ me, which is related to its value in the Thomson
limit α0 as 1

α ¼ 1
α0
þ 1

3π [155].
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Here, λγ is the photon mass acting as an infrared (IR)
regulator, ξγ is the gauge-fixing parameter, and a is an
arbitrary constant.
The field renormalization factors for the external posi-

tron and proton, Zl and Zh, respectively, are given by

Zl ¼ 1 −
α

4π

ξγ
ε
−

α

4π

�
ln

μ2

m2
e
þ 2 ln

λ2γ
m2

e
þ 4

�

þ α

4π
ð1 − ξγÞ

�
ln
μ2

λ2γ
þ 1þ aξγ ln aξγ

1 − aξγ

�
; ð37Þ

Zh ¼ 1þ α

2π

�
1

ε
þ ln

μ2

λ2γ

�
þ α

4π
ð1 − ξγÞ

×

�
1

ε
þ ln

μ2

λ2γ
þ 1þ aξγ ln aξγ

1 − aξγ

�
: ð38Þ

We omit Lorentz structures that vanish upon contraction
with the lepton current in the massless neutrino limit, as
they do not contribute. The resulting correction to the
scattering amplitude can be written as

ð
ffiffiffiffiffiffiffiffiffiffiffi
ZhZl

p
− 1ÞTLO þ δTLO ¼ α

π
ðf1TLO þ f2TvÞ; ð39Þ

where the new tensor structure Tv is

Tv ¼
ffiffiffi
2

p
GFV⋆

ud
¯̄νeγρPLvēN̄vðgVvρ − 2gASρÞτ−Nv; ð40Þ

and the renormalized gauge-invariant QED form factors f1
and f2 are

f1ðβÞ ¼
3

8

�
ln

μ2

m2
e
− 1

�
þ 1

2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln
m2

e

λ2γ

þ 1

4β

 
Li2

β þ 1

2β
− Li2

β − 1

2β
þ
�
1 − ln

2β

1 − β

�

× ln
1þ β

1 − β
þ 1

2
ln2

1þ β

1 − β
−
π2

2
þ 2π2δC

!
; ð41Þ

f2ðβÞ ¼
ρ

4β
ln
1þ β

1 − β
; ð42Þ

where the positron velocity β and parameter ρ are
defined as

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
e

E2
e

s
; ρ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
¼ me

Ee
: ð43Þ

The structure of virtual QED corrections matches those in
the neutron beta decay when evaluated in the neutron rest
frame [154,155,169]. In IBD, there are no Coulomb
corrections and δC ¼ 0. In the neutron beta decay and

charged-current neutrino-neutron elastic scattering, the
leading-order Coulomb correction is determined by
δC ¼ 1. To include the π

β-enhanced higher-order Coulomb
corrections and to properly resum them in the nonperturba-
tive regimewhen β ≲ α, one can introduce the nonrelativistic
Fermi function, as it is described in Refs. [155,247], cf. also
Refs. [171,248–262].
The vertex correction to the unpolarized cross section

can be expressed as a sum of factorizable and nonfactor-
izable parts,

dσv ¼
α

π
δvdσLO þ dσv;NF; ð44Þ

where the factorizable correction δv is

δv ¼ 2f1; ð45Þ

and the nonfactorizable component dσv;NF reads

dσv;NF
dQ2

¼ α

π
f2

G2
FjVudj2
2π

me

Eν̄e

ðg2V þ 3g2AÞ: ð46Þ

In the massless positron limit, the Pauli form factor
vanishes, f2ðβÞ → 0, and the correction becomes exactly
factorizable.
The relative contribution to the differential and total cross

sections from the form factor f2 is positive and below
0.23% value bymagnitude for the correction at the threshold.
The size of this contribution decreases as the antineutrino
energy increases away from the production threshold.

IV. REAL PHOTON EMISSION

Oscillation analyses of reactor antineutrino data depend
critically on the accuracy of the antineutrino energy
reconstructed from the final-state positron kinematics.
The emission of real photons can impair this
reconstruction, as the energy response of liquid scintillators
to photons and positrons is strongly dependent on both the
particle type and its energy [49]. Therefore, a detailed
understanding, both direct and indirect, of the kinematics of
the positron and photon in radiative IBD is essential. In this
section, we evaluate the bremsstrahlung process in inverse
beta decay, which involves the emission of a single real
photon. We begin in Sec. IVA by presenting the general
formalism and basic expressions for radiative IBD working
with matrix elements at leading order in nucleon recoil. In
Sec. IV B, we focus on the emission of soft photons
with energies below a cutoff εγ. Next, we analyze various
observables related to real photon emission. In Secs. IV C
and IV D, we present triple-differential cross sections with
respect to the positron energy, positron angle, and photon
energy, as well as to the neutron energy, neutron angle, and
photon energy, respectively. Although measurements of
neutron recoil kinematics in liquid scintillators are not very
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feasible, we study neutron kinematic distributions because
they reflect electromagnetic energy dependencies and can
be evaluated analytically. By integrating over the photon
energy, we obtain double-differential distributions in the
positron energy and angle in Sec. IV E and the neutron
energy and angle in Sec. IV F. Further integration over the
positron angle in Sec. IVG yields the positron energy
spectrum. We then distinguish between the positron energy
spectrum associated with the elastic IBD process in
Sec. IVG 1 and the contribution arising solely from
radiative IBD in Sec. IVG 2, with positron energies below
the elastic IBD kinematics. The neutron energy spectrum,
discussed in Sec. IV H, is shown to coincide with the
spectrum of total electromagnetic energy. Finally, we also
present the electromagnetic energy spectrum within the
static-limit approximation for the phase-space integration
in the radiative IBD in Sec. IV I.

A. One-photon bremsstrahlung

We begin by analyzing bremsstrahlung processes in
antineutrino-proton scattering that involve the emission
of a single photon. At leading order in nucleon recoil, the
relevant Feynman diagrams are shown in Fig. 3. The total
amplitude is the sum of two contributions: photon emission
from the initial-state proton T1γ

i and from the final-state
positron T1γ

f ,

T1γ ¼ T1γ
i þ T1γ

f : ð47Þ

The amplitude for photon emission from the initial
proton T1γ

i is obtained by attaching a photon to the
leading-order amplitude in Eq. (14) as

T1γ
i ¼ −

ffiffiffi
2

p
eGFV⋆

ud
¯̄νeγρPLēN̄vðgVvρ − 2gASρÞτ−

v · ε⋆

v · kγ
Nv;

ð48Þ
where kγ and ε⋆ are the photon four-momentum and
polarization vector, respectively. Similarly, the amplitude
for photon emission from the outgoing positron T1γ

f is

T1γ
f ¼

ffiffiffi
2

p
eGFV⋆

ud
¯̄νeγρPL

k0 þ kγ þme

ðk0 þ kγÞ2 −m2
e

× ε⋆ēN̄vðgVvρ − 2gASρÞτ−Nv: ð49Þ

The corresponding bremsstrahlung cross section can be
expressed in terms of the spin-averaged matrix elementP

spinsjT1γj2 as

dσ1γLO ¼ 1

4mpEν̄e

1

ð2πÞ5
1

2

X
spins

jT1γj2δ4ðkþ p − k0 − p0 − kγÞ

×
d3k⃗γ
2Eγ

d3k⃗0

2Ee

d3p⃗0

2En
: ð50Þ

At leading order in 1=mn, the spin-averaged squared matrix
element takes the form [104,106]

X
spins

jT1γj2¼−e2
�

1

E2
γ
þ m2

e

ðk0 ·kγÞ2
−

2Ee

Eγðk0 ·kγÞ
�X

spins

jTLOj2

þ64e2G2
FjVudj2m2

n

h
c1γþ ðg2Vþg2AÞþc1γ− ðg2V−g2AÞ

i
;

ð51Þ

where the leading-order amplitude without radiation TLO is
expressed in terms of Lorentz contractions of momenta in
the radiative IBD process, and the structure-independent
prefactors c1γ� are given by

c1γþ ¼ −2
Eν̄e

Eγ

 
1 −

2EeEγ

k0 · kγ
−

E2
γ

k0 · kγ

�
1 −

m2
e

k0 · kγ

�!
; ð52Þ

c1γ− ¼ Eν̄e

Eγ
−

k · kγ
k0 · kγ

�
Ee

Eγ
−

m2
e

k0 · kγ

�
−
k · kγ þ k · k0

k0 · kγ
; ð53Þ

which coincides with the expression in the radiative
neutron decay [169,263–269] and charged-current neu-
trino-neutron elastic scattering, under the no-recoil
approximation for the final-state proton p · kγ ¼ mpEγ

with the energy Eγ in the rest frame of the neutron.

B. Soft-photon bremsstrahlung

The bremsstrahlung process in inverse beta decay
includes a universal IR contribution arising from soft-
photon emission when the emitted photon is too low in
energy to be experimentally distinguished from the non-
radiative process. This soft-photon region corresponds to
kinematics where the elastic and radiative processes
become indistinguishable and must therefore be included
to obtain physically meaningful, i.e., IR-finite, cross
sections. Soft-photon corrections affect differential cross
sections with respect to any kinematic variable except the
photon energy, for which the spectrum is evaluated above a

FIG. 3. One-photon bremsstrahlung diagrams for
ν̄e þ p → eþ þ nþ γ.
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chosen minimum value. For a single soft photon with
energy Eγ ≤ εγ, where εγ ≪ me; E0; Eν̄e acts as an energy
cutoff, the soft-photon bremsstrahlung amplitude T1γ

soft
factorizes as

T1γ
soft ¼ −e

�
k0 · ε⋆

k0 · kγ
−
v · ε⋆

v · kγ

�
TLO; ð54Þ

where TLO is the leading-order amplitude for the elastic
IBD. This factorization reflects the universal and model-
independent nature of soft-photon emission. The corre-
sponding contribution to the bremsstrahlung cross section
dσ1γsoft is given by

dσ1γsoft ¼
α

π
δsdσLO; ð55Þ

with the soft-photon correction factor δs
[158,219,220,270–273],

δs ¼
1

β

�
Li2

1 − β

1þ β
−
π2

6

�
−
�
1 −

1

2β
ln
1þ β

1 − β

�

× ln
4ε2γ
λ2γ

þ 1

2β
ln
1þ β

1 − β

�
1þ ln

ρð1þ βÞ
4β2

�
þ 1: ð56Þ

Here, β is the velocity defined as

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2

Ē2

r
; ð57Þ

and ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
. The quantity Ē denotes the relevant

energy, either the positron energy Ee or the total electro-
magnetic energy EEM ¼ Ee þ Eγ, depending on the
observable under consideration. As expected from the
Kinoshita-Lee-Nauenberg theorem [274–277], the infrared
divergence associated with soft-photon emission cancels
exactly when combined with the virtual correction.
Consequently, the sum δs þ δv is finite and independent
of the fictitious photon mass λγ used as an IR regulator.
The radiation of multiple soft photons can be accounted

for by factorizing the cross section into the soft and hard
[273] or soft, collinear, and hard contributions [219,220]
and exploiting our exact results from Sec. III for the hard
function.

C. Triple-differential distribution in positron energy,
positron angle, and photon energy

We compute the bremsstrahlung cross section for pho-
tons with energy Eγ ≥ εγ using the integration technique
introduced in Ref. [159]. To describe the angular distribu-
tion of the positron in the presence of radiation, we define
the four-vector l,

l ¼ pþ k − k0 ¼ ðl0; f⃗Þ; ð58Þ

with components in the laboratory frame,

l0 ¼ mp þ Eν̄e − Ee; ð59Þ

f2 ¼ jf⃗j2 ¼ E2
ν̄e
þ β2E2

e − 2βEν̄eEe cos θe; ð60Þ

where the positron scattering angle θe in the radiative
process differs from the scattering angle Θe defined in the
elastic case [cf. Eq. (11)].
After performing the relevant phase-space integrations,

the triple-differential cross section in the positron energy,
positron angle, and photon energy can be expressed as

dσ1γ ¼α

π
G2

FjVudj2½c3dþ ðg2Vþg2AÞþc3d− ðg2V −g2AÞ�Dm; ð61Þ

where the structure-independent coefficients c3d� are
given by

c3dþ ¼ −
ρ2f4m2

eσEγ

d3=2
ðEe þ EγÞ

þ f2meffiffiffi
d

p
Ee

ððEe þ EγÞ2 þ E2
eÞ −

Ee þ Eγ

2Eγ
; ð62Þ

c3d− ¼
 
ρ2f4m2

eσEγ

2d3=2Eν̄e

−
f2me

2
ffiffiffi
d

p
Eν̄e

EeþEγ

Ee

!

× ðm2
e −mnE0þmpðEν̄e −Ee−EγÞÞþ

Eν̄e −Ee−Eγ

4Eν̄e

þ f2me

4
ffiffiffi
d

p
Eν̄eEe

	ððEν̄e −EeÞ2−f2ÞEeþm2
eð2Eγ −EeÞ




−
ðEν̄e −EeÞ2 −f2−m2

e

8Eν̄eEγ
; ð63Þ

and the auxiliary kinematic functions are defined as

σ ¼ ρðE2
ν̄e − f2 − E2

e þm2
eÞðl2 −m2

n − 2Eγl0Þ þ 4Eγmef2;

ð64Þ

d ¼ β2m2
eE2

ν̄e

�
ðl2 −m2

nÞðl2 −m2
n − 4l0EγÞ þ 4E2

γ l2
�

× sin2 θe þ
σ2

4
; ð65Þ

with the phase-space factor Dm,

Dm ¼ mp

π

dEγ

Eγ

df
Eν̄e

dEe: ð66Þ

The presence of a photon with energy Eγ ≥ εγ increases
the reaction threshold to Eγ;thr

ν̄e
,
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Eγ;thr
ν̄e

¼ ðmn þmeÞ2

2mp

�
1 − 2εγ

mp

� −
mp

2
≥ Ethr

ν̄e : ð67Þ

The physical phase space for radiative events with hard photons includes both the following region inherent to the elastic
process for arbitrary antineutrino energy above the threshold Eν̄e ≥ Eγ;thr

ν̄e
,

Emin
e ≤ Ee ≤ Emax

e ; ð68Þ

Emin
e ¼

�
s
�
1 − 2εγ

mp

�
−m2

n þm2
e

�
ðmp þ Eν̄e − εγÞ − ðEν̄e þ εγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ
�
s
�
1 − 2εγ

mp

�
; m2

n; m2
e

�s

2s
�
1 − 2εγ

mp

� ; ð69Þ

Emax
e ¼

�
s
�
1 − 2εγ

mp

�
−m2

n þm2
e

�
ðmp þ Eν̄e − εγÞ þ ðEν̄e þ εγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ
�
s
�
1 − 2εγ

mp

�
; m2

n; m2
e

�s

2s
�
1 − 2εγ

mp

� ; ð70Þ

Eν̄e − βEe ≤ f ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − εγÞ2 −m2

n

q
− εγ; ð71Þ

l2 −m2
n

2ðl0 þ fÞ ≤ Eγ ≤
l2 −m2

n

2ðl0 − fÞ ; ð72Þ

and an additional region not accessible in the elastic
process and without constraints on the variable f,

me ≤ Ee ≤ Emin
e ; ð73Þ

Eν̄e − βEe ≤ f ≤ Eν̄e þ βEe; ð74Þ

l2 −m2
n

2ðl0 þ fÞ ≤ Eγ ≤
l2 −m2

n

2ðl0 − fÞ ; ð75Þ

which opens for Eν̄e ≥ Eγ
ν̄e
¼ 1

2

�
m2

n
mp−me−2εγ

þme −mp

�
>

Eγ;thr
ν̄e

. For small cutoff values εγ , we find numerically Eγ
ν̄e
≈

1.806067 MeV and Eγ;thr
ν̄e

≈ Ethr
ν̄e ≈ 1.806066 MeV.

For practical applications, we also present the integration
regions after change of variables f and Eγ . The region of
Eqs. (71) and (72) corresponds to

− Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2ðmp þ 2Eν̄e −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− EeÞ

≤ Eγ ≤ Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2ðmp þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− EeÞ

; ð76Þ

Eν̄e − βEe ≤ f ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
þ Eγ; ð77Þ

0
B@1þ

2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðl0 − εγÞ2 −m2
n

q
− εγ

�
l0 −

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − εγÞ2 −m2

n

q
− εγ

�
1
CAεγ ≤ Eγ; ð78Þ

−Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2ðmp þ 2Eν̄e −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− EeÞ

≥ Eγ;

ð79Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
− Eγ ≤ f ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
þ Eγ;

ð80Þ

εγ ≤Eγ ≤

0
B@1þ

2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðl0 − εγÞ2 −m2
n

q
− εγ

�
l0−

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0− εγÞ2−m2

n

q
− εγ

�
1
CAεγ; ð81Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
− Eγ ≤ f ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − εγÞ2 −m2

n

q
− εγ:

ð82Þ

While the region of Eqs. (74) and (75) corresponds to

Ee ≤ E0
e; ð83Þ

Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2
�
mp −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ≤ Eγ ≤ Eν̄e

þmpðmp − 2EeÞ −m2
n þm2

e

2
�
mp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ; ð84Þ
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Eν̄e − βEe ≤ f ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
þ Eγ; ð85Þ

− Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

�

≤ Eγ ≤ Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2
�
mp −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ; ð86Þ

Eν̄e − βEe ≤ f ≤ Eν̄e þ βEe; ð87Þ

−Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ≤ Eγ;

ð88Þ

−Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ≥ Eγ;

ð89Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
− Eγ ≤ f ≤ Eν̄e þ βEe; ð90Þ

and

Ee ≥ E0
e; ð91Þ

− Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

�

≤ Eγ ≤ Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2ðmp þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− EeÞ

; ð92Þ

Eν̄e − βEe ≤ f ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
þ Eγ; ð93Þ

Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2
�
mp −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ≤ Eγ; ð94Þ

−Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ≥ Eγ;

ð95Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
− Eγ ≤ f ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
þ Eγ;

ð96Þ

− Eν̄e þ
ðmp þ 2Eν̄eÞðmp þ 2Eν̄e − 2EeÞ −m2

n þm2
e

2
�
mp þ 2Eν̄e þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

�

≤ Eγ ≤ Eν̄e þ
mpðmp − 2EeÞ −m2

n þm2
e

2
�
mp −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
− Ee

� ; ð97Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − EγÞ2 −m2

n

q
− Eγ ≤ f ≤ Eν̄e þ βEe; ð98Þ

with E0
e ¼ mpþEν̄e

2

�
1 þ m2

e
mpðmpþ2Eν̄e Þ−m2

n

�
−

ffiffiffiffiffiffiffiffiffiffiffiffi
m2

nþE2
ν̄e

p
2

×�
1 þ m2

e
mpðmpþ2Eν̄e Þ−m2

n

�
.

We retain the dependence on the unphysical regulator εγ,
which is essential for the accurate evaluation of the positron
energy spectrum in Sec. IVG and for computing the
averaged positron scattering angle in Sec. V C. The
phase-space region defined by Eqs. (68)–(72) corresponds
to region I in Sec. IVG 1.
In the radiative IBD process, the photon energy range is

narrow. The photon energy Eγ can be estimated in the no-
recoil approximation as

Eγ ¼ Eν̄e − Ee − E0 −
E2
e −m2

e þ Eν̄eE0

mn

þO

 
Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

p
2mn

!
; ð99Þ

with an accuracy only of the order of the elastic IBD energy
range in Eqs. (5)–(8), i.e., below 100 keV for the whole
range of reactor antineutrino energies.
Finally, to obtain the distribution with respect to the

neutron energy En instead of the photon energy Eγ, we
perform the substitution Eγ → l0 − En in Eqs. (62), (63),
and (66), and replace dEγ → dEn in Eq. (66), accordingly.

D. Triple-differential distribution in neutron energy,
neutron angle, and photon energy

We evaluate the bremsstrahlung cross section with
respect to the neutron energy, equivalently to the sum of
positron and photon energies, considering the final neutron
energy spectrum instead of the positron energy spectrum
[159]. For the fixed antineutrino energy, the total electro-
magnetic energy, defined as the sum of the positron and
photon energies, EEM: EEM ¼ Ee þ Eγ ¼ mp þ Eν̄e − En,
is fully determined by the neutron recoil energy. The
corresponding distributions can be obtained by expressing
En in terms of EEM and changing the measure as
dEn ¼ −dEEM. To study angular distributions of the
neutron, we introduce the four-vector l̃,

l̃ ¼ kþ p − p0 ¼ ðl̃0; ⃗f̃Þ; ð100Þ
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where the components in the laboratory frame are

l̃0 ¼ EEM; ð101Þ

f̃2 ¼ j ⃗f̃j2 ¼ E2
ν̄e þ E2

n −m2
n − 2βnEν̄eEn cos θn; ð102Þ

with the neutron velocity βn ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − m2

n
E2
n

q
.

The triple-differential distribution in the neutron energy,
neutron angle, and photon energy is obtained by modifying
the kinematic coefficients c3di in Eq. (61) to their neutron-
based counterparts c̃3di as c3di → c̃3di , with the explicit
expressions

c̃3dþ ¼ 2l̃20 þ E2
γ

l̃2 −m2
e
−

2Eγ l̃0l̃
2

ðl̃2 −m2
eÞ2

−
l̃0
2Eγ

; ð103Þ

c̃3d− ¼ E2
n − E2

ν̄e −m2
n

8f̃2

 
ðl̃20 −m2

eÞð3l̃20 −m2
eÞ

ðl̃2 −m2
eÞ2

Eγ

Eν̄e

− 2
l̃0
Eν̄e

þ l̃20 þ 2f̃2 −m2
e

2Eν̄eEγ

!
−

f̃2

16Eν̄eEγ
−

l̃0
4Eν̄e

þ m2
e

l̃2 −m2
e

�
1

2

E2
γ

f̃2
þ Eγ

4Eν̄e

�
þ 3

 
1þ l̃20 −

m2
e
3

l̃2 −m2
e

!
l̃0ð2Eν̄e − l̃0Þ þm2

e

l̃2 −m2
e

Eγ

8Eν̄e

−
l̃0 − 2Eν̄e

4Eν̄e

E2
γ

f̃2

þmnE0 −mpEn þm2
p −m2

e

l̃2 −m2
e

 
l̃0

2Eν̄e

E2
γ

f̃2
þ Eγ

4Eν̄e

3l̃20 − 5m2
e

l̃2 −m2
e

−
Eγ

4Eν̄e

þ l̃0
Eν̄e

!
þ Eγ

8Eν̄e

þ 2l̃0Eν̄e − ðl̃0 − Eν̄eÞðl̃0 −mpÞ þmnE0

8Eν̄eEγ
: ð104Þ

The corresponding phase-space measure Dm in Eq. (66) becomes

D̃m ¼ mp

π

dEγ

Eγ

df̃
Eν̄e

dEn: ð105Þ

The physically allowed integration region for hard-photon radiation Eγ ≥ εγ consists of the following region inherent to
the elastic process:

Emin
n ≤ En ≤ Emax

n ; ð106Þ

Emin
n ¼

�
s
�
1 − 2εγ

mp

�
−m2

e þm2
n

�
ðmp þ Eν̄e − εγÞ − ðEν̄e þ εγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ
�
s
�
1 − 2εγ

mp

�
; m2

n; m2
e

�s

2s
�
1 − 2εγ

mp

� ; ð107Þ

Emax
n ¼

�
s
�
1 − 2εγ

mp

�
−m2

e þm2
n

�
ðmp þ Eν̄e − εγÞ þ ðEν̄e þ εγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ
�
s
�
1 − 2εγ

mp

�
; m2

n; m2
e

�s

2s
�
1 − 2εγ

mp

� ; ð108Þ

jEν̄e − βnEnj ≤ f ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl0 − εγÞ2 −m2

e

q
− εγ; ð109Þ

l2 −m2
e

2ðl0 þ fÞ ≤ Eγ ≤
l2 −m2

e

2ðl0 − fÞ : ð110Þ

This integration region corresponds to the region I in Sec. IV H. We retain the full dependence on the infrared cutoff
parameter εγ, essential for constructing the complete electromagnetic energy spectrum discussed in Sec. IV H.
Notably, just as IBD exhibits two distinct regions in the positron energy and one in the electromagnetic energy, elastic

(anti)neutrino-electron scattering features one region in the electron energy and two in the electromagnetic energy. This
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analogy arises due to the large mass hierarchy between the
positron and nucleon, similar to the neutrino-electron mass
difference in elastic (anti)neutrino-electron scattering
[82,83,271,273].
Finally, to obtain the distribution in the positron energy

Ee instead of the photon energy Eγ, we can substitute Eγ →
l̃0 − Ee in Eqs. (103) and (104) and replace dEγ with dEe

in Eq. (105).

E. Double-differential distribution in positron energy
and positron angle

By integrating the triple-differential cross section in
Eq. (61) over the photon energy Eγ, we obtain the
double-differential cross section with respect to the recoil
positron energy and its scattering angle. This result can be
obtained by the following substitution in the kinematic
structure of Eq. (61),

c3di Dm →
mp

π

 
ai þ bi ln

1þ β

1 − β
þ ci ln

l0 þ f
l0 − f

þ di ln
l0 − βf cos δ − ffiffiffi

g
p

l0 − βf cos δþ ffiffiffi
g

p
!

df
Eν̄e

dEe

− 2

�
1 −

1

2β
ln
1þ β

1 − β

�
cLOi dEe

df2

l2 −m2
n
; ð111Þ

where g is defined as g ¼ ðf cos δ − βl0Þ2 þ ρ2f2 sin2 δ,
and the angle δ between vectors f⃗ and k⃗0 is defined as

cos δ ¼ E2
ν̄e − β2E2

e − f2

2βEef
: ð112Þ

The kinematic factors cLO� in Eq. (111) represent the
leading-order (LO) kinematic factors from the 2 → 2 elastic
scattering process in Eq. (16),

cLOþ ¼ mp

π

Ee

Eν̄e

; ð113Þ

cLO− ¼ mp

π

ðEν̄e − EeÞ2 − f2 −m2
e

4E2
ν̄e

: ð114Þ

The coefficients ai, bi, ci, and di are given by

aþ ¼ −β
fffiffiffi
g

p βl0 − f cos δffiffiffi
g

p þ f
Ee

fffiffiffi
g

p f − βl0 cos δffiffiffi
g

p l2 −m2
n

2l2
;

ð115Þ

bþ ¼ 0; ð116Þ

cþ ¼ −
1

2
; ð117Þ

dþ ¼ −
fffiffiffi
g

p −
β

4

f
Ee

βl0 − f cos δffiffiffi
g

p l2 −m2
n

g

þ ρ2
f
Ee

f − βl0 cos δ
2
ffiffiffi
g

p m2
e

g
; ð118Þ

a− ¼
 
1

2
− β

mpðβl0 − f cos δÞ
2g

−
l2 −m2

n

2l2

þ fmp

g
f − βl0 cos δ

Ee

l2 −m2
n

2l2

!
f
Eν̄e

; ð119Þ

b− ¼ −
1

4β

f
Eν̄e

; ð120Þ

c− ¼ Eν̄e − Ee

4Eν̄e

; ð121Þ

d− ¼ mp

2Eν̄e

dþ þ fffiffiffi
g

p mnE0 −mpEν̄e

4Eν̄eEe
: ð122Þ

F. Double-differential distribution in neutron energy
and neutron angle

To obtain the double-differential cross section with
respect to the neutron energy En and its scattering angle,
we integrate the triple-differential expression in Eq. (61),
with the neutron-specific coefficients from Eqs. (103) and
(104) and the phase-space factor D̃m from Eq. (105), over
the photon energy Eγ. This integration results in the
following substitution in Eq. (61):

c3di Dm →
mp

π

 
ãi þ c̃i ln

l̃0 þ f̃

l̃0 − f̃

!
df̃
Eν̄e

dEn; ð123Þ

where the coefficients ãi and c̃i describe the bremsstrah-
lung contributions to the neutron kinematic distribution and
are given by

ãþ ¼ −

 
m2

e

l̃2

�
1þ 1

2

m2
e

l̃2 −m2
e

�
þ 7

2

l̃2

l̃2 −m2
e

!
f̃l̃0
l̃2

; ð124Þ

c̃þ ¼ 2l̃20
l̃2 −m2

e
; ð125Þ
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ã− ¼ −
l̃0
f̃
þ l̃2 þ 2mpEn −m2

n −m2
p

8f̃Eν̄e

3f̃2ðl̃2 þm2
eÞ2 þ 4ðl̃20 l̃2 þm2

ef̃
2Þðl̃20 −m2

eÞ − 4l̃20f̃
2ðl̃2 þm2

eÞ
ðl̃2Þ2ðl̃2 −m2

eÞ
; ð126Þ

c̃− ¼
 
1

4

f̃2

l̃2 −m2
e
þ 1

2

l̃0ðmp − Eν̄eÞ þmnE0 −mpEν̄e −m2
e

l̃2 −m2
e

−
E2
n − E2

ν̄e −m2
n

4f̃2
l̃20 −m2

e

l̃2 −m2
e

!
l̃0
Eν̄e

: ð127Þ

G. Positron energy spectrum

In addition to the soft-photon correction, the factorizable
terms from Eq. (54) contribute to the positron energy
spectrum in the regime of hard photon emission with
Eγ ≥ εγ. The notations and integration regions used in
the spectrum evaluation were introduced in Sec. IV C. Above
the minimum positron energy allowed by elastic inverse beta
decaykinematics,Ee ≥ Emin

e ,wedirectlyapplythe integration
techniques developed in Ref. [159] to compute the positron
energy spectrum. Below this threshold, the photon energy is
bounded from below as Eγ ≥ Emin

e − Ee, and there is no
corresponding elastic process and no contribution from soft
photons. We consider these kinematic regions separately in
Secs. IVG 1 and IVG 2.

1. Above positron lowest energy in elastic IBD

In the region where the positron energy is above
the minimum value allowed in elastic inverse beta

decay, Ee ≥ Emin
e , radiative corrections modify lead-

ing-order IBD cross section. The soft-photon region
with Eγ ≤ εγ contributes according to Eqs. (55) and
(56). For the radiation of hard photons with Eγ ≥ εγ
from Eq. (54), we divide the phase space into two
regions:
(1) Region I: l2 −m2

n ≥ 2εγðl0 þ fÞ. Here, the photon
phase-space integration is unrestricted.

(2) Region II: l2 −m2
n ≤ 2εγðl0 þ fÞ, where the photon

angle is constrained as

cos γ ≥
1

f

 
l0 −

l2 −m2
n

2εγ

!
; ð128Þ

where γ is the angle between the vectors f⃗ and k⃗γ . This
region corresponds to elastic kinematics. The brems-
strahlung correction from region II is given by

δII ¼
1 − ββn cos δ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ββn cos δÞ2 − ρ2ρ2n

p ln
1 − ββn cos δþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ββn cos δÞ2 − ρ2ρ2n

p
1 − ββn cos δ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ββn cos δÞ2 − ρ2ρ2n

p − 1

þ 1

2βn
ln
1þ βn
1 − βn

−
1

2β
ln
1þ β

1 − β
þ 1

β
ln

2βð1þ βnÞ
ρβnð1þ cos δÞ ln

1þ β

1 − β
− ln

1þ βn
1 − βn

þ
X

σ1;σ2¼�1

σ1
β
Li2

"
ð1þ σ1βÞβnð1 − cos δÞ

β − βn cos δþ σ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ββn cos δÞ2 − ρ2ρ2n

p
#
; ð129Þ

with ρn ¼ mn
l0

and βn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2n

p
. The angle δ is defined

in Eq. (112).
The bremsstrahlung contribution from region I, dσ1γI ,

cancels the ln εγ divergence arising in the soft-photon
correction. It consists of a factorizable part δI and a
nonfactorizable remainder dσ1γI;NF,

dσ1γI ¼ α

π
δIdσLO þ dσ1γI;NF: ð130Þ

The factorizable correction δI originates from factorizable
terms in Eq. (54) and is given by

δI ¼ 2

�
1−

1

2β
ln
1þ β

1− β

�
ln

2ðl0þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l20 −m2

n

p
Þεγ

l20− ðEν̄e − βEeÞ2−m2
n
: ð131Þ

The contributions from regions I and II are combined
later with the remaining piece from terms beyond Eq. (54)
into the contribution from hard photons dσ1γLO. Integrating
the positron angle and positron energy distribution over the
variable f, equivalent to the positron scattering angle θe, we
obtain the total hard-photon contribution in the following
form:

dσ1γLO ¼ α

π
ðδI þ δII þ δγÞdσLO þ dσ1γNF: ð132Þ
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In the first term, the cross section of the elastic process is
expressed as a function of the positron energy. Another
factorizable correction δγ is given by

δγ ¼
1

2
Li2

s
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p
mpme

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p þ 1

2
Li2

mp
ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p

me
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p

−
1

2

X
σ1¼�1

Li2

"
Δ̄þm2

e þ σ1
2

ffiffiffi
Σ

p

m2
e

#
; ð133Þ

with Δ̄ ¼ mpEν̄e −mnE0 and Σ ¼ Σðs;m2
n;m2

eÞ. The non-
factorizable contribution dσ1γNF to the positron energy
spectrum is given by the following substitutions in Eq. (61):

c3di Dm →
mp

π

 
Ai þ Bi ln

1þ β

1 − β
þ Ci ln

l20 − ðEν̄e − βEeÞ2
l20 − ðEν̄e þ βEeÞ2

þDi

2
l1 −

Ei

2
l2 þ Fiδγ

!
dEe; ð134Þ

where the coefficients A�; B�; C�; D�; E�, and F� can be
expressed as

Aþ ¼ 0; ð135Þ

Bþ ¼ 0; ð136Þ

Cþ ¼ 0; ð137Þ

Dþ ¼ 1; ð138Þ

Eþ ¼ 1; ð139Þ

Fþ ¼ 0; ð140Þ

A− ¼ l20 −m2
n − ðEν̄e − βEeÞ2

8E2
ν̄e

þ ð1 − βÞ Ee

Eν̄e

−
Q2 þm2

e

2E2
ν̄e

;

ð141Þ

B− ¼ β− 2

4

Ee

Eν̄e

þQ2þm2
e

2βE2
ν̄e

−
s− 2Eeðl0þEeÞ−m2

nþm2
e

8βE2
ν̄e

;

ð142Þ

C− ¼ m2
n

8E2
ν̄e

; ð143Þ

D− ¼ Ee − Eν̄e

2Eν̄e

; ð144Þ

E− ¼ mp

2Eν̄e

; ð145Þ

F− ¼ m2
e

2E2
ν̄e

: ð146Þ

The combinations of logarithms l1 and l2 are given by

l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l20 −m2

n

p
Eν̄e

ln
l0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l20 −m2

n

p
l0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l20 −m2

n

p þ Eν̄e − βEe

Eν̄e

ln
l0 þ ðEν̄e − βEeÞ
l0 − ðEν̄e − βEeÞ

þ l0
Eν̄e

ln
l20 − ðEν̄e − βEeÞ2

m2
n

; ð147Þ

l2 ¼
m2

n

s −m2
e

l0
Eν̄e

ln
sþm2

e − 2Eeðl0 þ Ee − βEν̄eÞ
m2

n
þ Δ̄
s −m2

e

l0 þ Ee

Eν̄e

ln
Σ − 4ðΔ̄þm2

eÞ2
4m4

e

−
l20 − s −m2

e

s −m2
e

Ee

Eν̄e

ln
Σ − 4ðΔ̄þm2

eÞ2
4m2

es
þ s −m2

n −m2
e

s −m2
e

"
s −m2

e

s
ln

�
1 −

s
memp

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
�

þm2
p þm2

e − 2mpEe

2mpEν̄e

ln

 
1 −

s
memp

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
! 

1 −
mp

me

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

pffiffiffiffiffiffiffiffiffiffiffi
1 − β

p
!
−

Ee

2Eν̄e

ln
Σ − 4ðΔ̄þm2

eÞ2
4m4

e

þ
�
s −m2

e

2me
ffiffiffi
s

p Ee

Eν̄e

−
meffiffiffi
s

p l0
2Eν̄e

�
ln
ð ffiffiffi

Σ
p

− 2me
ffiffiffi
s

p Þ2 − 4ðΔ̄þm2
eÞ2

ð ffiffiffi
Σ

p þ 2me
ffiffiffi
s

p Þ2 − 4ðΔ̄þm2
eÞ2

þ s −m2
e

s
l0 þ Ee

Eν̄e

ln

ffiffiffi
Σ

p
− 2Δ̄

2m2
e

þ l0
2Eν̄e

ln
16m10

e

sð ffiffiffi
Σ

p
− 2Δ̄Þ4 −

 
4

Δ̄þm2
effiffiffi

Σ
p þ 2ðΔ̄þm2

eÞ
l0 þ Ee

Eν̄e

þ 2
ðΔ̄þm2

eÞð2Δ̄þm2
eÞ þ ðΔ̄ −m2

eÞsffiffiffi
Σ

p ð ffiffiffi
Σ

p þ 2ðΔ̄þm2
eÞÞ

l0
Eν̄e

þ s −m2
effiffiffi

Σ
p þ 2ðΔ̄þm2

eÞ

ffiffiffi
Σ

p
− 2Δ̄ffiffiffi
Σ

p l0 þ Ee

Eν̄e

−
sþm2

e þ 2Δ̄ffiffiffi
Σ

p þ 2ðΔ̄þm2
eÞ
l0 þ 2Ee

Eν̄e

!
ln

ffiffiffi
Σ

p þ 2Δ̄ffiffiffi
Σ

p
− 2Δ̄

#
: ð148Þ

THEORY OF INVERSE BETA DECAY FOR REACTOR … PHYS. REV. D 114, 053010 (2026)

053010-17



Consequently, the complete positron energy spectrum in
IBD with reactor antineutrinos at subpermille precision is
given by

dσNLO þ dσ1γLO →

�
1þ α

π
ðδv þ δs þ δI þ δII þ δγÞ

�

× dσLO þ dσv;NF þ dσ1γNF þ dσrecoil

þ dσwm þ dσFF; ð149Þ

and does not depend on the unphysical parameters εγ
and λγ .
As in elastic (anti)neutrino-electron scattering and other

QED and QCD processes, the full radiative correction to
the cross section is free from Sudakov double logarithms
[278,279]. This cancellation becomes evident in the high-
energy limit β → 1, where the individual contributions
behave as

δv ∼
β→1

−
1

4
ln2ð1 − βÞ; δs ∼

β→1
−
1

4
ln2ð1 − βÞ;

δI ∼
β→1

1

2
ln2ð1 − βÞ: ð150Þ

The sum of these contributions ensures the cancellation
of the double-logarithmic terms, leaving only single log-
arithms in the positron mass. This collinear behavior
is consistent with findings in other charged-lepton
spectra arising from (anti)neutrino-induced processes
[94,155,273,280,281] and in high-energy (anti)neutrino-
nucleon scattering [219,220].
At the production threshold in exactly forward kinemat-

ics, when the outgoing neutron is at rest with En → mn, the
positron energy spectrum simplifies. In this limit, it reduces
to the sum of the leading-order result and the nonfactor-
izable vertex correction, as well as recoil, weak magnetism,
and nucleon radii contributions,

dσNLO þ dσ1γLO ⟶
Ee→me

dσNLO → dσLO þ dσv;NF

þ dσrecoil þ dσwm þ dσFF: ð151Þ

This result represents a universal threshold behavior for the
positron and electromagnetic energy spectra.
Near the endpoint of the elastic IBD kinematics, just

below the maximum positron energy, the positron energy
spectrum exhibits the logarithmic enhancement governed
by infrared dynamics,

dσ1γLO
dσLO

≈
α

π
2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln

�
l0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l20 −m2

n

p �
me

l20 − ðEν̄e − βEeÞ2 −m2
n
;

ð152Þ

as determined by the infrared logarithms in Eqs. (41)
and (56).

2. Below positron lowest energy in elastic IBD

In the region where the positron energy is below the
minimum value allowed in elastic inverse beta decay,
Ee ≤ Emin

e , the elastic channel is kinematically forbidden.
Consequently, the photon must carry sufficient energy to
satisfy energy conservation, such that Eγ > Emin

e − Ee. This
lower bound on the photon energy ensures that no infrared
divergence arises in this kinematic regime, eliminating the
need for IR regularization. The positron energy spectrum
below the energy Emin

e can be decomposed into factorizable
and nonfactorizable contributions,

dσ1γLO ¼ α

π
ðδI þ δγÞdσLO þ dσ1γNF: ð153Þ

The factorizable term δI arises from IR-sensitive contribu-
tions to the soft-photon bremsstrahlung amplitude in
Eq. (54),

δI ¼ 2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln
l20 − ðEν̄e þ βEeÞ2 −m2

n

l20 − ðEν̄e − βEeÞ2 −m2
n
:

ð154Þ

The remaining factorizable contribution δγ is given by

δγ ¼
1

2
Li2

s
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p
mpme

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p −
1

2
Li2

s
ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
mpme

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p

þ 1

2
Li2

mp
ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p

me
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p −
1

2
Li2

mp
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p

me
ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p : ð155Þ

The nonfactorizable contribution dσ1γNF to the positron
energy spectrum is obtained by the following substitutions
in Eq. (61):

c3di Dm →
mp

π

 
Ai þBi ln

1þ β

1− β
þCi ln

l20 − ðEν̄e − βnEnÞ2
l20 − ðEν̄e þ βnEnÞ2

þDi

2
l1 −

Ei

2
l2 þFiδγ

!
dEe; ð156Þ

where the coefficients A�; B�; C�; D�; E�, and F� can be
expressed as

Aþ ¼ 0; ð157Þ
Bþ ¼ 0; ð158Þ
Cþ ¼ 0; ð159Þ
Dþ ¼ 1; ð160Þ
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Eþ ¼ 1; ð161Þ

Fþ ¼ 0; ð162Þ

A− ¼ −
3

2

βEe

Eν̄e

; ð163Þ

B− ¼ 3

2

Ee

Eν̄e

; ð164Þ

C− ¼ m2
n

8E2
ν̄e

; ð165Þ

D− ¼ Ee − Eν̄e

2Eν̄e

; ð166Þ

E− ¼ mp

2Eν̄e

; ð167Þ

F− ¼ m2
e

2E2
ν̄e

: ð168Þ

The logarithmic terms l1 and l2 are defined as

l1¼
Eν̄e þβEe

Eν̄e

ln
l0−Eν̄e −βEe

l0þEν̄e þβEe
−
Eν̄e −βEe

Eν̄e

×ln
l0−Eν̄e þβEe

l0þEν̄e −βEe
þ l0
Eν̄e

ln
l20−ðEν̄e −βEeÞ2
l20−ðEν̄e þβEeÞ2

; ð169Þ

l2 ¼
m2

n

s −m2
e

l0
Eν̄e

ln
sþm2

e − 2Eeðl0 þ Ee − βEν̄eÞ
sþm2

e − 2Eeðl0 þ Ee þ βEν̄eÞ

þ s −m2
n −m2

e

s
ln
1 − s

memp

ffiffiffiffiffiffi
1−β

pffiffiffiffiffiffiffi
1þβ

p

1 − s
memp

ffiffiffiffiffiffiffi
1þβ

pffiffiffiffiffiffi
1−β

p

þ s −m2
n −m2

e

s −m2
e

m2
p þm2

e − 2mpEe

2mpEν̄e

× ln
1 − s

memp

ffiffiffiffiffiffi
1−β

pffiffiffiffiffiffiffi
1þβ

p

1 − s
memp

ffiffiffiffiffiffiffi
1þβ

pffiffiffiffiffiffi
1−β

p

1 − mp

me

ffiffiffiffiffiffiffi
1þβ

pffiffiffiffiffiffi
1−β

p

1 − mp

me

ffiffiffiffiffiffiffi
1þβ

pffiffiffiffiffiffi
1−β

p
: ð170Þ

As expected, the positron energy spectrum vanishes in
the β → 0 limit and remains finite near the kinematic
threshold Ee ≤ Emin

e . In this region, the spectrum exhibits a
logarithmic enhancement in the positron mass, consistent
with general features of radiative charged-lepton spectra.
The positron energy spectrum has the following logarith-
mic behavior just below the lowest positron energy in the
elastic IBD kinematics:

dσ1γLO
dσLO

≈
α

π
2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln
l20 − ðEν̄e þ βEeÞ2 −m2

n

l20 − ðEν̄e − βEeÞ2 −m2
n
;

ð171Þ

in accordance with the infrared logarithms identified in
Eqs. (41) and (56).

H. Electromagnetic and neutron energy spectra

To compute the electromagnetic energy spectrum, we
adopt the notations and integration domains introduced in
Sec. IV D. The relevant phase space of hard photons with
Eγ ≥ εγ is split into two regions, following the approach in
Sec. IVG 1,
(1) Region I: l̃2 −m2

e ≥ 2εγðl̃0 þ f̃Þ. Here, the photon
phase-space integration is unrestricted.

(2) Region II: l̃2 −m2
e ≤ 2εγðl̃0 − f̃Þ, where the photon

angle is constrained.

The allowed emission angle γ̃ between ⃗f̃ and the photon
momentum k⃗γ must satisfy

cos γ̃ ≥
1

f̃

 
l̃0 −

l̃2 −m2
e

2εγ

!
: ð172Þ

The correction factor from region II, denoted δII, matches
that of elastic (anti)neutrino-electron scattering,

δII ¼ −
�
1 −

1

2β
ln
1þ β

1 − β

�
ln
1þ β

1 − β
: ð173Þ

Here β depends on the total electromagnetic energy
[cf. Eq. (57)].
As for the positron energy spectrum, the bremsstrahlung

contribution from region I can be separated into factoriz-
able and nonfactorizable parts. The factorizable correction
δI is obtained from the factorizable terms in the soft-photon
bremsstrahlung amplitude in Eq. (54),

δI ¼ 2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln

2meεγ
E2
EM − ðEν̄e − βnEnÞ2 −m2

e
:

ð174Þ

Combining the remaining nonfactorizable piece from terms
beyond Eq. (54) with the contribution from regions I and II
gives the full hard photon correction dσ1γLO,

dσ1γLO ¼ α

π
ðδI þ δII þ δγÞdσLO þ dσ1γNF; ð175Þ

where dσLO is the elastic cross section expressed in terms of
the neutron energy and δγ,
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δγ ¼
X
σ1¼�1

σ1
β
Li2

"
2EEM

me

�
1þ β

1 − β

�σ1
2

− 1

#
−

X
σ1;σ2¼�1

σ1
β
Li2

"
EEM þ σ2ðEν̄e − βnEnÞ

me

�
1þ β

1 − β

�σ1
2

#

−
1

β
ln

"
E2
EM − ðEν̄e − βnEnÞ2

4m2
e

E2
EM − ðEν̄e − βnEnÞ2 −m2

e

E2
EM −m2

e

�
1þ β

1 − β

�1
2

#
ln
1þ β

1 − β

−
1

β
ln
EEM þ Eν̄e − βnEn

EEM − Eν̄e þ βnEn
ln
βEEM þ Eν̄e − βnEn

βEEM − Eν̄e þ βnEn
: ð176Þ

The nonfactorizable contribution dσ1γNF to the electromagnetic energy spectrum in Eq. (175) is given by the following
substitutions in Eq. (61):

c3di Dm →
mp

π

�
āi þ b̄i ln

1þ β

1 − β
þ c̄i ln

E2
EM − ðEν̄e − βnEnÞ2

m2
e

þ d̄i ln
EEM þ Eν̄e − βnEn

EEM − Eν̄e þ βnEn

�
dEEM; ð177Þ

where the coefficients ā�; b̄�; c̄�, and d̄� can be expressed
as

āþ ¼ −
EEM

4Eν̄e

 
1 −

m2
e

E2
EM − ðEν̄e − βnEnÞ2

!
; ð178Þ

b̄þ ¼ EEM

Eν̄e

; ð179Þ

c̄þ ¼ EEM

4Eν̄e

; ð180Þ

d̄þ ¼ 0; ð181Þ

ā− ¼
 
1 −

m2
e

E2
EM − ðEν̄e − βnEnÞ2

!

×
E2
n −m2

n − E2
EM − ðEν̄e − EEMÞ2 þ ðEν̄e − βnEnÞ2

16E2
ν̄e

þ E2
EM − ðEν̄e − βnEnÞ2 −m2

e

4E2
ν̄e

; ð182Þ

b̄− ¼−
EEM

2Eν̄e

þ 1− β

β

E2
n−m2

n−E2
ν̄e
−E2

EMþm2
e

4E2
ν̄e

; ð183Þ

c̄− ¼ −
E2
n −m2

n − E2
ν̄e − E2

EM

4E2
ν̄e

−
Δ̄þmpEEM

8E2
ν̄e

; ð184Þ

d̄− ¼ EEM

2Eν̄e

: ð185Þ

The full electromagnetic energy spectrum, accurate to
subpermille precision, for IBD with reactor antineutrinos is
given by

dσNLO þ dσ1γLO →

�
1þ α

π
ðδv þ δs þ δI þ δII þ δγÞ

�

× dσLO þ dσv;NF þ dσ1γNF þ dσrecoil

þ dσwm þ dσFF; ð186Þ

and is manifestly independent of the unphysical parameters
εγ and λγ .
At the production threshold in forward kinematics, when

EEM → ðmnþmeÞ2
2mp

−mp, the electromagnetic energy spec-

trum coincides with the positron energy spectrum
[see Eq. (151)].
As for the positron energy spectrum above the lowest

energy of the elastic IBD, individual corrections exhibit
Sudakov-type double logarithms,

δv ∼
β→1

−
1

4
ln2ð1 − βÞ; δs ∼

β→1
−
1

4
ln2ð1 − βÞ;

δII ∼
β→1

1

2
ln2ð1 − βÞ; ð187Þ

but the complete electromagnetic energy spectrum is free
from these logarithms [278] and is free from positron-mass
singularities as an infrared-safe observable [274–276,279],
after specifying the renormalization scale μ in Eq. (41)
independent of the positron mass. Note that the relativistic
form factor f1 has a twice as large coefficient in front of

ln μ2

m2
e
compared to Eq. (41), while both relativistic and

nonrelativistic form factors have the same collinear behav-
ior, i.e., the same lnme dependence in the limit me → 0 in
Eq. (41), as it was observed at higher antineutrino
energies in Refs. [219,220] and in the static limit in
Refs. [80,81,85,98,104,106,219,220].
Finally, the electromagnetic energy spectrum has the

following logarithmic behavior near endpoints of the elastic
IBD kinematics:
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dσ1γLO
dσLO

≈
α

π
2

�
1−

1

2β
ln
1þ β

1− β

�
ln

m2
e

E2
EM− ðEν̄e − βnEnÞ2 −m2

e
;

ð188Þ

consistent with expectations from infrared logarithms in
Eqs. (41) and (56). This logarithmic enhancement is not
captured by the “static limit” approximation of the radiative
phase space in Refs. [80,81,85,98,104,106,219,220].

I. Electromagnetic energy spectrum in
static limit

In this section, we present analytic expressions for the
electromagnetic energy spectrum from Refs. [104,106],
obtained by performing the phase-space integration in the
static limit. The resulting electromagnetic energy spectrum
in the unpolarized IBD can be expressed in terms of two
functions of the velocity β that depends on the total
electromagnetic energy, cf. Eq. (57), as

dσNLO þ dσ1γLO
dEEM

→

�
1þ α

π
δ1

�
dσLO
dEEM

þ α

π
mp

G2
FjVudj2
π

×
m2

e þQ2

8E2
ν̄e

ð3δ1 − δ2Þðg2V − g2AÞ; ð189Þ

with the angle-independent “outer” correction δ1:

δ1 ¼
3

4
ln

μ2

m2
e
þ 7

2
þ 7þ 3β2

8β
ln
1þ β

1 − β
þ 2

�
1 −

1

2β
ln
1þ β

1 − β

�

× ln
1 − β2

4β2
−
1

β
ln2

1þ β

1 − β
−
4

β
Li2

2β

1þ β
; ð190Þ

which modifies the Θe-independent terms in Eq. (20), and
the angle-dependent “outer” correction δ2,

δ2 ¼
9

4
ln

μ2

m2
e
þ 1þ 2

1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
β2

þ 1 − 4β

4β
ln
1þ β

1 − β

−
1 − 4β þ 3β2

16β2
ln2

1þ β

1 − β
−
4

β
Li2

"
1 −

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
#

þ 2

�
1 −

1

2β
ln
1þ β

1 − β

�
ln

"
1þ β

2β

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p þ ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
−

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p
#
;

ð191Þ

which modifies the terms with cosΘe in Eq. (20). The
angle-independent “outer” correction can be equivalently
written as [220] after removing Coulomb corrections

and accounting for the difference in renormalization
schemes,

δ1 ¼
3

4
ln

μ2

m2
e
þ 7

2
þ 7 − 16β þ 3β2

8β
ln
1þ β

1 − β

þ 4

�
1þ 1

2β
ln
1þ β

1 − β

�
ln
1þ β

2β
þ 4

β
Li2

1 − β

1þ β
−
2

3

π2

β
:

ð192Þ

V. RESULTS AND DISCUSSION

In this section, we present our main results and discuss
their relevance for inverse beta decay, particularly in the
context of reactor antineutrino experiments. In Sec. VA, we
verify the consistency between the positron and neutron
energy distributions and provide a detailed evaluation of the
total IBD cross section as a function of the antineutrino
energy, including a comprehensive uncertainty analysis. In
Sec. V B, we explore the effects of radiative corrections
on the positron and electromagnetic energy spectra and
present results for the corresponding averaged energies.
Section V C examines modifications to the positron scat-
tering angle due to radiative effects. In Sec. V D, we
quantify radiative effects on the reconstruction of the
antineutrino energy in liquid scintillators. Beyond the
Standard Model implications are considered in Sec. V E.
In Sec. V F, we extend our results to the case of charged-
current neutrino-neutron elastic scattering, verify electron
and neutrino energy spectra in the neutron decay, and
update QED radiative corrections to the neutron lifetime
and beta asymmetry. Finally, we compare our findings to
previous results in the literature in Sec. V G.

A. Total cross section: Energy dependence and
uncertainties

The total cross section is obtained by integrating the
electromagnetic energy spectrum presented in Sec. IV H
over the full kinematic range permitted by the elastic
inverse beta decay process. This result is fully consistent
with the sum of two contributions: the integral of the
positron energy spectrum from Sec. IV G 1 over the elastic
IBD kinematics and the integral of the pure radiative
contribution from Sec. IVG 2, spanning from the positron
mass up to the lowest positron energy allowed in elastic
IBD. Applying the radiative correction δ1 of Eq. (190) to
the total cross section instead introduces differences at
1‰ − 2‰ level compared to the integration based on
Eq. (189) and deviates from the result based on
Secs. IV H, IVG 1, and IVG 2 by less than 1‰ at
antineutrino beam energies above Eν̄e ≳ 2.7 MeV. We
illustrate the difference in the total unpolarized IBD cross
section between the application of the multiplicative factor
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and the calculation of this paper as a function of the
antineutrino energy Eν̄e in Fig. 4.
To illustrate the contributions to the uncertainty of the

total unpolarized IBD cross section, we provide benchmark
values of the IBD cross section at antineutrino energies
Eν̄e ¼ 3 MeV and Eν̄e ¼ 5 MeV, 8

σðEν̄e ¼ 3MeVÞ¼ ½0.266664×10−42 cm2�½1�0.00171λ

�0.00064Vud
�0.00004gV �0.00001r2A �;

ð193Þ

σðEν̄e ¼ 5MeVÞ ¼ ½1.28688×10−42 cm2�½1� 0.00171λ

� 0.00064Vud
� 0.00004gV � 0.00004r2A �:

ð194Þ

The relative uncertainty from the CKM matrix element
Vud is constant across all energies. Uncertainties from the
axial-vector-to-vector coupling constant ratio λ and the
vector coupling constant gV are also nearly energy-
independent. In contrast, the contribution from the squared
nucleon axial-vector radius r2A increases with energy. The
results above are based on the PDG value for the axial-
vector-to-vector coupling constant ratio λ [190–193]. If
instead we use the more precise measurement from the
PERKEO-III experiment [194,195] rather than the PDG-
suggested value, the uncertainty from λ is reduced by a
factor of 2.3, without shifting the central value beyond the
quoted 1σ band. The relative uncertainty from higher-order
perturbative contributions for these two energies is negli-
gibly small ≲10−5.

QED radiative corrections decrease the total cross
section by 1.3% and 1.6% at energies Eν̄e ¼ 3 MeV and
Eν̄e ¼ 5 MeV, respectively. Including QCD and electro-
weak effects, estimated here as the difference to the gV ¼ 1
limit, the total suppression decreases to 0.4% and 0.8%,
respectively. The dominant sources of theoretical uncer-
tainty are the axial-vector-to-vector coupling constant ratio
λ and the CKM matrix element Vud.
In the following, we discuss cross sections as functions

of antineutrino energy and compare our results with
existing ones. We illustrate the total IBD cross section
as a function of the incoming antineutrino energy Eν̄e in the
left panel in Fig. 5 and compare our result to the
cross-section parameterization in Ref. [99] and previous
calculations incorporating radiative corrections from
Refs. [93,98,99,101] and Refs. [81,90,104,106]. Besides
the latest compilation of radiative corrections from
Refs. [81,90,104,106], cf. Sec. IV I for details, at antineu-
trino energies 2.0 MeV≲ Eν̄e ≲ 7.5 MeV, none of the
prior predictions fall within our estimated uncertainty band,
primarily due to incomplete treatment of all contributions
to radiative corrections. Our cross sections are above the
results in Ref. [99] but remain below the values obtained
using parametrizations of QED, QCD, and electroweak
corrections in Refs. [93,98,99,101], as well as results of
Refs. [81,90,104,106]. We also present the relative uncer-
tainty of the total cross section in the right panel in Fig. 5.
The relative cross-section uncertainty is nearly flat across
the entire energy range and is well approximated by a
constant value of 1.85‰.

B. Positron, electromagnetic, and
neutron energies

We investigate the impact of radiative corrections on the
positron and electromagnetic energy spectra in inverse beta
decay for fixed incoming antineutrino energies of 2, 5, and
10 MeV. In Fig. 6, we present these effects as ratios of the
corrected spectra to the corresponding spectra at leading
order, which include recoil, weak magnetism, and nucleon
radii corrections. For comparison, we also show the
predictions for the electromagnetic energy spectrum avail-
able in the literature in Refs. [81,90,104,106], described in
Sec. IV I and denoted as the “static limit.”
We separate the contributions from the elastic IBD

kinematics and the purely radiative region and illustrate
them in the right and left panels, respectively. The positron
spectra are normalized to the leading-order cross section
evaluated at positron energies outside the elastic kinematic
range. The spectral distortion in the electromagnetic, or
neutron, energy is generally flat but displays logarithmic
features near the endpoints of the elastic IBD kinematics. In
contrast, the positron energy spectrum shows more varia-
tion across its energy range and exhibits logarithmic
behavior below the kinematic endpoints.

FIG. 4. Difference in radiative correction to the total unpolar-
ized cross section between results from this paper and the
application of the multiplicative factor απ δ1 is shown as a function
of the antineutrino beam energy Eν̄e. The width of the curve
corresponds to the allowed range of the recoil positron energy in
the radiation-free IBD.

8Contributions from the pseudoscalar interaction and unac-
counted higher-order effects could shift the last significant digit
of these values.
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FIG. 5. Total IBD cross section is shown as a function of the antineutrino beam energy Eν̄e in the left panel. Our result is compared to the cross-section
parametrization in Ref. [99], labeled as “Strumia 2003”; the treatment of radiative corrections in Ref. [98] as explained in Refs. [93,99], labeled as
“Kurylov 2002”; and radiative corrections from Refs. [81,90,104,106], described in Sec. IV I and labeled as “Raha 2011.” The relative uncertainty of the
total cross section, dominated by λ and Vud, is illustrated in the right panel.
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FIG. 6. Effects from radiative corrections on the positron and electromagnetic energy spectra in IBD are presented as a function of the positron or
electromagnetic energy for incoming antineutrino energies Eν̄e ¼ 2, 5, and 10 MeV. Ratio of our complete result to the leading-order prediction
including recoil, weak magnetism, and nucleon radii corrections is compared to the electromagnetic energy spectrum in Refs. [81,90,104,106], described
in Sec. IV I and labeled as “static limit.” The left panel represents the pure radiative kinematic range, while the right panel illustrates the narrow kinematic
range of the elastic IBD. Ē corresponds to the positron or electromagnetic energy in the right panel. Only uncertainties of the numerator are included.
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Crucially, our calculation yields a positive radiative cross
section, as expected from general principles. By compari-
son, the electromagnetic energy spectrum reported in
Refs. [81,90,104,106] turns negative in the region of
positron energies allowed only in the radiative process
and, therefore, should not be applied in this region for
precision analyses.
Additionally, we investigate the size of leading

radiative-recoil corrections by numerically evaluating
the sum of the bremsstrahlung contribution in
Eq. (50) and the factorizable correction in Eq. (44),
obtained from the leading-order IBD amplitudes with
relativistic nucleon fields but keeping the HBChPT
coupling to the photon field. For the positron energy
spectrum, the corresponding corrections to the central
results of this paper are negative and well below
≪ 0.5‰ for the dominant spectral region in IBD with
reactor antineutrinos. The differences increase with the
energy of the incoming antineutrino. The largest devia-
tions are observed at the lowest recoil positron energies
in the elastic IBD kinematics and reach ∼1‰ at
Eν̄e ¼ 10 MeV. In the pure radiative kinematic range,
these corrections are negligibly small. The radiative-
recoil corrections to the electromagnetic energy spec-
trum are also negative and increase in size with the
reactor antineutrino energy. In contrast, the largest
deviations are observed at the highest energy in elastic
IBD kinematics. The deviations are well below ≪ 0.5‰
for the dominant spectral region in IBD and reach ∼1‰
at Eν̄e ¼ 10 MeV. The corresponding radiative-recoil
corrections to the total IBD cross section increase in
size with the antineutrino energy and are found to be
below 1 − 2 × 10−4 for the dominant spectral region in
IBD, reaching 5.6 × 10−4 at Eν̄e ¼ 10 MeV. The inves-
tigated enhanced radiative-recoil corrections originate
from the factorizable terms correcting the leading-order
cross section for the dominant contribution from soft
and collinear regions and, therefore, can be well

approximated with the product of the recoil correction
in Eq. (27) and the factorizable correction to the energy
spectrum, either the sum of Eqs. (45) and (56) with the
replacement εγ →

me
2

or the total factorizable contribu-
tion. Besides small antineutrino energies just above the
production threshold, the corresponding corrections in
the charged-current neutrino-neutron elastic scattering
are expected to be smaller in size due to compensation
by additional factorizable positive Coulomb corrections
that are absent in IBD with the electrically neutral
neutron in the final state.
Next, we compute the averaged positron and electro-

magnetic energies at fixed antineutrino beam energy
and present the results, accounting for uncertainties, in
Fig. 7. For comparison, we include averages based on
the leading-order spectrum. Due to the narrow kin-
ematic range of the elastic IBD, the leading-order and
electromagnetic energy averages are nearly identical,
driven by kinematic relations with minor recoil correc-
tions. Radiative corrections do not alter the averaged
positron energy at the reaction threshold and reduce it
by 0.6% at the antineutrino energy Eν̄e ¼ 10 MeV. This
reduction increases monotonically with the antineutrino
energy.

C. Positron scattering angle

We evaluate the averaged positron scattering angle at
fixed antineutrino beam energy by performing a
weighted averaging over the two-dimensional distribu-
tion in Sec. IV E for radiative events with photons
above the artificial energy cutoff Eγ ≥ εγ . For photon
energies below this cutoff Eγ ≤ εγ , we employ leading-
order positron distributions, incorporating the virtual,
soft, recoil, weak magnetism, and nucleon radii
described in Secs. III A–III D and IV B. We
present the resulting averaged positron scattering
angle as a function of the incoming antineutrino energy
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FIG. 7. Averaged positron energy is compared to the averaged electromagnetic energy and averaging over the leading-order spectrum,
including recoil, weak magnetism, and nucleon radii corrections, as a function of the antineutrino energy Eν̄e in IBD. The left panel
shows the absolute values, while the right panel presents the relative differences compared to averages over the leading-order spectrum
with recoil, weak magnetism, and nucleon radii corrections.

TOMALAK, LIU, and LI PHYS. REV. D 114, 053010 (2026)

053010-24



in Fig. 8. The plot includes comparisons to the averaging
over the electromagnetic energy spectrum, under the
assumption of elastic IBD kinematics, and the leading-
order spectrum with recoil, weak magnetism, and nucleon
radii corrections included.
Our results demonstrate that the positron tends to scatter

slightly backward on average. The inclusion of radiative
corrections shifts the cosine of the averaged positron
scattering angle by relative ∼5%–15% underlining the
importance of photon radiation effects in precision mea-
surements. Furthermore, we confirm that the positron
scattering angle is particularly sensitive to weak magnetism
contributions, in agreement with findings in Ref. [90].

D. Antineutrino energy reconstruction in liquid
scintillators

We quantitatively investigate the effects of radiative
corrections in IBD on the reconstruction of the antineutrino
energy in liquid scintillators, e.g., in the JUNO experiment.
As the first approximation, the incoming antineutrino
energy Erec

ν̄e can be reconstructed from the prompt energy
deposit in the liquid scintillator Els corrected by the
neutron-proton mass difference and the mass of annihilated
atomic electron mn −mp −me, with elastic kinematic

relation in the no-recoil approximation, as

Erec
ν̄e ¼ mn −mp þ Els −me: ð195Þ

In the following, we investigate the quality of the anti-
neutrino energy reconstruction for 4 cases of interest,
(1) Evaluating the reconstructed energy directly from

Eq. (195) with the nonlinear positron energy re-
sponse of JUNO [49,50] ReðEeÞ, i.e.,

Els¼ReðEν̄e −mnþmpþmeÞðEν̄e −mnþmpþmeÞ:
ð196Þ

(2) Accounting for nucleon recoil and nonlinear posi-
tron energy response ReðEeÞ. We provide a range of
the deposited energy for the allowed kinematic range
of the recoil positron energy,

ReðEmin
e þmeÞðEmin

e þmeÞ ≤ Els

≤ ReðEmax
e þmeÞðEmax

e þmeÞ: ð197Þ

(3) Averaging tree-level expressions over the recoil
positron energy and nonlinear positron energy re-
sponse ReðEeÞ, we obtain for Els

Els ¼ N−1
LO

Z
ReðEe þmeÞðEe þmeÞ

×

�
dσLO
dEe

þ dσrecoil
dEe

þ dσwm
dEe

þ dσFF
dEe

�
dEe;

ð198Þ

with the normalization NLO,

NLO ¼
Z �

dσLO
dEe

þ dσrecoil
dEe

þ dσwm
dEe

þ dσFF
dEe

�
dEe:

ð199Þ

(4) Taking into account the radiation of one real photon
and the nonlinear particle-dependent energy re-
sponses of JUNO [49,50] for positrons Re and for
photons Rγ , we evaluate the corresponding energy
deposit in the liquid scintillator Els as

Els ¼ N−1
Z

ReðEe þmeÞðEe þmeÞ
�
dσLO
dEe

þ dσrecoil
dEe

þ dσwm
dEe

þ dσFF
dEe

�
dEe

þ N−1
Z

ReðEe þmeÞðEe þmeÞ
�
α

π
ðδv þ δs þ δIIÞ

dσLO
dEe

þ dσv;nf
dEe

�
dEe

þ N−1
Z

ðReðEe þmeÞðEe þmeÞ þ RγðEγÞEγÞ
dσ1γ

dEedfdEγ
dEedfdEγ; ð200Þ
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FIG. 8. Averaged positron scattering angle is shown as a
function of the antineutrino energy Eν̄e in IBD. The result is
compared to averaging over the leading-order spectrum, includ-
ing recoil, weak magnetism, and nucleon radii corrections, and
the electromagnetic energy spectrum under the assumption of
elastic IBD kinematics.
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N¼
Z �

dσLO
dEe

þdσrecoil
dEe

þdσwm
dEe

þdσFF
dEe

�
dEeþ

Z �
α

π
ðδvþδsþδIIÞ

dσLO
dEe

þdσv;nf
dEe

�
dEeþ

Z
dσ1γ

dEedfdEγ
dEedfdEγ:

ð201Þ

We evaluate the resulting antineutrino energy from Els
with Eq. (195) for the above 4 scenarios and illustrate our
results in Fig. 9. The four scenarios exhibit qualitatively
similar behavior across the kinematic range relevant
for reactor antineutrinos. At low antineutrino energy,
Eν̄e ≲ 2 MeV, all four curves approach −6%, reflecting the
strong positron nonlinearity Re near threshold. Accounting
for the recoil nucleon kinematics at tree level9 corrects
the antineutrino energy reconstruction comparably to
current experimental uncertainty, while simulations with
vs without radiative corrections result in indistinguishable
reconstruction. IncludingQED radiative correctionswithin
scenario (4) shifts the reconstructed energy by no more
than 0.05% relative to the tree-level average of scenario (3).
We therefore conclude that, for the purposes of antineutrino
energy reconstruction in liquid scintillators, an accurate
treatment of recoil kinematics at tree level is more
important than the inclusion of NLO QED corrections.
We also present the expected JUNO energy resolution in

Fig. 10 from the study in [110] resulting in the prediction

σE
Eν̄e

¼ Els

Eν̄e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

Els
þ b2 þ c2

E2
ls

s
; ð202Þ

with the parameters a ¼ 0.02614
ffiffiffiffiffiffiffiffiffiffi
MeV

p
, b ¼ 0.0064, and

c ¼ 0.01205 MeV, and Els from Eqs. (196), (198), and
(200). The results are indistinguishable for different choices
of Els, that is why we present only one curve.

Modern liquid scintillators cannot distinguish deposits
of positrons, electrons, and photons. Therefore, we perform a
more realistic simulation. For each occurrence of IBD,
we replace the deposited energies and the sum of products
of energies and responses under the integrals in scenarios (3)
and (4) with the reconstructed positron energy Erec

e þme,
assuming a radiation-free IBD process. We determine the
energy Erec

e from the solution of equality between the
expected energy in radiation-free IBD and the real deposit

ðErec
e þmeÞReðErec

e þmeÞ ¼ ReðEe þmeÞðEe þmeÞ
þ RγðEγÞEγ: ð203Þ

We obtain an excellent reconstruction of the antineutrino
energy for tree-level kinematics after properly accounting for
the nucleon recoil corrections. The reconstructed energy for
the radiative process is determined from the following
deposited energy:

FIG. 9. Ratio
Erec
ν̄e
−Eν̄e

Eν̄e
is shown as a function of the antineutrino energy Eν̄e in the left plot for 4 scenarios of antineutrino energy

reconstruction in this paper: (1) tree-level IBD, (2) tree-level IBD kinematic range, (3) tree-level IBD kinematic average, and
(4) radiative IBD. Results after correcting for the positron nonlinearity, subtracting the curve (1), are shown in the right plot. For
reference, the expected JUNO energy resolution [110], with an opposite sign, is also presented by the red dash-dotted line.
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[110] is shown
as a function of the antineutrino energy Eν̄e.

9The recoil nucleon kinematics at tree level were considered in
Ref. [41].
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Els¼N−1
Z

ðEeþmeÞ
�
dσLO
dEe

þdσrecoil
dEe

þdσwm
dEe

þdσFF
dEe

�
dEe

þN−1
Z

ðEeþmeÞ
�
α

π
ðδvþδsþδIIÞ

dσLO
dEe

þdσv;nf
dEe

�
dEe

þN−1
Z

ðErec
e þmeÞ

dσ1γ

dEedfdEγ
dEedfdEγ; ð204Þ

where Erec
e is given by Eq. (203). In Fig. 11, we present the

quality of this more realistic energy reconstruction. Due to
the differing energy responses to positrons and photons, the
emission of real photons can introduce biases in the
reconstruction of the antineutrino energy around 1=3 of
the expected experimental resolution. Such effects can be
important for an accurate determination of the atmospheric
oscillation parameters, neutrino squared mass differences,
and consequently, the hierarchy of neutrino masses.
The current and future accuracy of the antineutrino

energy reconstruction calls for the inclusion of nucleon
recoil at tree-level kinematics [41] and proper accounts for

the radiation of real photons in the inverse beta decay
reaction.

E. New physics at leading order
in nucleon recoil

We explore potential new physics contributions to the
elastic IBD process at the level of invariant amplitudes. In
general, the elastic IBD amplitude T can be decomposed
into eight invariant amplitudes with corresponding Lorentz
structures as [282,283]

T ¼ −
ffiffiffi
2

p
GFV⋆

ud
¯̄νeγ

ρPLē N̄

"
ðḡM − f̄2 þ f̄Aγ5Þγρ − 2f̄A3γ5

Pρ

mn
þ f̄2

iσρνqν

2mn

#
τ−N

−
ffiffiffi
2

p
GFV⋆

ud
me

mn

"
f̄T
4

¯̄νeσ
μνPRē N̄ σμντ

−N − ¯̄νePRē N̄

�
f̄3 þ f̄Pγ5 −

f̄R
4

γμKμ

mn
γ5

�
τ−N

#
; ð205Þ

with the averaged lepton and nucleon momenta Kμ ¼ kμþk0μ
2

and Pμ ¼ pμþp0
μ

2
, respectively, and ḡE ¼ ḡM − Q2

4m2
n
f̄2. At zero

momentum transfer, the invariant amplitudes can be expressed in terms of the low-energy coupling constants as

ḡM ¼ gV þ μp − μn − 1; f̄A ¼ −gA; f̄2 ¼ μp − μn − 1;

f̄3 ¼ −
mn

me
CS; f̄P ¼ −

mn

me
CP; f̄T ¼ 2mn

me
CT: ð206Þ

The amplitude f̄A3 does not contribute in the limit of
isospin symmetry. The amplitude f̄R corresponds to a
higher-order effective operator, meS·k

2m2
N
, analogous to spin-

dependent contact lepton-nucleon interactions in the
electromagnetic sector, generated via two-photon exchange
[284–291]. The normalization conventions for the ampli-
tudes and their relation to the Lee-Yang coefficients Ci are

provided in Refs. [282,292,293], while a further connection
to the quark level can be performed with nucleon matrix
elements following Refs. [292–306], with lattice-QCD
inputs from Refs. [293,307–311].
The general expression for the unpolarized elastic

scattering cross section and polarization observables in
the isospin limit has been derived in Refs. [282,283]. In this
paper, we consider the unpolarized cross section

dσðEν̄e ; Q
2Þ

dQ2
¼ G2

FjVudj2
2π

m2
n

E2
ν̄e

�
ðτ þ r2eÞAðν; Q2Þ þ ν

m2
n
Bðν; Q2Þ þ ν2

m4
n

Cðν; Q2Þ
1þ τ

�
; ð207Þ

with kinematic variables

ν ¼ Eν̄e

mn
− τ − r2e; τ ¼ Q2

4m2
n
; re ¼

me

2mn
: ð208Þ
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FIG. 11. The ratio
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rec
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is shown for antineutrino energy

reconstruction in IBD, assuming only the positron energy deposit
via Eq. (203).
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The structure-dependent quantities A, B, and C are functions of Eν̄e and Q2. They are expressed in terms of the invariant
amplitudes as

A ¼ τjḡMj2 − jḡEj2 þ ð1þ τÞjf̄Aj2 − r2eðjḡMj2 þ jf̄A þ 2f̄Pj2 − 4ð1þ τÞðjf̄Pj2 þ jf̄3j2ÞÞ

− 4τð1þ τÞjf̄A3j2 þ
r2e
4

�
ν2 þ 1þ τ − ð1þ τ þ r2eÞ2

�
jf̄Rj2 − r2eð1þ 2r2eÞjf̄T j2

− 2r2eRe
h
ðḡE þ 2ḡM − 2ð1þ τÞf̄A3Þf̄⋆T

i
þ r2eð1þ τ þ r2eÞRe½f̄Af̄⋆R� þ 2r4eRe½f̄Pf̄⋆R�; ð209Þ

B ¼ Re
h
4τf̄�AḡM − 4r2eðf̄A − 2τf̄PÞ�f̄A3 − 4r2eḡEf̄⋆3 − 2r2eð3f̄A − 2τðf̄P þ f̄3ÞÞf̄⋆T þ r4eðf̄T þ 2f̄A3Þf̄⋆R

i
; ð210Þ

C ¼ τjḡMj2 þ jḡEj2 þ ð1þ τÞjf̄Aj2 þ 4τð1þ τÞjf̄A3j2 þ 2r2eð1þ τÞjf̄T j2 − r2eð1þ τÞRe½f̄Af̄⋆R�: ð211Þ

New physics scenarios can be studied by allowing the
values of these amplitudes to deviate from the Standard
Model. At leading order in 1=mn expansion, only vector
and axial-vector amplitudes contribute, reproducing the
results in Eq. (16). At next-to-leading order Oð 1

mn
Þ, scalar

and tensor amplitudes f̄3 and f̄T , as well as the amplitude
f̄A3, become relevant. The corresponding recoil corrections
at reactor antineutrino energies can be consistently incor-
porated using the following substitutions:10

A →

�
1 −

E0

mn

� 
A −

4E0

mn
Re
��

1 −
r2e
2τ

�
ðḡM − f̄2Þf̄⋆3

−
3

4

r2e
τ
f̄Af̄⋆T þ 1

2

�
1 −

r2e
τ

�
f̄Af̄⋆A3

�!
; ð215Þ

B →

�
1 −

�
1 −

r2e
τ

�
E0

2Eν̄e

�
B; ð216Þ

C →

 
1 −

E0

Eν̄e

−
2E0

mn
−
E0

mn

Q2 þm2
e

4E2
ν̄e

þ 2E2
0 þm2

e

2mnEν̄e

!

×

�
C −

2E0

mn
Re½f̄Af̄⋆A3�

�
: ð217Þ

Notably, at reactor antineutrino energies, the relative
contribution from the amplitude f̄P in the structure-depen-
dent function A remains below 2 × 10−5 and can thus be
safely neglected.
To provide robust constraints on effective interactions and

new-physics scenarios, the QED radiative corrections from
this work should be applied to ensure a reliable interpretation
of modern and future high-precision IBD experiments.

F. Charged-current neutrino-nucleon elastic scattering
and neutron decay

The framework developed in this work is readily
extendable to charged-current neutrino-neutron elastic
scattering and to neutron decay. In this case, the result is
obtained by including the Coulomb corrections to virtual
QED contributions in Sec. III D11 and interchanging the
proton and neutron masses, mp ↔ mn, implying the no-
recoil approximation for the final-state proton p · kγ ¼
mpEγ and flipping the sign of the weak magnetism term.
Notably, the charged-current neutrino-neutron elastic scat-
tering process has no kinematic threshold and shares the
same phase-space structure and integration regions as the
IBD process for incident antineutrino energies above
the photon-emission threshold, Eν̄e ≥ Eγ

ν̄e
.

We also reproduced numerically the known results for
the electron and neutrino energy spectra in neutron decay
from Refs. [263,327] (cf. also Refs. [328,329] for the
neutrino energy spectrum), by applying the integration
technique from Ref. [159]. Accounting for full kinematic
range in the radiative phase space results in permille-level
spectral distortions, above the level of the modern
experimental precision [330], and increases the size of
the radiative correction ΔTOT − ðg2V − 1Þ in Eq. (26) by
∼0.25‰, which is 3–4 times above the theoretical uncer-
tainty from QED radiative corrections and around the size
of the total uncertainty from the radiative correction ΔR

10The corresponding substitutions for charged-current neu-
trino-neutron elastic scattering, with invariant amplitudes for this
channel, are given by

A →

�
1 −

E0

mn

��
Aþ 4E0

mn
Re

��
1 −

r2e
2τ

�
ðgM − f2Þf⋆3

þ 3

4

r2e
τ
fAf⋆T þ 1

2

�
1 −

r2e
τ

�
fAf⋆A3

��
; ð212Þ

B →

�
1þ

�
1 −

r2e
τ

�
E0

2Eνe

�
B; ð213Þ

C →

�
1þ E0

Eνe

þ E0

mn

Q2 þm2
e

4E2
νe

−
m2

e

2mnEνe

�

×

�
Cþ 2E0

mn
Re½fAf⋆A3�

�
: ð214Þ

11Contributions from the hydrogen bound states in reaction
with a “free” neutron in the initial state start to enter at Oðα3Þ
[247,312–326] and, therefore, can be neglected.
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[155]. For a ∼0.25‰ shift, we averaged the increase in the
neutron lifetime, with numerically equal shifts for the
superallowed transitions, obtained from the neutrino energy
spectrum 0.20‰ and the electron energy spectrum 0.30‰,
finding a perfect consistency between integrated neutrino
and electron energy spectra after accounting for the full
kinematic range in the radiative phase space.12

This update would shift the extraction of Vud from super-
allowed nuclear β decays down by around the size of the
uncertainty from ΔR from Vud ¼ 0.97373ð31Þ [175] to
Vud ¼ 0.97361ð31Þ. Accounting also for the update in
short-distance radiative corrections from Ref. [155], Vud
reduces down to Vud ¼ 0.97348ð31Þ.
To verify QED radiative corrections in extracting the

nucleon axial-vector coupling constant from the beta asym-
metry in polarized neutron decay Aexp, we study the
corrections to this observable within the no-recoil approxi-
mation for the final-state proton and without kinematic
approximations. The asymmetry is defined as a relative
difference between the number of electrons emitted in the
hemisphere of the neutron spin direction N↑ vs the hemi-
sphere in the opposite direction to the neutron spin N↓,

Aexp ¼
N↑ − N↓

N↑ þ N↓ : ð218Þ

We present the resulting QED radiative correction from
Refs. [154,169,264,265] and results from this work that
account for the full kinematic range in the radiative phase
space for allowed positron kinematics in Fig. 12 and for
energy ranges of UCNA [331–333] and PERKEO-III
[194,334] experiments in Table I. As input parameters,
we take the vector coupling constant from Ref. [155] and
the axial-vector-to-vector coupling constant ratio at low
energy from the PDG λI ¼ 1.2754ð13Þ [190–193]. We
confirm the magnitude of QED radiative corrections
from Refs. [154,169,264,265] implemented in measure-
ments of the beta asymmetry in the neutron decay
[194,331–334] and assume the correct sign in the analysis
of Refs. [194,331–334]. However, accounting for the full
kinematic range in the radiative phase space modifies the
resulting radiative corrections by an energy-dependent factor
of the order of the correction itself. This update shifts the
ratio λ in [194,334] upwards by 1.9 × 10−4, 3 times smaller

than the size of the experimental uncertainty in the
PERKEO-III measurement [194,334].13

G. Comparison to literature

Our results for recoil and weak magnetism corrections to
the differential cross section are in full agreement with the
general expressions presented in Refs. [85,95,99,101,218].
We agree with Refs. [90,93,106] in the limit of vanishing
electron mass. In Ref. [81], we note a sign error in front
of the squared magnetic moment term proportional to
ðμp − μnÞ2. Our results are in agreement with Ref. [91]
up to corrections proportional to E0 that are not included in
the analysis in Ref. [91]. For the total cross section, our recoil
correction agrees with the results of Refs. [81,95], although
we do not observe agreement with Ref. [80] besides the
absolute value of the gVgA interference term. We confirm the
weak magnetism correction to the total cross section as
reported in Refs. [80,81,95], and we reproduce the correct
analytic threshold behavior as given in Ref. [81].
All previous evaluations of QED radiative corrections to

IBD were performed using relativistic fields for both the
positron and proton. In contrast, our calculation consis-
tently employs a heavy baryon framework, in which the
low-energy constants are valid only when nucleons are
treated as heavy fields. This allows us to control the
constant term of order OðαπÞ in a theoretically consistent
manner. While Refs. [93,98,99] provide parametrizations
that include electroweak, QCD, and QED corrections, these
contributions are separated in our effective field theory
framework. Prior evaluations of the energy spectrum were
limited to the electromagnetic spectrum in the static limit,
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FIG. 12. QED radiative correction to the beta asymmetry Aexp
in the polarized neutron decay [154,169,264,265] is shown as a
function of the electron kinetic energy Te. The total correction
from Refs. [154,169,264,265], shown as a blue solid line, is
compared to the result from this work that accounts for the full
kinematic range in the radiative phase-space integration, shown
as a red dotted line.

12Evaluating the neutron lifetime with the neutrino energy
spectrum from Ref. [327] or with the electron energy spectrum
from Ref. [263] gives exactly the same result after integrating
over the ranges that are leading in the nucleon recoil. The neutron
lifetime evaluated with the neutrino energy spectrum is above the
result based on the electron spectrum by 2.7 × 10−5, when
integrated over the exact kinematics, while exploiting the
relativistic expressions for the leading-order energy spectra as
part of QED radiative corrections increases this difference by the
uncertainty of QED radiative corrections from Ref. [155] up to
9.5 × 10−5.

13Should the Collaboration misinterpret the sign of the QED
radiative correction, the value of λwould shift downwards by 8.4 ×
10−4 or approximately 1.5σ of the experimental uncertainty.
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whereas our work avoids such a kinematic approximation.
We provide radiative corrections not only to the total cross
section and electromagnetic energy spectrum but also to
the positron energy spectrum, as well as the double- and
triple-differential distributions in radiative IBD. Our results
are based on a fully consistent phase-space integration and
should thus be considered the most reliable for use in high-
precision experimental analyses.
In the soft-photon limit, our results for both virtual and

real radiative corrections agree with Refs. [96–98,104,105],
and we reproduce the correct behavior in the collinear
regime, as discussed in Refs. [219,220]. Importantly, our
result for the infrared-safe observable electromagnetic
energy spectrum is free of positron-mass singularities, in
agreement with the Kinoshita-Lee-Nauenberg theorem
[274–276,279]. This feature has been demonstrated at
higher beam energies in charged-current (anti)neutrino-
nucleon elastic scattering [219,220], as well as in the static
limit by previous works [80,81,85,98,104,106,219,220].
Finally, we confirm that the positron energy spectrum
contains the expected single-logarithmic behavior in the
limit of small electron mass, in agreement with the results
in Ref. [94], based on Refs. [100,335–338].

VI. CONCLUSIONS AND OUTLOOK

In this work, we performed a comprehensive analysis of
inverse beta decay cross sections for reactor antineutrino
energies. Our calculation starts with heavy baryon chiral
perturbation theory, incorporating the latest precise deter-
mination of the vector coupling constant gV as a funda-
mental input for the most accurate predictions. For the first
time, we present fully analytic results for QED radiative
corrections to the positron energy spectrum, double- and
triple-differential distributions in the radiative IBD process,
as well as provide the electromagnetic energy spectrum
without the no-recoil approximation in the evaluation of the
radiative phase-space integrals.
Our findings show that QED radiative corrections affect

observables at the few-percent level, with a pronounced
dependence on the specific experimental setup. We have
illustrated these effects for energy spectra, averaged energies,

and the positron scattering angle. A thorough uncertainty
analysis confirms that the nucleon axial-vector coupling
constant gA and the CKM matrix element Vud remain the
dominant sources of cross-section uncertainty for reactor
antineutrino energies, contributing relative errors of 1.71‰
and 0.64‰, respectively. Reducing these uncertainties
through improved external experimental inputs would enable
sub-permille precision in IBD cross-section predictions. We
have quantified non-negligible effects from radiative cor-
rections in inverse beta decay on the reconstruction of the
antineutrino energy with modern and future liquid scintilla-
tor detectors. Furthermore, we have explored the potential of
reactor antineutrino measurements to constrain physics
beyond the Standard Model.
The results reported here are directly applicable to

studies of reactor antineutrino fluxes, neutrino oscillation
experiments, and searches for new particles with reactor
antineutrino sources, as well as to any precise antineutrino
measurements with energy below 10 MeV where IBD is an
important detection channel.
To extend the precision description of IBD with reactor

antineutrinos to the energy range from 10 to 60 MeV,
relevant for supernova neutrinos and pion-decay-at-rest
sources, we account for QED contributions involving pions
and deltas in Refs. [339,340].

FeynCalc [341,342], LoopTools [343], JaxoDraw [344],
Mathematica [345], and DataGraph [346] were extremely
useful in this work.
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TABLE I. The beta asymmetry Aexp in the polarized neutron decay, the QED radiative correction to it from Refs. [154,169,264,265],
labeled as “static limit,” and the result for the full kinematic range in the radiative phase-space integration are presented for typical recoil
electron energy ranges.

Electron energy range [keV] Asymmetry Aexp QED correction static limit, 0.1‰ QED correction this work, 0.1‰

220–670 [331] −0.10196 −1.00 −1.60
190–740 [332] −0.09798 −0.92 −1.61
300–700 [194] −0.09885 −0.97 −1.65
197–694 [334] −0.09777 −0.90 −1.59
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