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The scaling property of the thermodynamic free energy (Φ) of a system at global equilibrium has been
examined using a real-time method known as the virial theorem. We demonstrate these scaling properties
through a derived relation based on the general structure of equal-time commutators among Poincaré
charges and their densities. This relation is applicable to any renormalizable fields with spin ≤ 1, excluding
gauge fields. In this particular study, we investigate a rigidly rotating solution (Ω ¼ const) at global
equilibrium for massless fermionic matter. It has been shown that the applicability of a hydrodynamic
description requires a hierarchy ΩR ≫ Ωβ0, where R is the radius of the cylindrical-shaped rotating matter
and β0 ¼ 1=T0 is the inverse temperature on the rotation axis. Consequently, the thermodynamic free
energy Φ depends on the angular velocity through the product ΩR, a dependency that extends to other
thermodynamic variables as well. These findings are consistent with recent lattice QCD simulation results.
Furthermore, we compute the moment of inertia for massless fermions and estimate the light-quark
contribution to the total moment of inertia of the quark-gluon plasma produced in heavy-ion collisions.
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I. INTRODUCTION

The study of rotational phenomena in many-body
systems has profound implications across diverse branches
of physics [1–11]. In recent years, relativistic heavy-ion
collision experiments at the RHIC and the LHC have
emerged as a unique platform for probing quantum matter
under extreme rotation [4,9–11]. These experiments reveal
that the quark-gluon plasma (QGP) formed in off-central
collisions acquires the largest vorticity, with angular
velocities reaching Ω ∼ 1022 s−1ð≈7 MeVÞ—the highest
vorticity ever observed in a laboratory setting [12–15].
This vorticity manifests directly in the spin polarization of
hyperons (e.g., Λ, Λ̄), where the alignment of particle
spins with the fluid’s rotational structure1 [16] successfully
explains experimental polarization data [11,12,17], linking
spin and rotation in a way similar to the Barnett effects
observed in its nonrelativistic counterpart [6,7]. Measure-
ment of the global polarization of hyperons shows good
agreement with hydrodynamic prediction [18–22], which
implies that polarization phenomena are driven by the

collective properties of the system rather than by a specific
hadron-dependent coupling. Given the effectiveness of
the hydrodynamic description for the observables of
heavy-ion collision in earlier studies [23–25], the inclusion
of the rotation is a natural extension to understand the
local properties of QGP in terms of local vortical struc-
ture [26–30].
In particular, the aspect of thermodynamic systems under

rotation within the grand canonical ensemble formalism
captures the effect of rotation on the conserved charges or
thermodynamic properties [31–33]. Consequently, the
impact of rotation on the equation of state reveals new
features of the QCD phase structure [34–44]. The prevailing
theoretical frameworks [20,45–48] consider a simple rigidly
rotating thermal system, where each physical point in the
matter rotates with the same angular velocity Ω around a
fixed axis. Although the expanding fireball (along the beam
axis) is not a rigid rotating system, the model of uniform
rotating global equilibrium provides an understanding of
global spin polarization of produced hadrons [13,15].
However, with the same simple model, there is a lack of
consensus between the analytical and numerical results. For
example, in several investigations [14,49], the effect of
rotation is independent of the size of the system R and
depends solely on some function ofΩ. In some recent lattice
calculations [50,51], it has been found that the effect of
rotation on thermodynamic properties as a function of the
angular velocity comes through the common product ΩR.
Specifically, the interplay between rotation and the finite

size of the system introduces a natural causal boundary at a
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1For the sake of simplicity, one may consider the structure to
be analogous to a rigidly rotating cylinder.
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distance Ω−1, requiring that any physical description
satisfies the constraint ΩR ≤ 1, where R denotes the radial
extent of the system. On the other hand, for a hydro-
dynamic description to remain valid, the system must
satisfy R ≫ λth [52], where λth is the thermal de Broglie
wavelength. This constraint ensures that collective behavior
dominates over microscopic thermal fluctuations, main-
taining the validity of the hydrodynamic formalism.2 In this
work, the dependence of the thermodynamic variables on
system’s size, similar to Refs. [38–41,44,51,53,54], has
been motivated by the extensivity properties of the thermo-
dynamic potential.
We use the formalism of statistical mechanics with the

grand canonical density operator ρ̂ to study the thermody-
namic properties of a system at global equilibrium with the
Poincaré charges P̂μ; Ĵμν as well as some underlying matter
charges Q̂a [31–33] (also see Refs. [11,22,34,38,55–66] for
recent developments). In thermodynamics, the description
of a closed system is made by introducing extensive
variables (e.g., volume V, total energy E, entropy S,
etc.) to capture the large-scale properties of the matter,
irrespective of the specific small-scale physics of the
system. At equilibrium, the extensivity property of the
logarithm of the partition function logZ (or equivalently,
the thermodynamic potential) can be ensured by imposing
the scaling property logZ → λ3 logZ under x → λx, which
also gives the thermodynamic consistency conditions
[52,67–69]. Interestingly, a connection between this exten-
sivity property and the virial theorem was established for
both classical and quantum systems [70–75], by equating
the hydrodynamic pressure (defined via a spacelike trace
over ensemble-averaged energy-momentum tensor) with
the thermodynamic pressure (defined via a derivative of
thermodynamic potential with respect to volume). As a
consequence of extensivity property of the thermodynamic
potential, the intensivity of the thermodynamic pressure is
guaranteed.
In this article, we present a field-theoretic version of the

virial theorem [76–78] by invoking a spatial scaling trans-
formation, in the line of Ref. [79]. Specifically, we apply this
framework for rotating thermal systems, considering mass-
less fermions to represent the light-quark contributions of the
rotating QGP in a qualitative manner. The effect of rotation
on thermodynamic pressure is expressed as a function of
angular velocity Ω. Because of the intensive nature of
thermodynamic pressure, theΩ dependency appears through
dimensionless combinations ΩR and Ωβ0, where β0 ¼ 1

T0
is

the inverse of the temperature on the rotation axis. Recalling
the stringent condition R ≫ λth [52,67,80], where the
thermal wavelength goes as inverse temperature, i.e.,
λth ∼ 1

T0
[52,81] for a massless (or strongly coupled) system,

we show that a separation in magnitude arises between
these two dimensionless quantities, i.e., ΩR ≫ Ωβ0.
Consequently, the system size dependency of thermody-
namic properties is pronounced through the domination of
the common product ΩR.
This article is organized as follows: In Sec. II, a general

description of the finite temperature grand canonical system
with Poincaré charges and matter charges is discussed, and
the definition of the partition function is reviewed. A field-
theoretic counterpart of the viral theorem is reviewed
through the introduction of the rigid scaling transformation
and its action on the local operator in Sec. III. We also show
that the general structure of the equal-time commutator
(ETC) among different components of energy-momentum
tensors, as well as the charge currents, leads to a general
relation (36) without considering any particular renormal-
ized matter fields of spin ≤ 1 (except gauge theories).
Section IV is devoted to understanding this general relation
with two specific solutions of the Killing equation at the
global equilibrium, namely, nonrotating homogeneous and
rotating inhomogeneous solutions. We show that the impo-
sition of the extensivity of the thermodynamic potential
gives us an insight into the effect of rotation on thermody-
namic quantities, such as the moment of inertia. We further
find the noninteracting fermionic system, which turns out to
be positive and meets the criterion of thermodynamical
stability. An estimation of the moment of inertia for the
quark content in the QGP is done in Sec. V by considering
appropriate values of physical parameters with a simple
model of rigidly rotating massless fermions, which shows
the dominant nature of the common product ΩR, which is
similar to the observation of Refs. [38,44,50,51] in the slow
rotation limit.
Notation and convention: Throughout the paper, we use

the metric tensor that has the signature ðþ;−;−;−Þ. Three-
vectors are denoted by bold fonts (e.g., a) as well as the
usual forms (e.g., a⃗). The scalar products for both three-
and four-vectors are denoted by a dot, i.e., a · b ¼ a0b0 −
a · b (or ¼ a0b0 − a⃗ · b⃗).

II. FINITE TEMPERATURE QFT WITH
GLOBAL CHARGES

In Minkowski space, the grand canonical density oper-
ator at global equilibrium is expressed as

ρ̂ ¼ 1

Z
exp

�
−bμP̂μ þ 1

2
ωμνĴ

μν þ
X
a

αaQ̂a

�
; ð1Þ

where P̂μ, Ĵμν represents the ten conserved mechanical
integrals of motion: the momentum four-vector and angular
momentum, respectively. Here, the operator Q̂a denotes
additional conserved charges, with different charges labeled
by the index a. The Lagrange multipliers bμ, ωμν, and αa are
associated with these conserved quantities. The first two

2These constraints dictate the regimes in which a quasiparticle-
based description remains valid and provide a fundamental limit
on the role of rotation in thermal QCD systems.
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constitute the Killing field βμðxÞ as

βμðxÞ ¼ bμ þ ωμνxν; ð2Þ

and αað¼ constÞ having the homogeneous profile are the
solution of the global equilibrium conditions

∂μβνðxÞ þ ∂νβμðxÞ ¼ 0 and ∂μαa ¼ 0; ð3Þ

correspondingly. Here, βμðxÞ and αa help define the proper
comoving is temperature TðxÞ ¼ ð ffiffiffiffiffiffiffiffiffi

βμβ
μ

p Þ−1 and the
comoving chemical potential μaðxÞ ¼ αaTðxÞ, respectively.
Here, the partition function

Z ¼ Tr

�
exp

�
−bμP̂μ þ 1

2
ωμνĴ

μν þ
X
a

αaQ̂a

��
ð4Þ

is defined for a finite system size, ensuring proper nor-
malization of the density operator. Moreover, the extensive
nature of logðZÞ helps to define the thermodynamic
pressure (also called the kinetic pressure) [75,79]. With
the assistance of this density operator, one can define the
ensemble average of an operator ÔðxÞ as

hÔðxÞi ¼ Trðρ̂ ÔðxÞÞ; ð5Þ

where the trace is defined for the finite volume.

III. VIRIAL THEOREM

For both classical and quantum systems in equilibrium,
the virial theorem [75,77–79] establishes an equivalence
between the hydrostatic pressure, defined by the spacelike
trace of the energy-momentum tensor, and the thermody-
namic pressure, derived from the partition function. The
field-theoretic version of this theorem has been discussed in
Ref. [79] and will be employed in this section to explain the
system in global equilibrium with the density operator
from Eq. (1).

A. Dilatation as pseudogauge transformation

In the context of field theory, the virial theorem can be
proved by involving a spatial dilatation, which scales the
spacetime coordinate and fields as

t → t; x → eλx; ΦðxÞ → eΔλΦðt; eλxÞ; ð6Þ

where Δ is the scale dimension of the field considered. The
infinitesimal form of this transformation gives

x → ð1þ λÞx;ΦðxÞ → ð1þ λðΔþ x · ∂ÞÞΦðxÞ; ð7Þ

so the Noether charge [82], which generates the spatial
dilatation, can be written as

D̂ðtÞ ¼
Z

d3x½xiT̂0i
B ðxÞ þ V̂0ðxÞ�: ð8Þ

Here, T̂μν
B is the Belinfante energy-momentum tensor, and

V̂0 is the time component of the virial field that vanishes for
spin 1

2
field and the renormalizable massive spin 1 field. The

virial field has a nontrivial structure for the scalar and gauge
theories. However, in cases other than gauge theories,3 the
dilatation generator Eq. (8) can be reexpressed for all
renormalizable theories as

D̂ðtÞ ¼
Z

d3xxiT̂
0iðxÞ; ð9Þ

in terms of the “improved” energy-momentum tensor
[83–85], which is defined as

T̂μν ¼ T̂μν
B −

1

6

X
a

ð∂μ∂ν − gμν∂2Þϕ2
a: ð10Þ

In the previous equation, the difference between the
Belinfante and the improved energy-momentum tensor
occurs only for the scalar fields ðϕaÞ.
As mentioned in the previous section, we assume that the

fluid enjoys time, space, and Lorentz (boostþ rotation)
invariance as well as global Uð1Þa symmetry in-
variance generated by the corresponding charges, P̂0 (or
Hamiltonian Ĥ), P̂i, Ĵμν (Ĵ0i þ Ĵij), and Q̂a, respectively.
We adopt a static coordinate system ðx0; xiÞ or ðt;xÞ,
namely, the laboratory frame that possesses the Killing
vector ∂0. Relative to this static coordinate, the fluid flows
with four velocity uμðxÞ ¼ 1ffiffiffiffi

β2
p βμðxÞ, where βμðxÞ defines

a timelike Killing vector that helps to define thermody-
namics consistently. Thus, in the static frame, the space-
time symmetry generators are these Hermitian operators
P̂μ ¼ i∂μ; and Ĵμν ¼ iðxμ∂ν − xν∂μÞ corresponding to the
spacetime translation and the Lorentz transformation in
differential representation, respectively. On the other hand,
the diffeomorphism and global Uð1Þ invariance of the
action relate these generators to the tensor densities4

P̂μ ¼
Z

d3xT̂0μ
B ðxÞ; ð11Þ

3In gauge theories, the virial field V̂μ depends on the choice of
gauge. However, this gauge dependence does not survive when
taking the grand canonical expectation over physical states [79].
These subtleties are not explored in this article; a generalization
of the analysis is left for future work.

4Here, we adopt the Belinfante pseudogauge, in which the
total angular momentum Jμν receives contributions solely from
the orbital part due to the vanishing spin current. Subsequently, in
Eqs. (30) and (31), the conserved charges are defined using the
improved energy-momentum tensor T̂μνðxÞ.
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Ĵμν ¼
Z

d3xĴ0μνB ðxÞ

¼
Z

d3xðxμT̂0ν
B ðxÞ − xνT̂0μ

B ðxÞÞ; ð12Þ

Q̂a ¼
Z

d3xĴ0aðxÞ: ð13Þ

Here, the angular momentum tensor density is defined by
ĴμαβB ¼ ðxαT̂μβ

B − xβT̂μα
B Þ, and Ĵμa is the conserved current

density associated with the Uð1Þa symmetry. While the
global Poincaré charges in Eqs. (11) and (12) are defined in
terms of the Belinfante energy-momentum tensor T̂μν

B ðxÞ,
they can be reexpressed with some new energy-momentum
tensor T̂ 0μνðxÞ, provided the latter satisfies

T̂ 0μνðxÞ ¼ T̂μν
B ðxÞ þ 1

2
∂λðΦ̂λ;μν þ Φ̂ν;μλ þ Φ̂μ;νλÞ

þ 1

2
∂λ∂ρΨ̂λρμν: ð14Þ

To keep the global angular momentum tensor Ĵμν unaltered,
we have to simultaneously modify the angular momentum
tensor as

Ĵ0μαβ ¼ xαT̂ 0μβ − xβT̂ 0μα þ Ŝ0μ;αβ; ð15Þ

where

Ŝ0λ;μν ¼ −Φ̂λ;μν þ ∂ρẐ
μν;λρ: ð16Þ

Here, these additional boundary terms Φ̂λμν, Ψ̂λρμν,
and Ẑμν;αβ are known as superpotential; they possess the
following symmetries with respect to the exchange of the
indices:

Φ̂λ;μν ¼ −Φλ;νμ;

Ψ̂λρμν ¼ 1

3!
Ψ̂½λρμ�ν; ð17Þ

and

Ẑμν;λρ ¼ −Ẑνμ;λρ ¼ −Ẑμν;ρλ: ð18Þ

These symmetry properties are crucial for ensuring the
conservation of the local energy-momentum (through
∂μT̂

0μν ¼ 0) and the local angular momentum (through
∂λĴ

0λαβ ¼ 0), provided that the corresponding conservation
laws were satisfied in the Belinfante choice (i.e., ∂μT̂

μν
B ¼ 0

and ∂λĴ
λ;αβ
B ¼ 0). Despite all these symmetry constraints of

Eqs. (17) and (18) imposed on the indices of the super-
potentials, there is an arbitrariness in the choice of tensor
densities ðT̂ 0μνðxÞ; Ĵ0λμνðxÞ) with the same total Poincaré
charges P̂μ; Ĵμν, which is known as “pseudogauge freedom”

in the literature [86–91]. Consequently, the improved energy-
momentum tensor defined in Eq. (10) can be interpreted as a
pseudogauge transformation as given in Eqs. (14) and (16),
with the choice of Φ̂μ;αβðxÞ ¼ 0; Ẑλρ;αβðxÞ ¼ 0 but nonzero
Ψ̂μναβðxÞ [83,90,92].
The rigid scaling transformation introduces the dilata-

tion D̂ðtÞ operator in Eq. (8), which transforms an operator
ÔðtÞ by

ÔðtÞ → ÔðtÞ þ iλ½D̂ðtÞ; ÔðtÞ�: ð19Þ
To analyze the scaling properties of the thermal system,
one needs to understand the action of the dilation on the
density matrix ρ̂. Thus, it is crucial to know the ETC
relations between the dilatation generator D̂ and other
symmetry generators. Using the differential representation
of dilatation generator D̂ ¼ ixi∂i, it can be shown that the
only nonvanishing commutators are

½D̂ðtÞ; P̂i� ¼ −iP̂i; ð20Þ

½D̂ðtÞ; Ĵ0i� ¼ −iðxiP̂0 þ x0P̂iÞ;
¼ −ið2x0P̂i − Ĵ0iÞ: ð21Þ

Alternatively, these ETCs can be obtained by using
representations given in Eqs. (8), (9), and (11)–(13), which
involve ETC of the tensor fields ðT̂0νðxÞ; Ĵ0ðxÞ; etc:Þ. The
explicit computation of the ETC between dilatation gen-
erator D̂ðtÞ and the current density Ĵ0aðxÞ associated with
the a-type charge has been performed in Refs. [93–97],
yielding

i½D̂ðtÞ; Ĵ0aðxÞ� ¼ ð3þ xi∂iÞĴ0aðxÞ: ð22Þ

This relation shows that the charge density has a scale
dimension of three.5

Furthermore, the ETCs between the dilatation generator
and the spacetime generators involve the commutators of
energy-momentum tensors; these have been discussed in a
general form in Refs. [79,93,98–101]. In our particular
context, the following commutators are required [100,101]6:

i½T̂00ðt;xÞ; T̂0iðt; yÞ� ¼ ½T̂jiðt;xÞ − gjiT̂00ðt; yÞ�
× ∂jδ

3ðx − yÞ þ τ̂00;0iðx; yÞ; ð23Þ

i½T̂0iðt;xÞ; T̂0jðt; yÞ� ¼ ½T̂0jðt;xÞ∂i þ T̂0iðt; yÞ∂j�
× δ3ðx − yÞ þ τ̂0i;0jðx; yÞ: ð24Þ

5The extra term in Eq. (10) does not contribute to this com-
mutator, if Ĵ0a is a matter current or corresponding to global gauge
transformations.

6These equal-time commutators hold for any energy-momentum
tensor T̂ 0μν, which are connected to the Belinfante T̂μν

B via
pseudogauge transformation as given in Eq. (14).
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The term on the right-hand side containing ∂iδ
3ðx − yÞ is

essential to ensure the Poincaré algebra is generated by
P̂μ ¼ R d3xT̂0μðxÞ and Ĵμν ¼ R d3xðxμT̂0νðxÞ − xνT̂0μðxÞÞ.
The last term of Eqs. (23) and (24), also known as the
Schwinger term, contains terms involving higher-order
spatial derivatives of the δðx − yÞ functions. Hence, the
following integrals must vanish:Z

d3xτ̂00;0iðxÞ ¼ 0;
Z

d3xτ̂0i;0jðxÞ ¼ 0; ð25Þ

andZ
d3xxτ̂00;0iðxÞ ¼ 0;

Z
d3xxτ̂0i;0jðxÞ ¼ 0: ð26Þ

Employing these commutator relations for nongauge the-
ories, one can arrive at

i½D̂ðtÞ; T̂00ðt;xÞ� ¼ ð3þ xi∂iÞT̂00ðxÞ − T̂i
iðxÞ; ð27Þ

i½D̂ðtÞ; T̂0iðt;xÞ� ¼ ð4þ xi∂iÞT̂0iðxÞ; ð28Þ
which shows that the tensor component of the improved
energy-momentum tensor T̂00ðxÞ has no definite scale
dimension, whereas T̂0iðxÞ clearly has a scale dimension
of 4. This construction will be useful for analyzing the
extensive properties of thermodynamical free energy, as
described in the next subsection.

B. Scaling at global equilibrium

Based on the commutators provided in Eqs. (20) and (21),
and the definition of the expectation value at global equilib-
rium from Eq. (5), the following identity can be derived:�

i

�
D̂ðtÞ;−bμP̂μ þ 1

2
ωμνĴ

μν þ
X
a

αaQ̂a

��

¼ −ω0ihĴ0ii − ðbi þ 2ωi0x0ÞhP̂ii: ð29Þ

Concurrently, one can express the Poincaré charges in terms
of the improved energy-momentum tensor T̂μνðxÞ as follows:

P̂μ ¼
Z

d3xT0μðxÞ; ð30Þ

Ĵμν ¼
Z

d3xðxμT̂0νðxÞ − xνT̂0μðxÞÞ ð31Þ

and the matter charges as given in Eq. (13). This aids in
expressing the left-hand side of Eq. (29) in the following form
by using Eqs. (22), (27), and (28),

�
i

�
D̂ðtÞ;−bμP̂μ þ 1

2
ωμνĴ

μν þ
X
a

αaQ̂a

��

¼
Z

d3xh−b0ðDðxÞT̂00ðxÞ − T̂k
kðxÞÞ

− biðDðxÞT̂0iðxÞ þ T̂0iðxÞÞ þ ω0ið2x0T̂0iðxÞ
þ ðDðxÞ − 1Þðx0T̂0iðxÞ − xiT̂00ðxÞÞ þ xiT̂k

kðxÞÞ
þ ωij

2
ðDðxÞðxiT̂0jðxÞ − xjT̂0iðxÞÞÞ

þ αaðDðxÞĴ0aðxÞÞi: ð32Þ

Here, the differential operator DðxÞ ¼ ð3þ xi∂iÞ appears
due to the action of the dilatation generator on each local
operator ÔðxÞ, which helps to write each integral as

Z
d3xDðxÞÔðxÞ ¼ ∂

∂λ

�Z
d3xe3λÔðt; eλxÞ

�				
λ→0

: ð33Þ

Hence, the integrands in the last equation that appear
with DðxÞ can be rewritten as

�Z
d3xDðxÞ

�
−b0T̂00ðxÞ − biT̂

0iðxÞ þ ω0iðx0T̂0iðxÞ − xiT̂00ðxÞÞ þ ωij

2
ðxiT̂0jðxÞ − xjT̂0iðxÞÞ þ αaĴ

0
aðxÞ

��

¼
�
∂

∂λ

�Z
d3xe3λ

�
−bμT̂0μðt; eλxÞ þ ω0iðx0T̂0iðt; eλxÞ − xieλT̂00ðt; eλxÞÞ

þ ωij

2
eλðxiT̂0jðt; eλxÞ − xjT̂0iðt; eλxÞÞ þ αaĴ

0
aðt; eλxÞ

�				
λ→0

�
¼ ∂λ logZðλÞjλ→0; ð34Þ

where

logZðλÞ ¼
Z

d3xe3λ
�
−bμT̂0μðt; eλxÞ þ ω0iðx0T̂0iðt; eλxÞ − xieλT̂00ðt; eλxÞÞ þ ωij

2
eλðxiT̂0jðt; eλxÞ

− xjT̂0iðt; eλxÞÞ þ αaĴ
0
aðt; eλxÞ

�
ð35Þ
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is the logarithm of the scaled partition function. Here, ZðλÞ
can be obtained from the definition (4) by scaling each of
the extensive quantities appearing in the argument of Z
(for example, V → e3λV or L → eλL). Consequently, with
the help of the expressions in Eqs. (29) and (32), one shall
arrive atZ

d3xðb0 þ ω0ixiÞhT̂k
kðxÞi ¼ −∂λ logZðλÞjλ→0: ð36Þ

This shows that the scaling property of the thermodynamic
partition function is encoded in the general identity given in
Eq. (36), which holds for a system in global equilibrium
possessing the maximal number of Poincaré charges and
various matter charges, within renormalizable nongauge
field theories with spin ≤ 1. The implications of this
identity, in the context of different solutions to the global
Killing condition (3), are discussed in the next section.

IV. EXTENSIVITY PROPERTY OF logZ

The global equilibrium state in Minkowski spacetime
possesses ten constants of motion, encoded in the Killing
fields given in Eq. (2), corresponding to the Poincaré
symmetry group. We begin by considering a familiar form
of the density operator, which can be recovered from
Eq. (1) by choosing bμ ¼ 1

T0
ð1; 0Þ ¼ β0δ

0
μ and ωμν ¼ 0,

which is

ρ̂ ¼ 1

Z
exp

�
−β0Ĥ þ

X
a

αaQ̂a

�
: ð37Þ

Here, Ĥ is the Hamiltonian of the equilibrated system,
which measures the energy as seen by an observer moving
along the Killing vector ∂0 in the static coordinate frame.
With this Killing vector, we obtain the homogeneous proper
temperature T0 ¼ β−10 . Therefore, the ensemble average
of any local operator as given in Eq. (5) becomes position
independent, due to the translational invariance of the
density operator (37).
Following the right-hand side of Eq. (36), and with

homogeneous thermodynamic parameters, we arrive atZ
d3xβ0hT̂k

kðxÞi ¼ Vβ0hT̂k
kðxÞi: ð38Þ

Here, the left-hand side of Eq. (36) provides insight into the
scaling property of the logarithm of the partition function,
logZ. Numerous studies [25,68,70,102,103] have shown
that robustness of extensivity ensures writing logZðλÞ ¼
logZðβ0; αa; Ve3λÞ ¼ e3λ logZ, which leads to the identity

β0hT̂k
kðxÞi ¼ −

1

V
∂λ logZðβ0; αa; Ve3λÞjλ→0

¼ −3
∂

∂V
ðlogZðβ0; αa; VÞÞ: ð39Þ

The last relation allows us to identify the isotropic
hydrodynamic pressure defined through the spatial trace
of the energy-momentum tensor hT̂k

kðxÞi ¼ 3P0 in the rest
frame of the fluid, provided a suitable energy-momentum
tensor has been chosen. On the other hand, the thermo-
dynamic pressure—an intensive variable—is defined as
follows [70,71]:

Pðβ0; αaÞ ¼ −∂VΦðβ0; αa; VÞ; ð40Þ
where Φðβ0; αa; VÞ is the thermodynamic potential
defined through the partition function

Φðβ0; αa; VÞ ¼ −T0 logZðβ0; αa; VÞ;
¼ −Pðβ0;αaÞV: ð41Þ

Hence, Eq. (39) equates hydrodynamic and thermody-
namic pressures, P0 ¼ Pðβ0; αaÞ, as a consequence of the
extensivity of the thermodynamic potential; an identity
also known as the virial theorem [75,79].
We now turn to the global thermodynamics of a system

undergoing pure rotation at constant angular velocity Ω
along the z axis, characterized by bμ ¼ ðβ0; 0Þ and ωμν ¼
β0Ωðgμxgνy − gμygνxÞ. The corresponding equilibrium den-
sity operator is given by

ρ̂ ¼ 1

Z
exp

�
−β0Ĥ þ β0ΩĴxy þ

X
a

αaQ̂a

�
; ð42Þ

which has captured recent interest, as described in
Refs. [11,20–22,33,70,104]. Moreover, the Killing vector
βμðxÞ [61] does not lead to a homogeneous thermodynamic
equilibrium, because temperature and the chemical poten-
tial become position dependent. Specifically, they become a
function of the radial coordinate r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, due to the

angular velocity along the z axis, which can be written as

TðxÞ ¼ ΓðrÞT0; μaðxÞ ¼ ΓðrÞμ0; ð43Þ

with a constant ratio of chemical potential to temperature
throughout the system, given by αa ¼ μ0

T0
. Here, T0 ¼ β−10

and μ0 denote the temperature and chemical potential on
the axis of rotation r ¼ 0, while both diverge at radius
r ¼ Ω−1 due to the Lorentz factor ΓðrÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

1−Ω2r2
p .

Recalling Eq. (36) in the context of pure rotation, we can
express it in the following form:

Z
d3xhT̂k

kðxÞi ¼ −T0∂λ logZðλÞ
				
λ→0

: ð44Þ

In contrast to the case of homogeneous equilibrium,
hT̂k

kðxÞi cannot be taken outside the integral due to its
explicit coordinate dependence [105,106]. Owing to the
inhomogeneous profile of the thermodynamic parameters
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as given in Eq. (43), the tensor densities become radially
coordinate-dependent thermodynamic quantities. This can
give rise to a scenario in which the volume-averaged tensor
densities acquire an explicit dependence on the system size
in the direction transverse to the rotation axis, denoted by R,
the radius of the cylindrical rotating matter.
In equilibrium, the condition of thermodynamic consis-

tency entails extensivity, which follows from the assump-
tion that thermodynamic variables [e.g., OðxÞ] vary over
length scales much larger than the equilibrium correlation
length. That is, λth∂O ≪ L∂O, where L and λth correspond
to the macroscopic scale (∼ system size) and microscopic
length scales (e.g., thermal de Broglie wavelength), respec-
tively, thus establishing the scale hierarchy required for the
applicability of hydrodynamic expansion [67,107]. For
rigid rotation, the matter fields must be confined in the
transverse direction relative to the rotation axis to ensure
causality. Consequently, the radial extent R must satisfy
the condition ΩR ≤ 1. No such constraint applies to the
extension Lz of matter along the rotation axis, and it is
assumed that the system is sufficiently extended in the
longitudinal direction to meet the hydrodynamic hierarchy,

i.e., Lz ≫ λth. Similarly, along the radial direction, the
hydrodynamic scale separation is maintained by imposing
the condition λth ≪ R [52,67,80]—which excludes sce-
narios where the radial extent of the system is ≲λth—a
situation that typically arises under conditions of very fast
rotation and low temperatures.
At this point, we focus on evaluating the left-hand side of

Eq. (44), examining whether the volume-integrated space-
like trace of the energy-momentum tensor can be expressed
in terms of the extensive variable Lz (or V ¼ πR2Lz) and R,
along with the intensive thermodynamic parameters of the
system. In this work, we consider a rotating gas of massless
fermions. The computation is based on the statistically
averaged energy-momentum tensor, using the expressions
derived in Refs. [105,106], where the results are provided
in polar coordinates ðx; y; zÞ → ðr;ϕ; zÞ,

hT̂rrðxÞi ¼ Γ4ðrÞ
�
P0 þ

Ω2

24
B0

�
4

3
Γ2ðrÞ − 1

3

��
¼ hT̂zzðxÞi; ð45Þ

hT̂ϕϕðxÞi ¼ r−2Γ4ðrÞ
�
P0ð4Γ2ðrÞ − 3Þ þ Ω2

24
B0ð8Γ4ðrÞ − 8Γ2ðrÞ þ 1Þ

�
; ð46Þ

hT̂tϕðxÞi ¼ Γ6ðrÞΩ
�
4P0 þ B0

2Ω2

9

�
3

2
Γ2ðrÞ − 1

2

��
; ð47Þ

hT̂ttðxÞi ¼ Γ4ðrÞ
�
P0ð4Γ2ðrÞ − 1Þ þ Ω2

8
B0

�
8

3
Γ4ðrÞ − 16

9
Γ2ðrÞ þ 1

9

��
: ð48Þ

Here, the divergent vacuum expectation value has been subtracted and the renormalized expressions for the averaged
energy-momentum tensor components are presented in Eqs. (45) and (46). In the limit Ω → 0, one recovers the known

result for the nonrotating, massless fermion case. The expression P0ðT0; αaÞ ¼ gT4
0ð7π

2

360
þ α2a

12
þ α4a

24π2
Þ can be identified as the

isotropic pressure in the nonrotating limit, where g denotes the degeneracy factor of the fermion particles. Additionally, we
observe that the thermodynamic function B0ðT0; αaÞ ¼ gT2

0ð1þ 3
π2
α2aÞ has a magnitude comparable to ∼β20P0. Substituting

the expressions (45) and (46) into the left-hand side of Eq. (44), we arrive at

Z
d3xhT̂k

kðxÞi ¼ −
Z

d3xðhT̂rrðxÞi þ hT̂zzðxÞi þ r2hT̂ϕϕðxÞiÞ;

¼ −3VP0ðT0; αaÞ
ð1 − Ω2R2

3
Þ

ð1 −Ω2R2Þ2 −
VΩ2B0

216ð1 −Ω2R2Þ3 ð3R
4Ω4 − 6R2Ω2 þ 27Þ: ð49Þ

Compared to the nonrotating case, the final result acquires a dependence on the angular velocity Ω through the
appearance of the common dimensionless combination ΩR. Moreover, within the hydrodynamic regime, the magnitudes
of the first and second terms in the previous expression differ significantly. This is because, in massless theories
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(or strongly coupled systems), the thermal de Broglie
wavelength is λth ∼ 1

TðrÞΓðrÞ ¼ 1
T0
,7 where ΓðrÞ appears

as a consequence of the Lorentz transformation from the
static coordinate frame and the local fluid rest frame
[52,81]. Therefore, to ensure the validity of a hydrodynamic
description, a stringent scale hierarchy must be imposed by
the condition R ≫ 1

T0
(or, equivalently, ΩR ≫ Ω

T0
). This

implies that the terms involved with ΩR dominate over
those involved with β0Ω in thermodynamic quantities. As a
result, the second term in Eqs. (45)–(49) can be neglected
compared to the first term becauseΩ2B0 ∼ ðΩβ0Þ2P0 ≪ P0.
Revisiting the left-hand side of Eq. (44), we observe that

the derivative with respect to the scaling parameter λ
receives contributions from each extensive variable present
in the argument of logZ, provided that they are attributed to
the scaling of the thermodynamic potential; that is,

∂λ logZðλÞjλ→0 ¼ Lz∂Lz
ðlogZÞjR þ R∂RðlogZÞjLz

¼ 3V∂VðlogZÞjΩR þ ΩR∂ΩRðlogZÞjV:
ð50Þ

It is important to note that the dependence R appears in the
expression on the right-hand side of Eq. (49) through the
dimensionless combination ΩR. Therefore, an ansatz for
logZ can be proposed, incorporating the extensivity property

logZ ¼ β0PðT0; αa;ΩRÞV: ð51Þ

Here, the minus sign is introduced by convention. However,
the precise functional form of P depends on the specific
thermodynamic system under consideration. Nevertheless,

the extensivity of logZ is due to the scaling of volume V as
well as through dependency of transverse size R. This is
further supported by the expression in Eq. (49), where the
dependence on R (as well as on Ω) appears exclusively
through the dimensionless common product ΩR. Therefore,
the average pressurePðT0; αa;Ω; RÞ can be better expressed
as PðT0; αa;ΩRÞ, and differentiation over logZðλÞ on the
left-hand side of the Eq. (44) can be written as

∂λ logZðλÞjλ→0 ¼ β0Vð3þΩR∂ΩRÞPðβ0; αa;ΩRÞ: ð52Þ

Substituting the above expression and Eq. (49) into Eq. (44),
one can derive the expression for PðT0; αa;ΩRÞ in the
following form:

PðT0;αa;ΩRÞ ¼
P0ðT0; αaÞ
ð1 −Ω2R2Þ þ

B0Ω2ð3 − R2Ω2Þ
72ð1 − R2Ω2Þ2 ; ð53Þ

which, upon using Eq. (A5), gives the thermodynamic
potential in the form8

ΦðT0; αa;ΩRÞ ¼ −V
�
P0ðT0; αaÞ
ð1 − Ω2R2Þ þ

B0Ω2ð3 − R2Ω2Þ
72ð1 − R2Ω2Þ2

�
:

ð54Þ

Using the hierarchy of hydrodynamic scales R ≫ β0,
one obtains, at leading order, an expression that matches
Ref. [52], namely,

ΦðT0; αa;ΩR;VÞ ¼ −V
P0ðT0; αaÞ
ð1 −Ω2R2Þ þOðΩ2β20Þ; ð55Þ

and, similarly, the corresponding leading-order contribu-
tion to the pressure can be expressed as PðT0; αa;ΩRÞ ¼
P0ðT0; αa;ΩRÞ þOðΩ2β20Þ, where the leading-order pres-
sure is given by

P0ðT0; αa;ΩRÞ ¼
P0ðT0; αaÞ
ð1 −Ω2R2Þ ; ð56Þ

which also captures the pressure anisotropy induced by
rotation, as follows:

7A parallel understanding of this condition follows from
quasiparticle kinematics, by requiring that the distance Δ between
two successive collisions in the rotating fluid be significantly
smaller than the system size, i.e., Δ ≪ R. The connection between
Δ and the mean free path λfðTðrÞ; αaÞ is established via a Lorentz
transformation from the static laboratory frame to the fluid rest
frame, giving

Δ ¼ λfðTðrÞ; αaÞΓðrÞ
 
1þ v

vkp

!
;

where v is the fluid velocity and vkp is the component of the
quasiparticle velocity parallel to v. Since λfðTðrÞ; αaÞ depends
on the local temperature TðrÞ, conformal invariance implies
λfðTðrÞ; αaÞ ¼ λfðT0; αaÞ=ΓðrÞ, so that

Δ ¼ λfðT0; αaÞ
 
1þ v

vkp

!
:

As the factor ð1þ v=vkpÞ lies between 1 and 2, the scale hierarchy
is equivalently expressed as Δ ∼ λfðT0; αaÞ ≪ R. More generally,
the mean free path λf can be replaced by a microscopic correlation
length, such as the thermal de Broglie wavelength λth.

8The dependency on the system size in the effective average
pressure can occur with nonuniform pressure which has a non-
zero gradient to oppose the external force; for instance, for an
isothermal atmosphere, the pressure decreases exponentially with
altitude z in the presence of constant gravitational acceleration g,
expressed as PðzÞ ¼ P0e−mgzβ, where β, m, and g are the inverse
of temperature and the mass of the molecules of each strata of the
atmosphere. Where averaged pressure P ¼ P0

mghβ ð1 − e−mghβÞ for
an air column with vertical extent h. Here, the vertical extent
appears through the combination mghβ in volume-averaged
pressure P.

SOURAV DEY PHYS. REV. D 114, 054043 (2026)

054043-8



P⊥ ¼ −
R
2V

∂RΦ ¼ P0ðT0; αa;ΩRÞ
ð1 −Ω2R2Þ þOðΩ2β20Þ;

Pjj ¼ −
Lz

V
∂Lz

Φ ¼ P0ðT0; αa;ΩRÞ þOðΩ2β20Þ: ð57Þ

Here, P⊥ and Pjj are the pressure perpendicular and
parallel to the rotation axis, respectively. So, this helps
us to understand that the volume-averaged hydrodynamic
pressure as expressed on the left-hand side of Eq. (44) can be
written as Pjj þ 2P⊥. Following Eq. (55), one observes that
the dependence on Ω (or R) enters the thermodynamic
potential Φ through the common product ΩR. This structure
carries over to all thermodynamic quantities, as required
by thermodynamic consistency. For example, the thermo-
dynamic quantities such as the entropy S, total angular

momentum J⃗ along the rotation axis n̂ ¼ Ω⃗
Ω, and the

conserved charges Qa can be extracted from the thermody-
namic potential (see the Appendix). For the present, the total
angular momentum carried by this rigidly rotating matter has
been calculated as9

hĴxyi ¼ −T0∂Ω logZ
			
T0;αa

¼ V
2ΩR2P0ðT0; αaÞ
ð1 − Ω2R2Þ2 þ V

B0Ωð3þ R2Ω2Þ
36ð1 − R2Ω2Þ3 ; ð58Þ

which allows us to compute the isothermal moment of inertia

along the principal axis of rotation, taken to be n̂ ¼ Ω⃗
Ω

(assumed, without loss of generality, to lie along the z axis),
given by

IðΩÞ ¼ hĴxyi
Ω

;

¼ V

�
2R2P0ðT0; αaÞ
ð1 − Ω2R2Þ2 þ B0ð3þ R2Ω2Þ

36ð1 − R2Ω2Þ3
�
: ð59Þ

Using the hierarchy of hydrodynamic scales R ≫ β0,
we obtain the leading-order contribution

IðΩÞ ¼ 2P0R2

ð1 − R2Ω2Þ2 þOðβ2Ω2Þ: ð60Þ

Moreover, we can also define the isothermal differential

moment of inertia, Ĩ ¼ ∂hĴxyi
∂Ω , whose positivity ensures the

stability of the rotating system. Using Eq. (58), one can show
that its leading-order contribution is given by

ĨðΩÞ ¼ ∂ΩhĴxyi

¼ V
2R2P0ðT0; αaÞ
ð1 −Ω2R2Þ3 ð1þ 3Ω2R2Þ þOðΩ2β20Þ; ð61Þ

which also helps identify how the difference between
the pressures along the radial direction and parallel to
the rotation axis is related to the rotational effect,
namely, P⊥ − Pjj ¼ Ĩ Ω2

2V þOðβ20Ω2Þ.
Furthermore, in the static limit limΩ→0, both types of

moment of inertia defined in Eqs. (59) and (61) converge to
the same expression, i.e., limΩ→0 IðΩÞ ¼ limΩ→0 ĨðΩÞ ¼ Is,
which is expressed as

Is ¼ 2VP0ðT0; αaÞR2 þ VB0

12
: ð62Þ

This result is also consistent with previous studies [52,108].
One can identify that, at the hydrodynamic scale, the term
proportional to B0 arises from a quantum correction due to
the spin contribution to the moment of inertia [108], which
is suppressed. Here, both isothermal moments of inertia
remain positive within the range ΩR ≤ 1, ensuring rota-
tional stability for the thermal system [70,109,109]. It is
also worth noting that the moment of inertia IðΩÞ at
nonvanishing Ω is larger than its static value Is, as rotation
tends to redistribute matter radially outward. In comparison
to Refs. [44,48,51,53,110], one can expand the thermody-
namic potential under the assumption of slow rotation, i.e.,
ΩR ≪ 1, yielding

ΦðT0; αa;ΩR;VÞ ¼ −VP0ð1þ Ω2R2Þ þOðΩ4R4Þ;

¼ ΦðT0; αa; VÞ − Is
Ω2

2
: ð63Þ

From the last expression, one can identify the moment of
inertia as Is, which remains independent of the angular
velocity Ω, which implies the system undergoes no shape
deformation.
On a final note, this work has demonstrated how the

principle of extensivity governs the structure of the thermo-
dynamic potential in homogeneous and inhomogeneous
settings, thereby ensuring consistency with the thermody-
namic limit. In the presence of rigid rotation, the thermo-
dynamic pressure Pðβ0; αa;ΩRÞ depends on the angular
velocity Ω only through the dimensionless combinationΩR
and remains finite as long as the system size satis-
fies R < Ω−1.
It is worth noting that, in general, the Ω dependence of

the pressure may enter through either Ω=T0 or ΩR, as seen
from the right-hand side of Eq. (49). However, within the
hydrodynamic regime, the hierarchy ΩR ≫ Ω=T0 must be
maintained, thus justifying the retention of only the con-
tributions involving ΩR in thermodynamic quantities.

9By using the expectation value of the ðt;ϕÞ component of the
energy-momentum tensor as expressed in Eq. (47), one can
calculate the angular momentum as J⃗ ¼ R d3xhT̂tϕðxÞi, which is
consistent with the expression (58) in the hydrodynamic regime.
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V. CONCLUSIONS

Here, an alternative real-time method has been described,
based on the ETC relations between the dilatation generator
and both the global charges and their associated currents at
global equilibrium, as discussed in Sec. III. It is also known
that the definitions of Poincaré charges given in Eqs. (11)
and (12) are independent of the particular choice of the
energy-momentum tensor, provided the different forms are
related by the pseudogauge transformations defined in
Eqs. (14) and (16). In addition, note that, apart from the
Schwinger terms in the ETCs, the remaining terms contain
a single spatial derivative on the δðx − yÞ functions. These
terms are invariant under pseudogauge transformations,
and these structures are not affected by the particular choice
of the matter field with spin ≤ 1 [79,93,99–101]. From the
general structure of ETCs, we derive Eq. (36), which
captures the scaling behavior of logðZÞ in theories of
renormalizable matter fields with spin ≤ 1, excluding
gauge fields. The exclusion of the gauge field occurs
due to the particular choice of the dilatation generator
D̂ðtÞ through Eq. (9) instead of Eq. (8), which involves the
improved energy-momentum tensor T̂μν to investigate the
scaling properties (here it is a rigid scaling transformation)
of the systems considered [82–85]. In our calculation, we
have considered fermionic particles of spin 1=2. Thus,
following the definition of the dilatation generator, Eq. (9)
has been used to compute thermodynamic variables, e.g.,
moments of inertia.
With homogeneous thermodynamic parameters, it has

been shown that the thermodynamic potential Φ does not
have any dependence on the size of the system other than
volume term V. In the case of rigid rotation, the depend-
ency on the radial extent R appears through the common
product ΩR [see Eq. (55)]. In recent results from rotating
SUð3Þ lattice gauge theory [44,48,51,53,110] as well as
some thermal field theory calculations [38,50,111], the
dependence of the transverse size is pronounced through the
presence of a common product ΩR. However, in some
theoretical approaches, the dependence on angular frequency
Ω arises from a different common product Ω

T0
[14,49]. Here, it

has been shown that the condition for the description of the
applicability of hydrodynamics can be ensured by the
hierarchy R ≫ 1

T0
, which enforces the dominance of ΩR

terms in thermodynamic quantities. Consequently, the term
containing B0Ω2 (∼P0β

2
0Ω2) in Eqs. (45) and (46) can be

neglected compared to the magnitude of P0. This has been
taken care of to express the intensive pressure P as given in
Eq. (55) from Eq. (53), along with the extensivity properties
of logZ.
Equation (60) of this study can be useful in understanding

the contribution of quarks to the moment of inertia of QGP
produced in heavy-ion collisions, which has the greatest
vorticity of any fluid produced in a laboratory [12–15]. As

an example, for a vortical QGP medium, one may consider
the following values of the physical parameters: T0 ∼ 200

and Ω ∼ 1022 s−1 ≈ 7 MeV. In particular, for Auþ Au
collisions, one may also consider μ0 ∼ 0.5 fm−1 c, with a
system size R ∼ 14 fm [13]. Using this set of parameters,
the condition for the validity of hydrodynamics in such
systems is found to be valid as the hierarchy Ω2R2 ∼
300Ω2β20 ≫ Ω2β20 is maintained. Hence, the dependency on
the angular frequency Ω in the thermodynamic variables
from the contribution of Ωβ0 is suppressed. Moreover, with
this consideration, the moment of inertia has been com-
puted for rigidly rotating massless fermionic matter, as
given in Eq. (60). The qualitative estimation of the light-
quark contribution to the QGP, I ∼ 4.15Is at T0 ≥ Tc and
ΩR ∼ 0.5, where the values of the static limit of moment of
inertia are Is ≈ 1.08 × 103 and Is ≈ 1.62 × 103 MeV−1 for
Nf ¼ 2 (or g ¼ 4) andNf ¼ 3 (or g ¼ 6), respectively. The
computed moment of inertia agrees with previously
reported results [52,108]. However, it differs from the
value obtained in [112], where the moment of inertia is
associated with the axial current density and is pseu-
dogauge dependent. In global equilibrium, the result should
not depend on the pseudogauge, since the density matrix is
pseudogauge invariant, as it is constructed from total
conserved charges as shown in Eq. (42). In our approach,
the moment of inertia is unaffected by ambiguities related
to the separation of spin and orbital components because it
is derived directly from the thermodynamic potential.
Moreover, the moment of inertia associated with a local
current is more appropriately interpreted as the vortical
conductivity of the axial current, as discussed in [108].
Along these lines, an interesting extension would be to

establish an analytical estimation of the moment of inertia for
gluon fields using the real-time method described in Sec. III.
An investigation has recently been conducted from the first-
principle lattice calculation [48,53] with the help of imagi-
nary-time formalism, and an interesting result was derived
for QGP having a negative moment of inertia below a
particular temperature ∼1.5Tc. However, the approach in
Sec. III excludes the gauge field. It can be generalized for the
gauge field by introducing the appropriate virial field in
Eq. (8). For example, the SUðNÞ Lagrangian for the non-
Abelian gauge field Aμ

a yields Vμ ¼ 2ηAμ
a∂ · Aa −

∂
μðξ̄aξaÞ − gfabcξ̄aA

μ
bξc, where η, g, and ξa are the gauge

parameter, coupling constant, and ghost field, respectively.
The presence of this virial field in the dilatation generator
D̂ðtÞ in Eq. (8) modifies the ETC given in Eqs. (27)
and (28) only by the BRST (Carlo Becchi, Alain Rouet,
Raymond Stora and Igor Tyutin) transformed operator
[79,113,114]. However, this extra BRS-transformed part of
an operator vanishes on the grand canonical averages, which
involves the projection of the physical states [115,116]. So, in
the context of extracting thermodynamic quantities for gauge
theory, the improved tensor T̂μν can be replaced by the
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Belinfante tensor T̂μν
B in Eq. (36) because it is indistinguish-

able from the physical thermal states. A separate study with
the gauge field will be reported elsewhere.
The present approach relies on the extensivity of logZ,

although this scaling may be altered by quantum corrections.
In particular, conformal (trace) anomalies [117,118] are
expected to modify the formalism, and exploring this exten-
sion constitutes an interesting avenue for future investigation.
Moreover, in the context of (non)relativistic many-body

systems, spin hydrodynamics has been kept alive due to
several studies [119–126], in particular, recent studies of
the spin polarization of hadrons produced from QGP
[11,19]; and in condensed matter, the spin voltage arises
due to the vorticity of the flowing spin liquids [121]
drawing attention to theoretical investigations (see
Refs. [15,18,22,55,90,91,124,124,127–160]). In addition,
the emergence of the hydrodynamic regime in graphene
[161] could be helpful to understand the magnetovortical
effect by establishing a tabletop experiment with a proper
initial inhomogeneous temperature profile as given in
Eq. (43) and allows for the conversion of the orbital
angular momentum to the spin angular momentum via
the spin orbital effect, as derived in [162]. In this article, the
study of the rotating system in global equilibrium shows
that the total angular momentum can be computed as given
in Eq. (58) along the principal axis of the system. However,
if shape deformation leads to a change (slowly) of the
principal axis that gives the spin polarization in the
presence of the spin-orbit coupling, the system becomes
magnetized. Also, the rigid rotation of the matter discards
the effect of shear and bulk viscosity, but with the non-
equilibrium statistical method, one can take into account
the off-equilibrium contribution in the density matrix ρ̂
with hydrodynamic gradient expansions, which may lead to
some effect on spin transport. Both of these aspects will be
explored in forthcoming studies.
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APPENDIX: THERMODYNAMIC RELATIONS

In this appendix, thermodynamics-consistent relations
have been derived using the density operators (1), starting
with the definition of entropy S as

S ¼ −hlog ρ̂i;

¼ bμhP̂μi − 1

2
ωμνhĴμνi − αahQ̂ai þ logZ: ðA1Þ

Here, bμ;ωμν, and αa are the Lagrange multipliers for the
corresponding global charges P̂μ; Ĵμν, and Q̂a, respectively,
and Z is the partition function defined in Eq. (4). Thus, one
can obtain

δS ¼ bμhδP̂μi − 1

2
ωμνhδĴμνi − αahδQ̂ai; ðA2Þ

which is the first law of thermodynamics.
Turning to solutions of the global equilibrium con-

dition (3), one can identify b0 ¼ 1
T0

¼ β0; bi ¼ V
T0
, where

ωμν becomes a
T0
ðδμ0δνz − δμzδν0Þ and Ω

T0
ðδμxδνy − δμyδνxÞ if the

fluid is accelerated and rotating along the z axis, where
T0;V; a, and Ω are temperature, center-of-mass velocity,
acceleration, and angular velocity, respectively. However,
μa ¼ T0αa is the chemical potential for each corresponding
conserved matter charge.
More specifically, if we rewrite Eq. (A1) for the rigid

rotation solution with the Killing vector

bμ ¼ ðβ0; 0Þ and ωμν ¼ β0Ωðgμxgνy − gμygνxÞ; ðA3Þ

which helps to rewrite Eq. (A1) in this context as

T0S ¼ E − Ω⃗ · J⃗ − μaQa þ T0 logZ: ðA4Þ

Here, E ¼ hP0i, J⃗ ¼ hĴi, and Qa ¼ hQ̂ai are the energy,
angular momentum along the principal axis, and the values
of charges, respectively, computed from the average of the
grand canonical ensemble at global equilibrium with the
density operator ρ̂. Define

Φ ¼ −T0 logZ: ðA5Þ

The last equality of the last expression is the consequence
of the extensivity property of the thermodynamic potential
Φ under the scaling x → eλx as Φ → e3λΦ, thus P is an
intensive variable [see Eq. (51)] [33,52]. Applying the first
law of thermodynamics (A2), one may arrive at

δΦ ¼ −δT0S − δΩ⃗ · J⃗ − δμaQa; ðA6Þ

which defines the thermodynamics variables entropy S,
angular momentum J⃗, and charges Qa as

S ¼ −
�
∂Φ
∂T0

�
Ω⃗;μa

; ðA7Þ
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J⃗ ¼ −
�
∂Φ
∂Ω⃗

�
T0;μa

; ðA8Þ

and

Qa ¼ −
�
∂Φ
∂μa

�
T0;Ω⃗

: ðA9Þ

Using these definitions for a given thermodynamic poten-
tial Φ, Eq. (55) can be shown as

S ¼ V
∂P0

∂T0

ð1 − Ω2R2

3
Þ

ð1 −Ω2R2Þ2 þOðβ2Ω2Þ; ðA10Þ

Qa ¼ V
∂P0

∂μa

ð1 − Ω2R2

3
Þ

ð1 −Ω2R2Þ2 þOðβ2Ω2Þ; ðA11Þ

and the angular momentum along the principle axis J⃗ has
been calculated in Eq. (58).
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