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We report on measurements of axion spectra and their unequal time correlators in simulations on 12 2883

fixed grids, the largest such measurements to date. We use a novel combination of the fields that allow us to
better distinguish the contributions from propagating axions from the contributions from strings, showing
that previous measurements of the axion energy spectrum are approximately 30% derived from the string
fields. We conclude that axion emission from a scaling string network is close to scale invariant (q ≳ 1 in
the standard parametrization), and that the energy spectrum of subhorizon modes behaves as pax lnðkτÞ,
where k is the comoving wave number, τ the conformal time, and pax ≃ 10. The number density spectrum
evolves towards a single curve for kτ ≲ 102, with higher wave number deviations arising from initial
conditions and resonant axion production at the string width scale. Our results are consistent with scaling
framework, in which the total number density of axions produced from strings is nax ¼ 1.66ð17Þf2aH,
where fa is the axion decay constant and H the Hubble rate. To interpret these results, we develop a simple
analytic model based on an ensemble of string segments. The model reproduces the main features of the
measured spectra and unequal-time correlators, and predicts q ≤ 1, leaving q ¼ 1 as the only value
consistent with theory and measurement. We report on axion production from the final collapse of the
network in a future work.

DOI: 10.1103/9m13-dqmv

I. INTRODUCTION

An open problem in cosmology is the fundamental nature
of dark matter. A promising candidate which may constitute
all or someof the darkmatter is theQCDaxion [1–3] (and see
also Refs. [4–7] for reviews). In extensions of the Standard
Model which propose to solve the strong CP problem by
adding a U(1)-invariant field which undergoes symmetry
breaking (the Peccei-Quinn mechanism [8,9]), the axion
arises as angular excitations of this field [10,11]. If the
breaking of this symmetry occurs at a post-inflation phase

transition, a tangle of one-dimensional objects known as
axion cosmic strings [12–14] will form, with at least Oð1Þ
horizon lengths of string formed per horizonvolume [15,16].
Throughout the lifetime of this network the strings emit

axion radiation, until the temperature of the Universe is
comparable to the QCD scale, when the axion becomes
massive and domain walls are formed between strings
[3,17]. At this point, the string-wall system collapses into
even more axions. The collapse depends on the number of
domain walls attached to each string. If this number is
Ndw ¼ 1 the strings are drawn together, and the network
disappears at the QCD scale. If Ndw > 1, explicit breaking
of the PQ symmetry must be introduced to prevent the
energy density of the universe becoming dominated by the
string-wall system [17,18]. The number of domain walls
attached to a string is a model-dependent quantity depend-
ing on the PQ charges of the fermions (see, e.g.,
Refs. [19,20] for reviews of models and their associated
domain wall number).
The relic abundance of axions (and therefore the pre-

dicted axion mass) is thus connected with the long-term
evolution of the network and the mechanisms of radiative
energy loss from strings. The study of network evolution is
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a problem in nonlinear classical field theory, necessitating
numerical simulations. However, simulations cannot span
the entire range of scales between the radius of the string
(set by the PQ symmetry breaking scale fa, which is around
1011 GeV in dark matter axion models) and the size of the
horizon at the QCD transition at around 100 MeV. This
means that we must extrapolate the late-time behavior of
relevant quantities extracted from simulations, and have a
framework of physical understanding in which to carry out
the extrapolation. Precise estimates of axion mass are of
crucial importance for resonant detectors (examples
include [21–29]).
We highlight two quantities which are sources of

controversy in literature: the string density parameter ζ
(proportional to the number of horizon lengths of string per
horizon volume) and the axion emission spectrum, which is
often characterized by the index q of a fit to a power law on
scales between the horizon and the string width. In a
previous publication [30], we studied the late-time behavior
of the global string length density parameter ζ and the root-
mean-square (rms) velocity v in the framework of scaling
[15,31] which is well established for local and semilocal
string networks in cosmology [32–41].
There we found more evidence for a convergence of

the string density parameter to an Oð1Þ constant, in
agreement with scaling, and with predictions of previous
work [42–47]. We measured it to greater accuracy than
before, obtaining ζr;� ¼ 1.491ð93Þ for the rest-frame length
density parameter. We also investigated a local estimator of
the rms velocity and found it to asymptote to a constant
value of v̄� ¼ 0.5705ð93Þ. We further remarked that claims
of a long-term evolution in ζ [48–53] are made in the
context of low-density string networks, and are compatible
with an approach from below to our estimated string
density. The string density parameter and rms velocity of
the simulations we present here are consistent with the
previous measurement, but none of the results we present
here depend on the results of the previous paper.
In this paper we turn our attention to the spectra of axions

emitted by the string network. Historically, there are two
proposals for the shape of the axion emission power
spectrum Sax [defined in Eq. (67)] and the associated
spectral index SaxðkÞ ∝ k1−q (where k is the wave number).
In one scenario [54–58], long strings straighten and loops
collapse in one oscillation, which gives rise to a scale-
invariant radiative spectrum (q ¼ 1). In the other
[12,59–62], the typical wavelength of radiated axions is
given roughly by the curvature radius of strings, and these
radiate axions over multiple oscillations, yielding as a result
a power law power spectrum peaked around horizon scales
with q > 1. In the latter, the abundance of low-momenta
axions is enhanced with respect to the first scenario, and
this leads to a higher number density prediction from a
string network [59,60,63,64].

Recent simulations of single loop configurations in flat
space [65,66] show rapidly evaporating loops and a
consistency with q ¼ 1. On the other hand, simulations
of standing waves also in flat space [64,67,68], show
strings emitting in harmonics of a fundamental oscillation
frequency, which points towards q > 1. A string network is
composed of an ensemble of long strings and loops, and
thus the axion radiation spectra could be thought of as
receiving contributions from both long strings and loops. In
this picture it is natural to expect that there will be a peak at
the horizon scale from long strings and a range at higher
wave number with q ¼ 1 from loops, with the transition
wave number depending on the relative importance of the
two contributions. Evolution of the network towards
scaling during which the relative importance changes
would register as an evolution of the spectral index q,
thereby contributing a systematic error.
The first network simulations to measure the axion

emission spectra from strings [42–44,69,70] found that
the power spectra towards the end of the simulation peaked
at horizon scales, and this was interpreted as consistent with
q ≥ 1. Subsequently, [49,71] performed fits of a power law
to the spectra, which showed the spectral index approach-
ing unity from below, increasing approximately in propor-
tion to the logarithm of cosmic time t. This time evolution
was then extrapolated all the way to QCD phase transition,
leading to a prediction of q > 1.
Other groups have since then attempted fits to a power

spectrum [50–52] and subsequent time extrapolations, with
varying results (q ¼ 1 [50], q ≥ 1 [51] or consistent with
both [52]), which showed that the time slope of q remained
relatively small (dq=d lnðtÞ ∼ 10−1). There are several
systematic effects on the estimate of this slope, including
lattice discretisation (see Ref. [52] for an exploration). A
thorough investigation of a very large simulation with an
adaptive mesh code [53], which should avoid systematic
effects from the lattice spacing, gives results close to q ¼ 1.
The significance of the slow time evolution of the index is
then unclear, both from the point of view of not having a
physical model to explain it and in terms of multiple
systematic errors obscuring its behavior.
In this paper we present the largest measurements to date

(12 2883 grid points) of axion power spectra in string
network simulations. The spectra are obtained from scalar
and vector components of a current which can be considered
as the derivative of the axion field. The currents are well
defined everywhere and include all the energymomentumof
the axion. The vector current is sourced only by strings,
while the scalar currents (timelike and longitudinal) contain
contributions from both propagating axions and strings. We
also investigate for the first time the time correlations of the
currents by constructing their unequal time correlators
(UETCs), which helps to distinguish between the contribu-
tions of the strings and the propagating axion field.
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We focus on the scaling properties of the spectra, from
which the number density power spectrum can be calcu-
lated. We test the predictions of the scaling framework, and
present an accurate estimate for the number density of
axions produced by a scaling string network.
To support our interpretation of the results and our

prediction for the late-time scaling behavior of the spectra,
we develop a physical model for the axion field spectra
produced by an ensemble of randomly moving uncon-
nected string segments, the unconnected segment model
(USM) [72–76]. The model predicts that the vector power
spectrum of a scaling string network is itself scale invariant,
that is independent of wave number for wave numbers
between the horizon scale and the string width scale. It also
predicts that the longitudinal current contains the smallest
contribution from the strings. The axion spectrum is
predicted to behave as Pax ∝ lnðkτÞ, where k is the wave
number and τ is conformal time, with a coefficient
calculable from the string density. The spectral index of
the axion emission spectrum is bounded by q ≤ 1. The
UETC of the vector current at wave number k is predicted
to decrease rapidly for time lags greater than k=v, where v
is the rms velocity of the strings.
We find that the current power spectra are generally

consistent with the expectation of scaling, except in simu-
lations which start with the lowest string density. That is,
when quantities with dimensions of length are appropriately
scaled with the horizon distance, power spectra appear to
collapse onto a single curve over a wide range of wave-
numbers at the horizon scale and beyond, for most initial
string densities. The scaling axion energy spectrum is
consistent with the predicted logarithmic form, with a
coefficient of proportionality roughly 10, which is roughly
half the predicted value. The vector UETC fits the USM
predictionverywell, albeit with a slightly lower rms velocity
than measured from averaged field quantities. With addi-
tional insights from the model we are also able to determine
that the universally-used measure of axion number density
based on the timelike current is contaminated at a level of
approximately 30% by the non-propagating field carried by
the strings (see also Refs. [67,77]).
The emission spectra are broadly scale-invariant between

the horizon scale and the string width scale, but when
fitting to a power law we also see a growth towards q≳ 1
from below. Combined with the analytical modeling, this
indicates that the spectrum is evolving towards q ¼ 1, and
that values above unity are a result of systematic error in a
noisy function. The evolution in q is not reflected in an
evolution in the overall number density, a much less noisy
quantity than the emission spectrum. At higher frequencies,
the emission spectra of networks with higher initial string
densities show a pronounced peak at frequencies corre-
sponding to half the scalar mass, which we ascribe to
resonant production from excitations of the string
core [78,79].

The number density spectra derived from the least
contaminated longitudinal current show good scaling up
to about kτ ≲ 102. From these we find that the total axion
number density is nax ¼ 1.66ð17Þf2aH, where fa is the PQ
symmetry breaking scale andH the Hubble parameter. This
value is estimated from the number density at the end of the
simulations, and arises from a set of simulations with initial
number densities varying by a factor of two, bracketing the
final value. We see no evidence for long-term growth of the
number density: the measurement is therefore consistent
with the scaling framework.
The paper is partitioned as follows: In Sec. II we

summarize the axion model to be simulated and define
all of the observables to be studied, in Sec. III we describe
the analytical expectations for the behavior of the spectrum
of radiated axions in a scaling network, we then summarize
in our simulation setup and methodology in Sec. IV and in
Secs. V and VI we present and discuss our results. The
conclusion (Sec. VII) summarizes the article and outlines
next steps and possible improvements. In a future pub-
lication we will report on simulations including the
annihilation by domain walls.
Scripts and data needed to generate all figures and tables

derived from the simulations can be found at the following
location [80].

II. AXION MODEL AND OBSERVABLES

A. Langrangian and field equation

The axion model we study consists of a complex scalar
field Φ with a global U(1) symmetry, whose dynamics will
be given by the following Lagrangian density

L ¼ 1

2
∂μΦ�

∂
μΦ − VðΦÞ; ð1Þ

where

VðΦÞ ¼ λ

4
ðjΦj2 − f2aÞ2: ð2Þ

With this normalization of the kinetic term, the vacuum
expectation value of the field fa is the axion decay constant
when the field is coupled to fermions, and the fermions are
coupled to a non-Abelian gauge field with an anomalous set
of charges. The anomaly term in the effective action breaks
the U(1) symmetry and lifts the degeneracy of the energy
density in the phase of Φ, at a scale of order the confine-
ment scale of the gauge theory. In this paper we are
concerned only with the evolution of the string network
deep in the radiation era and well above the confinement
scale, when the effect of the gauge field can be neglected.
We study the dynamics in a flat Friedmann-Lemaître-

Robertson-Walker (FLRW) cosmology, with metric
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gμν ¼ a2ðτÞημν; ð3Þ

where a is the scale factor and τ is the conformal time. In
the radiation era a ∝ τ. The equations of motion of the
system are

Φ̈þ 2
ȧ
a
Φ̇ −∇2Φþ a2λðjΦj2 − f2aÞΦ ¼ 0; ð4Þ

where the dot indicates differentiation with respect to
conformal time.
The U(1) symmetry of the Lagrangian (1) is sponta-

neously broken at a phase transition with critical temper-
ature Tc ≃ fa, when the field acquires an expectation value.
We study the postinflationary scenario, in which the phase
transition happens after inflation and reheating.
At temperatures well below the critical temperature, the

magnitude of the field approaches fa, with a massless
pseudoscalar fluctuation mode, the axion, and a scalar
mode with mass ms ¼

ffiffiffiffiffi
2λ

p
fa, the saxion.

During the process of acquiring the vacuum expectation
value the direction of the field in field space is chosen at
random in uncorrelated regions of the universe. However, by
continuity of the field, there are always lines along which the
field remains zero, [15], which form the cores of string
defects, which have a width of order wstr ≡ 1=aðτÞms. The
strings evolve as relativistic line objects, emitting both scalar
and pseudoscalar Nambu-Goldstone field modes. Axions
emitted by decaying strings are a well-motivated dark matter
candidate [12].

B. Observables: The saxion and the axion current

In order to capture the dynamics of the saxion and axion
fields separately in a more clear way, we will construct
combinations of the fields which represent them directly.
We define a field of unit modulus

Φ̂ ¼ Φ=jΦj; ð5Þ
which we use to define the operator Φ̂ �

∂μΦ. We will then
project out the different components of that operator.
The saxion field is conventionally defined as the modu-

lus ψ ≡ jΦj. Considering the real part of the operator,

ReðΦ̂ �
∂μΦÞ ¼ ∂μψ : ð6Þ

We will also define the canonical momentum of the saxion
field Π ¼ ∂0ψ , the derivative of the saxion field with
respect to conformal time.
Likewise, we can consider the imaginary part and define

the vector field

Jμ ¼ Im ðΦ̂ �
∂μΦÞ: ð7Þ

Writing the field as Φ ¼ ψeiα, we see that Jμ ¼ ψ∂μα, and
in the case of a field with constant magnitude fa it is the

gradient of a canonically normalized scalar A ¼ faα. This
is the conventional perturbative definition of the axion
field. Hence J0 is equivalent to the k ¼ 1 masking
procedure of Ref. [52], which multiplies Ȧ with
a ðjΦj=faÞk.
Using these new fields the equations of motion are

1

2
∂
μ
∂μψ ¼ 1

ψ
JμJμ − λðψ2 − f2aÞψ ; ð8Þ

∂
μðψJμÞ ¼ 0: ð9Þ

The combination ψJμ is a conserved current, with an
associated invariant

Na ¼
Z

d3xψJ0: ð10Þ

In the limit that field gradients become much smaller than
fa, the equations decouple, and we can write

∂
μ
∂μψ ≃ −λðψ2 − f2aÞψ ; ð11Þ

∂
μJμ ≃ 0: ð12Þ

In this limit, the quantity faJμ is a conserved axion number
current, with faJ0 the axion number density. The
Lagrangian density in terms of the new fields is

L ¼ 1

2
JμJμ þ

1

2
∂μψ∂

μψ −
1

4
λðψ2 − f2aÞ2; ð13Þ

from which it follows that the energy-momentum tensor is

Tμν ¼ ∂μψ∂νψ þ JμJν − gμνL: ð14Þ

Hence by studying ψ and Jμ we include all contributions to
the energy momentum of the system.

C. Power spectra and correlators

We will be interested in Fourier transforms of the fields,
and we use the conventions that the Fourier transform of a
field fðx; tÞ in volume V is

f̃ðk; tÞ ¼
Z
V
d3x fðx; tÞe−ik·x: ð15Þ

We project out the different polarizations of the Fourier
transform of the spatial part of the current J̃iðkÞ with an
orthonormal basis eis, eiA (A ¼ �), where eis ¼ k̂ i, and the
index indicates the eigenvalue under the generator of
rotations about k or

iϵijkejsek� ¼ �ei�: ð16Þ
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This way, we obtain one scalar quantity

J̃sðk; tÞ ¼ eisJ̃iðk; tÞ; ð17Þ

and vector quantities with two transverse components

J̃Aðk; tÞ ¼ eiAJ̃iðk; tÞ: ð18Þ

The advantage of these projections of J̃i is that they more
clearly separate the field components which make up the
axion J̃sðk; tÞ and those which make up the string J̃Aðk; tÞ.
Other groups focus only on J̃0, which contains contribu-
tions from both pseudoscalar modes and strings in
unknown proportion. With our projection technique we
are able to measure the relative proportion from the
correlation functions of the projected field variables.
Collecting together the quantities of interest, we have

two scalar quantities J̃0ðk; tÞ and J̃sðk; tÞ, and two vector
quantities J̃þðk; tÞ, J̃−ðk; tÞ. They can be combined into
scalar and vector unequal time correlation functions
(UETCs) given by

Uabðk; τ1; τ2Þ ¼ V−1hJ̃�aðk; τ1ÞJ̃bðk; τ2Þik̂; ð19Þ

UABðk; τ1; τ2Þ ¼ V−1hJ̃�Aðk; τ1ÞJ̃Bðk; τ2Þik̂; ð20Þ

where a∈ f0; sg and A∈ fþ;−g. Whenever we wish to
refer to all components in the polarization basis we use the
indices α, β. The angle bracket notation in the UETC
definition indicates averaging over directions, as we
assume that the system follows the isotropy of the
FLRW background. Recall that vector correlators are
nonzero for configurations with strings.
The diagonal entries at equal time define equal time

correlators (ETCs) which we denote

Pαðk; τÞ ¼ Uααðk; τ; τÞ; ð21Þ

where α stands for a (scalar quantities) or A (vector
quantities). In other contexts we refer to Pα as spectral
densities. From them we define power spectra

Pαðk; τÞ ¼
k3

2π2
Pαðk; τÞ: ð22Þ

From Parseval’s theorem, power spectra have the property

Z
dk
k
Pαðk; τÞ ¼ h½Jαðx; τÞ�2ix; ð23Þ

where the angle brackets here denote a volume average.
The power spectra and UETCs have some symmetry

properties which follow from the isotropy and the fact that
the fields take values in the real numbers. The scalar fields

then obey J̃�μðk; τÞ ¼ J̃μð−k; τÞ, so we expect the power
spectra and UETCs to be real after the angle averaging.
Regarding the vector correlators, note that under a

rotation of π=2 about k, the projectors change
ei� → e�iπ=2ei�. Hence, statistical isotropy and parity
implies that

UABðk; τ1; τ2Þ ¼ δABU�ðk; τ1; τ2Þ: ð24Þ

In other words, there is only one independent vector UETC,
U� ¼ ðUþ þ U−Þ=2 which is the average of the two
polarizations.
From the UETCs, we define decoherence functions,

which measure the time correlations of the currents. The
decoherence function of a field component α is

Dαðk; τ1; τ2Þ ¼
Uααðk; τ1; τ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pαðk; τ1ÞPαðk; τ2Þ

p : ð25Þ

We will write D� for the decoherence function of U�.

D. Observables: Length density and velocity

Finally, we recall the principal average quantities of the
string network. For a complete discussion see Ref. [30].
The (comoving) length of string can be measured in the
local rest frame of the string, denoted lr, and in the universe
frame, which we denote lw. From them we can define
dimensionless length density parameters

ζr ≡ lrτ
2

4V
; ζw ≡ lwτ

2

4V
; ð26Þ

where the factor 4 is conventional. They are related by a
Lorentz boost with the local velocity [30]. Equivalently,
one can define comoving mean string separations

ξcr ≡
ffiffiffiffiffi
V
lr

s
; ξcw ≡

ffiffiffiffiffiffi
V
lw

s
: ð27Þ

The rest-frame length is a measure of the total energy in
string, including kinetic, while the universe frame length
measures only the apparent length. Hence ζr keeps track of
the invariant length of string in a causal volume, while the
universe frame comoving separation ξcw controls the length
scale of axion radiation. The universe frame length is
computed from the number of plaquettes pierced by string,
and the rest frame length from the total energy and
Lagrangian of the strings, extracted from averages of the
fields weighted to select string cores. From the energy and
Lagrangian one can also calculate the rms velocity of the
network, which we denote vL.
The evolution of the rest-frame length density parameter,

the ratio of the comoving mean string separation to the
horizon, and the rms velocity shown in Ref. [30] from the
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simulations discussed in this paper are shown in Fig. 1,
with the values during the core growth era with conformal
evolution shown in dotted lines. The simulations start from
a wide range of initial length densities, labelled by the
initial field correlation length lϕ, given in code units, in
which the comoving string width wstr ¼ 0.5. One can see
the general tendency of the length density parameter and
the rms velocity to approach a fixed point. The asymptotes
are consistent with the fixed point values obtained in
163843 simulations [30], denoted by horizontal dashed
lines and uncertainty bands.
We can get an approximate figure for numerical con-

stants given above from Fig. 1, which shows that βw ≡
ξw=τ tends to a constant around 0.45 The final values of ζw
are Oð1Þ, and the rms velocity v̄ around 0.6. Hence we
expect to obtain estimates for r� (35) in the range 10–20.
We give more precise estimates from the simulation data in
Table II.
Evaluating the parameter from Eqs. (30)–(32), and

making the assumption that the velocity distribution is
strongly peaked around its rms value, so that hγ2v2iv ≃ 0.5,
hðγ − 1Þ2iv ≃ 0.05, we find

r0s
r�

≃ 0.39: ð28Þ

III. THEORETICAL EXPECTATIONS

Our overarching theoretical expectation is that the string
configurations in the simulations approach scaling as the
network evolves. When scaling, networks of strings have a
self-similar behavior, which means that all quantities with
dimensions of length are proportional to time, without
converting mass dimensions into length using Planck’s
constant. For example, a current has dimensions M=L, and
so its unequal time correlator has dimensions M2L, and its
power spectrum has dimensions M2=L2. Therefore we
expect a power spectrum of a current in a scaling network
to behave as

Pαðk; τÞ ¼
f2a
τ2

P̃αðkτÞ: ð29Þ

Hence, when plotting power spectra, we will always plot
them multiplied by τ2=f2a. The sign of a scaling network
will be that power spectra at different times collapse onto a
single curve, when plotted against kτ.
A second expectation is that the field configurations can

be understood as a combination of strings and propagating
axions. In the next subsections we construct some pre-
dictions for the power spectra based on this expectation.

FIG. 1. Top: string local rest-frame length density parameter,
against conformal time in code units. Middle: ratio of the
comoving universe-frame mean string separation ξcw to comoving
horizon length τ. Bottom: rms velocity. Times between the end
of diffusive time evolution τdif and the start of the physical
evolution τcg are plotted with dotted lines. The fixed point values
obtained in Ref. [30] are shown as the horizontal olive dashed line
with 1σ uncertainty denoted by the band. The times in which
power spectra and UETCs are calculated are shown as gray
vertical lines. The legend gives the initial field correlation
length in code units, in which the string width at the initial time
is wstr ¼ 0.5.
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A. Field spectra of axion strings

Amodel of a string network which has been successfully
used for CMB perturbations from gauge strings is the
unconnected segment model (USM) [72–76], which con-
sists of string segments of comoving length L with random
positions and velocities, comoving density ns and rms
velocity v̄. In the CMB calculations, the segments are
sources for metric perturbations. In the context of an axion
string network, we can treat the segments as sources of an
axion field.
The USM models strings much longer than the horizon,

while neglecting the distribution of collapsing string loops
which carry off much of the long strings’ energy. The total
length of string is dominated by long strings (see, e.g.,
Fig. 4 of Ref. [71] and Fig. S3 of Ref. [50]), as the lifetime
of loops is less the one oscillation period [65,66]. Hence
neglecting loops in order to estimate field correlation
functions is a reasonable first approximation.
In Appendix B we perform calculations in the USM

model of the axion field power spectra, obtaining

P�ðk; τÞ ≃
1

2

�
1þ 1

2
hγ2v2iv

�
Pstrðk; tÞ; ð30Þ

P0ðk; τÞ ¼
1

2
hγ2v2ivPstrðk; tÞ; ð31Þ

Psðk; τÞ ¼
1

8
hðγ − 1Þ2ivPs

strðk; tÞ; ð32Þ

where the function Pstr has asymptotic behavior

Pstrðk; τÞ ≃ 2πf2ansL; 1 ≪ kL ≪ L=wstr; ð33Þ

and Ps
str ¼ Pstrð1þ OðkLÞ−2Þ in this limit. Note that L is

the length of the string segments measured in the universe
frame, the frame in which Fourier transforms are taken, and
thus we take L ¼ ξw, the mean string separation, as an
estimate. In scaling, βw ≡ ξw=τ tends to a constant. The
comoving number density in scaling is proportional to τ−3,
and is related to the length density through nsL ¼ 4ζw=τ2.
These are our expectations for the form of the axion field

created by a network of strings. We see that the dominant
contribution of strings is to P�, with anOðv2Þ contribution
to P0 and an Oðv4Þ contribution to Ps.
In the wave number range 1 ≪ kξw ≪ ξw=wstr we write

P�ðk; τÞ ¼ r�
f2a
τ2

; ð34Þ

from which we have

r� ≃
�
1þ 1

2
hγ2v2iv

�
4πζw: ð35Þ

For future reference we also define constants r0, rs
parametrizing the string contribution to P0 and Ps, through

Pa ¼ ra
f2a
τ2

; ð36Þ

with a∈ f0; sg and 1 ≪ kξw ≪ ξw=wstr.
One can also derive a prediction for the decoherence

functions of the currents (25) produced by moving strings.
This lengthy calculation is given in Appendix D. The result
is that the transverse decoherence function D�ðk; τ1; τ2Þ
depends on the dimensionless variables x1 ¼ kτ1 and
x2 ¼ kτ2, and tends to zero for jx1 − x2j≳ πv̄. The shape
of the function is sensitive to the velocity distribution, for
which we use Ref. [49], where it was found that the Lorentz
γ was approximately distributed as a power law. The
decoherence function also depends on the parameter βw.

B. Freely propagating axions

The equation for a freely propagating axion can be
deduced from the current conservation equation (9) in
Fourier space,

˙̃J0 þ 2
ȧ
a
J̃0 − ikJ̃s ¼ σ̃ðk; τÞ; ð37Þ

where

σðx; τÞ ¼ ∂
μψ

ψ
Jμ: ð38Þ

The equation for J̃μ concerns only the scalar parts J̃0 and
J̃s. We may write J̃s in terms of a scalar field,
J̃sðk; τÞ ¼ ikÃðk; τÞ. If the current is small, A is the
argument of the complex field (up to a constant of
integration). Assuming that J̃0 is generated only by the
scalar part of J̃i, we search for solutions where

J̃0 ¼ ˙̃Aðk; τÞ, for which

̈Ãðk; τÞ þ 2
ȧ
a
˙̃Aðk; τÞ þ k2Ãðk; τÞ ¼ σ̃ðk; τÞ: ð39Þ

In situations where the scalar field is close to its ground
state value ψ ¼ fa, we may take σ̃ðk; τÞ ¼ 0, and the
general solution of the homogenous equation, in radiation
era, is

Ãðk; τÞ ¼ cð1Þk hð1Þ0 ðkτÞ þ cð2Þk hð2Þ0 ðkτÞ; ð40Þ

where the hð1Þ0 and hð2Þ0 are the spherical Hankel functions of
order 0. The fact that the currents are real means that
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J̃�sðk; τÞ ¼ −J̃sð−k; τÞ, and hence Ã�ðk; τÞ ¼ Ãð−k; τÞ.
Then we must have

cð1Þ�k ¼ cð2Þ−k: ð41Þ

In Appendix C we show that for a stochastic axion field we
expect to see at wave numbers kτ ≫ 1 a spectral density

Psðk; τÞ ¼
2

τ2
hjcð1Þk j2ik̂; ð42Þ

and a decoherence function

Dsðk; τ1; τ2Þ ¼ cosðx1 − x2Þ; ð43Þ

where x ¼ kτ. Similar considerations lead to

P0ðk; τÞ ¼
2

τ2
hjcð1Þk j2ik̂

�
1þ 1

ðkτÞ2
�
; ð44Þ

and

D0ðk; τ1; τ2Þ ¼
cosðx1 − x2Þð1þ x1x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ x21Þð1þ x22Þ
p

þ sinðx1 − x2Þðx1 − x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ x21Þð1þ x22Þ

p : ð45Þ

For kτ ≫ 1, both decoherence functions tend to
cos½kðτ1 − τ2Þ�.
Further solutions can be obtained by first noting that

∂μðψJνÞ − ∂νðψJμÞ ¼ 2 Imð∂μϕ�
∂νϕÞ; ð46Þ

which we may write as

∂μJν − ∂νJμ ¼ Kμν; ð47Þ

where

Kμν ¼
2

ψ
Imð∂μϕ�

∂νϕÞ þ Jμ
∂νψ

ψ
− Jν

∂μψ

ψ
: ð48Þ

After a Fourier transform and a longitudinal projection,

∂0J̃s − ikJ̃0 ¼ K̃0s: ð49Þ

Solutions to this equation can be found with the ansatz

J0 ¼ ∂kVk; Ji ¼
1

a2
∂0ða2ViÞ; ð50Þ

where Vi is curl free. The current conservation
equation (37) with σ̃ ¼ 0 is then an identity.
Specializing to the radiation era, the equation for the

longitudinal component of the Fourier transform Ṽi is

̈Ṽsðk; τÞ þ
2

τ
˙̃Vsðk; τÞ þ

�
k2 −

2

τ2

�
Ṽsðk; τÞ ¼ K̃0sðk; τÞ:

ð51Þ

The general solution to the homogeneous equation for
wave number k is

Ṽsðk; τÞ ¼ dð1Þk hð1Þ1 ðkτÞ þ dð2Þk hð2Þ1 ðkτÞ; ð52Þ

where hð1Þ1 and hð2Þ1 are spherical Hankel functions of
order 1.
One can show that a string moving with speed v

produces a function K0s ¼ OðvÞ, which acts as a source
for the field Vi. We can then understand Eq. (51) as
describing the production of propagating axions by moving
strings. The field Vi can also be written in terms of an
antisymmetric tensor field, with Bij ¼ ϵ0ijkVk, which can
be incorporated into a Kalb-Ramond field Bμν with a gauge
symmetry Bμν → Bμν þ ∂μΛν − ∂νΛμ [59,81].
We end this subsection by noting that in a background of

an oscillating homogeneous saxion field, we have

K0s ¼ −Js
ψ̇

ψ
: ð53Þ

Hence the equation for Ṽs becomes

̈Ṽs þ
2

τ
˙̃Vs þ

�
k2 −

2

τ2

�
Ṽs ¼

1

a2
∂0ða2ṼsÞ

ψ̇

ψ
: ð54Þ

The term on the right-hand side can lead to resonant
production of axions with frequency half the oscillation
frequency of the saxion, that is, at comoving wave
number k ¼ aðτÞms=2 ¼ 1=2wstr.

C. String-sourced axions

In this subsection we give a simple model for the total
energy density in axion radiation, which will form the basis
of our expectations. We start by defining the axion radiation
spectrum as

Pax ¼
1

2
ðP0 þ PsÞ: ð55Þ

Using the Eqs. (37) and (49) derived previously we may
deduce that (see Appendix E)

1

a2
∂0ða2PaxÞ ¼ −

ȧ
a
ðP0 − PsÞ þ

k3

π2
ReX̃; ð56Þ

where
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X̃ ¼ hJ̃�0σ̃ik̂ þ hJ̃�sK̃0sik̂: ð57Þ

We can recast that expression into a number density
power spectra, by dividing by the physical frequency of the
mode k=a, and convert to physical energy density by
dividing by a2,

N axðk; τÞ ¼
1

2ak
ðP0ðk; τÞ þ Psðk; τÞÞ; ð58Þ

which obeys the corresponding equation to (56)

1

a3
∂0ða3N axÞ ¼ −

ȧ
a2k

ðP0 − PsÞ þ
k3

π2
1

ak
ReX̃: ð59Þ

For source-free axions, X̃ ¼ 0 and P0 ¼ Ps, so we may
write

N axðk; τÞ ¼
1

ak
P0ðk; τÞ; ð60Þ

which obeys

1

a3
∂0ða3N axÞ ¼ 0: ð61Þ

Hence N ax redshifts as a number density power spectrum,
with total number density

naxðτÞ ¼
Z

dk
k
N axðk; τÞ: ð62Þ

Hence N axðk; τÞ behaves as a number density of particles
with momentum k=a and energy k=a.
The definition can be extended to modes which have a

temperature-dependent mass maxðTÞ, and adiabatic solu-
tions exist for the mode functions with wavelengths much
less than the horizon [12], provided the axion field remains
perturbative (A=fa ≪ 1). For these modes the number
density power spectrum is approximately conserved, in
the covariant sense. Of course, the dynamics of domain
wall formation and the subsequent collapse of the string
network are nonperturbative, but the number density
spectrum of a scaling network is still an interesting quantity
which sets an order of magnitude against which the
importance of the annihilation process can be assessed.
Bearing in mind our discussion following Eqs. (31) and

(32) about the relative importance of the string contribution
to the power spectraP0 andPs, we use the latter to estimate
the number density of propagating axion modes with the
power spectrum

N s
axðk; τÞ ¼

1

ak
Psðk; τÞ: ð63Þ

We can normalize the expression by f2aH, where H is
the physical Hubble rate, and plot it against kτ.

This normalization is chosen so that the number density
spectrum in a scaling string network collapses to a single
line. To see this, we recall that in a scaling system,

Psðk; τÞ ¼
f2a
τ2

P̃sðkτÞ; ð64Þ

and hence in the simulations, carried out with massless
axions in the radiation era,

N s
axðk; τÞ ¼ f2aH

P̃sðkτÞ
kτ

; ð65Þ

with physical Hubble rate H ¼ ȧ=a2.
Returning now to Eq. (56), one notices that the first term

on the right-hand side contains the difference of two power
spectra which in the USM are both flat in the wave number
range 1 ≪ kξw ≪ ξw=wstr, and hence we may define a
difference spectrum of the form

P0s ≡ P0 − Ps ¼ r0s
f2a
τ2

; ð66Þ

where r0s ¼ r0 − rs, and the constants r0, rs are defined
in Eq. (36).
For a stationary string segment in the USM, σ ≡

Jμ∂μψ=ψ ¼ 0 vanishes. As σ is a Lorentz scalar, it
vanishes for moving segments as well. To understand
the vanishing of σ for a stationary segment, we first note
that J0 and ψ̇ both vanish, while (after choosing axes
appropriately) Ji ∝ θ̂i and ∂iψ ∝ x̂i. Hence Ji∂iψ ¼ 0.
The average hJ̃�sK̃0sik̂ also vanishes in the USM (see

Appendix E), and to calculate its true value requires an
extension to the model to take into account correlations
between neighboring segments. Even without calculating,
however, we can gain insight into its functional form with
the following observations.
The left-hand side of Eq. (56) is closely related to the

emission power spectrum,

Saxðk; τÞ≡ 1

a2
d

d lnðkτÞ ða
2Paxðk; τÞÞ; ð67Þ

and we obtain the relation, in the radiation era,

Saxðk; τÞ ¼ −ðP0 − PsÞ þ
k3

π2
τReX̃: ð68Þ

Assuming a leading power-law behavior ðkξwÞ1−q for both
sides of Eq. (68), and noting that the string contribution to
the spectra gives P0 − Ps ∼ ðkξwÞ0, we must have q ≤ 1,
unless there is a special symmetry which exactly cancels
the two terms in the right-hand side, leaving behind a
subleading term in X̃ with q > 1. We regard this possibility
as unlikely.
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Hence we can conclude that the fact that P0 − Ps is flat
in the USM implies that the emission power spectrum
has q ≤ 1.
With the assumption1 that q ¼ 1, we can integrate

Eq. (56) to obtain

Paxðk; τÞ ¼
f2a
τ2

ðpax lnðkτÞ þ caxÞ; ð69Þ

where c is an integration constant. In order to be consistent
with Eq. (66), the individual components in the axion
energy power spectrum must behave as

P0ðk; τÞ ¼
f2a
τ2

ðpax lnðkτÞ þ c0Þ; ð70Þ

Psðk; τÞ ¼
f2a
τ2

ðpax lnðkτÞ þ csÞ; ð71Þ

with

c0 − cs ¼ r0s: ð72Þ

This implies that fits to a logarithm plus constant for both
spectra will result in coefficients for the logarithm which
are the same, and taking the difference gives an estimate
of r0s.

D. Transverse decoherence function

Our final expectation is for the time correlations of the
transverse vector current J�, which we recall is entirely due
to the strings. In Appendix D we calculate the UETC in the
USM, and we plot the corresponding decoherence function
in Fig. 2, for the parameter choices βw ¼ 0.45 and
v̄ ¼ 0.52, at x1 ¼ 25. We also plot the function evaluated
at v ¼ v̄, to show the effect of the velocity averaging. We
see that the vector decoherence function is predicted to
vanishes quickly as a function of the difference in x ¼ kτ,
and that the rapid vanishing is a result of the velocity
averaging.

E. Summary

We summarize our theoretical expectations as follows.
(1) The dominant contribution of strings is to power

spectra is to P�, whereas string contribute less to P0

Oðv2Þ and Ps Oðv4Þ.
(2) The power spectra P� are equal, independent of

wave number in the range 1 ≪ kξw ≪ ξw=wstr, and
have an amplitude r�.

(3) The difference P0 − Ps is also independent of wave
number in the same range.

(4) The contribution of axion radiation to the
decoherence functions D0ðx1; x2Þ and Dsðx1; x2Þ,
where x ¼ kτ, are both Daðx1; x2Þ ¼ cosðx1 − x2Þ
for large x1, x2.

(5) The number density spectrum N s
axðk; τÞ (65) in a

scaling string network should collapse to a single
line when multiplied by kτ=H and plotted against kτ.

(6) Barring an unexpected cancellation, the emission
power spectrum Sax ∝ ðkξwÞ1−q with q ≤ 1.

(7) The axion energy power spectrum Pax ¼
ðP0 þ PsÞ=2 increases logarithmically with wave
number k in the range 1 ≪ kξw ≪ τ=wstr.

(8) Only strings contribute to the transverse
decoherence function D�ðx1; x2Þ, which is concen-
trated in the region jx1 − x2j≲ πv, and tends to zero
as jx1 − x2j goes to infinity.

When comparing to the simulations, one should keep in
mind the crudeness of the model, which has much room for
improvement. For example, we have taken the mean
segment spacing to be the same as the segment length.
Furthermore, there are correlations between segments as
they are connected, and segments may be curved. We have
also been inconsistent in using the segment velocity
distribution [49] only to derive the decoherence function
D� and not to evaluate hγv2i.

IV. SIMULATION METHODS

To investigate the dynamics of axion string networks and
their scaling properties, we perform large volume numeri-
cal simulations of a complex scalar field Φ evolving in an
expanding FLRW universe according to Eq. (4). The
procedure of discretization is described in [30]. In that
paper we studied the scaling properties of the network of
axion strings in the radiation era using a number of
simulations, of various sizes, up to cubic grids with
16 384 sites per side. In this work, we analyze the results
of a subset of the simulations, specifically those performed
on a cubic lattice with 12288 sites per side (hereafter

FIG. 2. Decoherence function for the transverse currents J� in
the unconnected segment model (D25), with the speed distribu-
tion given in Eq. (D26), evaluated at x1 ¼ 25, where x1 ≡ kτ1.
Also shown is the unaveraged expression (D27), evaluated at the
rms velocity v̄ ¼ 0.52.

1This assumption will be supported by our numerical work
presented later.

JOSÉ CORREIA et al. PHYS. REV. D 114, 063550 (2026)

063550-10



referred to as N ¼ 12k, with k ¼ 1024). These are the
largest Fourier transforms performed on the axion string
system to date. These large simulations are possible thanks
to HILA [82], a simulation framework designed for very
large-scale simulations on a variety of supercomputing
architectures, including GPGPU machines.
A novel aspect of this work is that we calculate unequal

time correlations (and the corresponding power spectra) of
the system, which require a large number of Fourier
transforms. This is a computationally very costly pro-
cedure, and that is why we only performed it in one of
the box sizes analyzed in [30]. With HILA built-in FFT, on
a 12k lattice, one complex-to-complex FFT takes about 2 s
using 4096 AMDMI250X GPUs (8192 MPI processes) on
LUMI supercomputer [83]. For the analysis presented in
this work, about 50% of the computing time is spent
in FFTs.
For reference, we briefly explain the numerical pro-

cedure, but direct the interested reader to the details in [30]:
We discretize the field equations on a cubic lattice of N ¼
12k points per direction using periodic boundary condi-
tions. The spatial derivatives are computed using a finite-
difference scheme with a 7-point stencil for the Laplacian,
while time evolution is handled via a leapfrog integration
method. We chose units in which fa ¼ 1. The lattice
spacing and timestep are Δx ¼ 0.5 and Δτ ¼ 0.1, respec-
tively, which satisfy the Courant-Friedrichs-Levy condition
for hyperbolic systems. The initial condition is given by
Π ¼ 0, with the fieldΦ set to be a Gaussian random field of
unit variance, with the correlation length in comoving
coordinates given by lϕ. We performed five simulations per
lϕ ¼ 5, 10, 20, 40, 80 varying the initial random seed.
We start the simulation at τstart. Since the initial con-

figuration is very energetic, we evolve the system with a
nonlinear diffusion equation until time τdif , at which point
the field configuration consists of smooth, almost sta-
tionary strings, and no radiation. During diffusion, the
effective mass term

ffiffiffiffiffi
2λ

p
η is kept constant and Oð1Þ, to

speed up the relaxation.
At the end of diffusion, the strings are much thinner than

their true comoving value 1=
ffiffiffiffiffi
2λ

p
aðτdifÞη, and so we adjust

the coupling so that the comoving width grows linearly in
conformal time, meeting the true value at τcg. During this
period, strings are “conformal” [84]: their width grows in
proportional to the horizon distance. At τcg the physical
simulation starts. The simulation finishes at τend, when the
scale factor is normalized so that a ¼ 1, and the comoving
string width returns to its initial value. The initial and final
comoving string widths were wstrðτdifÞ ¼ wstrðτendÞ ¼ 0.5
in code units. The value of the different simulation time
parameters can be found in Table I.
As mentioned above, we want to measure power spectra

of the axion field and their time correlations of the axion
field in Fourier space, the UETCs. We start taking Fourier
transforms of Jμðx; τÞ at a reference time τref , projecting

them to J̃αðk; τrefÞ, and storing them in memory. We
continue taking Fourier transforms every Δτps until τfin
(the numerical values can be found in, Table I). At
each measure we save spectra Pαðk; τÞ and UETCs
Uabðk; τref ; τÞ and UABðk; τref ; τÞ.
The choice of τref is important, since we would like the

simulation to be close to scaling, but early enough in order
to be able to obtain a good dynamical range. In Fig. 1 we
denote the times at which UETCs are taken by gray lines,
which shows that there are departures from scaling which
we expect to see reflected in the power spectra and UETCs.
The simulations which are closest to scaling in ζ during the
measurement period have initial field correlation lengths
lϕ ¼ 5, 10, 20. However, the simulations with lϕ ¼ 5, 10
have a high string density during the core growth period,
during which axions are also emitted, and we should also
expect to see signs of this early radiation in higher wave
numbers.
In order to do the discreet Fourier transform, we first

define the discrete variables x ¼ ðx1; x2; x3Þ, with xi run-
ning from −L=2 to L=2 by increments of Δx. Likewise, we
define k ¼ ðk1; k2; k3Þ with ki running from −π=Δx to
π=Δx in increments of Δk ¼ 2π=L. The maximum wave
number on the lattice is kmax ¼

ffiffiffi
3

p
π=Δx. We can now

define the discreet Fourier transformation as

f̃ðkÞ ¼ ðΔxÞ3
X
x

fðxÞe−ixiki : ð73Þ

We bin the momentum space ETCs and UETCs by adding
the contribution at momentum k into bin number i if
iΔk ≤ jkj < ðiþ 1ÞΔk, where we choose Δk ¼ 2π=L.
The value of ki associated with the bin i is the average
of jkj-values falling into bin i.

TABLE I. Time parameters of the simulation: τstart (the begining
of the simulation), τdif (the end of diffusive evolution and the start of
string core growth), τcg (conformal time at the start of physical
evolution), τref (reference time for UETC calculations), τfin (last
time of UETC calculations), τend (conformal time at the end of the
evolution), andΔτps (lapse betweenUETCcalculations). Thevalue
of conformal τcg correspond to physical time tcg ¼ 70=ms, or
lnð2tcgmsÞ ¼ 4.9. The conformal time τend corresponds to physical
time tend ¼ 1575=ms, or lnð2tendmsÞ ¼ 8.75.

Parameter Value

τstart 50
τdif 70
τcg 470
τref 1000
τfin 2800
τend 3150
Δτps 20
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For the projections of J̃iðk; τÞ, we construct the basis as
follows. Starting with the Fourier representation of the
nearest-neighbor discrete derivative

Ki ≡ 2

Δx
sin

�
kiΔx
2

�
ð74Þ

we construct basis vectors

eis ¼ K̂i; ð75Þ

ei1 ¼
ð1 − ðK̂1Þ2;−K̂1K̂2;−K̂1K̂3Þiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðK̂1Þ2
q ð76Þ

ei2 ¼ ϵijkejsek1: ð77Þ

In the case that K̂i ¼ ð1; 0; 0Þ, we take ei1 ¼ ð0; 1; 0Þ
and ei2 ¼ ð0; 0; 1Þ.
In order to be able to fit and thereby extrapolate the

spectra, we need a wide range of wave numbers which start
out at τdif much less than the inverse of the comoving string
spacing ξcw, or kξcwðτdifÞ ≲ 1, cross kξcw ∼ 1 when the
network is close to scaling, and have wave numbers much
smaller than the inverse string spacing at the final power
spectrum, or kξcðτfinÞ ≫ 1. For such a wave number, the
axion spectrum ought to have its asymptotic behavior
towards the end of the simulation.
The difficulty of finding a wide range of such wave

numbers is illustrated in Fig. 3, where the relevant length

scales are converted to wave numbers, in units of the
horizon at the time of the final power spectrum τfin. There
we plot the scales k ¼ 2π=ξcw, which is a more accurate
estimate of the wave number of the network length scale,
along with wave numbers derived from the lattice spacing
Δx, the string width wstr and the simulation box side
length NΔx.
In order to satisfy the conditions for all initial string

densities, we choose the range 25 < kτ < 100 for fitting
power spectra. One can see that for the lower initial string
densities lϕ ¼ 40, 80 the wave number crosses the network
length scale when the network is at a much lower density
than at scaling. In low-density networks, we therefore
expect to see systematically lower power in wave numbers
at the upper end of the chosen range.
In order to mitigate the difficulty of finding a range of

wave numbers in which power spectra are exhibiting their
asymptotic behavior, one can also examine the growth of
the power spectra, which does not have a record of the
earlier, nonscaling, phases of the network evolution. Here,
the upper bound on the wave number is set by the
requirement kwstr ≪ 1, that is, that the spectrum is not
affected by the microphysics of the string width at any time
during the simulation. We also choose the range 25 < kτ <
τ=ð16wstrÞ for fits of the growth of the power spectrum
during the evolution of the network.

V. RESULTS AND DISCUSSION: POWER
SPECTRA AND DECOHERENCE FUNCTIONS

In this section we show the results for power spectra and
decoherence functions obtained from the simulations
described above, and compare them to previous results
in the literature. We also discuss the results of fitting to the
model described in Sec. III.

A. Power spectra

In Fig. 4 we show power spectra of various currents and
combinations of currents, scaled by the square of the
conformal time τ, against kτ, evaluated at the last recorded
spectrum τfin (see Table I). We show the time evolution of
the spectra in Fig. 14 of Appendix F. With these factors, the
power spectra of a system in scaling should collapse to the
same curve, indicating a constant fractional contribution to
the energy density in each logarithmic wave number
interval.
In the top row we show the power spectra of J0 and Js.

The bottom row shows the sum and difference of the power
spectra of Jþ and J−. The figure for J0 also shows several
relevant length scales: the horizon at the start of the second
order time evolution τdif , the horizon at the start of physical
evolution τcg, half the comoving string width at τcg, and half
the comoving string width at τdif . The last two scales are
imprinted by emission of axion radiation resonantly pro-
duced by interactions with saxion radiation.

FIG. 3. Wave numbers for the analysis of power spectra derived
from significant length scales, in units of the final time at which
power spectra are recorded τfin: lattice spacing Δx, string width
wstr and the simulation box side length NΔx. The colored solid
lines are mean universe frame string separation ξcw, with the same
color key for initial field correlation lengths as Fig. 1. The colored
dashed lines are their values at τdif (see Table I).
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As stated in Sec. III E, only strings contribute to Jþ and
J−, and parity symmetry requires that the power spectra of
Jþ and J− should be statistically the same. Within the
uncertainties, which are estimated from the standard
deviation of the power spectra over the 5 runs with the
same initial string density, the two chiralities are consistent
with each other. There is some tendency to positive mean
values at low wave numbers, although with no statistical
significance.
The sum of the power spectra of Jþ and J− shows a flat

(k0) power spectrum in the range 10≲ kτ ≲ 103. We can
identify the wave number range as between the string
separation scale (ξcw ≃ 0.4τ) and the inverse string width
w−1
str at the end of the simulation This is expected for

stringlike objects, as summarized in Sec. III E, and
explained in more detail in Appendix B. The small
differences in the power spectra between different initial
string densities are a result of the small differences in the
string densities in the final state.
In the same plot we show the difference between the J0

and Js power spectra. Here, the expectation obtained from
the analytical model in Sec. III is that the propagating axion
contribution to cancel at wave numbers kτ ≫ 1, leaving
behind the difference in the contribution of the strings to J0
and Js, which should be Oðv2Þ of the sum of Jþ and J−

power spectra. The similarity in shape of the difference of
J0 and Js spectra to the sum of Jþ and J− confirms this
expectation.
Focusing next on the Js power spectrum, which we have

argued is less contaminated by string contributions, we see
that there is a strong impression of collapsing to a single
line, which is very clear at low wave numbers, and extends
up to kτ ≃ 102 for initial string correlation lengths lϕ ¼ 5,
10, 20. These simulations are closest to the scaling string
density identified in [30], so the collapse of the power
spectra is consistent with scaling.
The wave number range where the spectra agree is

approximately the range of wave numbers less than the
initial string separation, or kξðτdifÞ≲ 1, for which kτ takes
the values ½175; 125; 73; 39; 20�.
The lowest initial string density (at lϕ ¼ 80) has the

lowest power spectrum. This is understandable as a result
of there being a lower density of strings throughout the
simulation. The initial string correlation length is also
largest, and we expect there to be a particularly large
difference in the power spectra for modes with kξðτdifÞ ≳ 1.
The J0 power spectrum has a similar shape to the Js

spectrum, but is noticeably larger where kτ ≲ 100. We
attribute the difference to greater contribution of the strings
to J0. We see small oscillations in both spectra in the range

FIG. 4. Final τ-scaled power spectra. Top left: P0, the power spectrum of J0. Top right: Ps, the power spectrum of Js. Bottom left: the
sum Pþ þ P− (solid) and the difference of P0 − Ps (dashed). Bottom right: the difference Pþ − P−. The power spectra are plotted
against comoving wave number k in units of the comoving horizon τ (bottom axis) and in units of the comoving string width (top axis).
The top left plot is annotated with wave numbers corresponding to several relevant length scales. Vertical dashed lines mark the horizon
at the start of the second order time evolution τdif , the horizon at the start of physical evolution τcg, half the comoving string width at τcg,
and half the comoving string width at τdif . Colored dots mark the wave numbers corresponding to the universe-frame mean string
separation at the start of physical evolution, ξðτcgÞ, in each set of simulations. The black dashed line in the inset in the top right figure is
the fit to the mean of the lϕ ¼ 20 power spectra, using Eq. (78), in the range 25 < kτ < 100.
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10 < kτ < 100, which were discussed around Eq. (C8) (see
also Ref. [52], Sec. IV).
The figures for the power spectra of Js also show fits to a

function

Pa;fitðkτÞ ¼ pa lnðkτ=10Þ þ ca; ð78Þ

in the range 25 ≤ kτ ≤ 100 as discussed in Sec. III, with the
reference kτ ¼ 10 chosen to be near the start of the flat part
of P�. We recall that this function is motivated by the
expectation that the emission spectrum is flat, q ¼ 1. Then,
if the source power spectrum is flat at high kτ, that is
P� ¼ r�f2a=τ2, one would expect to see the logarithmic
behavior of Eq. (78).
In Table II we show the parameters r�, p0, ps and r0s

from fits of the power spectra
P

� P�, P0 and Ps to forms
given in Eqs. (34), (36), and (78). We also show the USM
prediction for r� (rusm� ) from Eq. (35) with the measured
values of v and ξw.

The fit parameters p0 and ps for the higher initial density
runs, which stay closer to scaling in string density through
the simulations, have similar values pa ≃ 10. We also see
that p0 ≃ ps, within errors, as one would expect for a
quantity measuring axion radiation density. We obtain an
estimate for the value of the coefficient in the form for the
axion radiation spectrum (69) by averaging over runs with
lϕ ∈ ½5; 10; 20�,

pax ¼ 12.5ð6Þ: ð79Þ

The unconnected segment model predictions for r� are
40%–50% higher than the fitted values. The ratio r0s=r�,
which depends only on the velocity distribution, is only
about 15% lower than the expected ∼0.4 (28).

B. Emission spectra

In Fig. 5 we show a numerical approximation to the
logarithmic rate of change of the scaling power spectra of
J0 and Js, or

S̃aðk; τÞ≡ τ
d
dτ

P̃aðk; τÞ; ð80Þ

where we recall the definition of the scaling power
spectrum P̃ in Eq. (29). The quantities S̃a, termed emission
spectra, contain information about the rate of change of the
spectrum of the propagating axions, as a system of freely
propagating axions without sources has J0 and Js behaving
as 1=τ2, and therefore S̃a ¼ 0.

TABLE II. Fit parameters for power spectra P�, P0, Ps and
P0 − Ps at conformal time τ ¼ 2801 to forms given in Eqs. (34),
(36), and (78).

lϕ r� rusm� p0 ps r0s r0s=r�

5 14.22(7) 20(1) 13.3(3) 12.8(4) 4.43(9) 0.311(7)
10 13.51(7) 19(1) 12.7(3) 13.0(4) 4.46(5) 0.330(4)
20 13.42(7) 18(1) 11.8(4) 11.4(3) 4.26(5) 0.317(4)
40 12.96(7) 18(2) 9.4(4) 8.7(2) 4.23(7) 0.326(6)
80 11.23(6) 16(1) 4.8(3) 4.8(2) 3.75(4) 0.334(4)

FIG. 5. Emission spectra for (top to bottom) J0 and Js, between times τ ¼ ½2000; 2340� (left) and τ ¼ ½2360; 2801� (right). The spectra
have been smoothed with a Savitsky-Golay filter [85], with window length 16 and polynomial order 3. The vertical dashed lines show
the comoving wave number corresponding to half the physical saxion mass at a conformal time half way between the end points.
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The numerical differences are taken between conformal
times 2200 and 2340 (left column) and 2360 and 2801
(right column). We plot against kτ and show kwstr, the wave
number in string width units, on the top axis. Curves are
smoothed with a Savitsky-Golay filter [85] with parameters
given in the figure caption. The peaks at kwstr ≃ 3 corre-
spond to the Nyqvist spatial frequency π=Δ and are
therefore a lattice effect. In Appendix G, Fig. 15 we show
the S̃a spectra for each initial string density over the whole
range of times for which the spectra are recorded.
Twomain features can be underlined: on the one hand, the

peak at kwstr ¼ 0.5, and on the other, in range kτ ≲ 100, the
emission spectra S̃aðk; τÞ are close to a single curve which
rises from low values of kτ to an approximately flat line.
The peak at kwstr ¼ 0.5 is perhaps the most dramatic

feature of S̃a. They are largest for the highest initial string
density (lϕ ¼ 5). These peaks are a signal of resonant axion
production in a background of saxion modes. Straight
global strings are known to possess a countably infinite set
of bound saxion modes with angular frequencies
ω < w−1

str [79], with the first two at ω1 ¼ 0.89w−1
str [78]

and ω2 ¼ 0.99w−1
str [79]. The density of states as ω → w−1

str
from below therefore diverges. On the other hand, the
density of freely propagating modes with ω → w−1

str from
above remains finite. Therefore it seems very likely that the
resonant production involves the bound states. One expects
the bound states to be excited by the initial curvature of the
string network, by string intersections, and by regions of
high curvature which appear during the evolution. Higher
string densities imply both a higher curvature and a larger
volume in which the bound modes are oscillating.
The saxion field around an excited string will be on

average smaller than the ground state value: positive
excursions are penalized more strongly by the quartic
potential. Hence the width, as measured by a field isosur-
face, will be greater. In Appendix H we show that the
effective volume occupied by the most excited strings
(lϕ ¼ 5) is approximately twice that of a string in its
ground state.
The same peak in the axion spectrum has also been seen

in simulations of collapsing axion string loops [66]. It was
pointed out in Ref. [65] that the peak can be greatly reduced
in these simulations by carefully preparing the initial
conditions so that the radial string field profile is locally
very close to that of an infinite string, and stays close
throughout the collapse. This supports the idea that the
peak is associated with oscillations in the radial profile of
the field, due to excitations of the bound states.
Features in the axion spectrum at kwstr ¼ 0.5 have been

observed previously in network simulations [49,52],
although they are much less prominent as both papers
focused on low-density string networks, similar to our
simulations with lϕ ¼ 80. In those papers, because of the
larger oscillations in the average saxion field, oscillations
are also visible in the spectrum of J0. They extend up to

wave number 1=2wstr (see, e.g., Fig. 15 of Ref. [52]) where
the relative amplitude is around 5%. Our spectra are smooth
at this level for 100≲ kτ ≲ τ=2wstr.
Turning now to the wave number range kτ ≲ 100, the

emission spectra S̃aðk; τÞ are close to a single curve which
rises from low values of kτ to an approximately flat line,
with S̃a ≃ 10 for all initial string densities. In Fig. 15 one
can see that this collapse onto a single curve is already
present in the first emission spectra. This is a clear sign of
scaling behavior in the emission spectrum, and the flatness
is consistent with the logarithmic behavior of the scaled
spectra P̃a.
We plot the mean and standard deviation of the scaled

emission spectra S̃a in two different wave number ranges:
25 < kτ < τ=ð16wstrÞ and 25 < kτ < 100 in Fig. 6. We see
that in these ranges the emission spectra stay within about
20% of S̃a ≃ 10, for all initial string densities. Our estimate
for the asymptotic value of the plateau in the emission
spectrum in the range 25 < kτ < 100 is taken from the last
value of S̃s, averaged over all initial string densities.

hS̃0i25≤kτ≤100ðτ ¼ 2360Þ ¼ 10.0ð2.8Þ; ð81Þ

hS̃si25≤kτ≤100ðτ ¼ 2360Þ ¼ 9.5ð2.3Þ: ð82Þ

It is important to know whether the plateau extends to
higher wave numbers. One can parametrize the shape by
fitting estimates of the J0 emission spectrum to a power law

S̃ðk; τÞ ∝ ðkτÞ1−q: ð83Þ

Other groups find results clustering around q ≃ 1, and a
tendency for q to increase throughout the simulation
[49,51,52]. The fitted value of q depends sensitively on
the fitting range [51–53]. In Fig. 7 we show the results of
fits to the form (83) to our emission spectrum data for both
J0 and Js, over various wave number ranges, as a function
of time. We confirm the general tendency of q to increase
throughout the simulation, and the sensitivity to the
fitting range.
A feature of all our simulations is that universe-frame

length density ζw approaches its scaling value from below.
Hence, a scaled power spectrum of the form P̃ax ∝
ζwðτÞ lnðkτÞ will have an extra contribution to the emission
spectrumof the form S̃ax ∝ τζ̇w lnðkτÞ, which acts to increase
the slope, and hence decrease q, in a scale-dependentway. As
the scaling fixed point is approached, and ζ̇w → 0, the slope
of the emission spectrum 1 − q tends to unity.
The fitted value of q also depends on the lattice

resolution: a coarser grid tends to increase q by depressing
the spectrum at higher wave numbers, although using a
higher-order Laplacian operator improves the stability [52].
This may be playing a role in our simulations, which uses
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the simplest Laplacian, accurate to OðΔx2Þ. The string
width is progressively less well resolved as the simulation
proceeds, manifesting as a growth of the emission spectrum
at the Nyqvist frequency. The worsening resolution could
be an explanation for the dip in the final emission spectrum.
The careful investigation in Ref. [52] indicates that the
OðΔx2Þ Laplacian depresses the spectrum by up to 20%
at k ≃ 1=2wstr.

In simulations with adaptive mesh refinement [53], when
the fitting range is chosen to be well away from the inverse
string separation and inverse string width, the value of q is
consistent with 1.
In our simulations, the final value of q for the Js emission

spectrum fitted in the range 25 < kτ < 100 is within one
standard deviation of 1 for all initial string densities, except
for lϕ ¼ 40.

FIG. 7. Slopes of power law fits to emission spectra in Fig. 15. Left: S̃0; right: S̃s. Top: fit range 25 < kτ < τ=ð16wstrÞ; Bottom: fit
range 25 < kτ < 100.

FIG. 6. Mean and standard deviation of axion emission spectra (Fig. 15) in range 25 < kτ < τ=ð16wstrÞ (top) and 25 < kτ < 100
(bottom). Left: J0; right: Js.
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C. Unequal time correlators

We study the unequal time correlations in the form of the
decoherence functions (25), which are normalized to unity
at zero lag (τ − τref ¼ 0) by the square root of the equal
time correlators at the two times. We plot the decoherence
functions D0 and Ds for runs with initial field correlation
length lϕ ¼ 20 as solid lines in Fig. 8. We plot against
kðτ − τrefÞ=2π, which shows that D0, Ds oscillate with
period 2π=k, as one would expect for time correlations of
the massless axion field.
In Fig. 9 (top) we plot the decoherence function of the

average transverse UETC, D� for runs with initial field
correlation length lϕ ¼ 20. One sees that D� decorrelates
rapidly, and is very close to zero (with small oscillations)
for kjτ − τref j > 2π. In Appendix D we compute the
prediction for this decoherence function in the USM,
and plot it for the segment length parameter βw ¼ 0.45
and rms velocity v̄ ¼ 0.52, parameters chosen to achieve a
good visual fit.
The result is very close to the data from the simulation in

the range kjτ − τref j < 2π, which lends high confidence to
the USM as capturing the essential physics for high wave
numbers. The rms velocity is somewhat lower than the
value obtained from weighted field operators, which ranges
between 0.63 and 0.59 in the range over which UETCs are
measured (see Fig. 1).
In Fig. 9 (bottom) we plot the difference spectrum, D0s,

against kðτ − τrefÞ=2π, where we define

FIG. 8. Left: decoherence functions D0, Ds, for UETCs of currents J0, Js at lϕ ¼ 20 (solid), along with the amplitude of the analytic
signal (dashed), for selected kτref . Right: the instantaneous frequency of the analytic signal (dashed), with kτref plotted as a horizontal
dotted line. Error bands showing 1σ errors on the mean are plotted for the decoherence functions. The analytic signal is computed for the
mean decoherence function. See Fig. 17 of Appendix I for the decoherence functions D0 and Ds for all initial field correlation lengths.

FIG. 9. Decoherence functions D� and D0s for initial field
correlation length lϕ ¼ 20, along with the unconnected segment
model (USM) prediction with βw ¼ 0.45 and rms velocity
v̄ ¼ 0.52 (see Appendix D). See Fig. 18 of Appendix J for the
decoherence functions D� and D0s for all initial field correlation
lengths.

SPECTRUM OF AXIONS IN A SCALING STRING NETWORK PHYS. REV. D 114, 063550 (2026)

063550-17



D0s ¼
U00ðk; τ1; τ2Þ −Ussðk; τ1; τ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P0sðk; τ1ÞP0sðk; τ2Þ
p ; ð84Þ

where

P0sðk; τÞ ¼ P0ðk; τÞ − Psðk; τÞ
¼ U00ðk; τ; τÞ −Ussðk; τ; τÞ: ð85Þ

The decoherence function D0s is similar to D�, with an
oscillatory component which becomes smaller at higher
wave numbers. This adds evidence that the difference
spectrum P0 − Ps is dominated by strings at high wave
numbers. At wave numbers kτ ∼ 1 freely propagating axion
radiation does not obey P0 − Ps ¼ 0, and one expects to
see some oscillatory behavior. One can also expect to see a
more complicated decoherence than either D0 or Ds due to
the combined behavior of the D0, Ds and the relative
amplitude of P0 and Ps.
We show decoherence functions for all initial correlation

lengths in Fig. 17 of Appendix I (D0 andDs) and Fig. 18 of
Appendix J (D� and D0s).
Returning to D0, Ds, we can investigate the functions

using the analytic signal (see, e.g., Ref. [86]). The analytic
signal of a real-valued functionDðtÞwith Fourier transform
D̃ðωÞ can be defined as the inverse Fourier transform of
twice the positive frequency part, or

ĎðtÞ ¼
Z

dω
2π

½D̃ðωÞ þ sgnðωÞD̃ðωÞ�e−iωt: ð86Þ

The analytic signal is a complex function with only a
positive frequency component. Its imaginary part is the
Hilbert transform of the original function. The instanta-
neous amplitude is defined as

ADðtÞ ¼ jĎðtÞj; ð87Þ
while the instantaneous angular frequency is

ωDðtÞ ¼ Im

�
1

ĎðtÞ
dĎðtÞ
dt

�
: ð88Þ

The analytic signal is useful for investigating the envelope
of a modulated periodic signal.
We compute the analytic signal of the decoherence

function at a particular wave number by symmetrizing it
around τ − τref ¼ 0, in order to improve the behavior near
the origin. The results for selected values of kτref are plotted
as dashed lines in Fig. 8, with the instantaneous amplitude
in the left column, and the instantaneous frequency on the
right. Dotted lines in the right column show the frequency
k, which is the value for a propagating axion with wave
number kτ ≫ 1.
The plots confirm that D0 and Ds have a strong signal

with angular frequency k for kτref ≫ 1, consistent with the
dominant source of the correlations being the propagating

axion field. The envelopes show a bump at the origin of
width kτref ≃ 1, particularly prominent for Ď0, which
supports the proposal that there is a contribution from
the moving strings.
The envelope decays more slowly at larger kτref. We do

not have a good model for this decay, and so we cannot be
very quantitative about the relative contribution from the
strings. However, as an approximate lower bound on
the contribution from propagating axions, we can take
the second local maximum of the function at approximately
kðτ − τrefÞ=2π ¼ 3=2, where the envelope of Dþ is very
small. We plot the results in Fig. 10. The maximum value of
Dþ at the time of the second minima ofDs is approximately
0.02 for kτref > 20.
The results show that the amplitude of the second local

maximum is higher in Ds than in D0, which is consistent
with the proposal that the propagating and oscillating axion
field contributes a higher proportion. In both graphs, the
amplitudes are higher for higher initial string densities. This
can be explained as a result of an initial period of extra
radiation as the higher string densities evolve to be closer to
scaling. Recalling that the string contribution is of order
v2 ≃ 0.33, we note that, at high kτref , the amplitude for the
second local maximum ofD0 at lϕ ¼ 80 is between 0.6 and
0.7, which is consistent with the expected value in the
model of 1 − v2 ≃ 0.67.

FIG. 10. The value of decoherence functions D0 and Ds at the
second minimum as a function of kτref . Error bars show 1σ errors
on the mean are plotted, but are smaller than the linewidth. The
oscillations are due to the finite sampling rate of the UETC,
which is itself oscillating. The sampling rate and the decoherence
oscillation frequency are the same for all initial string densities.
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VI. RESULTS AND DISCUSSION: NUMBER
DENSITY POWER SPECTRA

In this section we show our results for the number
density power spectra N s

axðk; τÞ (65). These spectra are
shown in Fig. 11, normalized by f2aH, where H is the
physical Hubble rate, and plotted against kτ. With this
normalization the number density spectrum in a scaling
string network collapses to a single line.
In fact, we see that simulations with higher initial string

densities (initial field correlation length lϕ ¼ 5, 10, 20)
collapse onto a single line in the wave number range
kτ ≲ 100, while the lowest initial density increases
throughout the simulation. At higher wave numbers the
number density spectra differ, but the differences are in the
wave number range where axion radiation emitted during
the initial acceleration phase can be important. The evo-
lution of the spectra towards the line of collapse is
noticeable in the range 25 < kτ < 100, where fits to the
emission spectrum are carried out, and the evolution of the
index q can be understood as a signal of this evolution.
The spectra at the end of the spectrum-measuring

interval is shown in Fig. 12, where we see agreement
amongst higher initial string densities in the range
kτ ≲ 100, while the spectrum of lowest initial string density
is substantially below the others. This is strong evidence
that the low initial density simulations have not converged.
Other groups base their number density results on an
extrapolation of the amplitude evolution in low-density
string networks, which our results indicate will eventu-
ally cease.
Let us define a dimensionless number density parameter

νax ¼
nax
f2aH

: ð89Þ

We plot this quantity against conformal time in Fig. 13. It is
computed by summing the spectral density Psðk; τÞ=k over
all Fourier modes, with k the modulus of the wave vector.
For convenience of comparison with other groups (see, e.g.,
Fig. 12 of Ref. [71]), we give lnð2tmsÞ as a secondary
x axis.
We also show, as dashed lines, what the mean number

density would be if computed with P0 instead of Ps, which
includes an Oðv2Þ contribution from the axion field of the
string. This estimate, used by all other groups, is signifi-
cantly higher. The simulations with lϕ ¼ 80 have similar
string densities to the initial string densities favored by
other groups, and the number density indicated with the
dashed line is broadly compatible with an extrapolation of
Fig. 12 of Ref. [71], which finishes at lnð2tmsÞ ¼ 6
with νa ≃ 1.6.

FIG. 11. Number density power spectra, defined in Eq. (63), at
selected conformal times given in the legends. Top to bottom:
initial field correlation lengths lϕ ¼ 5, 10, 20, 40, 80.
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There is a clear convergence in νax, which starts out in
the range 1.12ð2Þ < νaxðτrefÞ < 2.13ð1Þ and finishes in the
range 1.38ð12Þ < νaxðτfinÞ < 1.79ð8Þ. Taking the mean and
standard deviation of all final central values, even those
which have not yet reached scaling, leads to our estimate of
the scaling axion number density,

νax;� ¼ 1.66ð17Þ: ð90Þ

The simulations with number density power spectra closest
to scaling are lϕ ¼ 20 and lϕ ¼ 40, and their final values
1.56(4), 1.76(12) lie within 1-σ of the inferred scaling
number density. The number density is a more stable
quantity than the high-wave number slope, as it is domi-
nated by a lower-wave number part of the spectrum which
is much closer to its asymptotic form.
The number density can be converted to an equivalent

axion mass max;� using standard methods [5,87], and
conservation of axion number. This axion mass equivalent
is defined by the assumption of number conservation, and
is not a prediction of the axion mass.
It is most convenient to use the relationship between νax;�

and axion mass displayed in Fig. 29 of Ref. [52]. The x axis
of that figure showsK ¼ νax;�=cmis, where cmis ¼ 2.31, and
the y axis the equivalent axion mass, for various temper-
ature dependences of the QCD topological susceptibility
χðTÞ. The susceptibility gives the axion its mass through
m2

axðTÞ ¼ χðTÞ=f2a . The constant cmis is an estimate of
the axion number density resulting from the misalign-
ment mechanism in the pre-inflationary scenario. The
graph takes a reference temperature T� defined by
maxðT�Þ ¼ HðT�Þ, and the high-temperature susceptibility
measurement of Ref. [88].
We have K ¼ 0.71ð7Þ from the scaling axion string

network, for which the axion mass equivalent with a
temperature dependence χ ∝ T−8 is max;� ≃ 4 μeV. We

emphasize that this is not a prediction of the axion mass,
as the number density does not include the contribution
from the network annihilation. Rather, it is a scale-setting
number, which quantifies the importance of axions pro-
duced by a scaling network down to the temperature T�. We
will give our axion mass prediction elsewhere, based on
simulations with a time-dependent mass and network
annihilation by domain walls [89].

VII. CONCLUSIONS

In this paper we presented an analysis of field power
spectra, unequal time correlators (UETCs) and axion
number density in cosmological simulations of axion string
networks in the radiation era. We leave for the future matter
era simulations, appropriate for scenarios with early matter
domination by heavy quarks [20,90].
The simulations were performed on grids of side 12 288,

with initial conditions spanning a wide range of network
length densities, consisting of widely separated smooth
strings with otherwise negligible field excitations.
The analysis tests the standard scaling framework

beyond the simple measures of string density and rms
velocity, finding strong evidence in favor of scaling in the
power spectra. With scaling, we are able to extrapolate our
simulations from soon after the formation of the network at
the Peccei-Quinn phase transition up to the beginning of its
annihilation at the QCD transition, and accurately estimate
the contribution of scaling axion string network to the axion
number density.
In order to better separate the contribution to the axion

field from propagating axions from that of the string
network, we introduced a current Jμ, equal to the PQ
symmetry current divided by the field modulus, and studied
projections of spatial parts in Fourier space.
Other groups have studied observables close to or

equivalent to J0, which is proportional to the time deriva-
tive of the axion field in string-free field configurations. We
introduced new observables Js and J�, the longitudinal and
transverse components of the spatial part of the current. The
transverse components of the current J� receive contribu-
tions only from strings, and so the corresponding power
spectra P� enable the monitoring of the scaling of the
network at all wave numbers.
We took 91 axion spectra in a conformal time range

chosen to allow the network time to establish scaling,
terminating before the half light-crossing time of the
simulation box, τ1=2 ¼ 3072, and maintaining the lattice
spacing above half the inverse scalar mass. In practice, the
networks with the two lowest initial densities had not yet
reached scaling, as indicated by both the mean string
density and the power spectra. High initial densities
generated a significant non-scaling component of axion
radiation at high wave number, but up to wave number of
order 102 inverse horizon lengths the power spectra P0 and
Ps collapsed onto similar curves, a signature of scaling.

FIG. 12. Final number density power spectra, with scale
annotations. Colored dots mark the wave numbers corresponding
to the universe-frame mean string separation at the start of
physical evolution, ξðτcgÞ, in each set of simulations.
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The transverse power spectra P� exhibited collapse onto
the same shape curve over the entire wave number range,
with amplitude differences ascribable to the differences in
string density.
In order to have a quantitative understanding of the

observations, we introduced a model of the axion field
generated by the string network based on the unconnected
segment model (USM) [72–76], in which the string-
sourced axion field is generated by a statistical ensemble
of string segments with length, number density, and rms
velocity chosen to reproduce the measurements of length
density and rms velocity of the string network.
The transverse power spectra agreed well with the

USM, which predicts them to be flat in the range
kξcw ≪ kτ ≪ kwstr, with an amplitude proportional to the
length density ξ−2w . We found that the measured value was
approximately 40%–50% below the value predicted by the
model on the basis of the string density alone, which we
count as a success for such a simple model. The disagree-
ment can be accounted for by introducing a parameter
which models the segment length separately from the
number density. We leave this modeling improvement
for a future work. Extensions of the USM incorporating
dynamics of loops and kinks can already be found in the
literature [91,92].
We showed that in the USM strings contribute at Oðv2Þ

to P0 and Oðv4Þ to Ps, while axion radiation contributes
equally to both for 1 ≪ kτ. The difference in the spectra is
therefore a tracer of the string component, and we dem-
onstrated from the data that the difference spectra had a
similar shape to the transverseP�, which is unambiguously
due only to strings. The combination of model and data
therefore enables an estimate of the string contribution to
the P0 and Ps power spectra.
Given the flat axion field power spectrum for the string-

sourced field, we argue for a flat spectrum for the emission
of propagating modes of the axion field, or q ¼ 1 in the
common parametrization. The argument is based on the
equation of motion for the axion energy power spectrum,
which shows that the emission spectrum has a manifestly
negative flat contribution proportional to P0 − Ps, plus an
extra term which must at least cancel it. Direct measure-
ment of the emission spectrum shows that q ≳ 1, which
leaves q ¼ 1 as the most likely value. Support for this value
also comes from the fact that collapsing loops also have a
q ¼ 1 emission spectrum.
We show that q ¼ 1 implies that the axion radiation

power spectrum, the dominant part of P0 and Ps, is
proportional to lnðkτÞ in the range τ=ξcw ≪ kτ ≪ τ=wstr,
which is consistent with considerations of the covariant
energy conservation of the axion radiation density.
The logarithmic behavior emerges most clearly for

wavelengths which start out much greater than the mean
string separation and end up much less. To achieve these
conditions we focused on wave numbers in the range

25 < kτ < 100. Here we found the logarithmic coefficients
p0 and ps, for power spectra P0 and Ps, both converging to
a value of around 10, bracketed by simulations with initial
string density parameters lϕ ¼ 20 and lϕ ¼ 40. The con-
sistency of the coefficients is expected for axion radiation,
which contributes equally to both spectra.
At high wave numbers in the emission spectrum we

observed a strong feature peaking at half the inverse mass
of the scalar mode. The higher the initial string density, the
stronger the feature was. We interpret this feature as
resonant axion production from oscillating states of the
massive mode bound to the string [65,66,78,79].
We have measured for the first time the unequal time

correlators (UETCs) of the axion field, defined in Eq. (20).
We exhibited the decoherence functions, which are
obtained by normalizing with the square roots of the power
spectra [see Eq. (25)], in Figs. 8, 17, and 18. The
decoherence function of the transverse components of
the axion field D�ðx1; x2Þ is well described by the USM
with a velocity distribution which is a power law in the
Lorentz γ factor [49]. It predicts that the decoherence
function becomes very small for time differences
Δτ ≳ 1=ð2πkv̄Þ, where v̄ is the rms velocity. Good fits
are obtained with an rms velocity v̄ ¼ 0.52 at conformal
time τref ¼ 1000, for all initial string densities. This value is
lower than the values obtained from averaged weighted
field operators [30] at that time, which are in the range
0.62 < v̄ < 0.65. This suggests that the excitations of the
scalar field around the string, in evidence from the emission
spectrum, are also contributing to the operator-based
estimates of the velocity displayed in Fig. 1, especially
at high initial string densities. All local field-based esti-
mates of the velocity are likely to be affected in this way.
Further work is needed to understand the excitations and
their impact on the string velocity.
The decoherence functions D0 and Ds confirm that the

axion field has contributions from both propagating modes
and the string, with a smaller contribution to Ds. Analysis
of the analytic signal shows that they both have an
oscillating component of frequency k, as expected for
propagating axions, and that its amplitude slowly decays.
The decay is perhaps the result of the radiation emitted
from the string being out of phase with the background
axion field. We note that the oscillatory behavior of D0 and
Ds and the rapid decay of D� are qualitatively similar to
decorrelation of compressional [93] and vortical
modes [94,95] in a fluid.
When considering the number density power spectrum,

the observation that the power spectrum P0 has an Oðv2Þ
contribution from strings motivates the use of Ps to extract
the number density of axions emitted by the string network,
according to Eq. (63). In a scaling string network, the
spectra evolve towards a common function of kτ, multi-
plied by f2aH, where H is the physical Hubble rate. The
measured spectra, displayed in Fig. 11, show a clear
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evolution towards a common function, with all but the
lowest initial string density collapsing onto the same curve
in the range kτ ≲ 100 by the end of the simulation (see
Fig. 12). In the range 10≲ kτ ≲ 100 the curve lnðkτÞ=kτ
follows from the fitted form of Ps and the definition of the
number density spectrum.
By summing all Fourier modes in the number density

spectrum we obtain a measurement of the axion number
density, which in a scaling network is proportional to f2aH.
The constant of proportionality νax, plotted in Fig. 13, is
remarkably constant throughout the period of measurement
and across all initial string densities, and converges towards
anOð1Þ value (90). This is our headline result for the axion
number density in a scaling string network. The stability of
this number suggests that attention may move away from
fits of the emission spectrum to a more precise characteri-
zation of the number density spectrum.
We note that computing the number density with the

power spectrum P0, as done by all other groups up to now,
gives values approximately 30% higher, and with a less
clear convergence, because of the contamination by the
“Coulomb” field of the strings. We note also that other
groups have in recent years focused almost exclusively on
low-density initial conditions, whose number density
parameter νax increases throughout their simulations.
This has been taken as a sign that the number density
evolution should be extrapolated over many e foldings of
cosmic expansion. In our simulations, which have a wide
range of initial string densities, and use a less contaminated
measure of number density, scaling in the number density is

observed. This supports our earlier conclusion that the
apparent scaling violation is in fact a transient [30], and the
extrapolation is therefore unwarranted.
The axion number density measurement can be trans-

lated into an equivalent axion mass, by assuming number
density conservation and equating to the dark matter
density today. While not a prediction of the axion mass
itself, it is nonetheless a useful scale-setting estimate. Thus
defined, and using the high-temperature axion mass com-
puted in Ref. [88], the axion mass equivalent for a scaling
string network is approximate 4 μeV.
In a forthcoming publication we will report on simu-

lations which include the dynamics of axion production
during the annihilation phase of the string network, and
thus a full prediction of the dark matter axion mass in this
model, which is the simplest realizing the Peccei-Quinn
solution of the strong CP problem.
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APPENDIX A: AXION CURRENT FROM
STRINGS IN THE USM

In this appendix we use the unconnected segment model
(USM) to produce expression for the axion current Jμ
produced by segments of string, which will used in
subsequent appendices to compute power spectra and
decoherence functions.
We start with the observation that the field equation (4)

possesses vortex or string solutions [12]. Consider a field
with the form

FIG. 13. Dimensionless number density parameter Eq. (89)
against conformal time τ, with the natural logarithm of the
Hubble length in inverse scalar mass units as a secondary axis, for
all initial correlation lengths lϕ. Solid lines with 1σ error bands
show the number density from the spectrum evaluated with Ps
(63), the power spectrum of the longitudinal component of the
current. The dashed lines show the mean value of the number
density spectrum from the spectrum evaluated with P0, the
timelike component of the current. The latter has a string
contribution of Oðv2Þ, while the string contribution is only
Oðv4Þ in the former.
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ΦðxÞ ¼ ψðρÞeiφ; ðA1Þ

where ρ, φ are cylindrical coordinates and ψ is real. This is
a solution to the field equations if ψ satisfies

ψ̈þ ȧ
a
ψ̇ −

1

ρ

d
dρ

�
ρ
dψ
dρ

�
þ ψ

ρ2
þa2λðψ2−f2aÞψ ¼ 0; ðA2Þ

with boundary conditions ψ ¼ 0 at ρ ¼ 0, and ψ → fa as
ρ → ∞. The time dependence of the equations may be
neglected in the limit wstr=τ → 0, where

wstr ¼
1

aðτÞms
ðA3Þ

is the comoving width of the string, and ms ¼
ffiffiffiffiffi
2λ

p
fa.

There is then an approximate solution ψ strðρ=wstrÞ, with

ψ strðsÞ ∼
�
fas; s → 0;

fað1 − s−2Þ; s → ∞;
ðA4Þ

and s ¼ ρ=wstr. The current of this configuration is

jiðxÞ ¼ −ϵij3
xj

ρ2
ψ strðρ=wstrÞ: ðA5Þ

Hence, at large distances from the string, the energy density
is dominated by the current, and the fully covariant energy
density becomes

T00 →
1

2

f2a
ρ2

: ðA6Þ

The fully covariant energy per unit length of a single static
string μ → πf2a lnðR=wstrÞ is therefore logarithmically
divergent as the upper limit of the integral R tends to
infinity. In the early universe, strings are formed at phase
transitions, separated by finite distances [15,16], acting as
an upper cutoff to the integral. Hence the energy per unit
length of the field associated with string remains finite.
It will be convenient to use a spherical basis es; e�, for

quantities in Fourier space. Labeling a Cartesian basis with
e1, e2, e3, we can choose

es ¼ e3; e� ¼ � 1ffiffiffi
2

p ðe1 ∓ ie2Þ: ðA7Þ

Then for each wave vector k we can align the basis as

eis ≡ k̂ i; iϵijke
j
sek� ¼ �ei�: ðA8Þ

We consider comoving coordinates and wave vectors, and
we do not distinguish between raised and lowered spatial
indices.

The Fourier transform of the current (A5) is

j̃iðkÞ ¼ −ϵij3fa
Z

d3x
xj

ρ2
Fðρ=wstrÞe−ik·x; ðA9Þ

where FðsÞ ¼ ψ strðsÞ=fa. Evaluating the integrals in cylin-
drical coordinates,

j̃iðkÞ ¼ 2πiϵij3k̂
j
⊥G̃ðk⊥wstrÞ

Z
dze−ikzz; ðA10Þ

where kj⊥ ¼ ðk1; k2; 0Þk⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þ k22

p
, and k̂j⊥ ¼ kj⊥=k⊥.

After using a Bessel function identity we get

G̃ðk⊥wstrÞ ¼ fa

Z
∞

0

dρFðρ=wstrÞJ1ðk⊥ρÞ; ðA11Þ

and J1 is the Bessel function of order 1. Then

G̃ðk⊥wstrÞ ¼
fa
k⊥

F̃ðk⊥wstrÞ; ðA12Þ

with F̃ðκÞ ¼ R
∞
0 dsFðs=κÞJ1ðsÞ, s ¼ k⊥ρ and κ ¼ k⊥wstr.

For κ ≪ 1 we may crudely approximate the function as
FðsÞ ¼ θðs − 1Þ, and we have the exact integral

F̃ðκÞ ¼ J0ðκÞ → 1; ðA13Þ

where J0 is the Bessel function of order 0. When κ ≳ 1, the
integral is sensitive to the structure of the string core.
Inspecting the form of the Fourier transform, we can

already see that the scalar and vectors components are

j̃sðkÞ ¼ 0;

j̃�ðkÞ ¼ 2πðe� · ẑÞ fa
k⊥

F̃ðk⊥wstrÞ
Z

dze−ikzz; ðA14Þ

where ẑ is a unit vector in the z direction. Hence a
static straight string contributes only to the vector compo-
nents of the current, J̃�ðkÞ, and not to the scalar compo-
nent J̃sðkÞ.
A moving string does contribute to the scalar component.

Consider the current sourced by a string segment moving
with velocity vi in a direction orthogonal to the tangent
vector. We suppose that the segments have length L in the
frame of the FLRW universe, the frame in which Fourier
transforms are taken. We write the number of segments per
unit volume as Ns=V,

J̃0 ¼ γvðv̂ij̃iÞ; ðA15Þ

J̃i ¼ γv̂iðv̂jj̃jÞ þ ðδij − v̂iv̂jÞj̃j; ðA16Þ
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Then the scalar component of the boosted current is

J̃s ¼ ðγ − 1Þðk̂iv̂iÞðv̂jj̃jÞ; ðA17Þ

which is Oðv2Þ. The timelike component of the current J0
is, as expected, of order v.

APPENDIX B: POWER SPECTRA IN THE USM

Now we compute the power spectrum of a set of
randomly placed string segments of length L in a volume
V, such that their number density is L−3. We write their
coordinates

Xnðσn; tÞ ¼ xn þX0
nσn þ Ẋnt; ðB1Þ

where the tangent vectors X0
n and velocities Ẋn are

Gaussian random variables with the constraints ðX0Þ2 ¼
1 − Ẋ2 and Ẋ ·X0 ¼ 0. For each segment we write
X0

n ¼ n̂jX0
nj, where n̂ is a unit vector, and we integrate

radially only up to the average distance between segments,
L. Then, for a single static segment,

jj̃ðk; tÞj2 ¼ 4π2
f2a
k2⊥

½F̃ðk⊥wstr; L=wstrÞ�2L2sinc2ðkkL=2Þ;

ðB2Þ

where kk ¼ k · n̂ and k⊥ ¼ k − ðk · n̂Þn̂, and

F̃ðκ; YÞ ¼
Z

Y

0

dsFðs=κÞJ1ðsÞ; ðB3Þ

where Y ¼ L=wstr. In the limit κ ≪ 1 we have
F̃ðκ; YÞ → 1 − J0ðYÞ. Therefore, combined with Y ≫ 1

we have F̃ðκ; YÞ → 1. For 1 ≪ κ ≪ Y, the Fourier trans-
form explores the core of the string and F̃ðκ; YÞ → 0.
Averaging over the string ensemble in a volume V, and

dropping the explicit notation for the time dependence,

hjJ̃ðkÞj2i ¼ hγ2v2jv̂ · j̃j2i þ hjj̃j2i: ðB4Þ

The second term involves only an average over directions
of the tangent vector n̂. Recalling that j̃i is proportional to
ϵijkk̂

jn̂k and using the vector identity

ϵijkϵilmk̂
jn̂kk̂ln̂m ¼ 1 − k̂2k ¼ k̂2⊥ ðB5Þ

we find

hjj̃ðkÞj2in̂ ≃ 4π2f2aNsL2
1

k2

× h½F̃ðk⊥wstr; L=wstrÞ�2sinc2ðkkL=2Þin̂; ðB6Þ

where Ns is the number of segments in the volume V and
the angle brackets indicate an average over tangent vector
orientations. To evaluate the first term we note that
averaging over velocity directions for fixed n̂, we have

hv̂iv̂ni ¼
1

2
ðδin − n̂in̂nÞ: ðB7Þ

Then

ϵijkϵnlmhv̂iv̂nik̂jn̂kk̂ln̂m ¼ 1

2
ð1 − k̂2kÞ; ðB8Þ

and we have that

hγ2v2jv̂ · j̃j2i ¼ 1

2
hγ2v2ivhjj̃j2in̂; ðB9Þ

where the first angle brackets denotes an average over the
distribution of speeds v. Thus,

hjJ̃ðkÞj2i ¼
�
1

2
hγ2v2iv þ 1

�
hjj̃ðkÞj2in̂; ðB10Þ

hjJ̃0ðkÞj2i ¼
1

2
hγ2v2ivhjj̃ðkÞj2in̂: ðB11Þ

With similar considerations, we find that the scalar com-
ponent spectral density is

hjJ̃sðkÞj2i ¼ hðγ − 1Þ2iv
1

8
hjk̂2⊥j̃ðkÞj2in̂; ðB12Þ

which isOðv4Þ. One can obtain an expression for the vector
(�) power spectra by subtracting (B12) from (B10) and
dividing by two, but already one can see from the smallness
of the coefficient and the fact that k̂2⊥ ≤ 1, that

hjJ̃�ðkÞj2i ≃
1

2

�
1þ 1

2
hγ2v2iv

�
hjj̃ðkÞj2in̂: ðB13Þ

Therefore the sum of the vector components dominate the
current J̃ unless the string is moving relativistically (v ≃ 1).
To gain insight into the form of the power spectrum, we

note that the polar angle average

1

2

Z
1

−1
dμ ¼ 1

kL

Z
kL=2

−kL=2
dðkkL=2Þ; ðB14Þ

where kk ¼ k cos θ and k⊥ ¼ k sin θ. Hence,

hjj̃ðkÞj2in̂ ≃ f2a4π3
NsL
k3

; 1 ≪ kL ≪ L=wstr: ðB15Þ

We define power spectra,
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Pstrðk; tÞ≡ k3

2π2V
hjj̃ðkÞj2in̂; ðB16Þ

Ps
strðk; tÞ≡ k3

2π2V
hjk̂2⊥j̃ðkÞj2in̂; ðB17Þ

where Ps
strðk; tÞ ¼ Pstrðk; tÞ½1þ OððkLÞ−2Þ� for kL ≫ 1.

Then

X
�
P�ðk; τÞ ≃

�
1þ 1

2
hγ2v2iv

�
Pstrðk; τÞ: ðB18Þ

The power spectra are proportional to the string length
density NsL=V. We will make the approximation that the
(universe frame, comoving) segment length and density is
such that

NsL
V

¼ 1

L2
; ðB19Þ

Restoring numerical factors, and noting that the average
over the direction cosine k̂k of sinc2ðkkL=2Þ tends to π as
kL tends to infinity, we have

Pstrðk; τÞ ≃ 2π
f2a
L2

; 1 ≪ kL ≪ L=wstr: ðB20Þ

In the limit kL → ∞, hjk̂2⊥j̃ðkÞj2in̂ → hjj̃ðkÞj2in̂, as
the dominant contribution comes from kk ≃ 0. The quan-
tity 1=L2 is equal to 4ζw=τ2, where ζw is the length
density parameter in the FLRW frame. Hence we expect
the sum of � power spectra, in the wave number range
between the inverse segment spacing and the inverse string
width, to be

X
�
P�ðk; τÞ ≃ 8πζw

�
1þ 1

2
hγ2v2iv

�
f2a
τ2

: ðB21Þ

APPENDIX C: SPECTRAL DENSITY
AND DECOHERENCE FUNCTION

FOR A STOCHASTIC AXION FIELD

As we saw in Sec. III, the equation of freely propagating
axion can be solved by writing J̃s in terms of a scalar field,

J̃sðk; τÞ ¼ ikÃðk; τÞ, with J̃0 ¼ ˙̃Aðk; τÞ, with

Ãðk; τÞ ¼ cð1Þk hð1Þ0 ðkτÞ þ cð2Þk hð2Þ0 ðkτÞ; ðC1Þ

where

hð1Þ0 ðxÞ ¼ −i
eix

x
; hð2Þ0 ðxÞ ¼ i

e−ix

x
: ðC2Þ

The currents for these plane wave solutions are therefore

J̃sðk; τÞ ¼ cð1Þk
eikτ

τ
− cð2Þk

e−ikτ

τ
; ðC3Þ

J̃0ðk; τÞ ¼ cð1Þk
eikτ

τ

�
1þ i

kτ

�

þ cð2Þk
e−ikτ

τ

�
1 −

i
kτ

�
: ðC4Þ

As the currents are real, we must have

cð1Þ�k ¼ cð2Þ−k: ðC5Þ

The resulting unequal time correlator for the longitudinal
current is

Ussðk; τ1; τ2Þ ¼
2

τ1τ2
hjcð1Þk j2ik̂ cos½kðτ1 − τ2Þ�

þWðk; τ1; τ2Þ; ðC6Þ

where

Wðk; τ1; τ2Þ ¼ −
2

τ1τ2
Re½hcð1Þk cð2Þ�k ik̂eikðτ1þτ2Þ�: ðC7Þ

For axion radiation from a stochastic source, we expect the

phases of cð1Þk and cð2Þ�k to be uncorrelated, both with each
other, and between modes with different k̂. In the stochastic
case, therefore, Wðk; τ1; τ2Þ ¼ 0. However, a field A
initialized at τi with zero time derivative will have, for

kτ ≪ 1, cð1Þk eikτi ¼ cð2Þk e−ikτi . Hence,

Wðk; τ1; τ2Þ ¼ −
2

τ1τ2
hjcð1Þk j2ik̂ cos½kðτ1 þ τ2 − 2τiÞ�:

ðC8Þ

For wave numbers kðτ1 þ τ2Þ ∼ 1 we expect to see oscil-
lations in the spectrum as a function both of time and k. In a
numerical setting, one always averages over a certain
interval Δk, and the oscillations will average to zero for
Δkðτ1 þ τ2Þ ≫ 1. In our case, we take Δk ¼ 2π=L, where
L ¼ NΔx is the side length of the simulation box, and
oscillations appear only in the first few modes. A detailed
discussion of this effect can be found in Ref. [52].
Thus, for a stochastic axion field we expect to see at

wave numbers kτ ≫ 1 a spectral density

Psðk; τÞ ¼
2

τ2
hjcð1Þk j2ik̂; ðC9Þ

and a decoherence function

Dsðk; τ1; τ2Þ ¼ cosðx1 − x2Þ; ðC10Þ

where x ¼ kτ.
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As shown in Sec. III, another set of solutions can be found
with the ansatz J̃0 ¼ kkVk, J̃i ¼ a−2∂0ða2ViÞ, resulting in
Eq. (51), from whose general solution (52) it follows that

J̃s ¼ k½dð1Þk hð1Þ0 ðkτÞ þ dð2Þk hð2Þ0 ðkτÞ�; ðC11Þ

J̃0 ¼ ik½dð1Þk hð1Þ1 ðkτÞ þ dð2Þk hð2Þ1 ðkτÞ�: ðC12Þ

These equations are consistent with current conservation and

Eqs. (C3) and (C4), when cð1Þk ¼ −ikdð1Þk , cð2Þk ¼ −ikdð2Þk .

APPENDIX D: MODEL FOR UNEQUAL TIME
CORRELATORS

In this appendix we construct a theoretical prediction for
the functional form of the unequal time correlators of the
transverse components of the current J̃�, in the framework
of the unconnected segment model.
We start with the Fourier transforms of the currents

sourced by a moving string segment, moving away the
coordinate origin at τ ¼ 0 with 3-velocity v,

J̃0ðk; τÞ ¼ Λ0
iðvÞj̃ieik·vτ; ðD1Þ

J̃iðk; τÞ ¼ Λi
jðvÞj̃jeik·vτ; ðD2Þ

where

Λ0
iðvÞ ¼ γvv̂i; ðD3Þ

Λi
jðvÞ ¼ γv̂iv̂j þ ðδij − v̂iv̂jÞ; ðD4Þ

and

j̃i ¼
2πifa
k⊥

LsincðkkL=2Þϵiklk̂kn̂l ðD5Þ

with kk ¼ n̂ · k̂, k2⊥ ¼ k2 − k2k, and we assume kwstr ≪ 1.
The unequal time correlator of the spatial components of

two currents is

Uijðk; τ1; τ2Þ ¼ hJ̃�i ðk; τ1ÞJ̃jðk; τ2Þin̂;v; ðD6Þ

where we average over velocities v and orientations n̂ of
segments. Hence,

Uijðk; τ1; τ2Þ ≃ hΛi
kðvÞΛj

lðvÞj̃kj̃leik·vðτ2−τ1Þin̂;v: ðD7Þ

Consider first the velocity average

Vij
kl ≡ hΛi

kðvÞΛj
lðvÞeik·vðτ2−τ1Þiv; ðD8Þ

which contains terms of three kinds

Vð1Þ
ij

kl ≡ hδikδjleik·vðτ2−τ1Þiv; ðD9Þ

Vð2Þ
ij

kl ≡ hδikv̂jv̂leik·vðτ2−τ1Þðγ − 1Þiv; ðD10Þ
Vð3Þ
ij

kl ≡ hv̂iv̂kv̂jv̂leik·vðτ2−τ1Þðγ − 1Þ2iv: ðD11Þ
Averaging separately over directions v̂ and magnitudes v,
and noting that v̂ · n̂ ¼ 0, we have

Vð1Þ
ij

kl ¼ δi
kδj

lhWð1Þðvk⊥ΔτÞiv; ðD12Þ
where Δτ ¼ τ2 − τ1,

Wð1ÞðzÞ ¼ 1

2π

Z
2π

0

eiz cosφdφ;

¼ J0ðzÞ; ðD13Þ
and J0ðzÞ is the Bessel function of order 0. The next term in
the average over velocity is

Vð2Þ
ij

kl ¼ δi
kk̂⊥;lk̂

l⊥hWð2Þðvk⊥ΔτÞðγ − 1Þiv; ðD14Þ

where

Wð2ÞðzÞ ¼ −
d2

dz2
J0ðzÞ: ðD15Þ

The third term is

Vð3Þ
ij

kl ¼ k̂⊥;ik̂
k⊥k̂⊥;jk̂

l⊥hWð3Þðvk⊥ΔτÞðγ − 1Þ2iv; ðD16Þ
where

Wð3ÞðzÞ ¼ d4

dz4
J0ðzÞ: ðD17Þ

The expansion of the zeroth order Bessel function at small
arguments is

J0ðzÞ ¼ 1 −
1

4
z2 þ 1

64
z4: ðD18Þ

We see that the first term Wð1Þ is the most important, as
subsequent terms are smaller by powers of v2 and coef-
ficients of the expansion of the Bessel function.
Then

Uijðk; τ1; τ2Þ ≃ Uð1Þ
ij ; ðD19Þ

where

Uð1Þ
ij ¼ 4π2f2aϵiklϵjmnk̂

kk̂mhNln
ð1ÞðkÞiv ðD20Þ

with

Nln
ð1ÞðkÞ¼

�
4sinðkkL1=2ÞsinðkkL2=2Þ

k2⊥k2k
n̂ln̂nJ0ðk⊥vΔτÞ

�
n̂

:

ðD21Þ
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It is apparent that only the transverse component contrib-

utes to the correlator Uð1Þ
ij , wherein

N⊥
ð1ÞðkÞ ¼

�
4 sinðkkL1=2Þ sinðkkL2=2Þ

k2k2k
J0ðk⊥vΔτÞ

�
n̂

¼ 1

2k2

Z
1

−1
dμ

sinðμkL1=2Þ sinðμkL2=2Þ
ðμk=2Þ2

× J0ðð1 − μ2Þ1=2kvΔτÞ: ðD22Þ
In the USM, the segment length grows in proportion to
time, LðτÞ ¼ βwτ. Writing x1 ¼ kτ1 and x2 ¼ kτ2, we have

N⊥
ð1ÞðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
L1L2

p
k3

Iðx1; x2; βw; vÞ; ðD23Þ

where

Iðx1; x2; vÞ ¼
βw

ffiffiffiffiffiffiffiffiffi
x1x2

p
2

Z
1

−1
dμ

sinðμβwx1=2Þ sinðμβwx2=2Þ
ðμβwx1=2Þðμβwx2=2Þ

× J0ðð1 − μ2Þ1=2vΔxÞ ðD24Þ

and Δx ¼ x1 − x2. We have suppressed the dependence of
the function I on βw for conciseness, and we fix the
parameter to βw ¼ 0.45 to approximately match the mea-
sured universe-frame mean string separations [30].
Then the transverse decoherence function

D�ðx1; x2Þ ¼
hIðx1; x2; vÞivffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihIðx1; vÞivhIðx2; vÞiv

p ; ðD25Þ

where Iðx1; vÞ≡ Iðx1; x1; vÞ.
The speed distribution of string has been measured in

numerical simulations in [49], who found that the Lorentz γ
was approximately distributed as a power law. One can
translate this into a distribution for speed v, with rms
velocity v̄,

pðvÞ ¼ 2ðv̄−2 − 1Þvγ4−2v̄−2 : ðD26Þ
Averaging the function I (D24) over the distribution (D26)
gives the decoherence function D� plotted in Fig. 2. There
we also plot the function obtained with a velocity distri-
bution pðvÞ ¼ δðv − v̄Þ,

Īðx1; x2Þ ¼
Iðx1; x2; v̄Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðx1; v̄ÞIðx2; v̄Þ

p ; ðD27Þ

to show that the effect of the velocity averaging is to smooth
out the oscillations.

APPENDIX E: DYNAMICAL EQUATIONS
FOR POWER SPECTRA

We start with Eqs. (37) and (49), given again here for
convenience

∂0J̃0 ¼ −2
ȧ
a
J̃0 þ ikJ̃s þ σ̃ðk; τÞ;

∂0J̃s ¼ ikJ̃0 þ K̃0s:

Then we consider spectral densities

P0ðk; τÞ ¼ hJ̃�0ðk; τÞJ̃0ðk; τÞik̂; ðE1Þ

Psðk; τÞ ¼ hJ̃�sðk; τÞJ̃sðk; τÞik̂; ðE2Þ

Using the equations we can derive

1

a2
∂0ða2P0Þ ¼ −2

ȧ
a
P0 þ ikðhJ̃�0J̃sik̂ − hJ̃�s J̃0ik̂Þ

þ ðhJ̃�0σ̃ik̂ þ hσ̃�J̃0ik̂Þ ðE3Þ
and

1

a2
∂0ða2PsÞ ¼ 2

ȧ
a
Ps þ ikðhJ̃�s J̃0ik̂ − hJ̃�0J̃sik̂Þ

þ ðhJ̃�sK̃0sik̂ þ hK̃�
0sJ̃sik̂Þ: ðE4Þ

We add the equations and multiply by k3=2π2 to obtain an
equation for Pax ¼ ðP0 þ PsÞ=2,

1

a2
∂0ða2PaxÞ ¼ −

ȧ
a
ðP0 − PsÞ þ

k3

π2
ReX̃; ðE5Þ

where

X̃ ¼ hJ̃�0σ̃ik̂ þ hJ̃�sK̃0sik̂: ðE6Þ

In the USM, σ ≡ Jμ∂μψ=ψ ¼ 0 vanishes for a stationary

string segment, where J0 and ψ̇ both vanish, while Ji ∝ θ̂i
and ∂iψ ∝ x̂i. As σ is a Lorentz scalar, it vanishes for
moving segments as well.
The operator K̃0s does not itself vanish for a moving

segment in the USM, being the Lorentz transform

K̃0s ¼ k̂jΛ0
kðvÞΛj

lðvÞK̃kl ðE7Þ

where

K̃kl ¼ 2πfaLsincðkkL=2Þðk̂lϵkmn − k̂kϵlmnÞk̂mn̂n; ðE8Þ

in the wave number range 1 ≪ kL ≪ kwstr. However,
hJ̃�sK̃0sik̂ does vanish for uncorrelated segments. To see
this, we recall that

J̃s ¼ k̂lΛl
iðvÞð2πfaÞLsincðkkL=2Þiϵijkk̂jn̂k: ðE9Þ

Therefore, J̃s and Kkl have opposite parity under the
operation k → −k, and their product must vanish when
averaged over directions k̂.
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This conclusion applies only to the contribution to X̃
from autocorrelations of string segments. When one takes
into account correlations between different segments
located at x1 and x2

X̃ ¼ hJ̃�sK̃0seik·r12ik̂ ðE10Þ

onewill get a nonzero result. Thiswould require extending the
unconnected segment model, which we do not attempt here.

APPENDIX F: POWER SPECTRA EVOLUTION

FIG. 14. Left: τ-scaled power spectra of J0 (solid) anddifferenceof power spectra ofJ0 andJs (dash-dot). Right: τ-scaled power spectra of
Js (solid) and sum of PS of Jþ and J− (dash-dot), with fit to the logarithmic function given in Eq. (78) in the range 25 < kτ < 100. Best fit
parameters are given in the legend. Initial field correlation lengths are (top to bottom) lϕ ¼ 5, 10, 20, 40, 80.
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APPENDIX G: EMISSION SPECTRA EVOLUTION

FIG. 15. Scaled emission power spectra S̃0 (left) and S̃s (right) estimated by forward differences of scaled power spectra P̃a between
successive times shown, with a final time τ ¼ 2801. Initial field correlation lengths are (top to bottom) lϕ ¼ 5, 10, 20, 40, 80. Spectra are
smoothed with a Savitsky-Golay filter, with window length 16 and polynomial order 3.
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APPENDIX H: OSCILLATIONS OF THE
AVERAGE FIELD AS AXION PRODUCERS

In Sec. V B we saw that there was a peak at about kwstr ¼
0.5 in the emission spectra J0 and Js (see Fig. 5). One
possible explanation for these are the oscillations of the
average field. However, they are very small with our highly
cooled initial conditions. During the physical evolution the
volume averaged jΦj=fa oscillates around a power law
decay with an amplitude of order 10−5 (see Fig. 16, top).
The power-law decay can be understood in terms of the

decrease in the effective volume of the string core. We
approximate the saxion field at comoving distance r from a
straight string as

ψ str ¼
�
fað1 − w2

str=r2Þ; r > wstr;

0; r ≤ wstr;
ðH1Þ

The average saxion field produced by a network of strings
with mean comoving string separation ξcw can be estimated
as the average value in a cylinder of length ξcw and volume
ðξcwÞ3, or

1 − ψ̄ str;0=fa ≃ 2π lnðξcw=wstrÞw2
str=ðξcwÞ2; ðH2Þ

where we have approximated the cylinder radius as ξcw.
In Fig. 16 (bottom) we plot the ratio of the measured

value of 1 − ψ̄ and 1 − ψ̄ str;0, from the end of the diffusive
evolution. We see that at this time, when strings are very
smooth and almost stationary, the ratio is just over 1 for all
initial string densities, supporting the model behind the
calculation of the average field value. Immediately after-
wards, the ratio decreases, as would be expected from the
Lorentz contraction in the direction of motion of the strings
as they accelerate. The ratio subsequently increases for all
but the lowest initial string density.
After conformal time τcg, when the scalar potential

changes to its physical form, the ratios begin to oscillate
coherently, with similar amplitudes. The apparent beats are
a result of aliasing due to the difference between the sample
period (5.1 in conformal time units) and the oscillation
period of the homogeneous mode 2πwstr, which ranges
from around 20 at τcg to π at the end of the simulation. A
period equal to the sample period is reached around
conformal time 1900, where the aliasing is most obvious.
The fact that the relative amplitude of the coherent

oscillation is approximately same for all string densities,

while the string densities themselves are different by a
factor of about 2, implies that the oscillation is larger for
higher string densities, and therefore connected with the
presence of strings, as suggested in Ref. [52]. However, by
delaying the onset of physical evolution, the amplitude of
the oscillation in our simulations is much less than that
observed Ref. [52] (see Fig. 34).
We interpret the increase in the departure of the field

average from its expected value (H2) as an increase in the
effective width of the strings, which is consistent with their
being in an excited state. The larger the width of the string,
the greater the excitation in bound saxion modes with
angular frequency w−1

str , and the larger the resonant axion
production. It is interesting that the initially denser string
networks maintain the larger width and resonant production
even at late times, when the string densities are closer to
each other. This suggests that the amplitude of the bound
state oscillations is refreshed during the evolution.

FIG. 16. Top: departure of the volume-averaged scalar field ψ
from its equilibrium value for all initial field correlation lengths
lϕ, along with estimate based on Eq. (H2) for lϕ ¼ 80 (dashed
line). Bottom: ratio of the above to the value estimated from the
string density and core field profile (H2) for all lϕ.

JOSÉ CORREIA et al. PHYS. REV. D 114, 063550 (2026)

063550-30



APPENDIX I: DECOHERENCE FUNCTIONS 1

FIG. 17. Decoherence functions D0 (left) and Ds (right) for selected kτref , as defined in Eq. (25) (solid). Top to bottom: initial field
correlation lengths lϕ ¼ 5, 10, 20, 40, 80. The amplitude of the analytic signal is plotted as a dashed line. For D� the prediction of the
USM with βw ¼ 0.45 and v̄ ¼ 0.52 is plotted.
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APPENDIX J: DECOHERENCE FUNCTIONS 2

FIG. 18. Decoherence functions D� (left) and D0s (right) for selected kτref , as defined in Eq. (25) (solid). Top to bottom: initial field
correlation lengths lϕ ¼ 5, 10, 20, 40, 80. The prediction of the USM with βw ¼ 0.45 and v̄ ¼ 0.52 is plotted as a dot-dashed line.
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