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In this paper, we develop an approach to calculate the valence-quark quasiparton distribution amplitude
(quasi-PDA) and quasiparton distribution function (quasi-PDF) for the pion with a large longitudinal
momentum with the functional renormalization group (fRG). This is demonstrated in a low energy effective
theory (LEFT) with four-quark scatterings. In the study of the complex structure of quasi-PDA, we
introduce a deformed integration contour in the calculations of quasi-PDA or quasi-PDF, which allows us
to obtain correct integrals for all momentum fractions. It is found that the pion light-front PDA extrapolated
from quasi-PDA based on the large momentum effective theory in the LEFT is comparable with lattice
QCD and Dyson-Schwinger equation. This work paves the way to study the PDA and PDF within the fRG
approach to first-principles QCD.
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I. INTRODUCTION

The Standard Model of particle physics describes all
known fundamental interactions and elementary particles.
For the mass of visible matter, only 1%–2% originates from
the Higgs mechanism in the Standard Model, while
approximately 98% comes from the strong interactions
described by quantum chromodynamics (QCD), see [1,2].
In particular, the π meson, as the Goldstone boson of
dynamical chiral symmetry breaking in QCD, plays a
fundamental role in both experimental and theoretical
studies of QCD and hadron physics.
The pion parton distribution amplitude (PDA) and parton

distribution function (PDF) are the leading-twist physical
quantities. The PDA describes the momentum distribution
amplitude of the valence quark-antiquark inside the hadron,
which is, e.g., a key input for the studies of relevant B
meson weak decay processes in the Standard Model and
beyond, see [3–5]. The PDF provides the momentum
distribution probabilities of partons in hadrons, including
that of gluons, valence quarks, and sea quarks. More
importantly, the pion and kaon PDFs are key observables
for studying hadron internal structures through deep
inelastic scattering experiments [6–8]. Measurement of

the pion and kaon PDFs is also one of the main scientific
goals in future electron-ion collider experiments [9–12].
The direct computation of pion PDA or PDF is required

to be done at the light cone, which usually is very
challenging and difficult. They arise from the inherently
complex structure of these observables, and one needs
correlation functions in the complex plane as input to
calculate them, even though significant progress was made
in the direct calculation of PDA and PDF within the
effective model [13]. However, there is still a long way
to go before a realistic calculation in QCD is feasible.
Alternatively, we can also adopt indirect methods to

compute the dependence of PDA or PDF on the momentum
fraction of partons, usually denoted by x. One indirect
method is to reconstruct the PDA or PDF from their Mellin
moments or cumulants of different orders. Cumulants of
several lowest orders have already been calculated with
high precision in lattice QCD [14–18], while for high-order
ones the errors increase significantly. As a complement,
cumulants of PDA or PDF can be calculated up to very high
orders in the approach of Dyson-Schwinger equations
(DSE), see, e.g., [19–24] and reviews [25,26]. Another
important indirect method stems from the breakthrough in
the study of relations between the correlation functions on
the light cone and those in the large momentum limit
[27–29] and the subsequent establishment of the large
momentum effective theory (LaMET), see [30] for review.
The LaMET allows us to extract the light-cone PDA or
PDF from the Euclidean quasiparton distribution ampli-
tude (quasi-PDA) or quasiparton distribution function
(quasi-PDF) with a finite large longitudinal momentum
by extrapolating to the limit of momentum infinity.
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The quasi-PDA method has already been applied in lattice
QCD to compute the light-front wave function and PDA for
the pion and kaon [31–34].
In this work, we would like to introduce a novel

approach to compute the pion quasi-PDA or quasi-PDF
with the functional renormalization group (fRG). The fRG
is a nonperturbative continuum field approach, which is a
powerful theoretical method to study the nonperturbative
QCD both in the vacuum and at finite temperature and
densities [35–45], see [46,47] for recent reviews. Notably,
recently an approach of multiquark flows within the fRG
has been developed [48–50], which is well suited for the
studies of bound states, and also paves the necessary way
for the studies of quasiparton distributions within the
functional renormalization group. This is the central con-
cern of this work.
This paper is organized as follows: Quasiparton distri-

butions at large longitudinal momentum, relevant defini-
tions, and notations are briefly discussed in Sec. II. In
Sec. III we briefly discuss the approach of multiquark flows
within the fRG and show how the properties of bound states
are extracted from the four-quark vertices. Analytic struc-
ture of the Bethe-Salpeter (BS) amplitude and quark mass
in the complex plane is investigated in detail in Sec. IVand
numerical results are presented in Sec. V. We conclude
in Sec. VI.

II. QUASIPARTON DISTRIBUTIONS AT LARGE
LONGITUDINAL MOMENTUM

In this Section, we discuss the quasi-light-front frame-
work, which is used here to calculate the valence-quark
PDA and the PDF for the pions. This formalism is based on
the LaMET [27,28], see also [30]. We will show that in the
limit of large longitudinal momentum, the quasi-PDA
returns to the analytical results of PDA obtained from
the light-front calculations by using the pointlike and
asymptotic cases as examples.
We start with the unamputated Bethe-Salpeter amplitude

for the pion,

χπðp;PÞ ¼ GqðpþÞΓπðp;PÞGqðp−Þ; ð1Þ

with

p� ¼ p� P=2; ð2Þ

which denotes the momentum of the quark’s external legs
in the BS amplitude. The pion BS amplitude

Γπðp;PÞ ¼ iγ5hπðp;PÞ: ð3Þ

Here p� denotes the quark momenta and P is the
momentum of the pion. The quark propagator is given by

GqðpÞ ¼ ½−iγ · pþMqðpÞ�Δðp2;MqðpÞÞ; ð4Þ

with

Δðp2;MqðpÞÞ ¼
1

ZqðpÞ
1

p2 þM2
qðpÞ

ð5Þ

being a scalar function. In (5), ZqðpÞ and MqðpÞ stand for
the quark wave function and the quark mass function,
respectively. The unamputated pion BS amplitude in (1) is
also shown diagrammatically in Fig. 1.
The four-vector momentum p, which is both in the light-

front and quasi-light-front formalisms, reads

pμ ¼ ðp0; p3; p1; p2Þ ¼ ðp0; p3; p⊥Þ: ð6Þ

In (6), the transverse momentum is given by p⊥ ¼ ðp1; p2Þ.
As for the pion momentum, there is a slight difference. In
the light-front formalism, the on-shell momentum of the
pion in a rest frame is given by

PLF;μ ¼ ðimπ; 0; 0; 0Þ; ð7Þ

with P2
LF ¼ −m2

π. While in the quasi-light-front formalism,
a nonzero longitudinal momentum for the pion, here
denoted by Pz, is necessary. Thus, one arrives at

Pμ ¼ ðiEπ; Pz; 0; 0Þ; Eπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

q
; ð8Þ

with the Lorentz invariant P2 ¼ −m2
π .

A twist-two quasiparton distribution amplitude (quasi-
PDA or qPDA) of the pion is given by

ϕπðx;PzÞ

¼ 1

fπ
TrCD

�Z
d4p
ð2πÞ4δðñ ·pþ−xñ ·PÞγ5γ · ñχπðp;PÞ

�
; ð9Þ

with the pion decay constant fπ and an Euclidean vector
ñ ¼ ð0; 1; 0; 0Þ, where the subscript CD indicates that the
trace operates in the color and Dirac space. Equation (9) is
obtained under the light-cone gauge, see the detailed
discussion in Appendix A. The variable x stands for the
fraction of pion longitudinal momentum carried by the
quark, which is implemented by the delta function. Note
that if the vector ñ is replaced with the lightlike vector
n ¼ ði; 1; 0; 0Þ, the quasi-PDA in (9) would return to the

FIG. 1. Diagrammatic representation of the unamputated
Bethe-Salpeter amplitude for the pion.
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PDA on the light front. Moreover, the PDA can also
be obtained from the quasi-PDA in the limit of large
longitudinal momentum, i.e., Pz → ∞, based on the
LaMET [27,30], which is demonstrated and proved ana-
lytically in two simple cases in Appendixes B and C. If the
transverse momentum in (9) was not integrated and kept
untouched, one would obtain instead the quasi-light-front
wave function (quasi-LFWF) of pion, denoted by
ψπðx; Pz; p⊥Þ. Obviously, the quasi-PDA is related to
the quasi-LFWF through the relation, as follows

ϕπðx; PzÞ ¼
1

16π3

Z
d2p⊥ψπðx; Pz; p⊥Þ: ð10Þ

In the same way, one can also obtain the valence-quark
quasi–parton distribution function (quasi-PDF) for the
pion [20,21,51], as follows

uπðxÞ ¼ TrCD

�Z
d4p
ð2πÞ4 δðñ · pþ − xñ · PÞ

× ðñ · ∂pHþðp;PÞÞH−ðp;PÞ
�
− SðxÞ; ð11Þ

with

SðxÞ ¼ 1

2
TrCD

�Z
d4p
ð2πÞ4 δðñ · pþ − xñ · PÞ

× ñ · ∂pðHþðp;PÞH−ðp;PÞÞ
�
; ð12Þ

where one has ñ · ∂p ¼ ñμð∂=∂pμÞ and

Hþðp;PÞ ¼ Γ̄πðp;−PÞGqðpþÞ; ð13Þ

H−ðp;PÞ ¼ Γπðp;PÞGqðp−Þ; ð14Þ

with Γ̄πðp;PÞ ¼ C†Γπðp;PÞTC, where C is the charge
conjugation matrix.

III. QUARK PROPAGATOR AND BETHE-
SALPETER AMPLITUDE

Apparently, a pion BS amplitude as well as the quark
propagator in the complex plane of momenta is required to
compute the quasi-PDA in (9) or the quasi-PDF in (11)
discussed in the section above. Recently, we have devel-
oped an approach of multiquark flows within the functional
renormalization group, which is well suited for the studies
of bound state properties [48–50]. It is found that the flow
of quark self-energy, i.e., the two-quark correlation func-
tion, and the flow of four-quark vertex play a similar role as
the quark gap equation and Bethe-Salpeter equation for the
four-quark scattering kernel, respectively. Note that the
self-consistency between the two-quark and four-quark
flows is guaranteed naturally by the fact that these two

flows are derived from the same effective action, indepen-
dent of truncations used.
In this work, we would like to calculate the pion

quasiparton distributions based on the pion BS amplitude
and quark propagator obtained from the infrared dynamics
of four-quark scatterings. This low-energy effective theory
(LEFT) within the fRG is introduced in [49], which can be
directly embedded in the QCD, see [50]. This also indicates
that our approach can be directly applied to QCD.
In this section, we briefly introduce the four-quark

formalism and the related notations firstly, and then present
the results of observables to be used. For more details, we
refer to the works of series [48–50]. Let us begin with the
effective action of a two-flavor LEFT, that is,

Γk½q; q̄� ¼ Γkin;k½q; q̄� þ Γ4q;k½q; q̄�; ð15Þ

being purely fermionic, where k denotes the infrared cutoff,
i.e., the renormalization group (RG) scale, in the flows of
fRG. The kinetic term reads

Γkin;k ¼
Z

d4p
ð2πÞ4 ZqðpÞq̄ð−pÞ½i=pþMqðpÞ�qðpÞ; ð16Þ

with =p ¼ γμpμ. The four-quark term is given by

Γ4q;k ¼ −
Z

d4p1

ð2πÞ4 � � �
d4p4

ð2πÞ4 ð2πÞ
4δðp1 þ p2 þ p3 þ p4Þ

× λαðpÞT ðαÞ
ijlmðpÞq̄iðp1Þqjðp2Þq̄lðp3Þqmðp4Þ; ð17Þ

where a Fierz-complete tensor basis of ten elements T ðαÞ
ijlm

for two-flavor quarks is used, and λα is the relevant four-
quark dressing of tensor α. A sum over the index α is
assumed in (17).
With the effective action, we use the fRG equation to

solve the two- and four-point correlation functions. The
flow equation reads [47],

∂tΓk½Φ� ¼ 1

2
TrðGk½Φ�∂tRkÞ; ð18Þ

with the RG time t ¼ lnðk=ΛÞ, the regulator term Rk, and

Gk½Φ� ¼ 1

Γð2Þ
k ½Φ� þ Rk

: ð19Þ

Specifically, the diagrammatic representation of the flow
equations is shown in Fig. 2. In the current LEFT
calculation, the cutoff scale Λ in the fRG flow equations
is the renormalization scale of the quark correlation
functions. In the ultraviolet regime, the fRG approach,
including the present work, corresponds in most cases to a
momentum subtraction scheme called the MOM2 scheme.
For detailed discussions, see [52]. This subtraction scheme

QUASIPARTON DISTRIBUTIONS OF PIONS AT LARGE … PHYS. REV. D 112, 074001 (2025)

074001-3



can be easily mapped onto other commonly used schemes,
such as the MOM scheme in Dyson-Schwinger equation
(DSE) studies and the MS scheme on the lattice, by
multiplying with appropriate constants.
In the following, we discuss the truncation of the

momentum dependence of the four-quark interaction ver-
tex. The four-quark vertex is depicted in Fig. 3, where the
momentum notations are also shown. In our previous
work [49], a three-momentum approximation for the
four-quark vertices has been established, viz.,

λαðp1; p2; p3; p4Þ ≈ λαðs; t; uÞ; ð20Þ

with

p1 ¼ −p̄ −
P
2
; p2 ¼ p̄ −

P
2
;

p3 ¼ −p̄0 þ P
2
; p4 ¼ p̄0 þ P

2
: ð21Þ

Here fP; p̄; p̄0g describe the momentum configuration of
the four-quark vertex. The Mandelstam variables read

s ¼ ðp̄þ p̄0Þ2; t ¼ P2; u ¼ ðp̄ − p̄0Þ2: ð22Þ

The reliability of the approximation in (20) was inves-
tigated in detail in [49], and it was found that the resulting
error does not exceed 1.5%. Being compatible with the
three-momentum approximation, the momentum configu-
ration of the four-quark vertex is chosen as

Pμ ¼
ffiffiffiffiffiffi
P2

p
ð1; 0; 0; 0Þ;

p̄μ ¼
ffiffiffiffiffi
p2

q
ð1; 0; 0; 0Þ;

p̄0
μ ¼

ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ; ð23Þ

which are obviously in one-by-one correspondence to the
Mandelstam variables ðs; t; uÞ. When the t-channel
momentum is on shell, that is, the momentum is near
the pole mass of mesons, e.g., P2 ≈ −m2

π for the pion
channel, the strength of four-quark dressing increases
remarkably, which indicates there is a resonance of emer-
gent mesonic degrees of freedom. Consequently, in the
resonance the four-quark vertex can be approximated by

the two quark-meson vertices connected by a meson
propagator as shown in Fig. 4. In order to extract the
BS amplitude appropriately, we choose another momentum
configuration, as follows

Pμ ¼
ffiffiffiffiffiffi
P2

p
ð1; 0; 0; 0Þ;

p̄μ ¼
ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ;

p̄0
μ ¼ −

ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ: ð24Þ

Equation (24) is a bit different in comparison to (23).
This choice and handling of the momentum configuration
guarantee the self-consistency of the fRG flow equations
for the four-quark vertex, and enable a reliable extraction of
the pion wave function. Here we have used p̄μ¼−p̄0

μ≡pμ,
which is in accordance with the definition of the BS
amplitude in Fig. 1.
Note that the computation above is done in the Euclidean

regime, i.e., t ¼ P2 ≥ 0. The Euclidean data of the four-
quark dressings are continued analytically into the
Minkowski regime based on the Padé approximants, which
are discussed in detail in [49]. The pion pole mass is
obtained from the zero point of the inverse of the four-quark
coupling, viz.,

λ−1π ðP2 ¼ −m2
πÞ ¼ 0: ð25Þ

The relevant BS amplitude just corresponds to the residue
of the four-quark coupling at the pole, i.e.,

hπðp;cosθÞ¼ lim
P2→−m2

π

½λπðP2;p;cosθÞðP2þm2
πÞ�1=2: ð26Þ

FIG. 2. Diagrammatic representation of flow equations of the
quark two-point function and the four-quark vertices.

FIG. 3. Diagrammatic representation of the four-quark vertices,
where all momenta are incoming.

FIG. 4. Schematic demonstration of the decomposition of the
four-quark vertex into the two quark-meson vertices connected by
a meson propagator, when the t-channel momentum is near the
pole mass of the meson. The direction of external quark momenta
is along with that of fermion flows.
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As a short conclusion, we briefly introduced the LEFT
with the fRG, which describes the infrared dynamics of
four-quark scatterings, including its interaction truncations
and momentum-dependent approximations. Based on this
framework, we obtained the momentum-dependent quark
mass function and the BS amplitude in Euclidean space.
They will be applied in the following quasi-PDA and quasi-
PDF calculations under the light-cone gauge approxima-
tion; see the detailed discussion in Appendix A and related
reviews [53,54].

IV. ANALYTIC STRUCTURE
IN THE COMPLEX PLANE

In this Section, we analyze the complex structure of
quasi-PDA and quasi-PDF and specifically introduce our
approach. In Sec. IVA, we introduce an integral contour
with a finite shift in the imaginary direction by analyzing
the distribution of quasi-PDA poles in the complex plane.
In Sec. IV B, we introduce how to extract partial informa-
tion in Minkowski space from the Euclidean quark mass
function and BS amplitude through a Taylor expansion.
This extends the computable range of Pz, leading to more
precise PDA and PDF calculations, which are also shown in
Secs. V B and V C.

A. Deformed integration contour for the p0 integral

Now we are ready to compute the quasi-PDA in (9). It is
straightforward to integrate the longitudinal momentum p3

by resorting to the delta function. Inserting (2) and (8), one
is immediately led to

p3 ¼
�
x −

1

2

�
Pz; ð27Þ

and the pion quasi-PDA

ϕπðx;PzÞ¼
1

fπ

4Nc

ð2πÞ4
Z

dp2⊥dp0hπðp;cosθÞPz

×
1

ZqðpþÞZqðp−Þ
1

p2þþM2
qðpþÞ

1

p2
−þM2

qðp−Þ
× ½xMqðp−Þþð1−xÞMqðpþÞ�; ð28Þ

with

cos θ ¼ p0

p
; p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
0 þ p2

3 þ p2⊥
q

: ð29Þ

Before we integrate the variable p0, it is necessary to
analyze the analytic structure of (28). To that end, in this
section, we assume for the moment that both the BS
amplitude hπ and the quark mass Mq are constants, which
allows us to do analytic calculations. Obviously from the
propagators of the quark and antiquark in (28), one readily
finds four poles on the purely imaginary axis. For the

quark, the two poles are labeled as

p0;pole 1¼ i

�
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
zþm2

π

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðxPzÞ2þM2

q

q �
;

p0;pole 2¼ i

�
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
zþm2

π

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðxPzÞ2þM2

q

q �
: ð30aÞ

The other two poles for the antiquark read

p0;pole 3 ¼ i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

p
2

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðð1 − xÞPzÞ2 þM2

q

q �
;

p0;pole 4 ¼ i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

p
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðð1 − xÞPzÞ2 þM2

q

q �
:

ð30bÞ

It can be easily found that the first pole is always in the
lower half complex plane and the fourth pole always in the
upper half. What is intriguing is that the second pole,
supposed to be in the upper half plane, might cross over the
x axis and enter into the lower half of the transverse
momentum p⊥ is small while Pz is large. In the same way,
the third pole could move from the lower half to the upper
half plane. This behavior is clearly shown in the left panel
of Fig. 5, where the imaginary parts of the four poles in (30)
are depicted as functions of the momentum fraction x.
Here, we have chosen p⊥¼0, Pz¼1GeV,Mq¼0.35GeV,
mπ ¼ 0.14 GeV for illustrative purposes. One can see that
the second pole enters into the lower half plane in the
regime of −0.5 < x < 0.5 and the third pole into the upper
half plane in the regime of 0.5 < x < 1.5.
It is important to emphasize that the crossing of the

second and third poles over the real axis arises as an
unphysical artifact due to the introduction of Pz. On the
light front, the positions of the second and third poles are,
respectively, given by

pLF
0;pole 2 ¼ −

1

2
xmπ þ i

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2⊥ þ 2M2

q þ ðxmπÞ2
q

;

pLF
0;pole 3 ¼

1

2
xmπ − i

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p2⊥ þ 2M2

q þ ðxmπÞ2
q

: ð31Þ

One can observe that, on the light front, neither the second
nor the third pole crosses the real axis. So when the crossing
takes place in quasi–light front, the p0 integral, being
originally along the real axis, should be modified accord-
ingly. Otherwise, the contribution of quark or antiquark to
Eq. (28) could not be taken into account. This is also
demonstrated clearly in the right panel of Fig. 5, where the
quasi-LFWF of the pion on the right side of (10) is
presented. The blue dashed line denotes the results with
the p0 integral along the real axis. In the two disconnected
crossing regions with −0.5 < x < 0.5 and 0.5 < x < 1.5,
being symmetric with respect to x ¼ 0.5, the integrated
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results are obviously incorrect. To correct the results, one
just needs to shift the integral to that with a finite imaginary
part, i.e.,

Z
∞

−∞
dp0 →

Z
∞þiC

−∞þiC
dp0; ð32Þ

such that the shifted integral contour crosses between the
first and second poles in (30a) and between the third and
fourth poles in (30b). This requires

Imp0;pole 1 < C < Imp0;pole 2;

Imp0;pole 3 < C < Imp0;pole 4; ð33Þ

where C is the shifted magnitude in (32). Here we choose

C ¼ Imp0;pole 2 þ Imp0;pole 3

2
; ð34Þ

as shown by the black solid line in the left panel of Fig. 5,
which obviously satisfies the constraints in (33). The
resulting quasi-LFWF after the shift is given by the red
solid line in the right panel of Fig. 5, which is the desired
correct result. Note that the results of the red solid and blue
dashed lines are identical to each other when there is no
crossing as they should be. In particular, to illustrate the
contour deformation method more concretely, in
Appendix D we present a comparative calculation with
an example from [29] carried out in Minkowski space.

B. Taylor expansion of the Bethe-Salpeter amplitude
and quark mass in the complex plane

As we have discussed in Sec. IVA, the shift

p0 → p0 þ iC; ð35Þ

is required in the p0 integral, which allows us to take into
account the contributions from the poles of the quark and
antiquark properly. This entails that the momentum p in the
BS amplitude in (26) has the form as follows

pμ ¼ ðp0 þ iC; ðx − 1=2ÞPz; p⊥Þ; ð36Þ

where we have used the relation in (27) arising from the
delta function in (9). In the same way, the momenta of
quark and antiquark as shown in Fig. 1 or (28) read

pþμ ¼
�
p0þ i

�
Cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

q
=2
�
;xPz;p⊥

�
;

p−μ ¼
�
p0þ i

�
C−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

q
=2
�
;ðx−1ÞPz;p⊥

�
: ð37Þ

Evidently, the zeroth components in all the momenta from
(36) and (37) are complex valued. In this work, we use the
Taylor expansion to extend the momentum dependence to
the complex plane, by means of a series of powers of the
imaginary part. This leads us to

hπðp; cos θÞ ¼ hπðp̄; cos θÞ þ
Xn
m¼1

1

m!

∂
mhπ
∂pm

0

ðΔp0Þm

þOððΔp0Þmþ1Þ; ð38Þ

with

p̄μ ¼ ðp0; ðx − 1=2ÞPz; p⊥Þ; Δp0 ¼ iC; ð39Þ

for the pion BS amplitude, where it is expanded to the n-th
order. Similarly one finds the quark mass

FIG. 5. Left panel: Imaginary parts of the four poles in (28) as functions of the momentum fraction x. The black solid line denotes the
magnitude of the shift in the imaginary axis in the integral of p0 for the quasi-PDA. Right panel: Quasi–light-front wave function of
pion, ψπ , as a function of the momentum fraction x. The result of the red solid line is obtained with a shift in the imaginary axis as shown
in the left panel in the p0 integral, while the blue dashed line corresponds to the result without such shift, i.e., integrating p0 along the
real axis. In both panels, the results are obtained with p⊥ ¼ 0, Pz ¼ 1 GeV, Mq ¼ 0.35 GeV, mπ ¼ 0.14 GeV, hπ ¼ 1.
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MqðpþÞ ¼ Mqðp̄þÞ þ
Xn
m¼1

1

m!

∂
mMq

∂pm
0

ðΔpþ
0 Þm

þOððΔpþ
0 Þmþ1Þ;

Mqðp−Þ ¼ Mqðp̄−Þ þ
Xn
m¼1

1

m!

∂
mMq

∂pm
0

ðΔp−
0 Þm

þOððΔp−
0 Þmþ1Þ; ð40Þ

with

p̄þμ ¼ðp0;xPz;p⊥Þ; p̄−μ ¼ðp0;ðx−1ÞPz;p⊥Þ; ð41Þ

and

Δpþ
0 ¼ i

�
Cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

q
=2
�
;

Δp−
0 ¼ i

�
C −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
z þm2

π

q
=2
�
: ð42Þ

In the numerical calculations in this work, the Taylor
expansion for the BS amplitude and the quark masses in
(38) and (40) has been done up to the fourth order.

V. NUMERICAL RESULTS

A. Quark mass and Bethe-Salpeter amplitude

A four-quark low energy effective theory within the fRG
was established in [49]. In this approach quantum fluctua-
tions of different momentum modes are integrated succes-
sively with the evolution of RG flows [46,47]. The flows
are initiated from an ultraviolet (UV) cutoff scale, denoted
by k ¼ Λ, and evolved toward the infrared (IR). A full
quantum effective action is resolved after the IR limit k ¼ 0
is arrived at [55]. In the LEFT at the initial scale Λ the
four-quark couplings of the pion and sigma channels are
given by

λσ;Λðp̄Þ ¼ λπ;Λðp̄Þ ¼ λ̄Λ−2 exp

�
−
1

2

�
p̄
Λ

�
2
�
; ð43Þ

with the average momentum

p̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

2 þ p2
3 þ p2

4

q
; ð44Þ

while the four-quark couplings of other channels among the
ten Fierz-complete tensor structures are vanishing at k ¼ Λ.
The UV cutoff Λ, λ̄ in (43) and the light quark massMq;Λ at
k ¼ Λ constitute the parameters of the two-flavor LEFT.
They are fixed by fitting the pion massmπ ¼ 138 MeV and
the pion decay constant fπ ¼ 93 MeV, and their values
read

Λ¼ 850MeV; Mq;Λ ¼ 19.5MeV; λ̄¼ 16.7: ð45Þ

For more details about the LEFT and its parameters, we
refer to [49].
In Fig. 6 we show the quark mass function obtained in

the two-flavor LEFT within the fRG. This result is also
compared with the lattice results in [49]. It was found there
that the quark mass function obtained in the LEFT is
qualitatively consistent with the lattice quark mass in the
Landau gauge. But there was still some quantitative differ-
ence: More specifically, the dependence of the quark mass
in LEFT is relatively flatter in comparison to the lattice
QCD. This is attributed to the fact that the gluon dynamics,
which are missing in the LEFT, have already begun to play
a role in the momentum regime around the UV cutoff of
LEFT Λ ¼ 850 MeV. This was also confirmed in [49] with
the observation that when the UV cutoff is reduced, say
Λ ¼ 500 MeV, better agreement for the quark mass is
found. Furthermore, it was found that the quark wave
function ZqðpÞ in (5) was very close to unity, and the
difference ZqðpÞ − 1 was negligible in the LEFT. See [49]
for more details.
The pion BS amplitude calculated in [49] is also

presented in Fig. 7. One can see that the dependence on
the angle between the quark and meson momenta is very
mild in the LEFT, in contradistinction to the case of QCD
where a nontrivial dependence of the BS amplitude on the
angle is found.

B. Quasi-LFWF, quasi-PDA, PDA and its moments

In this subsection, we present the calculated results of
quasiparton distribution amplitude for the pions. But before
we do that, it is desirable to show its quasi–light-front wave
function, from which the quasi-PDA is immediately
obtained by integrating out the dependence of transverse
momentum, cf. (10). The results of quasi-LFWF are
presented in Fig. 8, where the longitudinal momentum

FIG. 6. Light constituent quark mass MqðpÞ as a function of
the momentum obtained with the two-flavor low energy effec-
tive theory within the functional renormalization group
approach in [49].
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of pion Pz ¼ 3 GeV is chosen. It can be found that the
wave function ψπ is symmetric with respect to the plane
x ¼ 0.5, and the height of the bump decreases with the
increasing transverse momentum.
In Fig. 9 we show the pion quasi-PDA as a function of x

with values of the longitudinal momentum of pion Pz
chosen from 1 to 4 GeV. Certainly, the larger the longi-
tudinal momentum Pz, the more advantageous it is to use
the quasi-PDA to extract the light-front PDA based on the
LaMET. Nonetheless, there is usually a maximal value of
Pz in calculations, and only below this maximal longi-
tudinal momentum is the computation applicable. The
underlying reason is illustrated as follows.
We begin with the comparison of relative positions of

the second and third poles in the complex plane as shown

in (30a) and (30b). If we assume that the imaginary part of
the second pole is larger than that of the third pole, one
readily finds from Eqs. (30a) and (30b)

4p2⊥ þ ð2MqÞ2 > m2
π; ð46Þ

with x ¼ 1=2. This constraint can be further reduced to

2Mq > mπ; ð47Þ

with p⊥ ¼ 0. Equation (47) is always satisfied if the quark
mass is a constant and not dependent on the momentum, as
shown in the left panel of Fig. 5. Note that the poles in (30)
are also obtained with the assumption of constant quark
mass. The constraint in (47) in fact is the stability condition
for the pion, otherwise the pion would dissolve into a pair
of quark and antiquark since the binding energy is positive
from the naive viewpoint. However, If we include the
momentum dependence of the quark mass further, as
shown in (40), the constraint in (47) could be violated
with the increase of Pz. This is confirmed in our numerical
calculations.
In Fig. 10 we show the dependence of the quasi-PDA of

pion on the longitudinal momentum Pz with x ¼ 0.5 fixed,
where results obtained from different orders of Taylor
expansion are presented. Note that the quasi-PDA here is
not normalized, that is, its zeroth cumulant in (52) is not
necessarily unity. One can see that ϕπ increases with Pz in
the region of small longitudinal momentum, and then is
flattened and a plateau is developed, which indicates that
the saturation of quasi-PDA with the increasing Pz is
approached. The saturation momentum where the plateau
appears increases from ∼2 GeV to ∼4 GeV, when the
order of Taylor expansion is increased from the zeroth to

FIG. 7. 3D plot of the Bethe-Salpeter amplitude of pions as a
function of the magnitude of quark momentum and the angle
between the quark and pion momenta, as shown in (26).
The results are obtained with the two-flavor low energy effec-
tive theory within the functional renormalization group
approach in [49].

FIG. 8. 3D plot of the pion quasi-LFWF as a function of the
momentum fraction x and transverse momentum p⊥ with the
longitudinal momentum Pz ¼ 3 GeV.

FIG. 9. Quasi-PDA of pions as a function of the momentum
fraction x calculated with several different finite values of Pz. The
red solid line with error bands denotes the extrapolated PDAwith
Pz → ∞ from (48) based on the LaMET. The error arises from
the region choice of the longitudinal momentum Pz for the
extrapolation, cf., the text for the details. The asymptotic PDA
labeled by the gray dashed line is also presented for comparison.
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the fourth. The ϕπ drops slightly after the Pz exceeds the
saturation momentum and then increases abruptly due to
the reason discussed above, which indicates that the
longitudinal momentum has already been located out of
the region of reliability. Note that the slight drop above the
saturation momentum is due to the unrealistic large quark
mass in the region of ultraviolet large momentum in the
LEFT, cf. Fig. 6, which would disappear in QCD. The
abrupt divergence of the ϕπ at large momentum stems from
the restriction of the reliable calculation range for the
longitudinal momentum, see (46) and (47). The improve-
ment in the reliable range requires incorporating more
information about the quark mass function and BS ampli-
tude in the complex plane.
Due to the reasons discussed above, the longitudinal

momentum of the quasi-PDA in our calculations is
restricted to the region of Pz ≲ 4 GeV and the Taylor
expansion is done up to the fourth order. Evidently, it is
found in Fig. 9 that one has already arrived at saturation
when Pz is increased up to 4 GeV. Moreover, in the
same plot we also present the results of light-front PDA
extracted from the calculated quasi-PDA based on the
LaMET [27,30], that is

ϕπðx; PzÞ ¼ ϕπðx; Pz → ∞Þ þ c2ðxÞ
P2
z

þ c4ðxÞ
P4
z

þO
�

1

P6
z

�
;

ð48Þ
where it is expanded to the fourth order of 1=Pz. Here
ϕπðx; Pz → ∞Þ corresponds to the PDA of the pion, which
is denoted specifically by

φ̃πðxÞ ¼ ϕπðx; Pz → ∞Þ: ð49Þ
The error band of PDA is also shown in Fig. 9, which
estimates the errors of the extracted PDA arising from

different momentum regions used to do the extrapolation,
Pz ∈ ½1 GeV; Pmax

z � with Pmax
z ¼ 3, 4, 5 GeV.

Note that in the endpoint regions of momentum fraction,
i.e., in the proximity of x ∼ 0 or x ∼ 1, LaMET cannot be
used reliably [30], which is reflected by the nonphysical
results of φ̃πðxÞ (49) found in Fig. 9, where φ̃πðxÞ is
nonzero when the fraction x is a bit smaller than zero or
larger than unity, although it indeed decays into zero
rapidly as one approaches more deeply toward the outer
regions. In order to circumvent this problem, we adopt a
phenomenological method as used in [32], where a further
extrapolation

φ̃πðxÞ⟶
cxað1−xÞb

φπðxÞ; ð50Þ

in the endpoint regions with the fitting parameters a, b, c is
implemented. The endpoint regions are chosen as

0 ≤ x ≤ xEP; and 1 − xEP ≤ x ≤ 1; ð51Þ

with xEP ¼ 0.1. We also vary the range of endpoint regions,
e.g., xEP ¼ 0.05, 0.15 to estimate the errors of the extrapo-
lation in (50). The final result of φπðxÞ is presented in
Fig. 11 by the red solid line with its error band. The errors
include both the error estimate in the extrapolation of Pz in
(48) and that of x in (50). In Fig. 11 we also compare our
results with the computations of lattice QCD [32] and
DSE [19]. It is found that our calculated pion PDA is in
qualitative agreement with the lattice result within errors.
Moreover, one can see that the pion PDA as a function of
the momentum fraction calculated in this work is thinner
than the central value of lattice QCD, and comparable with
the result of DSE.
The cumulants of PDA are very useful in quantifying the

parton distributions, which are defined as

FIG. 10. Non-normalized quasi-PDA ϕπ as a function of the
longitudinal momentum Pz at x ¼ 0.5. Results shown in different
colors are obtained from the quark mass function and BS
amplitude at different orders of the Taylor expansion, see (38)
and (40).

FIG. 11. Light-front PDA of pion as a function of the
momentum fraction x. Our results are compared with those of
lattice QCD [32] and Dyson-Schwinger equations [19]. The
asymptotic result 6xð1 − xÞ is also presented. The error estimate
of our results is indicated by the band around the red solid line.
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hξniπ ≡
Z

1

0

dx ξnφπðxÞ; with ξ ¼ 2x − 1; ð52Þ

where n denotes the order of cumulants. Since the pion
PDA is symmetric with respect to x ¼ 1=2, as shown in
Fig. 11, the odd-order cumulants of the pion are vanishing.
Our calculated cumulants of pion PDA up to the sixth order
are shown in Table I, which are obtained from the PDA in
Fig. 11. Moreover, several other calculations from lattice
QCD, DSE, QCD sum rules, etc. are also presented in
Table I for comparison. It is found that the quadratic
cumulant of fRG is comparable with the DSE result [19,56]
and the lattice based on the OPE [17], but slightly smaller
than the lattice with the LaMET [32]. The higher-order
cumulants obtained in this work, hξ4iπ and hξ6iπ , are
consistent with the DSE and QCD sum rules [57,58].

C. Quasi-PDF and PDF

In this subsection we present and discuss the results of
the valence-quark quasi-PDF of pion calculated from (11).
First of all, similar to Fig. 10 for the quasi-PDA in Fig. 12

we show the dependence of quasi-PDF on Pz at x ¼ 0.5. In
the same way, results of Taylor expansion in (38) and (40)
up to different orders are compared. Comparing Fig. 12
with Fig. 10, one can find that it is more difficult to achieve
a saturation momentum in quasi-PDF than quasi-PDA. This
can be understood readily since the momentum derivative
in (11) and (12) increases the power of the quark propagator
in quasi-PDF in comparison to the quasi-PDA in (9), which
would make the influence in (46) and (47) more sizable.
Consequently, we choose the saturation momentum in
Fig. 12 as the Pz that corresponds to the minimal slope.
For instance, the saturation momentum is ∼2.1 GeV in the
case of Taylor expansion up to the quartic order, which is
significantly smaller than the counterpart ∼4 GeV for the
quasi-PDA in Fig. 10.
The valence u-quark quasi-PDF of the pion at several

values of Pz is depicted as a function of x in Fig. 13. The
PDF of the pion on the light front is extrapolated from these
quasi-PDFs through a similar LaMET relation in (48) with
Pz → ∞. As with the extrapolation of PDA in Fig. 9, we
vary the momentum range to estimate the errors of
extrapolation, which is shown in the error band in
Fig. 13. Evidently, the errors of PDF are significantly
larger than those of PDA, since the region of feasible

TABLE I. Cumulants of the valence-quark parton distributions of the pion up to the sixth order calculated in this
work. The results are compared with those of lattice QCD based on the LaMET [32] and the DSE [19,56]. Moreover,
we also present the results of lattice QCD based on the operator product expansion (OPE) [14,17] and QCD sum
rules [57,58].

Method hξ2iπ hξ4iπ hξ6iπ
fRG (this work) 0.244þ4

−6 0.119þ5
−7 0.072þ5

−6
Lattice LaMET (LPC) [32] 0.300(41) � � � � � �
DSE [19,56] 0.251 0.128 � � �
Lattice OPE (RBC and UKQCD) [14] 0.28(1)(2) � � � � � �
Lattice OPE (RQCD) [17] 0.234þ6

−6 ð4Þð4Þð2Þ � � � � � �
Sum rule [57,58] 0.271(13) 0.138(10) 0.087(6)

FIG. 12. Non-normalized valence u-quark quasi-PDF of the
pion as a function of the longitudinal momentum Pz at x ¼ 0.5.
Results obtained in different orders of Taylor expansion for the
quark mass function and BS amplitude are shown in different
colors.

FIG. 13. Valence u-quark quasi-PDF of the pion as a function
of the momentum fraction x calculated with several different
finite values of Pz. The red solid line with error bands denotes the
extrapolated PDF with Pz → ∞ based on the LaMET.
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momentum Pz for the quasi-PDF shrinks remarkably in
contrast to that of quasi-PDA, as discussed above. This
unreliability comes from the divergence of higher-order
poles on the right-hand side of (11), which requires us to
consider the quark mass function and BS amplitude in the
complex plane more precisely.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have developed a method within the
functional renormalization group approach to calculate the
valence quark quasi-PDA and quasi-PDF for the pion with
a large longitudinal momentum. This method is applied in a
low-energy effective theory with four-quark scatterings.
The calculated quasi-PDA or quasi-PDF is used to extrapo-
late the light-front PDA or PDF based on the LaMET.
The flows of the quark propagator and the four-quark

vertices constitute a closed set of self-consistent equations,
which can be regarded as analogs of the gap equation for
the quark propagator and the Bethe-Salpeter equation for
the four-quark scattering. Based on this observation and
related advantages, we have constructed a framework of
multiquark flows within the fRG to study properties of
bound states [48–50]. More specifically, taking the pion for
example, one is able to obtain its pole mass and Bethe-
Salpeter amplitude by resolving the pole of the four-quark
vertex of the pion channel and the residue at the pole.
When one adopts the LaMET method to calculate the

light-front PDA or PDF by extrapolating the data of quasi-
PDA or quasi-PDF from finite Pz to Pz → ∞, where Pz is
the longitudinal momentum of the pion, there is a key point,
that is, can one push Pz to a value as large as possible?
However, in realistic calculations the maximal Pz, below
which the computation of quasi-PDA or quasi-PDF is
applicable is usually constrained by our knowledge of
ingredients of parton distribution, e.g., the quark propaga-
tor and the pion BS amplitude, on the complex plane. In
order to incorporate analytic information of parton distri-
butions as much as possible, we have employed two
methods in this work. One is the deformed integration
contour that allows us to encode the pole contribution of
quark propagators correctly. The other one is the Taylor
expansion for the BS amplitude and quark mass.
We find that the pion light-front PDA extracted from the

quasi-PDA in the low energy effective theory in this work is
in qualitative agreement with the lattice QCD within errors.
Moreover, the quadratic cumulant of pion PDA obtained in
this work is comparable with lattice QCD and the Dyson-
Schwinger equation.
As discussed in Sec. III, the approach introduced in this

work is also applicable to the inputs of other momentum-
dependent quark two-point functions and BS amplitudes.
Based on our current first-principles QCD calculations with
fRG [50], we hope to report on the results of PDAs or PDFs
of pion or other hadrons in QCD in the near future.

ACKNOWLEDGMENTS

We thank Lei Chang, Jonas Wessely, and Jan M.
Pawlowski for discussions. This work is supported by
the National Natural Science Foundation of China under
Grants No. 12447102 and No. 12175030, and the
Collaborative Research Centre SFB 1225 (ISOQUANT).

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: LIGHT CONE GAUGE
APPROXIMATION IN THE
BETHE-SALPETER FRAME

In this appendix, we begin with the general definition of
the PDA to derive the light-cone form in (9) and clarify the
light-cone gauge approximation adopted for the Bethe-
Salpeter amplitude.
Generally, the pion state can be described by the two-

quark matrix element [59], which is given by

h0jq̄ðzÞT ·Wðz; 0Þqð0ÞjπðPÞi; ðA1Þ
where Wðz; 0Þ is the Wilson line,

Wðz; 0Þ ¼ Peig
R

1

0
dt zμAμðt;zÞ: ðA2Þ

For the pion, the leading-twist Dirac structure is T ¼ γ5γ
μ.

In this case, we can define the leading-twist PDA in the
light cone,

ifπðn · PÞ
Z

1

0

dx eixP·zϕπðxÞ

¼ h0jq̄ðzÞγ5ðn · γÞWðz; 0Þqð0ÞjπðPÞi; ðA3Þ
which leads to

P · z ¼ Pþ · z− ¼ ðn · PÞðn · zÞ; ðA4Þ

where the superscript þ and − denotes

Pþ ¼ 1ffiffiffi
2

p ðP0 þ P3Þ; z− ¼ 1ffiffiffi
2

p ðz0 − z3Þ: ðA5Þ

More importantly, in light-cone gauge Aμ ¼ Aþ ¼ 0, the
Wilson line is simplified to

Wðz; 0Þ ¼ Peig
R

1

0
dt ðz−·AþÞðt;zÞ ¼ 1: ðA6Þ

Then we arrive at

fπϕπðxÞ ¼
1

n · P

Z
dðn · zÞ
2π

e−ixðn·PÞðn·zÞ

× h0jq̄ðn · zÞγ5ðn · γÞqð0ÞjπðPÞi: ðA7Þ
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For the matrix element, in the Bethe-Salpeter framework,
the pion state is expressed as a two-body bound state of the
valence quarks reasonably,

jπðPÞi¼
Z

d4pq†
�
p−

P
2

�
Γπðp;PÞq̄†

�
pþP

2

�
j0i: ðA8Þ

Theoretically, both the BS amplitude and the quark
correlation function here should be defined in the light-
cone gauge. According to the definition of the Bethe-
Salpeter wavefunction of the valence quark in (A8), the
PDA in (A7) can be represented as an integral and trace
involving the BS wave function,

fπϕπðxÞ ¼
1

n · P

Z
dðn · zÞ
2π

e−ixðn·PÞðn·zÞ

×
Z

d4p
ð2πÞ4 e

iðn·pþÞðn·zÞTrCD½γ5ðn · γÞχπðp;PÞ�;

ðA9Þ
where the integration of z is

1

n · P

Z
dðn · zÞ
2π

e−iðn·zÞðxn·P−n·pþÞ

¼ δðn · pþ − xn · PÞ: ðA10Þ
Finally, we obtain the expression for the PDA on the light
cone,

ϕπðxÞ

¼ 1

fπ
TrCD

�Z
d4p
ð2πÞ4 δðn · pþ − xn · PÞγ5γ · nχπðp;PÞ

�
:

ðA11Þ
Within the quasi–light-front framework, we arrive at (9) as
presented in the paper.
Similarly, the pion PDF is defined as [60]

uπðxÞ ∝
Z

dðn · zÞ
2π

e−ixðn·PÞðn·zÞhπðPÞjq̄ðn · zÞΓqð0ÞjπðPÞi;

ðA12Þ
where the matrix element can be clearly expressed as

hπðPÞjq̄ðn · zÞΓqð0ÞjπðPÞi

¼
Z

dp4

ð2πÞ4 e
ipzTrCD½χ̄πðp;PÞΓχπðp;PÞ�: ðA13Þ

Now we discuss the light gauge approximation, which is
used in the BS wave function. As shown in (A6), theWilson
line in the matrix element is strictly unity only in the light-
cone gauge. Since the Bethe–Salpeter wave function in (A7)
is not gauge invariant, it should, in principle, be obtained in
the light-cone gauge. However, in the continuum field

theory framework, it is challenging to compute correlation
functions in the light-cone gauge directly. Here, we assume
that the BSwave function obtained from the fRG calculation
can be approximately applied in the light-cone gauge
computation. Although the input for the BS amplitude
and the quark mass function in the paper is obtained within
a low-energy effectivemodel, we have benchmarked gauge-
invariant observables such as the pion pole mass and decay
constant, which ensures the reliability of our calculation.
Moreover, we have reevaluated the correlator under the
quasi–light-cone momentum configuration, which further
enhances the reliability of our calculation.
It should be emphasized that this approximation has been

widely accepted and applied for nearly three decades,
especially within the Dyson-Schwinger Equation–Bethe-
Salpeter Equation framework, see in the related reviews
[26,53,54,61,62] and also the important results on PDAs
and PDFs [19,21].

APPENDIX B: QUASI-PDA IN THE
POINTLIKE LIMIT

In this appendix, wewould like to derive the pion PDA in
the pointlike pion and asymptotic limits in the quasi–light-
front framework analytically, using the integration shift
discussed in Sec. IVA.
First of all, we begin with the pointlike limit. In this limit,

the momentum dependence of quark mass and BS ampli-
tude is neglected, and here we take hπ ¼ 1. Note that the
constant BS amplitude also corresponds to the chiral limit
mπ ¼ 0, see [63]. Then the quasi-LFWF is given by

ψπðx; Pz; p⊥Þ

¼ 1

πfπ
TrCD

�Z
dp0dp3δðñ · pþ − xñ · PÞγ5γ · ñχπðp;PÞ

�

¼ 4Nc

πfπ

Z
dp0PzMq

1

ðp0 þ iPz=2Þ2 þ ðxPzÞ2 þ p2⊥ þM2
q

×
1

ðp0 − iPz=2Þ2 þ ð1 − xÞ2P2
z þ p2⊥ þM2

q
; ðB1Þ

where the quark wave function is assumed to be Zq ¼ 1.
Hence, the poles in (30) are reduced to

p0;pole 1 ¼ i

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðxPzÞ2 þM2

q

q
−
Pz

2

�
;

p0;pole 2 ¼ i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðxPzÞ2 þM2

q

q
−
Pz

2

�
;

p0;pole 3 ¼ i

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðð1 − xÞPzÞ2 þM2

q

q
þ Pz

2

�
;

p0;pole 4 ¼ i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðð1 − xÞPzÞ2 þM2

q

q
þ Pz

2

�
: ðB2Þ
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According to the shifted p0 integral in (32) with (33), it is
equivalent to compute the residues at p0;pole 1 and p0;pole 3

or p0;pole 2 and p0;pole 4. Then one arrives at

ψπðx;Pz;p⊥Þ ¼
2Nc

fπ
MqPzf½Pzðp2⊥þðxPzÞ2þM2

qÞ

−xP2
zðp2⊥þðxPzÞ2þM2

qÞ1=2�−1
þð1−xÞP2

zðp2⊥þðð1−xÞPzÞ2þM2
qÞ1=2�−1

− ½Pzðp2⊥þðð1−xÞPzÞ2þM2
qÞg: ðB3Þ

It is not difficult to find that the first term in the curly
bracket in (B3) behaves as ∼P−1

z as Pz → ∞ and the second
term ∼P−3

z . Therefore, the second can be neglected safely,
and one finally finds the pion light-front wave function

ψLF
π ðx;p⊥Þ≡ψπðx;Pz→∞;p⊥Þ¼

4Nc

fπ

Mq

p2⊥þM2
q
: ðB4Þ

Evidently, the LFWF above is independent of the momen-
tum fraction x, and so is the PDA, which reads

φπðxÞ ¼ 1; ðB5Þ

for the pointlike case. In this case, the pion can be regarded
as a pointlike particle without inner structure.

APPENDIX C: QUASI-PDA IN THE
ASYMPTOTIC LIMIT

The asymptotic limit corresponds to the ultraviolet high
energy regime of p ≫ ΛQCD. In this regime, the quark mass
can be treated as a constant, and the pion meson mass can
be neglected as such mπ ¼ 0. Here we employ the first-
order Nakanishi-like representation for the BS amplitude,
see also [19]. Since the PDA would be normalized finally,
one can ignore constant prefactors in the BS amplitude as

well as the quasi-LFWF in (B1) for the moment. Inserting
the quasi-light-front BS amplitude as follows

hπðp;PÞ

¼
Z

1

−1
dw

1−w2

ðp0 þ iwPz=2Þ2 þ ðp3 þwPz=2Þ2 þp2⊥ þM2
q
;

ðC1Þ

one finds for the quasi-LFWF

ψπðx; Pz; p⊥Þ

¼ MqPz

Z
dp0

Z
1

−1
dwð1 − w2Þ

×
1

ðp0 þ iwPz=2Þ2 þ ðwþ 2x − 1Þ2P2
z=4þ p2⊥ þM2

q

×
1

ðp0 þ iPz=2Þ2 þ x2P2
z þ p2⊥ þM2

q

×
1

ðp0 − iPz=2Þ2 þ ð1 − xÞ2P2
z þ p2⊥ þM2

q
: ðC2Þ

Note that there are two other poles from the BS amplitude
besides the four poles in (B2), which are denoted by

p0;pole 5¼ i

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðwþ2x−1Þ2P2

z

4
þM2

q

r
−
wPz

2

�
;

p0;pole 6¼ i

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðwþ2x−1Þ2P2

z

4
þM2

q

r
−
wPz

2

�
: ðC3Þ

One is able to integrate p0 in (C2) as before by
computing the residues at ðp0;pole 1; p0;pole 3; p0;pole 5Þ or
ðp0;pole 2; p0;pole 4; p0;pole 6Þ. Then, the result is given by

ψπðx;Pz;p⊥Þ¼ πMqPz

Z
1

−1
dw

2
641þw

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðxPzÞ2þM2

q

q 1�
Pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðxPzÞ2þM2

q

q
−xP2

z

�
2

þ1−w
2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðð1−xÞPzÞ2þM2

q

q 1�
Pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðð1−xÞPzÞ2þM2

q

q
þð1−xÞP2

z

�
2

−
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2⊥þðwþ2x−1Þ2P2
z=4þM2

q

q 1�
Pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥þðwþ2x−1Þ2P2

z=4þM2
q

q
− ðwþ2x−1ÞP2

z=2
�
2

3
75: ðC4Þ

It is not difficult to find that the first term in the square bracket
in (C4) has the leading behavior ∼P−1

z in the limit of
Pz → ∞, the second term∼P−5

z , which would not contribute
to the light-front PDA. For the third term, we have to

distinguish two cases: One is wþ 2x − 1 > 0 and it has
the leadingbehavior∼P−1

z that contributes toPDA.Theother
is wþ 2x − 1 < 0, which leads to ∼P−5

z and thus can be
neglected. Taking all these analyses into account, one is led to
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ψLF
π ðx;p⊥Þ ¼ 4π

Mq

ðp2⊥ þM2
qÞ2

×

�Z
1

−1
dw

1þ w
2

x−
Z

1

1−2x
dw

2x− 1þw
2

�
:

ðC5Þ

Finally, we arrive

ψLF
π ðx; p⊥Þ ¼ 4π

Mq

ðp2⊥ þM2
qÞ2

xð1 − xÞ: ðC6Þ

In consequence, the light-front PDA of the pion in the
asymptotic limit reads

φπðxÞ ¼ 6xð1 − xÞ; ðC7Þ

which has been normalized.

APPENDIX D: A COMPARATIVE EXAMPLE
BETWEEN THE CONTOUR DEFORMATION

AND THE MINKOWSKI INTEGRAL

In [29], a representative example is provided, in which
the Minkowski-space integral is given by

IM ¼ pz

Z
d2k⊥
ð2πÞ2

Z
dk0
2π

×
1

k20 − E2
k þ iϵ

1

ðp0 − k0Þ2 − E2
p−k þ iϵ

; ðD1Þ

where

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

q
;

Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ x2p2

z þm2

q
;

Ep−k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ ð1 − xÞ2p2

z

q
: ðD2Þ

The poles are determined

k0;1 ¼ Ek − iϵ; k0;2 ¼ −Ek þ iϵ;

k0;3 ¼ p0 þ Ep−k − iϵ; k0;4 ¼ p0 − Ep−k þ iϵ: ðD3Þ

By applying the residue theorem to the poles k0;2 and k0;4 in
the upper half-plane, we perform the k0 integration and
obtain

IM ¼ ipz

4π2

Z
d2k⊥

1

4EkEp−k

×

�
1

p0 þ Ek þ Ep−k
−

1

p0 − Ek − Ep−k

�
: ðD4Þ

The integration corresponding to the contour deformation
method is that the integration variable k is in Euclidean
momentum space, while the external variable p is in
Minkowski momentum space, i.e.,

ICD¼pz

Z
d2k⊥
ð2πÞ2

Z
dkτ
2π

1

k2τþE2
k

1

ð−ip0−kτÞ2þE2
p−k

: ðD5Þ

In this case, the poles are

kCDτ;1 ¼ −iEk; kCDτ;2 ¼ iEk;

kCDτ;3 ¼ −ip0 − iEp−k; kCDτ;4 ¼ −ip0 þ iEp−k: ðD6Þ

It can be seen that, compared with the poles in the
Euclidean integration, the distributions of kCDτ;1 ; k

CD
τ;2 , and

kCDτ;3 in the upper and lower half-planes remain unchanged,
while the position of kCDτ;4 depends on the parameter values.
When Ep−k > p0, kCDτ;4 it is in the upper half-plane;
otherwise, it is in the lower half-plane. Therefore, when
Ep < p0, the upper half-plane contains only the pole kCDτ;2 .
In this case, if we directly apply the residue theorem to the
kτ integral, we obtain

I0CD ¼ pz

Z
d2k⊥
ð2πÞ2

1

−2Ek

1

ðp0 þ EkÞ2 − E2
p−k

: ðD7Þ

Clearly, such a result does not reproduce the outcome
obtained in the Minkowski-space calculation. In the con-
tour deformation method, we need to perform a shift of the
kτ integral,

Z
∞

−∞
dkτ ¼

Z
∞þiC

−∞þiC
dkτ; ðD8Þ

where

C ¼ Im kCDτ;1 þ Im kCDτ;4
2

: ðD9Þ

Through the shift, the integration of kτ is ensured to include
the poles kCDτ;2 and kCDτ;4 and arrives at

ICD ¼ ipz

4π2

Z
d2k⊥

1

4EkEp−k

×

�
1

p0 þ Ek þ Ep−k
−

1

p0 − Ek − Ep−k

�
; ðD10Þ

which is equal to IM.
Next, the subsequent steps are consistent with the

Minkowski integral calculation, making the substitution
u ¼ Ek þ Ep−k, which leads to
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du
dk2⊥

¼ u
2EkEp−k

: ðD11Þ

The integral can be simplified and given by

ICD ¼ −
ipz

4π

Z
∞

umin

du
p2
0 − u2

¼ −
ipz

8πp0

In
p0 þ u
p0 − u

				
∞

umin

¼ −
ipz

8πp0

�
Inð−1Þ − In

p0 þ umin

p0 − umin

�

¼ ipz

8πp0

In
umin þ p0

umin − p0

; ðD12Þ

where the lower limit of the integral is

umin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2p2

z þm2

q
þ ð1 − xÞpz: ðD13Þ

Through algebraic simplification, one obtains (4) in the
paper, i.e.,

ICD ¼ i
8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρM

p
�
ln
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ρM
p
ρM

þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ρMÞðx2 þ ρMÞ

p
þ xþ ρM

1 − x

�
; ðD14Þ

with ρM ¼ m2=p2
z . This result is in complete agreement

with that in [29].
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