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In pulsar timing array (PTA) data analysis, noise is typically assumed to be Gaussian, and the
marginalized likelihood has a well-established analytical form derived within the framework of Gaussian
processes. However, this Gaussianity assumption may break down for certain classes of astrophysical and
cosmological signals, particularly for a gravitational wave background (GWB) generated by a population
of supermassive black hole binaries (SMBHBs). In this work, we present a new method for testing the
presence of non-Gaussian features in PTA data. We go beyond the Gaussian assumption by modeling the
noise or signal statistics using a Gaussian mixture model (GMM). An advantage of this approach is that the
marginalization of the likelihood remains fully analytical, expressed as a linear combination of Gaussian
PTA likelihoods. This makes the method straightforward to implement within existing data analysis tools.
Moreover, this method extends beyond the free spectrum analysis by producing posterior probability
distributions of higher-order moments inferred from the data, which can be incorporated into spectral
refitting techniques. We validate the model using simulations and demonstrate the sensitivity of PTAs to
non-Gaussianity by computing the Bayes factor in favor of the GMM as a function of the injected excess
moments. We apply the method to a more astrophysically motivated scenario where a single SMBHB is
resolved on top of a Gaussian GWB and show that significant non-Gaussianities are introduced by the
individual source. Finally, we test our model on a realistic GWB generated from a simulated population of
SMBHBs.

DOI: 10.1103/9jdd-6ct8

I. INTRODUCTION

Pulsar timing arrays (PTAs) provide a unique observa-
tional tool to explore gravitational waves (GWs) at nano-
hertz frequencies, far below those accessible to ground or
space-based interferometers [1–3]. In this low-frequency
band, the most promising sources of GWs are supermassive
black hole binaries (SMBHBs), which are expected to form
naturally as a consequence of galaxy mergers over cosmic
time [4,5]. When two massive galaxies collide, their central
black holes are brought together, eventually forming bound
binary systems that lose energy through GW emission and
spiral inward until merger. The combined GWemissions of
an astrophysical population of such binaries result in a
stochastic gravitational wave background (GWB). The
spectral shape and amplitude of this background are

directly connected to the merger history of massive galaxies
and the dynamical environment of their central black holes
[5]. Additional sources of nanohertz frequency GWs may
include cosmological phenomena such as first-order phase
transitions, cosmic strings, or other relics from the early
Universe [6].
The GWB produced by SMBHBs is expected to manifest

as a low-frequency red noise process in pulsar timing data,
spatially correlated between millisecond pulsars according
to the Hellings-Downs (HD) curve when sources are
isotropically distributed in the sky [7,8]. Several PTA
collaborations have recently reported strong evidence for
a common-spectrum process consistent with the properties
of a GWB with the expected HD spatial correlations
[9–13]. However, standard PTA analysis techniques
assume that the signal and noise are both Gaussian
stochastic processes [14]. This assumption is well moti-
vated when the background is generated by a large number
of unresolved sources, but may break down when only a
few bright binaries contribute significantly, or when deter-
ministic sources such as continuous gravitational waves
(CGWs) are superimposed on the background [15]. In these
cases, the statistical distribution of the signal can deviate

*Contact author: mikel.falxa@unimib.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 113, 043047 (2026)

2470-0010=2026=113(4)=043047(17) 043047-1 Published by the American Physical Society

https://orcid.org/0000-0002-0815-1781
https://ror.org/01ynf4891
https://ror.org/01ynf4891
https://ror.org/03xejxm22
https://crossmark.crossref.org/dialog/?doi=10.1103/9jdd-6ct8&domain=pdf&date_stamp=2026-02-23
https://doi.org/10.1103/9jdd-6ct8
https://doi.org/10.1103/9jdd-6ct8
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


from Gaussianity, introducing higher-order structure such
as skewness or excess kurtosis in the data.
In this work, we develop a method to incorporate non-

Gaussian statistics into PTA data analysis by modeling the
Fourier coefficients of the signal as drawn from a Gaussian
mixture model (GMM). This approach allows for analytical
marginalization of the likelihood while introducing flexi-
bility to capture heavy tails or excess higher-order moments
in the signal distribution, complementing previous studies
[16]. We explore the method’s performance on simulated
datasets including individual pulsar noise, common red
noise with excess kurtosis, and composite signals formed
by the superposition of a Gaussian background and a small
number of CGWs. Additionally, we apply our model to
search for non-Gaussianities in a realistic signal that is
generated from the incoherent sum of CGWs produced by a
simulated population of SMBHBs. The method enables the
inference of posterior distributions for higher-order
moments (e.g., kurtosis), which can be used in spectral
refitting techniques to gain additional insight into the
statistical structure and astrophysical origin of the observed
signals. By providing a principled extension to the
Gaussian framework, this work offers a practical pathway
to account for and exploit non-Gaussian features in PTA
data analysis.
The paper is organized as follows. First, we present the

standard Gaussian likelihood that is traditionally used in
PTA data analysis. Then, we show how GMMs can model
non-Gaussian behaviors and be readily incorporated in
current data analysis techniques to produce posterior
distributions of higher-order moments. Finally, we test
the model on simulated data to compare a Gaussian model
with the non-Gaussian model. The latter is tested in an
astrophysically motivated scenario where a CGW is
resolved on top of either a purely Gaussian GWB or a
realistic GWB.

II. METHOD

In Bayesian analysis, our knowledge of the parameters in
a given model is updated by inferring their posterior
probability distribution given some prior knowledge and
the outcome of the experiment (cf. Bayes theorem [17]).
This inference requires specifying a prior probability
distribution for each parameter (i.e., a prior assumption
about their behavior): for example, assuming Gaussian
noise corresponds to assigning normally distributed priors
to the noise parameters.

A. Gaussian noise

Consider a dataset δt with uncorrelated diagonal
Gaussian noise matrix N. The data contain time-correlated
noise that is modeled using its spectral decomposition on a
discrete Fourier basis F with a vector of Gaussian distrib-
uted coefficients a⃗ ∼N ð0;ΦÞ where the covariance matrix

Φ is a function of hyperparameters λ⃗. The posterior
distribution pða⃗; λ⃗jδtÞ can be written as the product of,
respectively, the Gaussian likelihood Lðδtja⃗Þ, the prior
probability pða⃗jλ⃗Þ on coefficients a⃗ and the prior proba-
bility Πðλ⃗Þ on hyperparameters λ⃗∶

lnpða⃗; λ⃗jδtÞ ¼ lnLðδtja⃗Þ þ lnpða⃗jλ⃗Þ þ lnΠðλ⃗Þ: ð1Þ

When the assumption of Gaussian noise is enforced, we
set a Gaussian prior probability distribution denoted
Πða⃗jλ⃗Þ. In this case, this expression becomes

ln pða⃗; λ⃗jδtÞ ¼ −
1

2
½δt−Fa�⊤N−1½δt−Fa�− 1

2
ln det 2πN

−
1

2
a⊤Φ−1a−

1

2
ln det 2πΦ

þ ln Πðλ⃗Þ; ð2Þ

with Φ ¼ diagfSðfn; λ⃗ÞΔfng and Sðfn; λ⃗Þ the one-sided
power spectral density (PSD), fn ¼ n=T for n ¼
½1; 2;…; Nf� and Δfn ¼ fnþ1 − fn. Setting Φ as diagonal
means assuming stationary noise (even though spectral
leakage due to the finite observation time window can
introduce spurious off-diagonal terms [18]).
This expression can be marginalized with respect to the

Fourier coefficients a⃗ (see Appendix B) to give the
marginalized likelihood expression commonly used in
PTA data analysis [14]:

ln
Z

pða⃗; λ⃗jδtÞda⃗¼−
1

2
δt⊤C−1δt−

1

2
ln detf2πCgþ lnΠðλ⃗Þ

¼ lnLðδtjλ⃗Þþ lnΠðλ⃗Þ; ð3Þ

where C ¼ N þ F⊤ΦF and Lðδtjλ⃗Þ is the marginalized
Gaussian likelihood.
In PTA specifically, the F matrix is the concatenation of

the Fourier basis of all the noise sources present in the data
with the timing model design matrix. The latter accounts
for first-order errors in the pulsar timing fit that is
performed to obtain the timing residuals δt [19].

B. Non-Gaussian noise

In the case of non-Gaussian noise, we can write the same
posterior as in Eq. (1), with the difference that a⃗ ∼ paðλ⃗NGÞ,
meaning that the Fourier coefficients are distributed accord-
ing to paðλ⃗NGÞ, a non-Gaussian probability distribution that
is a function of hyperparameters λ⃗NG. The problem is that
the marginalization cannot be performed analytically [16].
Still, we can model any probability distribution using a
GMM as
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paðajΦ; α⃗; μ⃗; c⃗Þ ¼
XN
i¼1

αi
exp f− 1

2
½a − μi�2ðciΦÞ−1gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðciΦÞp

¼
XN
i¼1

αiφða; μi;
ffiffiffiffiffiffiffiffi
ciΦ

p
Þ; ð4Þ

with
P

i αi ¼ 1 to ensure the normalization of the distri-
bution. We denote as φða; μi;

ffiffiffiffiffiffiffiffi
ciΦ

p Þ the probability density
function of a Gaussian distribution with mean μi and
variance ciΦ (see Fig. 1).
The advantage of writing the prior in this form is that the

marginalization becomes fully analytical, as in Eq. (3). We
consider the class of symmetric distributions centered on
zero by setting μ⃗ ¼ 0. For a single Fourier coefficient a,
following the probability distribution in Eq. (4), the
marginalized likelihood is

ln
Z

pða;Φ; α⃗; c⃗jδtÞda¼ ln
XN
i¼1

αiLðδtjciΦÞ

þ ln ΠðΦÞ þ ln Πðc⃗Þ þ ln Πðα⃗Þ;
ð5Þ

where deviations from Gaussianity are controlled by the
parameters αi and ci. In Table I we give the first central
moments for a mixture of two Gaussian distributions.
One obvious caveat is that the more Gaussian distribu-

tions we use in the mixture, the more likelihood evaluations
are required, making the overall computation slower (see
Sec. II D). In particular, if the hypothesis of uncorrelated
frequencies is required across the considered spectrum, the
number of likelihood evaluations grows exponentially as
∼N2Nf . We can however check Gaussianity frequency bin
per frequency bin.

For μ⃗ ¼ ½0; 0� the 2qth central moment has a very simple
expression:

M2q ¼ ð2q − 1Þ!!Φq½1þ αðcq − 1Þ�: ð6Þ

In this case, only the even moments M2q are nonzero
because the distribution is symmetric; thus, M2qþ1 ¼ 0.
If we denote MqðσÞ the qth moment of a centered

Gaussian distribution with variance σ2, we can quantify
deviations from Gaussianity by calculating the relative
excess moments:

ΔM̄q ¼
Mq −Mqð

ffiffiffiffiffiffiffi
M2

p Þ
Mqð

ffiffiffiffiffiffiffi
M2

p Þ : ð7Þ

ΔM̄q tells us how much the probability distribution pðaÞ
is different from a Gaussian that has the same M2, i.e., the
same variance. If ΔM̄q ≠ 0 for q > 2, pðaÞ is not shaped
like a Gaussian.

C. Common correlated noise: Higher-order statistics

If the observed signal is non-Gaussian and of gravita-
tional origin, it is possible to calculate its higher-order
correlators. In PTA, a Gaussian GWB is entirely charac-
terized by its second moment and the associated 2-point
correlation function χð2ÞIJ between 2 pulsars is the well-
known HD curve [7], describing the overlap between their
response to an isotropic GW signal. Considering Np

pulsars and the nth Fourier frequency, the prior probability
distribution for the vector of random Fourier coefficients a⃗n
of length Np is

Πða⃗nÞ ¼
exp

�
− 1

2

P
IJaI;n½χð2ÞIJ Φn�−1aJ;n

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det 2πχ ð2ÞΦn

p ; ð8Þ

TABLE I. First four central moments for a mixture of two
Gaussian distributions with α⃗ ¼ ½1 − α; α�, c⃗ ¼ ½1; c� and μ⃗ ¼
½0; μ0� [see Eq. (4)]. We have defined Efag ¼ ā. Note that for
α ¼ 0, the moments are identical to those of the standard
Gaussian distribution. For more details, see Appendix A.

q Mq ¼ Efða − āÞqg
1 0

2 μ20α½1 − α� þΦ½1þ αðc − 1Þ�
3 μ30½αð1 − αÞ3 − α3ð1 − αÞ�

þΦ3ð1 − αÞαμ0ðc − 1Þ
4 μ40½α4ð1 − αÞ þ αð1 − αÞ4�

þ 6μ20Φ½ð1 − αÞα2 þ αð1 − αÞ2c�
þ 3Φ2½1þ αðc2 − 1Þ�FIG. 1. Example of distributions obtained with a GMM of two

Gaussians with Φ ¼ 1 [see Eq. (4)] and different sets of
parameters α, μ and c introducing heavier tails or asymmetries
(i.e., kurtosis and skewness).
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where χ ð2Þ is the matrix of the correlation coefficients
between a⃗n.
This expression yields correlated noise between pulsars

that is responsible for off-diagonal terms in the margin-
alized likelihood expression (see Appendix B). In [20,21],
we see that higher-order statistics necessitate the calcu-
lation of at least the 4-point correlation functions χð4ÞIJKL
characterizing the excess kurtosis (4th cumulant) of the
noise statistics, that is

haI;naJ;naK;naL;ni ∝ χð4ÞIJKLh
ð4Þ
n ; ð9Þ

where hð4Þn is the level of excess kurtosis and the brackets
denote the ensemble average.
However, incorporating higher-order correlators can

become expensive in PTA analysis, because the number
of pulsars that make up the data is usually large.
Consequently, the number of possible combinations and
the associated numerical cost grow quickly. As a first
approximation, we could ignore those interpulsar higher-
order correlations χð4ÞIJKL for I ≠ J ≠ K ≠ L and still model
the non-Gaussianities using lower-order statistics, because
the presence of excess kurtosis still introduces effects for
the I ¼ J ¼ K ¼ L terms. Conceptually, this is the analog
of modeling a common uncorrelated noise instead of an HD
correlated one. We retain the statistics of the Fourier
spectrum while neglecting the higher-order correlation
signatures, hence losing some of the information. For
example, if the signal is generated by an astrophysical
population of SMBHBs, the underlying Poissonian statis-
tics should still be detectable in the spectrum without

accounting for χð4ÞIJKL [22,23].
We show in Appendix C how we can add the contribu-

tions of higher-order statistics by expanding the prior
probability distribution Πða⃗nÞ in terms of the Gram-
Charlier A series (or similarly using the Edgeworth series).
This approach being computationally less efficient, it is not
further explored in this work.

D. Non-Gaussian likelihood

When noise is assumed to be Gaussian and stationary,
the likelihood takes a well-established form that is widely
used in PTA data analysis [14]. The noise is described by its
Fourier coefficients a⃗ and the assumption of stationarity
requires that different frequencies are uncorrelated. In terms
of prior probability, this translates into

pða⃗Þ ¼
YNf

n¼1

pnðacn;Φc
n; α⃗; μ⃗; c⃗Þpnðasn;Φs

n; α⃗; μ⃗; c⃗Þ; ð10Þ

where pnðanÞ is the prior probability for the nth coefficient
and Nf is the number of frequency bins. There are 2Nf

terms in total to account for acn and asn, respectively the real

and imaginary components of an. We reiterate that assum-
ing each frequency to be uncorrelated is only an approxi-
mation when we have a finite observation time that might
bias the inference [18].
If the pnðanÞ are modeled as a GMM of N Gaussian

distributions, the total probability pða⃗Þ becomes a sum of
N2Nf Gaussian distributions. Then, the evaluation of the
marginalized non-Gaussian likelihood would require the
evaluation of N2Nf Gaussian likelihoods, making the
process very computationally inefficient, although fully
analytical. We propose two work-arounds for two limiting
cases: (i) using the unmarginalized likelihood form and
sampling the Fourier coefficients and (ii) using the mar-
ginalized likelihood by setting non-Gaussian behavior in
one single frequency bin. The first approach is practical for
single pulsar noise analysis, assuming that the non-
Gaussian behavior of the noise is consistent across frequen-
cies and that enough frequencies are probed to identify
deviations from Gaussianity. The second approach can only
be used for common noise between pulsars as it allows one
frequency bin to deviate from Gaussianity. It does however
require a larger number of pulsars to pick up the non-
Gaussian behavior.

1. Method 1. Sampling the Fourier coefficients

In the case of single pulsar noise analysis, we directly
sample the coefficient a⃗ using the likelihood

Lðδtja⃗; Φ⃗; μ⃗; α⃗; c⃗Þ ¼ Lðδtja⃗Þpða⃗jΦ⃗; μ⃗; α⃗; c⃗Þ: ð11Þ

This method is the most straightforward as it requires no
analytical marginalization. In fact, it does not even require a
GMM for the prior, as long as the distribution is known
[16]. The main caveat is that the dimensionality of the
parameter space may be very high. Previous work showed
how this type of problem can be optimized using Gibbs
sampling [24].

2. Method 2. Per-frequency marginalized
non-Gaussian likelihood

For the per-frequency marginalized non-Gaussian like-
lihood, we only model non-Gaussian behavior at one
frequency. Then, the prior probability distribution for the
Fourier coefficients is given by Eq. (10) for Nf ¼ 1, where
the pnðacn;Φc

n; α⃗; μ⃗; c⃗Þ and pnðasn;Φs
n; α⃗; μ⃗; c⃗Þ, modeled as

GMMs, are given by Eq. (4). The marginalization of
Eq. (11) with respect to a⃗ yields

LðδtjΦ⃗; μ⃗; α⃗; c⃗; λ⃗Þ ¼
XN
i;j¼1

αiαjLðδtjciΦc
n; cjΦs

n;μi;μj; λ⃗Þ;

ð12Þ

where LðδtjciΦc
n; cjΦs

n; μi; μj; λ⃗Þ is the marginalized like-

lihood derived in Sec. II B and λ⃗ is the vector of all other
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parameters that are not related to the non-Gaussian signal
(i.e., Gaussian prior widths, timing model parameters,
individual pulsar noise). For μi ¼ μj ¼ 0, the likelihoods
in the sum are identical to the commonly used PTA
likelihood [14]. Then, the computation of the non-
Gaussian likelihood can be parallelized by computing each
term in the sum in parallel. Moreover, this method is very
well suited for reversible jump Markov Chain Monte Carlo
(MCMC) techniques where one could dynamically add or
remove Gaussians to the mixture to find their optimal
number and properties. This will be left for future studies.
In this work, we will only consider the case with

Φc
n ¼ Φs

n, μ⃗ ¼ 0 and a mixture of two Gaussians. Using
Eq. (4), we construct the probability distribution for the
non-Gaussian noise,

pnðajΦn; α; cÞ ¼ ð1 − αÞ × φ
�
a; 0;

ffiffiffiffiffiffi
Φn

p �

þ α × φ
�
a; 0;

ffiffiffiffiffiffiffiffiffi
cΦn

p �
; ð13Þ

that is fully characterized by three parameters Φn; α and c.
This yields a likelihood of the form

LðδtjΦc
n;Φs

n; α; c; λ⃗Þ ¼ ð1 − αÞ2LðδtjΦn;Φn; λ⃗Þ
þ α2LðδtjcΦn; cΦn; λ⃗Þ
þ ð1 − αÞαLðδtjΦn; cΦn; λ⃗Þ
þ αð1 − αÞLðδtjcΦn;Φn; λ⃗Þ: ð14Þ

This method could be generalized to any known prob-
ability distribution pnða; λ⃗NGÞ by first fitting a GMM to
pnða; λ⃗NGÞ and fixing the recovered parameters α⃗; μ⃗ to their
best fit values to get an analytical approximation of the
marginalized non-Gaussian likelihood. If a mapping func-
tion λ⃗NG → α⃗; μ⃗ is defined, one could infer the parameters
λ⃗NG from the data through direct sampling or spectral
refitting [25–27].

E. Free spectrum

In the PTA literature, a widely used data analysis
technique is the free spectrum analysis [9–12,19], that
consists of estimating the rms value ρ of the noise (or
signal) in the data at a given frequency bin. This estimate is
directly proportional to the PSD of the stochastic processes
and gives crucial information about its physics. However,
this estimate always assumes that the noise in that fre-
quency bin is Gaussian, which is not necessarily true. To
produce an unbiased estimator of the PSD, we need to
account for the real statistic of the Fourier bins a⃗ of that
process. Given that we know the distribution of an at
frequency n for both its real acn and imaginary parts asn (or
equivalently cosine and sine components), the free spec-
trum is given by

ρ2n ¼ SðfnÞΔf ¼ 1

2
hjacnj2 þ jasnj2i; ð15Þ

where the brackets denote the ensemble average, following
the definition of the PSD for stochastic processes that is
related to the variance of an.
The free spectrum is obtained from the posterior samples

of parameters characterizing the probability distribution of
an. For Gaussian noise, it is directly given by the posterior
distribution of its standard deviation

ffiffiffiffiffiffi
Φn

p
, since the term in

the brackets behaves as a chi-square distribution with
2 degrees of freedom, as ρ2n ¼ Φnhχ22i=2 ¼ Φn.
When an is described as a 2 Gaussian GMM, the result is

given by Table I. For more Gaussian in the GMM, we found
no closed form expression of the ensemble average for the
sum of the squares. However, the result can be easily
obtained numerically by sampling the GMM. For a set of
non-Gaussianity parameters Φn, α and c, given that we
have inferred the posterior distribution pðΦn; α; cjδtÞ from
data δt, the probability distribution pðan;Φn; α⃗; c⃗jδtÞ is
given by

pðan;Φn; α; cjδtÞ ¼ pðanjΦn; α; cÞpðΦn; α; cjδtÞ; ð16Þ

that is the prior probability defined in Eq. (4) weighted by
the posterior probability of parameters Φn; α; c. The prob-
ability distribution of an marginalized over the non-
Gaussianity parameters can be obtained from the posterior
samples of Φn;α; c. For ND samples drawn from
pðΦn; α; cjδtÞ, we have

pðanjδtÞ ¼
Z

pðan;Φn; α; cjδtÞdΦndαdc

≈
1

ND

XND

j¼1

pðanjΦj; αj; cjÞ: ð17Þ

We can also construct posterior samples of the 2qth
moment estimators ρ2qn of pðanjδtÞ as

ρ2qn;j ≈
1

2NS

XNS

i¼1

½jacnj;ij2q þ jasnj;ij2q�; ð18Þ

where the acnj;i; a
s
nj;i are sampled from pðan;Φnj; αj; cjjδtÞ

and Ns is the total number of samples used to numerically
estimate the average for the jth posterior sample of
pðΦn; α; cjδtÞ. Here, we discard uneven moments because
we only consider symmetric distributions. In this work,
since we consider uncorrelated acn and asn modeled as a 2
Gaussian GMM, ρ2n;j and ρ

4
n;j can be directly obtained from

the posterior samples of Φnj; αj; cj using the expressions in
Table I.
The histogram of the recovered ρ2qn;j corresponds to the

posterior distribution of the inferred 2qth moments. This
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additional information could be used in spectral refitting
techniques to constrain the statistical properties of astro-
physical signals like the GWB produced by a population of
SMBHBs [21–23]. For q ¼ 1, the distribution gives the
already known Gaussian free spectrum that is an estimator
of the PSD.

III. RESULTS

To test the performance of the model we will study two
cases: the single pulsar noise analysis and the search of
non-Gaussianities at a given frequency for a common
uncorrelated pulsar noise. We consider a PTA of
Np ¼ 100 pulsars with Tobs ¼ 10 years of observation,
Nt ¼ 500 data points (≈1 week cadence) and σ ¼ 10−7 s
timing uncertainty level. The data are simulated using
fakepta1 and the Gaussian likelihoods are computed
using ENTERPRISE2 [28]. The timing residuals δta of
pulsar a can be written as

δtI ¼ wI þ
X
n

XI;n sinð2πfntÞ þ YI;n cosð2πfntÞ; ð19Þ

with wI ∼N ð0; σ2INt
Þ where INt

is the identity matrix of

rank Nt and X⃗n; Y⃗n ∼ pðα; c; SðfnÞΔfÞ where SðfnÞ is the
one-sided PSD of the non-Gaussian time-correlated
process and α, c the parameters characterizing the
non-Gaussianities of the probability distribution p.
The PSD of the process SðfÞ is chosen to be a power
law of the form

SðA; γ; fÞ ¼ A2

12π2

�
f
fyr

�
−γ
; ð20Þ

with A the amplitude, γ the spectral index and fyr ¼
1=yr the frequency corresponding to a one-year period.
For each pulsar we consider a timing model accounting

for the spin-down rate of that pulsar described by a
quadratic polynomial in time and we marginalize over
the first-order errors in the timing model parameters
[14,19]. The full likelihood for common uncorrelated noise
is written as a product of Np individual pulsar likelihoods
given by Eq. (14)

LðδtjΦc
n;Φs

n; α; c; λ⃗Þ ¼
YNp

k¼1

LkðδtkjΦc
n;Φs

n; α; c; λ⃗kÞ: ð21Þ

A. Single pulsar noise

We test the model by injecting a time-correlated noise
that has a consistent statistic across all frequency bins. In

this example, we consider a noise that has Fourier coef-
ficients a distributed according to GMM of 2 Gaussians
with α ¼ 0.5 and c ¼ 3, following a power law as in
Eq. (20) with log10 A ¼ −13.5 and γ ¼ 3 across 50
frequency bins that are the 100 first harmonics of
1=Tobs. Recent works have shown the advantages of
directly sampling the Fourier coefficients [24,29]. The
only disadvantage comes from the high number of coef-
ficients there are to sample, but the recovered posteriors for
the unmarginalized parameters are identical to the tradi-
tionally marginalized likelihood.
The result of one simulation is shown in Fig. 2 to verify

that we indeed recover the injected values of the param-
eters. We only show the hyperparameters characterizing the
noise, while numerically marginalizing over all Fourier
coefficients by sampling them. We have used 50 frequen-
cies, for a total of 100 Fourier coefficients that we fit for.
This approach is straightforward as it requires no analytical
marginalization. However, the sampling is affected by the
high dimensionality of the parameter space and many
samples are required to converge to the proper distribution.
Still, in the case of GMMs, the nonmarginalized (method 1)
and marginalized (method 2) likelihoods presented in
Sec. II D should respond equally to non-Gaussianities
present in the data. This can be seen in Fig. 3 where we
plot the Bayes factor BNG

G comparing the non-Gaussian and
Gaussian models as a function of the excess kurtosis ΔM̄4.
As ΔM̄4 increases, the Bayes factor increases accordingly.
Note that for ΔM̄4 ¼ 0 (i.e., Gaussian noise is injected), we

FIG. 2. Corner plot of the recovered parameters for the non-
Gaussian model in single pulsar noise analysis. The Fourier
coefficients are also sampled but not shown here for simplicity.
The dashed line show the injected parameter values. The shaded
areas show the 1 and 2σ credible regions.

1https://github.com/mfalxa/fakepta.
2https://github.com/nanograv/enterprise.
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have BNG
G ≈ 1 meaning that the non-Gaussian model is not

preferred over the Gaussian model.

B. Common red noise

We apply the per-frequency marginalized non-Gaussian
likelihood method to infer the statistics of the injected
common noise in the 100-pulsar simulated dataset.
Our goal is to test that the Bayes factor correctly favors
the injected non-Gaussianities over a Gaussian model
while recovering the injected parameters. We simulate
an uncorrelated common red noise where each
frequency bin n follows a 2 Gaussian GMM X⃗n; Y⃗n∼
pðα; c; SðA; γ; fnÞΔfÞ. The noise spectrum has character-
istics similar to what is expected for a GWB produced by a
population of SMBHBs in circular orbit with character-
istic strain hc ¼ Aðf=fyrÞβ with β ¼ −2=3 and A ¼ 10−15.
The conversion from hc to the PSD of the induced
timing residuals is given by SðfÞ ¼ h2c=ð12π2f3Þ [30];
hence, γ ¼ 3 − 2β ¼ 13=3.
We fix α ¼ 0.5, γ ¼ 13=3 and vary c between 1 and 15

to control the excess moments of the distribution. We
sample the posterior distribution of Eq. (1) constructed
from the likelihood in Eq. (14) using MCMC techniques.
We assess the significance of non-Gaussianities by calcu-
lating the Bayes factor for the non-Gaussian model versus
the Gaussian model BNG

G . The latter is estimated using
hypermodeling [31,32] (product-space sampling) or alter-
natively, with the Savage-Dickey density since the
Gaussian model is obtained by fixing α ¼ 0 [33,34]. We
perform per-frequency free spectrum fits, modeling non-
Gaussian features characterized by parameters Φ, α and c.
The prior ranges of the parameters are listed in Table II. We

produced a probability-probability plot to assess the good
calibration of the simulations (see Fig. 11 in Appendix D).
In Fig. 3 we show BNG

G as a function of the injected
excess kurtosisΔM̄4 estimated using Eq. (7). We see a clear
increase of the Bayes factor for growing ΔM̄4, indicating
that non-Gaussianities can be detected in Bayesian model
selection.
The kurtosis increase can be seen in Fig. 4 where the 2nd

and 4th moment posterior distributions given by Eq. (18)
are shown for the Gaussian and non-Gaussian models. We
see that the second moment is the same for both, meaning
that the data inform the correct PSD under the hypothesis of
Gaussian noise. However, the latter is unable to detect
higher-order statistics that could contain interesting
information about the signal. The relative excess kurtosis
in Fig. 4 is calculated using Eqs. (7) and (18) as
ΔM̄4 ¼ ½ρ4 − 3ðρ2Þ2�=3ðρ2Þ2. In Fig. 5, we show the
reconstruction of the Fourier coefficient statistic using

FIG. 3. Bayes factor BNG
G between the non-Gaussian and

Gaussian models as a function of the injected relative excess
kurtosis ΔM̄4 calculated using Eq. (7) for many simulations. The
solid line is the median and the shaded region is bounded by the
16th and 84th percentiles. We show the two cases: (i) SPA (Single
Pulsar Analysis) with 100 frequencies powerlaw red noise,
(ii) CRN (Common red noise) with 100 pulsars.

TABLE II. Uniform prior ranges for the parameters that are
used in this work. The parameters log10 A and γ are used when we
assume a power law spectrum. The free spectrum fits use the
parameter log10

ffiffiffiffi
Φ

p
.

log10 A [−18, −11]
γ [1, 7]
α [0, 1]
log10

ffiffiffi
c

p
[0, 2]

log10
ffiffiffiffi
Φ

p
[−10, −4]

FIG. 4. Recovered free spectrum and excess kurtosis for the
Gaussian model and non-Gaussian model at the 2, 3, 4, 5
harmonics of 10 yr for the simulated data containing a non-
Gaussian CRN following a power law spectrum with
log10 A ¼ −15, γ ¼ 13=3, α ¼ 0.5 and c ¼ 10. Top panel: violin
plot of the estimated free spectrum; the two models are very
consistent. Bottom panel: violin plot of the excess kurtosis
posterior distribution giving zero for the Gaussian model; the
dashed line shows the injected excess kurtosis obtained with
Eq. (7), that is the same for all frequencies.
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Eq. (16) by drawing samples from the posterior distribution
of parametersΦn, α and c. We correctly recover the injected
probability distribution within 1-σ errors. We see that it has
thinner body and heavier tails than a Gaussian, matching
the expected shape for excess kurtosis.

C. Background plus few sources

An astrophysically interesting scenario where non-
Gaussianities can be observed is when the signal in the
data consists of a Gaussian background noise plus a few
loud individual sources at some specific frequency [35].
This is, in fact, a reasonable proxy for what is expected
from a realistic population of SMBHBs, since some
binaries will be closer to us or more massive, appearing
in the data as relatively loud CGWs [36–40]. If these
binaries are identified and subtracted, the background
population should be isotropic enough to produce a
Gaussian noise, as expected by the law of large numbers
[35]. In the following, we investigate the non-Gaussian
statistics emerging from the superposition of a Gaussian
GWB with a few CGWs. In order to apply method 2 of
Sec. II D, we study the case where the CGWs fall within the
same frequency bin. In PTA, an individual, circular
SMBHB produces timing residuals given by the difference
between the signal seen on Earth and at the pulsar,

saðtÞ ¼ h
X

A¼þ;×

FAðp̂a; k̂Þ½sAðtÞ − sAðt − τaÞ�; ð22Þ

where h is the GW amplitude, FA the antenna pattern
function, p̂a the unit vector pointing at the position of
pulsar a, k̂ the direction of propagation of the wave, sAðtÞ

the circular binary waveform for each polarization modesþ
and × that is a function of the frequency fgw of the wave,
the polarization angle and the inclination of the binary, and
τa the relative time delay between Earth time and pulsar
time (for more details about this type of signal and its full
mathematical expression, see [37–40]).
We inject the same GWB as in the previous section with

characteristic strain hc ¼ 10−15ðf=fyrÞ−2=3. We inject in
the data one, two or three CGWs with a frequency of
3=ð10 yrÞ according to Eq. (22) and check for Gaussianity
of the common noise at this frequency. The SNR of the
sources with respect to the GWB is calculated in time
domain as

SNR2 ¼
XNp

a¼1

s⊤a C−1sa; ð23Þ

where Cðt − t0Þ ¼ σ2INt
þP

n SðfnÞΔf cos½2πfnðt − t0Þ�.
To illustrate the effect of single sources in the statistic of

the Fourier coefficients, in Fig. 6, we show the distribution
of the Fourier coefficients at frequency 3=ð10 yrÞ obtained
with the fast Fourier transform (FFT) of simulated pulsar
timing data where a GWB and some CGW sources are
injected. Each pulsar FFT gives two values (real and
imaginary part at the considered frequency) and we plot
a histogram of all combined coefficients across pulsars. We
see that a single CGW produces a heavy-tailed distribution,
that becomes progressively more Gaussian when adding
few more CGWs.
The fact that adding a single source introduces non-

Gaussianities is illustrated in Fig. 7, where we show the
added higher-order moments as a function of the SNR of

FIG. 5. Comparison between the injected and recovered prob-
ability distribution of the Fourier coefficients a, divided by the
standard deviation σa, showing the deviation from Gaussianity.
The blue shaded region corresponding to the binned 1-σ error
obtained with 1000 reconstructions of pðan;Φn; α; cjδtÞ using
samples from pðΦn; α; cjδtÞ according to Eq. (16). The dotted
line shows a standard normal distribution for comparison.

FIG. 6. Histogram of the FFT coefficients calculated for each
pulsar timing residual at frequency 3/(10 yr) where a CRN and
three CGW sources were injected in sequence. We gradually
added the three CGWs with amplitudes of log10 h ¼ −14.5,
−14.65 and −15 corresponding to SNRs of, respectively 37, 17,
7. The value NCGW marks the total number of CGWs injected in
the data. By adding more CGWs the tails of the distribution get
progressively damped.
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that source, directly calculated from the histograms of the
FFT coefficients for different CGW parameter realizations
as shown in Fig. 6. In particular, we show the relative
excess moments with respect to a Gaussian as defined in
Eq. (7). It is clear that the deviations from Gaussianity grow
with the SNR. This has to do with the pulsar response to
GWs Fþ;× introduced in Eq. (22). When one CGW is
present in the data, it is going to appear very bright only in
some pulsars that respond well to it, usually the pulsars
close to the sky location of the source [41]. This is what
causes the heavier tails in the distribution of the Fourier
coefficients in Fig. 6 and puts more power in the higher-
order moments in Fig. 7. As more CGW sources are present
and isotropically distributed in the sky, all the pulsars will
equally respond to a signal. Because the signals they see
have random phases, for a large number of CGWs, the
central limit theorem tells us that the Fourier coefficients
will be asymptotically Gaussian distributed and spatially
correlated following the HD correlation pattern [8]. Then,
there is an intricate relation between the anisotropy of an
astrophysical GWB and its non-Gaussianity.
We test our model on the scenario where only one CGW

is injected with an amplitude log10 h ¼ −14.25 giving
SNR ¼ 50.3 In Fig. 8 we show the posterior distribution

for higher-order moments calculated with Eqs. (18) and (7).
We notice that the second bin of the free spectrum in the top
panel shows an excess of power due to the presence of the
CGW [42]. The middle panel shows that the posterior
distributions for higher-order moments are consistent with
zero, except where the CGW is present and the Bayes factor
favors the non-Gaussian model over the Gaussian model.
Still, the error bars are quite large, and the model does not
seem to fully catch the characteristics of the underlying
distribution. This is because a mixture of two Gaussians is a
limited model that will saturate in the amount of information
it can capture. Finding the optimal number of Gaussians in
the GMM will be essential for future developments.
In Fig. 9 we show the recovered posterior distribution for

the non-Gaussianity parameters when we include or not
the CGW as a deterministic signal in the model used in the
recovery. We choose a realization of the data where the
CGW introduced significant non-Gaussianities, again mod-
eled as the mixture of 2 central Gaussians controlled with
parameters α and log10 c. The introduction of the deter-
ministic CGW signal in the model removes the non-
Gaussian features and destroys their significance. For the
model without CGW, we find posterior median values of

FIG. 7. Excess moments as a function of the averaged SNR of
the source for Np pulsars with 10 years of observation, 100- ns
noise level and a GWB signal with hc ¼ 10−15ðf=fyrÞ−2=3. Since
fgw ¼ 3=ð10 yrÞ, the source produces three cycles in the data.
This plot shows the median excess moments estimated from a 100
realization of the CGW parameters. The shaded colored areas
show the 16th and 84th percentiles of the realizations. Only the
amplitude of the CGW was fixed to control the SNR.

FIG. 8. Recovered free spectrum, excess moments and Bayes
factor for the non-Gaussian model at the 2nd, 3rd, 4th, 5th
harmonics of f ¼ 1=10 yr for the simulated data containing a
CGWat frequency 3/(10 yr). Top: violin plot of the estimated free
spectrum; the 3/(10 yr) shows the excess power due to the
presence of the CGW [42]. Middle: violin plot of the excess
moment posterior distributions; the uncertainties are large but we
see that the frequency 3/(10 yr) is well constrained to a higher
value than other bins, showing that the model catches the excess
of power in higher moments introduced by the CGW. Bottom: the
Bayes factor BNG

G at each frequency shows that the model favors
non-Gaussianity where the CGW is present.

3The SNR is high because it scales as
ffiffiffiffiffiffi
Np

p
and we simulate

Np ¼ 100 equally good pulsars. Even though a high SNR should
yield more informative posterior distributions, it does not
systematically mean that the injected excess moments ΔM̄q
are very large, since the latter depend on the statistics of Fourier
coefficients in individual pulsars. To that extent, ΔM̄q should
scale as the average of the SNRs calculated for individual pulsars.

MODELING NON-GAUSSIANITIES IN PULSAR TIMING ARRAY … PHYS. REV. D 113, 043047 (2026)

043047-9



α ¼ 0.7 and log10 c ¼ 0.5 while the inclusion of the
deterministic CGW gives posteriors consistent with
α ¼ 0, or α ¼ 1 and log10 c ¼ 0, corresponding to the
solutions where only one Gaussian of the mixture is active
(i.e., Gaussian behavior is favored). Moreover, the recov-
ered Bayes factor drops from BNG

G ≈ 100 to BNG
G ≈ 0.5,

showing that the significance is greatly impacted by the
subtraction of the CGW waveform in the timing residuals
(see Fig. 9). This fact could be used to assess the
significance of the presence of individual sources in the
data by measuring how including the correct CGW signal
in the model correctly yields a Gaussian likelihood.

D. Realistic astrophysical background

Finally, we generate a realistic astrophysical GWB by
estimating the individual CGW emissions of a population
of SMBHBs. The injection pipeline uses a simulated
catalog of SMBHBs providing their chirp mass, frequency,
distance, inclination, polarization and sky location. Their
contributions are added one by one using Eq. (22) in a
100-pulsar array with 10 years of observation and only
white noise at a level of 10−7 s. The catalogs that are used
are the same as in [42] to produce the simulations referred
to as dataset injGWB03 and dataset injGWB03þ
injCGW5. Both contain the same realization of a GWB
signal but the second has a CGW emitting at 5 nHz,

resolved on top of the GWB (for more details, see
section 2.1.2 of [42]). The datasets are analyzed using
the non-Gaussian model constructed from a GMM of 2
Gaussians controlled by the parameters α and c. We
estimate Bayes factors with hypermodeling [32] or, using
the fact that one can turn off non-Gaussianities by setting
α ¼ 0, with the Savage-Dickey density ratio as [33]

BNG
G ¼ Παðα ¼ 0Þ

pαðα ¼ 0Þ ; ð24Þ

where Παðα ¼ 0Þ ¼ 1 is the prior probability distribution
for parameter α evaluated at 0, and pαðα ¼ 0Þ is the
posterior probability distribution for α evaluated at 0.
In Fig. 10 we show the recovered free spectrum, excess

kurtosis and Bayes factor BNG
G for the first 8 harmonics of

1=ð10 yr). We display only the excess kurtosis because the
higher-order moments have very broad posteriors that are
not very informative. The free spectra between the two
simulations differ from the injection of the CGW at 5 nHz.
Most of the injected power by the CGW is present in the
first two frequency bins and appears to slightly leak at
higher frequencies.4 The most striking difference is when

FIG. 9. Left: corner plot of the non-Gaussianity parameters obtained at frequency 3/(10 yr) for a model with CGW as a deterministic
signal (blue histogram) and without the CGW (orange histogram). The shaded areas show the 1 and 2σ credible regions. While the
orange histogram is well constrained around log10 c ≈ 0.5 and α ≈ 0.7, the blue one is bimodal and consistent with α ¼ 0 or α ¼ 1 and
log10 c ¼ 0, showing that the model favors only one Gaussian in the mixture. Right: distribution of the recovered Bayes factors BNG

G for
100 simulated datasets containing Gaussian noise with a single source at frequency 3/(10 yr). The significance of non-Gaussianities in
the data is high when the CGW is not accounted for in the model (orange histogram), but the inclusion of the CGW as a deterministic
signal in the model destroys this significance (blue histogram).

4This is due to the finite time of observation that transforms
sinusoids in time domain into sinc functions in frequency
domain, causing leakage between neighboring frequencies [43].

MIKEL FALXA and ALBERTO SESANA PHYS. REV. D 113, 043047 (2026)

043047-10



looking at the ΔM̄4 posteriors where the 5-nHz CGW
injects a significant excess kurtosis in the first two
frequencies, and the Bayes factor favoring the presence
of non-Gaussianities is high (BNG

G > 103), as expected from
what is discussed in the previous section. The simulation
without CGW does not show significant signs of non-
Gaussianities, especially at low frequencies where ΔM̄4 is
well constrained around zero and BNG

G < 1. This can be
explained by the higher number of contributing GW
sources at low frequencies, producing a more isotropic
and Gaussian GWB signal. Both ΔM̄4 and BNG

G seem to
slightly increase for higher frequencies, as the number of
contributing GW sources decreases, which might enhance
the non-Gaussianities in the spectrum. The detection of
mild non-Gaussian behavior in PTA might require a larger
number of pulsars to increase our sensitivity to the statistic
of the spectrum.

IV. CONCLUSION

In this work, we introduced a method to model non-
Gaussian features in PTA data by using GMMs as priors for
the Fourier coefficients of stochastic processes. This
approach enables analytical marginalization of the like-
lihood, making it computationally efficient and directly
compatible with existing PTA analysis pipelines. We
validated the method through simulations involving both
single pulsar noise and CRN processes, demonstrating that
the model can robustly identify departures from
Gaussianity using Bayesian model selection. The Bayes
factor increases significantly in the presence of excess
kurtosis, confirming the sensitivity of the approach to

higher-order statistical structure. Furthermore, we applied
the method to a more astrophysically motivated scenario
involving a superposition of a Gaussian GWB and a few
CGW sources. In this case, we showed that non-Gaussian
features become detectable when a small number of loud
sources dominate the signal, and that these features are
suppressed once the deterministic CGWs are correctly
modeled and subtracted. When a realistic GWB is gen-
erated from the superposition of the individual CGW
emissions of a simulated population of SMBHBs, the
non-Gaussianities are harder to detect and might require
very large arrays of pulsars to increase their detectability.
This is illustrated in Fig. 12 of Appendix E where we show
the Bayes factor BNG

G for different sizes of array and
varying excess kurtosis.
One of the key outcomes of this study is the demon-

stration that posterior estimates of higher-order central
moments, particularly the fourth moment (kurtosis), can
provide complementary information beyond the PSD,
which is typically inferred under the assumption of
Gaussianity. By constructing posterior distributions for
the higher-order moments from the Fourier coefficients,
the model can capture statistical features such as heavier
tails or asymmetries in the signal that are not accounted for
in standard analyses. This opens up the possibility of using
spectral refitting techniques that explicitly include these
moments as informative observables [23,25]. In particular,
the excess moments may carry physical information about
the population of GW sources, for example, indicating the
presence of a few dominant binaries within an otherwise
Gaussian background. Incorporating this information could
help refine the characterization of the astrophysical origin

FIG. 10. Posterior distributions for the free spectrum ρ2, excess kurtosisΔM̄4 and Bayes factor BNG
G as a function of frequency inferred

from a simulated PTAwith a realistic GWB signal (left) with a resolved CGW signal injected at 5 nHz (right) without any CGW signal
injected. The Bayes factors obtained with the two methods are roughly consistent. The triangles for BNG

G in the first bin of the left panel
indicate that the recovered BNG

G is far greater than 103 and difficult to precisely estimate numerically. Both method yielded very high
values ranging between 106 and 1012.
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of the signal and improve constraints on the source
population models, especially in the intermediate regime
where the number of contributing sources is not large
enough for the central limit theorem to fully apply.
Although we focused here on mixtures of two centered

Gaussian distributions and considered spatially uncorre-
lated physical processes for simplicity and computational
tractability, the framework can be readily extended. Future
work could explore nonsymmetric and multimodal mix-
tures to capture a broader class of non-Gaussian behaviors,
including skewness. Additionally, methods such as revers-
ible-jump MCMC could be employed to dynamically infer
the number and properties of the mixture components. The
need to implement a version of this analysis accounting for
the interfrequency spectral correlations due to the finite
time of observation will be essential for the future, as
highlighted in [18]. From a modeling perspective, the
inclusion of higher-order interpulsar correlation structures
(4-point correlator) through Gram-Charlier or Edgeworth
expansions has not yet been implemented due to its
increased computational cost. Finally, the integration of
these techniques into full Bayesian PTA analysis pipelines

may provide a novel diagnostic to disentangle the statistical
properties of astrophysical signals, potentially offering a
route to discriminate between different GW source pop-
ulations and to detect outliers or individual resolvable
binaries within a stochastic background.
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APPENDIX A: MOMENTS OF A GAUSSIAN
MIXTURE

A mixture of 2 Gaussians can be expressed using
Eq. (4) as

pðxÞ ¼ ð1 − αÞφðx; 0;
ffiffiffiffi
Φ

p
Þ þ αφðx; μ0;

ffiffiffiffiffiffiffi
cΦ

p
Þ; ðA1Þ

with mean
R
xpðxÞdx ¼ αμ0. Its central moments are given by

Mn ¼
Z

ðx − αμ0ÞnpðxÞdx

¼ ð1 − αÞ
Z

ðx − αμ0Þnφðx; 0;
ffiffiffiffi
Φ

p
Þdxþ α

Z
ðx − αμ0Þnφðx; μ0;

ffiffiffiffiffiffiffi
cΦ

p
Þdx

¼ ð1 − αÞ
Z

x̃nφðx̃;−αμ0;
ffiffiffiffi
Φ

p
Þdx̃þ α

Z
x̃nφðx̃; ð1 − αÞμ0;

ffiffiffiffiffiffiffi
cΦ

p
Þdx̃

¼ ð1 − αÞMnð−αμ0;
ffiffiffiffi
Φ

p
Þ þ αMnðð1 − αÞμ0;

ffiffiffiffiffiffiffi
cΦ

p
Þ; ðA2Þ

with x̃ ¼ x − αμ0 and Mnðm; σÞ the raw (noncentral) moments of a normal distribution with mean m and standard
deviation σ that are well known and can be found in the literature. The first four Mn are given in Table I.

APPENDIX B: MARGINALIZED GAUSSIAN LIKELIHOOD

Consider a dataset δt containing uncorrelated Gaussian white noise characterized by a diagonal noise matrix N. We want
to model a signal s ¼ Fa decomposed on a basis F (typically a discrete Fourier basis), characterized by a vector of
coefficients a. The coefficients a follow a Gaussian distribution with covariance Φ. The likelihood for this model can be
written as

Lðδtja;Φ; μÞ ¼ exp f− 1
2
½δt − Fa�⊤N−1½δt − Fa�g

j2πNj1=2 ×
exp f− 1

2
½a − μ�⊤Φ−1½a − μ�g
j2πΦj1=2 ; ðB1Þ

where on the left we have the Gaussian likelihood for uncorrelated white noise and on the right, the prior probability
distribution for coefficients a. Developing this expression, we get

Lðδtja;Φ; μÞ ¼ exp f− 1
2
δt⊤N−1δt − 1

2
a⊤½F⊤N−1F þΦ−1�aþ a⊤½F⊤N−1δtþΦ−1μ�g

j2πNj1=2j2πΦj1=2 × exp

	
−
1

2
μ⊤Φ−1μ



: ðB2Þ
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Defining Σ ¼ F⊤N−1F þΦ−1 and completing the squares in the numerator we get

−
1

2
a⊤Σaþ a⊤½F⊤N−1δtþΦ−1μ�

¼ −
1

2
½a − Σ−1F⊤N−1δt − Σ−1Φ−1μ�⊤Σ½a − Σ−1F⊤N−1δt − Σ−1Φ−1μ�

þ 1

2
½μ⊤Φ−1Σ−1 þ δt⊤N−1FΣ−1�Σ½Σ−1F⊤N−1δtþ Σ−1Φ−1μ�: ðB3Þ

Defining â ¼ Σ−1F⊤N−1δtþ Σ−1Φ−1μ and rearranging the terms we get

Lðδtja;Φ; μÞ ¼ exp f− 1
2
δt⊤½N−1 − N−1FΣ−1F⊤N−1�δtg

j2πNj1=2j2πΦj1=2 × exp

	
−
1

2
½a − â�⊤Σ½a − â�




× exp

	
−
1

2
μ⊤½Φ−1 −Φ−1Σ−1Φ−1�μþ μ⊤Φ−1Σ−1F⊤N−1δt



; ðB4Þ

where we recognize the Woodbury matrix inversion
½N þ F⊤ΦF�−1 ¼ N−1 − N−1FΣ−1F⊤N−1. Marginalizing
over the coefficients a gives5

LðδtjΦ; μÞ ¼
Z þ∞

−∞
daLðδtja;Φ; μÞ

¼ expf− 1
2
δt⊤½N þ F⊤ΦF�−1δtg

j2πNj1=2jΦj1=2jΣj1=2

× exp

	
−
1

2
μ⊤½Φ−1 −Φ−1Σ−1Φ−1�μ

þ μ⊤Φ−1Σ−1F⊤N−1δt



; ðB5Þ

where in the denominator we have the Woodbury deter-
minant jN þ F⊤ΦFj ¼ jNjjΦjjΣj. Then, the left-hand side
corresponds to a Gaussian likelihood centered on zero with
covariance C ¼ N þ F⊤ΦF. This expression generalizes
the marginalized likelihood presented in [14] for noncentral
Gaussian priors. For μ ¼ 0, they are identical.
When considering an array of Np pulsars, the analytical

expression of the likelihood is identical, except that now,
the data δt and basis F are a concatenation of the timing
residuals δtI and basis FI of each pulsar I. Additionally,
when considering spatially correlated noise between pul-
sars the Gaussian prior on Fourier coefficients a must
incorporate these correlations between aI of different
pulsars and the Φ is a nondiagonal matrix. As a conse-
quence, the likelihood cannot be factorized in a product of
individual pulsar likelihood and the covariance C has a
block structure of size Np × Np where each block is

CIJ ¼ NIδIJ þ F⊤
I ΦIJFJ. For HD correlated noise,

ΦIJ ∝ χð2ÞIJ . The inversion of the covariance C−1 ¼ ½N þ
F⊤ΦF�−1 then becomes computationally expensive.

APPENDIX C: GRAM-CHARLIER A EXPANSION
FOR KURTOSIS

We can add the contributions of higher-order statistics by
expanding the prior probability distribution Φða⃗nÞ in terms
of the Gram-Charlier A series (or similarly using the
Edgeworth series [35]). Then, the non-Gaussian distribu-
tion is approximated from the Gaussian prior in Eq. (8) as

pða⃗nÞ ≈ Πða⃗nÞ ×
�
1þ 1

4!

X
IJKL

κIJKLHIJKLða⃗nÞ
�
; ðC1Þ

where κIJKL ∝ χð4ÞIJKLh
4
n is the 4th cumulant (or excess

kurtosis), h4n the level of excess kurtosis at frequency n,
and HIJKL the multivariate Hermite polynomials expressed
in terms of the a⃗n.
This expression has to be normalized and is only valid

for small excess kurtosis because this type of expansion
behaves poorly for large h4n and might even produce
unphysical negative probability density values [44]. Still,
it is possible to analytically marginalize the likelihood with
respect to the coefficients a⃗n using Isserlis’s theorem for
different combinations of the elements of a⃗n. We have

pða⃗nÞ ≈ C−1 × Πða⃗nÞ ×
�
1þ 1

4!

X
IJKL

κIJKLHIJKLða⃗nÞ
�
;

ðC2Þ

with C a normalization coefficient and

5The integral over a is a standard Gaussian integral, here
producing a term equal to j2πΣ−1j1=2 in the numerator. The 2π
factor simplifies with j2πΦj in the denominator because Σ and Φ
have the same rank.
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Πða⃗nÞ ¼
expf− 1

2

P
IJaI;n½χIJΦn�−1aJ;ngffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det 2πχΦn

p ; ðC3Þ

where χ is the matrix of 2-point correlation coefficients χð2ÞIJ .
The multivariate 4th-order Hermite polynomialsHIJKL are given by the derivatives of the distribution Πða⃗nÞ with respect

to the components aI of a⃗n as [45,46]

HIJKLða⃗Þ ¼ ð−1Þ4Πða⃗Þ−1 ∂
4

∂aI∂aJ∂aK∂aL
Πða⃗Þ

¼ Φ−4
��X

i

χ−1iI ai

��X
j

χ−1jJ aj

��X
k

χ−1kKak

��X
l

χ−1lL al

��

−Φ−3
�
χ−1IJ

�X
k

χ−1kKak

��X
l

χ−1lL al

�
þ χ−1IK

�X
j

χ−1jJ aj

��X
l

χ−1lL al

�
þ χ−1IL

�X
j

χ−1jJ aj

��X
k

χ−1kKak

�

− χ−1JK

�X
i

χ−1iI ai

��X
l

χ−1lL al

�
þ χ−1JL

�X
i

χ−1iI ai

��X
k

χ−1kKak

�
þ χ−1KL

�X
i

χ−1iI ai

��X
j

χ−1jJ aj

��

þΦ−2½χ−1IJ χ−1KL þ χ−1IKχ
−1
JL þ χ−1ILχ

−1
JK�; ðC4Þ

where we have dropped the index n for better visibility.
Then, using the rearranged form of the Gaussian likelihood Lðδtja;Φ; μ ¼ 0Þ in Eq. (B4), the likelihood LðδtjΦ; κÞ

marginalized with respect to coefficients a is given by

LðδtjΦ; κÞ ¼
Z þ∞

−∞
daLðδtja;Φ; κ; μ ¼ 0Þ

¼ C−1 × LðδtjΦ; κ ¼ 0Þ
Z

da
exp f− 1

2
½a − â�⊤Σ½a − â�g
j2πΣ−1j

�
1þ 1

4!

X
IJKL

κIJKLHIJKLða⃗nÞ�

¼ C−1 × LðδtjΦ; κ ¼ 0Þ
�
1þ 1

24

X
IJKL

κIJKLEΣfHIJKLg
�
; ðC5Þ

with EΣfHIJKLg denoting the expected value of the Hermite polynomials for a ∼N ðâ;ΣÞ that can be obtained using
Isserlis’s theorem:

EΣfHIJKLg ¼ Φ−4
X
ijkl

χ−1iI χ
−1
jJ χ

−1
kKχ

−1
lL EΣfaiajakalg −Φ−3

�
χ−1IJ

X
kl

χ−1kKχ
−1
lL EΣfakalg þ other permutations

�

þΦ−2½χ−1IJ χ−1KL þ other permutations�; ðC6Þ

where

EΣfaiajakalg ¼ âiâjâkâl þ âiâjΣ−1
kl þ âiâkΣ−1

jl þ âiâlΣ−1
jk þ âjâkΣ−1

il þ âjâlΣ−1
ik þ âkâlΣ−1

ij

þ Σ−1
ij Σ−1

kl þ Σ−1
il Σ−1

jk þ Σ−1
ik Σ−1

jl ðC7Þ

and

EΣfakalg ¼ Σ−1
kl þ âkâl: ðC8Þ

The calculation of each component Σ−1
IJ requires knowing the inverse of matrix Σ, which is an expensive task. In general,

this inverse is implicitly calculated using Cholesky linear system solver to compute Σ−1δt, thus greatly optimizing the
computation time. For now, we found no way of optimizing the calculation of Eq. (C6).
Finally, using Eq. (C6), we can calculate the normalization coefficient C for a ∼N ð0; χð2ÞΦnÞ, that is, following the

distribution Πða⃗nÞ,
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C ¼ 1þ 1

24
Φ−2

n

X
IJKL

κIJKL

�X
ijkl

χ−1iI χ
−1
jJ χ

−1
kKχ

−1
lL ðχijχkl þ χilχkj þ χikχjlÞ

− χ−1IJ

�X
kl

χ−1kKχ
−1
lL χkl

�
− χ−1IK

�X
jl

χ−1jJ χ
−1
lL χjl

�
− χ−1IL

�X
jk

χjJχ
−1
kKχjk

�

− χ−1JK

�X
il

χ−1iI χ
−1
lL χil

�
− χ−1JL

�X
ik

χ−1iI χ
−1
kKχik

�
− χ−1KL

�X
ij

χ−1iI χ
−1
jJ χij

�

þ χ−1IJ χ
−1
KL þ χ−1IKχ

−1
JL þ χ−1ILχ

−1
JK

�
: ðC9Þ

In the case of Edgeworth or Gram-Charlier A expansion,
the marginalization with respect to coefficients a yields a
quite unpractical expression of the likelihood. Especially
for a large array of pulsars, the number of terms in the sum
becomes extremely large. If such a method was to be used
for PTA data analysis, sampling a from the unmarginalized
likelihood might be more efficient and practical.

APPENDIX D: PP PLOT

To validate the simulations, we need to ensure that the
data generation and the fitting tool are calibrated. Since the
true parameter values θ0 are known in each simulation, we
compute their posterior quantiles qðθ0Þ from the 1d
marginalized posterior distributions of each parameter.
According to [47], if the model and fitting are correct,

these quantiles should follow a Uniform(0, 1) distribution.
The PP plot in Fig. 11 seems to show that we indeed
recover a uniform distribution within error bars.

APPENDIX E: PERFORMANCE WITH NUMBER
OF PULSARS Np

In this appendix, we show the dependence of the
recovered Bayes factor BNG

G on the number of pulsars in
the array Np, justifying our choice of 100 pulsars. The
comparison is obtained for the same realization of non-
Gaussian noise, only varying the number of pulsars. The
conditions of the simulation are the same as those presented
in Sec. III for different Np.
Since this plot is obtained for one realization, it does not

show any variance as in Fig. 3.

FIG. 11. PP plot comparing the fraction of simulations within
confidence interval produced from 100 simulations for the non-
Gaussianity parameters c and α. The gray shaded regions are the
1-, 3- and 5-σ errors.

FIG. 12. Bayes factor BNG
G between the non-Gaussian and

Gaussian models as a function of the injected relative excess
kurtosis ΔM̄4 calculated using Eq. (7) for one realization of the
noise, with varying number of pulsar Np.
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