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In higher-dimensional Einstein—anti—de Sitter (AdS) gravity, it is well known that planar and static
anti—de Sitter black holes can be endowed with multiple rotation parameters via a large-gauge
transformation. However, a similar prescription fails when multiple Newman—Unti—Tamburino (NUT)
parameters are added, thereby obstructing the study of holographic properties with more than one NUT
charge. To pave the way toward this direction, we construct explicit planar AdS spacetimes having multiple
NUT parameters in two simple ways that allow one to circumvent the strong restrictions imposed by the
vacuum field equations. First, motivated by momentum relaxation holographic models, we construct multi-
NUT spaces in AdS with flat horizons by adding free scalar fields possessing an axionic profile. In our
second approach, we build similar configurations in Einstein gravity with quadratic-curvature corrections.
We end by presenting planar versions of the Kaluza-Klein monopole in AdS with different magnetic
charges. As a byproduct, our strategy yields a simple way to generalize the Gross-Perry-Sorkin monopole

to include the cosmological constant.

DOI: 10.1103/9hzw-yngp

I. INTRODUCTION

The AdS/CFT correspondence [1-4] is a powerful tool
for studying strongly coupled systems in condensed matter
physics [5]. In particular, dyonic anti—de Sitter (AdS) black
holes with planar horizons have been used to describe
holographic superconductors, in which DC conductivities
can be obtained from linear perturbations of bulk gauge
fields [6-9]. In the fluid/gravity correspondence [10], on
the other hand, vorticity alone leads to very rich structures
in nondissipative holographic fluids [11-15]. However, for
a holographic fluid to exhibit swirling motion, the dual bulk
geometry must have a rotation or NUT parameter turned
on. Since vorticity plays a key role in superconductivity and
superfluidity, turning on angular momentum on planar
black holes could lead to interesting holographic models.
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Despite many advances in describing the twisting motion
of holographic fluids, their gravitational duals become
much more involved in higher dimensions. This is mainly
because increasing the spatial dimensions introduces addi-
tional independent rotation planes, leading to multiple
angular-momentum charges. The renowned Myers-Perry
black holes [16] could be used in these explorations or
configurations with multiple NUT parameters [17,18].
Alternatively, for plane-symmetric black holes, one could
rely on the solutions of Ref. [19], which possess multiple
rotation parameters and, quite remarkably, are amenable to
electromagnetic charging. However, for planar black holes,
no extensions with multiple NUT parameters (henceforth
multi-NUT) exist in Einstein-AdS gravity due to obstruc-
tions posed by the vacuum equations [20,21]. For a general
multi-NUT metric ansatz, the Einstein field equations are
solved as long as simple constraints are satisfied by the
NUT parameters, the curvature of their corresponding
transverse spaces, and the cosmological constant. When
the spacetime has plane symmetry, all the curvatures of the
transverse sections vanish, collapsing the constraints into
one of two options: either the NUT parameters are all equal,
or the cosmological constant must disappear.

A similar difficulty is faced when extending the Kaluza-
Klein monopole found by Gross, Perry, and Sorkin (GPS)
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to AdS space within the four-dimensional Einstein-
Maxwell-dilaton theory [22,23]. For instance, Onemli
and Tekin showed that there is no five-dimensional static
Kaluza-Klein monopole in AdS that reduces to its flat
counterpart in the vanishing cosmological constant limit
[24]. Later, Mann and Stelea found that, indeed, the
solution can be extended to include the cosmological
constant if it satisfies a relation with the NUT charge
[25]. However, one cannot turn off the former without
setting the latter to zero, obstructing its flat limit. Even
more, since in higher dimensions multiple NUT parameters
can be considered to construct Kaluza-Klein multimono-
poles, the field equations imply that either the cosmological
constant must vanish or the NUT charges must be equal [25].
Thus, no planar Kaluza-Klein multimonopoles are known to
exist in the presence of the cosmological constant.

Another question worth considering is whether general-
izing the vacuum equations relaxes the constraints on the
system. It is well known that higher-curvature corrections
are inevitable in general relativity if it is treated as an
effective field theory. The low-energy limit of string theory
yields ghost-free, nontrivial gravitational self-interactions
via the Gauss-Bonnet term in dimensions higher than four
[26,27]. On the other hand, generic quadratic-curvature
corrections in four dimensions are known to improve the
ultraviolet behavior of the graviton’s propagator, rendering
the theory renormalizable at the one-loop level around the
Minkowski background, at the price of introducing ghosts
[28]. In lower dimensions, the presence of higher-curvature
corrections to general relativity endows the particle spec-
trum with local degrees of freedom [29,30], generating
interesting black hole solutions, which are not necessarily
of constant curvature [31-33], some of them being relevant
for describing holographic nonrelativistic strongly coupled
systems [34].

In this paper, we study two frameworks that circumvent
the aforementioned obstructions. The first one is motivated
by a holographic model for momentum relaxation that can
be investigated using spatially dependent scalar fields with
shift symmetry [35]. In that case, the bulk gravitational
theory is described by the Einstein-Maxwell action sup-
plemented by free scalar fields with axionic profiles. Since
stationarity is induced by multiple NUT parameters, the
problem becomes difficult to address in the presence of
electromagnetic fields. Thus, for simplicity, we consider
only the contributions of the axionic fields, leaving the
problem of charging multi-NUT spacetimes open.
However, by introducing free scalar fields into the fold,
our constructions constitute the first asymptotically locally
AdS multi-NUT solutions with a planar horizon reported in
the literature. They generalize the static solutions of
Ref. [36] and represent the initial steps toward new
momentum relaxation models.

Our second construction is motivated by higher-curva-
ture corrections that allow one to introduce an asymptotic

anisotropic scaling symmetry [37-39]. Particular attention
is paid to the curve in parametric space where the higher-
dimensional Lifshitz black hole was found [40]. Here,
however, we restrict ourselves to isotropic scaling sym-
metry and, as such, our multi-NUT solutions are gener-
alizations only of the AdS black holes of Ref. [40]. The
multi-NUT spacetimes in this theory are the first vacuum
solutions to possess both plane symmetry and locally AdS
asymptotics. Since the equations of motion are now
considerably less restrictive, we are also able to build
other multi-NUT spacetimes with a number of different
horizon geometries beyond those permitted by standard
gravity.

The solutions we report here represent the starting point
to obtain planar Kaluza-Klein (multi-)monopoles with a
nonvanishing cosmological constant. To go further in this
direction, first we use the mechanism proposed in Ref. [41]
to endow the GPS monopole with a cosmological constant
with a well-defined A — O limit. Then, we construct a
multi-NUT-AdS string in odd dimensions by adding a
single flat direction to its lower-dimensional counterpart.
Following the GPS prescription [22,23], we perform a
dimensional reduction along the periodic direction that
generates the U(1) fibration over the planar Einstein-
Kéhler manifold in the seed metric. This procedure yields
a planar Kaluza-Klein multimonopole solution to Einstein-
Maxwell-dilaton gravity with a Liouville potential and free
axionic fields, including a cosmological constant.

The manuscript is organized as follows: in Sec. II, we
present the problem setup and explicitly review the
obstruction that arises when constructing planar AdS
multi-NUT spacetimes in vacuum general relativity. In
Sec. III, we study a simple framework in which the
obstruction can be circumvented by introducing free com-
plex scalar fields with an axionic profile, thereby obtaining
the first planar AdS multi-NUT configuration. In addition,
the solution’s physical properties are discussed. In Sec. IV,
we show that quadratic-curvature corrections to Einstein-
AdS gravity allow one to construct multi-NUT as well,
without introducing free complex scalar fields. Then,
Sec. V is devoted to presenting the planar Kaluza-Klein
(multi-)monopoles with a nonvanishing cosmological con-
stant. Finally, in Sec. VI, we present our conclusions.

II. A NO-GO RESULT IN VACUUM
EINSTEIN-ADS GRAVITY

To show that general relativity does not support planar
AdS spacetimes with multiple NUT parameters in arbitrary
D dimensions, we start from the Einstein field equations in
vacuum, that is,

G/w + Ag/,w = 0’ (1)

where G,, =R,, —1g,R is the Einstein tensor. The
plane-symmetric analog of the Schwarzschild-Tangherlini
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solution can be constructed out of the ansatz for the line
element [42]

1
f(r)
with dX? denoting a flat codimension-2 space, which is

locally RP~2. The metric function that solves the field
equations in (1) is

ds? = —f(r)de> + dr? + r?dx?, (2a)

2AP? m
(D-1)(D-2) rP7¥’

flr)=- (2b)

where m is an integration constant associated with the
mass. Notice that this one-parameter family of solutions
represents a black hole only for a negative cosmological
constant, which is related to the AdS radius via

(D-1)(D-2)

A=-—
202

(3)

Planar black holes can be simultaneously charged and set
into general rotation [19], including, of course, the sol-
utions in D =3, 4 [43-46]. The latter renders these
solutions special when compared to their spherical counter-
parts. Currently, it remains an open problem to extend the
vacuum rotating Myers-Perry black holes [16] to Einstein-
Maxwell theory while retaining full general rotation,
although some advances have been made in the presence
of scalar fields [47]. A key advantage that occurs for planar
horizons is that the static and rotating solutions are related
by large coordinate transformations that, although they
keep local properties invariant, change the global structure
in a nontrivial way—see, for instance, Ref. [48].

In an attempt to add multiple NUT parameters to these
black holes, one considers the following ansatz for the line
element [20,21]:

ds? = —f(r) (dl +2 i n(,-)B(i))z + d_r2
= f(r)

k
+ Z:(r2 + n%l.))df%.), (4a)

i=1

where k = (D —2)/2 and D is henceforth taken to be
even.' This extension of the black hole metric in Eq. Il uses
the direct product structure of the flat space for the base
manifold, i.e., R* = R? x R x ... x R%. Consequently,
the isometry group of the horizon geometry breaks into the
corresponding product of subgroups. However, the ansatz
in Eq. (5) is still highly symmetric, as it draws from the

'An odd-dimensional multi-NUT ansatz requires only adding
the term r2dy? to Eq. (5) with y being the additional coordinate in
the (D + 1)-dimensional space [20,21].

Kihler geometry of the planes for its construction. The flat
plane metrics, dE%i), are Einstein-Kidhler manifolds with
associated symplectic forms €2(;) = dB(;). Taking further
advantage of their Kéhler structure, we write them in terms
of holomorphic and antiholomorphic coordinates, i.e.,
Z() = x4 tiyg) and Zg) = x;) — iy, respectively, as
follows:

dx?, =

) = 5 (d2adz) + dzdzg), (4b)

N[ =

[P ;
By = 3 @dz) = 2 dZa): (4c)

where the sum over (i) is not assumed unless otherwise
stated. From this construction, one can obtain the non-
vanishing components of the Ricci tensor. They are

1 i 2, f
Rl =R = —— " _ ’
(5a)
2 2
RO _ RV _ _ rf’ (r* = "(,)) 2r%f
(i) V(i) r2 + I’L2< (r2 + n2 )2 r2 + n2‘
(i) (i) (i)
1
X 272 —, (5b)
TR

where prime denotes differentiation with respect to the
radial coordinate r. Then, the Ricci scalar can be computed
directly from the diagonal components of the Ricci tensor,
giving

k rf’ k 1
R:— //—4 —_2
M Y

k k
1
_SerZZ(r2+n%i>)(r2+n(2j))- (6)

i=1 j>i

The remaining nontrivial off-diagonal component can be
read off from the contracted Bianchi identity V,G} =0,
giving R, = 2n;x(;) [R] — Rig'i], since it is not indepen-
dent of Egs. (5) and (6) because of diffeomorphism
invariance.

Let us now provide a streamlined proof of the no-go
result of Refs. [20,21]. To do so, we start by considering the
two independent components of the Einstein equations, say,
the ¢t and X(j)X(j) components, which yield,
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2 2
r —I’l(>

k rf/ k ;
B g r’+nf, +fz (r*+ n%))2

+ 472 +A, (7a
f;; (r +” r*+n ()) (7a)
_—f// rf’ o _nl)f
r? —|—n() (r —I—n%l)z
S2rf 4 f 2r2f i 1
2 2 2
=T +n(1 r? +n TR +nj)

+4r2f22(r + ) (r +n(2j))+A' (70)

i=1 j>i

In order to integrate Eq. (7a), we introduce the function

Py (r) = l_I(r2 + n%i)), satisfying
i=1
d ) Lo
alnP(k)(r) = (lnP(k)) :2r2r2+n%)- (8)
i=1 i

Using the identity

<Zr2+n ) Z(r +njy

kK k
1
+2§ E .09
i=1 j>i (r2+n%i>)(r2+n%j))

and the definition of P (r) in Eq. (8), the ¢# components

of the Einstein equations, after some algebra, can be
rewritten as

% [f'—kf(ln@)/} (lnP(k))/+A:0. (10)

Multiplying this equation on both sides by P/, the left-
hand side can be written as a total derivative, whose first
integral yields

r P2 (p)dp
S <m+2/\/ M) (11)
P(k)(r) PP(k)(P)
where m is an integration constant. Inserting this solution

into transverse components of the field equations, one finds
that the following constraint must be satisfied:

vV oi,j. (12)

Since the spacetime is stationary and there are no
curvature singularities, see the discussion below, the range

of the coordinates covering it is —oo <? < o0,
—00 < r < 00, —00 < N(z(;)) < o0, and —oc0 < J(z(;)) <

oo for all i. Most holographlc models would consider
noncompact transverse spaces, as above. However, cylin-
drical or toroidal symmetry may be considered at any point.
For instance, if rotation parameters are enabled (via a large-
gauge transformation [19]), an identification must be
performed in each rotation plane. Furthermore, one could
consider a periodic time coordinate in the Euclidean section
or in compactifications of Kaluza-Klein theory, for in-
stance. In particular, in Sec. V, we consider a periodic
Euclidean time coordinate.

In other words, Eq. (12) implies that either the cosmo-
logical constant must be set to zero or all NUT parameters
must be equal to each other [21]. The former case is
undesirable, as it avoids asymptotically AdS spaces with
multi-NUT parameters, while the latter recovers the
higher-dimensional version of the planar Taub-NUT
spacetime—such spaces are well known in the literature
[49-52]. Our main purpose is to circumvent this restriction
imposed by the Einstein vacuum equations when
considering planar transverse sections. In what follows,
we analyze two separate scenarios and build explicit
examples of plane-symmetric asymptotically AdS multi-
NUT spacetimes.

III. SHAPING MULTI-NUT SPACETIMES WITH
FREE FIELDS

The first scenario is motivated by the simplest holo-
graphic model of momentum relaxation [35]. In that setup,
momentum relaxation is realized by allowing spatial
dependence of the holographic sources to the dual oper-
ators of massless scalar fields. Crucially, this dependence
can be chosen so that the bulk geometry and the energy-
momentum tensor of massless scalars are invariant under
the same isometry group, although the massless scalar
fields are not. A similar strategy has been used to construct
planar black holes, homogeneous black strings, and black
branes in Einstein-AdS gravity [36,41].

The setup in Ref. [35] is Einstein-Maxwell-AdS with
D — 2 free real scalar fields. Since charging multi-NUT
spacetimes poses a significant challenge, we focus on the
electrically neutral version of that model. However, for
convenience, we formulate the matter sector as composed
of k = (D —2)/2 free massless complex scalar fields ¢;
instead, whereas @(;) denotes their complex conjugate.
Concretely, we c0n51der the action principle

R-2A 1<
Ibulk:/ d®xv/|g < —QZIV%IZ), (13)
i=1

*We use the normalization )

= q)(z) —+ i‘P(i), where q)(,) and
W ;) are real scalar fields.
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where we are using units such that the Newton constant is
Gy = 1. Arbitrary variations with respect to the metric and
the scalar fields lead to

1
R;w - _g/wR + Agﬂl/ = 87[T;(u(€),

5 (14a)

(14b)

respectively, where the energy-momentum tensor of the
complex scalar fields is given by

k
ﬂIJ_ Z +v zvu¢()

= 9uVa? i) ViP(i))- (14c)

To solve the field equations in (14), the metric ansatz (4)
is assumed. If one relaxes the condition that the scalar field
must remain invariant under the action of the isometry
group of the metric, while keeping the stress-energy tensor
invariant, one finds that the Klein-Gordon equation is

solved by [35,36]
|

2

0= rf/ i n(l 4,2
Zﬂ +f (r +n<21 o rfzz (r* +nf,

i=1

P(i) = A2 (15)

which is also known to be compatible with Taub-NUT
spacetimes in four dimensions [53]. Notice that, by using
complex fields, the global U(1) symmetry of our field
content is evident. At the same time, the fields are fully
adapted to our metric ansatz (4), as they are linear in the
coordinates that span the codimension-2 hypersurface of
constant ¢ and r. Direct calculation of the independent
components of the stress tensor (14c) yields

LA
=T = — A 16
" ; r+ n%l.) (162)
z X %
(i) _ Y
Ti(i; - TyEi; r + I’l Z r2 +n (l6b)

J=1 )

As in the vacuum case, the nonvanishing off-diagonal
components are not independent of these ones, as a
consequence of diffeomorphism invariance. Then, the
independent components of the field equations are

/ (rz—nzi) k 25 f!
f// f ()) f+2 rf +f_ 5
(1) '

r? +n() (r2+n2. 2

+4r2fZZ G )r2+n JrA

i=1 j>i

Using the same identities as in the vacuum case, Eq. (17a) can be written as

2es(o”

which can be integrated, giving

1) =~

P(k)(r) (m + 2/ dp

k 87012
, 17
(r i) h +Zr2+ 2 (172)
=i 0) )
2r2f Z 1
Sy v g g,
8742 k872,
(0) ()
+) . (17b)
2 2 2
g =g
k 8717/12
>}(1np<))+/\+zr2+n()o, (18)
k. 8ally | Phy(p)
)
A+ . 19a
Zz*”() PPy () 19

Inserting this solution into the transverse components, one finds that the vacuum constraint (12) is modified according to

A
_ 2
/1(> A

2
CRET AL IO

V i with  fixed. (19b)

In other words, by fixing all but one of the field’s integration constants, we have constructed multi-NUT spacetimes with the
highest number of NUT parameters allowed by the dimension. Notice that the metric function in Eq. (25) is similar to that in
Ref. [21] [cf. Eq. (8)], but it includes the backreaction of the axionic fields that gravitate as an effective negative curvature
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[54]. Additionally, due to the presence of 4;), the constraint

in Eq. (19b) allows one to relax the strong conditions
placed on either the cosmological constant or the different
NUT charges found in [21]. Furthermore, notice that this
solution has a smooth static limit when n(;y — 0, recovering
the well-known solutions of Ref. [36] with a nonvanishing
cosmological constant. Even more, the solutions in
Ref. [21] are recovered in the vacuum limit, i.e., when
A — 0,V i. Lastly, reality conditions on the scalar fields
demand that the right-hand side of Eq. (19b) be positive
definite. Then, A must satisfy the bound

A
l%k) > = (n%k) - n%D). (19¢)
Without loss of generality, we assume that ng) > n.
Hence, the parameter ranges are restricted whenever the
cosmological constant is negative, which is the case we
focus on from here on. On the other hand, for a positive
cosmological constant, any 4 € R satisfies the bound, and
there is no restriction whatsoever on its value.

The solution is free of curvature singularities, as it can be
checked by analyzing the behavior of its invariants
V reR directly. Additionally, although the complex
scalar fields are linear in the coordinates that parametrize
the flat transverse sections, one can check that all invariants
constructed out of their stress tensor are also regular. Even
more, the solution is devoid of Misner strings, similar to the
planar Taub-NUT-AdS solution in four-dimensional gen-
eral relativity [55-57]. To see this, let us recall Misner’s
original analysis [55]. Upon calculating (V¢)?> for the
spherical Taub-NUT solution, he found that it diverges
along an infinite line, say, at the south pole. A group-
theoretic analysis then shows that this is only a coordinate
singularity, provided the time coordinate is periodic. It
follows that, for the spherical Taub-NUT geometry, one can
either choose spacetime topologies that carry a line defect,
such as a cosmic string, or those with closed timelike
curves. For the planar Taub-NUT spacetime (V)? does not
become infinite anywhere, signaling the absence of line
defects such as those found in Refs. [56,57]. Yet, for
reasons unrelated to Misner strings, these solutions possess
closed timelike curves [57].

For our multi-NUT spacetimes, it can be verified that

n2

k
(V1) 5+ 3 r§’ (20)
i=1 )

does not become infinite for any value of the transverse
coordinates z(;), independently of any identification taken
in the base space. Consequently, 7 has no required perio-
dicity. If, however, a periodicity is imposed on ¢ then the
spacetime presents quasiregular singularities [58]. These
mild singularities are the end points of incomplete and

inextensible geodesics that spiral infinitely around a topo-
logically closed spatial dimension. For any observer
approaching the singularity, their world line ends in a
finite proper time, without encountering infinite tidal
forces. Naturally, forcing the ¢ coordinate to be periodic
means that there are closed timelike curves in the regions of
spacetime where it is timelike. Nevertheless, for any
spacetime topology admitted by planar multi-NUT systems
there are always closed timelike curves that extend to
infinity on the transverse space, just as in the single NUT
parameter case [57].

For a negative cosmological constant given by Eq. (3),
the planar multi-NUT solution presented here is asymp-
totically locally AdS, as can be checked by inspecting the
behavior of the Riemann curvature near the conformal
boundary. Indeed, asymptotically, the metric function
behaves as

2 1 (2k +3)n 9 k=
10 =Z 3 (8’% ?Z )
+0(r2), (21)

as r — oo. Thus, it is clear that axions and the multi-NUT
parameters gravitate as an effective transverse-curvature
section, although the latter is flat.

To obtain the renormalized Euclidean on-shell action, the
bulk functional in Eq. (13) must be supplemented by the
Gibbons-Hawking-York term and intrinsic boundary coun-
terterms that render the variational principle for Dirichlet
boundary conditions of the holographic sources well posed
[59-63]. In the case of Einstein-dilaton-AdS gravity
coupled with axions, this was studied in four dimensions
in Ref. [64] (see also Ref. [65]). Concretely, in D = d + 1
dimensions, the full action is I = I + Iggy + I, Where

1
1 = — d4 h|K 22
GHY 87?/0/\/1 X i | ( )

is the Gibbons-Hawking-York term, with & = det 4;; being
the induced metric on oM and K = h’JK the trace of the
extrinsic curvature. Additionally, the intrinsic boundary
counterterms are given by [59-63]

1 d—1 ¢
Iy=— [ dixy/fn] |
S ||i 7 Taa=®

+f;3 R Rij_L'RZ
20d—4)(d—22 """ T 4@ -1
Z k
N WD, D+ | (23
+2(2A_d_2); m(p(l) n§0(,)+ , ( )

with A being the conformal weight of the scalar fields,
while ellipsis denotes higher-derivative terms in the metric
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and complex scalars. Since we are interested in the massless
case, we focus on the case A = d, where the scalar operator
in the dual CFT is marginal.

For simplicity, we focus on the simplest nontrivial AdS
multi-NUT solution, namely, the case k = 2 (d = 5). The
analytic continuation of the line element (4a) with metric
function (19) can be obtained by performing the Wick
rotation ¢ — —iz and n(;; — —in(;. The absence of conical
singularities at r = r, defined as the largest positive root of
f(ry) =0, demands that  ~ 7 + ., where

47 Ant’r),

- 2 (24)

:B‘r = .
ey, 5 = nfyy) = 826°23

From here on, we assume, without loss of generality, that
r, > ny > n;. The counterterms in Eq. (23) renormalize all
but one divergence of the bulk action plus the Gibbons-
Hawking-York term: the linear divergence on the radial
coordinate. This is an indication that a local counterterm for
the scalar field is missing. To systematically renormalize
the theory, one needs to perform holographic renormaliza-
tion [61-63] in the presence of axionic fields in six
dimensions, similar to what was done in Ref. [64] in the
four-dimensional case. One would expect higher-derivative
terms for the axionic fields from this analysis. However,
this lies beyond the scope of this paper, since our aim is to
present a mechanism to circumvent obstructions imposed
by the field equations to the existence of planar multi-NUT
solutions in AdS, rather than to renormalizing Einstein-
AdS coupled to axionic fields in six dimensions.
Nevertheless, a suitable choice of parameters can eliminate
the remaining divergence and render the action completely
finite. This condition fixes the remaining axionic constant
in terms of the two free NUT charges, according to

Y (4ny) —ny) ) i 5(nty) = ny)) (Tnfy) +5ny) =0.

@) Anf? 25672

(25)

This condition is consistent with the planar Taub-NUT-AdS
solution without axionic fields reported in Refs. [49-52]
when ng) =ng) =n, since this constraint alongside
Eq. (19b) implies that both axions vanish. Then, the
renormalized Euclidean on-shell action for the six-dimen-
sional solution with two independent NUT charges is
given by

px
Iz = T e 4ﬂrh(n%1) - ”%2))(/1%1) - /1%2))

rp[12r) — ZOr%(nfl) + n<22)) + 15(n(21) + n%z))2]>
62 ’

(26)

where X denotes the volume of the codimension-2 trans-
verse section of constant t — r, and [ is defined with an
overall minus sign with respect to its Lorentzian counter-
part, as usual.

The mass of the six-dimensional planar AdS multi-NUT
configuration can be obtained by following the
Hamiltonian formulation of the theory in Eq. (13). For
simplicity, we will consider the matter sector in terms of 2k
real scalar fields, ¢(;), instead of the k free complex ones,

@;. Thus, the action takes the following equivalent form:

R-2A 1
Ibulk:/Mde |g|< 167 —EZV’%)VM(:'))- (27)
i=1

This formulation requires decomposing spacetime into
space and time. For this purpose, we apply the
Arnowitt—-Deser—Misner decomposition to the Lorentzian
metric of our solution,

ds? = —(Nd1)? + 7 (dx® + Nedr)(dx? + N*dr),  (28)

where y,,, is the induced metric of a spacelike codimension-
1 hypersurface, X,, taken at constant time 7, with a unit
normal vector n“. The canonical momenta conjugate to the
spatial metric 7, and the scalar fields ¢;, are

14 Y
b = —%(K“b —7*K) and Ty, = —\/W_N“Vaqﬁ(,»),
(29)
respectively, where K ,;, = —V, n, is the extrinsic curvature

of X, and the operator V, stands for the covariant
derivative compatible with y,,. We have also specialized
the canonical momentum 7, to a stationary scalar field

by using ¢ =0 in the process. Next, we follow the
Hamiltonian formalism described in Ref. [66] for the
Einstein-Hilbert action, now including the contributions
of the free scalar fields. The resulting Hamiltonian is

H= / dx/7(NH + N“H,) + E, (30)
P

where y = dety,, is the determinant of the induced metric
on X%, and the Hamiltonian constraints are

_ lén b 1 5 R —-2A
=z <”“b” D—2”> ‘/7( 167 )
+5 — + yyabva¢iv¢i>7
2; NARK i) Vo)
D-2
Ha = —vaﬂ'ab + Zﬂd,mvaqﬁ(,-). (31)
=1

The supplementary quantity E ensures a well-defined
variational principle, i.e., its variation cancels out all the
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contributions coming from variations of the bulk action.
Concretely, its variation is given by

SE = / dd-1g { 167G NV 8y = ONGY )
B

+ [2N,57r1m + (2N'zbm — Nmﬂbl)ay,,,]

-2

U

(VINY iy + Ny Vo } (32)

i=1

with

l\/}j( al bm+yam bl

Gahlm —
2

Zj/ah lm) (33)

and it is evaluated on a codimension-2 hypersurface B,
which is the boundary of %,.

The quantity E is associated with the mass of the solution
when B is evaluated at r — oo, since it corresponds to the
value of the on-shell Hamiltonian. Using the asymptotic
behavior of our six-dimensional solution with k =2
(d=5), Eq. (32) can be integrated to obtain E. Thus,
the mass is given by

mx

- (34)

where X is the volume of the codimension-2 hypersurface
of constant ¢ — r. It is worth noticing that, in the integration
of Eq. (32), potential divergences arising from terms
with the cosmological constant, which are absent with
flat asymptotics, are canceled out by the relation (19b).
Therefore, this relation ensures the integrability and finite-
ness of the energy for planar AdS multi-NUT spacetimes.

IV. HIGHER-CURVATURE CORRECTIONS TO
MULTI-NUT SPACETIMES

In the previous section, matter fields were added to the
vacuum Einstein field equations to allow for multiple
NUT parameters. Here, we instead consider a scenario
in which the vacuum equations receive higher-curvature
corrections. In particular, we focus on a quadratic term in
the Ricci scalar, whose dynamics are dictated by the action
principle

I:/de g](R = 2A + BR?) : /de\/|g£Rv (35)

where f is a coupling constant of mass dimension equal to
minus 2. Although this one-parameter family of higher-
curvature corrections is fourth order in derivatives, it can be
mapped into a scalar-tensor theory by performing field
redefinitions and conformal transformations—for details,
see Refs. [67-73] and the references therein.

The field equations are obtained by performing arbitrary
variations of the action (35) with respect to the metric,
giving

1
R, - Eg”,,R + Ag,, +PpH,, =0, (36)

where the higher-derivative terms are encoded in the last
tensor, defined as

1
H, =2g,0R-2V,V,R+2RR,, - ERzg,w. (37)

In generic higher-curvature theories, vacuum states
characterized by maximally symmetric spaces have an
effective curvature radius Z.g. In the case of action (35),
these are characterized by the equation

2DB(D — 4)A2 = (D = 2)*(A = Aegr),

(D-1)(D-2)

(38)
2055

where Ay = —

Although A ; = A in four dimensions, this is no longer
true in higher dimensions, as the presence of  modifies the
definition of the effective curvature radius.

This theory is known to allow for planar AdS
black holes and asymptotically Lifshitz black holes in
higher dimensions at the particular curve in parameter
space [40],

1
p=-ar. (39)
Along this curve, the discriminant of the quadratic
equation for A.y in (38) becomes A =4 in arbitrary
dimensions, being independent of A, B, and D.
Furthermore, the conformal mapping that brings the
action (35) into a scalar-tensor theory cannot be
performed since the conformal transformation is degen-
erate there. Indeed, as pointed out in Ref. [40], this is
true for every theory whose Lagrangian can be written
as L= (R—-4A)*H(R) for some arbitrary function
H(R) that is regular at R =4A. The present case is
the simplest for which the function is constant, that is,
H = —1/(8A). Therefore, the theory (35) is purely
gravitational at the point (39), in the sense that it
cannot be mapped into a scalar-tensor analog. We will
consider this case from here on.

The condition R = 4A not only represents a stationary
point of the action, but it solves the field equations
automatically. This can be seen by noticing that, if the
condition (39) is satisfied, the field equations in (36) can be
written as

1
EﬂlpgRy/lpa T6A (R 4A> g”,, - Zvﬁv E;l/lpl/ = O, (40)
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where EY is the functional derivative of the quadratic
Lagrangian (35), i.e.,

0Ly 1
" R [ st
= = ——(R-4A)"8. (41
Ap aRI};ﬁ P AN ( ) [27p] ( )

Therefore, integrating the second-order condition R = 4A
suffices to solve the whole system, without further restric-
tions on either the cosmological constant or the NUT
charges. Assuming the multi-NUT ansatz (4), whose Ricci
scalar is given in Eq. (6), the latter condition can be
rewritten as

P P’ P ”

f”—l—2ﬁf’+ﬁf+4/\:7( (k)f) +4A =0, (42)
Pw™ Py P

with P defined in Eq. (8). Integrating this equation twice,

we obtain the analytic solution of the system, that is,

10 =g (n=3+ 5 [ [ aopoio).

(43)

where m and b are integration constants. Notice that only
two independent integration constants appear in the sol-
ution despite the fact that the model has fourth-order
equations. This is a consequence of the fact that the
nonlinear equations that determine the metric function
f(r) can be solved by the second-order equation R =
4A along the curve in parameter space given by Eq. (39).
Such is also the case in the limit where every NUT
parameter vanishes, for which the AdS black holes of
Ref. [40] are indeed recovered. As mentioned above, the
present higher-curvature equations are much less restrictive
than Einstein gravity. Notably, they admit solutions with a
transverse section conformed by the product of any
combination between spheres, and hyperbolic or flat
planes—one such space for each NUT parameter. Of
course, in this paper, our main concern has been the special
case where they are all flat planes.

Conserved charges in quadratic gravity theories have
been studied by using different techniques [74-81].
However, the functional derivative of the Lagrangian with
respect to the Riemann given by Eq. (41)—one of the key
ingredients in all these methods—vanishes when R = 4A.
This could indicate that, along the curve (39), the theory
might become critical whenever the Ricci scalar satisfies
R =4A. Indeed, it is known that criticality avoids
obtaining the energy formula from linearized charges
[75,82—85] and going beyond the linear analysis is needed
to obtain a definite answer. At this point, we are led to
speculate that the conserved charges vanish, as in critical
higher-curvature gravities. However, a definite answer can
only be achieved by computing the conserved charges in

full detail. This is certainly an interesting avenue to explore,
but it lies beyond the scope of this paper. So, we postpone
the analysis of the conserved charges of this solution to
future work.

V. PLANAR KALUZA-KLEIN
MULTIMONOPOLES IN ADS

Before presenting the planar Kaluza-Klein multimono-
poles in AdS, let us construct a simple possible extension:
the GPS Kaluza-Klein monopole [22,23] with cosmologi-
cal constant. Although in [25] the cosmological constant
was introduced by fixing it in terms of the NUT charge, the
construction presented here is devoid of such a restriction
and admits a smooth flat limit when A — 0.

In the original Kaluza-Klein monopole [22,23], the key
idea is to identify the U(1) fibration of the Euclidean Taub-
NUT metric with the U(1) structure that appears naturally
in compactifications of (D + 1)-dimensional spaces on S!.
The Euclidean Taub-NUT metric, however, is four-dimen-
sional, so it must be uplifted to five dimensions by adding a
flat direction, i.e.,

d5?py = Gapdy*dy®? = edz? + f(r)(dy + 2n cos 9dg)?

dr? 2 _ 2402
M CARAC
= edz? + g, dx*dx?, (44)

where € = 41 is introduced to analyze Euclidean and
Lorentzian signatures on the same footing.3 Here, capital
Latin characters denote indices on the five-dimensional
manifold with metric g,p, parametrized with local coor-
dinates {y*}, Greek characters denote indices on the four-
dimensional Riemannian manifold with metric g,, and
coordinates {x*}, while dQ%z) denotes the line element of

the round two-sphere.

The next step is to identify the uplifted Euclidean Taub-
NUT metric in Eq. (44) with the U(1) structure of the
Kaluza-Klein ansatz in D + 1 dimensions, that is,4

dgzKK = JupdyAdy? = e2%d5? + 2P (dy + A)?,  (45)

where a2 =2(D-1)(D-2) and pB=—(D-2)a,
although we will work in the case D =4 for simplicity.
Additionally, ¢ = ¢(x) and A = A,dx* are identified as the
dilaton and Maxwell fields, respectively, depending only on
the coordinates of the lower-dimensional metric ds2. Direct
comparison between Eqs. (45) and (44) allows us to read

*In the original GPS construction, a Lorentzian time was used,
that is, e = —1.

Since there are several extensions of the Taub-NUT metric in
higher dimensions (see, e.g., Ref. [52]), this construction can be
easily generalized to arbitrary dimensions.
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the dilaton, Maxwell, and four-dimensional metric fields
from the five-dimensional extension of the Taub-NUT
metric, that is,

¢:_§logf(r), A = 2ncos ddg,
2
ds? = f(r) (edz2 + % + (- nz)d9%2)> : (46)

and y = Az. Notice that the Maxwell field is exactly that of
the Dirac monopole, as observed in [22,23]. However, in
order to determine f(r), we need to specify a higher-
dimensional theory and solve its field equations, whose
dimensional reduction will result in the lower-dimensional
dynamics.

The simplest case is to consider five-dimensional
Einstein gravity. The vacuum field equations for the metric
(44), say G4 + Ajsp = 0, imply the Einstein equations for
gy along the pv components, from which the metric
function f(r) can be obtained analytically. However,
compatibility with the zz components implies that the
cosmological constant must be zero, obstructing spacetimes
with A # 0. However, as pointed out in Ref. [41], a simple
way to circumvent this restriction is to add a free scalar field
 that depends linearly on the coordinate that uplifts the four-
dimensional metric to five dimensions, say y = Az. This
condition automatically solves the Klein-Gordon equation
Lly = 0 on the background (44). The Einstein equations, in
turn, are now modified as Gap + AGap = 3 Tap, Where the
stress tensor of the scalar field is

1
Tap = VayVpy — EE_JAB(V)()Z' (47)

The nontrivial components of the stress tensor are T, =
—3eA*g,, and T, = A?. Thus, the yv and zz components
of the Einstein equation can be written as [41]

(48a)

1 1
R;w - EQHDR + (A + 48/12) g/w = 0,

1 1
CIR4A) =2 (48b
8<2+> 1 (48Db)

respectively. From here, it is clear that the absence of scalar
fields (A = 0) implies that the cosmological constant must be
zero. Remarkably, the vacuum constraint A =0 can be
circumvented in D + 1 dimensions if the integration con-
stant A satisfies

4

2=_
D-1°

A (49)

Hence, the role of the free scalar field is to compensate
for the curvature imbalance between equations in (48).

Additionally, reality conditions on the scalar field impose
that €A < 0. Therefore, the sign of the cosmological
constant is determined by the signature of the metric (44).
Then, replacing Eq. (49) into Eq. (48a), one obtains
G,y + Aei g, = 0, which represents the lower-dimensional
Einstein equations with an effective cosmological constant
given by

Ay = (g—:f> A. (50)

Focusing on the AdS, case (D = 4), that is, Ay = =3/ fgff
and € = 1, the Euclidean Taub-NUT solution is given by

(r —n)*(r 4+ 3n)
fgff(”"’ n)

r—n
r+n

f(r) : (51)

which is regular at r = n as long as y ~ y + 8zn.

Since the previous construction utilizes the FEinstein
equations coupled to free scalar fields, the lower-dimen-
sional theory can be obtained by performing the dimen-
sional reduction of the Einstein-scalar theory using the
Kaluza-Klein ansatz (45), giving

Vil(R=2-3 (%)

= V13l (R —2AeVi - ! (Vo) — I (Vy)? _%e—\/?(ppz)’

[\

2
(52)

where F = dA. Thus, the dimensional reduction of the
Einstein-scalar action leads to the Einstein-dilaton-
Maxwell theory with a Liouville potential and a free scalar
field )(.5 The profiles in (46) solve the field equations of the
right-hand side of Eq. (52) by construction, since the
uplifted Euclidean Taub-NUT metric is a stationary point
of the left-hand side. This solution has a smooth A — 0 (or
Ceir = o0) limit, which, in turn, implies that 4 — 0 by
virtue of Eq. (49). This is a simple way to generalize the
GPS monopole to include the cosmological constant.

To construct planar Kaluza-Klein multimonopoles in
AdS, we need to avoid the restriction imposed by the field
equations, which require either that the cosmological
constant vanish or that the NUT charges be equal. To do
so, we take the solution in Sec. III as a seed metric and add
a single flat direction, alongside a field with axionic profile
depending linearly on the coordinate that spans the extra

>The scalar x can be coupled to the Pontryagin invariant of the
Maxwell field, whose modified field equations are solved exactly
without altering the original solution [36]. However, this coupling
cannot be generated from compactifications on S' from odd to
even dimensions, since the Pontryagin term exists only in D =
4m with me Z.,.
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dimension, following the strategy of Ref. [41]. This allows
us to uplift the even-dimensional solution to odd dimen-
sions, keeping the cosmological constant nonzero.
Concretely, we consider the ansatz in Eq. (44) with g,,
being the analytic continuation of the line element (4)
obtained by performing the Wick rotation r — —ir and
ngy — —ing;). The Kaluza-Klein reduction is performed
along the periodic coordinate that generates the U(1)
fibration over the Einstein-Kéhler manifold in the seed
metric. This procedure yields

I = / dPx+/lg {R —2Ae% _1(V¢)2
M

——e 2(D- 1a¢ZF2 __Zw(p

- V){)
(53)

where A(;) =2n(;B(; are the Abelian gauge fields that
represent the planar Kaluza-Klein multimonopoles, with
n(y being the different magnetic charges, and By;) is the
Kihler potential one-form defined in Eq. (4c). Additionally,

F%l.) = Fﬁ,l,,)Félly), with F(; = dA(; being the Abelian field
strength. This is an Einstein-Maxwell-dilaton theory with a
Liouville potential, minimally coupled to k = (D —2)/2
free complex scalar fields, ¢;), and one real scalar field y.

The field equations are given by

i 1 (
Ru =5 0uR + N2 = S (T, + T, + T
+ e 2PN TR, (54a)

vﬂ (e—Z(D—l)a(/)Fﬂf’) =0,

0) (54b)

O¢p — 4ahe ™ = —% (D = 1)ae=2(P~Nad zk: F%i)’
(54¢)

Ly =0, (544d)

where the stress energy tensor for the complex scalar fields

is given in Eq. (14c), while for the dilaton and Abelian
gauge fields, they are, respectively, given by6

IW - v ¢vu¢

k
i i 1
and T = > <F;(,,1>F£” _ ZgﬂDF%i)) (55a)

i=1

g,w(Vcb)2

®The stress tensor T,(fi) can be obtained by replacing ¢ by y in

T\

In order to solve the field equations of the dimensionally
reduced theory, the axionic contribution y must be taken
into account. The latter is necessary to ensure the existence
of a nontrivial Liouville potential for the dilaton while
maintaining a nonvanishing cosmological constant in the
seed metric. This can be done by considering the following
ansatz for the line element, free complex scalars, and
axionic fields, that is:

2

. dr k
ds? = f(r)p= (edz2 ek Z;(r2 - n%,->)d2%,»>>,

Pu) = Az, X =4 (56)

respectively, where dZ%l.) is defined in Eq. (4b), and 1 is a

constant. The complex scalars and axionic field in Eq. (56)
solve their associated field equations automatically. The
remaining equations are solved by the metric function and
the dilaton field,

flr) = _—P(k)(r) (m + 2/ dp
ko2 7 Plyle)
) { it 22 2 ] PP )(ﬂ)>’ (372)
Inf(r)
P(r) = "3 - 2)a’ (57b)

where m is an integration constant,
constraints (49) and

as long as the

2Ae
— = (nd,—n), Vi withkfixed, (58)

are met. Notice that this constraint differs from that in
Eq. (19b) in a sign flip in front of the NUT charges, and this
difference arises after the Wick rotation ng; — —in(;) is
performed. Similarly, P (r) denotes the Wick rotated
function in Eq. (8), that is,

k
such that (In P, Z (59)

In order to avoid a signature change in the metric (56), the
radial coordinate should be restricted to r > rj, > ng,
where r;, is defined as the largest root of f(r) in
Eq. (57a). Additionally, the coordinate z has to be extended
along the real line. Otherwise, one cannot eliminate conical
singularities at » = r,, and the axion y would have been
multivalued. On the other hand, the behavior of the dilaton
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is similar to that in Ref. [25]. However, the main difference
is that the planar AdS Kaluza-Klein multi-instanton pre-
sented here has a smooth limit as A — 0, which, in turn, is
translated into y — 0 according to Eq. (49), while keeping
ng) # 0, with or without complex scalar fields ¢;). This is
the main advantage of this construction when compared to
that in Ref. [25].

VI. CONCLUSIONS

In this work, we have studied different scenarios for
constructing planar multi-NUT configurations with a non-
vanishing cosmological constant in higher dimensions.
Previous work had shown that this was not possible in
Einstein-AdS gravity due to strong constraints imposed by
the field equations [20,21]. To do so, we consider two
simple extensions that circumvent those restrictions. The
first one is based on complex scalar fields with axionic
profiles that depend linearly on the coordinates that span
the flat transverse sections [36]. The second one is inspired
by quadratic-curvature corrections to the Einstein-Hilbert
action, where higher-dimensional Lifshitz black holes have
been found [40]. These complementary directions represent
the two main ways in which the vacuum Einstein field
equations are modified: (i) introducing matter fields and
(ii) including higher-curvature terms.

A natural application of our result is the planar Kaluza-
Klein multimonopoles with a nonvanishing cosmological
constant [25]. Following the GPS construction [22,23], the
even-dimensional solutions are uplifted by adding an extra
flat direction, while keeping a nonzero cosmological
constant via the mechanism of Ref. [41]. After performing
the dimensional reduction along the periodic direction that
generates the U(1) fibration on the seed metric, we obtain a
plane-symmetric Kaluza-Klein multimonopole with A # 0,
whose vanishing cosmological constant limit keeps the
magnetic charges turned on. What is more, by following
this approach, we have generalized the GPS monopole,
allowing for the inclusion of a cosmological constant.

Several questions remain open and could lead to future
research directions. Firstly, a detailed thermodynamic
analysis of planar multi-NUT spaces is certainly worth
exploring. The thermodynamics of NUT-type solutions
introduces a long-studied difficulty, since the NUT charge
and its conjugate variable in the first law of thermody-
namics do not admit an independent derivation. One
possibility to resolve this issue is to adopt the
Bekenstein-Hawking area formula for the entropy, since
the Misner string is absent and, therefore, does not modify
it. This would allow one to derive the pair of thermody-
namic quantities associated with the NUT charge and its
conjugate potential, following the lines of Ref. [86]. In the
context of multi-NUT solutions, the first law of thermo-
dynamics would be generalized to include multiple NUT

charges and scalar charges associated with the translation
symmetry. Only once the thermodynamic quantities have
been identified can the thermodynamic ensemble be fixed
and phase transitions explored. This would reveal possible
phase transitions between these planar configurations and
thermal AdS, which are otherwise forbidden in the absence
of NUT charges. Secondly, the criticality of the quadratic
theory where we have found multi-NUT spacetimes has not
been established, and the conserved charges of those
systems remain without analyzing. Moreover, it is known
that the NUT charge in four dimensions can be interpreted
as a magnetic mass [87-92]. It would be interesting to study
whether the multi-NUT spaces still admit the same type of
interpretation in higher dimensions or if they induce some
sort of angular momentum, similar to the Myers-Perry
black hole. Thirdly, the role of multi-NUT parameters in
fluid/gravity correspondence is certainly worth exploring,
to see whether these configurations induce interesting
effects in holographic fluid dynamics. It is worthwhile
mentioning that after applying the large-gauge transforma-
tion of Ref. [19] to the multi-NUT spacetimes presented
here, the maximum number of rotations and NUT param-
eters would be turned on, hence allowing for any holo-
graphic fluid exploration involving plane symmetry. Such
multi-NUT spacetimes also complement previous con-
structions with products of spheres as transverse sections
[17,18]. Finally, much like Myers-Perry black holes, no
electromagnetically charged multi-NUT spacetimes are
known, in spite of the fact that charged Taub-NUT
spacetimes are known in all dimensions [93] and even
in all Lovelock gravities [94], which is not the case for
Kerr-type systems. We leave these and other questions for
future work.
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