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Quantum gravity and spectral running cutoff
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We have recently shown that a natural way to implement the Wilsonian paradigm in gauge theories
is through the introduction of a “spectral cutoff,” a cut on the eigenvalues of the covariant Laplacian,
pointing out that this provides the route toward the renormalization group (RG) construction.
Here, we apply this idea to quantum gravity, resorting to two realizations of the spectral running
cutoff: “hard” and “smooth.” We derive the RG equations for the Newton and cosmological
constant and find the RG pattern of the asymptotic safety scenario, with a non-Gaussian U V-attractive

fixed point.
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I. INTRODUCTION

Wilson’s lesson [1-6] provides one of the deepest
insights in quantum field theory. The general idea is that
the couplings that appear in the action S} at a given scale
k encode the effect of degrees of freedom that have
already been integrated out. The renormalization group
(RG) flow is obtained by lowering the scale and
progressively integrating quantum fluctuations in infini-
tesimal shells.

While in nongauge theories and in theories formulated
on flat spaces the idea of infinitesimal shells is naturally
implemented in terms of momentum shells, in gauge
theories, in gravity (where the notion of momentum cannot
even be globally introduced) and in general in theories
formulated on nonflat spaces, the issue is more delicate.
The introduction of a hard cutoff on momenta is not a
covariant operation and can easily generate violations of
Ward, Slavnov-Taylor, or diffeomorphism identities.
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We have recently shown that the natural way to
implement the Wilsonian paradigm in gauge theories is
through the introduction of a “spectral cutoff,” a cut on the
eigenvalues of the covariant Laplacian [7] (similar ideas
were already expressed in Ref. [8]). The Wilsonian idea is
then realized in a form that appears physically appropriate
for a theory with gauge redundancy and/or diffeomor-
phism invariance. Moreover, we pointed out in Ref. [7]
that this is how “infinitesimal shells,” that are at the basis
of the RG construction, should be introduced in this
context.'

In the present work, we apply to quantum gravity the
idea we put forward in Ref. [7]. Resorting to the Einstein-
Hilbert truncation for the gravitational action, we take a
spherical background and define the shells in terms of the
eigenvalues of the corresponding covariant Laplacian oper-
ator. We then consider two realizations of the running spectral
cutoff k& (smooth and hard) and derive the RG equations
for the running Newton and cosmological constants,” G « and

'"These ideas have been recently applied to the simple example
of a scalar theory defined on S* [9].

?It should be noted that in Refs. [10~12] the authors claim that the
Newton and cosmological constants do not run. However, the
running they refer to is that of the renormalized couplings, which
is defined from the renormalized vertex functions. In the present
paper, we consider the Wilsonian running of the bare Newton and
cosmological constants G, and A; as the (floating) cutoff k is
lowered. In this framework, the renormalized Newton and cosmo-
logical constants are obtained for k — 0. G; and A, at intermediate
scales k are not associated with observable quantities.

Published by the American Physical Society
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Ay, respectively. Anticipating the results, we find that the RG
flow presents the pattern of the asymptotic safety (AS)
scenario. A previous study of ours led to a different outcome
[13]. The crucial element at the root of the diversity is the
definition of the running scale k. As said above, here we follow
the analysis of Ref. [ 7], and accordingly we introduce the scale
k in terms of a spectral cut over the eigenvalues of the
covariant Laplacians, which determines the physically
meaningful separation of scales encoded in the theory. In
Ref. [13], weused a different definition of k, and thisled toa
different’ UV behavior.

The possibility of an AS scenario for quantum gravity
was originally hinted at by Weinberg [16]. A concrete
implementation was first given by Reuter [17] within the
framework of the functional RG formalism and later
developed in Refs. [18-26]. For instance, in the formu-
lation implemented through the effective average action
I, [27] (with k the running scale), one adds to the inverse

propagator F,iz) aregulator R, and the flow is governed by

a trace involving (1",((2) + Ry)™'koR,. Our approach dif-
fers from these realizations. We believe that it is more
directly Wilsonian in that it is tied to the “Wilsonian
effective action” S, rather than the “average effective
action” I'; for which some conceptual issues are yet to be
sorted out, notably the reconstruction problem [28].
Furthermore, in our approach the running scale, k is
introduced through the invariant eigenvalues of the
Laplacian operator, which directly provide the intrinsic
hierarchy of scales.

In this respect, it is worth it to recall here that in the
realization of the AS scenario within the functional RG
program some important questions are still open. It has not
yet been established whether the dimension of the UV
critical surface is stable against the addition of higher-order
operators, though some truncations beyond Einstein-
Hilbert have already been considered [29-36]. Another
relevant question concerns the dependence of the critical
exponents on the regulator. Finally, while in early literature
it was advanced that the product 125 ¢S does not depend on

oS! = —=

D ioe et (=0 = 3/a?) /A dety[(-©) — 6/a%)/A?]

the regulator [22,26] [(A25, ¢25) is the AS fixed point, with
A and g the dimensionless cosmological and Newton
constant, respectively], in more recent literature, this does
not appear to be the case [23,28]. We hope that our work
might be of help in clarifying some of these or other open
questions.

The rest of the paper is organized as follows. In Sec. II,
we prepare the tools for the RG analysis. In Sec. III, we
derive the RG equations for the Newton and cosmological
constant (G, and Ay, respectively) using a smooth spectral
cutoff, and study the fixed points and critical exponents. In
Sec. IV, we derive the RG equations for G, and A using a
hard spectral cutoff. Then, passing to dimensionless cou-
plings, we derive the beta functions and analyze the fixed
points and critical exponents. Section V is for the con-
clusions and outlooks.

II. GENERAL SETUP

In the present section, we briefly recall some steps of the
one-loop calculation of the effective action that are relevant
to the following analysis. Let us consider the Einstein-
Hilbert truncation

Sl = 1arg | SVART20 @)

and take as background the metric g,(f,’,) of a sphere of radius

a. Asin this case [d*xy/g" =32 g% and R(¢@)) = 13, the
action (2.1) takes the form

T\ 2w
i

§@ = §[g\9)] = e e

(2.2)

Following Ref. [37], where the off-shell one-loop effec-
tive action is obtained resorting to the Vilkovisky-DeWitt
geometrical approach4 [38,39], we write the one-loop
contribution to the effective action as

(2.3)

2 2 deto[(—O0@ — 2A, + 8/a2) /A2 det [(—O0© —2A,) /AT

3A rebuttal to Ref. [13] was presented in Ref. [14], where the
authors criticized our choice of the path integral measure and our
derivation of the RG equations. We responded in Ref. [15],
showing that the criticisms advanced in Ref. [14] are flawed and
inconsistent.

At least formally, this approach provides a gauge invariant and
gauge independent off-shell effective action. Naturally, the
necessary use of truncations may induce a certain amount of
spurious gauge dependence.
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where —[J*) are the spin-s Laplace-Beltrami operators and
the index i in det; indicates that the product over eigen-

values starts from AE le The corrections to A../G and 1/G

are extracted from the coefficients of a* and a2,
tively’ [see (2.2)].

The eigenvalues ﬂﬁ,” of the Laplace-Beltrami operators
on a four-sphere of radius a and the corresponding

degeneracies D,(f) are

respec-

n*+3n—s

(s) _
An — 2 )

a

) 2s+1 3\3 (2s+1)° 3
DY = ) I L A Z), (24
3 (”+2 o \"ty) 24

withn =s,5+1,....

Following Ref. [7], we now introduce the spectral
running cut that defines the “infinitesimal RG step.” To
this end, we observe that in (2.3) each of the fluctuation
operators has the form

(2.5)

and that the eigenvalues Aff) of the Laplace-Beltrami

operators —[1¢*) with generic spin s are related to the

(0)

eigenvalues 1, of =0 by the simple relation

(2.6)

As stressed in Ref. [7] and in the Introduction, the natural
way to implement the Wilsonian paradigm in gravity (more
generally in gauge theories) is through the introduction of a
“spectral cutoff” k on the eigenvalues of the covariant
Laplacians. This is an invariant way to introduce a
separation between IR and UV. In gauge/gravitational
theories, in fact, this separation cannot be obtained with
a momentum cutoff since the latter does not respect gauge/
diffeomorphism invariance.’® Therefore, thanks to (2.6), we
define the RG step resorting to (2.3) and calculating the

>The scale A in (2.3), that takes care of the dimension of the
fluctuation operators, is the Wilsonian UV cutoff of the theory. It
arises from the phase space path integral after integration over the
conjugate momenta [7]. In the case of gravitational theories, this
integration also gives rise to the nontrivial local factors of the
Fradkin-Vilkovisky measure [40]. These are noncovariant factors
sometimes claimed to break diffeomorphism invariance. As
shown in Refs. [40,41], and more recently in Ref. [42], it is
actually the opposite: diffeomorphism invariance is guaranteed
thanks to the presence of these terms. The reason why we do not
write them explicitly in (2.3) is that, as shown in Ref. [43], they
are canceled by equal (and opposite in sign) terms coming from
the loganthm of the fluctuation determinants.

®The notion of momentum cannot even be globally introduced
in the case of a curved space.

determinants of the restriction of the fluctuation operators
to the infinitesimal shell given by

(k- ok)> <AV < k2. (2.7)

In other words, we are not using the spin-dependent shift to
define different cutoffs in different spin sectors: the
Wilsonian running cutoff k is identified with the scalar
Laplace-Beltrami spectral scale.

In the coming sections, we implement the RG strategy
outlined above in two ways. In Sec. IIl, we introduce a
smooth spectral floating cutoff, while in Sec. IV, we
consider its hard counterpart.

III. SMOOTH SPECTRAL CUTOFF

We now turn to the realization of the RG strategy
presented in the previous section introducing a smooth
running spectral scale. To this end, we resort to the proper-
time representation and recall that, for a generic operator O
with eigenvalues 4, and degeneracies D,, log det O is
given by

log det O], = —ZDn /oo %exp [—74,]. (3.1)

/N2 T

In this framework, the RG strategy is realized replacing
each of the log det O, , in (2.3) with

(log det O, 4li—sx)

smooth

((k—ok)>—s/a*+a)™" d
= —Z / —Texp |:—T </1,(10) —iz + a> } .
(K>=s/a*+a)~ T a

In fact, the lower bound in the proper time integral
implements the suppression of the eigenvalues

while the upper bound ensures the suppression of the
eigenvalues

s 0 s s
A0S s o= Sra ()

Replacing each of the determinants in (2.3) according
to (3.2), expanding to first order in 6k, and taking the
limit 6k — 0, we obtain the flow equation for the running
action Sy,
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aSk 1 - (0)/"0 dr (0)
RS L 0N~ —exp(—r(4Y) —2A
=3 [ (el -20)
) d
+p? / Cexp (e +6/a2-2,))
(R46/a>=2A,)" T

o d
-Dy / Zexp(—e (A ~4/a?))
(K-4/a®)" T

0 d
_DE,())/ Zexp(—z(4 —6/612))] . (35)
(k2—6/az)’l T

where in the right-hand side the derivatives with respect to
k are taken keeping the couplings G, and A; fixed.
Inserting in the left-hand side of (3.5) the Einstein-
Hilbert truncation

S/(ca) :ﬂ—Aka“ _277’76127

3.6
3G," G, (36)

expanding the right-hand side for large a, and matching the

coefficients of a® and a*, we get the flow equations for
l/Gk and Ak/Gk’

L d /1 K2 - 9k% + 12/, 2A;
— (=) == ex
ak\G,) " 6x 2-2n, CP\i@ oA,

d (A K 2,
k— = —2k% +3(k% = 2A —— .
dk <Gk> n{ 3 ")e"p<k2—2Ak>}

(3.8)

The presence in (3.7) and (3.8) of terms that depend on
k*> — 2, indicates that for positive values of the cosmo-
logical constant the RG flow may hit a singularity at a finite
value of the running scale k. This is related to the well-
known IR instability associated with the propagator in de
Sitter space [44-47].

The system (3.7)—(3.8) can be translated in the RG
equations for G; and A,

ok? + 12A; 2A;
+— exp| -
k= —2A; k= —2A,;

k@ = sz% [1

dk 6r
(3.9)
dA, kG, 3(6k* — 27k A, + 20A2)
k—= = —12k2 = A k
dk P [ et K2 —2A;

(3.10)

. 20,
X
Pl 2oa,

A. Fixed points and critical exponents

We now write the RG equations (3.9) and (3.10) in terms
of the dimensionless Newton and cosmological constants

Ay

9k = szk, A = p

(3.11)
look for the fixed points, and calculate the corresponding

critical exponents.
Introducing (3.11) in (3.9) and (3.10), we get

2
g 9+ 122 22
R — — =1 =
kdk 29 67:[ T (1-2@)] Pol9-4)
(3.12)
A 6—271+ 200
~_ 9 L, 2 T
kdk A [ 6" 20—
22

The first term in each beta function is the canonical scaling
contribution, while the remaining terms are the spectral
quantum corrections. The nonpolynomial dependence on 4
is inherited from the singular terms k> — 2A; in (3.9) and
(3.10) and from the smooth proper-time implementation of
the shell.

The fixed points are the solutions of #, = f, = 0 in the
regular domain 4 < 1/2. Besides the Gaussian fixed point
(A.,9.) = (0,0), we also find the nontrivial fixed point
[first quadrant of the (4, g) plane]

(1..9.) ~ (0.149, 1.536). (3.14)

To determine the critical exponents, we linearize the flow

around the fixed point,
d /oA oA
k— =M ,
dk \ 6g og

M (@ﬁz ayﬂi) ‘ (3.15)
By 04P, (Ae9:)

As expected, for the Gaussian fixed point, we find the
canonical eigenvalues —2 and +2: the 1 axis is UV
attractive, while the ¢ axis is UV repulsive. Concerning
the nontrivial fixed point (3.14), we find the eigenvalues
ay,~—3.194 + 1.781i so that with the standard conven-
tion, #; = —a;, the critical exponents are

0, ~3.194 F 1.781i. (3.16)
We then see that the non-Gaussian fixed point (3.14) is UV
attractive and the flow approaches it with a spiraling
behavior, as shown in Fig. 1.

This is one of the most interesting results of the present
work. We have just seen that, implementing the Wilsonian
RG flow with the help of a smooth running spectral cut,
which ultimately means resorting to the eigenvalues of the

085020-4
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0

FIG. 1.

0.1 0.2 0.3 0.4

A

RG flow in the (4, g) plane for the smooth spectral cutoff. Red dots denote the Gaussian and the non-Gaussian fixed points.

The red curve is the separatrix that connects them. The arrows point towards the UV.

covariant Laplace-Beltrami operators to introduce a physi-
cally meaningful separation of scales, the asymptotic safety
scenario (at least in the Einstein-Hilbert truncation con-
sidered in the present work) is realized. In our opinion,
the fact that this scenario emerges in such a framework
provides support to the scenario itself. As mentioned in the
Introduction, in a previous study, we obtained a different
result [13]. The strength of the present approach stems
from the identification of the running scale in terms of a
spectral cut [7].

In the next section, we derive the RG equations for Gy
and A defining the flow in terms of a hard spectral cutoff.

IV. HARD SPECTRAL CUTOFF AND RG
EQUATIONS

The aim of the present section is to realize the same idea
of a spectral cutoff in a different way. Referring as before to
the general considerations developed in Sec. 11, in particular
to Egs. (2.6) and (2.7) and comments therein, we now
implement the spectral cut replacing (3.2) with

(log det Os.(l|k,k—§k)hard
(0) 2
s /In -
D M e R
k
(k—sk)2<iY <k?

The " in ) indicates that the sum over the spectral shell
(k — 6k)> < A’ < k2 has to be taken in such a way that

discontinuities that arise at the boundaries are avoided. To
this end, we adopt the midpoint prescription that we
describe below.

In first line of Eq.
(n* +3n)/a*. The relation

(2.4), we have that /1,(,0> =

2
A I
a

(4.2)

indicates that the integers n to be taken in the sum have to
satisfy the inequality (|x| is the floor function)

1
n < b (V4a’k> +9 - 3)J = Npax-

(4.3)

The sums of the kind (4.1) that define the RG step (see
below for the whole expression) are then performed up to
Npax- INOW, we rewrite n,,,, as

P = % (\/4a2k2 19— 3) - {%( 40’k +9 - 3)}.
(4.4)

The midpoint prescription consists in replacing the frac-
tional part with its average ({x}) =1/2, i.e.,

"We recall that |x| = x — {x}, where {x} is the fractional part
of x.
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Mo :%(\/4a2k2+9—3> - {%( 4a2k2+9—3)}
| - |
45(\/461 k +9—3) -5

(4.5)

Similar considerations hold for the other inequality, namely,

(k — 6k)* < A This procedure amounts to smoothing the
|

oS, _
ok DY
ok T2 ak Z (

<k2

Inserting in the left-hand side of (4.6), the running action
S,((“) given in (3.6), expanding the right-hand side of (4.6)
for large a, and matching the coefficients of a®> and a*, we
get the flow equations for 1/G; and A,/Gy,

L4 203k° — 641k* Ay 4 482k*A7
dk B 367 (k*

BEYWE

11712 20
M og (1= 22K 4.7
Ton 08 ( 2 > (4.7)

d (A K 20,
== |1-6log(1-2K)]. (.
i (G) =ae 1o (157 ] e

edge ambiguities while preserving the hard character of the
spectral cutoff.

Replacing now each of the determinants in (2.3) accord-
ing to (4.1), expanding to first order in ok and taking the
limit 6k — 0, we obtain for the running action S the flow
equation (as before in the right-hand side, the derivatives
with respect to k are taken keeping G, and A, fixed)

) N 0 g( 2P —|—6/a2—2Ak>
n 2
ﬁO)Skz k

_ 0) 2
S b ( 4/a ) Z (x 26/a )
20 <x2 a0 k

(4.6)
<k?

|

As for the RG equations (3.7) and (3.8) of the previous
section (smooth spectral cutoff), Eqs. (4.7) and (4.8)
display a singular behavior for k> — 2A,. They are then
valid only for A, < k?/2. Concerning the presence in (4.7)
and (4.8) of terms that depend on 1 — ]2‘, the same
considerations made below Egs. (3.7) and (3.8) hold. As
said in the previous section, their presence is related
to the well-known IR instability of the propagator in de
Sitter space.

Writing the equations for G, and A;, we obtain

dk — 36x

k—— =

dk 2n K2

dA,  KG, {1_61 ( ﬁ) Ay <3k2(106Ak—55k2)

d 262 (203K — 641K2A, + 48272 117 2A
G _Ci ) A RN T og (1206 ), (4.9)
(2= 2A,) 2 k
2,
241+ 1170log (1 =26V ) (@10
362\ (K —2A,)2 + °g< k2>>} (4.10)

A. Fixed points and critical exponents

We move on to write the dimensionless RG equations for g, = kG, and A, =

system.

A /k* and study the fixed points of the

Writing equations (4.9) and (4.10) in terms of their dimensionless counterpart, we have

g [203 - 6414 +4822> 117
kS g T “llog (1 =22)| = 4.(9, ), 411
a7 36z (=21 og (1 =24)| = B,(9.4) (4.11)

da g [18 =2751+ 7134 — 482)3 134
k= "2+, P2 6) log (1-24)| = (9. 2). i1n
dk +2n[ 18(1 —22)2 <4 ) og ( )] Bi(g.2) (4.12)
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—0.2 —0.1 0 0.1 0.2 0.3 0.4
A

FIG. 2. RG flow for the case of the hard spectral cutoff in a region of the (4, g) plane containing only the Gaussian fixed point and the
UV-attractive one. The graphical conventions are as in Fig. 1.

N

4}
=)

3 \
2t
1F
0

s~ W

-3 —2.6 —2.2 —1.8 —14 -1 —0.6 —0.2 0.2 04
A

FIG. 3. RG flow in the (4, g) plane for the hard spectral cutoff in a region larger than the one considered in Fig. 2. The presence of the
third fixed point (/19, giz)) and its impact on the flow are shown.
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Comments similar to those below Egs. (3.12) and (3.13)
apply here. Again, we observe that these equations are valid
only in the domain where 1 < 1/2.
Besides the Gaussian fixed point
(44, 9:) = (0,0). (4.13)
these equations possess two nontrivial fixed points.
They are

(2" g") ~ (0.080,0.985) (4.14)

and

(1, ¢y = (~2.168,6.022). (4.15)
We determine the critical exponents by linearizing the
flow around the fixed points. As before, for the Gaussian
fixed point the 1 axis is UV attractive, while the g one is UV
repulsive. For (/1&”, gg)), solving for the eigenvalues of the
stability matrix, we find that the critical exponents are

0\') ~2.015 F 0.734i, (4.16)
while for (/19), gsz)), we find
0 ~ 2697, 0 ~3356. (4.17)

These results show that, as for the smooth case, the hard
implementation of the spectral running cutoff displays the
presence of a non-Gaussian UV-attractive fixed point.
Again, the asymptotic safety scenario with a UV flow that
approaches (/1&1), gil)) by circling around it is realized. This

is shown in Fig. 2. Concerning the fixed point (/19, gﬁz)),

Eq. (4.17) shows that it has one U V-attractive and one UV-
repulsive direction. It is then a saddle (not a UV attractor)
that influences the flow in the region of the plane with
negative values of A. This behavior is displayed in Fig. 3.

Asymptotic safety is thus found even when the spectral
cutoff is implemented in terms of a hard cut. We think it
worth to repeat here that the fact that such a behavior arises
from a spectral implementation of the running scale [7], i.e.,
from a separation of scales obtained resorting to the
covariant Laplace-Beltrami operator, seems to provide
further support to the AS scenario.

V. CONCLUSIONS

According to the analysis that we performed in Ref. [7],
in this work, we have implemented the Wilsonian RG
paradigm in quantum gravity introducing a covariant
spectral running cutoff, considering the Einstein-Hilbert
truncation. The construction is based on the observation
that the scales, and a fortiori the RG step, are set by the

spectrum of the covariant Laplace-Beltrami operator. The
Wilsonian separation between lower and higher energy
scales emerges as the direct and natural consequence of the
invariant separation of the eigenvalues of the Laplacian.

We considered two realizations of this guiding principle.
In the first one, we used a smooth spectral cutoff. For the
second one, we considered a sharp implementation. In both
cases, we found that the asymptotic safety scenario is
realized. More precisely, with the smooth spectral flow, we
found a Gaussian fixed point and a non-Gaussian UV-
attractive fixed point (with a couple of complex conjugate
critical exponents). For the case of the hard spectral cut, in
addition to the Gaussian and the UV-attractive non-
Gaussian fixed point, we found a third fixed point with
one UV-attractive and one UV-repulsive eigendirection
(with A, < 0). The presence of this additional fixed point,
however, does not change the UV behavior of the theory in
the 4> 0, g> 0 region, where the asymptotic safety
scenario is realized. In the past, we got a different result,
according to which it seemed that the RG flow did not
present the AS scenario [13]. As compared to this previous
work, the new crucial element that allowed to get the results
of the present work is the identification of the running scale
in terms of a spectral cut, that follows from the analysis that
we presented in Ref. [7].

Our present construction differs from the usual realiza-
tions of the AS scenario. In the case of the implementation
of the RG flow in the framework of the effective average
action formalism, for instance, the latter is determined by
the trace of (Ff) + R;)"'ko Ry, where Ry is a regulator

function (I';, is the average action at the scale k and F,(cz) the
corresponding inverse propagator). Our implementation
refers directly to the invariant eigenvalues (scales) of the
Laplace-Beltrami operator: the running scale k itself is
determined according to the inbuilt separation of said
eigenvalues. The difference does not merely amount to a
technical change of regulator. The novelty of the present
work is the application of the idea first introduced in Ref. [7]
(spectral cut) to the RG analysis of quantum gravity.

It is worth it to come back here to the point central to the
analysis developed in the present work, a point that we have
stressed in Ref. [7] and all along this work. The Wilsonian
paradigm in gravity (in gauge theories) is naturally imple-
mented through the introduction of a “spectral cutoff” k on
the eigenvalues of the covariant Laplacians. In these cases,
the separation of scales cannot be obtained with a momen-
tum cutoff since the latter does not respect gauge/diffeo-
morphism invariance.

The analysis of the present work represents a first step,
and we believe that several developments are possible.
Naturally, it would be interesting to use this approach to go
beyond the Einstein-Hilbert truncation including higher-
curvature operators, such as R2, Rﬂ,,R’”“, .... Another direc-
tion could be to extend the analysis considering the
inclusion of matter fields. Also, one could try to repeat
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the analysis on backgrounds different from the four-sphere,
in order to disentangle projection effects from genuine
spectral-cutoff effects.

We hope that the methods introduced in the present work
might be of help in studying (at least some of) the open
questions in quantum gravity (in particular in the AS scenario),
and more generally in implementing the Wilsonian paradigm
in those cases where the separation of scales is naturally
realized through the eigenvalues of the Laplacian operators
that enter the quantum fluctuation determinants.
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