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We present an SUð12Þ × SUð2ÞL × Uð1ÞR model unifying SUð9Þ quark color-flavor with SUð3Þ
lepton flavor as a flavorful alternative to conventional theories of unification. We begin in the ultraviolet
with a single Yukawa shared by the unified up-type quarks and neutrinos and no further new fermions.
We show that gauged quark color-flavor and lepton-flavor instantons dynamically generate the bottom
and tau Yukawas, which implements a massless quark solution to the strong CP problem and sets up a
flavored type-I seesaw mechanism. Only two new scalar irreps are needed for the symmetry-breaking
steps, which include quark color-flavor deconstruction and then infrared reunification, and the Standard

Model (SM) gauge group in this theory emerges as GSM ¼ SUð3ÞC×SUð2ÞL×Uð1ÞY×ZX
18

Z3×Γ×Z3
, where Γ∈ f1;Z2g is

the electroweak global structure and there is a discrete gauge symmetry X ¼ B − 3ðLi þ Lj − LkÞ which
brings additional Z3 global structure to the SM. This gauge symmetry acts as a flavorful upgrade of the
ZBþL

18 anomaly-free global symmetry of the SM and stabilizes the proton absolutely. Noninvertible chiral
symmetry breaking is crucial to our model, and we discuss the rich spectrum of emergent generalized
symmetries and topological defects appearing at various stages. In the infrared, the novel shared quotient
between continuous and discrete groups links the one-form and two-form global symmetries of the
Standard Model.
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I. UNIFICATION

A major lesson of the past couple hundred years of
scientific inquiry has been the rampant success of reduc-
tionism: As we have probed shorter and shorter distances,
we have found simpler and simpler descriptions of the
world and its remarkable emergent phenomena which
require fewer degrees of freedom and fewer free parame-
ters. With such large Bayesian update factors for the
proposition of simpler small-distance theories, there is
great circumstantial evidence toward further unification
and an even simpler theory at distances far below the
Standard Model phase.
However, since the proposal to unify the gauge forces

of Georgi-Glashow in 1974 [1], particle physicists have
sadly seen no discoveries of the concrete beyond the
Standard Model (BSM) microphysics involved in

unification models.1 A general concern for theories that
unify the SM gauge symmetries into a simple group is
the lack of observed proton decay, despite exquisitely
sensitive searches occurring over decades [5]. Of course
it is possible the lesson is merely that unification
happens at a higher scale than expected, but whenever
there is conventional wisdom which is under stress from
empirical observations, it is interesting to think contrarily
and in particular to consider maximalist interpretations of
the data.
Maybe unification, despite the tremendous appeal, is just

not realized in our Universe: It turns out that if unification is
not correct, we could definitively learn this at low energies
by discovering fractionally charged particles (FCPs) [6,7],
whose very existence is incompatible with some or all
minimal grand unified theories (GUTs), depending on the
charge. The possibility of learning such stark, far-ultra-
violet information from simple infrared measurements is
enabled here because the existence of fractionally charged
particles probes a topological aspect of the field theory,
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1Nor have we seen direct evidence of the proposals to unify
gravity and SM forces through extra dimensions going back to
Nördstrom in 1914 [2], followed later by Kaluza in 1921 [3] and
Klein in 1926 [4].
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so does not depend on energy scale at all. Further
contemplation on how to identify and make use of such
rigid quantum field theory data contained in our theories of
particle physics is warranted, and indeed we will make
further use of topological data below. Toward ruling out
GUTs, more work by both phenomenologists and exper-
imentalists is needed to develop a robust search program for
these signatures at colliders.2

On the other hand, discarding unification entirely based
on the nonobservation of proton decay is perhaps too rash,
and we ought also examine our theoretical biases regarding
the link between unification and proton decay. Rather than
giving up the prospect of a simpler theory at smaller
distances, maybe there is a different approach to unification
that leads to different conclusions about proton stability.
After all, the proton of the Standard Model is stable due to a
zero-form discrete global symmetry that results nontrivially
from the fact we have multiple generations of fermions
[18,19]. Here we follow to the maximum this hint that the
multiplicity of generations is deeply tied to the fundamental
behavior of the Standard Model particles and find that
nontrivially incorporating gauged flavor into our unifica-
tion paradigm can absolutely stabilize the proton even with
quarks and leptons unified in the ultraviolet.
It is well known that models of unification where the UV

group is nonsimple need not introduce proton decay, with
Pati-Salam [20] and trinification [21] the paradigmatic and
minimal examples, although pursuing this requires care
regarding which scalar representations are included and can
complicate the model building. However these models are
often seen as unsatisfying since gauge unification is “not
complete.” Is there a version of these that offers comparable
virtues to well-loved SUð5Þ [1] and SOð10Þ [22]?
There are various ways in which theories of unification

may simplify the ultraviolet description. Historically, the
near-unification of SM gauge couplings has been important
theoretical evidence [23], though more-precise measure-
ments later revealed that the couplings do not unify with the
SM matter [24–26]. A conceptually separate aspect of
unified theories is matter unification and particularly the
unification of the fermions of the SM. In the familiar
“vertical” GUTs which focus on gauge coupling unifica-
tion, the fermions unify into no less than three multiplets, as
the generation structure merely goes along for the ride. Is
there a way to achieve complete unification of the SM
fermions?
Attempts to add flavor to this picture include Georgi’s

program to enlarge SUð5Þ to SUðN > 5Þ and find the
generations from different representations to explain the

breaking of flavor symmetry [27]. Berezhiani instead
proposed vertical × horizontal theories like SOð10Þ ×H
[28,29] which does unify the SM fermions into one
multiplet. But either of these theories requires many new
fermions, including perhaps new chiral states, and the
proton anyway remains unstable. Furthermore, gauging
flavor in this way requires having a shared flavor symmetry
between the quarks and the leptons, as you might think is
necessary if quarks and leptons are unified.
The “floccinaucinihilipilification” paper [30] of

Allanach, Gripaios, and Tooby-Smith, betraying its name,
uncovered a small number of ways in which gauged flavor
can be intertwined nontrivially with the gauge structure of
the SM. Davighi and Tooby-Smith constructed a fantastic
theory of SUð4ÞC × Spð6ÞL × Spð6ÞR electroweak flavor
unification [31] (which had originally been noticed in 1984
by Kuo and Nakagawa [32,33] but without much explora-
tion of the theory). This theory forbids perturbative proton
decay but the proton inevitably decays through Spð6Þ
instantons [34]. The other sort of nontrivially intertwined
gauge-flavor unification pointed out in that work is
SUð12Þ × SUð2ÞL × SUð2ÞR quark-lepton color-flavor
unification. Note importantly that there exist versions of
each of these theories which include a semidirect product
with a Z2 factor that charge conjugates the color group
while switching L and R.3 In such a theory all the SM
fermions have truly been unified into a single irreducible
representation, with no extras aside from the right-handed
neutrinos.
It is color-flavor unification that will be the topic of this

work. Remarkably, despite manifestly unifying the leptons
and the quarks, this will allow separate gauged flavor
symmetries for quarks and leptons at intermediate scales.
Not only does this provide a broad motivation for why
quark- and lepton-flavor physics is so different, but it also
allows remarkable nonperturbative effects from the gauged
flavor instantons [36–39] which work specifically because
the quarks and leptons are separated—and also specifically
because we have Ng ¼ 3 generations, making this one of
few active inroads toward the generation puzzle.
We have previously explored these sectors individually,

having understood their effects from a bottom-up strategy
using noninvertible symmetries which pointed us to inter-
esting physics in these ultraviolet theories of unification. In
those works, the neutrino Yukawas are generated from the
charged lepton Yukawas and an instanton of SUð3Þl
lepton-flavor unification, and the down-type Yukawas
are generated from the up-type Yukawas and an instanton
of SUð9Þ quark color-flavor unification. Here we further
unify these two separate uses of noninvertible symmetry in

2See also [8,9] on other aspects of FCPs. We can learn similar
information by discovering an axion and making measurements
sensitive to its anomaly coefficients [10–17] though to our
knowledge the full map of what set of measurements would
be required to rule out which global structures has not been
described.

3In the context of Pati-Salam this is sometimes referred to as
“D parity,” and the correct discrete structure (semidirect product,
not direct) has only seen little discussion, for example Appendix B
of the recent [35].
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the quark and lepton sectors. However, there is an obstacle
to directly cutting and pasting the previous uses together:
The heaviest quark and lepton Yukawas are reversed with
respect to each other. That is, the “up-type” lepton is the
neutrino, which has the smaller of the two lepton masses,
whereas the largest quark Yukawa is the top, so the two
mechanisms do not immediately unify. Here wewill propose
one model of notable dynamics coming from quark-lepton
color-flavor unification with the expectation that this is one
of many interesting phenomenologies that could be borne
out as this ultraviolet theory flows to the infrared Standard
Model. The model we will pursue in this work will preserve
the solution to the strong CP problem while still using
noninvertible symmetry breaking to interesting effect in the
lepton sector in conjunction with a flavored type-I seesaw
that ultimately leads to Majorana neutrino masses.
Our main interest will be in starting with solely one

Yukawa and generating the various masses for the third-
generation fermions through interplay between tree-level
effects, one-loop effects, and nonperturbative effects. The
penalty we pay with this approach is that quark-lepton
unification will take place at very high energy scales, for
reasons unrelated to the stability of the proton. After
starting with the same Yukawa for the top quark and the
neutrino, we will generate the bottom quark and tau
Yukawas from gauged flavor instantons when those gauge
symmetries are broken. But the breaking of this lepton-
flavor symmetry coincides with the generation of Majorana
neutrino masses, which for a successful seesaw mechanism
must occur at the usual high scale, necessitating very high
energy dynamics. See Fig. 1 for a schematic breakdown of
the various symmetry-breaking steps from the ultraviolet
group down to the SM phase.
As we flow down in energies and break the flavor

symmetries, we will have enough freedom to generate the
full structure of the masses and the Cabibbo-Kobayashi-
Maskawa (CKM) and Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrices, but producing a beautiful model of flavor
will be left for future work. As is standard in GUT model
building, in this first pass wewill not attempt to write down a
full scalar potential but rather assume the appropriate scalars
condense at the energies we want them to.

Nevertheless we will not land on the familiar SM gauge
group in the far IR—our Standard Model will have an
additional discrete gauge theory. The full group will be

GSM ¼ SUð3ÞC × SUð2ÞL ×Uð1ÞY × ZX
18

Z3 × Γ × Z3

; ð1Þ

where X ¼ B − 3ðLi þ Lj − LkÞ will nonperturbatively
protect the proton from decay and Γ∈ f1;Z2g is the
electroweak global structure.4 This discrete symmetry
factor was essentially identified by Babu, Gogoladze,
and Wang [40] long ago and shown to appear from this
theory in [41]. The additional global structure appearing
between the continuous SM groups and a gauged discrete
symmetry is novel here. This version of the StandardModel
has the same continuous degrees of freedom as normal, and
local-in-field-space effects are all the same as normal, but
the spectrum of topological degrees of freedom differs and
their coupling to the SM has important phenomenological
implications.
In Sec. II we will review the logic of noninvertible

naturalness and the noninvertible symmetries appearing in
this work. In Sec. III we will give the ultraviolet theory of
quark-lepton color-flavor unification. In Sec. IV we will
discuss the spontaneous breaking which separates the
quarks and leptons and generates the noninvertible sym-
metry-breaking instanton effects. In Sec. V we will discuss
the breaking of quark color-flavor unification, and in
Sec. VI we will discuss the breaking of lepton flavor
and the preservation of a discrete gauge symmetry. At each
of these stages we will discuss both the perturbative
phenomenology and nonperturbative aspects of the physics
including instantons, topological defects, and emergent
generalized symmetries. In Sec. VII we will match the
ultraviolet and infrared gauge couplings, and finally in
Sec. VIII we will discuss the higher-form symmetries of the
Standard Model on which we land in the infrared. We
conclude in Sec. IX.

II. NONINVERTIBLE NATURALNESS

The quark-lepton color-flavor unified theory is the
setting for our work. In Sec. III we will introduce this
theory and thereafter transition down in energy scales while

FIG. 1. The breaking chain from our ultraviolet theory down to
the Standard Model. Some of these steps may happen simulta-
neously; or contrarily there may be additional intermediate steps.

4The X quantum number is really best understood as
Q − 9ðLi þ Lj − LkÞ ¼ 3½B − 3ðLi þ Lj − LkÞ�, where Q is
quark number under which the quarks have unit charge. We have
used “B” above because it is the familiar convention and because
two symmetries which differ only by normalization are the same
symmetry, so it is not technically incorrect. But it is far less
confusing to consider topological effects in the normalization where
all particles have integer charge, so that a rotation by 2π is the
identity and all anomaly coefficients and indices are integers, and in
the rest of this work wewill use unit normalizations. (That is, except
for Sec. VII when we will switch to conventional normalization so
that our results can be compared clearly to others.)
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explaining various symmetry-breaking steps. However, the
construction of this theory, and the bottom-up understand-
ing of its core mechanism, has been enabled by our
understanding of noninvertible symmetry breaking in
flavored Z0 theories, and so we will first here explain the
relevant concepts and applications. Readers eager to see the
top-down model can skip ahead to Sec. III on a first pass,
returning to this section when needed for additional
perspective on various symmetry-breaking effects.
The basic model-building benefit of analyzing non-

invertible chiral symmetries is to systematically learn from
the infrared about possible ultraviolet instanton effects that
may generate certain couplings in the infrared theory. This
guidance goes past ’t Hooft naturalness [42] in not only
providing assurance that the small size of a given coupling
may be preserved upon RG flow, but also in pointing to a
particular ultraviolet mechanism for generating that small
coupling in the first place. This strategy has thus been
termed “noninvertible naturalness.” Having this signposted
direction for instanton effects is especially useful, as they
provide one of few known ways to generate exponential,
parametric hierarchies between parameters or scales.
In particular these types of noninvertible symmetries can

occur when our gauge group admits more instantons on a
general manifold than on R4 (really its one-point compac-
tification S4, as is familiar from instanton studies). The
crucial aspect of general manifolds is their ability to support
magnetic fluxes on compact cycles, and in fact we can skip
considering exotic manifolds entirely if we instead study
our theory on R4 with ’t Hooft lines inserted [43–46]. For
simplicity we find the former criterion easier to state.
That is, say we are given an infraredH gauge theory with

field strength Hμν. As normal, to understand the dynamical
effects of instantons in breaking chiral symmetries in the
infrared H theory, we study the possible values of

IIRðS4Þ ¼
Z
S4

TrðHH̃Þ
16π2

; ð2Þ

the spectrum of instantons that appear around empty flat
space. These instantons break chiral symmetries by gen-
erating ’t Hooft vertices in our theory on R4. However, as
theorists, we are free to study our theory on whatever sort of
background we wish and in particular to consider the
instantons which appear on a more general manifold

IIRðM4Þ ¼
Z
M4

TrðHH̃Þ
16π2

: ð3Þ

To be perfectly clear, we are studying these configurations
not because we inherently care about what our theory does
on M4 but because such auxiliary calculations can give us
as effective field theorists more information about our H
gauge theory that can be useful to understand the theory
on R4. In particular, one may often find that as sets,

IIRðM4Þ ⊃ IIRðS4Þ; ð4Þ

and there are more instantons allowed on a general
manifold than dynamically break chiral symmetries in
our IR theory on R4. The most familiar example is Uð1Þ
gauge theory, where IIRðS4Þ ¼ 0 and there are no Abelian
instantons in flat space, but IIRðM4Þ ¼ Z meaning in
general there are integer-valued instantons on a spacetime
with a 2-cycle (for example, the torus T4).5 Another
pertinent example is the quotient group SUðNÞ=ZN , where
IIRðS4Þ ¼ Z being the familiar integer instantons of
SUðNÞ, but IIRðM4Þ ¼ Z=N and in general “fractional”
instantons are allowed due to the identification of the ZN
center of SUðNÞ with the identity. See e.g. [6] for some
review on the basics of thinking about gauge theories with
quotient groups and e.g. [11,37,47,48] for insight into
fractional instantons.
The technology of generalized symmetries tells us that in

these scenarios the instantons which live only on exotic
manifolds have the effect on the theory in R4 of converting
some chiral symmetries into noninvertible symmetries
[rather than simply breaking them, as the IIRðS4Þ instantons
do] [49,50]. Furthermore, the technical construction of
noninvertible chiral symmetries teaches us something
special about their explicit breaking. A noninvertible chiral
symmetry relies on the IR theory having a magnetic one-
form global symmetry and admitting magnetic monopole
defects. As the magnetic one-form symmetry of the H
gauge theory is essential, this implies that if we go to
a UV G gauge theory which breaks the magnetic one-form
symmetries of the H gauge theory [for example, by
π2ðG=HÞ ≠ 1 supplying the correct magnetic monopoles
of the H theory as dynamical objects, not simply defects],
then the noninvertible chiral symmetries of the H theory
must be broken in the G theory.
Systematic consideration of these symmetries leads us to

the following model-building strategy called noninvertible
naturalness. When we go to the UVG theory that breaks the
magnetic one-form symmetry we will find

IUVðS4Þ ⊃ IIRðM4Þ; ð5Þ

and we have upgraded the instantons which did not live on
empty flat space in the H gauge theory into instantons
which do in the G gauge theory. Then in the UV theory
these now have the familiar dynamical effects of chiral
symmetry breaking. While discovering in your infrared
theory that a coupling is technically natural teaches you that
if that coupling were small in the ultraviolet it would stay
small into the infrared, discovering that a coupling is
noninvertibly natural guides you to ultraviolet theories that
explain why that coupling is small to begin with.

5For Uð1Þ since there is no trace over generators we actually
mean IIR ¼ R

FF̃=ð16π2Þ.

ANTONIO DELGADO and SETH KOREN PHYS. REV. D 114, 075021 (2026)

075021-4



At a basic level the lesson—that you should look
for an ultraviolet theory which supplies the “missing”
instantons—could have been guessed long ago. However
it seems that historically it was not, as we have been able to
use this strategy to discover useful instanton effects in
minimal extensions of the SM. Furthermore, quite generally
the point of understanding the symmetry statement is to learn
the systematics, which teaches us concrete strategies for
using this symmetry information. For technical details we
refer to earlier papers e.g. [36,37,49]. More generally than
just this concept, in recent years many works have appeared
using various concepts from generalized global symmetries
to learn new particle physics e.g. [51–69].

A. Noninvertible symmetry breaking
in the quark sector

Models of Z0s, in which an additional Uð1Þ symmetry is
gauged, offer a natural bottom-up strategy to search for
profitable noninvertible symmetries leading to ultraviolet
completions in which small couplings are generated by
instantons. The most minimal Z0 models are those which do
not require additional matter, being simply a gauging of a
nonanomalous (approximate) symmetry of the SM itself, a
subgroup of the continuous global flavor symmetry
SUð3Þ5 ×Uð1ÞB−L [where of the other four Uð1Þ’s, one
has become hypercharge and three have Adler-Bell-Jackiw
anomalies under the three factors of the SM, though some
discrete factors are preserved [18] ].
In the lepton sector, the guidance from these noninver-

tible symmetries was used to find ultraviolet completions of
lepton-flavor Z0 models in which either Dirac or Majorana
neutrino masses are generated by lepton-flavor instantons
and so automatically exponentially suppressed [36]. In
particular, in the Dirac case, the simplest model to imple-
ment noninvertible symmetry breaking is an SUð3Þl gauge
theory of lepton-flavor unification. In the quark sector, the
guidance from these noninvertible symmetries pointed us to
an overlooked theory of SUð9Þ quark color-flavor unifica-
tion in which the simplest solutions to the strong CP
problem are revived in a flavor-symmetric way (the mass-
less quark solution [37], the visible Peccei-Quinn-
Weinberg-Wilczek (PQWW) axion [38], and the invisible
Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) axion [39], all
of which face problems in their SM versions). Here we will
unify the quark- and lepton-flavor effects.
In the quark sector this work will implement the massless

quark solution to the strong CP problem via noninvertible
symmetry breaking, and we refer to our earlier [37] for a
pedagogical introduction to both the problem and this style
of solution. But we note an important difference in the

noninvertible symmetry-breaking strategy from our previous
uses. In prior work, proceeding from the bottom up, we have
considered the theory of the SM extended by gauging

ðSUð3ÞC ×Uð1ÞBiþBj−2Bk
Þ=Z3; ð6Þ

where Bi refers to baryon number of the ith generation and,
interestingly, the crucial quotient is only possible because
Nc ¼ Ng in the SM. In [37] we first discovered the theory
with the quotient can have a noninvertible, flavor-universal
Z3 ⊂ Uð1Þ Peccei-Quinn (PQ) symmetry which acts as,
for example,

Qi → ωQi; ūi → ω−1ūi; d̄i → ωd̄i; ð7Þ

where ω ¼ e2πi=3 is the Z3 generator. This noninvertible
symmetry exists firstly because the integer instantons from
IIRðS4Þ do not fully break the chiral Uð1Þ symmetries as
their anomaly coefficients are a multiple of 3 ¼ Ng and
secondly due to “fractional instantons” present in the theory
from IIRðM4Þwhich wind through both factors as a result of
the nontrivial quotient and as a result have anomaly
coefficients without the factor of Ng. Then this Z3 factor
is not broken, but it is converted by the fractional instantons
into a noninvertible symmetry. The physical effect of this
symmetry, in the case with only the SM matter fields, is that
it protects all of the down-quark Yukawas and turns them
into spurions for a noninvertible symmetry.
We have used this infrared guidance for model building

through flavor unification to color-flavor unification

SUð3Þ ×Uð1Þ
Z3

⊂
SUð3Þ × SUð3Þ

Z3

⊂ SUð9Þ; ð8Þ

where the noninvertible Z3 chiral symmetry persists in the
intermediate stage. It is not until the color-flavor unification
that the color-flavor magnetic monopoles are introduced
from π2ðSUð9Þ=½SUð3Þ2=Z3�Þ ¼ Z3 and noninvertible
symmetry breaking takes place. From the ultraviolet
perspective this noninvertible symmetry breaking occurs
via the instantons of the SUð9Þ theory. Then in this UV
theory we may start with solely the up-type Yukawa and a
good PQ symmetry, and let the SUð9Þ instantons generate
the down-type Yukawas, bearing out the massless quark
solution to strong CP.
In the present case, we can make use of the theoretical data

of this noninvertible symmetry in a different way to effec-
tively supply the missing instantons that lower the anomaly
coefficient by a factor of 3: deconstruction of color by flavor.
Here we consider a different intermediate completion of the
quark flavored Z0. The infrared theory can arise from

SUð3Þ1 × SUð3Þ2 × SUð3Þ3 ×Uð1ÞB1−B2
× Uð1ÞB1þB2−2B3

Z3 × Z3

; ð9Þ
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where the quarks of the ith generation are charged under
SUð3Þi.6 Deconstruction also forbids mixing between gen-
erations at this stage, as did turning on the non-Abelian flavor
symmetry above, which must be generated upon Higgsing
back to the flavor-universal SUð3ÞC.
The theory with nontrivial “global structure” can be seen

to result from taking the SUð3Þ3 ×Uð1Þ2 theory and
quotienting the gauge group by a pair of Z3 elements,
each of which lies in the diagonal between one of the
Abelian groups and the non-Abelian groups under which
those charged quarks transform. This imposes two equiv-
alence relations between elements of SUð3Þ3 × Uð1Þ2:

Z3∶ 1 ∼ ðω11;ω−112; 13;ω−11; 1Þ; ð10Þ

Z0
3∶1 ∼ ðω11;ω12;ω13; 1;ω−11Þ: ð11Þ

These quotients modify the one-form global symmetries of
the theory, as will be discussed further in Sec. V: The
charged matter content is restricted, and the magnetic
monopoles of the theory now include both Abelian and
non-Abelian fluxes. This type of structure fits into a family
of gauge groups ðSUðNÞN ×Uð1ÞN−1Þ=ZN−1

N , which in
general can be UV completed into SUðN2Þ. Again, the
possibility of the SM bearing this out is a special conse-
quence of the fact that Ng ¼ Nc.
In this case, by going to the deconstruction phase, the

noninvertible symmetry will be broken but not due to the
inclusion of the relevant magnetic monopoles. As discussed
above, the noninvertible symmetry here relied on the fact
that SUð3ÞC is flavor universal, such that mixed anomalies
with it are proportional to Ng. Deconstruction allows a
novel way to find noninvertible symmetry breaking by
explicitly separating the degrees of freedom into Ng

different gauge groups. Then the different SUð3Þi integer
instantons directly have smaller anomaly coefficients by a
factor 1=Ng and so accomplish more breaking of the global
symmetries than did the flavor-universal SUð3ÞC. In this
theory we still find IintermediateðM4Þ ⊃ IintermediateðS4Þ, and
the fractional instantons are still missing. However, now the
integer instantons of SUð3Þi break Uð1ÞPQ entirely, with no
part of it remaining as a noninvertible symmetry. This novel
strategy to break noninvertible symmetries will be dis-
cussed further in [70].
Very interestingly, despite new monopoles not appearing

at this ultraviolet scale, there is a sense in which this
mechanism for breaking noninvertible symmetries by decon-
struction still does add in fractional instantons. This is due to

the nontrivial matching of the gauge couplings along this
breaking:

1

αs
¼

X3
i¼1

1

αi
: ð12Þ

Thus in the flavor-symmetric limit the instanton action does
jump by a factor of 3:

SðintermediateÞ
inst ¼ 1

3
SðIRÞinst : ð13Þ

We find it intriguing that despite noninvertible symmetry
breaking having not technically been accomplished by the
existence of true fractional instantons (with fractional topo-
logical charge), in practice it is nonetheless accomplished by
instantons with fractional action, just like one would find
from instantons with fractional topological charge. It would
be very interesting to further understand the relationship
between these approaches.

III. THE ULTRAVIOLET SUð12Þ × SUð2ÞL × Uð1ÞR
THEORY

We begin with SUð3Þl lepton flavor unified with SUð9Þ
quark color-flavor into SUð12Þ. Gauged Uð1ÞQ−NcL

appears automatically as a subgroup, and relatedly the
gauged Uð1Þ symmetry starts as Uð1ÞR as is familiar from
Pati-Salam models. Here we choose not to gauge the full
SUð2ÞR because a key ingredient will be a PQ symmetry
which distinguishes up and down.
This means the SM fermions are in three irreducible

representations (see Table I), and we introduce two quark-
lepton color-flavor scalar irreps as well in addition to the
Higgs (see Table II).

(i) The complex adjoint Σa
b which spontaneously breaks

the SUð12Þ. We outline this in stages in Fig. 1 for
conceptual benefit but hierarchical breaking is not
necessary, and indeed our simple benchmark will
join most of the steps. This is simply an organization
of two real adjoints and the Uð1ÞΣ need not be
respected—indeed, to generate the weak CP-violat-
ing angles Σ should spontaneously and/or explicitly
violate this symmetry.

(ii) The two-index symmetric ϕab which is the only new
scalar with an electroweak quantum number and can
interact with the SM fermions at tree level. Remark-
ably, this plays multiple distinct roles: spontaneously
breaking lepton flavor and providing right-handed
neutrino Majorana masses, spontaneously breaking
Uð1ÞR and Uð1ÞQ−NcL

down to hypercharge, pre-
serving a discrete lepton-flavored gauge symmetry
which prevents proton decay, and also dynamically
distinguishing up-type vs down-type quarks to
enable the generation of the CKM phase.

6In fact in this presentation there is an additional Z2 identi-
fication betweenUð1ÞB1−B2

andUð1ÞB1þB2−2B3
. This factor can be

trivialized by instead using the reparametrization of the Uð1Þ’s as
Uð1ÞB1−B2

× Uð1ÞB2−B3
, which is equivalent, but here we want to

keep explicit the connection to the further infrared group in which
the noninvertible symmetry analysis was performed.
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We start with an extremely simple Lagrangian:

L ¼ ytHΨψu þ
1

2
λϕψuψu þ VðH;Σ;ϕÞ; ð14Þ

with yt and λ two free parameters which are naturallyOð1Þ.
We do not fully specify the potential through which the
scalars interact but take it as given that the scalars can
condense in the directions we dictate, as is usual in initial
work on theories of unification.
The theory of Eq. (14) additionally has two global

symmetries which act nontrivially on the fermions, both
of which are anomalous. The absence of interactions for ψd

is enforced by a classical symmetry effecting ψd → eiαψd,
which at the quantum level becomes a Peccei-Quinn
symmetry and will be crucial for the instanton effects
we will find. As to the four fields which do interact in
Eq. (14), the free theory of these fields would have Uð1Þ4,
two directions of which are broken by the two interactions,
leaving both the gauged Uð1ÞR and a global Uð1ÞQþL in
addition to the Uð1ÞPQ. In Table I we take a useful choice of
basis for the global symmetries in which we identifyUð1ÞPQ
as a direction with solely SUð12Þ non-Abelian mixed
anomaly and Uð1ÞQþL as a direction with solely SUð2ÞL
non-Abelian mixed anomaly. We refer to our recent [39] for
detailed discussion on the abstract space of global sym-
metries and the scalar field space in theories with PQ
symmetries.
The direction Uð1ÞQþL is quark plus lepton number,

which parallels the phenomenology of baryon plus lepton
number in the Standard Model. This symmetry is “acci-
dental” in that any renormalizable Lagrangian must clas-
sically respect it due to the gauge charges. The SUð2ÞL
instantons already give the familiar SM ’t Hooft vertex
between 12 fermions L ⊂ ϵa1…a12Ψa1…Ψa12 which allow
processes that exchange nine quarks for three leptons and

breaks Uð1ÞQþL into the conserved ZQþL
12 which overlaps

with the SUð12Þ gauge symmetry.
The SUð12Þ instantons fully violate Uð1ÞPQ, and as

these effects grow in magnitude into the infrared they will
lead to the ’t Hooft vertices and noninvertible symmetry
breaking we need to generate the missing Yukawas and
solve strong CP. This holds true because the SUð12Þ
gauge coupling is asymptotically free at β12 ¼ −109=3.
On the other hand the Uð1ÞR factor has βR ¼ 362=3 as the
result of the large scalar 78 representation, implying that a
UV completion must be relatively close. Here this will not
impose any requirements—as we will discuss further in
the next section, the scale of our dynamics will necessarily
be quite high already, so that Mpl will cut off the Uð1ÞR
theory before the Landau pole (see Fig. 7).
The matter content of this theory is very minimal, and we

will end up finding that some colored scalar spectator fields
are needed to modify the running and consistently achieve
the many things we are demanding from this minimal setup.
What matters for us is their contribution to the beta function,
so we are agnostic about their identities and here assume
they have no interactions with the SM fields. However, we
mention one well-motivated way to add colored degrees of
freedom is to explore upgrading the Higgs sector from a
color-flavor singlet to include SUð12Þ singletþ adjoint Hu
and Hd, which can achieve the modified running, can help
facilitate full UV gauge coupling unification, and can also
help generate the full Yukawa structure. We postpone
analyzing this structure to future work and in Sec. VII just
take as a free parameter an additional contribution βspectator
coming from the spectator fields.

A. Global structure and generalized symmetries

The ultraviolet theory contains a continuous Abelian
factor, so this theory possesses a Uð1Þð1Þm magnetic one-
form symmetry under which the ’t Hooft lines are charged.
This is due to the absence of dynamical magnetic monop-
oles for Uð1ÞR, and this magnetic one-form symmetry will
match on to the Uð1ÞY hypercharge magnetic one-form
symmetry7 and then the Uð1ÞEM electromagnetic one-form
symmetry. This means that this theory itself does not suffer
a monopole problem, as electromagnetic monopoles are not
present. We will see below that other magnetic monopoles
will emerge at intermediate stages, but these will all get
confined by strings before the SM phase is reached. In a
given further ultraviolet theory—for example embedding
Uð1ÞR ⊂ SUð2ÞR or embedding the whole theory in a five-
dimensional orbifold—there will be extra topology which

TABLE I. Gauge and global symmetry charges of fermions in
the UV phase.

SUð12Þ SUð2ÞL Uð1ÞR Uð1ÞPQ Uð1ÞQþL

Ψ 12 2 0 0 þ1
ψu 12 � � � þ1 0 −1
ψd 12 � � � −1 þ1 −1

TABLE II. Gauge and global symmetry charges of scalars in
the UV phase.

SUð12Þ SUð2ÞL Uð1ÞR Uð1ÞPQ Uð1ÞQþL

H � � � 2 −1 0 0
Σa
b 143 � � � 0 0 0

ϕab 78 � � � −2 0 þ2

7In the Standard Model phase this hypermagnetic one-form
symmetry is intertwined in an approximate two-group with the
SM flavor symmetries [53]. In that paper the connection with
traditional, “vertical” GUTs was explored; it would be very
interesting to understand how that structure emerges from a
flavorful GUT like this one.
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will also provide dynamical electromagnetic monopoles
and break the one-form symmetry explicitly. But this is not
the only consideration for the one-form symmetries of this
UV theory.
There are two possible versions of this theory which

possess either a Zð1Þ
2 electric one-form symmetry or a

modified Uð1Þð1Þ magnetic one-form symmetry. Consider a
simultaneous transformation by Z2 in each of the three
gauge factors—this diagonal Z2 acts trivially on all the
fields listed in Tables I and II. Then we are allowed to
consider two possibilities for the gauge group.
Option 1:GUV ¼ SUð12Þ×SUð2ÞL×Uð1ÞR. This theory

has a Zð1Þ
2 electric one-form symmetry under which the

charged Wilson lines are those that cannot be ended on the
matter included in this theory so far—that is, anyWilson line
which picks up a negative sign under that shared Z2

transformation. In the far infrared, this maps on to Wilson
lines with fractional electric charge ð1=2þ kÞe, with k∈Z.
The minimal field content above does not include any such
fields, being only a theory of the chiral SM matter. But for
this gauge group, with general matter there will be additional
complex scalars or Dirac fermions on which those Wilson
lines can end because they do transform with a negative sign
under that Z2. The masses of these fields can be entirely
separate from the scales generated for the SM fields in this
theory, and in particular any mass for such a fermion is
technically natural. If they happen to be light, these FCPs
may be searched for at the LHC [6,7]. Quantum gravity
suggests higher-form global symmetries should not be
absolute, so if this is the gauge group one should generically
expect such additional fields to be present. This gauge theory
will flow in the infrared to the SM electroweak gauge group
with no global structure GEW ¼ SUð2ÞL ×Uð1ÞY .
Option 2: G0

UV ¼ ðSUð12Þ × SUð2ÞL ×Uð1ÞRÞ=Z2.

This theory may be constructed by gauging the Zð1Þ
2

electric one-form symmetry of the theory above. As the
fractionally charged Wilson lines are charged under this
one-form symmetry, gauging it removes them from the
spectrum of gauge-invariant line operators and as a result
FCPs cannot exist in this theory. Group theoretically,

the magnetic one-form symmetry remains Uð1Þð1Þm as
π1ðG0

UVÞ ≃ π1ðGUVÞ, but now the closed paths through
the gauge group are changed. The fact that the minimal
winding path now goes from the origin to ð−112;−12; eiπÞ
means that the R-magnetic monopoles with odd charges
are now dressed also with half-fractional non-Abelian
magnetic fluxes. In the infrared this theory will flow to the
electroweak group GEW ¼ ðSUð2ÞL × Uð1ÞYÞ=Z2.
The physics that we discuss in the rest of this work will

not be affected by the choice of Zð1Þ
2 symmetry. However,

connecting this theory to a further ultraviolet completion
may demand one or the other choice.
We comment briefly on the existence of noninvertible

symmetries in this phase: There are not any, despite that

there are “missing” instantons IðS4Þ ⊂ IðM4Þ. On a gen-
eral manifold, there are integer instanton backgrounds of
Uð1ÞR which break the Uð1ÞPQ Peccei-Quinn symmetry to

ZPQ
12 , but as this symmetry is already fully anomalous in

SUð12Þ integer instanton backgrounds, this does not imply
a noninvertible symmetry unless we were to turn off the
SUð12Þ gauge coupling. A more subtle possibility to check
is that in the theory with theZ2 quotient there are fractional
instantons which have correlated, fractional instanton
numbers under all three groups. However, these do not
violate Uð1ÞQþL [which can be understood due to their
inherent left-right symmetry inherited from the possible
SUð2ÞR UV completion] so also do not lead to non-
invertible symmetries in this theory. In a theory that
introduced more fields and so more global symmetries,
it is possible that these Abelian integer instantons or
fractional instantons would lead to interesting noninvertible
symmetries, pointing to nonperturbative physics effects in a
further full unification into a simple group. But here we
make no use of these instantons.

IV. BREAKING SUð12Þ SEPARATES QUARK
AND LEPTON FLAVOR

One structural mystery of the Standard Model is that the
global quark- and lepton-flavor symmetries are broken in
very different ways, from the relative sizes of the masses to
the mixing patterns. If we are to upgrade flavor to a gauge
symmetry in the context of a theory that unifies quarks and
leptons, this seems to be an obstruction.
While it is possible to break SUð12Þ → SUð4ÞC ×

SUð3ÞF leading to a Pati-Salam(esque) theory with gauged
flavor, it turns out to be more profitable to break “in the
Pati-Salam direction” first:

SUð12Þ→ SUð9Þquarks ×SUð3Þleptons ×Uð1ÞQ−NcL

Z9

; ð15Þ

where the Z9 is generated by ðζ−119;ω13; ζÞ, with
ζ ¼ e2πi=9;ω ¼ ζ3. This leads to a theory of separate
gauged flavor symmetries for the quarks and the leptons,
which is crucial to the interesting phenomenologies we will
find. The nontrivial global structure can be seen from the
fact that the generator of Q − NcL is the familiar T15 of
SUð4Þ in Pati-Salam but now extended across SUð12Þ as
the direct product 13 ⊗ T15, with 13 the 3 × 3 identity
matrix. After breaking this theory down to the SM, the
Z3 subgroup of this quotient will eventually become the
Z3 quotient of the SM, ðSUð3ÞC ×Uð1ÞYÞ=Z3, as is
familiar from Pati-Salam theories.
This breaking can be implemented by the adjoint Σa

b
condensing with vacuum expectation value (VEV)

hΣa
bi ¼ Λ12diagð313;−19Þ: ð16Þ
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One of the off-diagonal “bifundamentals” ð9; 3̄Þþ4 is eaten
by the gauge bosons and becomes heavy. We show in
Tables III and IV the charges of the matter under the
remaining gauge symmetries.
The Lagrangian decomposes to

L ¼ ytHðΨqψqu þ ΨlψluÞ þ λ

�
1

2
ϕabψqu;aψqu;b

þ ϕaαψqu;aψlu;α þ
1

2
ϕαβψlu;αψlu;β

�
; ð17Þ

and higher-dimension operators are generated upon inte-
grating out the heavy gauge bosons such as

Λ2
12L6 ≃ ðψqdσ

μψ†
ldÞðψluσμψ

†
quÞ þ � � � ð18Þ

arising from the currents coupling to the heavy ð9; 3̄Þþ4

vector boson.
Naively the quarks and leptons may enjoy distinct vector-

like global symmetries for quark and lepton number, but
these are linked by the gaugedUð1ÞQ−NcL

. We may continue
to consider quark plus lepton number which the SUð2ÞL
anomaly continues to break to ZQþL

12 . We could alternatively
consider, for example, Qþ NcL ¼ 3ðBþ LÞ which is
broken by the anomaly instead to ZQþNcL

18 as happens in
the low-energy Standard Model as well and protects the
proton [18]. There are also PQ symmetries acting separately
on the right-handed down quarks or charged leptons, each of
which is fully broken by SUð9Þ or SUð3Þl mixed anoma-
lies. The irrelevant operator in L6 couples them together and
breaks them down to their diagonal Uð1ÞPQ;qþl, which has
the effect of placing a lower bound on the amount of Peccei-
Quinn breaking in one sector with respect to the other (see
footnote 9 below).
In this phase we also have an emergent Uð1Þð1Þ magnetic

one-form global symmetry due to the Abelian factor of
Uð1ÞQ−NcL. The quotient between Q − NcL, SUð3Þ, and
SUð9Þ again modifies the structure of this one-form
symmetry, as the minimal winding path now goes from
the origin to ðζ−119;ω13; ζÞ. Then among the Z spectrum
of ’t Hooft lines, those not at 3Z units of Q − NcL
magnetic flux have additional compensating one-third
fractional SUð3Þ-magnetic flux, and those not at 9Z units

of Q − NcL magnetic flux have additional compensating
fractional SUð9Þ-magnetic fluxes as well. If SUð12Þ is
dynamically broken in the early Universe, these ’t Hooft
lines are brought to life as magnetic monopoles which form
necessarily due to causality [71]. It would be very interest-
ing to understand if these monopoles have a Callan-
Rubakov-like effect [72,73] due to the mixed anomaly
of SUð9Þ with the PQ symmetry. Such monopoles could
potentially play a role in baryogenesis [67] with the
additional benefit that at a lower scale when Uð1ÞQ−NcL

is Higgsed, they will become end points of cosmic strings
whose tension can cause them to annihilate.

A. Beta functions and matching

The running of the gauge couplings in this stage depends
on which degrees of freedom get mass at the scale Λ12, so
there is a range of possible beta functions for each factor.
Some of the scalars could receive a large mass ∼Λ12 and be
removed from the spectrum, while others are needed at
subsequent breaking steps. The adjoints are needed to
spontaneously break the flavor gauge groups, as is the two-
index symmetric lepton-flavored ϕαβ, while ϕaα is used in
the flavor scheme to distinguish up vs down. The others are
not strictly necessary, and our benchmark model decou-
ples them.
Across the SUð12Þ-breaking scale the non-Abelian

gauge couplings match as they have trivial index of
embedding, g12 ¼ g9 ¼ gl. However for the Abelian factor
the sensible infrared quantization of the couplings often
deviates from the ultraviolet normalization of TrðT2Þ ¼ 1

2

over the fundamental. We have the nontrivial matching
condition g12 ¼

ffiffiffiffiffi
72

p
gQ−NcL.

8 In terms of running, the beta

TABLE III. Fermions in the SUð9Þ × SUð3Þ phase and their
gauge representations.

SUð9Þq SUð3Þl SUð2ÞL Uð1ÞR Uð1ÞQ−NcL

Ψq 9 � � � 2 0 þ1

Ψl � � � 3 2 0 −3
ψqu 9̄ � � � � � � þ1 −1
ψqd 9̄ � � � � � � −1 −1
ψlu � � � 3̄ � � � þ1 þ3

ψld � � � 3̄ � � � −1 þ3

TABLE IV. Complex scalars in the SUð9Þ × SUð3Þ phase. The
fields in bold are not needed at lower energies and could receive
large SUð12Þ-breaking sized masses. a; b ¼ 1…9 are SUð9Þ
indices and α; β ¼ 1…3 are SUð3Þ indices.

SUð9Þq SUð3Þl SUð2ÞL Uð1ÞR Uð1ÞQ−NcL

H � � � � � � 2 −1 0
Σa
b 80 � � � � � � 0 0

Σα
β � � � 8 � � � 0 0

ðΣÞaβ 9 3̄ � � � 0 þ4

ðΣÞ � � � � � � � � � 0 0
ϕab 45 � � � � � � −2 þ2

ϕaα 9 3 � � � −2 −2
ϕαβ � � � 6 � � � −2 −6

8Note this large factor is because we are normalizing Q − NcL
in the unbroken phase with the quarks having charge 1, which is
thrice their B − L charge. In the standard normalization this would
be g12 ¼

ffiffiffi
8

p
gB−L. Note also that this differs by a factor of root 3

from the relation in Pati-Salam theories, g4 ¼ g3 ¼
ffiffiffiffiffiffiffiffi
8=3

p
gB−L, as

the gauge groups are thrice as big.
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functions for both gauge flavor symmetries remain asymp-
totically free at β9 ¼ −169=6 for SUð9Þ and βl ¼ −19=3
for SUð3Þl, which means as we flow down toward the IR,
g9 grows with respect to gl. This is crucial as it allows the
different running of couplings to be responsible for gen-
erating the difference between the bottom and the tau
Yukawa (along possibly with different scales for the
breaking of these symmetries) as we will discuss in the
next section. For the Uð1Þ factors, our benchmark has
βQ−NcL ¼ 204 and βR ¼ 182=3. Note that in general one
should also keep track of the kinetic mixing induced by the
bicharged fields above, but in our benchmark this will not
be important.

B. Instanton effects and noninvertible
symmetry breaking

From the perspective of the ultraviolet theory, we have
simply the breaking of anomalous symmetries by instantons,
which for an asymptotically free theory dominantly occurs in
the infrared. The infrared noninvertible symmetries are
broken in the SUð9Þ and SUð3Þl gauge theories by quark
color-flavor and lepton-flavor instantons, which generate
separately both of yb and yτ. In principle we would like the
small hierarchy yτ=yb to result from slight differences in
the evolution of the two sectors following the breaking of the
unified group. See Fig. 2 showing the generation of the
down-type Yukawas from the ’t Hooft vertices.
The ’t Hooft vertices of SUð3Þl have four Fermi zero

modes, one each of ψlu ¼ ν̄α and ψld ¼ ēα and two for
Ψl ¼ Lα. Using the tree-level instanton action 8π2=g2

evaluated at the scale of the largest breaking, after the
up-type Yukawa is used to contract the neutrino legs the
instantons generate, at the lowest order of approximation

L ⊃ ytHLαν̄α þ y⋆t e
− 2π
αlðΛlÞH̃Lαēα; ð19Þ

where Λl is the scale at which SUð3Þl breaks, the needed
coupling to produce yτ is large enough that it is not clear the
dilute instanton gas approximation can be trusted, and
precise predictions for the needed αl coupling in this theory
will require lattice simulation. To be clear, it is only the size
of the coefficient which is uncertain—the generation of this
operator is a robust prediction due to the Adler-Bell-Jackiw
anomaly structure.
The ’t Hooft vertices of SUð9Þ analogously have four

Fermi zero modes as well, one each of ψqu ¼ ūa and
ψqd ¼ d̄a as well as two for Ψq ¼ Qa. We again contract
the up-type legs with the up-type Yukawa, now producing a
down-type Yukawa of the form

L ⊃ ytHQaūa þ y⋆t e
− 2π
α9ðΛ9ÞH̃Qad̄a; ð20Þ

whereΛ9 is the scale at which SUð9Þ breaks and the needed
coupling here is even larger, so again lattice simulations

will be required to determine the necessary size of α9 to
generate the correct Yukawa, just as they were needed to
understand the original massless quark solution.9,10

The quark and lepton theories begin with equal gauge
couplings αlðΛ12Þ ¼ α9ðΛ12Þ, but the different multiplicity
factors lead to different one-loop running. If we focus on
the ratio yτ=yb, then the boundary condition at Λ12 drops
out and this ratio depends on the possible mild amount of
scale separation between the quark- and lepton-flavor-
breaking scales. Proceeding with the naive estimate

yτ=yb ¼ exp 2πðα−19 ðΛ9Þ − α−1l ðΛlÞÞ ð21Þ

and since

α−19 ðΛ9Þ ≃ α−1ðΛ12Þ −
β9
2π

log

�
Λ9

Λ12

�
; ð22Þ

α−1l ðΛlÞ ≃ α−1ðΛ12Þ −
βl
2π

log

�
Λl

Λ12

�
; ð23Þ

then we can find the needed lepton-breaking scale as

Λl

Λ12

¼
�
yτ
yb

�
1=βl

�
Λ9

Λ12

�
β9=βl

: ð24Þ

The structure of our model has type-I seesaw Majorana
masses generated at SUð3Þl breaking which fixes the
overall scale, Λl ∼ 1015 GeV. If we choose the two

FIG. 2. An SUð12Þ instanton violates PQ by one unit and
generates a down-type Yukawa from an up-type Yukawa. The
largest contributions come after SUð12Þ breaks and there are
separate SUð9Þ instantons for the quarks and SUð3Þl instantons
for the leptons, but the form remains the same.

9From here we can see the effect of the higher-dimensional
operators in Eq. (18) is to generate the PQ-violating leptonic
operator from the SUð9Þ ’t Hooft vertex but suppressed by
Λ2
9=Λ2

12. This could be a problem if we wanted to generate only
yτ ≪ yb, but in fact they are not so different and so the higher-
dimensional operators are not dangerous.

10An important difference from the original massless quark
solution and from our earlier massless quark solution in quark
color-flavor unification [37] is that the dynamics here take place
at a high scale, as they are tied to the seesaw scale. While the
massless quark solution can be automatically safe from the
quality problem if all the scales are ≲108 GeV, here our model
does suffer from the quality problem. This is one reason to search
for a quark-lepton flipped model from extradimensional dynam-
ics in which one begins with yt and yτ and generates yb and yν,
which could take place at much lower scales. Or we must add a
module to solve the quality problem, but we leave study of this
important problem to future work.
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flavor-breaking scales equal, then all three scales must be
nearly degenerate Λl ¼ Λ9 ≃ 0.96Λ12. If we want a sep-
aration of scales, the most we can do is raise SUð12Þ
breaking to around the Planck scale Λl=Λ12 ∼ 10−3 which
requires Λ9=Λ12 ∼ 1=5. Any choice works fine at the level
we are considering, but for simplicity in Sec. VII we will
consider the case where all the breaking occurs at just
around the same scale.
While the α dependence drops out of this estimate and so

one may hope this prediction is more robust than the
absolute values of yτ, yb, there is much physics they ignore.
These estimates could be made more precise by accounting
for the instanton density in further detail (see e.g. [74,75]
for recent approaches). As our purpose here is under-
standing the overall structure, we will not belabor a more-
precise instanton computation. Furthermore this simple
estimate has not accounted for the running of the Yukawas
themselves. We hope this interesting scenario, along with
previously studied possibilities for these SUð9Þ instantons
[37–39], motivates lattice simulations of this gauge theory.

V. BREAKING QUARK COLOR-FLAVOR

Here we consider further breaking of SUð9Þ by the
adjoint VEV

hΣa
bi ¼ Λ9diagðþ13; 0 × 13;−13Þ; ð25Þ

which breaks

SUð9Þ → SUð3Þ1 × SUð3Þ2 × SUð3Þ3 ×Uð1ÞT3 ×Uð1ÞT8

Z3 × Z3

ð26Þ
performing color-flavor deconstruction.11 Under this
decomposition we have the branchings

9 → ð3; 1; 1Þðþ1;þ1Þ ⊕ ð1; 3; 1Þð−1;þ1Þ ⊕ ð1; 1; 3Þð0;−2Þ;
80 → 2ð1; 1; 1Þð0;0Þ

⊕ ð8; 1; 1Þð0;0Þ ⊕ ð1; 8; 1Þð0;0Þ ⊕ ð1; 1; 8Þð0;0Þ
⊕ ð3; 3̄; 1Þðþ2;0Þ ⊕ ð1; 3; 3̄Þð−1;þ3Þ ⊕ ð3̄; 1; 3Þð−1;−3Þ
⊕ ð3̄; 3; 1Þð−2;0Þ ⊕ ð1; 3̄; 3Þðþ1;−3Þ ⊕ ð3; 1; 3̄Þðþ1;þ3Þ:

Here the subscripts denote the charges under Uð1ÞT3 ×
Uð1ÞT8 ¼ Uð1ÞB1−B2

×Uð1ÞB1þB2−2B3
, and all representa-

tions can be constructed from the fundamental, but we give
the adjoint for convenience. The labels come from writing
the generators as I3 ⊗ Ti with Ti a diagonal generator
of SUð3Þ.12
The structure of the quotients within SUð9Þ has been

discussed already in Sec. II, but we recall that due to further
unification our representations also transform nontrivially
under Uð1ÞQ−NcL

, and the deconstruction phase inherits
another Z9 quotient from the SUð9Þ quotient. In this phase
the quotient is generated by

Z9∶ 1 ∼ ðω−113; ζ−1;ω13; ζ1Þ ð27Þ

as an element of SUð3Þ3 ×Uð1ÞT8 × SUð3Þl ×Uð1ÞQ−NcL,
with action on the other factors by the identity.
Then the group structure at this stage is actually

��
SUð3Þ3 ×Uð1Þ2

Z3 × Z3

�
× SUð3Þl ×Uð1ÞQ−NcL

�
=Z9: ð28Þ

Furthermore, we note that there can be an approximate
global S3 rearrangement symmetry in this infrared group,
which is perhaps more obvious if we choose a different
basis of the Uð1Þ groups such as B1 − B2 and B1 − B3.
Note also that at this intermediate stage there is a further
emergent ½Uð1Þð1Þ�2 magnetic one-form symmetry in the
quark color-flavor sector as a result of the Uð1Þ2 gauged
quark flavor difference symmetries. There are ’t Hooft lines
labeled by ðm1; m2; m3Þ such that

P
i mi ¼ 0, but their

structure is also sensitive to the quotient. In particular if all
mi ∈ 3Z, then these have purely Abelian magnetic fluxes,
but a general monopole also have fractional non-Abelian
magnetic fluxes of the three SUð3Þi groups compensating
for mi=3 fluxes. Of course the SUð9Þ theory explicitly
breaks the magnetic one-form symmetries in the UV by
providing the dynamical magnetic monopoles on which the
’t Hooft lines can end, meaning that in the early Universe
this breaking leads to further production of magnetic
monopoles past those already produced in the SUð12Þ
breaking. These monopoles will also become confined by
cosmic strings once the deconstructed theory is broken
down further to the strong sector of the SM.
In the breaking from SUð9Þ, half of the bifundamental

scalars are eaten by the off-diagonal vector bosons, but
one complex ð3; 3̄; 1Þ ⊕ ð1; 3; 3̄Þ ⊕ ð3̄; 1; 3Þ remains
and we assume these stay light to accomplish the next
stage of breaking; see Fig. 3. The condensation of these

11In prior work we have considered the symmetry-breaking
pattern SUð9Þ → SUð3Þ2=Z3 which may be implemented by the
three-index symmetric 165 of SUð9Þ. This pattern is viable here
as well, with the most simple possibility having the 165 arise
from the 364 of SUð12Þ. This results in a 165 with nontrivial
Q − NcL charge, so it should also carry Uð1ÞR charge in the right
combination such that its condensation preserves Uð1ÞY . While
this is a possibility, the condensation of such a field will break an
interesting discrete gauge symmetry and prevent some of the
physics we will discuss in the next section, so we will think about
another possibility. Producing a 165 which is neutral under
Q − NcL requires such a large SUð12Þ representation that we do
not pursue this possibility.

12Note also that the SUð3Þi labels need not map directly to
what we normally think of as the ith quark generation. It would
also be interesting to understand the possibility of a mismatch in
quark and lepton generation numbers arising out of this frame-
work.
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“link fields” as

hΣai
bj
i ¼ Λ3δ

ai
bj

ð29Þ

breaks the deconstructed gauge theory back to the flavor
reunified color group SUð3Þ3 → SUð3ÞC. The Uð1Þ fac-
tors will be broken simultaneously as a result of their
Abelian charges, and resultingly only the Z3 subgroup of
the Z9 quotient remains. This step of breaking must
happen at a high scale ≳1000 TeV to avoid constraints
on flavor-changing neutral currents, though a fuller study
of avoiding such constraints here is left to future work. We
note in recent years there has been interesting work on
models of flavor deconstruction where the link fields get
VEVs at very different scales e.g. [76,77] and it would be
interesting to explore that idea in this context, such that
new fields charged under the third-generation factor could
be accessible at colliders.
If S3 rearrangements are an approximate global sym-

metry and the quark flavor adjoint enjoyed an approximate
Uð1Þ phase symmetry such that a combination of global
and gauge transformation preserves the vacuum, then it is
possible a type of “Alice strings” [78–80] may exist which
have an additional global symmetry twist [81–83].13
We defer a full characterization of their existence to future
work, but note it would be interesting to think about the
interplay of these strings with both particles and magnetic
monopoles, potentially using generalized symmetry tech-
nology e.g. [84–86].

A. Generating CKM

In [37] we showed that quark color-flavor SUð9Þ
unification could implement a flavor-symmetric massless
quark solution to strong CP, and we refer there for more
detail. In addition to generating the down-quark Yukawas
from the up-quark Yukawas, a crucial component was the

demonstration that general quark Yukawas—and in par-
ticular a large CP-violating CKM angle—could be gen-
erated without upsetting the massless quark solution. The
proof of principle scheme developed there worked as
follows.

(i) Fields arising from the SUð9Þ complex adjoint Σa
b

spontaneously break the intermediate color-flavor
symmetries down to SUð3ÞC. These same fields also
spontaneously or explicitly violate CP through the
scalar potential, e.g. in the simplest case

V=CPðΣÞ ⊃ η1TrðΣ4Þ þ η2TrðΣ2Þ2 þ � � � þ H:c:;

ð30Þ

where we stress the mechanism works no matter
how the CP violation appears in the potential.

(ii) The symmetries and spectrum (including in par-
ticular the absence of vectorlike quarks) dictate
that the breaking from Σ is communicated to the
quarks only at loop level, which generates com-
plex Yukawas that are automatically Hermitian (in
the basis where the tree-level Yukawas are real,
which always exists because of the UV PQ
symmetry and the down-type Yukawas having
been generated by instantons). This results from
the fact that for every diagram with an insertion of
a V=CP interaction on the Σ leg there is a corre-

sponding diagram with V†
=CP

inserted on the Σ† leg.

Then the Yukawas generated have a structure

ðydÞab ∼ yb

�
1ab þ

α

4π

fΣ;Σ†gab
Λ2
3

þ � � �

þ α

ð4πÞ
η†1ðΣ†4Þab þ η†2TrðΣ†2ÞðΣ†2Þab

Λ4
3

þ � � � þ H:c:

�
; ð31Þ

where the first line contains terms with manifestly
real coefficients and the second line contains
CP-violating terms with complex coefficients but
which come always with a Hermitian conjugate
term. This means we can generate nontrivial δCKM
while manifestly preserving θ̄ ¼ 0. See Fig. 4.

(iii) Loop communication through the heavy gluons
alone would generate the same Yukawa structure
for the up and down Yukawas, which would result in
vanishing CKM phase, so another pair of fields must
be present that distinguishes up and down quarks by
communicating additional violation only to one
type, again at loop level. See Fig. 5.

In the SUð9Þ theory, in order to find contributions dis-
tinguishing between up and down we needed to add new

FIG. 3. A quiver diagram depicting the non-Abelian parts of the
gauge theory as well as the bifundamental link fields which will
break the deconstructed symmetry.

13It is also possible in a modified model that a gauged S3 could
be preserved in this phase. This could involve a VEV for ðΣ†ÞabΣc

d
without a VEV for Σa

b itself, which is possible, and it would be
interesting to pursue this possibility in detail.
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fields to the theory accomplishing this. However, here we
already have ϕaα and ψlu, which bear out the exact
phenomenology needed. ϕaα has a cubic or quartic cou-
pling to Σa

b and connects only the up-type quarks to the
right-handed neutrinos via the λϕaαψquψlu interaction.
This will generate contributions like

ðyuÞab ∼
yt
yb

ðydÞab þ
ytjλj2c
ð4πÞ2

ðΣ†ΣÞab
M2

ϕ

þ � � � þ H:c:; ð32Þ

where λ is the coupling of ϕ to ψuψu, c is a quartic
coupling, and these contributions skew yu and yd apart and
allow the generation of a nontrivial VCKM. If MN ≫ MΦ, it
is this scale that appears in the denominator, but in our
benchmarkMN ∼MΦ ∼ hΣi. This structure appears for free
simply from the embedding of SUð9Þ color-flavor uni-
fication into SUð12Þ unification along with our strategy to
generate Majorana neutrino masses by breaking lepton
flavor.
While in previous work the intermediate group has been

the flavor-unified SUð3Þ2=Z3, here the intermediate group
has undergone flavor deconstruction, but this does not
affect the workings of this mechanism. In our case mixing
will be generated when the bifundamental link fields Σab of
Fig. 3 spontaneously break SUð3Þ3 → SUð3ÞC.14 The
scalar potential in full generality contains many cubic
and quartic terms, giving in principle enough freedom to
generate the full CKM matrix by tuning the various
coefficients to control the various entries of Eq. (32).
The development in this theory of a mechanism which
would automatically generate a SM-like structure is an
important goal for future work.

VI. BREAKING LEPTON FLAVOR TO
HYPERCHARGE AND DISCRETE

GAUGE THEORY

Now we wish to break lepton flavor. We will condense
not only the adjoint Σ, but also the two-index symmetric ϕ.
As in previous sections we will discuss the breaking in
multiple stages, though these can occur at the same scale.
Step 1. The complex adjoint Σα

β gets a VEV which
preserves solely the lepton-flavor direction T8 ¼
Uð1ÞLiþLj−2Lk

⊂ SUð3Þl, of the form

hΣα
βi ¼ Λl

0
B@

a1 c1 0

c2 a2 0

0 0 −ða1 þ a2Þ

1
CA; ð33Þ

where ai and ci are complex and the upper 2 × 2 block is
non-normal. Under SUð3Þ → Uð1ÞT8 each real adjoint
decomposes into four real singlets and two complex
charge 3, and among them three singlets and two complex
scalar modes are eaten by the heavy gauge bosons.
Step 2. The two-index symmetric ϕαβ gets a generic

VEV, which necessarily breaks the two continuous flavor-
independent Uð1Þ directions down to hypercharge
Y ¼ ðQ − NcLÞ − 3R. Under the lepton-flavored Uð1ÞT8 ,
the two-index symmetric has decomposed as 6 → 2ð−1Þ þ
3ðþ2Þ þ 1ð−4Þ, written as multiplicity (charge). By writ-
ing the most general transformation of these under
Uð1ÞT8 ×Uð1ÞQ−NcL, one may find that hypercharge is
not the only preserved symmetry, as under the linear
combination Q − NcL − 6T8, the two-index symmetric
components have charges 2ð0Þ þ 3ð−18Þ þ 1ðþ18Þ. As
a result the condensation preserves

Z18 ⊂ Uð1ÞQ−NcL−6ðLiþLj−2LkÞ; ð34Þ

which we hereon refer to as ZX
18 ⊂ Uð1ÞX for convenience.

Furthermore, the global structure appearing after this
breaking and color reunification is

Gcolor ×Uð1ÞY × ZX
18

Z3 × Z3

ð35Þ

FIG. 4. Flavor violation communicated to the down-type quarks
through a loop of heavy gluons upon SUð3Þ3 → SUð3Þ. This
yields complex, yet Hermitian Yukawas.

FIG. 5. The up-type Yukawas receive gluon loop corrections
and additional loop-level flavor-violating corrections from ϕaα

and ν̄ interactions which are Hermitian. The resulting Yukawas
still have real determinant.

14As an interesting connection we note Agrawal and Howe
[87,88] considered a massless quark solution starting with
SUð3Þ3i and generating each generation’s smallest Yukawa from
instantons of that generation. In this case they generate flavor
breaking using the link fields connected to the SM through
dimension-five operators e.g.HQiΣi

jū
j. It would be interesting to

determine if their model can be embedded in SUð9Þ color-flavor
unification through their suggested UV completion which adds
vectorlike quarks.
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with both possible diagonal Z3 subgroups being set equal
to the identity. The Z3 quotient between color and
hypercharge arises out of the quotient between Q − NcL
and the color group, which above we saw appeared at the
first step of breaking. Then since Y ¼ ðQ − NcLÞ − 3R, we
have Yðmod 3Þ ¼ Q − NcLðmod 3Þ, meaning the Z3 sub-
group is blind to the difference and hypercharge inherits
this overlap. The same too with X.

A. Proton stability and trinucleon decay

What are the consequences of this discrete symmetry?
We may rewrite it as

Q − 9ðLi þ Lj − LkÞ ¼ 3½B − 3ðLi þ Lj − LkÞ�; ð36Þ

where the right-hand side, divided through by three, is the
faithfully acting symmetry after confinement. As noted in
[40,41], this has the remarkable consequence of forbidding
proton decay. Under this infrared symmetry the baryons
have chargeþ1whereas the leptons have�3 depending on
their generation. Thus the proton is the lightest particle with
nonzero charge ðmod 3Þ and is exactly stable. We recall
that already in the Standard Model the proton is stable as a
result of an exact, anomaly-free ZBþL

2Ng
global symmetry in

the infrared, in addition to the fact that we have Ng > 1

generations. We see that in quark-lepton color-flavor
unification, this same fact of proton stability being

guaranteed by the existence of multiple generations is
upgraded into a gauge symmetry which is now respected
even by quantum gravity.15

The baryon-number-violating interactions consistent
with this symmetry change baryon number by three, for
example at leading operator dimension 3N → li, whereN
is a nucleon and li is an appropriate charged or neutral
antilepton of the ith flavor. Inclusive searches for trinucleon
decays have been performed, for example in germanium
[89], with claimed lower bounds on the partial lifetimes of
order 1026 years. In our model the rate is extremely
suppressed to the point of unobservability, as this process
comes from a dimension-15 operator when written in terms
of quarks and leptons, and our symmetry-breaking dynam-
ics occurs at quite high scales. Still it would be interesting
to better understand the constraints on all possible trinu-
cleon decay channels and the extent to which this can teach
us about low-energy BSM physics which is consistent with
other constraints [90].

B. Lepton masses and mixings

The loop-induced mechanism for quark flavor breaking
works in the same way in the lepton sector, though here the
leptonic gluons transfer flavor-breaking effects from both Σ
and ϕ to the lepton Yukawas, and we get a schematic
structure

ðyeÞαβ ∼ yτ

�
1αβ þ

α

4π

fΣ;Σ†gαβ þ ðϕ†ϕÞαβ
Λ2
l

þ � � �þ α

ð4πÞ
η†ðΣ†4Þαβ þ a†ðϕ†Σ2ϕÞαβ þ � � �

Λ4
l

þ � � � þ H:c:

�
: ð37Þ

Here again the presence of CP-violating couplings in
the scalar potential allows CP violation to transfer to the
Yukawas, and we emphasize there are many terms in the
VðΣ;ϕÞ potential which can all contribute to the generated
Yukawas.
However, ϕ also generates Majorana masses for the

right-handed neutrinos, which communicates additional
flavor breaking through the flavorful type-I seesaw mecha-
nism. In concert with the large yt-sized Dirac neutrino
Yukawas, this generates Majorana masses for the active
neutrinos. Since the leptons have generation-independent
charge 9 under the discrete ZX

18 symmetry, the right-handed
Majorana mass matrix is completely allowed. This comes
from the structure

L ⊃
1

2
λϕαβν̄αν̄β; ð38Þ

and we see that if all the components of ϕαβ condense,
then we fully populate the Majorana neutrino mass
matrix Mαβ ¼ λhϕiαβ.

Together these implement the type-I seesaw. Taking a
general Dirac Yukawa yανβ (since ytδαβ also gets corrections
as in Fig. 6), the resulting active neutrino masses are

mναβ ¼ v2ðyνÞαγðM−1ÞγδðyνÞβδ; ð39Þ

where ðM−1ÞγδMδσ ¼ δσγ and v ≃ 174 GeV. This seesaw
effect can skew the PMNS matrix into anarchy even if the
lepton Dirac Yukawas have a similar structure to the
quarks, and we have enough freedom in the Σ;ϕ VEVs
to accommodate arbitrary masses and mixings. The model
can also accommodate a large “Dirac phase,” which is the

15Note that such a discrete symmetry stabilizing the proton
also requires only Ng > 1 in the generalization of this model to
any SUðNgðNc þ 1ÞÞ quark-lepton color-flavor unification. That
is, while the noninvertible symmetry effects in the quark sector
work specially because Ng ¼ Nc and in the lepton sector work
specially because Ng > 2, the ability of this model to stabilize the
proton with a discrete gauge symmetry does not provide further
insight into the generation puzzle.
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phase probed by neutrino oscillations, and arises from the
appropriate Jarlskog invariant

JPMNS ∝ Im det ½mem
†
e; mνm

†
ν�; ð40Þ

where me ¼ yev, having a parallel structure to the CKM
phase. With both Σ;ϕ the general potential will have both
of their VEVs complex, providing additional sources of CP
violation compared to the quarks, meaning there is no
problem attaining large CP violation in the neutrino sector
if need be.

VII. MATCHING SM GAUGE COUPLINGS

Here we will consider the one-loop evolution of the
gauge couplings of this model all together to ensure we can
match on to the SM gauge couplings at electroweak scales.
In this section alone we will consider the conventional
normalizations for the gauge couplings, such that e.g. the
right-handed down quark has Y ¼ 1=3, B ¼ −1=3,
and R ¼ −1=2.
We will consider the simplest case where all around the

Majorana mass scale we have

SUð12Þ × Uð1ÞR →
Gcolor ×Uð1ÞY × ZX

18

Z9 × Z3

; ð41Þ

and at this stage the color group is ðSUð3Þ3 ×Uð1Þ2Þ=Z2
3.

That is, SUð12Þ breaking, SUð9Þ quark color-flavor break-
ing, and SUð3Þ lepton-flavor breaking happen nearly
simultaneously at the scale Λ12, as does the breaking of
Uð1ÞR ×Uð1ÞQ−NcL → Uð1ÞY . We also consider Gcolor →
SUð3ÞC all at once at a lower scale Λ3 from the link fields
Σi. It is possible for Λ3 to also be quite high, but a low Λ3

has the benefit that flavor-changing effects may be observ-
able in the near term.
Our model has not added any SUð2ÞL-charged matter,

so gL evolves as in the SM at all energies. Below the scale
Λ12 there are also no new states charged under hyper-
charge, so the hypercharge coupling also evolves as in
the SM up to this scale. In the usual normalizations, we
have Y ¼ ðB − LÞ=2 − R, so at this scale the hypercharge
coupling matches to the R;Q − NcL couplings as

α−1Y ¼ α−1R þ 1

4
α−1B−L; ð42Þ

and at this scale αB−L ¼ α12=8. Then we can determine the
αR needed as

α−1R ¼ α−1Y − 2α−112 : ð43Þ

Since αR is a free parameter, this works as long as
α−1Y > 2α−112 at this scale, which will easily be the case.
The size of α12 is set by the requirement of generating the
correct down-type Yukawas—this can only be accurately
calculated on the lattice, so we simply take α12ðΛ12Þ ¼ 1
as a benchmark.
At the electroweak scale we measure (see the PDG [91]

for more precision)

α−1Y ≃ 98; α−1L ≃ 30; α−1C ≃ 8.5; ð44Þ

where we note we are of course not using the modified
hypercharge gauge coupling by a factor 3=5 as is done in
studies of unification into SUð5Þ or SOð10Þ.
In Fig. 7 we plot an example case with Λ12 ¼ 1015 GeV,

a representative scale for the seesaw sector, and
Λ3 ¼ 1.4 × 106 GeV, such that we might avoid constraints
on flavor-changing neutral currents. As mentioned above,
we require some colored spectator fields and we assume
additional SUð12Þ-charged, scalar matter giving βspectator ¼
31=3 to help turn around the SUð3Þi gauge couplings with
the same contribution to each SUð3Þi so they are no longer
asymptotically free between these two scales, while we
assume these extra degrees of freedom decouple at Λ3.
For fixed breaking scales, a different number of these
would simply modify α12ðΛ12Þ.

FIG. 6. The Dirac neutrino Yukawas receive leptonic gluon
loop corrections and additional loop-level flavor-violating cor-
rections from ϕaα and ū interactions.

FIG. 7. The couplings as a function of scale in the simple
benchmark model where most of the breaking steps occur
simultaneously at Λ12 ¼ 1015 GeV, accounting only for one-
loop running and tree-level matching at thresholds. Nontrivial
matching occurs in Uð1ÞY emerging out of Uð1ÞR and SUð12Þ,
and at SUð3Þ3 → SUð3Þ breaking at Λ3 ≃ 1.4 × 106 GeV.
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Since the ultraviolet group is not simple, no gauge
coupling unification is demanded, but it is interesting if
it is achievable nonetheless as it points to the possibility of
further ultraviolet unification. In this example we see that
the Uð1ÞR and SUð2ÞL couplings meet up around
3.3 × 1016 GeV, and their unification would be consistent
with the ultraviolet completion mentioned in the introduc-
tion of ðSUð2ÞR × SUð2ÞLÞ⋊Z2. Alternatively we could
take note of Uð1ÞR and SUð12Þ meeting at ∼1018 GeV and
think about adding electroweak charged matter to find a full
unification below the Planck scale. One possibility, as
mentioned in the introduction, is to upgrade the Higgs
sector to SUð12Þ adjointþ singlet fields and perhaps to
include Hu and Hd separately. These fields could help with
the running as well as having useful roles to play in
generating the quark masses and mixings with less tuning
required. We leave for future work the possibility of gauge
coupling unification in models like this.

VIII. ONE- AND TWO-FORM SYMMETRIES
OF THE STANDARD MODEL

An interesting feature of the infrared of this theory is that
we do not land on the familiar Standard Model group.
Recently attention has been called to the fact that the SM
has not been uniquely defined by data or theory. The so-far
explored family of field theories differ in the “global
structure” of the gauge group or in gauge-invariant lan-
guage in the one-form global symmetry of the theory
[6,10–12,92]. However, this is far from the only family of
field theories which have the same local-in-field-space
phenomenology of the familiar SM, and the studied
possibilities do not even exhaust the possible global
structures of the SM.
In particular, there are interesting versions of the SM

which have additional discrete gauge theory factors. In
gauge-invariant language, this leads to two-form global
symmetries of the Standard Model. These factors may
appear simply out of well-motivated UV completions, as
we have seen from the dynamics above which have led to
the SM group in this theory being

GSM ¼ SUð3ÞC × SUð2ÞL ×Uð1ÞY × ZX
18

Z3 × Z3 × Γ
; ð45Þ

with Γ∈ f1;Z2g the global structure we began with in the
ultraviolet which has descended to the electroweak global
structure.
If we were to instead study the Standard Model with

ZX
18 gauged and no quotient between X and Y, that theory

would have a Zð1Þ
3 electric one-form symmetry. This

would correspond to the absence of particles with
Y ≠ Xðmod 3Þ, and resultingly that Wilson lines in such
representations, despite being allowed in this theory, are
not “endable.” The theory under consideration here gauges

that Zð1Þ
3 symmetry (discussed further below) and this

forbids such particles from existing, which makes search-
ing for such “fractionally X-onic” particles a possible low-
energy probe of this model.16

To our knowledge this is the first time a particle physics
model has been identified that contains a quotient shared
between continuous and discrete gauge groups. The sys-
tematic construction of Standard Models with two-form
symmetries, and their interplay with the possible one-form
symmetries, is being considered in ongoing work. In the
rest of this section we just make a few further comments on
the expected physics, saving detailed analysis to be
presented in the near future.
There have only been few investigations of versions of

the Standard Model which have discrete gauge sym-
metries.17 The most studied possibility, once right-handed
neutrinos are included, is a gaugedZN discrete subgroup of
B − L. The case of N ¼ 2 appears, for example, from
SOð10Þ models bearing out the type-I seesaw, with the
neutrino modes first discussed in [96]. For larger N to our
knowledge the only works considering the cosmic strings
are our earlier [97,98].
When this arises from a gauged Uð1ÞB−L which is

spontaneously broken, for general N this bears out a
charge-N Abelian Higgs theory and at low energies one
arrives at a “BF theory,” which describes the universal
infrared dynamics of pure ZN discrete gauge theory.18 The
fields consist of a one-form gauge field AX

μ and a two-form
gauge field Bμν which is the dual of the pseudoscalar phase
of the Higgs ϕ, the continuous part of which has become
the longitudinal mode of AX. They interact via the
Lagrangian

L ⊃
N
4π

∂μAX
νBρσϵ

μνρσ þ JμAX
μ ; ð46Þ

where Jμ is the X current inherited from the theory with
continuous gauge symmetry. In the farthest IR, having
integrated out the charged particles and the cosmic strings,
this theory has emergent one- and two-form global sym-

metries Zð1Þ
N × Zð2Þ

N . The charged objects are Wilson lines
exp iq

H
AX (electric particle worldlines) and Wilson

16In spirit this is just the same as how fractionally electrically
charged particles probe the usual Standard Model structure,
although here it is much more difficult to test at a collider as
it requires determining the X charge of a discovered particle.
Since we have no massless X vector, this is not generically
possible, but one can write down models where discovering new
fields and measuring multiple couplings would allow one to
reconstruct the X charge. If a particle with Y ≠ Xðmod 3Þ is
discovered, this model is flatly ruled out.

17Discrete gauge symmetries have been considered more often
in the context of the Minimal Supersymmetric Standard Model
(MSSM), starting from [93–95].

18See e.g. [99,100] for derivation and further discussion.
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surfaces exp ik
H
B (cosmic string world sheets) which

interact only through topological linking.
In our theory, the condensation of ϕαβ in the early Universe

produces cosmic strings around which both ϕαβ and the
Uð1ÞX gauge field AX wind. These strings all have magnetic
fluxes running through their cores. Those strings with fluxes
in units of the Dirac fluxes of Uð1ÞQ−NcL and Uð1ÞLiþLj−2Lk

(taking into account the relevant quotients) are unstable to the
pair production of magnetic monopoles. As a result of the
nontrivial N ¼ 18 charge of ϕ, there are additional Z6 stable
cosmic strings which have further fractional magnetic fluxes
that cannot be discharged by monopole-antimonopole pro-
duction, often called “BF strings.”
However, in relation to the general charge-N Abelian

Higgs our theory with X ¼ Q − 9ðLi þ Lj − LkÞ becomes
more complicated in two different ways, both of which
mean that the BF theory is only schematic in this case. The
first complication is that the condensation of ϕαβ not only
breaks Uð1ÞX, but also produces a large Majorana mass for
right-handed neutrinos. This issue also arises in models of
gaugedUð1ÞB−L spontaneously broken to Z2 [96,101,102].
The large Majorana mass appears everywhere apart from the
cores of cosmic strings, where hϕαβi ¼ 0 can be restored and
the right-handed neutrino modes can become massless.
Furthermore, the topological structure of the Dirac operators
in these twisted gauge field backgrounds necessitates the
existence of zero-energy solutions [103,104]. Together these
effects lead to localized ν̄ zero modes on strings, at least
before further electroweak symmetry breaking. Technically,
this extra coupling complicates the dualization of the
longitudinal mode of ϕ to Bμν. Physically, the Fermi zero
modes change the physics of the cosmic strings, allowing
them to superconduct lepton-flavor currents, and the far-
infrared theory must be adjusted in some manner to account
for this. To our knowledge understanding the correct far-
infrared description remains an important open question.
Furthermore, in the case of a BF theory the two-form

symmetry is connected to the SM only through the one-
form gauge field’s coupling to a SM current, which
physically leads to the effect of the SM particles picking
up Aharonov-Bohm phases around the cosmic strings.
Such cosmic strings from flavored symmetries have
received only little attention [105,106]. However as we
have seen in the example here, there can also be a subtler
connection between the new two-form symmetry and the
dynamics of the SM. In this case the zero-form gauge group
has a quotient between subgroups of color, hypercharge,
and the discrete X group, which means that the one-form
symmetry structure affects the two-form symmetry struc-
ture by correlating the magnetic fluxes.
For now we ignore the former issue regarding zero

modes. Then we can construct the ðUð1ÞY × ZX
18Þ=Z3

theory by starting with the ðUð1ÞY × ZX
18Þ theory and

implementing the quotient by gauging the Zð1Þ
3 electric

one-form symmetry which acts on both the hypercharge
and the discrete gauge sectors as a shift of the gauge fields
AX
μ → AX

μ þ Λμ; AY
μ → AY

μ − Λμ with ∂½νΛμ� ¼ 0. This con-
struction can be thought of in two steps: First, we couple
the theory to a background two-form gauge field Cμν

transforming as Cμν → Cμν þ ∂μΛν in such a way to make
the theory formally invariant under arbitrary one-form
transformations ∂½νΛμ� ≠ 0. Then we gauge this one-form
symmetry by summing over Cμν in the path integral, which
requires including discrete dynamics for Cμν by giving it a
one-derivative kinetic term in the form of a BF theory with
a new one-form field Eμ:

L ¼ 1

4g2Y
ð∂½μAY

ν� þ CμνÞ2 þ
18

4π

�
∂μAX

ν −
1

2
Cμν

�
Bρσϵ

μνρσ

þ 3

4π
∂μEνCρσϵ

μνρσ: ð47Þ

Here the first term is the familiar kinetic term for hypercharge
coupled to the new two-form gauge fieldCμν so it is invariant
under the gauged one-form symmetry, the second term is the
discrete kinetic term (BF term) for AX

ν after having been made
invariant under the gauged one-form symmetry and which

enforces that AX
ν gauges a Zð0Þ

18 ⊂ Uð1Þð0Þ symmetry, and the
final term is a BF term for Cρσ itself which enforces that it

gauges a Zð1Þ
3 ⊂ Uð1Þð1Þ symmetry. Gauge invariance under

Bμν → Bμν þ ∂μβν requires that E also transforms as
Eμ → Eμ þ 6βμ. As appropriate, the BF terms also enforce
that the discrete gauge fields are restricted to be flat (have
vanishing field strength) as a discrete field has no propagating
degrees of freedom.
We will return in future work to study this low-energy

theory in further detail, along with more generally the
possible two-form symmetries of the Standard Model. One
physical takeaway from this section is that the cosmic
strings produced in this theory interact with the SM degrees
of freedom not only through Aharonov-Bohm scattering,
but also in a subtler way described (as yet obscurely) by
Eq. (47), and it would be very interesting to understand
their effects on, for example, the cosmic neutrino back-
ground. The applicable constraints on these cosmic strings
depend sensitively on their interactions with the plasma and
their emission spectra and require further study. A broader
conceptual point that is exemplified here is that there are
various interesting ways to couple a topological quantum
field theory to the SM,19 and the phenomenology of these
possibilities has hardly been explored.

19Note that in the second and third terms spacetime indices are
contracted solely with the Levi-Civita pseudotensor, so there is
manifestly no metric dependence in these Topological QFT
(TQFT) factors. Note also that Juven Wang and collaborators
have compiled much topological data on the SM and GUTs
[19,107–114].
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IX. CONCLUSION

In this work we have proposed quark-lepton color-flavor
unification as a novel vista in the landscape of ultraviolet
theories where microphysics gets simpler at small distan-
ces, providing a radical conceptual departure from conven-
tional vertical theories of unification. The generation
structure of the Standard Model is nontrivially incorporated
into the familiar forces simply by gauging some of the
approximate global symmetries of the SM fermions,
providing multiple structural benefits. The SM matter is
unified into few representations without requiring new
fermions. The starkly disparate phenomenologies of quarks
and leptons nonetheless emerge from a unified, highly
symmetric ultraviolet origin. Most strikingly the proton is
absolutely stable as the result of a discrete gauge symmetry
that emerges naturally in the infrared, which is the only
possibility for absolute proton stability in four-dimensional
unified theories without additional fermions [115].
Here we have established this framework and exhibited

interesting phenomenologies arising from both perturbative
and nonperturbative aspects of this gauge theory, as it
breaks down from the ultraviolet theory to the Standard
Model phase. In the ultraviolet we started with a single
Yukawa coupling shared between the up-type quarks and
the neutrinos. In the quark sector, instantons generated the
bottom Yukawa and resolved the strong CP problem in a
flavor-symmetric massless quark solution. In the lepton
sector, instantons break a noninvertible symmetry to gen-
erate the tau Yukawa and explain the hierarchy between the
heaviest quarks and the heaviest leptons, which also sets up
a flavored type-I seesaw mechanism that flips the charged
vs neutral mass hierarchy. The symmetries have special
structure because Ng ¼ 3 specifically, providing one of few
potential inroads toward the generation puzzle.
Intense study of the full scope of phenomenology in this

framework is surely merited, and we have only begun to
explore the structure. An obvious and important target is a
better handle on the scalar sector, including how easily
achievable the required VEVs are and how to generate a
realistic flavor structure without requiring fine-tuning. As to
the extra hierarchy problems, we note that the usual solutions
(which seem not be realized at the weak scale for the
electroweak hierarchy problem) still work fine to stabilize
these flavor scales, and it would be interesting to study e.g. a
supersymmetric version of this theory. We have suggested
that upgrading the SM Higgs to a Two-Higgs-doublet model
(2HDM) with color-flavor adjointsþ singlets may be a
useful direction here. Getting a handle on these aspects will
reveal the most testable aspects of this theory in precision
experiments and possibly at colliders, for example the related
[41,116], though many more near-term signatures would be
available in a variant of this theory that lowered the scale of
lepton-flavor symmetry breaking.
There is also much interesting physics in the cosmol-

ogy of this theory, where the various defects we have

seen appear at intermediate scales will be brought to life,
especially if the Higgsing steps are more spread out than
in our benchmark model. As the flavor gauge symmetries
are broken, a wide variety of magnetic monopoles
appear: flavor-universal Q − NcL monopoles, both with
and without non-Abelian color-flavor and lepton-flavor
magnetic fluxes; flavored Qi −Qj quark family differ-
ence monopoles, which may also have flavor-specific
color fluxes; and lepton family difference monopoles, all
of which can annihilate at later stages when the Uð1Þ
symmetries are broken and the monopoles become the
end points of cosmic strings. Still other strings are
produced when the infrared discrete X symmetry
emerges, and these are stabilized by fractional magnetic
fluxes and might superconduct lepton-flavor currents.
These dynamical topological defects deserve dedicated
further study and may have interesting nonperturbative
effects on the SM plasma in the early universe. They will
also produce a distinct spectrum of gravitational waves
between the appearances, interactions, and disappearan-
ces of these varied types of nonperturbative objects,
which will provide unique, testable signatures of this
model in future gravitational wave observatories. Further
fruitful topics in the cosmology of this model include
identifying ways in which additional required BSM
physics is naturally incorporated into this framework.
The potential mechanisms for baryogenesis are manifold,
between leptogenesis [117], the possibility of first-order
flavor-breaking phase transitions and bubble wall dy-
namics, flavored topological defects, and the possible
inclusion of axions [118]. This model also provides a
top-down framework for the existence of dark matter
candidates with SM flavor quantum numbers.
Finally, the infrared appearance of an additional discrete

structure coupled to the Standard Model degrees of free-
dom further heralds a new program of studying phenom-
enological implications of topological quantum field theory
factors. Much of the recent work on generalized sym-
metries in particle physics motivates that such topological
degrees of freedom can have important phenomenological
effects. Indeed the many dynamical topological defects
which appear at high energies in this model can leave
behind important, subtle effects in the infrared, as we have
seen with the noninvertible chiral symmetries which
depend on the structure of magnetic one-form symmetries.
Understanding more fully the generalized symmetry struc-
ture at each phase of this theory may reveal additional
striking phenomenology.
By considering a maximalist interpretation of the

experimental data, we have found a novel alternative to
the types of unification on which decades of study has
been spent. In this framework the surprising stability of the
proton does not portend epicycles on old theories but is
rather a harbinger of the deep intertwining of the Standard
Model with topological degrees of freedom.
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