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We study the signatures of the chiral magnetic effect (CME) in SUð2Þ gauge theory with Nf ¼ 2 flavors
of dynamical fermions at finite temperature T, quark chemical potential μ and a weak external magnetic
field eB. We consider both the correlator of the axial density and the vector current, which gives direct
access to the out-of-equilibrium CME, and the correlator of two vector currents, which probes the CME
indirectly via the enhancement of the longitudinal electric conductivity (negative magnetoresistance,
NMR). We find that the CME response extracted from the vector-axial correlator exhibits a rather weak
dependence on temperature and density in the quark-gluon plasma regime, and is very close to the universal
value for free massless quarks. The CME appears to be mildly suppressed at low temperatures in the
hadronic phase. In contrast, the NMR behaves in a qualitatively different way across the phase diagram, and
is strongly suppressed at either large densities or temperatures. The magnitude of the NMR response
appears to be considerably smaller than the prediction based on the lowest Landau level calculation for free
quarks. Our findings suggest that for relatively small magnetic field strengths eB≲m2

π the relation between
the CME and NMR might not be as direct as expected. We also do not find statistically significant
indications for an enhancement of the CME or NMR strength in the vicinity of the crossover or second-
order phase transition lines in the ðμ; TÞ phase diagram.

DOI: 10.1103/9fzx-jrp8

I. INTRODUCTION

The experimental search for statistically significant
signatures of the chiral magnetic effect (CME) in heavy-
ion collisions is currently an active research area. After the
initial nonobservation of the CME in a blind analysis of the
data obtained in the isobar run at RHIC [1,2], the status of
the CME in heavy-ion collisions remained controversial.
Postblind analyses [3,4] suggest that experimental data
might still be compatible with a nonvanishing CME signal.
A lot of work was done on optimizing the experimental
observables, event-shape selection techniques, and back-
ground suppression [5–8], culminating in the recent report
of a statistically significant CME signal in a limited range
of beam energies in RHIC Beam Energy Scan II [9].

The fact that the CME signal seems to be detectable only
for specific beam energies (and probably isotope/isobar
numbers) suggests that the CME strength might vary
significantly across the phase diagram of strongly interact-
ing matter [9]. For example, model calculations in [10] and
functional renormalization group calculations in [11] sug-
gest that chirality fluctuations driving the CME might be
enhanced in the vicinity of a critical point. This observation
clearly calls for first-principle estimates of the CME
strength across the phase diagram of finite-density, hot
QCD. In particular, the vicinity of the critical endpoint at
finite temperature and density is the target region for
ongoing heavy-ion collision experiments. The planned
experiments at NICA and FAIR facilities will achieve even
larger baryon densities at lower temperatures.
However, not much is known about the CME response

across the phase diagram of finite-density QCD. Most
theoretical studies focused on an equilibrium setup where
dynamical chirality fluctuations are modeled in terms of a
finite “chiral chemical potential” μ5 [12,13]. Because of
the fermion sign problem at finite baryon density, numeri-
cal studies of the CME within the lattice QCD framework
were likewise only performed at zero baryon chemical
potential [14–17].
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While a direct numerical study of the CME in finite-
density lattice QCD might still be impossible, it still makes
sense to study the CME in finite-density gauge theories
which resemble real QCD in one way or another. SUð2Þ
gauge theory is probably one of the simplest non-Abelian
gauge theories which can be simulated at finite fermion
density and still shares many important features with real
QCD [18–20]. The phase diagram of finite-density SUð2Þ
lattice gauge theory is well studied by now and we refer the
reader to numerous existing literature [21–34] as well as
Fig. 1 (adapted from our work [35]). At sufficiently high
temperatures, the phase diagram features the quark-gluon
plasma regime. At low temperatures and small values of the
quark chemical potential μ < mπ=2 there is a hadronic
regime with spontaneously broken chiral symmetry, quali-
tatively similar to the hadronic regime of QCD. These two
regimes are separated by a chiral crossover, similar to the
one in real QCD. In real QCD the hadron gas at low T
extends all the way to the nuclear liquid-gas transition, at a
value of the quark chemical potential which is given by one
third of nucleon mass minus binding energy per nucleon of
symmetric nuclear matter, i.e., up to μ ≈ 308 MeV. In
contrast, in SUð2Þ gauge theory baryons are diquarks
which have the same mass as the pions and hence condense
much earlier, at μ ¼ mπ=2 in the low-temperature limit.
Diquark condensation is a second-order phase transition,
shown as a red line in Fig. 1. At higher temperatures it shifts
toward larger values of μ, goes through the chiral crossover
region, and continues to higher densities and temperatures
while still being a second-order transition [21–23].
Because of diquark condensation, SUð2Þ gauge theory

can only be reliably compared with real QCD at sufficiently
small μ. At very large densities and low temperatures, SUð2Þ
gauge theory may also exhibit similarities with the conjec-
tured quarkyonic phase in QCD [21,36]. We also note that
the physics of SUð2Þ gauge theory is very similar to the
physics of QCD with isospin chemical potential [37,38],
where one can derive exact inequalities between physical
quantities at finite isospin and at finite baryon chemical
potentials [39].
Despite the diquark condensation transition being in a

different universality class from the QCD critical endpoint
(Oð2Þ vs Ising universality), it still features a diverging
correlation length and enhanced order parameter fluctua-
tions [21–23,35]. Thus one can also hope that finite-density
SUð2Þ gauge theory will allow to learn some general
lessons about the behavior of CME in the vicinity of a
chiral crossover or a possible second-order phase transition
with a QCD critical point at finite density.
In this paper, we report on a systematic study of the

CME and its main proxy effect, negative magnetoresist-
ance [40–47], in SUð2Þ lattice gauge theory with Nf ¼ 2
flavors of light quarks at finite temperature and density.
First, we use the recently introduced CP-odd Euclidean-
time correlator hQAð0ÞjðτÞi of axial charge and electric

current in an external magnetic field [48,49] to extract the
out-of-equilibrium CME response from Euclidean-time
lattice simulations.
However, as the local axial charge imbalance that drives

the CME is a CP-odd quantity and not directly observable in
experiment, most experimental searches focus on CP-even
observables that are sensitive to preferential emission of
charged hadrons in the direction perpendicular to the
reaction plane [50]. Most such observables can be related
to correlators of electric currents in the hot QCD medium
[40,51–53]. In terms of these observables, the CME man-
ifests itself as negative magnetoresistance, the enhancement
of electric current fluctuations and electric conductivity in
the direction of the magnetic field. In addition to the CME
itself, we therefore also consider the dependence of the
electric conductivity on magnetic field and fermion density.
A limitation of our study is that the magnetic field is only

introduced for valence quarks (that is, in the current-current
correlators) and does not affect virtual fermion loops (that
is, the fermion determinant in the path integral weight). The
reason is that an external magnetic field breaks the time-
reversal symmetry that guarantees the absence of the
fermionic sign problem for the (pseudoreal) SUð2Þ gauge
group. As a result, simulations with both, finite density and
external magnetic field will suffer from a complex-valued
fermionic determinant even for SUð2Þ gauge theory. While
for sufficiently small magnetic fields this problem could
potentially be solved by reweighting or Taylor expansion in
powers of magnetic field strength [37], this will signifi-
cantly increase the computational cost and simulation
complexity. We therefore pursue a simpler “magnetic-
quenched” approach in this work, adding small uniform
magnetic fields only for the quark propagators that are used
to calculate the correlators of vector and axial currents.
With only the smallest possible nonzero values Φ ¼ 1, 2 of

FIG. 1. Phase diagram ofSUð2Þ lattice gauge theorywithNf ¼ 2
light quark flavors in the ðT; μÞ plane, obtained using the same set
of gauge field configurations and same parameters as in the present
work. Figure adapted from our work [35]. Blue line is a chiral
crossover and red line is a 2nd order phase transition [21–23].
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the magnetic flux Φ, one can think of our results as
estimates of coefficients in a Taylor expansion of conduc-
tivity and CME response in powers of an external magnetic
field B⃗ around B⃗ ¼ 0 [37], rather than simulations which
probe how strong magnetic fields change the phase diagram
of the theory. Expanding the fermionic determinant in the
external magnetic field, one can see that any corrections to
current-current correlators that come from the determinant
correspond to disconnected fermionic diagrams with elec-
tric current insertions whose contributions to the electric
conductivity are usually suppressed [35]. Therefore, for not
too large magnetic fields, which cannot cause the theory to
transition to another phase, we expect the effects of
magnetic quenching to be reasonably small.
The main conclusion of our study is that finite chemical

potential, either in the vicinity of a chiral crossover and/or
second-order phase transition, or away from them, neither
causes a significant suppression nor a significant enhance-
ment of the “pure” CME signal as extracted from the
correlator of axial charge and vector current in the direction
of the magnetic field. Negative magnetoresistance, in
contrast, is found to be significantly suppressed at finite
fermion density. The relative sensitivity of the longitudinal
electric conductivity σk to the magnetic field, which we

measure in terms of the ratio 1
σk

∂
2σk

∂ðeBÞ2, does not significantly
exceed its zero density limit for chemical potentials up to
approximately μ≲ 3mπ. We do not find statistically sig-
nificant evidence for an enhancement of either the CME or
NMR, neither in the chiral crossover region nor across the
phase boundary of the second-order diquark condensation
transition in the μ − T plane.
We also point out that even at zero density, the

correlators of electric currents hjið0ÞjkðτÞi are much less
sensitive to external magnetic fields than the axial-vector
correlator hQAð0ÞjkðτÞi (we assume volume-averaging or,
equivalently, zero spatial momentum). For free fermions in
external magnetic fields, both correlators receive the same
contribution from the lowest Landau level. Higher Landau
levels do not contribute to the axial-vector correlator. The
results reported in [48] and in this paper suggest that the
lowest Landau level contribution is also not changed
significantly due to interactions (see [54–56] for closely
related proofs of interaction independence). On the other
hand, the vector-vector correlator receives interaction-
dependent contributions from all Landau levels, which
makes it a much more contaminated observable for
detecting the CME.
The structure of the paper is the following: in Sec. II we

discuss our lattice setup and the technical details of our
simulations. In Sec. III we directly study the nonequili-
brium CME response at finite temperature and density in
terms of the correlator of axial charge and vector currents.
In Sec. IV we consider the electric conductivity at finite
density and in external magnetic fields, and discuss the

negative magnetoresistance phenomenon. We conclude
in Sec. V.

II. LATTICE SETUP AND SIMULATION DETAILS

We use the same lattice setup and set of configurations as
in [35,57,58]. Gauge field configurations are generated using
Nf ¼ 2 mass-degenerate rooted staggered fermions and a
tree-level improved Symanzik gauge action implemented
within a standard HMC algorithm. Spatial lattice sizes for
our gauge field ensembles are Ls ¼ 24 and Ls ¼ 30,
temporal sizes are Lt ¼ 10; 12; 14; 16; 18; 20; 22, 24, 26.
We use a single value of the bare gauge coupling 1=g2 ¼ 1.7
which offers a reasonable balance between strong-coupling
lattice artifacts [59] and large lattice volumes in physical
units. Correspondingly, we work with a single value of
lattice spacing a. We did not fix a in the standard way using
the string tension and mainly work with dimensionless,
scale-independent ratios like T=mπ and μ=mπ. The quark
chemical potential takes values aμ ¼ 0.0, 0.05, 0.1, 0.2, 0.5
and aμ ¼ 0.0, 0.05, 0.20 in lattice units for Ls ¼ 24 and for
Ls ¼ 30, respectively. We also use a small diquark source
term with coefficient aλ ¼ 5 × 10−4 as a seed for a diquark
condensation transition, which would otherwise be difficult
to control in a finite volume [60].
The zero-temperature, zero-density pion mass (in lattice

units) is amπ ¼ 0.158� 0.002 for our ensembles, with a
reasonably small but not yet physical ratio between the pion
and the ρ-meson masses mπ=mρ ≈ 0.4.
The phase diagram of SUð2Þ lattice gauge theory, with

parameters as outlined above, is summarized in Fig. 1.
Double concentric circles in this phase diagram correspond
to ensembles with both Ls ¼ 24 and Ls ¼ 30 spatial lattice
sizes, and single circles to ensembles with Ls ¼ 24 only.
The phase boundaries were estimated in [22,35] using
chiral and diquark susceptibilities.
The axial-vector and vector-vector correlators are mea-

sured using the Wilson-Dirac operator with HYP smearing.
The bare mass in the Wilson-Dirac operator is tuned to
match the pion mass amπ ¼ 0.158 measured with Wilson-
Dirac and with staggered valence quarks [61–63]. We use
conserved vector currents and a point-split axial charge
[64,65] as in [35,48,57,58]. The ease of constructing such
currents and the absence of any artificial differences
between even and odd time slices are our main reasons
for using Wilson-Dirac valence quarks on staggered sea
quarks in a mixed-action setup. The multiplicative renorm-
alization factor ZA for the axial current was estimated as
ZA ¼ 1.1� 0.05 in [48], and is taken to be ZA ¼ 1.1 in
what follows.

III. CHIRAL MAGNETIC EFFECT AT FINITE
FERMION DENSITY

While most theoretical and numerical studies of the
CME use a “chiral chemical potential” μ5 to induce
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chirality imbalance, it was recently argued in [48,49] that
the proper way to characterize the nonequilibrium CME
response is to consider the correlators of the spatial vector
current jk ¼

P
f qfψ̄fγkψf in the direction of the ex-

ternal magnetic field B⃗ with the axial charge QA ¼R
d3x⃗

P
f ψ̄fγ5γ0ψf. In real time, this correlator can be

directly related to the real-time axial anomaly equation. For
free fermions in Euclidean (imaginary) time, this correlator
only receives contributions from the lowest Landau level
and takes the following form:

1

V

Z
d3x⃗hQAð0Þjkðτ; x⃗Þi

¼ NcCemeBk

2π2
ðT − δðτÞÞ; ð1Þ

where V is the total spatial volume of the system, and
τ∈ ½0; T−1� is the Euclidean time.Nc is the number of quark
colors, Cem ¼ P

f q
2
f the sum of squared quark charges

over all light quark flavors (which we assume mass-
degenerate), and Bk is the external magnetic field.
Lattice results for the axial-vector correlator are shown

on Fig. 2. As discussed in [48] for the case of finite

temperature and zero density, even for the full gauge theory
the axial-vector correlator is quite close to the free-fermion,
continuum result (1). Namely, there is a broad and flat
plateau with the height that is very close to the free quark
value NcCemðeBÞT

2π2
in (1) at intermediate values of Euclidean

time separation τ (magenta lines in Fig. 2), along with
negative-valued contact terms that are localized within two-
three lattice spacings around the end points τ ¼ 0 (iden-
tified with τ ¼ T−1) of the Euclidean time interval.
Figure 2 suggests that the axial-vector correlator in

SUð2Þ gauge theory at finite density is also in good
agreement with the free quark result (1). While the
signal-to-noise ratio gets worse toward larger densities
and lower temperatures, the data is close to (but slightly
exceeding) the free quark result (1) for all values of T and μ
that we consider. We therefore characterize the strength
σCME of the real-time CME response in terms of the height
of the plateau that we measure by averaging the axial-
vector correlator between τ ¼ 4a and τ ¼ ðLt − 4Þa. In this
interval, the axial-vector correlator is constant within
statistical errors for all our values of μ and T. Its average
value therefore estimates the plateau height and is not
affected by contact terms at small τ. In addition, we use two

values Φ ¼ 1, 2 of the total flux Φ ¼ eBa2L2
s

2π of external

FIG. 2. Axial-vector correlators V−1 R d3x⃗hQAð0Þjkðτ; x⃗Þi as functions of Euclidean time τ at different values of temperature, fermion
chemical potential, and magnetic field strength eB ¼ 2πΦ

L2
sa2
, where Φ is the total magnetic flux. Data points with error bars and dashed

lines correspond to the full gauge theory case and the free lattice quarks, respectively. Horizontal shaded bars correspond to the average
of the axial-vector correlator over Euclidean time τ in the range ½4a; β − 4a�.
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magnetic field through the lattice to demonstrate that the
plateau height indeed scales linearly with Φ and hence
with B. We then average the ratio of the plateau height to
ðeBÞTCem over these two values of the magnetic flux to
arrive at a single estimate of the CME response at a given
temperature and density. These estimates are shown on
Fig. 3 for two spatial lattice sizes, Ls ¼ 24 and Ls ¼ 30.
Data points with error bars are connected using quadratic
splines (solid lines) to guide the eye. For comparison, we
also show the corresponding correlators for free Wilson-
Dirac fermions with the same lattice parameters.
The plot suggests a reasonably good agreement with the

free, continuum, massless quark result σ0CME ¼ eBNcT
2π2

at
almost all values of T and μ. The temperature dependence
exhibits some downward oscillations at lower temperatures
both for the full gauge theory and for free quarks, which
become somewhat more pronounced toward larger chemical
potential. Despite the oscillatory behavior, the CME coef-
ficient obtained for the full gauge theory does not exceed the
continuum, free-fermion value of σ0CME by more than 10%.
As already noticed in [48], lattice artifacts appear to be

larger for free quarks than for the full gauge theory. In
particular, at small temperatures the free quark result on
the lattice deviates from the continuum value by as much
as 50%. A comparison of the lattice results for free quarks
on lattice sizes Ls ¼ 24 and Ls ¼ 30 suggests that these
oscillations become less pronounced for Ls ¼ 30, and are
therefore likely to be finite-volume artifacts caused by
subtle interplay between Landau levels, Fermi level, and
finite volume [66,67]. The fact that the full SUð2Þ gauge
theory has smaller correlation length than free quarks is a
viable explanation of less pronounced finite-volume
artifacts.

Overall, however, there are no signatures of any sig-
nificant (e.g., order of magnitude) enhancement of the
CME signal across the ðμ; TÞ plane, including the chiral
crossover region at small μ ≲mπ=2 and the second-order
diquark condensation phase transition at larger μ. Most of
our data points at low temperatures are slightly below σ0CME
and also below the corresponding results for free lattice
quarks, in qualitative agreement with mild CME suppres-
sion observed in finite-temperature, zero-density simula-
tions of [49].

IV. NEGATIVE MAGNETORESISTANCE AT
FINITE FERMION DENSITY

We now turn to the dependence of the electric conduc-
tivity on the external magnetic field which is widely
considered to be a CP-even proxy observable for the
CME [40–46]. Needless to say, the electric conductivity
of the quark-gluon plasma is an interesting physical property
in itself, regardless of its relation to NMR and CME [68–72].
In particular, its value affects the dilepton emission rate [73]
and the lifetime of the strong magnetic fields generated in
off-central heavy-ion collisions [74–76].
The usual derivation leading to negative magnetoresist-

ance (NMR) combines the paradigmatic expression for the

CME current j⃗ ¼ CemNcμAB⃗
2π2

with the real-time anomaly

equation dQA
dt ¼ E⃗·B⃗

2π2
− τ−1A QA, where μA is the chiral chemi-

cal potential, τA is the phenomenological relaxation time of
the axial charge, and E⃗ is the external electric field. One
then assumes a linear relation QA ¼ χAμA, where χA is the
axial charge susceptibility, to arrive at the relation
j⃗ ∼ τA

χA
B⃗ðB⃗ · E⃗Þ. This immediately leads to the conclusion

FIG. 3. The ratio of the CME coefficient extracted from the axial-vector correlator (1) to the free, continuum, chiral quark value
σ0CME ¼ eBNcT

2π2
as a function of temperature T and fermion chemical potential μ for spatial lattice sizes Ls ¼ 24 (left) and Ls ¼ 30 (right).

Data points with error bars joined by solid lines and empty plot markers joined by dashed lines correspond to the full gauge theory case
and the free lattice quarks, respectively. Data points for different values of μ are slightly displaced along the horizontal axis to avoid
overlap between different plot markers. Continuous lines drawn through data points with the same μ are quadratic splines intended to
guide the eye.

CHIRAL MAGNETIC EFFECT AND NEGATIVE … PHYS. REV. D 114, 054501 (2026)

054501-5



that the low-frequency limit of electric conductivity σk in
the direction of the magnetic field, which we define as the
corresponding diagonal component of the conductivity
tensor σik (e.g. σzz if B⃗ke⃗z), should scale quadratically
with the magnetic field strength jB⃗j. Since the factor τA=χA
in general depends on temperature and density in a non-
trivial way, the coefficient of the quadratic dependence
of σk is not directly related to the CME response.
Furthermore, σk in an interacting theory can also receive
contributions that are not directly related to CME [44,77].
A more direct relation between σk and the CME can be

established for free fermions within the linear response
approximation [48,78]. Namely, Green-Kubo formulas
relate the AC electric-conductivity tensor σikðωÞ to corre-
lators of electric currents. In Euclidean time, this relation
reads [79,80]

1

V

Z
d3x⃗hjiðτ; x⃗Þjkð0; 0⃗Þi

¼
Z

∞

0

dω
ω

π

coshðωðτ − 1
2TÞÞ

sinhð ω
2TÞ

σikðωÞ; ð2Þ

For free quarks in external magnetic fields, the correla-
tor (2) for longitudinal currents (currents in the direction of
the magnetic field) can be decomposed into a sum of
contributions from Landau levels labeled by integers
n ¼ 0; 1; 2;…;þ∞. It turns out that the contribution of
the lowest Landau level with n ¼ 0 to the longitudinal
component of the correlator (2) is identically equal to the
axial-vector correlator (1) [48,78], and is hence directly
related to the CME. An important difference between the
longitudinal component of the vector-vector correlator (2)
and the axial-vector correlator (1) is that the contributions
of all higher Landau levels with n > 0 to the axial-vector
correlator are zero [48]. On the other hand, the vector-
vector correlator in (2) receives contributions from all

Landau levels with n > 0, which hinder a direct extraction
of the CME signal [78]. We will see that detecting the CME
signal on top of background contributions becomes even
harder in the full SUð2Þ gauge theory at finite T and μ.
Finite chemical potential is known to lead to a strong

enhancement of the electric conductivity [35,81–85],
which is not surprising given that quarks are electric-
charge carriers, and by increasing the chemical potential
we increase the charge-carrier concentration. The electric
conductivity of finite-temperature, finite-density SUð2Þ
gauge theory in the absence of external magnetic fields
was studied in detail previously in [35].
For reference, in Fig. 4 we show the corresponding

current-current correlators (2) in absence of an external
magnetic field on the lattice with spatial size Ls ¼ 24. At
both, low temperatures (right plot for Lt ¼ 20) and high
temperatures (left plot for Lt ¼ 10), the current-current
correlators become larger and shallower toward higher
densities, indicating an increase in the low-frequency limit
of the electric conductivity. The effect of an external
magnetic field on these correlators is much smaller in
scale, and to make it visible, in Fig. 5 we plot the current-
current correlators (2) at nonzero magnetic field with the
zero-field results subtracted,

V−1
Z

d3x⃗ðhjiðτ; x⃗Þjkð0; 0⃗ÞiB⃗−hjiðτ; x⃗Þjkð0; 0⃗ÞiB⃗¼0Þ:

As in the previous section, we concentrate on the regime of
small magnetic fields and use only the smallest nonzero
values of the total magnetic flux, Φ ¼ 1 and Φ ¼ 2. To
facilitate comparison with the CME analysis in the previous
section, the subtracted vector-vector correlators in Fig. 5
are normalized by eBTCem in the same way as the axial-
vector correlators shown in Fig. 2. The latter approach a
plateau of height NceBTCem

2π2
≈ 0.101ðeBTCemÞ at intermedi-

ate τ. This normalization is motivated by the similarity

FIG. 4. Correlators of vector currents as functions of Euclidean time τ at zero external magnetic field and at different values of
temperature and fermion chemical potential. T=mπ ¼ 0.63 (Lt ¼ 10) on the left, and T=mπ ¼ 0.32 (Lt ¼ 20) on the right. Lattice size is
Ls ¼ 24 in lattice units. Data points with error bars and dashed lines correspond to the full gauge theory case and the free lattice quarks,
respectively.
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between the lowest Landau-level contributions to the axial-
vector and vector-vector correlators (1) and (2), character-
izing the CME and NMR, respectively, in the free massless
continuum quark limit. The data in Fig. 5 indeed indicates
that for small and moderate densities magnetic fields cause
some statistically significant increase in the vector-vector
correlator at intermediate τ. However, the scale of this
increase is considerably smaller than the lowest Landau
level contribution NceBTCem

2π2
in the axial-vector correlator.

For larger values of the chemical potential, the external
magnetic fields hardly affect the current-current correlator
beyond statistical errors. We also remark that, as usual for
Euclidean-time correlators, the data are strongly correlated
across different values of Euclidean time. The error bars
shown in Fig. 5 correspond to the diagonal entries of the
full covariance matrix and only serve as a rough qualitative
estimate of statistical errors. The full covariance matrix is
used, however, to extract the electric conductivity from
these data.
The relatively weak dependence of the electric conduc-

tivity on external magnetic fields eB≲m2
π (as compared to

its dependence on the chemical potential) makes the appli-
cation of conventional methods for the extraction of the
electric conductivity σðωÞ from the Euclidean-time correla-
tor (2) impractical. For example, with the regularized

Backus-Gilbert method [35,79,86], the τ-dependent weights
of hjiðτ; x⃗Þjkð0; 0⃗Þi in the conductivity estimates become
large and sign-alternating at small values of the Tikhonov
regularization parameter. As a result, the conductivity value
depends on delicate cancellations between statistically
uncertain correlator values at different τ, and the statistical
errors are quickly inflated. This makes it impossible to keep
the errors sufficiently small while minimizing the frequency
resolution. In this situation, we use a simpler and numeri-
cally much more stable midpoint estimator [87]. Namely,
according to the Green-Kubo relation in (2), the current-
current correlator at the maximal Euclidean time separation
τ ¼ 1

2T is related to the ac electric conductivity σikðωÞ as

1

V

Z
d3x⃗

�
ji

�
1

2T
; x⃗

�
jkð0; 0⃗Þ

�

¼
Z

∞

0

dω
ω

π sinhð ω
2TÞ

σikðωÞ: ð3Þ

The function ω
π sinhð ω

2TÞ is localized within the region of small

frequencies ω ∼ T and can be also considered as a
“smeared” δ-function similar to the one used in the
Backus-Gilbert method. The norm and width of this
function are

FIG. 5. Subtracted correlators of vector currents as functions of Euclidean time τ at different values of temperature, chemical potential,
and magnetic field strength eB ¼ 2πΦ

L2
sa2
, where Φ is the total magnetic flux. Lattice size is Ls ¼ 24 in lattice units. Data points with error

bars and dashed lines correspond to the full gauge theory case and the free lattice quarks, respectively.
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N ≡
Z

∞

0

dω
ω

π sinhð ω
2TÞ

¼ πT2;

Δω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N −1

Z
∞

0

dωω2
ω

π sinhð ω
2TÞ

s

¼
ffiffiffi
2

p
πT ≈ 4.4T: ð4Þ

We can thus use the value of the Euclidean correlator (2)
at the midpoint τ ¼ 1

2T as an estimate of the electric
conductivity σikðωÞ smeared over frequencies in the range
ω≲ 4.4T

σik ≈
1

πT2

1

V

Z
d3x⃗

�
ji

�
1

2T
; x⃗

�
jkð0; 0⃗Þ

�
: ð5Þ

In contrast to Backus-Gilbert estimators, the midpoint
estimator does not include large opposite-sign weights and
has the same statistical errors as the original current-
current correlator.
For completeness, we also analyse all of our data using

the Tikhonov-regularized Backus-Gilbert method [86] with
the same values of regularization parameter as in [35]. This
yields the results that are very similar to the ones obtained
from the midpoint estimator (5), but with considerably
larger statistical errors.
The midpoint estimates of the electric conductivity as a

function of the external magnetic field-strength eB are
shown in Fig. 6 for different values of chemical potential
and temperature. These plots clearly show that the depend-
ence of the conductivity on the magnetic field for eB≲m2

π

is much weaker than its density dependence. Solid con-
tinuous lines in Fig. 6 show single-parameter fits of the
form

σkðT; μ; BÞ
TCem

¼ σkðT; μ; 0Þ
TCem

�
1þ cðT; μÞðeBÞ2

2

�
; ð6Þ

where the only fit parameter cðT; μÞ can be identified with

the second derivative σ−1k
∂
2σk

∂ðeBÞ2. A closer look at the fits in

Fig. 6 suggests that the quadratic fits (6) may not be perfect,
but we found that linear fits of the form σkðT; μ; BÞ ¼
σkðT; μÞð1þ cjBjÞ, which mimic the lower Landau level
contribution to σk, give a slightly worse description of the
data, in general. Guided by the conventional NMR deri-
vation in terms of CME as well as the more advanced
analysis of [88–90] and numerical results of [47], we
therefore use the quadratic fit (6) to estimate the second

derivative σ−1k
∂
2σk

∂ðeBÞ2 and characterize the negative magneto-

resistance for small magnetic fields eB≲m2
π . According

to most numerical estimates [75,76,91,92], such field
strengths are more relevant for off-central heavy-ion
collisions at RHIC than asymptotically large magnetic
fields with eB ≫ m2

π.
Our final estimates of σ−1k

∂
2σk

∂ðeBÞ2 obtained from the
midpoint value of current-current correlators are summa-
rized in Fig. 7 for our two spatial lattice sizes Ls ¼ 24 and
Ls ¼ 30. Data points with error bars are connected using
quadratic splines (solid lines) to guide the eye. In quali-
tative agreement with previous numerical results [41–43],
we find that at zero chemical potential negative magneto-
resistance becomes more pronounced toward lower temper-
atures, where it also deviates significantly from the free
quark result (dashed lines in Fig. 7). Finite density tends to
dampen the NMR response overall in comparison with the
zero-density case, except for a couple of data points that are
only slightly above the zero-density result. We note that
one of these data points (μ=mπ ¼ 0.63, T=mπ ¼ 0.24)
corresponds to the vicinity of the intersection of the chiral

FIG. 6. Midpoint estimates (5) of the longitudinal component of the low-frequency limit of the electric conductivity σk as a function of
the magnetic field B for different values of temperature and fermion chemical potential. Solid lines represent quadratic fits of the
form (6). Empty plot markers correspond to the results obtained for free quarks on the lattice with the same parameters as in the full
gauge theory, and dashed lines are the fits of the same form (6) to the free quark data. Data points for different values of μ are slightly
displaced along the horizontal axis to avoid overlap between different plot markers.
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crossover and diquark condensation transition in Fig. 1.
While our data does not exclude a mild enhancement of
NMR in the vicinity of a 2nd-order diquark condensation
transition at low temperatures, the difference between the
results at zero and nonzero densities is not statistically
significant for our data. At larger values of the chemical
potential, μ≳mπ , the NMR response becomes noticeably
suppressed for all temperatures that we consider, including
the vicinity of a 2nd order diquark condensation transition.
The results obtained with the two different lattice sizes

Ls ¼ 24 and Ls ¼ 30 are consistent with each other within
statistical errors. Again, we observe that finite-volume
artifacts appear to be larger for free quarks than for the
full gauge theory.
An interesting feature of the NMR response that appears

at finite densities is the nonmonotonous dependence of

σ−1k
∂
2σk

∂ðeBÞ2 on μ and T at μ ≲mπ=2 and T ≲ Tc. While it

might be tempting to associate this behavior with the
vicinity of the chiral crossover, we note that the free-
fermion results exhibit qualitatively similar nonmonoto-
nicity. Given that we effectively estimate the second
derivative over eB in terms of finite differences for fluxes
Φ ¼ 1 and Φ ¼ 2, an interplay between Landau levels,
Fermi level, and discrete lattice momenta (akin to
Shubnikov-de Haas oscillations) might be a viable explan-
ation for this nonmonotonic behavior. A detailed inves-
tigation of this phenomenon goes beyond the scope of
this paper.
Finally, for completeness, in Fig. 8 we also present

the estimates of the NMR coefficient σ−1k
∂
2σk

∂ðeBÞ2 with σk
obtained from the Tikhonov-regularized Backus-Gilbert
method [35,86]. The values of the regularization parameter

are identical to those used in our work [35]. Overall, the
results obtained using the Backus-Gilbert method and the
midpoint estimator (6) (Fig. 7) are in good agreement, but
statistical uncertainties are much larger in the case of the
Backus-Gilbert method.

FIG. 7. NMR coefficient σ−1k
∂
2σk

∂ðeBÞ2 estimated from the fit of the form (6) as a function of temperature T and fermion chemical potential
μ for spatial lattice sizes Ls ¼ 24 (left) and Ls ¼ 30 (right). We use the midpoint estimator (5) for the low-frequency limit σkðω → 0Þ of
the longitudinal electric conductivity. Data points with error bars joined by solid lines and empty plot markers joined by dashed lines
correspond to the full gauge-theory case and free lattice quarks, respectively. Data points for different values of μ are slightly displaced
along the horizontal axis to avoid overlap between different plot markers. Continuous lines drawn through data points with the same μ
are quadratic splines intended to guide the eye.

FIG. 8. NMR coefficient σ−1k
∂
2σk

∂ðeBÞ2 extracted from the quadratic
fit (6) as a function of temperature T and fermion chemical
potential μ for spatial lattice size Ls ¼ 24. Here we use the
Tikhonov-regularized Backus-Gilbert method [35,86] to estimate
the low-frequency limit σkðw → 0Þ of longitudinal electric
conductivity. Data points with error bars joined by solid lines
and empty plot markers joined by dashed lines correspond to the
full gauge theory case and the free lattice quarks, respectively.
Data points for different values of μ are slightly displaced along
the horizontal axis to avoid overlap between different plot
markers. Continuous lines drawn through data points with the
same μ are quadratic splines that are intended to guide the eye.
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V. CONCLUSIONS AND DISCUSSION

In this paper, we studied two physical observables
related to the chiral magnetic effect (CME) across the
phase diagram of SUð2Þ gauge theory with Nf ¼ 2 flavors
of light dynamical quarks at finite chemical potential μ and
temperature T. Our analysis is limited to the smallest
possible nonzero values of the magnetic field on finite-
volume lattices. On the one hand, this restricts our analysis
to relatively small magnetic field strengths eB≲m2

π , which
are relevant for Beam Energy Scan II (as well as most other
experiments) at RHIC. On the other hand, the smallness of
the external magnetic field provides a rationale for our
“magnetic-quenched” approximation with the magnetic
field affecting only the valence quarks. This approximation
is necessary to ensure the absence of the fermionic sign
problem in SUð2Þ gauge theory that would otherwise occur
when both chemical potential and magnetic field are
nonzero.
The first observable is a CP-odd axial-vector correlator

in an external magnetic field, which gives direct access to
the out-of-equilibrium CME electric current generated by
thermal fluctuations of the axial charge density [48]. Our
overall conclusion is that this observable exhibits a rather
weak density dependence, and does not deviate signifi-
cantly from the corresponding free-quark results (1). There
are some indications of a weak suppression in the hadronic
phase at low temperatures and large densities. Calculations
in SUð3Þ gauge theory suggest that this suppression might
become quite significant at very low T [49]. In the high-
temperature quark-gluon plasma regime, the effect of finite
density on the CME seems to be very small.
Another observable is a CP-even correlator of electric

(vector) currents, which is related to the electric conduc-
tivity by virtue of Green-Kubo relations. Negative mag-
netoresistance (NMR), a growth of longitudinal electric
conductivity σk with magnetic field, is often considered as
one of the main signatures of the CME [40–47]. The
relation between vector-vector and axial-vector correlators
can be made very precise for free massless quarks, where
they receive identical contributions from the lowest
Landau level.
We found that compared to the axial-vector correlator,

the vector-vector correlator and hence the longitudinal
electric conductivity σk have a much weaker dependence
on the strength of the external magnetic field. The absolute
increase in σk due to the external field is considerably
smaller than the lowest Landau level contribution, for all
values of T and μ that we considered. Furthermore, the
CME and NMR seem to exhibit a qualitatively different
behavior in the ðT; μÞ plane: while the CME appears to be
suppressed at low temperatures [49], the NMR is most
pronounced in the hadronic regime at low temperatures and
small densities. NMR is strongly suppressed toward large

densities, where CME also exhibits an oscillatory down-
ward trend. However, the density dependence of NMR is
much stronger.
This comparison between CME and NMR observables

suggests that at least in the weak-field regime (most
relevant for RHIC) NMR might not be an optimal probe
of the CME. It would therefore be advantageous to
construct refined experimental observables, sensitive to
axial-vector rather than vector-vector correlations.
Our results also do not provide any statistically signifi-

cant evidence of a strong enhancement of either the CME or
NMR responses in the vicinity of a chiral crossover or the
second-order phase transition line in the ðμ; TÞ phase
diagram. The only part of the phase diagram where we
cannot exclude a mild enhancement of NMR is the vicinity
of a 2nd-order diquark condensation line at low temper-
atures and for chemical potentials close to diquark con-
densation threshold at μ ¼ mπ=2. A conclusive first-
principles study of this regime should involve simulations
at low temperatures and several sufficiently large lattice
volumes, and would therefore be computationally very
demanding. Since our current gauge ensembles do not
allow to make statistically significant conclusions in this
particular regime, we leave such a study for future work.
Of course, these results might well be specific to the

SUð2Þ gauge theory considered here, where qualitative
similarity of the phase diagram and physical observables
to real QCD can only be expected at μ≲mπ=2, or
temperatures and densities outside the diquark condensa-
tion phase. If this is the case, the mechanism of possible
CME enhancement in the recent results of the STAR
collaboration [9] might well be nonuniversal, or driven by
factors other than temperature and chemical poten-
tial alone.
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