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Quantum contextuality is the notion that certain measurement scenarios do not admit a global
description of their statistics and has been implicated as the source of quantum advantage in a number
of quantum information protocols. It has been shown that contextuality generalizes the concepts of
nonlocal entanglement and magic and is an equivalent notion of nonclassicality toWigner negativity. In this
paper, the protocol of contextuality harvesting is introduced, and it is shown that Unruh-DeWitt models are
capable of harvesting quantum contextuality from the vacuum of a massless scalar quantum field. In
particular, it is shown that gapless systems can be made to harvest contextuality given a suitable choice of
measurements. The harvested contextuality is also seen to behave similarly to harvested magic and can be
larger in magnitude for specific parameter regimes. An Unruh-DeWitt qubit-qutrit system is also
investigated, where it is shown that certain tradeoffs exist between the harvested contextuality of the
qutrit and the harvested entanglement between the systems and that there are regimes where the two
resources can both be present. Some of the tools of contextuality, namely the contextual fraction, are also
imported and used as general measures for any form of harvested contextuality, including nonlocal
entanglement and magic. Additionally, new criteria for genuine harvesting are put forward that also apply
to individual systems, revealing new permissible harvesting parameter regimes.
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I. INTRODUCTION

It is by now well-documented in the relativistic quantum
information (RQI) literature that relativistic quantum fields
are full of information-theoretic resources [1–4], such as
entanglement and magic, that one can extract for use in
various quantum information protocols such as entangle-
ment harvesting [5–9], magic harvesting [10], quantum
energy teleportation [11–14], and quantum field-mediated
communication [15,16], or to power a relativistic quantum
computer [17–22]. While these resources are considered
useful under their respective resource theories, one cannot
help but ask whether there are more general, and as yet
undiscovered, resources lurking inside quantum fields. As
it turns out, there is a nonclassical resource which encom-
passes and moves beyond most, if not all, of the previously
encountered resources: quantum contextuality [23–25].
The statement of contextuality is essentially the inability

to assign a joint probability distribution to a whole family
of measurements that contain subsets of compatible

measurements, i.e., one cannot consistently marginalize a
joint probability distribution over all measurements to yield
the distributions for all of the individual subsets of
measurements in the family [26,27]. The notion of non-
locality then falls out of this description when the system
and measurements are considered to be composite (and
typically spatially separated); it is this form of contextuality
in quantum fields which has been extensively studied
[3,28–43]. Contextuality has been experimentally verified
in numerous settings [44–47] and has been identified as the
source for quantum advantage in many quantum informa-
tion protocols [48–52], in addition to those of nonlocal
entanglement [27]. Contextuality and Wigner negativity
were also shown to be equivalent notions of nonclassicality
for continuous-variable quantum systems [53,54], qudits in
odd-prime-dimensional Hilbert spaces1 [59–61], and, in
general, when adapting Wigner negativity to the onto-
logical models framework and comparing it with gener-
alized contextuality [62,63]. The discrete Wigner function
formalism [55–57] was also used to link Wigner neg-
ativity to magic and to create the magic measure known as
the mana [64,65]. Then it was shown in Ref. [66] that
magic states for qudits in Hilbert spaces of odd prime
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1Wigner negativity in the standard discrete Wigner function
formalism [55–57] is not strictly equivalent to contextuality for
qubits, but is fine for the extension used in Ref. [58].
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dimension are necessarily contextual with respect to
stabilizer measurements.
The presence of contextuality also serves as a marker of

nonclassicality that is explicitly clear in the resource theory
of contextuality [67]: one always defines the classical state
space boundary through their choice of measurement
settings. This gives a much more straightforward method-
ology to interpret the utility of any acquired resources
compared to, say, entanglement. While it is still useful to
study the role of entanglement and other resources in RQI
protocols, it is important to delineate the boundary between
what states one considers to be classical versus non-
classical, if the intention is to discuss genuine quantumness
or quantum advantage in RQI.
With all of the demonstrated advantages due to con-

textuality, the main question that will be tackled in this
paper is whether a system in an initially noncontextual state
can evolve to a contextual state after interacting with a
quantum field.2 Additionally, how does contextuality
behave as a resource when considered in its own right
and also when compared to, say, magic? Furthermore, how
do the various types of contextuality (magic, local con-
textuality, nonlocality, etc.) and entanglement interact with
each other? Can more than one resource be present in the
system at a time? Some works in the nonrelativistic setting
[45,46,69] have shown that there do indeed exist settings
where entanglement and local contextuality can coexist and
influence the amount of each other in the system, with
tradeoff relations bounding the total amount of these
resources that can be present at a time [69]. Meanwhile,
other works [70–73] have elucidated the role that con-
textuality plays in witnessing nonlocality and what non-
locality implies about contextuality. Thus, it would be
interesting to investigate how these results manifest them-
selves in the relativistic setting and what the exact mech-
anisms which give rise to them would look like.
To answer these questions, some measurement scenarios

and measures of contextuality will be introduced and then
applied to the setting of the Unruh-DeWitt (UDW) model
[74,75] for a single qutrit and qubit-qutrit systems: single
qutrits because they are the simplest systems to exhibit
contextuality, and a qubit-qutrit system because it is the
simplest system to witness both qutrit contextuality and
entanglement. This manuscript is then organized as fol-
lows. A brief introduction to quantum contextuality is given
in Sec. II along with the measurement scenarios and
measures of contextuality that are considered. Next, the
UDW model is introduced in Sec. III and the specific setup
considered is detailed. Then in Sec. IV the results of the
contextuality harvesting experiments are introduced, and
finally in Sec. V the implications of the results are
discussed and some future research avenues are outlined.

II. QUANTUM CONTEXTUALITY

The basics of quantum contextuality will be introduced
here as they are essential to understanding the results
presented later in Sec. IV. The presence of quantum
contextuality in a system is often taken as the definition
of what it means for that system to be considered non-
classical. It is consistently the phenomenon that resists an
explanation in terms of local hidden variables, by which
almost all other phenomena in quantum theory can be
described [76–78]. There are many approaches to con-
textuality [27,79–82] which have expanded it to be a
generic feature of generalized probabilistic theories, of
which quantum theory is a special case [83]. In anticipation
of using the contextual fraction [26] to measure the level of
contextuality, the sheaf-theoretic approach to contextuality
will be adopted, and so a few objects from the sheaf-
theoretic framework of contextuality will need to be
introduced before contextuality can be understood. To this
end, the presentation will closely follow that of Ref. [26].
The central objects of study in the sheaf-theoretic picture

are called empirical models, which are probability data
tables for the joint outcomes of sets of compatible mea-
surements corresponding to a measurement scenario
M≡ ðX; C; OÞ: a tuple consisting of a finite set of mea-
surements X, a finite set of outcome values for each
measurement O (sometimes denoted as OX), and a set of
subsets of X denoted as C. Each C∈ C is called a
measurement context and represents a collection of meas-
urement operators that can be performed simultaneously.
As an example, consider the classic Klyachko-Can-
Binicioğlu-Shumovsky (KCBS) scenario [79,84] for a
single party who can choose to measure one of fmig4i¼0,
obtaining one of two possible outcomes:

X¼fm0;m1;m2;m3;m4g; O¼f−1;1g;
C¼ffm0;m1g;fm1;m2g;fm2;m3g;fm3;m4g;fm4;m0gg:

ð1Þ

The empirical model for this description can then be
constructed either from theoretical predictions or through
multiple runs of an experiment, resulting in a probability
table such as Table I.

TABLE I. An empirical model corresponding to the KCBS
scenario Eq. (1).

−1;−1 −1, 1 1;−1 1, 1

m0, m1 0 1=9 2=3 2=9
m1, m2 0 2=3 1=3 0
m2, m3 0 1=3 1=3 1=3
m3, m4 0 1=3 2=3 0
m4, m0 0 2=3 1=9 2=9

2Close to the completion of this paper, the author became
aware of similar independent work by Lima et al. [68].
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The probability distributions making up an empirical
model are the joint distributions eC for each context C∈ C
over the joint outcome space denoted by OC, with the
requirement that the marginals of these distributions,
denoted eCjU with U ⊆ C, agree whenever contexts over-
lap: eCjC∩C0 ¼ eC0 jC∩C0 ∀ C;C0 ∈ C; a generalization of
the no-signaling condition. Contextuality within an empir-
ical model is then the statement that no global distribution d
on OX exists such that its marginals give the empirical
model, i.e., djC ¼ eC ∀ C∈ C. Equivalently, contextual
empirical models are those which have no realization by
factorizable hidden variable models, which for Bell-type
measurement scenarios this means that contextuality
reduces to the usual notion of nonlocality that characterizes
some forms of entanglement. Note also that standard
contextuality can only be observed in systems with
Hilbert space dimension greater than 3 [85].
For the most part, the contextuality of a system in state ρ̂

with respect to scenario M is assessed in a binary fashion
through the calculation of what is known as a noncontex-
tuality inequality:

SC ¼
X
iC ∈ iC

hiCTrðρ̂M̂iCÞ ≤ γ; ð2Þ

where iC denotes the set of indices corresponding to the
context C∈ C, hiC ∈ f�1g are constants, M̂iC is the (tensor)
product of operators indexed by the context C, and γ is an
upper bound that marks the boundary of the space of
noncontextual states [79]. In the setting of empirical
models, the combination of eigenprojectors corresponding
to the operators in each summand of Eq. (2) define one row
of the associated empirical model. The compatibility
relations between the M̂iC making up the scenario M
can be given a graph structure called a compatibility graph,
whose maximum independence number—the size of the
largest subgraph comprised of vertices that have no edges
in common—is the constant γ [79]. If γ in Eq. (2) can be
exceeded using ρ̂, then the system is said to be contextual,
otherwise it is noncontextual. Equation (2) can be split into
two different settings: state-dependent and state-indepen-
dent noncontextuality inequalities. In both settings, the
scenario M shapes the boundary for the states ρ̂ of a given
Hilbert space dimension that can violate Eq. (2), and so the
difference lies in how large this boundary is. For the state-
dependent case, the boundary is such that some states can
violate Eq. (2) while others cannot. In the state-independent
case, as the name implies, there is no boundary and
therefore all states can violate Eq. (2) regardless of their
structure.
Since the goal will be to harvest contextuality from the

state of a quantum field, only the state-dependent scenarios
will be of interest to us. Further anticipating that the effect
of contextuality harvesting will be quite small, as is the case
in entanglement harvesting [7,86,87], it would be prudent

to define a continuous measure of contextuality so the
amount of contextuality harvested can be quantified in a
nonbinary way. To this end, the contextual fraction is
adopted [26].
The contextual fraction is motivated by the fact that an

empirical model can be decomposed as a convex sum of
two different empirical models on the same scenario:
eλþ e0ð1 − λÞ, where λ∈ ½0; 1�; this can be understood
by taking the convex sum of probability distributions at
each context, which preserves the compatibility relations. If
one of these empirical models is now viewed as a non-
contextual model, then the constant λ can be interpreted as
giving the fraction of the original model that is explained by
a noncontextual model, which provides a continuous
measure as opposed to the binary one in Eq. (2). Instead
of asking for a probability distribution on global assign-
ments that marginalizes to the empirical distributions at
each context, only a subprobability distribution b on global
assignments OX that marginalizes at each context to a
subdistribution of the empirical data is asked for, thus
explaining a fraction of the events, i.e., bjC ≤ eC ∀ C∈ C.
When the maximum possible value of λ is used in the
decomposition, this is called the noncontextual fraction of e
and denoted NCFðeÞ; it is related to the contextual fraction
by CFðeÞ ¼ 1 − NCFðeÞ. The other empirical model in the
decomposition will then necessarily be a strongly con-
textual one [26], which means any empirical model admits
the decomposition

e ¼ CFðeÞeSC þ NCFðeÞeNC; ð3Þ

where eSC denotes the strongly contextual empirical model
and eNC the noncontextual empirical model (note that eNC

and eSC are not necessarily unique).
The task of finding a consistent probability subdistribu-

tion with maximum weight for a given empirical model can
be formulated as a linear programming problem. Define a
measurement scenario M≡ ðX; C; OÞ and let n ¼ jOXj be
the number of global assignments, andm ¼PC∈ C jOCj be
the total number of local assignments for all contexts. Then
define an m × n incidence matrix M that records the
restriction relation between global g and local ðC; sÞ
assignments:

M½ðC; sÞ; g� ¼
�
1 if gjC ¼ s

0 else:
ð4Þ

The empirical model e can be vectorized into a vector
ve ∈Rm, where the component ve½ðC; sÞ� ¼ eCðsÞ, i.e., the
model probability for assignment s in context C (an entry in
Table I). Each column of M½−; g� can then be seen to
represent one of the (noncontextual) deterministic
models obtained from global assignments g∈OX. A global
probability distribution can also be represented as a
non-negative normalized vector d∈Rn, so that the
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corresponding noncontextual model can be represented by
the vectorMd. Then a model e is considered noncontextual
if and only if there exists a non-negative d∈Rn such that
Md ≤ ve. A global subprobability distribution is also
represented by a non-negative vector b∈Rn, with its
weight being given by the dot product 1 · b ¼Pn

i bi.
The following linear program thus calculates the non-
contextual fraction of an empirical model e, with
NCFðeÞ ¼ 1 · b�, where b� is an optimal solution:

Find b∈Rn

maximizing 1 · b

subject to Mb ≤ ve

and b ≥ 0: ð5Þ

As shown in Ref. [26], the contextual fraction can be
related to noncontextuality inequalities as the normalized
violation by a given empirical model of a noncontextuality
inequality. The authors also prove that the contextual
fraction is a resource monotone under operations that
preserve the noncontextual set and that it shares many of
the same properties that standard entanglement measures
have [88]: faithfulness, convexity, and continuity.
In this article, a variant of the 5-measurement pentagram

scenario [89] for a qutrit system will be considered due to
its simplicity, flexibility with what states can be labeled as
classical, and that it is somewhat well studied [89]. It is
characterized by five dichotomic measurement operators
fB̂ijB̂i ¼ 1 − 2jviihvijg4i¼0, each with outcome �1, where
the operators satisfy ½B̂i; B̂j� ¼ 0 for the index pairs
fð0; 2Þ; ð0; 3Þ; ð1; 3Þ; ð1; 4Þ; ð2; 4Þg, forming a pentagram
when taken as edges of a graph; these edges then mark the
contexts of the scenario. The vectors jvii considered in this
work take the form

jvii ¼ sinðαiÞ cosðθiÞj11i þ cosðαiÞj10i
þ sinðαiÞ sinðθiÞj1 − 1i; ð6Þ

where fjjmi∶m ¼ −j;…; jg is the Dicke basis of the Ĵz
operator with the usual ordering. Three different sets of
angles fðαi; θiÞg4i¼0 are used to illustrate the influence that
the choice of measurement operators has on the harvesting
behavior; they are each given in Appendix B along with
further details of their derivations. Since there are five
contexts and each B̂i only has outcomes�1, there are 25 ¼
32 possible global assignments and 5 × 22 ¼ 20 possible
local assignments for this scenario, yielding a 20 × 32
incidence matrix for the contextual fraction.

III. UNRUH-DEWITT MODEL

To model quantum systems moving through spacetime
that can interact with tensor quantum fields, the remarkably

successful UDW model is turned to. One can think of the
UDW model essentially as a quantum system following a
trajectory in spacetime that can interact locally with a
tensor quantum field around its trajectory. Despite its
simplicity, the UDW model has been shown to capture
important features of the interaction between quantum
systems and quantum fields, such as the light-matter
interaction [90] and the interaction with linearized quantum
gravity [91], to name just a couple. The model works as
follows.
Consider D qudits with Hilbert spaces fHdgDd and

combined Hilbert space H ¼⊗D
d Hd, each moving along

timelike trajectories zμdðτdÞ ¼ ðtðτdÞ; xðτdÞÞ; d∈ f1;…; Dg
in a globally hyperbolic spacetime M that admits a global
timelike coordinate t, with the proper time for each qudit τd
representing the Fermi normal coordinate time defined
around each of their trajectories. Along each trajectory,
each qudit has a free evolution governed by a free
Hamiltonian Ĥ0d

, which is typically proportional to the
energy gaps Ωi

d ∈Rþ; i∈ f1;…; ng between the n energy
levels of the qudits. Additionally, each qudit interacts with a
background tensor quantum field ÔðxÞ along its trajectory
that is prescribed by the interaction Hamiltonian density, in
the interaction picture, as

ĥdðxÞ ¼ λdΛdðxÞμ̂dðτdÞ ⊗ ÔðxÞ; ð7Þ

where the λd are coupling constants, μ̂dðτdÞ ¼
eiĤ0d

Δτμ̂de
−iĤ0d

Δτ are interaction picture operators acting
on the Hilbert space of qudit d, and ΛdðxÞ are spacetime
smearing functions, which define the shape of the inter-
action in spacetime. The functions ΛdðxÞ are each strongly
supported around the qudits’ trajectories, zdðτdÞ and their
spatial extent corresponds to the qudit’s shape in their own
rest frame.
The initial state of the entire system is ρ̂ðt0Þ ¼

ρ̂Dðt0Þ ⊗ ρ̂ϕ, with ρ̂Dðt0Þ ¼⊗D
d ρ̂dðt0Þ denoting the initial

state of the qudits and ρ̂ϕ denoting the initial state of the
tensor quantum field. Time evolution of this state to a final
time t is given by

ρ̂ðtÞ ¼ Ûðt; t0Þρ̂ðt0ÞÛ†ðt; t0Þ; ð8Þ

with the time-evolution operators defined by

Ûðt; t0Þ ¼ T e
R

t

t0
dVĥðxÞ

; ð9Þ

where ĥðxÞ ¼PD
i¼1 ĥdðxÞ is the Hamiltonian density of the

full system, and T is the time-ordering operator. The final
time-evolved state can be obtained perturbatively from the
Dyson expansion:
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ρ̂ðtÞ ¼
X
ij

ρ̂ði;jÞ ¼
X
ij

ÛðiÞðt; t0Þρ̂ðt0ÞðÛðjÞÞ†ðt; t0Þ; ð10Þ

where

ÛðnÞðt; t0Þ ¼
ð−iÞn
n!

Yn
k

Z
dVkþ1T ðĥðxkþ1ÞÞ: ð11Þ

The final state for the qudits can be computed by tracing out
the field degrees of freedom from the final state:
ρ̂DðtÞ ¼ Trϕðρ̂ðtÞÞ, which can represent an entangled state
between the qudits under certain circumstances. As is the
case in much of the RQI literature [86], it is assumed that
the field starts out in a quasifree state.3

The final state of the qudit system, up to second order in
the coupling constant λ, is then

ρ̂DðtÞ ¼ ρ̂Dðt0Þ þ ρ̂ð1;1ÞD þ ρ̂ð0;2ÞD þ ρ̂ð2;0ÞD þOðλ4Þ; ð12Þ

where

ρ̂ð1;1ÞD ¼
X
dd0

λdλd0
Z

dV1

Z
dV2μ̂dðτ1Þρ̂Dðt0Þμ̂d0 ðτ2Þ

× Λdðx1ÞΛd0 ðx2ÞWðx2; x1Þ;

ρ̂ð2;0ÞD ¼ −
X
dd0

1

2
λdλd0

Z
dV1

Z
dV2Λdðx1ÞΛd0 ðx2Þ

× T ðμ̂dðτ1Þμ̂d0 ðτ2ÞWðx1; x2ÞÞρ̂Dðt0Þ

¼ −
X
dd0

λdλd0
Z

dV1

Z
dV2Λdðx1ÞΛd0 ðx2Þ

× μ̂dðτ1Þμ̂d0 ðτ2Þθðτ1 − τ2ÞWðx1; x2Þρ̂Dðt0Þ;
ρ̂ð0;2ÞD ¼ ðρ̂ð2;0ÞD Þ†; ð13Þ

with θðτ1 − τ2Þ being the Heaviside step function, and
Wðx1; x2Þ ¼ hÔðx1ÞÔðx2Þiρ̂ϕ being the Wightman func-
tion, i.e., the correlation function of the field. If the field
theory that is used obeys the commutation relation

½Ôðx1Þ; Ôðx2Þ� ¼ iEðx1; x2Þ; ð14Þ

where Eðx1; x2Þ ¼ GRðx1; x2Þ − GAðx1; x2Þ is called the
causal propagator, with GRðx1; x2Þ and GAðx1; x2Þ being
the retarded and advanced propagators of the field, respec-
tively, then the Wightman function can be expressed in
terms of a sum of the anticommutator and commutator of
the field

Wðx1; x2Þ ¼
1

2
hfÔðx1Þ; Ôðx2Þgiρ̂ϕ

þ 1

2
h½Ôðx1Þ; Ôðx2Þ�iρ̂ϕ

¼ 1

2
Hðx1; x2Þ þ

i
2
Eðx1; x2Þ; ð15Þ

where H is called the Hadamard function. Since the field
commutator is proportional to the identity operator of the
field, it is clear that the causal propagator is independent of
the field’s state ρ̂ϕ because any state will commute with it.
However, the causal propagator still encodes the state-
independent degrees of freedom of the field as the com-
mutator relation is fundamentally quantum. The Hadamard
function on the other hand, contains all of the state
dependence (including the quantum degrees of freedom)
of the field since different field states will not necessarily
commute with the anticommutator of the field.
In this paper, a 3þ 1-dimensional Minkowski spacetime

is chosen such that τ ¼ t. The qudits are governed by a free

Hamiltonian Ĥ0 ¼
P

d Ĥ0d
¼Pd ΩdðĴðdÞz þ jd1dÞ, where

jd is the total angular momentum number for qudit d. The
energy eigenstates are naturally represented in the Dicke
basis fjjmid∶ m ¼ −j;…; jg with energy levels
f0;Ωd;…; 2jdΩdg, due to the shift of the ground state
to 0 by the term jd1d. Each qudit has a monopole operator

μ̂d ¼ 2ĴðdÞx , which yields, in the interaction picture, a time-
dependent monopole operator given by

μ̂dðtÞ ¼ eiΩdtĴðdÞþ þ e−iΩdtĴðdÞ− ; ð16Þ

where ĴðdÞ� are the usual SUð2Þ ladder operators for each of
the qudits. The qudits each couple to a massless scalar
quantum field ÔðxÞ ¼ ϕ̂ðxÞ, which is a quantization of the
scalar field ϕðxÞ whose dynamics are prescribed by the
Klein-Gordon equation

∇μ∇μϕðxÞ ¼ 0; ð17Þ

defining the associated Green’s functions GRðx1; x2Þ
and GAðx1; x2Þ.
The quantum field ϕ̂ðxÞ can be decomposed as

ϕ̂ðxÞ¼
Z

d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2π3Þjkj

p ðâ†keiðjkjt−k·xÞ þ âke−iðjkjt−k·xÞÞ; ð18Þ

where âk; â
†
k are the field ladder operators satisfying the

commutation relation ½âk; â†k0 � ¼ δ3ðk − k0Þ. The UDW
system starts in the initial state ρ̂ðt0Þ ¼ ρ̂D ⊗ ρ̂ϕ ¼
⊗D

d jgidhgj ⊗ ρ̂ϕ, where ρ̂ϕ is chosen to be the vacuum
state of the field j0iϕh0j, and jgid are the eigenstates of the
spin-ðdimðHdÞ − 1Þ=2 total angular momentum operator in

the z-direction ĴðdÞz corresponding to the lowest value of m.

3A quasifree state is a zero mean Gaussian state. Typical states
that satisfy this condition are thermal states and most choices of
vacua [2].
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An effective spacetime-smearing function,

Λ�
d ðxÞ ¼ ΛdðxÞe�iΩdt

¼
X
ld

clde
−ðx−x̄ld ÞTΣ−1

ld
ðx−x̄ld Þ−

ðt−t̄dÞ2
T2
d

�iΩdt

π3=2kc̃dk
; ð19Þ

will be used where Td ∈Rþ is the temporal width for
system d, cld ∈R are the basis coefficients of each basis
function corresponding to system d, t̄d ∈R is the temporal
center for system d, x̄ld ∈R3 are the spatial center vectors
corresponding to each basis function for system d, and
kc̃dk ¼Pmd

cmd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðΣmd

Þp
. Σld is the three-dimensional

correlation matrix and is given by

Σld ¼

0
BBB@

σ21;ld ρ12;ldσ1;ldσ2;ld ρ13;ldσ1;ldσ3;ld

ρ21;ldσ2;ldσ1;ld σ22;ld ρ23;ldσ2;ldσ3;ld

ρ31;ldσ3;ldσ1;ld ρ32;ldσ3;ldσ2;ld σ23;ld

1
CCCA;

ð20Þ

where σi;ld ∈Rþ is the spatial width corresponding to
component i (i ¼ 1, 2, 3) of each of the basis functions
for system d, and ρij;ld ∈Rþ is the correlation between
components i and j. This smearing function allows for the
representation of many spatial smearing profiles by simply
choosing the appropriate values for the parameters of the
Gaussian basis set (one must ensure that the normalization
does not cause a blowup of the function).4 The form of the
above smearing function will be useful for future studies,
but for the purposes here, the sum will be taken to be over
only one Gaussian basis function, and Σld is assumed to be
diagonal with each element σi;ld being the same.
The smearing function Λp¼�

d ðxÞ will smear out the
Wightman function and related bidistributions (e.g., causal
propagator, retarded and advanced propagators, Hadamard
function, etc.), so it is useful to define the smeared version
of an arbitrary bidistribution Bðx; x0Þ as

BðΛp
d ;Λ

q
d0 Þ ¼

Z
dV1

Z
dV2Λ

p
dðx1ÞΛq

d0 ðx2ÞBðx1;x2Þ; ð21Þ

and the forward time-ordered smeared version as

BΔtðΛp
d ;Λ

q
d0 Þ ¼

Z
dV1

Z
dV2Λ

p
dðx1ÞΛq

d0 ðx2Þ

× θðt1 − t2ÞBðx1; x2Þ; ð22Þ

where θðt − t0Þ is the Heaviside step function, and the
backward time-ordered smeared version B−ΔtðΛp

d ;Λ
q
d0 Þ is

just the above with the arguments of Bðx1; x2Þ and
θðt1 − t2Þ reversed.
It is worth pointing out that nonpointlike UDW models,

such as the one considered here, explicitly break covariance
by smearing the action of the monopole operator over
multiple time slices such that the microcausality condition5

is violated by the interaction Hamiltonian, and also making
the time-ordering reference frame dependent [86,92].
However, this only manifests in the perturbative terms
beyond second order provided that the initial state com-
mutes with the free Hamiltonian or the smeared Wightman
function goes to zero for spacelike-separated systems
[86,92], both of which are considered in our setup, so this
kind of covariance violation will not appear in what
follows. Smearing functions without compact support, like
those considered here, also introduce further potential
causality violations by allowing instantaneous signaling
between spacelike separated regions, which is due to the
fact that their support can extend across both regions
[93,94]. One strategy to mitigate this problem is to define
a temporal region that the smearing function is strongly
supported on, which will be taken as

−ηdTd < t − t̄d < ηdTd; ð23Þ

where ηd is a positive constant that ensures strong temporal
support.
Also note that because the free Hamiltonian is only a

function of Ĵz in our setup, a noncontextual initial state
could not be transformed into a contextual one under
time evolution with only the free Hamiltonian since
½ρ̂ðt0Þ; e−iĤ0Δt� ¼ 0. For generic e−iĤ0Δt and ρ̂ðt0Þ one
can see that the lhs of Eq. (2) is invariant with respect
to transformations by e−iĤ0Δt, so transformation to a
contextual state from a noncontextual one using e−iĤ0Δt

is not possible in general.
The expressions for Eqs. (13) corresponding to the setup

considered here can be found in Appendix A.

IV. CONTEXTUALITY HARVESTING

The core idea behind contextuality harvesting is con-
ceptually similar to that of entanglement harvesting,
although the former clearly demarcates the boundary
between classical and nonclassical quantum states, as
mentioned in the Introduction. In the standard entanglement

4Note that one can also apply the same basis function
expansion treatment to the temporal part of the basis, adding
an extra sum over these indices, a second index on the expansion
coefficients, and redefining the kc̃dk term to include the temporal
widths. Additional generalizations could be to include polyno-
mial terms xld;1yld;2zld;3 to cover the full angular case. One also
needs to define the center of the resulting smearing profile since it
can take an arbitrary shape. 5½ϕ̂ðxÞ; ϕ̂ðx0Þ� ¼ 0 for spacelike separated x; x0.
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harvesting scenario, two (or more) spatially separated UDW
qudits that are both initially unentangled interact with a
tensor quantum field for some timeduration, leading to a joint
final state for the qudits that corresponds to an entangled state
after tracing out the field degrees of freedom. For the basic
contextuality harvesting scenario, there is only one UDW
qudit that is initially in a noncontextual state, which then
interacts with a tensor quantum field for some time duration,
leading to a final state that is contextual according to a genuine
contextuality measure such as the contextual fraction.
The entanglement harvesting protocol includes the

term “harvesting” because entanglement between systems
interacting via a mediator system cannot be generated
through only local operations and classical communication
[95]—there had to have been preexisting entanglement in
the mediator system for this to be possible. One can also
argue that contextuality is really “harvested” from the state
of the quantum field by similarly establishing a resource
theory for contextuality and using the fact that it is already
known that quantum field states harbor nonclassicality
(predominantly in the form of nonlocality), which
Refs. [3,23–25,28–43] show is quite a generic feature that
most infinite-dimensional states possess—including the
vacuum state. Now in the resource theory of contextuality,
the set of free operations that preserve the noncontextual
state space for a given contextuality scenario are defined to
essentially be relabelings of the measurements/outcomes
and coarse-grainings of measurement sets/outcomes [67].
These operations are free because they cannot introduce
more measurement incompatibility into the measurement
set, which is basically akin to increasing contextuality. This
means that for a fixed scenario, a noncontextual initial state
cannot become contextual under the free operations alone.
If one decides to change the scenario by introducing
more incompatibility, then they can, of course, convert
the noncontextual initial state to a contextual one, but then
this operation is not free and the emerging nonclassicality is
explained by this nonfree operation. One can also
establish a contextuality resource theory for the field and
field plus probe—using a continuous-variable analogue
of the contextual fraction for the contextuality monotone
[96]—which will look similar to that of the probe system
but with many more states counting as useful resources.
Drawing on the link between magic and contextuality
discussed near the end of the Introduction, many families
of operations can be classified as free operations, including
Clifford circuits on odd-prime-dimensional Hilbert spaces
and Gaussian operations in the continuous-variable setting.
Due to the ubiquity of nonclassicality in quantum field
states, transformations acting on the joint probe-field
system will tend to preserve this nonclassicality and
transfer some of it to the probe system through correlations
such as entanglement.
Operations which do not involve interacting with the

field may still increase the contextuality of just the probe

system, but the contextuality resource theory for the
probe can be used to identify such operations so that the
increase of contextuality witnessed can be explained. It is
the three resource theories for the probe, field, and probe-
field together that allow one to certify the source of
any contextuality acquired. This is analogous to how the
argument for entanglement harvesting based on the
resource theory of Local Operations and Classical
Communication goes through, but with a different set of
free operations and resources.
Therefore, if the contextuality scenario is fixed, the probe

system’s state is initialized to a noncontextual state, with
respect to the scenario, and an odd prime dimensional
qudit state (a qutrit in this work) is used, then given the
pervasiveness of nonclassicality in quantum fields, it is
reasonable to claim that the contextuality generated by this
interaction was harvested from the quantum field through
this protocol, which is the stance taken in this work. A more
rigorous argument will be the subject of future work.
The contextuality measure that shall be used to

quantify the amount of contextuality and/or nonlocal
entanglement harvested will be the contextual fraction
difference between an initial system state ρ̂Dðt0Þ and a
final system state ρ̂DðtÞ:

ΔCFðveÞ ¼ CFðve
t Þ − CFðve

t0Þ; ð24Þ

where ve
t is the vectorized version of the empirical model

corresponding to the final state, which has components

ðve
t Þi ¼ Trðρ̂DðtÞP̂iðtÞÞ; ð25Þ

where the index i ranges over all of the (tensor) products
of eigenprojectors (in a context) corresponding to the
interaction picture measurement operators in the scenario.
The contextual fraction of a given empirical model

corresponding to a specific scenario quantifies the fraction
of the model that can be explained by a strongly contextual
model [26]. So given a particular state, this tells you how
much the description of the state in one context conflicts
with its description in other contexts. In the case of
nonlocal entanglement, it is the degree to which the
nonlocality arising from subsystem interactions alters the
local descriptions of those subsystems. For the setups that
are considered, taking the difference between the contex-
tual fractions before and after the interaction can be
understood as subtracting away the initial contextuality
of the empirical model (i.e., contextuality in the absence of
any transformation) and quantifying the influence of only
the quantum field on disrupting the consistency of the
state’s description in different contexts.
Since the goal is to harvest contextuality from the

quantum degrees of freedom of the vacuum state of the
quantum field, rather than acquiring contextuality through
field-mediated signaling, a way to distinguish the two is
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necessary. As stated in Ref. [86], the Feynman propagator
can be formed from the Wightman function as

GFðx; x0Þ ¼ θðt − t0ÞWðx; x0Þ þ θðt0 − tÞWðx0; xÞ; ð26Þ

where θðt − t0Þ is the Heaviside step function, and note that
GF can be broken down into a sum of two functions,

GFðx; x0Þ ¼
1

2
Hðx; x0Þ þ i

1

2
Δðx; x0Þ; ð27Þ

where H is again the Hadamard function, and Δ is a
measure of causal contact called the symmetric propagator.
Δ can be expressed in terms of GR and GA as
Δðx; x0Þ ¼ GRðx; x0Þ þ GAðx; x0Þ, or alternatively as
Δðx; x0Þ ¼ 2GRðx; x0Þ − Eðx; x0Þ from the expression
GAðx; x0Þ ¼ GRðx; x0Þ − Eðx; x0Þ. The author of Ref. [86]
then outlines the conditions for genuine harvesting of
entanglement as

1

2
jΔðΛþ

d ;Λ
þ
d0 Þj ≪ N ðρ̂Þ and N ðρ̂Þ > 0; ð28Þ

with the negativity entanglement measure N ðρ̂Þ given by

N ðρ̂Þ ¼
����X
λi<0

λi

����; ð29Þ

where λi are the eigenvalues of the partially-transposed
density operator ρ̂Td. The first condition in Eq. (28) is
motivated by the fact that the smeared symmetric propa-
gator is a measure of causal contact between systems,
meaning that it can essentially be taken as a measure of how
little the quantum degrees of freedom of the quantum field
are being used to facilitate the increase of entanglement
between the systems. The choice of using the þþ compo-
nent is a consequence of the far-off-diagonal terms that
appear in the density matrix they consider, together with the
definition of entanglement. How the smeared symmetric
propagator scales in comparison to the smeared Hadamard
function is also of interest to us and will help identify good
parameter regimes as well.
Based on the expressions for ρ̂DðtÞ in Appendix A, the

conditions that are of interest here are that the smeared
Hadamard term dominates over the smeared symmetric
propagator term and that the contextual fraction difference
is greater than 0, i.e.,

����ΔðΛþ
d ;Λ

þ
d0 Þ

HðΛþ
d ;Λ

þ
d0 Þ
����≪ 1 and ΔCFðveÞ > 0: ð30Þ

The first condition is necessary due to the possibility of
increasing the contextuality of a system through field-
mediated signaling of measurement results, which was
shown in [69] for a similar nonrelativistic qubit-qutrit
scenario. If these conditions are met, then one can be
reasonably sure that the harvested contextuality is pre-
dominantly due to the preexisting quantum correlations in
the field and not because of field-mediated signaling.
The above conditions for genuine contextuality harvest-

ing are quite general, applying to many different spacetimes
and quantum fields. Particularizing to our setting of a
massless scalar quantum field in 3þ 1 Minkowski space-
time, the first condition combined with the expressions
derived in the Appendix for ΔðΛþ

d ;Λ
þ
d0 Þ and HðΛþ

d ;Λ
þ
d0 Þ

(Eqs. (A40) and (A16), respectively) already reveal much
information about how conducive this setting is to harvest-
ing. For instance, observe the case when d ¼ d0 and each of
the sums in the two expressions has only one element:

����ΔðΛþ
d ;Λ

þ
d Þ

HðΛþ
d ;Λ

þ
d Þ
���� ¼

ffiffiffiffiffiffiffiffiffiffi
2T2

d

β1d1d

s
¼ Td

σ1d
: ð31Þ

The ratio of the temporal to spatial smearing width is the
only determining factor for harvesting under the first
condition, independent of the internal details of the
UDW systems. In particular, notice that harvesting is only
possible if the temporal smearing width is small while the
spatial smearing width remains fixed at some intermediate
value such that both are within the region of strong support,
the spatial smearing width is large while the temporal
smearing width remains fixed at some intermediate value
(again, in the strongly supported region), or if one is a
scalar multiple of the other such that the coefficient is less
than one. In this last case, harvesting is permitted when the
spacetime smearing becomes highly localized, but not
when it becomes highly dispersed since this would exceed
the region where the smearing function is strongly sup-
ported (introducing nonphysical signaling).
The case when d ≠ d0 has a richer structure that requires

further analysis to elucidate fully. Let us assume again that
each of the sums has only one element and furthermore that
the spatial smearing widths and system energy gaps for
each of the systems are equal. The first condition then
reduces to

����ΔðΛþ
d ;Λ

þ
d0 Þ

HðΛþ
d ;Λ

þ
d0 Þ
���� ¼
�����e

Lldmd0 a1erfiða3 − ia2Lldmd0 Þ þ e−Lldmd0 a1erfiða3 þ ia2Lldmd0 Þ
eLldmd0 a1erfiðb2 þ b1Lldmd0 Þ − e−Lldmd0 a1erfiðb2 − b1Lldmd0 Þ

�����; ð32Þ

where
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b1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β1d1d þ T2
d þ T2

d0

q ;

a1 ¼ b21ðiΩdðT2
d − T2

d0 Þ þ 2Δt̄Þ;
b2 ¼ −

a1
2b1

;

a2 ¼
b1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
d þ T2

d0

q
ffiffiffiffiffiffiffiffiffiffi
β1d1d

p ;

a3 ¼ −
ia1

a2β1d1d
;

and Lldmd0 ;Δt̄ are defined in Appendix A as the distance
between the centers of the spatial/temporal smearing
regions corresponding to systems d and d0, respectively.
One can now see that the above ratio tends to 0 for small
σ1d , or small Td; Td0 and Δt̄ ¼ 0, assuming the other
parameters in the denominator are chosen such that it
stays nonzero, indicating that sharply peaked spatial or
temporal smearing distributions constitute regimes that
only rely on existing field correlations for the harvesting.
Contrast this with Eq. (31), which shows that harvesting for
small σ1d is possible for both cases if Td and/or Td0 are also
small. If the temporal smearing widths are not small then
harvesting will only happen for the d ≠ d0 case. Similarly,
if the temporal smearing widths are small (and Δt̄ ¼ 0) and
σ1d does not approach 0, then harvesting will be possible in
both cases; note also that as σ1d gets larger, harvesting in the
d ¼ d0 case becomes more likely while it decreases in the
d ≠ d0 case. Intermediate parameter regimes likely exist
where more of the interplay between local and nonlocal
contextuality harvesting occurs, which is left until
Secs. IVA and IV B. However, one intermediate regime
where genuine harvesting is not possible in either case
happens when Td ¼ Td0 ¼ σ1d ¼ 1 and Δt̄ ¼ Lldmd0 : here
the harvesting condition for d ¼ d0 is clearly violated, and
for d ≠ d0, the condition is

����ΔðΛþ
d ;Λ

þ
d0 Þ

HðΛþ
d ;Λ

þ
d0 Þ
���� ¼ e

L2
ldmd0

���� erfðLldmd0 Þ
erfiðLldmd0 Þ

����; ð33Þ

which is lower-bounded by 1 and diverges for larger Lldmd0 ,
thus also violating the condition.
Looking at Eq. (32) again, both the numerator and

denominator go to 0 for large σ1d or large Td and Td0 ,
assuming the other parameters are chosen accordingly.
These limits for the spatial and temporal smearing corre-
spond to spreading out the interaction regions well beyond
the strongly supported zones to eventually cover the whole
region, which is a highly nonlocal interaction that is clearly
unphysical. One can also take the very small Lldmd0 limit to
see that the numerator converges to 2erfiða3Þ while the
denominator converges to 0, so that the ratio diverges and

no harvesting is possible. In the opposite limit, the
imaginary error function (erfi) terms in the numerator
are evaluated at �i∞, which converts them to standard
error functions evaluated at �∞, yielding −1 for the first
and þ1 for the second. The decaying exponential in the
second term sets that term to 0, eventually leaving

lim
Lldmd0→∞

jerfiðb2 þ b1Lldmd0 Þ

− e−2Lldmd0 a1erfiðb2 − b1Lldmd0 Þj−1; ð34Þ

which converges to 0 as long as the other parameters are
chosen accordingly. Consequently, it would seem that
harvesting is allowed in this regime. However, it is clear
from Eq. (26) that the smeared Hadamard function and the
smeared symmetric propagator both actually converge to 0,
so one must interpret this result as signifying that the
smeared symmetric propagator converges to zero more
rapidly than the smeared Hadamard function does.
In the following, two different setups will be considered:

(1) a single qutrit UDW system harvests contextuality and
(2) a qubit-qutrit UDW system harvests contextuality and
entanglement. In the former case, the point is to consider a
minimal example where the UDW system can only exhibit
local contextuality and to illustrate the general contextual
nature and capacity to harbor nonclassical resources of the
vacuum state of the quantum field. In the latter case, the
interplay between local contextuality and entanglement
along with their robustness as quantum resources will also
be studied. The code to reproduce the calculations and plots
is available in a public GitHub repository [97].

A. A single UDW qutrit

A single system can only have entanglement if it admits a
tensor product decomposition of its Hilbert space into
smaller Hilbert spaces such that dimðHÞ ¼QD

d dimðHdÞ.
This is clearly impossible for p-dimensional Hilbert spaces,
where p is a prime number, since by definition a prime
number cannot be expressed only as a product of factors.
Recalling that contextuality can only be observed in
systems with Hilbert space dimension greater than 3, a
single qutrit system is then the minimal system to witness
only contextuality and no entanglement. Note that recently
it was shown that a single qutrit could acquire magic from
interacting with a massless scalar quantum field [10], which
is a type of nonclassical resource used in quantum
computation that is powered by contextuality in many
cases [59,66].6 However, as noted earlier, contextuality is a
much more general nonclassical resource that can encom-
pass magic and nonlocal entanglement as subsets, so it is

6The equivalence holds for qutrit systems, which is what is
used here and in Ref. [10].
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still worthwhile to demonstrate that this larger family of
resources can be harvested.
For a single qutrit, Ĵz is the spin-1 angular momentum

operator in the z-direction, with eigenstates represented in
the Dicke basis as fjj ¼ 1mig1m¼−1 with the usual ordering,
and a ground state jgi ¼ j − 1i. The basis elements will be
abbreviated as jmi from now on. Using the expressions
from Appendix A, the final density matrix representation of
our single qutrit system in our prescribed basis is given by

ρ̂DðtÞ ¼

0
B@

0 0 −2W̄þþ
11

0 2Wþ−
11 0

−2ðW̄�Þþþ
11 0 1 − 2Wþ−

11

1
CAþOðλ4Þ;

ð35Þ

where W̄pq
dd0 ¼ λdλd0WΔtðΛp

d ; Λ
q
d0 Þ and Wpq

dd0 ¼
λdλd0WðΛp

d ;Λ
q
d0 Þ. Here it can be seen that the field state

dependence is distributed throughout the density matrix,
with the off-diagonal elements containing the relevant
terms for the genuine harvesting condition. Indeed, the
choice of the þþ component in the harvesting conditions
can be motivated by its function in the noncontextuality
inequality lhs of the modified pentagram scenario since the
absence of these terms in the final state would yield a state
that would not violate the inequalities and hence be
considered noncontextual. Seeing as how the off-diagonal
terms also represent the acquired coherence of the state, it is
tempting to try and give the interpretation that the amount
of harvested contextuality is about the tradeoff between the
coherence terms and the “local” noise terms; this is,
however, highly dependent on the given contextuality
scenario. For example, the j1i eigenstate of the spin-1 Ĵz

operator—having 0 coherence—maximally violates the
noncontextuality inequality in the typical KCBS scenario
that was introduced earlier in Sec. II. Fortunately, the final
state and contextuality scenario used in this work does
admit the coherence interpretation, so one may use either to
make sense of the results.
Figure 1 depicts ΔCFðveÞ=λ2 and Mðρ̂Þ=λ2 in the first

three columns of plots corresponding to each of the three
sets of measurement operators in the modified pentagram
scenario in Appendix B, while the last column of plots
depicts jΔðΛþ

d ;Λ
þ
d Þj and jHðΛþ

d ;Λ
þ
d Þj, all as functions of

the energy gapΩd for various values of σld and Td. Observe
in the first three columns of plots that for larger spatial
smearing widths (top plots), the harvested contextuality is
smaller in magnitude, generally widening and decreasing in
magnitude as the temporal smearing width decreases. For
decreasing spatial smearing widths, the trend continues.
These observations make sense, as configurations with
larger spatial smearing weaken the harvesting magnitude
by spreading out the interaction more, and temporal
smearing profiles that are sharper than the spatial smearing
will cause the qutrit to spend less time at peak interaction
strength for spatial regions with non-negligible interaction
strength, thus the qutrit could not harvest as much con-
textuality as it could with a less sharply peaked temporal
smearing profile relative to the spatial smearing profile.
The last column of plots brings to our attention the fact

that not all of the settings in Fig. 1 correspond to genuine
contextuality harvesting according to the conditions set out
by Eq. (30). Indeed, it is only really the first three Td cases
in the first row of plots and the Td ¼ 1=30 case in the
second row of plots that satisfy them, which one can see
from the much larger magnitude of the smeared Hadamard

FIG. 1. Plots for the single qutrit harvesting scenarios. The first three columns of plots depict ΔCFðveÞ=λ2 with solid curves and
Mðρ̂Þ=λ2 with dot-dashed curves, while the last depicts jΔðΛþ

d ;Λ
þ
d Þj with dotted curves and jHðΛþ

d ;Λ
þ
d Þj with dashed curves, all as

functions of the energy gapΩ for different temporal smearing widths and a coupling constant of λ ¼ 10−4. The top plots correspond to a
spatial smearing width of σ11 ¼ 1, while the bottom plots correspond to σ11 ¼ 0.1. All plots additionally consider t̄d ¼ 0. The columns
of the first three columns of plots represent the three sets of angles for the scenarios introduced in Appendix B, with the order of the
columns following the order of appearance of the sets of angles.
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function (dashed curve) compared with the smeared sym-
metric propagator (dotted curve) over the peaked regions of
the corresponding contextual fraction difference. As the
temporal smearing width increases one sees that the
smeared symmetric propagator begins to completely domi-
nate the smeared Hadamard function for the significant
regions of the contextual fraction difference, and thus the
system is relying less on the quantum degrees of freedom of
the field to acquire contextuality. This is consistent with the
fact that making the interaction longer will better allow for
field-mediated signaling.
Another surprising observation from the plots in the first

column of Fig. 1 is that the contextual fraction difference
corresponding to Ωd ¼ 0 in all cases is nonzero. This can
be confirmed by looking at the expression for the difference
between the lhs of the noncontextuality inequality corre-
sponding to the modified pentagram scenario for the final
and initial state:

SC ¼
T2
1λ

2
1e

−
T2
1
Ω2
1

2

πð2T2
1 þ 2σ21Þ

3
2

�
l1

ffiffiffi
π

p
T2
1Ω1

×

�
1 − erf

�
T2
1Ω1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2T2
1 þ 2σ21

p ��
e

T4
1
Ω2
1

2T2
1
þ2σ2

1

− ðl1 − 2l2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2T2

1 þ 2σ21

q �
; ð36Þ

where the coefficients l1 and l2 come from the measure-
ment operators associated with the scenario. Here one can
directly see that only the last term survives when setting
Ωd ¼ 0 provided l1 ≠ 2l2. In fact, as long as l2 is
sufficiently large, any admissible value for l1 will allow
nonzero harvesting for Ωd ¼ 0, as can be seen by plotting
Eq. (36) for various combinations of parameters. This is in
stark contrast with many results in the literature that
demonstrate how gapless UDW systems cannot harvest
entanglement [86], which distinguishes contextuality as a
resource and highlights the fact that contextuality offers an
alternative route for the presence of nonclassicality in the
system. The presence of this feature, however, depends on
the given contextuality scenario and the specific choice of
measurement operators; this is made clear in the second
column of plots, where the harvested contextuality is 0 for
Ωd ¼ 0. For the three sets of angles used in this work, the
constants l1, l2 have the following values displayed in
Table II.
The first three columns of plots of Fig. 1 also offer a

comparison between harvested magic and contextuality by
plotting the contextual fraction difference with the mana
expression Eq. (A43) from Appendix A 6 for the three sets
of angles from Appendix B. The contextual fraction
difference is seen to have a similar profile to the mana
but also seems to indicate that one can harvest more
nonclassical resources over a similar range of energy gaps

in certain parameter regimes and with specific measure-
ment sets than is suggested by the mana—namely, the setup
corresponding to the first column of plots. In particular,
nonclassicality in the form of contextuality persists in the
system even when the amount of magic is 0. For other
measurement sets (second and third columns of plots), it
appears that the amount of harvested contextuality is less
than that of magic—the magic displayed in the third
column, in particular, towers over the harvested contex-
tuality. These observations are perhaps unsurprising since
magic is a special type of contextuality whose state space
boundary is with respect to stabilizer states, which need not
coincide with that of an arbitrary contextuality scenario—
meaning there will be many more states, in general, that are
contextual but not magical. The fact that the final system
state in many parameter regimes possesses nonclassicality
with respect to the scenario considered in this work, the set
of stabilizer operations and negativity further highlights the
work done by the nonclassicality of the quantum field.
Finally, the first three plots in the bottom row of Fig. 1
(σ11 ¼ 0.1 and T1 large enough) demonstrate that magic
can also be harvested for gapless systems under certain
parameter regimes.

B. A qubit-qutrit UDW system

According to recent work in the nonrelativistic regime
[46,69], there exist scenarios where adding an additional
qubit system to our qutrit system from before introduces the
possibility of harvesting entanglement, contextuality, both,
or neither. To investigate this further, the negativity will be
computed for a qubit-qutrit system and compared with the
harvested contextuality of the qutrit using the scenarios
from Sec. IVA. The idea is that the modified pentagram
scenario constitutes a local contextuality witness for only the
qutrit system, whereas the negativity serves as an entangle-
mentwitness for the full system.Thus, since the twomeasures
use the components of the state differently, a tradeoff relation-
ship can emerge where certain parameter regimes favor local
contextuality over entanglement and vice versa.
With the above setup in mind, there are several interest-

ing features of the entanglement-contextuality relationship
that will be further elucidated here.

1. Which parameter regimes allow for harvesting of
entanglement, contextuality, both, or neither?

2. How does contextuality affect the amount of har-
vested entanglement and vice versa?

TABLE II. Table of values for the parameters l1, l2 appearing
in SC.

SC for Ωd ¼ 0 l1 l2

> 0 0.390345 0.445589
¼ 0 2.174898 0.537879
< 0 0.902216 0.451108
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The first question already has a partial answer from the
analysis at the end of Sec. IV, but now the second
harvesting condition must be tested to provide complete
answers. That analysis plus the expressions from the
Appendix also supply us with some intuition for the second
question as to how the two quantities influence each other,
but again, the negativity needs to be calculated to have a
complete picture. This is what will now be done in the
following.
For a qubit-qutrit system, ĴðdÞz represents the spin-1=2

and spin-1 angular momentum operators in the z-direction,

respectively. Ĵð1Þz has eigenstates fj − 1=2i; j1=2ig and a

ground state jgi1 ¼ j − 1=2i, while Ĵð2Þz has eigenstates
fjmig1m¼−1 and a ground state jgi2 ¼ j − 1i. Using the
expressions from A, the final density matrix representation
of our qubit-qutrit system in the basis fj1=2i⊗ j1i; j1=2i⊗
j0i; j1=2i⊗ j−1i; j−1=2i⊗ j1i; j−1=2i⊗ j0i; j−1=2i⊗
j−1ig is given by

ρ̂DðtÞ ¼

0
BBBBBBBBBB@

0 0 0 0 0 0

0 0 0 0 0 r�62
0 0 Wþ−

11 0
ffiffiffi
2

p
Wþ−

21 0

0 0 0 0 0 r46

0 0
ffiffiffi
2

p
Wþ−

12 0 2Wþ−
22 0

0 r62 0 r�46 0 r66

1
CCCCCCCCCCA

þOðλ4Þ; ð37Þ

r66¼1−Wþ−
11 −2Wþ−

22 , r62¼−
ffiffiffi
2

p ðG�Þþþ
21 , r46 ¼ −2W̄þþ

22 ,
and Gpq

dd0 ¼ λdλd0GFðΛp
d ;Λ

q
d0 Þ. One can again see the most

relevant contributions from the field state dependence in the
smeared Hadamard portion of the off-diagonal terms spread
across the combined system, with the r46 terms directly
influencing the harvested qutrit contextuality and the r62
terms having more of an impact on the harvested entangle-
ment of the joint system. These terms also carry with them
the only contributions from classical signaling through the
smeared symmetric propagator, and so will be the most

important with respect to the first condition of Eq. (30) in
determining what can be genuinely harvested. The above
density matrix makes it explicitly clear how the entangle-
ment of the full system and the contextuality of the qutrit
system can jointly influence the amount of contextuality/
entanglement that can be harvested: the parameters appear-
ing in the nonlocal terms are the same as those in the local
terms, and each set of terms has a different profile, meaning
that different and potentially conflicting parameter regimes
will optimize each term.
The reduced final state for just the qutrit system is then

given by taking the partial trace of ρ̂DðtÞ with respect to the
qubit system:

ρ̂2ðtÞ ¼

0
B@

0 0 −2W̄þþ
22

0 2Wþ−
22 0

−2ðW̄�Þþþ
22 0 1 − 2Wþ−

22

1
CAþOðλ4Þ;

ð38Þ

which has the same form as the single qutrit density matrix
from Sec. IVA.
The density matrices, Eqs. (38) and (37), offer a

concrete visualization of the relationship between entan-
glement and contextuality in the relativistic regime by
illustrating how the entanglement and contextuality are
distributed throughout the system and in which terms
specifically. Because each of the terms has a physical
meaning, this also provides a nice mechanistic explanation
for how the nonclassicality arises in the first place. For
instance, the smeared Feynman propagator terms r62
contain a contribution from field-mediated classical com-
munication between subsystems, but also contain contri-
butions from the vacuum correlations of the field along
with the smeared Wightman function terms that appear
throughout the state.
The eigenvalues of the partially-transposed joint density

matrix, Eq. (37), with respect to either the qubit or qutrit
system, allow for the negativity to be computed up to
second order in the coupling constant λ:

N ðρ̂DðtÞÞ ¼
1

2

����min
�
0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 −Wþ−

11 − 2Wþ−
22 Þ2 þ 8Wþ−

21 W
þ−
12 þ 4jr46j2

q
þ 1 −Wþ−

11 − 2Wþ−
22

�

þmin
�
0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 −Wþ−

11 − 2Wþ−
22 Þ2 þ 8Wþ−

21 W
þ−
12 þ 4jr46j2

q
þ 1 −Wþ−

11 − 2Wþ−
22

�
þmin

�
0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðWþ−

11 − 2Wþ−
22 Þ2 þ 4jr62j2

q
þWþ−

11 þ 2Wþ−
22

�
þmin

�
0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðWþ−

11 − 2Wþ−
22 Þ2 þ 4jr62j2

q
þWþ−

11 þ 2Wþ−
22

�����þOðλ4Þ: ð39Þ

Within each eigenvalue in the negativity, there is a competition between spacetime local terms and nonlocal terms, so that
the negativity measures this overall struggle. One can see this even more explicitly if it is assumed that the density matrix
components are much smaller than 1 and each system has the same parameters except for λ1 ¼

ffiffiffi
2

p
λ2 and Lldmd0 , which

yields a negativity of
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FIG. 2. Plots for the qubit-qutrit harvesting scenario. The plots in the left column depictN ðρ̂DðtÞÞ=λ2 with solid curves, while the plots
in the right column depict jΔðΛþ

d ;Λ
þ
d0 Þj with dotted curves and jHðΛþ

d ;Λ
þ
d0 Þj with dashed curves, all as functions of the energy gap

Ωd ¼ Ωd0 for different temporal smearing widths and a coupling constant of λd ¼ 10−4; all plots have t̄d ¼ 0 additionally. The first and
third rows denote spatial smearing widths of σ11 ¼ 1, while the second and third denote σ11 ¼ 0.1. Finally, the first two rows correspond
to a separation of Lldmd0 ¼ 1=2, while the last two correspond to Lldmd0 ¼ 3.
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N ðρ̂DðtÞÞ ≈
����min

�
0;−

1

2
ðWþ−

21 W
þ−
12 þ jr46j2Þ

�

þminð0;−jr62j þ 2Wþ−
22 Þ
����þOðλ4Þ: ð40Þ

Now N ðρ̂DðtÞÞ=λ2, jΔðΛþ
d ;Λ

þ
d0 Þj, and jHðΛþ

d ;Λ
þ
d0 Þj are

plotted in Fig. 2 for the qubit-qutrit system and compare
with the harvested contextuality in the qutrit subsystem
displayed in the first three columns of plots in Fig. 1. Notice
how the amount of negativity generally increases for
decreasing spatial smearing width, similarly to the amount
of harvested contextuality and magic for the same temporal
smearing widths. The exception to this trend are the curves
corresponding to qutrit temporal smearing widths of greater
than 2=5 in the first two plots of the first column in Fig. 2,
which look essentially flat for smaller spatial smearing
widths. This exception is most likely because sharp
temporal smearing profiles coupled with smaller spatial
smearing for the qutrit increase its local interaction with the
field, causing the qutrit’s local contribution in the second
term of Eq. (40) to dominate over the cross term and the
contributions of the cross terms in the first term to
simultaneously dwindle, effectively isolating the qutrit
and preventing the establishment of entanglement between
the qutrit and qubit systems through the field. The general
trend is consistent with the fact that wider local interaction
regions for the two systems amplify the harvested local
nonclassicality and entanglement acquirable from the field.
It is also apparent that, for specific measurement sets such
as that corresponding to the first column of plots in Fig. 1,
harvested contextuality is generally more available for
smaller Ωd than is harvested entanglement—with a com-
plete absence of negativity for specific sets of measure-
ments (compare top left plots of Figs. 1 and 2).
Furthermore, the prevalence of each resource diminishes
with increasing Ωd, eventually leaving neither resource
present in the system. In the intermediate range of energy
gaps, the harvested contextuality appears to drop off faster
than the negativity does for smaller Lldmd0 and spatial
smearing widths (compare the top row of plots in Fig. 1
with the top left plot in Fig. 2).
Physically, the size of the energy gap determines how

costly it is to change the state of the system from its initial
state, which explains why both resources decay to 0 for
large Ωd. The magnitude of the energy gap can also be
reinterpreted in terms of the ease with which you can cross
a state space boundary that delineates between nonre-
sourceful and resourceful states according to the given
resource theory. Now, because the space of contextual
states and the space of entangled states have different
boundaries with respect to noncontextual and separable
states, respectively, it should be the case that it is easier to
cross the contextual state space boundary at lower energy
gap values than it is to cross the entangled state space
boundary—at least for certain sets of measurements.

The amount of harvested contextuality does not depend
on the distance between systems, so for large enough Lldmd0
only local contextuality for the qutrit remains as a quantum
resource, and it obviously does not influence the negativity
in any way. A general trend that one can also notice in
Fig. 2 is that for fixed qutrit temporal smearing width, the
beginning of the nonzero portion of the negativity moves
closer to 0 energy gap as the temporal smearing width
associated with the qubit system increases. This means that
one is free to fix the qutrit temporal smearing width to a
value that allows for a large amount of contextuality to be
harvested for small energy gap values and then adjust the
qubit temporal smearing width so that the energy gap
region containing the peak value of the negativity can align
with that of the qutrit’s.

V. CONCLUSIONS AND OUTLOOK

It was shown that a single qutrit, for which no composite
structure and therefore no entanglement is possible, is
nonetheless capable of harvesting nonclassicality in the
form of contextuality from the vacuum state of a massless
scalar quantum field in the modified pentagram measure-
ment scenario. Also somewhat surprisingly, gapless sys-
tems were seen to be able to harvest genuine contextuality
—depending on the specific measurement operators
employed—in stark contrast to the negative results for
entanglement harvesting in the literature [86]. The con-
textual fraction difference was introduced as a general
measure of harvested contextuality, including nonlocal
entanglement and magic, and criteria for genuine harvest-
ing that build on earlier works was established—extending
the analysis of valid harvesting parameter regimes to
individual systems. The contextual fraction difference
was seen to behave similarly to other nonclassicality
measures such as the mana, for which the contextual
fraction difference was larger in magnitude for some
parameter regimes and the set of measurements corre-
sponding to the first set of angles in Appendix B. A qubit-
qutrit setup where the qutrit can carry contextuality via the
modified pentagram scenario and the combined system can
have negativity was also considered. It was shown that
harvested entanglement and qutrit contextuality can coexist
for certain parameter regimes and influence each other,
either hindering or boosting one another depending on the
parameter regime.
Since the model presented here is a partially nonrela-

tivistic model that uses standard measurements for the
measurement scenarios, it would be interesting to consider
a fully relativistic treatment as in Ref. [9] to investigate how
the results and conclusions here generalize. As noted in
Ref. [9], the partially nonrelativistic UDW model can be
seen as a second-order approximation in perturbation
theory to the fully relativistic UDW model, and the amount
of entanglement harvested is larger on average for the fully
relativistic model, meaning there are good grounds to
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expect that the amount of harvested contextuality would
also be larger. Employing a nonperturbative approach for
the interaction should similarly yield greater amounts of
harvested contextuality and would be another interesting
path towards generalizing the results.
As mentioned in the Introduction, contextuality is a

general resource for quantum information and computation
protocols, so it would be interesting to investigate the
prospect of achieving a quantum advantage in existing RQI
protocols using contextuality, as well as how they might
benefit from it, in particular, how contextuality would
impact the capabilities of the recently proposed relativistic
quantum computer model in Ref. [17] and if it could offer
an extension out of the specific regimes required by that
model. More realistic and noise-robust contextuality sce-
narios are also an important next step for eventually
transitioning to experimental feasibility.
One can also consider less pioneering extensions such as

using different spacetime smearing profiles, system-field
couplings, and field types to explore how the profile of the
harvested contextuality changes. Moving to curved space-
times to incorporate the gravitational field into the protocol
is also possible and would be an interesting direction to see
how contextuality is affected by the geometry of spacetime.
Finally, if the resource theory of contextuality is con-

sidered [67], then the idea that an initially noncontextual
state could become a contextual one through interaction
with a quantum field shows that this operation is clearly
contextuality generating and is therefore not free. The
extent to which one can say that the field state already has
contextuality was argued at the beginning of Sec. IV but is
still not fully resolved. Therefore, constructing a more
rigorous version of this argument geared specifically
towards contextuality would be an important follow-up
to this work and would also benefit the study of non-
classicality in relativistic quantum field theory in general.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR
THE SMEARED BIDISTRIBUTIONS, DENSITY

MATRIX, AND MANA

Recall that the spacetime smearing function used is

Λ�
d ðxÞ¼ΛdðxÞe�iΩdt¼

X
ld

clde
−ðx−x̄ld ÞTΣ−1

ld
ðx−x̄ld Þ−

ðt−t̄dÞ2
T2
d

�iΩdt

π3=2kc̃dk
;

ðA1Þ

and will be used where Td ∈Rþ is the temporal width for
system d, cld ∈R are the basis coefficients of each basis
function corresponding to system d, t̄d ∈R is the temporal
center for system d, x̄ld ∈R3 are the spatial center vectors
corresponding to each basis function for system d,
kc̃dk ¼Pmd

cmd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðΣmd

Þp
, and p∈ f−1; 1g represents

the sign associated with the monopole term. Σld is the three-
dimensional correlation matrix and is given by

Σld ¼

0
BBB@

σ21;ld ρ12;ldσ1;ldσ2;ld ρ13;ldσ1;ldσ3;ld

ρ21;ldσ2;ldσ1;ld σ22;ld ρ23;ldσ2;ldσ3;ld

ρ31;ldσ3;ldσ1;ld ρ32;ldσ3;ldσ2;ld σ23;ld

1
CCCA;

ðA2Þ

where σi;ld ∈Rþ is the spatial width corresponding to
component i (i ¼ 1, 2, 3) of each of the basis functions
for system d, and ρij;ld ∈Rþ is the correlation between
components i and j. For further convenience, also recall the
definition of the smeared version of an arbitrary bidistri-
bution Bðx; x0Þ:

BðΛp
d ;Λ

q
d0 Þ¼

Z
dV1

Z
dV2Λ

p
dðx1ÞΛq

d0 ðx2ÞBðx1;x2Þ ðA3Þ

and the forward time-ordered smeared version as

BΔtðΛp
d ;Λ

q
d0 Þ ¼

Z
dV1

Z
dV2Λ

p
dðx1ÞΛq

d0 ðx2Þ

× θðt1 − t2ÞBðx1; x2Þ; ðA4Þ

where θðt − t0Þ is the Heaviside step function, and the
backward time-ordered smeared version B−ΔtðΛp

d ;Λ
q
d0 Þ is

just the above with the arguments of Bðx1; x2Þ and
θðt1 − t2Þ reversed. In the following calculations it will
be assumed that x̄ld ¼ x̄d and Σld is diagonal with each
element σi;ld being the same.

1. Density matrix

First, the ρ̂ð1;1ÞD term with no time ordering is tackled,
which is expanded to be
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ρ̂ð1;1ÞD ¼
X
dd0

λdλd0 ½ĴðdÞþ ρ̂Dðt0ÞĴðd
0Þ

þ WðΛþ
d0 ;Λ

þ
d Þ þ ĴðdÞþ ρ̂Dðt0ÞĴðd0Þ− WðΛ−

d0 ;Λ
þ
d Þ

þ ĴðdÞ− ρ̂Dðt0ÞĴðd
0Þ

þ WðΛþ
d0 ;Λ

−
d Þ þ ĴðdÞ− ρ̂Dðt0ÞĴðd0Þ− WðΛ−

d0 ;Λ
−
d Þ

¼
X
dd0

λdλd0
X
pq

ĴðdÞp ρ̂Dðt0ÞĴðd
0Þ

q WðΛq
d0 ;Λ

p
dÞ; ðA5Þ

where WðΛp
d ;Λ

q
d0 Þ is the smeared Wightman function. Next, the ρ̂ð2;0ÞD ðtÞ term with time ordering is expanded to be

ρ̂ð2;0ÞD ðtÞ ¼ −
X
dd0

λdλd0
Z

dVi

Z
dVjΛdðxiÞΛd0 ðxjÞθðti − tjÞμ̂dðtiÞμ̂d0 ðtjÞhϕ̂ðxiÞϕ̂ðxjÞiρ̂ϕ ρ̂Dðt0Þ

¼ −
X
dd0

λdλd0
Z

dVi

Z
dVjθðti − tjÞWðxi; xjÞðĴðdÞþ Ĵðd

0Þ
þ Λþ

d ðxiÞΛþ
d0 ðxjÞ

þ ĴðdÞþ Ĵðd
0Þ

− Λþ
d ðxiÞΛ−

d0 ðxjÞ þ ĴðdÞ− Ĵðd
0Þ

þ Λ−
d ðxiÞΛþ

d0 ðxjÞ þ ĴðdÞ− Ĵðd
0Þ

− Λ−
d ðxiÞΛ−

d0 ðxjÞÞρ̂Dðt0Þ
¼ −

X
dd0

λdλd0
X
pq

WΔtðΛp
d ;Λ

q
d0 ÞĴðdÞp Ĵðd

0Þ
q ρ̂Dðt0Þ; ðA6Þ

where WΔtðΛp
d ;Λ

q
d0 Þ is the forward time-ordered smeared Wightman function. Now the ρ̂ð0;2ÞðtÞ term is calculated to be

ρ̂ð0;2ÞD ðtÞ ¼ −
X
dd0

λdλd0
X
pq

W�
ΔtðΛp

d ;Λ
q
d0 Þρ̂Dðt0ÞðĴðd

0Þ
q Þ†ðĴðdÞp Þ† ðA7Þ

and adding the above to ρ̂ð2;0ÞD yields

ρ̂ð2;0ÞD ðtÞ þ ρ̂ð0;2ÞD ðtÞ ¼ −
X
dd0

λdλd0
X
pq

ðWΔtðΛp
d ;Λ

q
d0 ÞĴðdÞp Ĵðd

0Þ
q ρ̂Dðt0Þ þW�

ΔtðΛp
d ;Λ

q
d0 Þρ̂Dðt0ÞðĴðd

0Þ
q Þ†ðĴðdÞp Þ†Þ: ðA8Þ

The final state up to second order in λ is then

ρ̂DðtÞ ¼ ρ̂Dðt0Þ þ
X
dd0

λdλd0
X
pq

ĴðdÞp ρ̂Dðt0ÞĴðd
0Þ

q WðΛq
d0 ;Λ

p
dÞ −

X
dd0

λdλd0
X
pq

ðWΔtðΛp
d ;Λ

q
d0 ÞĴðdÞp Ĵðd

0Þ
q ρ̂Dðt0Þ

þW�
ΔtðΛp

d ;Λ
q
d0 Þρ̂Dðt0ÞðĴðd

0Þ
q Þ†ðĴðdÞp Þ†Þ: ðA9Þ

The above can be further simplified with the definition of the Feynman propagator, Eq. (26), and an alternate formulation of
the smeared Wightman function for d ¼ d0, given by

WðΛp
d ;Λ

q
dÞ ¼ WΔtðΛp

d ;Λ
q
dÞ þW�

ΔtððΛq
dÞ�; ðΛp

dÞ�Þ ¼ W−ΔtðΛq
d;Λ

p
dÞ þW�

−ΔtððΛp
dÞ�; ðΛq

dÞ�Þ: ðA10Þ

Particularizing to our setting, observe that because the initial states are assumed to be in their ground state, any summand in
the last term that contains at least one annihilation operator acting on the left (equivalently, a creation operator acting on the

right) will be zero with the exception of the terms corresponding to ĴðdÞ− ĴðdÞþ and its conjugate transpose. With these
simplifications, the last term becomes

−
X
dd0

λdλd0 ðWΔtðΛþ
d ;Λ

þ
d0 ÞĴðdÞþ Ĵðd

0Þ
þ ρ̂Dðt0Þ þW�

ΔtðΛþ
d ;Λ

þ
d0 Þρ̂Dðt0ÞĴðd

0Þ
− ĴðdÞ− Þ

−
X
d

λ2dðWΔtðΛ−
d ;Λ

þ
d ÞĴðdÞ− ĴðdÞþ ρ̂Dðt0Þ þW�

ΔtðΛ−
d ;Λ

þ
d Þρ̂Dðt0ÞĴðdÞ− ĴðdÞþ Þ

¼ −
X
d

λ2dðWΔtðΛþ
d ;Λ

þ
d ÞĴðdÞþ ĴðdÞþ ρ̂Dðt0Þ þW�

ΔtðΛþ
d ;Λ

þ
d Þρ̂Dðt0ÞĴðdÞ− ĴðdÞ− þ ϵdWðΛ−

d ;Λ
þ
d Þρ̂Dðt0ÞÞ

− λ1λ2δD>1ðGFðΛþ
1 ;Λ

þ
2 ÞĴð1Þþ Ĵð2Þþ ρ̂Dðt0Þ þ G�

FðΛþ
1 ;Λ

þ
2 Þρ̂Dðt0ÞĴð2Þ− Ĵð1Þ− Þ ðA11Þ

for D ¼ 2 where ϵd is 1 for qubit systems and 2 for qutrit systems. If D ¼ 1, then the last term in the above disappears.
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In the following subsections, the smeared versions of the Wightman function, causal propagator, Hadamard function,
forward/backward time-ordered Wightman function, retarded and advanced propagators, symmetric propagator, and
Feynman propagator will be calculated.

2. Wightman function, causal propagator, and Hadamard function

The smeared Wightman function in 3þ 1 Minkowski spacetime corresponding to the same system is

WðΛp
d ;Λ

q
dÞ¼

X
ldmd

cldcmd

π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

×e
−ijkjðti−tjÞþik·ðxi−xjÞþiΩdðptiþqtjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md Þ

2

σ2md

−
ðtj−t̄dÞ2

T2
d

¼
X
ldmd

c̃ld c̃md

16π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dk
jkje

−ijkjðti−tjÞþiΩdðptiþqtjÞ−jkj2
4
βldmd

−ðti−t̄dÞ2
T2
d

−
ðtj−t̄dÞ2

T2
d

¼
X
ldmd

T2
dc̃ld c̃md

e−
1
2
ðTdΩdÞ2þiðpþqÞΩdt̄d

4πkc̃dk2
Z

∞

0

djkjjkje−jkj2
4
ðβldmd

þ2T2
dÞþ

jkj
2
T2
dΩdðp−qÞ

¼
X
ldmd

T2
dc̃ld c̃md

e−
1
2
ðTdΩdÞ2þiðpþqÞΩdt̄d

2πkc̃dk2ðβldmd
þ2T2

dÞ
3
2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ2T2
d

q
þ

ffiffiffi
π

p
2

T2
dΩdðp−qÞe

ððp−qÞΩdT2dÞ
2

4ðβldmd
þ2T2

d
Þ

 
1þerf

 
T2
dΩdðp−qÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ2T2
d

q
!!!

ðA12Þ
with βldmd0 ¼ σ2ld þ σ2md0 .
For different systems, the smeared Wightman function is

WðΛp
d ;Λ

q
d0 Þ ¼

X
ldmd0

cldcmd0

π3TdTd0 kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

× e
−ijkjðti−tjÞþik·ðxi−xjÞþiðpΩdtiþqΩd0 tjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md0 Þ

2

σ2md0
−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

c̃ld c̃md0

16π3kc̃dkkc̃d0k
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dk
jkj e

−ijkjðti−tjÞþiðpΩdtiþqΩd0 tjÞ−jkj2
4
βldmd0 þik·ðx̄ld−x̄md0 Þ−

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

πc̃ld c̃md0

8iLldmd0π
3kc̃dkkc̃d0 k

Z
∞

−∞
dti

Z
∞

−∞
dtj

Z
∞

0

djkj

× e
−ijkjðti−tjÞþiðpΩdtiþqΩd0 tjÞ−jkj2

4
βldmd0−

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0 ðeijkjLldmd0 − e−ijkjLldmd0 Þ

¼
X
ldmd0

TdTd0 c̃ld c̃md0e
−1
4
ððTdΩdÞ2þðTd0Ωd0 Þ2ÞþiðpΩdt̄dþqΩd0 t̄d0 Þ

8iLldmd0πkc̃dkkc̃d0k
Z

∞

0

djkj

× e
1
4
ð−jkj2ðβldmd0 þT2

dþT2

d0 Þþ2jkjðpΩdT2
d−qΩd0T

2

d0−2iðt̄d−t̄d0 ÞÞðeijkjLldmd0 − e−ijkjLldmd0 Þ

¼
X
ldmd0

TdTd0 c̃ld c̃md0e
−1
4
ððTdΩdÞ2þðTd0Ωd0 Þ2ÞþiðpΩdt̄dþqΩd0 t̄d0 Þ

8iLldmd0
ffiffiffi
π

p kc̃dkkc̃d0k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q
2
4e

ðpΩdT2d−qΩd0 T
2

d0 þ2iðt̄d0−t̄dþLldmd0
ÞÞ2

4ðβldmd0
þT2

d
þT2

d0
Þ

×

�
1þ ierfi

�
2ðt̄d0 − t̄d þ Lldmd0 Þ − iðpΩdT2

d − qΩd0T2
d0 Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q ��

− e

ðpΩdT2d−qΩd0 T
2

d0
þ2iðt̄d0−t̄d−Lldmd0

ÞÞ2

4ðβldmd0
þT2

d
þT2

d0 Þ
�
1þ ierfi

�
2ðt̄d0 − t̄d − Lldmd0 Þ − iðpΩdT2

d − qΩd0T2
d0 Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q ��35 ðA13Þ
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with Lldmd0 ¼ kx̄d − x̄d0 k. The smeared Hadamard term can then be calculated from its definition as

HðΛp
d ;Λ

q
d0 Þ ¼ WðΛp

d ;Λ
q
d0 Þ þWðΛq

d0 ;Λ
p
dÞ ðA14Þ

and the smeared causal propagator term from its definition as

iEðΛp
d ;Λ

q
d0 Þ ¼ WðΛp

d ;Λ
q
d0 Þ −WðΛq

d0 ;Λ
p
dÞ: ðA15Þ

Swapping the argument of the Wightman function amounts to reversing the order of p and q in the same system case, and
attaching minus signs to the erfi terms and swapping the signs of Lldmd0 between the two terms in the different system’s case.
Thus

HðΛp
d ;Λ

q
d0 Þ ¼

X
ldmd

δdd0T2
dc̃ld c̃md

e−
1
2
ðTdΩdÞ2þiðpþqÞΩdt̄d

πkc̃dk2ðβldmd
þ 2T2

dÞ
3
2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ 2T2
d

q
þ

ffiffiffi
π

p
2

T2
dΩdðp − qÞe

ððp−qÞΩdT2dÞ
2

4ðβldmd
þ2T2

d
Þerf

 
T2
dΩdðp − qÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ 2T2
d

q
!!

þ
X
ldmd0

ð1 − δdd0 ÞTdTd0 c̃ld c̃md0e
−1
4
ððTdΩdÞ2þðTd0Ωd0 Þ2ÞþiðpΩdt̄dþqΩd0 t̄d0 Þ

4Lldmd0
ffiffiffi
π

p kc̃dkkc̃d0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q

×

2
4e

ðpΩdT2d−qΩd0 T
2

d0
þ2iðt̄d0−t̄dþLldmd0

ÞÞ2

4ðβldmd0
þT2

d
þT2

d0 Þ erfi

�
2ðt̄d0 − t̄d þ Lldmd0 Þ − iðpΩdT2

d − qΩd0T2
d0 Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q �

− e

ðpΩdT2d−qΩd0 T
2

d0 þ2iðt̄d0−t̄d−Lldmd0
ÞÞ2

4ðβldmd0
þT2

d
þT2

d0
Þ erfi

�
2ðt̄d0 − t̄d − Lldmd0 Þ − iðpΩdT2

d − qΩd0T2
d0 Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q �35 ðA16Þ

and

iEðΛp
d ;Λ

q
d0 Þ ¼

X
ldmd

δdd0T4
dΩdðp − qÞc̃ld c̃md

e−
1
2
ðTdΩdÞ2þiðpþqÞΩdt̄d

2
ffiffiffi
π

p kc̃dk2ðβldmd
þ 2T2

dÞ
3
2

e
ððp−qÞΩdT2dÞ

2

4ðβldmd
þ2T2

d
Þ

þ
X
ldmd0

ð1 − δdd0 ÞTdTd0 c̃ld c̃md0e
−1
4
ððTdΩdÞ2þðTd0Ωd0 Þ2ÞþiðpΩdt̄dþqΩd0 t̄d0 Þ

4iLldmd0
ffiffiffi
π

p kc̃dkkc̃d0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd0 þ T2

d þ T2
d0

q

×

2
4e

ðpΩdT2d−qΩd0 T
2

d0 þ2iðt̄d0−t̄dþLldmd0
ÞÞ2

4ðβldmd0
þT2

d
þT2

d0
Þ − e

ðpΩdT2d−qΩd0 T
2

d0 þ2iðt̄d0−t̄d−Lldmd0
ÞÞ2

4ðβldmd0
þT2

d
þT2

d0
Þ

3
5: ðA17Þ

3. Forward and backward time-ordered Wightman functions

The forward time-ordered smeared Wightman function for ti > tj corresponding to the same system is then

X
ldmd

cldcmd

π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtjθðti − tjÞ

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

× e
−ijkjðti−tjÞþk·ðxi−xjÞþiΩdðptiþqtjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md Þ

2

σ2md

−
ðtj−t̄dÞ2

T2
d

¼
X
ldmd

πc̃ld c̃md

4π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtjθðti − tjÞ

Z
∞

0

djkjjkje−ijkjðti−tjÞþiΩdðptiþqtjÞ−jkj2
4
βldmd

−ðti−t̄dÞ2
T2
d

−
ðtj−t̄dÞ2

T2
d : ðA18Þ

Now focus on the time integrals and make the substitutions ti − tj ¼ x; ti þ tj ¼ y:
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1

2

Z
∞

−∞
dy
Z

∞

−∞
dxθðxÞe−ijkjxþiΩdðpðxþyÞþqðy−xÞÞ=2− 1

T2
d

ðððxþyÞ=2−t̄dÞ2þððy−xÞ=2−t̄dÞ2Þ

¼ 1

2

Z
∞

−∞
dy
Z

∞

0

dxe
−ijkjxþiΩdðpðxþyÞþqðy−xÞÞ=2− 1

T2
d

ðððxþyÞ=2−t̄dÞ2þððy−xÞ=2−t̄dÞ2Þ

¼ πT2
d

2
e−

1
2
ðjkj2−jkjΩdðp−qÞþΩ2

dÞT2
dþiΩdðpþqÞt̄d

�
1 − ierfi

�ð2jkj − Ωdðp − qÞÞTd

2
ffiffiffi
2

p
��

; ðA19Þ

which leads to

X
ldmd

T2
dc̃ld c̃md

eiΩdðpþqÞt̄d

8πkc̃dk2
Z

∞

0

djkjjkje−jkj2
4
βldmd

−1
2
ðjkj2−jkjΩdðp−qÞþΩ2

dÞT2
d

�
1 − ierfi

�ð2jkj −Ωdðp − qÞÞTd

2
ffiffiffi
2

p
��

¼
X
ldmd

T2
dc̃ld c̃md

4πkc̃dk2ðβldmd
þ 2T2

dÞ
e�2iΩdt̄d−1

2
ðΩdTdÞ2

�
1 −

iTd

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffi
βldmd

p �
ðA20Þ

for same-sign smearing functions, and

X
ldmd

T2
dc̃ld c̃md

8πkc̃dk2

2
4 2e−

1
2
ðΩdTdÞ2

ðβldmd
þ 2T2

dÞ3=2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

βldmd
þ 2T2

d

q
� ffiffiffi

π
p

ΩdT2
de

Ω2
d
T4
d

βldmd
þ2T2

d

0
@1þ erf

0
@ �ΩdT2

dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ 2T2
d

q
1
A
1
A
1
A

− i
Z

∞

0

djkjjkje−jkj2
4
βldmd

−1
2
ðjkj−�ΩdÞ2T2

derfi

�ðjkj −�ΩdÞTdffiffiffi
2

p
�35 ðA21Þ

for different signs. The backward time-ordered smeared Wightman function for tj > ti corresponding to the same system is

X
ldmd

cldcmd

π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðtj − tiÞ

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

× e
ijkjðti−tjÞ−k·ðxi−xjÞþiΩdðptiþqtjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md Þ

2

σ2md

−
ðtj−t̄dÞ2

T2
d

¼
X
ldmd

πc̃ld c̃md

4π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðtj − tiÞ

Z
∞

0

djkjjkjeijkjðti−tjÞþiΩdðptiþqtjÞ−jkj2
4
βldmd

−ðti−t̄dÞ2
T2
d

−
ðtj−t̄dÞ2

T2 : ðA22Þ

Now focus on the time integrals and make the substitutions ti − tj ¼ x; ti þ tj ¼ y:

1

2

Z
∞

−∞
dy
Z

∞

−∞
dxΘð−xÞeijkjxþiΩdðpðxþyÞþqðy−xÞÞ=2− 1

T2
d

ðððxþyÞ=2−t̄dÞ2þððy−xÞ=2−t̄dÞ2Þ

¼ 1

2

Z
∞

−∞
dy
Z

0

−∞
dxe

ijkjxþiΩdðpðxþyÞþqðy−xÞÞ=2− 1

T2
d

ðððxþyÞ=2−t̄dÞ2þððy−xÞ=2−t̄dÞ2Þ

¼ πT2
d

2
e−

1
2
ðjkj2þjkjΩdðp−qÞþΩ2

dÞT2
dþiΩdðpþqÞt̄d

�
1 − ierfi

�ð2jkj þΩdðp − qÞÞTd

2
ffiffiffi
2

p
��

; ðA23Þ

which leads to

X
ldmd

T2
dc̃ld c̃md

eiΩdðpþqÞt̄d

8πkc̃dk2
Z

∞

0

djkjjkje−jkj2
4
βldmd

−1
2
ðjkj2þjkjΩdðp−qÞþΩ2

dÞT2
d

�
1 − ierfi

�ð2jkj þ Ωdðp − qÞÞTd

2
ffiffiffi
2

p
��

¼
X
ldmd

T2
dc̃ld c̃md

4πkc̃dk2ðβldmd
þ 2T2

dÞ
e�2iΩdt̄d−1

2
ðΩdTdÞ2

�
1 −

iTd

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffi
βldmd

p �
ðA24Þ
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for same-sign smearing functions, and

X
ldmd

T2
dc̃ld c̃md

8πkc̃dk2

2
4 2e−

1
2
ðΩdTdÞ2

ðβldmd
þ 2T2

dÞ3=2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

βldmd
þ 2T2

d

q
−� ffiffiffi

π
p

ΩdT2
de

Ω2
d
T4
d

βldmd
þ2T2

derfc

0
@ �ΩdT2

dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βldmd

þ 2T2
d

q
1
A
1
A

− i
Z

∞

0

djkjjkje−jkj2
4
βldmd

−1
2
ðjkj�ΩdÞ2T2

derfi
�ðjkj �ΩdÞTdffiffiffi

2
p

�35 ðA25Þ

for different signs. For different systems and ti > tj, the forward time-ordered smeared Wightman function is

X
ldmd0

cldcmd0

π3kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðti − tjÞ

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

× e
−ijkjðti−tjÞþk·ðxi−xjÞþiðpΩdtiþqΩd0 tjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md0 Þ

2

σ2md0
−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

c̃ld c̃md0

16π3kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðti − tjÞ

Z
dk
jkj

× e
−ijkjðti−tjÞþik·ðx̄ld−x̄md0 ÞþiðpΩdtiþqΩd0 tjÞ−jkj2

4
βldmd0−

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

c̃ld c̃md0

8iLldmd0 kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðti − tjÞ

Z
∞

0

djkjðeijkjLldmd0 − e−ijkjLldmd0 Þ

× e
−ijkjðti−tjÞþiðpΩdtiþqΩd0 tjÞ−jkj2

4
βldmd0−

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0 ; ðA26Þ

where the k integrals have been reduced to one integral by choosing the direction k · ðx̄d − x̄d0 Þ ¼
jkjjx̄d − x̄d0 j cosðkθÞ ¼ jkjLldmd0 cosðkθÞ:Z

dk
jkj e

ijkjLldmd0 cosðkθÞ−ijkjðti−tjÞ−
jkj2
4
βldmd0 ¼

Z
2π

0

dkϕ

Z
1

−1
dðcosðkθÞÞ

Z
∞

0

djkjjkjeijkjLldmd0 cosðkθÞ−ijkjðti−tjÞ−
jkj2
4
βldmd0

¼
Z

∞

0

djkj 2π

iLldmd0
ðeijkjLldmd0 − e−ijkjLldmd0 Þe−ijkjðti−tjÞ−

jkj2
4
βldmd0 :

Now focus on the time integrals again and make the substitutions ti − tj ¼ x; ti þ tj ¼ y, then

1

2

Z
∞

−∞
dy
Z

∞

−∞
dxΘðxÞe

−ijkjxþi
2
ðpðxþyÞΩdþqðy−xÞΩd0 Þ− 1

T2
d

ððxþyÞ=2−t̄dÞ2− 1

T2
d0
ððy−xÞ=2−t̄d0 Þ2

¼ 1

2

Z
∞

−∞
dy
Z

∞

0

dxe
−ijkjxþi

2
ðpðxþyÞΩdþqðy−xÞΩd0 Þ− 1

T2
d

ððxþyÞ=2−t̄dÞ2− 1

T2
d0
ððy−xÞ=2−t̄d0 Þ2

¼ πT2
dT

2
d0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðT4
d þ T4

d0 Þ
q e

T2
d
T2
d0

2ðT4
d
þT4

d0 Þ
ð−jkj2ðT2

dþT2

d0 Þþjkjð2T2
dðpΩd−qΩd0 Þ−4iðt̄d−t̄d0 ÞÞÞ

× e
1

4ðT4
d
þT4

d0 ÞðT
2
d
þT2

d0 Þ
ð4ðt̄d−t̄d0 Þ2ððT2

dþT2

d0 Þ
2−T2

dT
2

d0 Þ−ð3T
4
dþT4

d0 ÞT
2
dT

2

d0 ðpΩd−qΩd0 Þ2þ4ðpΩd−qΩd0 ÞðT2

d0 t̄dð3T
4
dþT4

d0 ÞþT2
dt̄d0 ðT4

d−T
4

d0 ÞÞÞ

×

0
@1þ erf

0
@ð2ðt̄d − t̄d0 Þ − ijkjðT2

d þ T2
d0 Þ þ iT2

dðpΩd − qΩd0 ÞÞTdTd0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðT4

d þ T4
d0 ÞðT2

d þ T2
d0 Þ

q
1
A
1
A; ðA27Þ

which leads to
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X
ldmd0

ðTdTd0 Þ2c̃ld c̃md0

8iLldmd0πkc̃dkkc̃d0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðT4

d þ T4
d0 Þ

q Z
∞

0

djkje
T2
d
T2
d0

2ðT4
d
þT4

d0
Þð−jkj

2ðT2
dþT2

d0 Þþjkjð2T2
dðpΩd−qΩd0 Þ−4iðt̄d−t̄d0 ÞÞÞ

× e−
jkj2
4
βldmd0 ðeijkjLldmd0 − e−ijkjLldmd0 Þ

�
1þ erf

�ð2ðt̄d − t̄d0 Þ − ijkjðT2
d þ T2

d0 Þ þ iT2
dðpΩd − qΩd0 ÞÞTdTd0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðT4
d þ T4

d0 ÞðT2
d þ T2

d0 Þ
q ��

× e
1

4ðT4
d
þT4

d0
ÞðT2

d
þT2

d0
Þð4ðt̄d−t̄d0 Þ

2ððT2
dþT2

d0 Þ
2−T2

dT
2

d0 Þ−ð3T
4
dþT4

d0 ÞT
2
dT

2

d0 ðpΩd−qΩd0 Þ2þ4ðpΩd−qΩd0 ÞðT2

d0 t̄dð3T
4
dþT4

d0 ÞþT2
dt̄d0 ðT4

d−T
4

d0 ÞÞÞ
: ðA28Þ

Now for the case when tj > ti, the backward time-ordered smeared Wightman function corresponding to different
systems is

X
ldmd0

cldcmd0

π3kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðtj − tiÞ

Z
dxi

Z
dxj

Z
dk

2ð2πÞ3jkj

× e
ijkjðti−tjÞ−k·ðxi−xjÞþiðpΩdtiþqΩd0 tjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md0 Þ

2

σ2md0
−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

c̃ld c̃md0

16π3kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðtj − tiÞ

Z
dk
jkj e

ijkjðti−tjÞ−ik·ðx̄d−x̄d0 ÞþiðpΩdtiþqΩd0 tjÞ−jkj2
4
βldmd0−

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0

¼
X
ldmd0

c̃ld c̃md0

8iLldmd0 kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtjΘðtj − tiÞ

Z
∞

0

djkjðe−ijkjLldmd0 − eijkjLldmd0 Þ

× e
ijkjðti−tjÞþiðpΩdtiþqΩd0 tjÞ−jkj2

4
βldmd0 −

ðti−t̄dÞ2
T2
d

−
ðtj−t̄d0 Þ

2

T2
d0 : ðA29Þ

Now focus on the time integrals again and make the substitutions ti − tj ¼ x; ti þ tj ¼ y, then

1

2

Z
∞

−∞
dy
Z

∞

−∞
dxΘð−xÞe

ijkjxþi
2
ðpðxþyÞΩdþqðy−xÞΩd0 Þ− 1

T2
d

ððxþyÞ=2−t̄dÞ2− 1

T2
d0
ððy−xÞ=2−t̄d0 Þ2

¼ 1

2

Z
∞

−∞
dy
Z

0

−∞
dxe

ijkjxþi
2
ðpðxþyÞΩdþqðy−xÞΩd0 Þ− 1

T2
d

ððxþyÞ=2−t̄dÞ2− 1

T2
d0
ððy−xÞ=2−t̄d0 Þ2

¼ πT2
dT

2
d0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðT4
d þ T4

d0 Þ
q e

T2
d
T2
d0

2ðT4
d
þT4

d0
Þð−jkj

2ðT2
dþT2

d0 Þ−jkjð2T
2
dðpΩd−qΩd0 Þ−4iðt̄d−t̄d0 ÞÞÞ

× e
1

4ðT4
d
þT4

d0 ÞðT
2
d
þT2

d0 Þ
ð4ðt̄d−t̄d0 Þ2ððT2

dþT2

d0 Þ
2−T2

dT
2

d0 Þ−ð3T
4
dþT4

d0 ÞT
2
dT

2

d0 ðpΩd−qΩd0 Þ2−4ðpΩd−qΩd0 ÞðT2

d0 t̄dð3T
4
dþT4

d0 ÞþT2
dt̄d0 ðT4

d−T
4

d0 ÞÞÞ

×
�
1þ erf

�ð2ðt̄d − t̄d0 Þ − ijkjðT2
d þ T2

d0 Þ − iT2
dðpΩd − qΩd0 ÞÞTdTd0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðT4
d þ T4

d0 ÞðT2
d þ T2

d0 Þ
q ��

ðA30Þ

which leads to

X
ldmd0

ðTdTd0 Þ2c̃ld c̃md0

8iLldmd0πkc̃dkkc̃d0 k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðT4

d þ T4
d0 Þ

q Z
∞

0

djkje
T2
d
T2
d0

2ðT4
d
þT4

d0
Þð−jkj

2ðT2
dþT2

d0 Þ−jkjð2T
2
dðpΩd−qΩd0 Þ−4iðt̄d−t̄d0 ÞÞÞ

× e−
jkj2
4
βldmd0 ðe−ijkjLldmd0 − eijkjLldmd0 Þ

�
1þ erf

�ð2ðt̄d − t̄d0 Þ − ijkjðT2
d þ T2

d0 Þ − iT2
dðpΩd − qΩd0 ÞÞTdTd0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðT4
d þ T4

d0 ÞðT2
d þ T2

d0 Þ
q ��

× e
1

4ðT4
d
þT4

d0
ÞðT2

d
þT2

d0
Þð4ðt̄d−t̄d0 Þ

2ððT2
dþT2

d0 Þ
2−T2

dT
2

d0 Þ−ð3T
4
dþT4

d0 ÞT
2
dT

2

d0 ðpΩd−qΩd0 Þ2−4ðpΩd−qΩd0 ÞðT2

d0 t̄dð3T
4
dþT4

d0 ÞþT2
dt̄d0 ðT4

d−T
4

d0 ÞÞÞ
: ðA31Þ
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4. Retarded and advanced propagators

In order to calculate the smeared retarded propagator, the restrictions σld ¼ σmd0 and x̄ld ¼ x̄md0 need to be imposed, i.e.,
that all systems have the same spatial smearing profile and centers. The smeared retarded propagator, for the same system, is
then given by

GRðΛp
d ;Λ

q
dÞ ¼

X
ldmd

cldcmd

π3kc̃dk2
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dxi

Z
dxje

iΩdðptiþqtjÞ−
ðxi−x̄ld Þ

2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md Þ

2

σ2md

−
ðtj−t̄dÞ2

T2
d

�
−
δðtj − ti þ jxi − xjjÞ

4πjxi − xjj
�

¼ −
X
ldmd

cldcmd

4π4kc̃dk2
Z

∞

−∞
dti

Z
dxi

Z
dxje

iΩdðptiþqðti−jxi−xjjÞÞ−
ðxi−x̄ld Þ

2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md Þ

2

σ2md

−
ðti−jxi−xj j−t̄dÞ2

T2
d

1

jxi − xjj
ðA32Þ

and now make the variable substitution

xi ¼
1

2
ðuþ vÞ þ x̄ld ; xj ¼

1

2
ðu − vÞ þ x̄md

; ðA33Þ

yielding

−
X
ldmd

cldcmd

32π4kc̃dk2
Z

∞

−∞
dti

Z
du
Z

dve
iΩdðptiþqðti−jvjÞÞ− 1

2σ2
ld

ðjuj2þjvj2Þ−ðti−t̄dÞ2
T2
d

−ðti−jvj−t̄dÞ2
T2
d

1

jvj

¼ −
X
ldmd

ð4πÞ2cldcmd

32π4kc̃dk2
Z

∞

−∞
dti

Z
∞

0

djujjuj2
Z

∞

0

djvjjvje
− 1

2σ2
ld

juj2
e
−iqΩdjvj− 1

2σ2
ld

jvj2−jvj2þ2jvjt̄d
T2
d e

iΩdðpþqÞti−2ðti−t̄dÞ
2

T2
d

þ2ti jvj
T2
d

¼ −
X
ldmd

ð4πÞ2cldcmd

32π4kc̃dk2
ffiffiffi
π

pffiffiffi
2

p
σ−3ld

Z
∞

−∞
dti

Z
∞

0

djvjjvje
−iqΩdjvj− 1

2σ2
ld

jvj2−jvj2þ2jvjt̄d
T2
d e

iΩdðpþqÞti−2ðti−t̄dÞ
2

T2
d

þ2ti jvj
T2
d

¼ −
X
ldmd

ð4πÞ2cldcmd
e−

1
8
ðpþqÞ2ðΩdTdÞ2þiðpþqÞΩdt̄d

32π4kc̃dk2
Tdπ

2σ−3ld

Z
∞

0

djvjjvje
−ð 1

2σ2
ld

þ 1

2T2
d

Þjvj2þ1
2
iΩdðp−qÞjvj

¼ −
X
ldmd

T4
dc̃ld c̃md

e−
1
8
ðpþqÞ2ðΩdTdÞ2þiðpþqÞΩdt̄d

2πkc̃dk2ð2T2
d þ βldldÞ3=2

×

2
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4T2

d þ 2βldld

q
Td

ffiffiffiffiffiffiffiffi
βldld

p þ ffiffiffi
π

p Ωdðp − qÞ
2

e
−
ðΩdTdðp−qÞÞ2βldld

8ð2T2
d
þβldld

Þ

0
@i − erfi

0
@ΩdTdðp − qÞ ffiffiffiffiffiffiffiffi

βldld
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4T2

d þ 2βldld

q
1
A
1
A
3
5: ðA34Þ

For different systems, the smeared retarded propagator is

GRðΛp
d ;Λ

q
d0 Þ ¼

X
ldmd0

cldcmd0

π3kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

−∞
dtj

Z
dxi

Z
dxj

× e
iðpΩdtiþqΩd0 tjÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md0 Þ

2

σ2
ld

−
ðtj−t̄d0 Þ

2

T2
d0
�
−
δðtj − ti þ jxi − xjjÞ

4πjxi − xjj
�

¼ −
X
ldmd0

cldcmd0

4π4kc̃dkkc̃d0k
Z

∞

−∞
dti

Z
dxi

Z
dxj

× e
iðpΩdtiþqΩd0 ðti−jxi−xjjÞÞ−

ðxi−x̄ld Þ
2

σ2
ld

−ðti−t̄dÞ2
T2
d

−
ðxj−x̄md0 Þ

2

σ2
ld

−
ðti−jxi−xj j−t̄d0 Þ

2

T2
d0

1

jxi − xjj
ðA35Þ

and again make the variable substitution
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xi ¼
1

2
ðuþ vÞ þ x̄ld ; xj ¼

1

2
ðu − vÞ þ x̄md0 ; ðA36Þ

yielding

−
X
ldmd0

cldcmd0

32π4kc̃dkkc̃d0k
Z

∞

−∞
dti

Z
du
Z

dve
iðpΩdtiþqΩd0 ðti−jvjÞÞ− 1

4σ2
ld

ðuþvÞ2−ðti−t̄dÞ2
T2
d

− 1

4σ2
ld

ðu−vþ2Lldmd0 Þ
2−

ðti−jvj−t̄d0 Þ
2

T2
d0

1

jvj

¼ −
X
ldmd0

cldcmd0

8π2kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

0

djujjuj2
Z

1

−1
dðcosðuθÞÞ

Z
∞

0

djvjjvj
Z

1

−1
dðcosðvθÞÞ

× e
itiðpΩdþqΩd0 Þ−

ðti−t̄dÞ2
T2
d

−
ðti−t̄d0 Þ

2−2ti jvj
T2
d0 e

−iqΩd0 jvj−
jvj2þ2jvjt̄d0

T2
d0

− 1

2σ2
ld

ðjvj2−2jvjLldmd0 cosðvθÞþ2L2
ldmd0

Þ
e
− 1

2σ2
ld

ðjuj2þ2jujLldmd0 cosðuθÞÞ

¼ −
X
ldmd0

4cldcmd0

8π2ðσ−2ld Lldmd0 Þ2kc̃dkkc̃d0 k
Z

∞

−∞
dti

Z
∞

0

djujjuje
− 1

2σ2
ld

juj2
sinhðσ−2ld Lldmd0 jujÞ

×
Z

∞

0

djvje
itiðpΩdþqΩd0 Þ−

ðti−t̄dÞ2
T2
d

−
ðti−t̄d0 Þ

2−2ti jvj
T2
d0 e

−iqΩd0 jvj−
jvj2þ2jvjt̄d0

T2
d0

− 1

2σ2
ld

ðjvj2þ2L2
ldmd0

Þ
sinhðσ−2ld Lldmd0 jvjÞ

¼ −
X
ldmd0

2cldcmd0e
− 1

2σ2
ld

L2
ldmd0

8π2ðσ−2ld Lldmd0 Þ2kc̃dkkc̃d0 k

ffiffiffiffiffiffi
2π

p
Lldmd0

σ−1ld

Z
∞

−∞
dti

Z
∞

0

djvj

× e
itiðpΩdþqΩd0 Þ−

ðti−t̄dÞ2
T2
d

−
ðti−t̄d0 Þ

2−2ti jvj
T2
d0 e

−iqΩd0 jvj−
jvj2þ2jvjt̄d0

T2
d0

− 1

2σ2
ld

jvj2
sinhðσ−2ld Lldmd0 jvjÞ

¼ −
X
ldmd0

ffiffiffi
2

p
TdTd0cldcmd0e

− 1

2σ2
ld

L2
ldmd0

4πσ−5ld Lldmd0 jjc̃djjjjc̃d0 jj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
d þ T2

d0

q e

−ðt̄d−t̄d0 Þ
2−T2

d
T2
d0 ðpΩdþqΩd0 Þ

2þiðpΩdþqΩd0 Þðt̄dT
2

d0 þt̄d0 T
2
d
Þ

T2
d
þT2

d0

×
Z

∞

0

djvje
−iqΩd0 jvj−

jvj2þ2jvjt̄d0
T2
d0

− 1

2σ2
ld

jvj2þ 1

T2
d
þT2

d0
ðijvjT2

dðpΩdþqΩd0 Þþ2jvjt̄dþ
T2
d

T2
d0
ðjvj2þ2jvjt̄d0 ÞÞ

sinhðσ−2ld Lldmd0 jvjÞ

¼ −
X
ldmd0

ffiffiffi
π

p
TdTd0 c̃ld c̃md0e

− 1

2σ2
ld

L2
ldmd0

8πLldmd0 jjc̃djjjjc̃d0 jj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
d þ T2

d0 þ βldld

q e

−4ðt̄d−t̄d0 Þ
2−T2

d
T2
d0 ðpΩdþqΩd0 Þ

2þ4iðpΩdþqΩd0 Þðt̄dT
2

d0 þt̄d0 T
2
d
Þ

4ðT2
d
þT2

d0
Þ

×

2
4e

ðσ−2
ld

Lldmd0
ðT2

d
þT2

d0
Þ−2ðt̄d0−t̄dÞþiðpΩdT2d−qΩd0 T

2

d0
ÞÞ2

ðT2
d
þT2

d0 Þð2σ
−2
ld

ðT2
d
þT2

d0 Þþ4Þ
�
1þ ierfi

�−iσ−2ld Lldmd0 ðT2
d þ T2

d0 Þ þ 2iðt̄d0 − t̄dÞ þ ðpΩdT2
d − qΩd0T2

d0 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðT2

d þ T2
d0 Þð2σ−2ld ðT2

d þ T2
d0 Þ þ 4Þ

q ��

− e

ðσ−2
ld

Lldmd0
ðT2

d
þT2

d0
Þþ2ðt̄d0−t̄dÞ−iðpΩdT

2
d
−qΩd0 T

2

d0
ÞÞ2

ðT2
d
þT2

d0 Þð2σ
−2
ld

ðT2
d
þT2

d0 Þþ4Þ

0
@1þ ierfi

0
@iσ−2ld Lldmd0 ðT2

d þ T2
d0 Þ þ 2iðt̄d0 − t̄dÞ þ ðpΩdT2

d − qΩd0T2
d0 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðT2
d þ T2

d0 Þð2σ−2ld ðT2
d þ T2

d0 Þ þ 4Þ
q

1
A
1
A
3
5

¼ −
X
ldmd0

ffiffiffi
π

p
TdTd0 c̃ld c̃md0e

−1
4
ððΩdTdÞ2þðΩd0Td0 Þ2ÞþiðpΩdt̄dþqΩd0 t̄d0 Þ

8πLldmd0 jjc̃djjjjc̃d0 jj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
d þ T2

d0 þ βldld

q

×

2
4e

ðpΩdT2d−qΩd0 T
2

d0 þ2iðt̄d0−t̄dþLldmd0
ÞÞ2

4ðβldmd0
þT2

d
þT2

d0
Þ

0
@1þ ierfi

0
@−iσ−2ld Lldmd0 ðT2

d þ T2
d0 Þ þ 2iðt̄d0 − t̄dÞ þ ðpΩdT2

d − qΩd0T2
d0 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðT2
d þ T2

d0 Þð2σ−2ld ðT2
d þ T2

d0 Þ þ 4Þ
q

1
A
1
A

− e

ðpΩdT2d−qΩd0 T
2

d0
þ2iðt̄d0−t̄d−Lldmd0

ÞÞ2

4ðβldmd0
þT2

d
þT2

d0 Þ

0
@1þ ierfi

0
@iσ−2ld Lldmd0 ðT2
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The smeared advanced propagator can then be obtained either from the identity GAðf; gÞ ¼ GRðf; gÞ − Eðf; gÞ or from the
property GAðx; x0Þ ¼ GRðx0; xÞ [86]. If the latter is used, GAðΛp

d ;Λ
q
dÞ for the same system case is merely the result for GR

but with an additional minus sign multiplying (p − q):
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In the case of different systems, the result forGAðΛp
d ;Λ

q
d0 Þ has an additional minus sign multiplying the last two terms in the

arguments of the exponentials and imaginary error functions contained in the square brackets of GR:
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5. Symmetric propagator and Feynman propagator

The smeared symmetric propagator is then
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and finally the smeared Feynman propagator is
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6. Mana expression

Following Ref. [10], the amount of magic a state ρ̂ has can be quantified using the measure known as mana, which they
show is given by the expression
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ðA42Þ

for a three-dimensional system, where ρij are the components of the density matrix ρ̂. Particularizing to the density operator
used in this work and assuming t̄d ¼ 0, the mana is expressed as
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APPENDIX B: MODIFIED PENTAGRAM CONTEXTUALITY SCENARIO FOR THE QUTRIT

In this section, the general problem of finding a contextuality scenario for a three-dimensional system is first considered,
followed by a particularization to the pentagram setup detailed in Sec. II.
Using the equivalence noted in Sec. 2.3.2 of Ref. [79], a set of rank-1 projectors fP̂igni¼1 is needed such that the

eigenvalues of the operators fB̂ijB̂i ¼ I − 2P̂igni¼1 are all dichotomic (e.g., �1) and where ½P̂i; P̂j� ¼ 0 for some i, j but
½P̂i; P̂j� ≠ 0 for other i, j. Furthermore, there needs to exist at least one state ρ̂ such that the inequality

P
n
i Trðρ̂P̂iÞ ≤ γ is

violated, with γ marking the boundary between contextual and noncontextual states (or in the language of graphs, the
maximum independence number of the corresponding compatibility graph [79]).
Since a qutrit system is used in this work, consider the case of a three-dimensional Hilbert space with basis fj1i; j0i; j −

1ig and define the vectors

jvii ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpij2 þ jqij2
p ðpi cosðθiÞj1i þ qij0i þ pi sinðθiÞj − 1iÞ; ðB1Þ

where pi; qi ∈C are arbitrary constants, and which it can be clearly seen that they have the properties hvijvii ¼ 1 and
jviihvij2 ¼ jviihvij; thus defining a set of projectors fP̂ijP̂i ¼ jviihvijgni¼1. These projectors have commutator

½P̂i;P̂j� ¼ a

0
B@
ða1pip�

j−a�1p
�
i pjÞcosðθiÞcosðθjÞ piq�ja1cosðθiÞ−q�i pja�1cosðθjÞ x2ðθi;θjÞ

a1qip�
j cosðθjÞ−p�

i qja
�
1cosðθiÞ a1qiq�j−a�1q

�
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�
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�
i pjÞsinðθiÞsinðθjÞ

1
CA ðB2Þ

where a ¼ ððjpij2 þ jqij2Þðjpjj2 þ jqjj2ÞÞ−1, a1 ¼ p�
i pj cos ðθi − θjÞ þ q�i qj, x1ðθi; θjÞ ¼ a1pip�

j cosðθjÞ sinðθiÞ−
a�1p

�
i pj cosðθiÞ sinðθjÞ, and x2ðθi; θjÞ ¼ a1pip�

j cosðθiÞ sinðθjÞ − a�1p
�
i pj cosðθjÞ sinðθiÞ.

To make further progress, one needs to define a set of contexts as i, j pairs such that the above is 0 for these pairs but
nonzero for other i, j pairs. Before doing this, it is desirable to impose that the state j − 1i be the one satisfying

Xn
i

jh−1jviij2 ¼
Xn
i

jpij2
jpij2 þ jqij2

sin2ðθiÞ ¼ γ ðB3Þ

since the ground state is used in this work—along with the constraint

Xn
i

h1jviihvij − 1i ¼
Xn
i
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2ðjpij2 þ jqij2Þ

≤ 0: ðB4Þ

The system of equations that needs to be solved is then

0 ¼ p�
i pj cos ðθi − θjÞ þ q�i qj

or

0 ¼ ðq�i piqjp�
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i q
�
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Solving the first equation results in

θi ¼ θj þ ϕij; −
q�i qj
p�
i pj

¼ cosðϕijÞ; ðB6Þ

and then the last two equations determine all θi in terms of qi, pi and some reference angle θ�.
To simplify the equations, take qi ¼ ri cosðαiÞ and pi ¼ ri sinðαiÞ. The system then becomes

θi ¼ θj þ cos−1ð− cotðαiÞ cotðαjÞÞ;

γ ¼
Xn
i

sin2ðαiÞsin2ðθiÞ;

0 ≥
1

2
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i
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with the projectors taking the form
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1
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A family of solutions to the above set of equations can be found by imposing the relations from the compatibility graph
given by the pentagram edge set fð0; 2Þ; ð0; 3Þ; ð1; 3Þ; ð1; 4Þ; ð2; 4Þg, which has maximum independence number γ ¼ 2. The
equation in the first line of the above is a set of equations that can be manipulated to produce an expression for θi in terms of
θ0 and the angles ϕij:

θi ¼ fθ0; θ0 − ϕ03 − ϕ13; θ0 − ϕ02; θ0 − ϕ03; θ0 − ϕ24 − ϕ02g; ðB9Þ

plus the condition ϕ03 þ ϕ13 ¼ ϕ02 þ ϕ24 − ϕ14. Using trigonometric sum identities for the inverse cosine, the extra
condition can be manipulated to solve for α3, eventually yielding

α3 ¼ arccot

�
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p �

: ðB10Þ

The operators corresponding to a solution set will yield different functional behaviors that can be seen in the lhs of the
noncontextuality inequality Eq. (36) and the contextual fraction difference. One possible solution to Eqs. (B7), where the
lhs of the noncontextuality inequality Eq. (36) is larger than 0 for Ωd ¼ 0, is

θ0 ¼
3π

4
ðB11Þ

αi ¼
�
9π

10
;
29π

10
;
π

2
;α3; 0.54722012035572493π

�
: ðB12Þ

Another possible solution, where the difference between the last two diagonal terms of the matrix contained in the
noncontextuality inequality lhs Eq. (36) is the same as the far off-diagonal term, is

θ0 ¼ 0.71549033656902731395587677242763007306802049110217π ðB13Þ

αi ¼
�
9π

10
; 2.83737665013π;

π

2
; α3; 0.54722012035572493π

�
: ðB14Þ
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This solution corresponds to no harvesting at Ωd ¼ 0. Yet
another possible solution to Eqs. (B7), where the lhs of the
noncontextuality inequality Eq. (36) is smaller than 0 for
Ωd ¼ 0, is

θ0 ¼
17π

20
ðB15Þ

αi ¼
�
0.83999268322π;

3π

4
;
π

2
; α3;

π

2

�
: ðB16Þ
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