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Quantum contextuality is the notion that certain measurement scenarios do not admit a global
description of their statistics and has been implicated as the source of quantum advantage in a number
of quantum information protocols. It has been shown that contextuality generalizes the concepts of
nonlocal entanglement and magic and is an equivalent notion of nonclassicality to Wigner negativity. In this
paper, the protocol of contextuality harvesting is introduced, and it is shown that Unruh-DeWitt models are
capable of harvesting quantum contextuality from the vacuum of a massless scalar quantum field. In
particular, it is shown that gapless systems can be made to harvest contextuality given a suitable choice of
measurements. The harvested contextuality is also seen to behave similarly to harvested magic and can be
larger in magnitude for specific parameter regimes. An Unruh-DeWitt qubit-qutrit system is also
investigated, where it is shown that certain tradeoffs exist between the harvested contextuality of the
qutrit and the harvested entanglement between the systems and that there are regimes where the two
resources can both be present. Some of the tools of contextuality, namely the contextual fraction, are also
imported and used as general measures for any form of harvested contextuality, including nonlocal
entanglement and magic. Additionally, new criteria for genuine harvesting are put forward that also apply

to individual systems, revealing new permissible harvesting parameter regimes.
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I. INTRODUCTION

It is by now well-documented in the relativistic quantum
information (RQI) literature that relativistic quantum fields
are full of information-theoretic resources [1-4], such as
entanglement and magic, that one can extract for use in
various quantum information protocols such as entangle-
ment harvesting [5-9], magic harvesting [10], quantum
energy teleportation [11-14], and quantum field-mediated
communication [15,16], or to power a relativistic quantum
computer [17-22]. While these resources are considered
useful under their respective resource theories, one cannot
help but ask whether there are more general, and as yet
undiscovered, resources lurking inside quantum fields. As
it turns out, there is a nonclassical resource which encom-
passes and moves beyond most, if not all, of the previously
encountered resources: quantum contextuality [23-25].

The statement of contextuality is essentially the inability
to assign a joint probability distribution to a whole family
of measurements that contain subsets of compatible
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measurements, i.e., one cannot consistently marginalize a
joint probability distribution over all measurements to yield
the distributions for all of the individual subsets of
measurements in the family [26,27]. The notion of non-
locality then falls out of this description when the system
and measurements are considered to be composite (and
typically spatially separated); it is this form of contextuality
in quantum fields which has been extensively studied
[3,28-43]. Contextuality has been experimentally verified
in numerous settings [44—47] and has been identified as the
source for quantum advantage in many quantum informa-
tion protocols [48-52], in addition to those of nonlocal
entanglement [27]. Contextuality and Wigner negativity
were also shown to be equivalent notions of nonclassicality
for continuous-variable quantum systems [53,54], qudits in
odd-prime-dimensional Hilbert spaces' [59-61], and, in
general, when adapting Wigner negativity to the onto-
logical models framework and comparing it with gener-
alized contextuality [62,63]. The discrete Wigner function
formalism [55-57] was also used to link Wigner neg-
ativity to magic and to create the magic measure known as
the mana [64,65]. Then it was shown in Ref. [66] that
magic states for qudits in Hilbert spaces of odd prime

'Wigner negativity in the standard discrete Wigner function
formalism [55-57] is not strictly equivalent to contextuality for
qubits, but is fine for the extension used in Ref. [58].
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dimension are necessarily contextual with respect to
stabilizer measurements.

The presence of contextuality also serves as a marker of
nonclassicality that is explicitly clear in the resource theory
of contextuality [67]: one always defines the classical state
space boundary through their choice of measurement
settings. This gives a much more straightforward method-
ology to interpret the utility of any acquired resources
compared to, say, entanglement. While it is still useful to
study the role of entanglement and other resources in RQI
protocols, it is important to delineate the boundary between
what states one considers to be classical versus non-
classical, if the intention is to discuss genuine quantumness
or quantum advantage in RQI.

With all of the demonstrated advantages due to con-
textuality, the main question that will be tackled in this
paper is whether a system in an initially noncontextual state
can evolve to a contextual state after interacting with a
quantum field.” Additionally, how does contextuality
behave as a resource when considered in its own right
and also when compared to, say, magic? Furthermore, how
do the various types of contextuality (magic, local con-
textuality, nonlocality, etc.) and entanglement interact with
each other? Can more than one resource be present in the
system at a time? Some works in the nonrelativistic setting
[45,46,69] have shown that there do indeed exist settings
where entanglement and local contextuality can coexist and
influence the amount of each other in the system, with
tradeoff relations bounding the total amount of these
resources that can be present at a time [69]. Meanwhile,
other works [70-73] have elucidated the role that con-
textuality plays in witnessing nonlocality and what non-
locality implies about contextuality. Thus, it would be
interesting to investigate how these results manifest them-
selves in the relativistic setting and what the exact mech-
anisms which give rise to them would look like.

To answer these questions, some measurement scenarios
and measures of contextuality will be introduced and then
applied to the setting of the Unruh-DeWitt (UDW) model
[74,75] for a single qutrit and qubit-qutrit systems: single
qutrits because they are the simplest systems to exhibit
contextuality, and a qubit-qutrit system because it is the
simplest system to witness both qutrit contextuality and
entanglement. This manuscript is then organized as fol-
lows. A brief introduction to quantum contextuality is given
in Sec. II along with the measurement scenarios and
measures of contextuality that are considered. Next, the
UDW model is introduced in Sec. III and the specific setup
considered is detailed. Then in Sec. IV the results of the
contextuality harvesting experiments are introduced, and
finally in Sec. V the implications of the results are
discussed and some future research avenues are outlined.

*Close to the completion of this paper, the author became
aware of similar independent work by Lima et al. [68].

II. QUANTUM CONTEXTUALITY

The basics of quantum contextuality will be introduced
here as they are essential to understanding the results
presented later in Sec. IV. The presence of quantum
contextuality in a system is often taken as the definition
of what it means for that system to be considered non-
classical. It is consistently the phenomenon that resists an
explanation in terms of local hidden variables, by which
almost all other phenomena in quantum theory can be
described [76-78]. There are many approaches to con-
textuality [27,79-82] which have expanded it to be a
generic feature of generalized probabilistic theories, of
which quantum theory is a special case [83]. In anticipation
of using the contextual fraction [26] to measure the level of
contextuality, the sheaf-theoretic approach to contextuality
will be adopted, and so a few objects from the sheaf-
theoretic framework of contextuality will need to be
introduced before contextuality can be understood. To this
end, the presentation will closely follow that of Ref. [26].

The central objects of study in the sheaf-theoretic picture
are called empirical models, which are probability data
tables for the joint outcomes of sets of compatible mea-
surements corresponding to a measurement scenario
M = (X,C, 0): a tuple consisting of a finite set of mea-
surements X, a finite set of outcome values for each
measurement O (sometimes denoted as O%), and a set of
subsets of X denoted as C. Each Ce(C is called a
measurement context and represents a collection of meas-
urement operators that can be performed simultaneously.
As an example, consider the classic Klyachko-Can-
Binicioglu-Shumovsky (KCBS) scenario [79,84] for a
single party who can choose to measure one of {m;}_,
obtaining one of two possible outcomes:

0={-1,1},
C={{mo,m},{my.my},{my,ms} {ms,my},{my.mo}}.

(1)

X ={mg,my,my,my,my},

The empirical model for this description can then be
constructed either from theoretical predictions or through
multiple runs of an experiment, resulting in a probability
table such as Table I.

TABLE 1. An empirical model corresponding to the KCBS
scenario Eq. (1).

—1,-1 -1, 1 1,-1 1, 1
Mg, m; 0 1/9 2/3 2/9
my, my 0 2/3 1/3 0
My, ms 0 1/3 1/3 1/3
ms, my 0 1/3 2/3 0

045001-2



HARVESTING CONTEXTUALITY FROM THE VACUUM

PHYS. REV. D 113, 045001 (2026)

The probability distributions making up an empirical
model are the joint distributions e for each context C€C
over the joint outcome space denoted by O€, with the
requirement that the marginals of these distributions,
denoted ec|, with U C C, agree whenever contexts over-
lap: eclene = ec'lene ¥ C,C'€C; a generalization of
the no-signaling condition. Contextuality within an empir-
ical model is then the statement that no global distribution d
on OX exists such that its marginals give the empirical
model, ie., d|o =ec V Ce&C. Equivalently, contextual
empirical models are those which have no realization by
factorizable hidden variable models, which for Bell-type
measurement scenarios this means that contextuality
reduces to the usual notion of nonlocality that characterizes
some forms of entanglement. Note also that standard
contextuality can only be observed in systems with
Hilbert space dimension greater than 3 [85].

For the most part, the contextuality of a system in state p
with respect to scenario M is assessed in a binary fashion
through the calculation of what is known as a noncontex-
tuality inequality:

Se= D hi Te(ph;.) <7, @)

ic€ic

where i~ denotes the set of indices corresponding to the
context C €C, h;. € {£1} are constants, M, . is the (tensor)
product of operators indexed by the context C, and y is an
upper bound that marks the boundary of the space of
noncontextual states [79]. In the setting of empirical
models, the combination of eigenprojectors corresponding
to the operators in each summand of Eq. (2) define one row
of the associated empirical model. The compatibility
relations between the M, . making up the scenario M
can be given a graph structure called a compatibility graph,
whose maximum independence number—the size of the
largest subgraph comprised of vertices that have no edges
in common—is the constant y [79]. If y in Eq. (2) can be
exceeded using p, then the system is said to be contextual,
otherwise it is noncontextual. Equation (2) can be split into
two different settings: state-dependent and state-indepen-
dent noncontextuality inequalities. In both settings, the
scenario M shapes the boundary for the states p of a given
Hilbert space dimension that can violate Eq. (2), and so the
difference lies in how large this boundary is. For the state-
dependent case, the boundary is such that some states can
violate Eq. (2) while others cannot. In the state-independent
case, as the name implies, there is no boundary and
therefore all states can violate Eq. (2) regardless of their
structure.

Since the goal will be to harvest contextuality from the
state of a quantum field, only the state-dependent scenarios
will be of interest to us. Further anticipating that the effect
of contextuality harvesting will be quite small, as is the case
in entanglement harvesting [7,86,87], it would be prudent

to define a continuous measure of contextuality so the
amount of contextuality harvested can be quantified in a
nonbinary way. To this end, the contextual fraction is
adopted [26].

The contextual fraction is motivated by the fact that an
empirical model can be decomposed as a convex sum of
two different empirical models on the same scenario:
ed+¢e'(1—2), where A€]0, 1]; this can be understood
by taking the convex sum of probability distributions at
each context, which preserves the compatibility relations. If
one of these empirical models is now viewed as a non-
contextual model, then the constant A can be interpreted as
giving the fraction of the original model that is explained by
a noncontextual model, which provides a continuous
measure as opposed to the binary one in Eq. (2). Instead
of asking for a probability distribution on global assign-
ments that marginalizes to the empirical distributions at
each context, only a subprobability distribution b on global
assignments OX that marginalizes at each context to a
subdistribution of the empirical data is asked for, thus
explaining a fraction of the events, i.e., b|- < e V CeC.
When the maximum possible value of A is used in the
decomposition, this is called the noncontextual fraction of e
and denoted NCF (e); it is related to the contextual fraction
by CF(e) = 1 — NCF(e). The other empirical model in the
decomposition will then necessarily be a strongly con-
textual one [26], which means any empirical model admits
the decomposition

e = CF(e)eSC + NCF(e)eNC, (3)

where e3¢ denotes the strongly contextual empirical model
and eM¢ the noncontextual empirical model (note that "¢
and e3¢ are not necessarily unique).

The task of finding a consistent probability subdistribu-
tion with maximum weight for a given empirical model can
be formulated as a linear programming problem. Define a
measurement scenario M = (X,C, O) and let n = |OX| be
the number of global assignments, and m = > .- |O€| be
the total number of local assignments for all contexts. Then
define an m x n incidence matrix M that records the
restriction relation between global g and local (C,s)
assignments:

1 1fg|C:S

MI(C.5). g { )

0 else.

The empirical model e can be vectorized into a vector
v° € R™, where the component v¢[(C, s)] = ec(s), i.e., the
model probability for assignment s in context C (an entry in
Table I). Each column of M[—,g| can then be seen to
represent one of the (noncontextual) deterministic
models obtained from global assignments g € OX. A global
probability distribution can also be represented as a
non-negative normalized vector d €R”", so that the
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corresponding noncontextual model can be represented by
the vector Md. Then a model e is considered noncontextual
if and only if there exists a non-negative d € R" such that
Md < v°. A global subprobability distribution is also
represented by a non-negative vector b €R”", with its
weight being given by the dot product 1-b=>"b,.
The following linear program thus calculates the non-
contextual fraction of an empirical model e, with
NCF(e) =1-b*, where b* is an optimal solution:

Find beR”
maximizing 1-b
subject to Mb < v°
and b>0. (5)

As shown in Ref. [26], the contextual fraction can be
related to noncontextuality inequalities as the normalized
violation by a given empirical model of a noncontextuality
inequality. The authors also prove that the contextual
fraction is a resource monotone under operations that
preserve the noncontextual set and that it shares many of
the same properties that standard entanglement measures
have [88]: faithfulness, convexity, and continuity.

In this article, a variant of the 5S-measurement pentagram
scenario [89] for a qutrit system will be considered due to
its simplicity, flexibility with what states can be labeled as
classical, and that it is somewhat well studied [89]. It is
characterized by five dichotomic measurement operators
{B;|B; = 1 —2|v;){v;|}%_,, each with outcome +1, where
the operators satisfy [B;, B ;] =0 for the index pairs
{(0,2),(0,3),(1,3),(1,4),(2,4)}, forming a pentagram
when taken as edges of a graph; these edges then mark the
contexts of the scenario. The vectors |v;) considered in this
work take the form

|v;) = sin(a;) cos(8;)[11) + cos(a;)|10)
+ sin(q;) sin(6;)[1 — 1), (6)

where {|jm):m = —j, ..., j} is the Dicke basis of the J.
operator with the usual ordering. Three different sets of
angles {(a;,0;)}}_, are used to illustrate the influence that
the choice of measurement operators has on the harvesting
behavior; they are each given in Appendix B along with
further details of their derivations. Since there are five
contexts and each B; only has outcomes =1, there are 25 =
32 possible global assignments and 5 x 2> = 20 possible
local assignments for this scenario, yielding a 20 x 32
incidence matrix for the contextual fraction.

III. UNRUH-DEWITT MODEL

To model quantum systems moving through spacetime
that can interact with tensor quantum fields, the remarkably

successful UDW model is turned to. One can think of the
UDW model essentially as a quantum system following a
trajectory in spacetime that can interact locally with a
tensor quantum field around its trajectory. Despite its
simplicity, the UDW model has been shown to capture
important features of the interaction between quantum
systems and quantum fields, such as the light-matter
interaction [90] and the interaction with linearized quantum
gravity [91], to name just a couple. The model works as
follows.

Consider D qudits with Hilbert spaces {H,}? and
combined Hilbert space H =®% H,, each moving along
timelike trajectories Z/;(z,) = (#(z4), x(z4)). d€{1, .... D}
in a globally hyperbolic spacetime M that admits a global
timelike coordinate ¢, with the proper time for each qudit 7,
representing the Fermi normal coordinate time defined
around each of their trajectories. Along each trajectory,
each qudit has a free evolution governed by a free
Hamiltonian I:IU(,, which is typically proportional to the
energy gaps Q) €R,,i€{l,...,n} between the n energy
levels of the qudits. Additionally, each qudit interacts with a

background tensor quantum field @(X) along its trajectory
that is prescribed by the interaction Hamiltonian density, in
the interaction picture, as

A

ild(x) = dal\a(X)itg(74) ® O(x), (7)

where the 1, are fg(ty) =
eMou57p Mo/ are interaction picture operators acting
on the Hilbert space of qudit d, and A,(X) are spacetime
smearing functions, which define the shape of the inter-
action in spacetime. The functions A,(X) are each strongly
supported around the qudits’ trajectories, z,;(7,) and their
spatial extent corresponds to the qudit’s shape in their own
rest frame.

The initial state of the entire system is p(t) =
Pp(to) ® Py, with pp(tg) =®F pa(ty) denoting the initial
state of the qudits and p, denoting the initial state of the
tensor quantum field. Time evolution of this state to a final
time ¢ is given by

coupling constants,

p() = U(r.10)p(10) U (1,10, (8)
with the time-evolution operators defined by

" dvh(x)

U(t.ty) = Telo (9)

where /i(x) = S22 | h14(x) is the Hamiltonian density of the
full system, and 7 is the time-ordering operator. The final
time-evolved state can be obtained perturbatively from the
Dyson expansion:
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) =351 = 0w O 110 (10

where

)""

0" (1, 1) H/dvk-HT h(Xis1)). (11)

The final state for the qudits can be computed by tracing out
the field degrees of freedom from the final state:
pp(t) = Tr,(p(t)), which can represent an entangled state
between the qudits under certain circumstances. As is the
case in much of the RQI literature [86], it is assumed that
the field starts out in a quasifree state.”

The final state of the qudit system, up to second order in
the coupling constant 4, is then

A(0.2)

A~ ~(1,1 A ~(2.,0
= pplte) + 05" + P +p57 + 00, (12)

" =S dde [ v, [ Vaa(epol)ie(e)

dd'
X Ad(xl)/\d’ (X)W

= —Z Aida / av, / AV, A (X)) Ay (%)

dd'

X2’X1

X T (fig(z1)fig (T2)W(X1,%2))Pp (o)
= —Zﬂdiw/dvl /dvad X1)Ag (Xa)
ad
X ftq(71)fta (72)0(71 — T2) W (X1, X2)Pp (t0),
P = (5" (13)

with 6(z; — 7,) being the Heaviside step function, and
W(X, %) = <O(X1)O(X2)>,ﬁ¢,
tion, i.e., the correlation function of the field. If the field
theory that is used obeys the commutation relation

being the Wightman func-

[@(Xl)’(b(XZ)} = iE(X1, %), (14)
where E(Xi,Xy) = Gg(X(,X3) — G4 (X, X,) is called the
causal propagator, with Gg(X;,X,) and G4(X;,X,) being
the retarded and advanced propagators of the field, respec-
tively, then the Wightman function can be expressed in

terms of a sum of the anticommutator and commutator of
the field

A quasifree state is a zero mean Gaussian state. Typical states
that satisfy this condition are thermal states and most choices of
vacua [2].

W(x1. %) = 5 ({O(x1), O(xa)})5,

1, N
) ([0(x1).Ox2)]),,

T+ wI-

i
=5 HX. %) +5E(X. %), (15)
where H is called the Hadamard function. Since the field
commutator is proportional to the identity operator of the
field, it is clear that the causal propagator is independent of
the field’s state p, because any state will commute with it.
However, the causal propagator still encodes the state-
independent degrees of freedom of the field as the com-
mutator relation is fundamentally quantum. The Hadamard
function on the other hand, contains all of the state
dependence (including the quantum degrees of freedom)
of the field since different field states will not necessarily
commute with the anticommutator of the field.

In this paper, a 3 + 1-dimensional Minkowski spacetime
is chosen such that ¢ = ¢. The qudits are govemed by a free

Hamiltonian Hy =Y, Hy, =Y, Qd(J + jala), where
Ja 18 the total angular momentum number for qudit d. The
energy eigenstates are naturally represented in the Dicke
basis {|jm),;: m=—j,....,j} with energy levels
{0,Q4,...,2j,Q,}, due to the shift of the ground state
to 0 by the term j,;1,. Each qudit has a monopole operator
g = ijcd), which yields, in the interaction picture, a time-
dependent monopole operator given by

fig(t) = eQat T\ 4 g=iQurjd), (16)

where J id) are the usual SU(2) ladder operators for each of
the qudits. The qudits each couple to a massless scalar
quantum field O(x) = ¢(x), which is a quantization of the
scalar field ¢(x) whose dynamics are prescribed by the
Klein-Gordon equation

VIV, p(X) =0, (17)

defining the associated Green’s functions Gg(X;,X;)
and G, (X1, X).
The quantum field ¢(X) can be decomposed as

3
)= / _ Ik ek gy
2(27%) k|

where a;, &,t are the field ladder operators satisfying the
commutation relation (&, ay] = & (k —k'). The UDW
system starts in the initial state p(ty) = pp @ Py =
®F 9)4(gl ® py, where p, is chosen to be the vacuum
state of the field |0),(0], and |g),, are the eigenstates of the
spin-(dim(H,) — 1)/2 total angular momentum operator in

the z-direction J ﬁ”’)

i(\k|z—k~x))’ (18)

corresponding to the lowest value of m.
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An effective spacetime-smearing function,

AF(0) = Ag(0)e=0

P2
~(x-%,,) %] (6=, -4 i1
d

>
1 /2
d

e - (19)

will be used where T,€R, is the temporal width for
system d, ¢;, ER are the basis coefficients of each basis
function corresponding to system d, 7, € R is the temporal
center for system d, x;, € R? are the spatial center vectors
corresponding to each basis function for system d, and

eall = D2, Cmgr/det(Z,,). Xy, is the three-dimensional

correlation matrix and is given by

2
o7 1, P12.1,01.1,02.1, P13,1,01,1,03.1,

2
Ede P21,1,021,01.1, 021, P23.1,02.1,03.1, |

2
311,031,011, P321,03.1,02.1, 031,

(20)

where o;; €R, is the spatial width corresponding to
component i (i = 1, 2, 3) of each of the basis functions
for system d, and p;;; €R, is the correlation between
components i and j. This smearing function allows for the
representation of many spatial smearing profiles by simply
choosing the appropriate values for the parameters of the
Gaussian basis set (one must ensure that the normalization
does not cause a blowup of the function).” The form of the
above smearing function will be useful for future studies,
but for the purposes here, the sum will be taken to be over
only one Gaussian basis function, and X;, is assumed to be
diagonal with each element o, " being the same.

The smearing function AL~ *(x) will smear out the
Wightman function and related bidistributions (e.g., causal
propagator, retarded and advanced propagators, Hadamard
function, etc.), so it is useful to define the smeared version
of an arbitrary bidistribution B(X,X') as

B(AL,AY /mqﬁMMxmwmmMm>@n

and the forward time-ordered smeared version as

‘Note that one can also apply the same basis function
expansion treatment to the temporal part of the basis, adding
an extra sum over these indices, a second index on the expansion
coefficients, and redefining the ||¢,| term to include the temporal
widths. Additional generalizations could be to include polyno-
mial terms x'1yl2zl43 to cover the full angular case. One also
needs to define the center of the resulting smearing profile since it
can take an arbitrary shape.

B (A], A )—/dvl/dvap XA (X2)
x 0(t) — 1) B(X;. %), (22)

where 6(r — ') is the Heaviside step function, and the
backward time-ordered smeared version B_,, (A, A%) is
just the above with the arguments of B(X;,X,) and
0(t; — t,) reversed.

It is worth pointing out that nonpointlike UDW models,
such as the one considered here, explicitly break covariance
by smearing the action of the monopole operator over
multiple time slices such that the microcausality condition’
is violated by the interaction Hamiltonian, and also making
the time-ordering reference frame dependent [86,92].
However, this only manifests in the perturbative terms
beyond second order provided that the initial state com-
mutes with the free Hamiltonian or the smeared Wightman
function goes to zero for spacelike-separated systems
[86,92], both of which are considered in our setup, so this
kind of covariance violation will not appear in what
follows. Smearing functions without compact support, like
those considered here, also introduce further potential
causality violations by allowing instantaneous signaling
between spacelike separated regions, which is due to the
fact that their support can extend across both regions
[93,94]. One strategy to mitigate this problem is to define
a temporal region that the smearing function is strongly
supported on, which will be taken as

—NaTq <t—13 <nyTy, (23)

where 7, is a positive constant that ensures strong temporal
support.

Also note that because the free Hamiltonian is only a
function of J. in our setup, a noncontextual initial state
could not be transformed into a contextual one under
time evolution with only the free Hamiltonian since
[p(1o), e=H0A1] = 0. For generic e¢#oA" and p(f,) one
can see that the lhs of Eq. (2) is invariant with respect
‘iHUA’, so transformation to a
—ifyAr

to transformations by e

contextual state from a noncontextual one using e
is not possible in general.

The expressions for Egs. (13) corresponding to the setup
considered here can be found in Appendix A.

IV. CONTEXTUALITY HARVESTING

The core idea behind contextuality harvesting is con-
ceptually similar to that of entanglement harvesting,
although the former clearly demarcates the boundary
between classical and nonclassical quantum states, as
mentioned in the Introduction. In the standard entanglement

B(x). ¢

(X')] = 0 for spacelike separated X, X'.
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harvesting scenario, two (or more) spatially separated UDW
qudits that are both initially unentangled interact with a
tensor quantum field for some time duration, leading to a joint
final state for the qudits that corresponds to an entangled state
after tracing out the field degrees of freedom. For the basic
contextuality harvesting scenario, there is only one UDW
qudit that is initially in a noncontextual state, which then
interacts with a tensor quantum field for some time duration,
leading to a final state that is contextual according to a genuine
contextuality measure such as the contextual fraction.

The entanglement harvesting protocol includes the
term “harvesting” because entanglement between systems
interacting via a mediator system cannot be generated
through only local operations and classical communication
[95]—there had to have been preexisting entanglement in
the mediator system for this to be possible. One can also
argue that contextuality is really “harvested” from the state
of the quantum field by similarly establishing a resource
theory for contextuality and using the fact that it is already
known that quantum field states harbor nonclassicality
(predominantly in the form of nonlocality), which
Refs. [3,23-25,28-43] show is quite a generic feature that
most infinite-dimensional states possess—including the
vacuum state. Now in the resource theory of contextuality,
the set of free operations that preserve the noncontextual
state space for a given contextuality scenario are defined to
essentially be relabelings of the measurements/outcomes
and coarse-grainings of measurement sets/outcomes [67].
These operations are free because they cannot introduce
more measurement incompatibility into the measurement
set, which is basically akin to increasing contextuality. This
means that for a fixed scenario, a noncontextual initial state
cannot become contextual under the free operations alone.
If one decides to change the scenario by introducing
more incompatibility, then they can, of course, convert
the noncontextual initial state to a contextual one, but then
this operation is not free and the emerging nonclassicality is
explained by this nonfree operation. One can also
establish a contextuality resource theory for the field and
field plus probe—using a continuous-variable analogue
of the contextual fraction for the contextuality monotone
[96]—which will look similar to that of the probe system
but with many more states counting as useful resources.
Drawing on the link between magic and contextuality
discussed near the end of the Introduction, many families
of operations can be classified as free operations, including
Clifford circuits on odd-prime-dimensional Hilbert spaces
and Gaussian operations in the continuous-variable setting.
Due to the ubiquity of nonclassicality in quantum field
states, transformations acting on the joint probe-field
system will tend to preserve this nonclassicality and
transfer some of it to the probe system through correlations
such as entanglement.

Operations which do not involve interacting with the
field may still increase the contextuality of just the probe

system, but the contextuality resource theory for the
probe can be used to identify such operations so that the
increase of contextuality witnessed can be explained. It is
the three resource theories for the probe, field, and probe-
field together that allow one to certify the source of
any contextuality acquired. This is analogous to how the
argument for entanglement harvesting based on the
resource theory of Local Operations and Classical
Communication goes through, but with a different set of
free operations and resources.

Therefore, if the contextuality scenario is fixed, the probe
system’s state is initialized to a noncontextual state, with
respect to the scenario, and an odd prime dimensional
qudit state (a qutrit in this work) is used, then given the
pervasiveness of nonclassicality in quantum fields, it is
reasonable to claim that the contextuality generated by this
interaction was harvested from the quantum field through
this protocol, which is the stance taken in this work. A more
rigorous argument will be the subject of future work.

The contextuality measure that shall be used to
quantify the amount of contextuality and/or nonlocal
entanglement harvested will be the contextual fraction
difference between an initial system state pp(7y) and a
final system state pp(?):

ACF(v°) = CF(v¢) — CF(v5,), (24)

where v is the vectorized version of the empirical model
corresponding to the final state, which has components

(v§); = Tr(pp(1)Pi(1)), (25)

where the index i ranges over all of the (tensor) products
of eigenprojectors (in a context) corresponding to the
interaction picture measurement operators in the scenario.

The contextual fraction of a given empirical model
corresponding to a specific scenario quantifies the fraction
of the model that can be explained by a strongly contextual
model [26]. So given a particular state, this tells you how
much the description of the state in one context conflicts
with its description in other contexts. In the case of
nonlocal entanglement, it is the degree to which the
nonlocality arising from subsystem interactions alters the
local descriptions of those subsystems. For the setups that
are considered, taking the difference between the contex-
tual fractions before and after the interaction can be
understood as subtracting away the initial contextuality
of the empirical model (i.e., contextuality in the absence of
any transformation) and quantifying the influence of only
the quantum field on disrupting the consistency of the
state’s description in different contexts.

Since the goal is to harvest contextuality from the
quantum degrees of freedom of the vacuum state of the
quantum field, rather than acquiring contextuality through
field-mediated signaling, a way to distinguish the two is
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necessary. As stated in Ref. [86], the Feynman propagator
can be formed from the Wightman function as

Gr(x,X') =0t -t )W(X,X)+0(f —t)W(X,x), (26)

where 0(f — t') is the Heaviside step function, and note that
G can be broken down into a sum of two functions,

1 1
Gr(x,X) :EH(X, x') + iEA(x, X'), (27)

where H is again the Hadamard function, and A is a
measure of causal contact called the symmetric propagator.
A can be expressed in terms of Gp and G, as
A(X,X') = Gr(X,X') + G4(x,X), or alternatively as
A(X,X') =2GR(x,X') — E(x,x") from the expression
G4(X,X') = Gr(x,X') — E(X,X"). The author of Ref. [86]
then outlines the conditions for genuine harvesting of
entanglement as

SIANG A < AG) and N() >0, (28)

with the negativity entanglement measure N (D) given by

S

;<0

N(p) = : (29)

where A; are the eigenvalues of the partially-transposed
density operator p’<. The first condition in Eq. (28) is
motivated by the fact that the smeared symmetric propa-
gator is a measure of causal contact between systems,
meaning that it can essentially be taken as a measure of how
little the quantum degrees of freedom of the quantum field
are being used to facilitate the increase of entanglement
between the systems. The choice of using the ++ compo-
nent is a consequence of the far-off-diagonal terms that
appear in the density matrix they consider, together with the
definition of entanglement. How the smeared symmetric
propagator scales in comparison to the smeared Hadamard
function is also of interest to us and will help identify good
parameter regimes as well.

Based on the expressions for pp(¢) in Appendix A, the
conditions that are of interest here are that the smeared
Hadamard term dominates over the smeared symmetric
propagator term and that the contextual fraction difference

is greater than 0, i.e., |

Lim ) ) L .
el d,alerfl(ag - laledm//) +e Tl d,alerﬁ(a3 + ’aZlemd/)

A(AT, A
‘ (Ag.Ag) <1 and ACF(v°)>0. (30)

H(AA))

The first condition is necessary due to the possibility of
increasing the contextuality of a system through field-
mediated signaling of measurement results, which was
shown in [69] for a similar nonrelativistic qubit-qutrit
scenario. If these conditions are met, then one can be
reasonably sure that the harvested contextuality is pre-
dominantly due to the preexisting quantum correlations in
the field and not because of field-mediated signaling.
The above conditions for genuine contextuality harvest-
ing are quite general, applying to many different spacetimes
and quantum fields. Particularizing to our setting of a
massless scalar quantum field in 3 + 1 Minkowski space-
time, the first condition combined with the expressions
derived in the Appendix for A(AJ,A}) and H(A,A})
(Egs. (A40) and (A16), respectively) already reveal much
information about how conducive this setting is to harvest-
ing. For instance, observe the case when d = d’ and each of
the sums in the two expressions has only one element:

’A(A;,A;) _ 2Ty Ty (1)
H(AI, Achr) ﬁldld o1,

The ratio of the temporal to spatial smearing width is the
only determining factor for harvesting under the first
condition, independent of the internal details of the
UDW systems. In particular, notice that harvesting is only
possible if the temporal smearing width is small while the
spatial smearing width remains fixed at some intermediate
value such that both are within the region of strong support,
the spatial smearing width is large while the temporal
smearing width remains fixed at some intermediate value
(again, in the strongly supported region), or if one is a
scalar multiple of the other such that the coefficient is less
than one. In this last case, harvesting is permitted when the
spacetime smearing becomes highly localized, but not
when it becomes highly dispersed since this would exceed
the region where the smearing function is strongly sup-
ported (introducing nonphysical signaling).

The case when d # d’ has a richer structure that requires
further analysis to elucidate fully. Let us assume again that
each of the sums has only one element and furthermore that
the spatial smearing widths and system energy gaps for
each of the systems are equal. The first condition then
reduces to

A(AL, ALY
H(A; Ay)

where

elemd’al erfl(bz —+ blL[

dmd/

) _ e_le’”d’a‘erﬁ(bz - blle’"d’)
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1

/B, +T5+T7

ay = bi(iQy(T% = T%) + 2A7),

b1:

a
b, = —2—1911,
bi\/T%+ T7,
1a;
G azﬂldl,, ’

and L;,,, ,, AT are defined in Appendix A as the distance

between the centers of the spatial/temporal smearing
regions corresponding to systems d and d’, respectively.
One can now see that the above ratio tends to 0 for small
oy,, or small T, T, and A7 =0, assuming the other
parameters in the denominator are chosen such that it
stays nonzero, indicating that sharply peaked spatial or
temporal smearing distributions constitute regimes that
only rely on existing field correlations for the harvesting.
Contrast this with Eq. (31), which shows that harvesting for
small o, is possible for both cases if Ty and/or Ty are also
small. If the temporal smearing widths are not small then
harvesting will only happen for the d # d’ case. Similarly,
if the temporal smearing widths are small (and A7 = 0) and
o1, does not approach 0, then harvesting will be possible in
both cases; note also that as ¢, gets larger, harvesting in the
d = d' case becomes more likely while it decreases in the
d # d' case. Intermediate parameter regimes likely exist
where more of the interplay between local and nonlocal
contextuality harvesting occurs, which is left until
Secs. IVA and IV B. However, one intermediate regime
where genuine harvesting is not possible in either case
happens when Ty =T, =0, = 1 and Ai =L;,, : here
the harvesting condition for d = d’ is clearly violated, and
for d # d', the condition is

L2
lgmy

erf<lemd/ )

A} AD)
erﬁ(lemd/ )

H(AL.Ap)|

. (33)

which is lower-bounded by 1 and diverges for larger L; ,, ,
thus also violating the condition.

Looking at Eq. (32) again, both the numerator and
denominator go to 0 for large o, or large T,; and Ty,
assuming the other parameters are chosen accordingly.
These limits for the spatial and temporal smearing corre-
spond to spreading out the interaction regions well beyond
the strongly supported zones to eventually cover the whole
region, which is a highly nonlocal interaction that is clearly
unphysical. One can also take the very small L; ,,, , limit to

see that the numerator converges to 2erfi(a;) while the
denominator converges to 0, so that the ratio diverges and

no harvesting is possible. In the opposite limit, the
imaginary error function (erfi) terms in the numerator
are evaluated at +ico, which converts them to standard
error functions evaluated at +oo, yielding —1 for the first
and +1 for the second. The decaying exponential in the
second term sets that term to 0, eventually leaving

lim |erfi(by + b1L;,m,)

gm g =

— e tunsNerfi(by — byLy,,, )" (34)

which converges to 0 as long as the other parameters are
chosen accordingly. Consequently, it would seem that
harvesting is allowed in this regime. However, it is clear
from Eq. (26) that the smeared Hadamard function and the
smeared symmetric propagator both actually converge to 0,
so one must interpret this result as signifying that the
smeared symmetric propagator converges to zero more
rapidly than the smeared Hadamard function does.

In the following, two different setups will be considered:
(1) a single qutrit UDW system harvests contextuality and
(2) a qubit-qutrit UDW system harvests contextuality and
entanglement. In the former case, the point is to consider a
minimal example where the UDW system can only exhibit
local contextuality and to illustrate the general contextual
nature and capacity to harbor nonclassical resources of the
vacuum state of the quantum field. In the latter case, the
interplay between local contextuality and entanglement
along with their robustness as quantum resources will also
be studied. The code to reproduce the calculations and plots
is available in a public GitHub repository [97].

A. A single UDW qutrit

A single system can only have entanglement if it admits a
tensor product decomposition of its Hilbert space into
smaller Hilbert spaces such that dim(H) = [[2 dim(H,).
This is clearly impossible for p-dimensional Hilbert spaces,
where p is a prime number, since by definition a prime
number cannot be expressed only as a product of factors.
Recalling that contextuality can only be observed in
systems with Hilbert space dimension greater than 3, a
single qutrit system is then the minimal system to witness
only contextuality and no entanglement. Note that recently
it was shown that a single qutrit could acquire magic from
interacting with a massless scalar quantum field [10], which
is a type of nonclassical resource used in quantum
computation that is powered by contextuality in many
cases [59,66].6 However, as noted earlier, contextuality is a
much more general nonclassical resource that can encom-
pass magic and nonlocal entanglement as subsets, so it is

®The equivalence holds for qutrit systems, which is what is
used here and in Ref. [10].

045001-9



PHILIP A. LEMAITRE

. REV. D 113, 045001 (2026)

=10 »
T=110 [ 0.0175
0.020

0.0150

0.015 0.0125

\ 0.0100
0010 oo00z | |\
) [ 0.0075
00001 |

0.0050
0.005

o 1 22 N 4 5 6 -

0.000 0.0000

0.0050

0.0025

0.0175

i
i
0.0150 "
I}
I

0.0125

000015
0.0100

0.0075
000005

0.0000

— T=13%0
— T=110
— =2
i 0015
0010

0005 |

0000

0.8 — -0
— T=110
07 \\ — 1=
06/ |

os5{ | oos 11y

044 | 0010
0.3 0,005

0.2/ A\ 0.000

01

0.0 e

FIG. 1.

Plots for the single qutrit harvesting scenarios. The first three columns of plots depict ACF(v¢)/A> with solid curves and

M(p)/2* with dot-dashed curves, while the last depicts |A(A}7, A})| with dotted curves and |H (A}, A})| with dashed curves, all as
functions of the energy gap Q for different temporal smearing widths and a coupling constant of 1 = 10~*. The top plots correspond to a
spatial smearing width of ¢;, = 1, while the bottom plots correspond to ¢,, = 0.1. All plots additionally consider 7; = 0. The columns
of the first three columns of plots represent the three sets of angles for the scenarios introduced in Appendix B, with the order of the

columns following the order of appearance of the sets of angles.

still worthwhile to demonstrate that this larger family of
resources can be harvested.

For a single qutrit, J . is the spin-1 angular momentum
operator in the z-direction, with eigenstates represented in
the Dicke basis as {|j = Im)}! __| with the usual ordering,
and a ground state |g) = | — 1). The basis elements will be
abbreviated as |m) from now on. Using the expressions
from Appendix A, the final density matrix representation of
our single qutrit system in our prescribed basis is given by

0 0 2wy
pp(t) = 0 2WiT 0 +0(1),
T e
(35)

Aada W(AL, A%). Here it can be seen that the field state
dependence is distributed throughout the density matrix,
with the off-diagonal elements containing the relevant
terms for the genuine harvesting condition. Indeed, the
choice of the +-+ component in the harvesting conditions
can be motivated by its function in the noncontextuality
inequality lhs of the modified pentagram scenario since the
absence of these terms in the final state would yield a state
that would not violate the inequalities and hence be
considered noncontextual. Seeing as how the off-diagonal
terms also represent the acquired coherence of the state, it is
tempting to try and give the interpretation that the amount
of harvested contextuality is about the tradeoff between the
coherence terms and the “local” noise terms; this is,
however, highly dependent on the given contextuality
scenario. For example, the |1) eigenstate of the spin-1 jz

operator—having 0 coherence—maximally violates the
noncontextuality inequality in the typical KCBS scenario
that was introduced earlier in Sec. II. Fortunately, the final
state and contextuality scenario used in this work does
admit the coherence interpretation, so one may use either to
make sense of the results.

Figure 1 depicts ACF(v¢)/A? and M(p)/A? in the first
three columns of plots corresponding to each of the three
sets of measurement operators in the modified pentagram
scenario in Appendix B, while the last column of plots
depicts |A(A},A})| and |H(AS,A))|, all as functions of
the energy gap €, for various values of 6;, and T ;. Observe
in the first three columns of plots that for larger spatial
smearing widths (top plots), the harvested contextuality is
smaller in magnitude, generally widening and decreasing in
magnitude as the temporal smearing width decreases. For
decreasing spatial smearing widths, the trend continues.
These observations make sense, as configurations with
larger spatial smearing weaken the harvesting magnitude
by spreading out the interaction more, and temporal
smearing profiles that are sharper than the spatial smearing
will cause the qutrit to spend less time at peak interaction
strength for spatial regions with non-negligible interaction
strength, thus the qutrit could not harvest as much con-
textuality as it could with a less sharply peaked temporal
smearing profile relative to the spatial smearing profile.

The last column of plots brings to our attention the fact
that not all of the settings in Fig. 1 correspond to genuine
contextuality harvesting according to the conditions set out
by Eq. (30). Indeed, it is only really the first three 7'; cases
in the first row of plots and the T, = 1/30 case in the
second row of plots that satisfy them, which one can see
from the much larger magnitude of the smeared Hadamard
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function (dashed curve) compared with the smeared sym-
metric propagator (dotted curve) over the peaked regions of
the corresponding contextual fraction difference. As the
temporal smearing width increases one sees that the
smeared symmetric propagator begins to completely domi-
nate the smeared Hadamard function for the significant
regions of the contextual fraction difference, and thus the
system is relying less on the quantum degrees of freedom of
the field to acquire contextuality. This is consistent with the
fact that making the interaction longer will better allow for
field-mediated signaling.

Another surprising observation from the plots in the first
column of Fig. 1 is that the contextual fraction difference
corresponding to Q; = 0 in all cases is nonzero. This can
be confirmed by looking at the expression for the difference
between the lhs of the noncontextuality inequality corre-
sponding to the modified pentagram scenario for the final
and initial state:

i
. T223e =
7(2T% + 26})3

(fl VAT,

T2Q T?Q%
x (1 _ erf( 1241 ))ezrfnaf
\V/2T% + 207

where the coefficients #; and £, come from the measure-
ment operators associated with the scenario. Here one can
directly see that only the last term survives when setting
Q, =0 provided 7 # 2¢,. In fact, as long as ¢, is
sufficiently large, any admissible value for #; will allow
nonzero harvesting for ,; = 0, as can be seen by plotting
Eq. (36) for various combinations of parameters. This is in
stark contrast with many results in the literature that
demonstrate how gapless UDW systems cannot harvest
entanglement [86], which distinguishes contextuality as a
resource and highlights the fact that contextuality offers an
alternative route for the presence of nonclassicality in the
system. The presence of this feature, however, depends on
the given contextuality scenario and the specific choice of
measurement operators; this is made clear in the second
column of plots, where the harvested contextuality is 0 for
Q, = 0. For the three sets of angles used in this work, the
constants ¢, £, have the following values displayed in
Table II.

The first three columns of plots of Fig. 1 also offer a
comparison between harvested magic and contextuality by
plotting the contextual fraction difference with the mana
expression Eq. (A43) from Appendix A 6 for the three sets
of angles from Appendix B. The contextual fraction
difference is seen to have a similar profile to the mana
but also seems to indicate that one can harvest more
nonclassical resources over a similar range of energy gaps

TABLE II. Table of values for the parameters ¢, £, appearing
in Sc.

SC for Qd =0 I/ﬂl fz
>0 0.390345 0.445589
=0 2.174898 0.537879
<0 0.902216 0.451108

in certain parameter regimes and with specific measure-
ment sets than is suggested by the mana—namely, the setup
corresponding to the first column of plots. In particular,
nonclassicality in the form of contextuality persists in the
system even when the amount of magic is 0. For other
measurement sets (second and third columns of plots), it
appears that the amount of harvested contextuality is less
than that of magic—the magic displayed in the third
column, in particular, towers over the harvested contex-
tuality. These observations are perhaps unsurprising since
magic is a special type of contextuality whose state space
boundary is with respect to stabilizer states, which need not
coincide with that of an arbitrary contextuality scenario—
meaning there will be many more states, in general, that are
contextual but not magical. The fact that the final system
state in many parameter regimes possesses nonclassicality
with respect to the scenario considered in this work, the set
of stabilizer operations and negativity further highlights the
work done by the nonclassicality of the quantum field.
Finally, the first three plots in the bottom row of Fig. 1
(61, =0.1 and T, large enough) demonstrate that magic
can also be harvested for gapless systems under certain
parameter regimes.

B. A qubit-qutrit UDW system

According to recent work in the nonrelativistic regime
[46,69], there exist scenarios where adding an additional
qubit system to our qutrit system from before introduces the
possibility of harvesting entanglement, contextuality, both,
or neither. To investigate this further, the negativity will be
computed for a qubit-qutrit system and compared with the
harvested contextuality of the qutrit using the scenarios
from Sec. IVA. The idea is that the modified pentagram
scenario constitutes a local contextuality witness for only the
qutrit system, whereas the negativity serves as an entangle-
ment witness for the full system. Thus, since the two measures
use the components of the state differently, a tradeoff relation-
ship can emerge where certain parameter regimes favor local
contextuality over entanglement and vice versa.

With the above setup in mind, there are several interest-
ing features of the entanglement-contextuality relationship
that will be further elucidated here.

1. Which parameter regimes allow for harvesting of
entanglement, contextuality, both, or neither?

2. How does contextuality affect the amount of har-
vested entanglement and vice versa?
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The first question already has a partial answer from the
analysis at the end of Sec. IV, but now the second
harvesting condition must be tested to provide complete
answers. That analysis plus the expressions from the
Appendix also supply us with some intuition for the second
question as to how the two quantities influence each other,
but again, the negativity needs to be calculated to have a
complete picture. This is what will now be done in the
following.

For a qubit-qutrit system, J; j@ represents the spin-1/2
and spin-1 angular momentum operators in the z-direction,

)} and a

ground state |g), = | —1/2), while 7% has eigenstates
{lm)}! __, and a ground state |g), = | —1). Using the
expressions from A, the final density matrix representation
of our qubit-qutrit system in the basis {|1/2) ® |1),]1/2) ®

respectively. J.') has eigenstates {l-1/2),

10).1/2) ® [ 1), ) ® 1), ) ®10). ) ®
|—1)} is given by
0 0 0 0 0 0
0 0 0 0 0 rt
(1) — 0 0 W, 0 V2wj7 0
PU=10 0 0 0 0 rg
0 0 V2w, 0 2Wj; 0
0 Fen 0 rj»6 O Fe6
+ 00U, (37)

Fee — 1- W;rl_ —ZW;Z_, Fep = —\/_(G*);1+, Fq6 = —2W£+,
and G = 244G (AL, A). One can again see the most
relevant contributions from the field state dependence in the
smeared Hadamard portion of the off-diagonal terms spread
across the combined system, with the ry terms directly
influencing the harvested qutrit contextuality and the rg,
terms having more of an impact on the harvested entangle-
ment of the joint system. These terms also carry with them
the only contributions from classical signaling through the

smeared symmetric propagator, and so will be the most|

important with respect to the first condition of Eq. (30) in
determining what can be genuinely harvested. The above
density matrix makes it explicitly clear how the entangle-
ment of the full system and the contextuality of the qutrit
system can jointly influence the amount of contextuality/
entanglement that can be harvested: the parameters appear-
ing in the nonlocal terms are the same as those in the local
terms, and each set of terms has a different profile, meaning
that different and potentially conflicting parameter regimes
will optimize each term.

The reduced final state for just the qutrit system is then
given by taking the partial trace of pp,(¢) with respect to the
qubit system:

0 0 2w
(1) = 0 Wi 0 + O,
2(W95 0 1—2wiy
(38)

which has the same form as the single qutrit density matrix
from Sec. IVA.

The density matrices, Eqgs. (38) and (37), offer a
concrete visualization of the relationship between entan-
glement and contextuality in the relativistic regime by
illustrating how the entanglement and contextuality are
distributed throughout the system and in which terms
specifically. Because each of the terms has a physical
meaning, this also provides a nice mechanistic explanation
for how the nonclassicality arises in the first place. For
instance, the smeared Feynman propagator terms rg,
contain a contribution from field-mediated classical com-
munication between subsystems, but also contain contri-
butions from the vacuum correlations of the field along
with the smeared Wightman function terms that appear
throughout the state.

The eigenvalues of the partially-transposed joint density
matrix, Eq. (37), with respect to either the qubit or qutrit
system, allow for the negativity to be computed up to
second order in the coupling constant A:

N(Pp(1) =

‘ min (0, \/ L=W{ =2W5 )2+ 8Wi Wi +4|rl>+1-W/ - 2W2+2—)

+min(0.—\/(1 = Wiy = 2W35)2 + 8W5 Wiy

+4lral? + 1= Wi —2w)

+ mln(O, \/ Wi =2W5 )2 +4re)* + Wi + 2W2+2—)

+ min(O, —\/(Wﬁ‘ —2W35 )? 4+ 4lre|? + Wi +2W5 ) ’ +O2%). (39)

Within each eigenvalue in the negativity, there is a competition between spacetime local terms and nonlocal terms, so that
the negativity measures this overall struggle. One can see this even more explicitly if it is assumed that the density matrix

components are much smaller than 1 and each system has the same parameters except for 4;

yields a negativity of

= /24, and L;,, ., which
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FIG.2. Plots for the qubit-qutrit harvesting scenario. The plots in the left column depict N (p, (¢)) /4% with solid curves, while the plots
in the right column depict |A(Aj, A,)| with dotted curves and |[H(A, A},)| with dashed curves, all as functions of the energy gap
Q, = Q for different temporal smearing widths and a coupling constant of 1, = 10™*; all plots have 7, = 0 additionally. The first and
third rows denote spatial smearing widths of ;= 1, while the second and third denote ¢,, = 0.1. Finally, the first two rows correspond

to a separation of L ,, ,
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) 1 _ _
mln(O,—E(W;’l Wi+ |V46|2)>
o min(0.~|r| + 2WE)| + OU). (40)

Now N (pp(1))/2%, |A(AS.AL)|, and |H(A], A})| are
plotted in Fig. 2 for the qubit-qutrit system and compare
with the harvested contextuality in the qutrit subsystem
displayed in the first three columns of plots in Fig. 1. Notice
how the amount of negativity generally increases for
decreasing spatial smearing width, similarly to the amount
of harvested contextuality and magic for the same temporal
smearing widths. The exception to this trend are the curves
corresponding to qutrit temporal smearing widths of greater
than 2/5 in the first two plots of the first column in Fig. 2,
which look essentially flat for smaller spatial smearing
widths. This exception is most likely because sharp
temporal smearing profiles coupled with smaller spatial
smearing for the qutrit increase its local interaction with the
field, causing the qutrit’s local contribution in the second
term of Eq. (40) to dominate over the cross term and the
contributions of the cross terms in the first term to
simultaneously dwindle, effectively isolating the qutrit
and preventing the establishment of entanglement between
the qutrit and qubit systems through the field. The general
trend is consistent with the fact that wider local interaction
regions for the two systems amplify the harvested local
nonclassicality and entanglement acquirable from the field.
It is also apparent that, for specific measurement sets such
as that corresponding to the first column of plots in Fig. 1,
harvested contextuality is generally more available for
smaller Q,; than is harvested entanglement—with a com-
plete absence of negativity for specific sets of measure-
ments (compare top left plots of Figs. 1 and 2).
Furthermore, the prevalence of each resource diminishes
with increasing €, eventually leaving neither resource
present in the system. In the intermediate range of energy
gaps, the harvested contextuality appears to drop off faster
than the negativity does for smaller L,, , and spatial
smearing widths (compare the top row of plots in Fig. 1
with the top left plot in Fig. 2).

Physically, the size of the energy gap determines how
costly it is to change the state of the system from its initial
state, which explains why both resources decay to O for
large €,. The magnitude of the energy gap can also be
reinterpreted in terms of the ease with which you can cross
a state space boundary that delineates between nonre-
sourceful and resourceful states according to the given
resource theory. Now, because the space of contextual
states and the space of entangled states have different
boundaries with respect to noncontextual and separable
states, respectively, it should be the case that it is easier to
cross the contextual state space boundary at lower energy
gap values than it is to cross the entangled state space
boundary—at least for certain sets of measurements.

The amount of harvested contextuality does not depend
on the distance between systems, so for large enough L; ,,,
only local contextuality for the qutrit remains as a quantum
resource, and it obviously does not influence the negativity
in any way. A general trend that one can also notice in
Fig. 2 is that for fixed qutrit temporal smearing width, the
beginning of the nonzero portion of the negativity moves
closer to 0 energy gap as the temporal smearing width
associated with the qubit system increases. This means that
one is free to fix the qutrit temporal smearing width to a
value that allows for a large amount of contextuality to be
harvested for small energy gap values and then adjust the
qubit temporal smearing width so that the energy gap
region containing the peak value of the negativity can align
with that of the qutrit’s.

V. CONCLUSIONS AND OUTLOOK

It was shown that a single qutrit, for which no composite
structure and therefore no entanglement is possible, is
nonetheless capable of harvesting nonclassicality in the
form of contextuality from the vacuum state of a massless
scalar quantum field in the modified pentagram measure-
ment scenario. Also somewhat surprisingly, gapless sys-
tems were seen to be able to harvest genuine contextuality
—depending on the specific measurement operators
employed—in stark contrast to the negative results for
entanglement harvesting in the literature [86]. The con-
textual fraction difference was introduced as a general
measure of harvested contextuality, including nonlocal
entanglement and magic, and criteria for genuine harvest-
ing that build on earlier works was established—extending
the analysis of valid harvesting parameter regimes to
individual systems. The contextual fraction difference
was seen to behave similarly to other nonclassicality
measures such as the mana, for which the contextual
fraction difference was larger in magnitude for some
parameter regimes and the set of measurements corre-
sponding to the first set of angles in Appendix B. A qubit-
qutrit setup where the qutrit can carry contextuality via the
modified pentagram scenario and the combined system can
have negativity was also considered. It was shown that
harvested entanglement and qutrit contextuality can coexist
for certain parameter regimes and influence each other,
either hindering or boosting one another depending on the
parameter regime.

Since the model presented here is a partially nonrela-
tivistic model that uses standard measurements for the
measurement scenarios, it would be interesting to consider
a fully relativistic treatment as in Ref. [9] to investigate how
the results and conclusions here generalize. As noted in
Ref. [9], the partially nonrelativistic UDW model can be
seen as a second-order approximation in perturbation
theory to the fully relativistic UDW model, and the amount
of entanglement harvested is larger on average for the fully
relativistic model, meaning there are good grounds to
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expect that the amount of harvested contextuality would
also be larger. Employing a nonperturbative approach for
the interaction should similarly yield greater amounts of
harvested contextuality and would be another interesting
path towards generalizing the results.

As mentioned in the Introduction, contextuality is a
general resource for quantum information and computation
protocols, so it would be interesting to investigate the
prospect of achieving a quantum advantage in existing RQI
protocols using contextuality, as well as how they might
benefit from it, in particular, how contextuality would
impact the capabilities of the recently proposed relativistic
quantum computer model in Ref. [17] and if it could offer
an extension out of the specific regimes required by that
model. More realistic and noise-robust contextuality sce-
narios are also an important next step for eventually
transitioning to experimental feasibility.

One can also consider less pioneering extensions such as
using different spacetime smearing profiles, system-field
couplings, and field types to explore how the profile of the
harvested contextuality changes. Moving to curved space-
times to incorporate the gravitational field into the protocol
is also possible and would be an interesting direction to see
how contextuality is affected by the geometry of spacetime.

Finally, if the resource theory of contextuality is con-
sidered [67], then the idea that an initially noncontextual
state could become a contextual one through interaction
with a quantum field shows that this operation is clearly
contextuality generating and is therefore not free. The
extent to which one can say that the field state already has
contextuality was argued at the beginning of Sec. IV but is
still not fully resolved. Therefore, constructing a more
rigorous version of this argument geared specifically
towards contextuality would be an important follow-up
to this work and would also benefit the study of non-
classicality in relativistic quantum field theory in general.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR
THE SMEARED BIDISTRIBUTIONS, DENSITY
MATRIX, AND MANA

Recall that the spacetime smearing function used is

P2
- _ — -t .
—(x—x,d)TEldl (x—x,d)—( Tg) +iQ,t

d

. cp e

AT (X) :Ad(x)eitﬂdt — d - ,
g Z 2|

(A1)

and will be used where 7; €R, is the temporal width for
system d, ¢;, ER are the basis coefficients of each basis
function corresponding to system d, 7; € R is the temporal
center for system d, X, ,E R3 are the spatial center vectors
corresponding to each basis function for system d,
leall = >, Cmgr/det(E,,,), and pE€{-1,1} represents
the sign associated with the monopole term. X, is the three-
dimensional correlation matrix and is given by

2
o1, P12,1,01.1,02.1, P131,01.1,03.1,
Y = 2
1, = | P21,1,021,01,, 021, P23.1,02.1,03,1, |>
2
P31.1,03,1,01.1, P32,1,031,02.1, 031,

(A2)

where 6;;, €R, is the spatial width corresponding to
component i (i = 1, 2, 3) of each of the basis functions
for system d, and p;;; €R, is the correlation between
components i and j. For further convenience, also recall the
definition of the smeared version of an arbitrary bidistri-
bution B(X,X'):

B(AL A /dV /dva” X))A% (%) B(X;.%)  (A3)

and the forward time-ordered smeared version as

BAt A Aq /dvl/dV2A Xl d/(Xz)

x (1) — 12) B(X1. %), (Ad)
where 6(r — ') is the Heaviside step function, and the
backward time-ordered smeared version B_,, (A, A%) is
just the above with the arguments of B(X;,X,) and
0(t; — ;) reversed. In the following calculations it will
be assumed that ¥;, =X, and X;, is diagonal with each
element o;;, being the same.

1. Density matrix

First, the ﬁg’l) term with no time ordering is tackled,
which is expanded to be
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= 2k Db (1)1 WG AT) + T pp (1) T W (A, AY)
dd'
+ TDpp (1) T\ W (A;,A-)+j< (1) TVIW (A7, A7)
= Zﬂdﬂd’ZJ » Pp (o) (AZ,,A”) (AS)
dd'

where W(AL, AY) is the smeared Wightman function. Next, the ﬁg’o)(t) term with time ordering is expanded to be

= e [ Vi [ AV GONL )00 = 1)ia(0)0 (1) B0 o)

dd'
= =N dgde [ v, [ av;e( TDYD A+ (x VAT (X
Z dd' ( i j)( + J+ d(Xl) d’(Xj>
dd'
+ T DTDNS (x)AZ (%)) + TDTD NG (%)A% (%) + TDTDAZ (x:) A (%;))Pp (10)
=—Ddzd§jwm NG AT T P (1), (A6)
dd'

where Wy, (A5, A%) is the forward time-ordered smeared Wightman function. Now the p(®?)(7) term is calculated to be

AdINT 3 (d)NT
Ddzd/ZWA, AD, N (10) (TS (60 (A7)
dd
. A(2,0) .
and adding the above to p,;"" yields
A2, 5(d) 5(d) A « A GONTEON:
P () +p mez W (AL AT T p (1) + Wi, (AL Ao (1) (T (W) (A8)

dd

The final state up to second order in 4 is then

. . A(d) o 5 ~(d) A(d) A
Pp(t) = pp(to) + ZMMZJE; p(10) 35" W W(AL, AL) Zﬂdﬂd'z Wal( AZ,AZ/)JED)J(q po(to)
ad Pq ad

Wi, (AL, AY)pp (10) (TS FTEN . (A9)

The above can be further simplified with the definition of the Feynman propagator, Eq. (26), and an alternate formulation of
the smeared Wightman function for d = d', given by

W(AG. AG) = War(Ag Ag) + W, (A" (Ag)") = Woar(AG Ag) + W2, ((AQ)", (AQ)). (A10)

Particularizing to our setting, observe that because the initial states are assumed to be in their ground state, any summand in
the last term that contains at least one annihilation operator acting on the left (equivalently, a creation operator acting on the

right) will be zero with the exception of the terms corresponding to J @j 5:1) and its conjugate transpose. With these
simplifications, the last term becomes

- Z:/Li/ld’("VAt(AJr A+)J /’D(fo) + Wi (A AP (1) T)
dd
- Z%(WAAA;,A VDT Db (10) + Wi (A7, AS)pp (1) TDTY)
—Dz Wad (AL ADTO T b (1) + Wi (AL AP (16)TDTD 4 e,W(AZ, AP 1))
— MAabpo1 (Gr(AT, AT )J ) p(to) + G(AT, A)pp(19) TP ITW) (A11)

for D = 2 where ¢, is 1 for qubit systems and 2 for qutrit systems. If D = 1, then the last term in the above disappears.
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In the following subsections, the smeared versions of the Wightman function, causal propagator, Hadamard function,
forward/backward time-ordered Wightman function, retarded and advanced propagators, symmetric propagator, and
Feynman propagator will be calculated.

2. Wightman function, causal propagator, and Hadamard function
The smeared Wightman function in 3 4+ 1 Minkowski spacetime corresponding to the same system is

Cl m
W(AL,AY dd/dt/ dr/dx/dx/
Aehd =2 iz 20K

lymy

(= )2 m i=10)°
—ilk|(t;i—t;)+ik-(x;—x ;) +iQq (pti+qt;) 152[11 tlew o ; e T;d)
d

Xe la d Tmy

(=g (=)
o Cld my d d —’|k‘t —1)+iQq(ptit+qt;) - ﬂldmd T -
T35 2 li lj ¢
16 ||2,| ¢

Tdcl C e Q(ngd) +i(p+q)Qqty
d

=Z / Ak~ Vi 27347304 00
al[e I 0

ltlmd

2,2

T3¢ C € 5T Qq)*+i(p+q)Qlq ((r-0)QyT )" 720 B
:Z o 7\3 ﬂldmd +2T2 \é_TQQd(p q) WB1gm g +27) 1+erf M
famd Zﬂncdn Bramy 2T 2\/Bim, +2T5

(A12)

with f; ,, , = ail + ag,,d,.
For different systems, the smeared Wightman function is

Cl Cm/
W(AL AT = < /dt/ dt/dx/dx/
2 Ty g |Ealll|Ea ]| 2(27)’ k]

l my
"i"fl,) (=ig)? & de,) (1j=1)?
—ilke|(t;—t;) ik (x;=x ;) +i( pQqati+qQp ;) 7 2 s )
X e “la fa Oy T
(1j=1 )2
B Z cld  CCmy / dr, / dr. / —ilk|(t;—1;)+i(pQuti+qQ ;) - 4/}1d,n],+zk (%, xml) ’jé’) j;
- 3
o 167124124 K ¢
7[51 Em ' A A ©
= E . S dr; dr; d|k|
Lgm g Sllemd’T[ [1€allllEa | J-co - 0
(1=10)> =1y 2

) . 2
—ilk|(t;=1;) +i( PRyt +qQy 1;)-Ep, ik £ . .
i~ i J amg T2 ) (el‘leldmd’ _ e—1|k\L,dmd, )

X e
Tde’Eld Em /e_%((Tde)QJr(Td/Qd/)2)+i(p§2,ﬁd+q9d,7d,) /oo
"2 Ly G alk
iy BiLy,m || Calll[Ca |

s AP Py T 2 T a0 Ty =200 )) L1y _ KL,

(P2 T2 =42y Ti/ 2yt Ligm 2
)

TaT y€1,8m, e 1 ((TaQa)*+(T g Qy ) +i(pQuTa Q1)
= e

e SiLin VAICalEa N\ Brym, + T3+ T
20ty =1, +L; ) —i(pQT? - qgQuT?
x<1+ierfi< (te =14 1my) = 1(PRaTg — g d)))
2\/Bmg + T3+ T

(P2 T2 =49y 1%, 42i(1 ~Tg~Ligm )2

d 1 1 J 7 a
4(/51d,dnd/+Ti+T5,) / <1 e <2(td’ -1ty — demd/) - l(deTd - qu/Tdr)>) (A13)
) \/ ﬂldmd’ + Tgi + T2,

2,72
Wirgm g T34
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with L; ,, , = [|¥; — X#||. The smeared Hadamard term can then be calculated from its definition as
H(ALL ALY = WAL AL) + W(AL,AD) (A14)

and the smeared causal propagator term from its definition as

iE(AD, A%) = W(AD, AL) = W(AS, AR). (A15)

Swapping the argument of the Wightman function amounts to reversing the order of p and ¢ in the same system case, and
attaching minus signs to the erfi terms and swapping the signs of L; ,,, , between the two terms in the different system’s case.
Thus

~ ~ 1 ; 7 (r-0)Qy72)
5dd’T2Cl c e T Q) +i(p+q)QuTy f —d T2Qd(p — q)
H(AQ Az/) - Z Z’HC:" |T;(ﬂ + 2T2)% ﬂldmd + 2T5 2 ngd(p CI) Prama ) erf y 2
1ymy dll"Piymy, d 24/ Bim, + 2T

(1= 840)TyT 4,8, e 1 ((TaQa)+(T g Q) +i(pQutatqQyTy)

e Ay VAR SN B, + T3+ TS

(,)Q,,réﬂ,sz d,ﬂ H2(E =g +Ly )2

Wigm =TT 4 . 2ty — 1, + le’”d’) - i(dethi - qungi’)
2\/ﬂl,,md/ + Té + Tz/

2 2
(P T —q!ld,Tl+7t( @ T Ligm ;)

d 7 7 ; 2 2
Wi, LT erfi <2(fd/ —tg—=Lim,) = i(pRuT5 - qu/Td/))
2\/ Bim, +Ta+T5

—e

(A16)

and

22
((P=q)QqT3)

2
& Pigmg t219)

Zédd’Tde(P q)2;, 8 e 2T H P+
ey 2v/z||Eql? (ﬂzdmd +273%)
(1= 840)TaT 4 @1, Em, o1 ((TaQa)+(Ty Q) +i(pQutat+aQyTy )
e i ValENE N B, + T3+ T2
(POT S =a9y T2, 4200y gLy ) (P22 =49,y 12 4210y gL 1 m )

d!
772 772
% le ABrgm T —e Hbrgm p AT+ ) (A17)

iE(Ap, AZ() -

3. Forward and backward time-ordered Wightman functions

The forward time-ordered smeared Wightman function for #; > ¢; corresponding to the same system is then

Cld my
dt; dtet—t dx; [ dx;
*IlcdHZ/ / / / / 2(27)° |k|
lymy

(x; ) ’d chf.\rmd)2 (t'—zd)

X
=ik (1=t (6= )+ 19 (pri+g1;) ——— - S =
X e g d mq d

T i i 2
c kllk il (ti=1))+iQu(ptitqt;)= kP | _Cita? (Ta”
’ild mdz/ dt; / dz; 9([ t)/ d| || | d g~ < | ( 18)
4 124l

Now focus on the time integrals and make the substitutions #; —1; = x,t; +1; = y:
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1/ dy/ dx(x)e —ilklx+iQq (p(x+y)+a(y —X))/Q——(((H))/Z 14)*+((y—x)/2-14)%)

2
/ / _llk‘x‘HQd POHy)+a(y=2)) /2= (((v+3)/2=70)* +((y=x)/2=74)°)
dy d
— ”_Td o3 (KPP~ K124 (p=q)+ Q)T +iQu(p+q)1 <1 — jerfi <(2|k| —Qu(p - q))Td> > , (A19)
2 242

which leads to

20 & QP oo 2 —
Z TaC1,Cm, e / d|k||k|e—@ﬂzd,nd—%(\klz—lklﬂd(P—QHQf,)Tﬁ (1 ierfi <(2|k Q,(p q))Td>>
0

o 8l 272
Z T581,%m, I (1 B de\/§> (A20)
4ﬂ||cd|| ﬂldmd +2T ) \/ﬁldmd
for same-sign smearing functions, and
274
28, ¢ 2eHQuT? —id +Q,T?
Z 4 o = 5375 |\ Prama T 2% + \/7QT3e"ama i | 1 + erf | ———d
iy 87[||Cd|| (ﬂldmd + 2Td>\ A /ﬁldmd + 27%
— i/oo d|k|‘k|e—#ﬁzm—%(Ik\—iﬂd)”ierﬁ <(|k| — igd)Td) (A21)
0 V2

for different signs. The backward time-ordered smeared Wightman function for #; > #; corresponding to the same system is

cld nmy
d; dr,0(t; — t;) dx;
3IICdIIZ/ / / / / 2(2n)|k|

2 PR s
Ity e 10 ity e (?
o

X e Iy T?f %’d Tz
Jrcl . KL (1117190t 1)~y ~0 0
s “2/ dt/ dt;0(t; — t;) / d|k||k|e a . (A22)
; 4ﬂ 14l 0
amq

Now focus on the time integrals and make the substitutions 7; —1; = x,1; +1; = y:

l/ dy/ dxO(—x)e \k|X+iQd(P(X+y)+q(y—X))/2—%(((X+y)/2—fd)2+((y—X)/2—?d)2)

2
/ / il x 194 (p (x) +q(y=2)) [ 2=5 ((x+)/2=14) +((y=x)/2=14)*)
dy d
Td P+ K|y (p—g)+ Q) T2 49, (p+9)Ey <1 _ ierﬁ<(2|k| +Qy(p - 61))Td> ) (A23)
2 242

which leads to

25~ iQ,(p+q)i _
Z T2, ¢, e Pt a/ k| Kl s —SP+ 19 (=) + Q)T (1 _ ierfi<(2|k| +Qu(p Q))Td>>
0

e 8alleyl? 2V2
) .
_ Z TdCIded i2i9d7,1—%<52,/Td)2 (1 _ le\/E> (A24)
47[||Cd|| (ﬂldmd + 2T2) V ﬁldmd
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for same-sign smearing functions, and

o2rt

ng’l E.m 26_%(9’1T‘1)2 d d +Q T2
2 : 2 2 Bl im, d* d
87[”5(1”; (Biym, + 2T5)3/2 \ ﬁldmd +275 - :l:\/EQdeeﬂld o ierfc
Lymy aq

\/ ﬂldmd + 2T31

i [ e k120 Ty (R £ 20T (A25)
0 V2

for different signs. For different systems and ¢; > ¢;, the forward time-ordered smeared Wightman function is

Cldcmd/
dt dt O(t; —t;) | dx; [ dx;
,dm, zealllleall J- 2;: 2(27)3 k|

(x;-%; )2 (xj=%m /)2 (tj=7 )%
—ilk| (=t (2=, i (PRt + 4@ 1) gl Fmg”
X e d my d
Cll/ md/ dk
= E e dt dtG)
o 16z |Eqll[eall J- [Ke|
12 (-7 )2
=il (1) ik (81, ~E )+ (PRt 4R 1; ) /;,dmd/ _%_/TTM
X e d ¢

& Cm, o % w0 . »
=y / dr; / d1;0(1; — 1)) / dlie|(e™Eums — ¢ KlEumy
G BiLim, 2alllEal - "o
da'td

. . k2 -2 (=1 )%
iK1t (Pt 1)y~

X e a 4, (A26)

where the k integrals have been reduced to one integral by choosing the direction k- (X, —X;) =
|k[|X4 — X | cos(kg) = [K|Ly,,, cos(ky):

2 2
/dk \k\lem , cos(kg)—ilk|(t;—1;) ﬂ’dmd/ - ”dk¢ COS kg d|k||k|€ |k\L,dm , cos(kg)—ilk|(z;—1;) ‘lﬁ’d’",ﬂ
[k

271 i —ilk|(1,—1;) -2
— \/O' d|k| ( |k‘1‘ldm ;o l‘leldmd/ )e l‘kl(tz t,/) 1 ﬂld"’d’ .

Now focus on the time integrals again and make the substitutions ¢; —t; = x,¢; + 1; =y, then

1 [ o =ikl x+5(p (x+3) Q- (y=2) Q) =75 (x+7) /214~ (y=%) /2T )?
3 / dy / dx®(x)e d s

1 [ ) =illelxe+5(p (x+3)Qa+q(y=2)Qy ) =5 (x+y) /214~ ((y=x) /214 )?
= E/ d / dxe d d

7272
U = -
xT3T?, T;L;z (T2 472 ) k| T3 (PR ) ~4iG~T,0))
_ Mata
2T4+T4)
(414=Ty P(T2HT2 P=T3T2 )= (BTAT ) TIT, (pQRu=qQy ) +4(pRa=Qy ) (T 1y (BT TY )+ T3 (T4=T*,))

W
« e4(rd+rd,)(r +12)

(201 —14) = i|k|(T5 + T5) + iT5(pQy — 4Q4))T Ty

x | 1+erf
\/2(Tf, TS+ T2)

: (A27)

which leads to
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(Tde/) Cll my / d|k| (=Ikel*( T2+T2 )+l ( 2T2 (PQy=qQy )—4i(t4—1,)))
iamy 8iL 7| Calllla|l\/2(Tg + Ty)
b1, o (e Mhtany — o= WlLigm, ) (1 + erf ((Zﬁd —1g) = ilk|(T5 + T5) +iT5(pRa — qu’)ﬂﬂd’))
\/2(Tj}, T4 (T2 +T2)

(407 P (T34 T2, PoT3T2 )= (3T T T2 T, (9= €2, -+ 402 =€) (T2 Ty (BT4 T )+ 738, (T34, )

X e

T4+T4/ (12+12))
d d

x e (A28)

Now for the case when 7; > t;, the backward time-ordered smeared Wightman function corresponding to different
systems is

it [ oot [os [ [ e
dt; dt@t —t) dx;
> ATl 20K

,m/

) (x;—%; )2 (xj=%m /) (1;=7 )2
il (1,1~ (5 (PRt g 1) T’;” p— jrzd

X e la "d
o e i) (1= )?
a8, dk \k|(n—q)—tk«xd—xd/)+t(p9,,zf+qszd/r,,->—%ﬂldmd,—“ ey
=y dt dt o(t a T
fo 167 ([2ql[[Ea [l J- &

¢ . .
= Z ld my / d[ / dl @ l _ t / d|k|(€—l\k|L1dmd, _ ellk\L,dmd,)
lm/8 lemd’ |Cd||Hcd/||

. ) K2 )2 (=1 )?
llk‘(li_tj)+l(pgzlti+qu/Ij)_%ﬁldmd,_(r T;d - 'Tzd
X e d J (A29)

Now focus on the time integrals again and make the substitutions #; — t; = x, #; + f; =y, then

1 [o 0 il x5 (p (x3) Qg (y=2)Q )~ (x-+y) /214~ ((y=x) /21 )?
—/ dy/ dxO(—x)e d d

/ / iflelx-+5(p (x+)Qa+a (=)@ ) =7 ((x+) /2=1) — - ((y=x) /2=1y )
d

d

xT3T?, E ,;’;’4 (=l (T2+T2, )= [K| (2T2(pQRy=qQ ) ~4i(is=14))
2T4+T%)
4(14=1, (T3 P =T2T% )= (BTY+ T TAT, (pQa=qQy P ~4(pRy=99, ) (T2 1 BTY+T )+ T2 (T4=T4)))

m( Ty

y <1 n erf<<2(;d — 1) = ilk|[(T5 +T%) = iTh(pQy — qu’))Tde/>> (A30)
\/2(Tf, +T)(T2+T2)

which leads to

+T§,)—|k|(2T§(de—qu/ )—4i(T4—1,)))

T,Ty)°¢; ¢,
(TyTy)*e1,Cm, / dlkle”
fomg 8iLy,n 7| Eq |12 | L+ TS

, ‘ o Fy i 2 T2y T2 .0, ,
~Bimy (¢ WlEuamy _ gTlLigny ) (1 + erf<(2(td ty) = ilk|(T5 + Ty) — iTa(pR — 4 ))Tde>>
V2ATE+ T3 +T2)
y eW@(?d—Q)z((ﬁJrTfﬂ)Z—Tf,Tfi,)—(3T§+T§,)Tf,Ti,(de—qu/)2—4(de—qu,/)(Tf],?d(3Tf1+T‘:’,)+T§id/(Tj—T;,))) (A3])
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4. Retarded and advanced propagators

In order to calculate the smeared retarded propagator, the restrictions ¢;, = ¢,,, and ¥;, = X, , need to be imposed, i.e.,
that all systems have the same spatial smearing profile and centers. The smeared retarded propagator, for the same system, is
then given by

%) (i)t =Emg)? (4=g)?
P oAdq Cld my Qu(ptitqt))——— ) 2 p) 5(1‘]- —t+ |xl. _le)
Gr(AL A)) = S|P dt dt dx;e la d d =
2l P r—
ldmd ! J
xj—%) =12 =Em )% (=l l=ig)?
c 1 pic+al e )~ g b ooyt
= - 4’] 4 5 dt dx; [ dxje d md d S — (A32)
,m 124l i = x|

and now make the variable substitution

X; (u+v)+x,, x;=-(u-v)+x,, (A33)

1
2

N[ =

yielding

(t;=]v|=74)*

_ 2 (t; ’d)
C1,Com, / a, /du/dve J(ptitq(ti=v]))— 5 \u\ +[of)— 2 1
327z4||cd|\2 0]

-
P [oP420liy 21110

C ] —Lu? —igQq|v|-—-vP——F" i (P+q)t~—2(”'_?d)2+7
=—Z 5 4||ld ﬁ;/ dt/ d|u||u|2/ d|v||v|eza ¢ T Rl
T ||Cq

2
+2|v[7
o L2l

iQ(p+a)t; 2’ a2
e

(4n)%c; cn, VT —iqQlv ‘_7| L
= Z 32ﬂ4||5d|’|112d aor dt / d|vl|vle m
B Z(477;) 1,Cm € —§(P+9)* (QuT ) +i(p+q)Quly Tdﬂ'/ d|v||y|e_(201 ) |0 +5iQ4(p=q)|v]
vy 327%|2,? 2077

Cm e P+ (QuT ) +i(p+q)Qla

- -y T
2P TS + i)

Lamy

2 (QuTale=0)*b1 1
\/ 4T3 + 2P, L \/EQd(p -q) e_W _orfi QuTy(p—a)\/ P,

d ld

X i (A34)
2
Tan/Pia, 2\/4T% + 25,
For different systems, the smeared retarded propagator is
)4 Cld md/
Gr(AD.AY) = i — = dt dt dx; [ dx;
G leallieall J-
i(pQuti+qQyut;) i1y ?(gmig im0
HPRalimqiey P Tgl P 7, < 5(lj—li+|xi—xj|)>
X e d d d —
47T|xi —x]|
C
e / dt/dx/dx
4t 2alll1Ea |
i(pQuti+qQy (ti—|xi—x;|)) wi51,% (mig)? EFmg ) iy ) 1
VP A R (435)
e — x;

and again make the variable substitution
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x; (u—v)+x,, (A36)

1
(u+v)+xli, xj 5

l\.)l'—‘

yielding

Cm1g? 5 (i=lvliy)?

B Z 4€ld my / a, /du/dve (PQRuti+qQy (ti=|v])— (u+v) T:} _%(”_”Jrz%md/) _T—(Zj/i
327 [eqllllea | 0]

de U

ety Lo [ awlar [ atcosun) [ ablol [
B d; djuffu cos(up)) d|vl||v d(cos(v
2 sl ulla? [ dteostua)) [ delle] [ dfeos(ro)

. P02 (=12l [o242[li
zt;(pSZd-&-qu/)—(/’T—[z’[)—’de’ —tqur|1z\—Td \ (lo)~ 2|1)|L,d,,,,cos(vg)+2L

([P 420ulLy i, c0S(u))
X e d d d d

ld"‘/> "%
e

luZ

4Cld my / / 2_2
=— E — de; d|ul|lule " sinh(67>L; ., |u|)
87°(67, Li,m, ) ICallllCa | fa

ldmd/

2 2 [o2-+2]0l7
g T2 g, 2L, )

© (PQu+qQy)—= i
x/ dlv|e e e Iy o sinh(c; > Ly, |v])
0

: I‘fdmd/

2
2Cld6‘m,€2’d V2L, [ )

— -3 e [P [T
87° (67 Limy ) Callllea | o Jo

lm/ Gld

\1:\2+2\v\?d

: g 22l
it (pQy g€ )~ T g o] o

X e d d e d “ia Sinh(U[_ledmd/ |U|)

1 LZ
- 77 2 7272 2.4 P72 47 72
262 ]d’"d’ —(zd—zd,) —Tde/(pSZdJqud,) +l(p£2d+qSld,)(thd/+rd/Td)

1 a
_ \/ETde’Cldcmd/ e e 7‘54;1‘5,

limg 470077 Ly, |Calll|Ea ||/ T3 + T

o2 +z\ iy . _ 1 _
IS —igQ v 2 |v[?4 T +sz (l\v\Té(deJqud/)+2\ﬂ\td+TTd(|1I|2+2\v\td/))
X d|v|e T d’

& sinh (o %Ly, |v])

1 2 o - o
22 Ligm 41 )2 TAT2, (240 P4 (p R4, ) (a2, 1 T3)

R i
o \/I_TTde/Clded, e e 4(T2+thi )

fmiy 8L [1Ealll|Eal[\/ TG + T + B,

(072

L
Iy ldmd/ d

% |e (T2+T3,)(2 o7 2(T2+T2,)+4) <1 +ierfi <—i61_d2L1dmd, (thi + TZ/) +2i(ty — 1) + (deTﬁ - qu/T(Zi,)>>
V(@ T 202 (T3 + T3) + 4)

(12 +r )= Z(Id;—!d)+l(pSldT2—qSZ[/T )2

—2 2,72 7 3 i 2 2 )2
(Jld lemd/ (Td+Td,)+2(td/—td)—l(deTd—qu/ Td’))

(12412 )(2672(T2 472, )+4)

—e d - d g d 1 + ierfi

i67 Ly, (T +T%) +2i(ty = 1q) + (pQuT5 — Q4 T5)
V(@3 + T3 202 (T5+ T3) +4)

VAT Ty, &, e QT+ QT ) +ipQultaQy1y)
d d

Lym g 8Ly, 1CallllCa|[\/ T3+ T% + Bra,

2 2 oi(i 7 2
(PQqTy =4y T+ 200y —TatLiym )

—i0) Ly, (T3 + T5) + 2i(ty —14) + (pQuT5 — ¢4 T7)
V(T4 T3) 202 (15 + T3) +4)

272
A(ﬁ,d,ndl +T(I+Td,)

1 + ierfi

(PT5=a2 12, 4210y =g L1 )

d’>

io72L; ,, (T3 +T2%) +2i(ty — 1) + (pQT% — qQ T
1 4 ierfi 1 ldd(d d) (74 @) T (PQT; Cldd)
V(T4 T3) 202 (15 + T3) +4)

2 2
Wigm y 4T

—e

(A37)
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The smeared advanced propagator can then be obtained either from the identity G4 (f, 9) = Gg(f, g) — E(f, g) or from the
property G4(X,X') = Gg(X',x) [86]. If the latter is used, G, (A}, AJ) for the same system case is merely the result for G

but with an additional minus sign multiplying (p — ¢):

T4Z) €y, €SP QT 0P +ilp+a) Rl 4T% + 26,1,

Z 27F||Cd|| (2T% + B1,1,)** Ta\/P1a,

Lgmy
(ﬂde(P—q))Z/’Il I,
q) _W ) . Qde(p—(]) ﬁldld ) (A38)

Q.(p—
—\/Ed(p#e i + erfi
24 /4TL21 +21,,

In the case of different systems, the result for G, (A%, AZ,) has an additional minus sign multiplying the last two terms in the
arguments of the exponentials and imaginary error functions contained in the square brackets of Gp:

Tde’éld Emd/ e~ ((QuT ) +(Qy Ty ))+i(pQuTat+qQyTy)

iy 8\/ALy, CallllCall\/ TG+ T3 + By,

(P12 =gy 13, 2 ~Tg=L

Y ?

2,72
x |e  Mame Ty 1+ ierfi

~i67 2Ly, (T + T) = 2i(ty = 14) = (pQuT5 ~ qQu T5)
V(T4 T3) 202 (T3 +T3) +4)

<P9dT§"IQd/ T2, 42i(1 ?d+L[dmd/ )2

—e 4(/}ldm /+Td+Td/) 1 _|_ lerﬁ

i072 Ly, (T3 +T%) = 2i(1y = 14) = (pQyT3 — Q@ T%)
V(4T3 202 (T3 + T3) +4)

(A39)

S. Symmetric propagator and Feynman propagator

The smeared symmetric propagator is then

A(AL ALY = Gr(ALAL) 4+ Ga(AlL AY)

5dd/ Tj‘iéld6mde_%(p+q)2(Qde)2+i(P+q)Qd?d A / 4TL21 + Zﬂldld

a Z || eql*(2T% + B )2 Ta\/Pra,

lymy
QT 4(p=4))*b1,,
P—q) e‘—l ; i (QTy(p—q)\/P,

2
SCTI 1) erfi

Q
_\/71_ d(2
24/4T% + 2B,

1(1 _ 5dd’)Tde’E'l ¢ /e—%((QdT,,)2+(Qd/Td/)2)+i(p9dfd+q§2d/fd/)
oy i,

Lym g 4V/mLym, |1Calll1C4 || T34+ T% + fi,,

2 2 i -7 2
(PQqT =4y T 4210y —ta+ Ly ym )

—i0) Ly, (T3 + T) +2i(Ty = 1q) + (pRiT5 — qQ4T5)

X Wigmy T y) erfi
V(T4 T 20215+ T3) +4)
(PQT =40y T2 +2i =g L1y ) . 2 » L _ 2 2
Lo Wrgn, 127 et | e Ly, (Th+T5) +2i(ty —14) + (pQT57 — 92 T%) ’ (A40)

T+ T3) Q202 (T3 +T3) +4)

and finally the smeared Feynman propagator is
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1 i

, HT,Q.)*+i(p+q)Qut, .
o LN Y PET (1 - @eémw—w)
lymy 2””0(1” (ﬁldmd + Q’Ta')E V ﬁ

laly

((r-q)qT, 2)2
+ \/_TZQd(p q) /’/d'"d“Ti) erf

T2Q4(p — q) - o [ QiTa(p —a)\/Pry,
) + ierfi

2\/ﬁldmd+2T§1 2w/4T¢21+2ﬂ1d1d

(1 5dd’)Tde’Cl cm /e 4((ngd) ( [’Qd’)2)+i<pgdfd+‘lgd/;,[’>
d

ey 8Ly, V|24l \/ﬁ,dmd, LT3 4T

2_, 2 1907 ,—F 2
(deTd qﬂd,Td/+_t(td, t,ﬁlemd, )

2ty =14+ Lygm,) — i(pQuTy— qQuT7)
2\ Buny + T3+ T3

2 2
HWigm g 14Ty erfi

2 2 i(F -7 2
(pﬂde—qu, Td’ +2’(1d’_td_,‘/,1'"d/ )

et —i0) Ly, (T3 + T5) +2i(ty = 1) + (pQuT5 — ¢4 T7) _,
V(T34 T3) 202 (T3 + T3) +4)

2. 72
A(ﬂ,d,,,d, +Td+Td,)

20ty = 14— Liym,) — i(pQT — qQuT?)
2\/ﬁldmd, +T24T?
i07 Ly, (T5 4 T%) + 2i(ty —14) + (pRT5 — Qi T%)
\/ (T2 + T2)(2072(T2 + T2) + 4)

x | erfi

+ erfi (A41)

6. Mana expression

Following Ref. [10], the amount of magic a state p has can be quantified using the measure known as mana, which they
show is given by the expression
] ) (A42)

for a three-dimensional system, where p;; are the components of the density matrix p. Particularizing to the density operator
used in this work and assuming 7, = 0, the mana is expressed as

pr—Re(pi3) = V3Im(py3)| + |p2 —Re(py3) + V3Im(py3)

M(pp(t)) =log <1 Ptz {|ﬂ22+2Re(Pls)|+

(po0)) = 10g((1=2Wii -+ 2 [ Wiy~ 2Re(V°) )| + [ Wi+ Re(F°)7) + V3 Im((W)7)

D

292 40?2

T2 T Q 1
=log| 1 —|— hie VAT2Q, (1 —erf [ ——"— ) )i — (/272 4 262
V(T3 4 26%)? V2T? + 263
T3Q o)
20, (1 —erf( —==— ) )& s L5 f ,/2T% + 262
2T2 + 201
T3Q 1
< —erf( T +12 )) "2““ - (3 +v3- >\/2T% + 263
51

¥ \Wﬁ- T Re((W) 1) = VA Tm(()5)

b

[\
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APPENDIX B: MODIFIED PENTAGRAM CONTEXTUALITY SCENARIO FOR THE QUTRIT

In this section, the general problem of finding a contextuality scenario for a three-dimensional system is first considered,
followed by a particularization to the pentagram setup detailed in Sec. II.

Using the equivalence noted in Sec. 2.3.2 of Ref. [79], a set of rank-1 projectors {P }r_, is needed such that the
eigenvalues of the operators {B,|B; = I — 2P;}!_| are all dichotomic (e.g., 1) and where [P;, P;] = 0 for some i, j but
[P, P ;] # 0 for other i, j. Furthermore, there needs to exist at least one state p such that the inequality > 7 Tr(pP;) <yis
violated, with y marking the boundary between contextual and noncontextual states (or in the language of graphs, the
maximum independence number of the corresponding compatibility graph [79]).

Since a qutrit system is used in this work, consider the case of a three-dimensional Hilbert space with basis {|1), |0),
1)} and define the vectors

1 .
W(Picos(eiﬂl) + ¢;]0) + p;sin(6;)| = 1)),

where p;, g; € C are arbitrary constants, and which it can be clearly seen that they have the properties (v;|v;) = 1 and

o) = (B1)

[o) (0] = |v,) (vy]; i|P; = |v;)(v;|}1_,. These projectors have commutator
(alpip;_an?pj)COS(gi)Cos(gj) piQ;alcos(gi)_q?pjaicos(‘gj) x,(6,;,0 )
[P..P}] =a| aiq;p;cos(0;)—p;q;a;cos(6;) a14;9;—a1q;q; q;pjaisin(0;)—piq;aisin(9;) | (B2)
x1(0:.6;) piq;aisin(0;)—q; paisin(0;) (a,p;p;—ajp;p;)sin(6;)sin(¢;)

where a = ((|p;]* + |6]z|2)(|17]|2 + |Qj|2))_1’ ay = p;p;cos (0, — 9;) +4;q;, (91791) =a\p;pj 005(9]') sin(6;) —
ayp;ip;cos(6;) sin(0;), and x,(0;,0;) = a, p;p; cos(6;) sin(0;) — a;p; p; cos(6;) sin(6;).

To make further progress, one needs to define a set of contexts as i, j pairs such that the above is O for these pairs but
nonzero for other i, j pairs. Before doing this, it is desirable to impose that the state | — 1) be the one satisfying

Y —1|v; i’ sin%(0,) =
S = Yo i(0) = (83)

since the ground state is used in this work—along with the constraint

Z<1|” bl = 1) Z |pi|? sin (26,) <0. (B4)

; 2(|pil* + lail?)

The system of equations that needs to be solved is then

0= pip;cos (0, —0;) +q;q;

or
0= (q;piq;P; — 4:p; q;p,) cos(0;) cos(0;).
0= piq;(pipjcos(0; = 0;) + qiq;) cos(8;) — q; p;(pipj cos (0; — 0;) + q:q;) cos(0;),
0= —% \pip;j|*sin (2(60; = 6;)) + g;q;p;p; cos(0;) sin(0;) — q;q; p; pj cos(6;) sin(6;),
0= (q;piq;p; — 4iP;q;p;) cos (6; — 0;),
0=q;pj(p;pjcos(0; - 0;) + q;q;) sin(0;) — p;q;(pipj cos (0; — 0;) + q;q;) sin(0;),
0 = (q; piq;P; — 4ip;q;jp,) sin(6;) sin(0;).

and

B > ., | p;|* sin (26);)
Y_Z|pi P @), 0= Z 2(lpil? + g (B)

045001-26



HARVESTING CONTEXTUALITY FROM THE VACUUM PHYS. REV. D 113, 045001 (2026)

Solving the first equation results in

44

iPj

0; =0; + ¢, = cos(¢;;). (B6)

and then the last two equations determine all 8; in terms of ¢;, p; and some reference angle 6*.
To simplify the equations, take g; = r; cos(;) and p; = r;sin(q;). The system then becomes

0; = 0; + cos™! (- cot(a;) cot(a;)),

Yy = Z sinz(ai)sinz(ﬁi),

0>= Zsm ) sin (26;), (B7)
with the projectors taking the form
sin?(q;)cos?(6;) sin(q;) cos(a;) cos(6;)  sin(0;) cos(0;)sin?(a;)
P; = | sin(a;) cos(a;) cos(6;) cos?(a;) sin(q;) cos(a;) sin(0;) | . (B8)
sin(6;) cos(6;)sin’*(a;)  sin(e;) cos(a;) sin(6;) sin?(a; )sin?(0);)

A family of solutions to the above set of equations can be found by imposing the relations from the compatibility graph
given by the pentagram edge set {(0,2), (0,3), (1,3), (1,4), (2,4)}, which has maximum independence number y = 2. The
equation in the first line of the above is a set of equations that can be manipulated to produce an expression for 6; in terms of
0y and the angles ¢,;:

91‘ = {90, 90 - ¢03 - ¢137 90 - ¢02, 90 - ¢037 60 - ¢24 - ¢02}» (B9)

plus the condition ¢o3 + P13 = Poo + Poa — ¢14. Using trigonometric sum identities for the inverse cosine, the extra
condition can be manipulated to solve for a3, eventually yielding

tan(aq) tan(a; ) sin(ghay + Pz — Pra) ) (B10)

ay = arccot(
V/tan?(a;) + tan?(a) — 2 tan(a ) tan(ag) cos(gas + P> — P14)

The operators corresponding to a solution set will yield different functional behaviors that can be seen in the lhs of the
noncontextuality inequality Eq. (36) and the contextual fraction difference. One possible solution to Egs. (B7), where the
lhs of the noncontextuality inequality Eq. (36) is larger than O for Q; = 0, is

3
——— B11
b =" (B11)

{971 297 &

10° 702" ag,0547220120355724937r} (B12)

Another possible solution, where the difference between the last two diagonal terms of the matrix contained in the
noncontextuality inequality lhs Eq. (36) is the same as the far off-diagonal term, is

0y = 0.71549033656902731395587677242763007306802049110217x (B13)

97
a; = {10 2.837376650137, = a3,0.5472201203557249371'}. (B14)
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This solution corresponds to no harvesting at Q; = 0. Yet
another possible solution to Egs. (B7), where the lhs of the
noncontextuality inequality Eq. (36) is smaller than O for
Q,;=0,is

177
= Bl
o= (B15)
3rn @ b2
a; = {08399926832271',7,5, (13,5}. (B16)
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