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We elaborate on the nonlinear realization approach to spontaneously broken supergravity in three
dimensions presented by Kuzenko and Stirling [Proc. R. Soc. A 479, 20230350 (2023)]. Using this
approach, we provide a novel derivation of N -extended supergravity, with and without a cosmological
term. It corresponds to a Stückelberg-type extension of the following theories: (i) the ðp; qÞ anti–de Sitter
(AdS) supergravity theories with pþ q ¼ N , p ≥ q ≥ 0 proposed by Achúcarro and Townsend and (ii) the
N -extended Poincaré supergravity of Marcus and Schwarz. We also apply the approach to obtain a
Stückelberg reformulation of the supersymmetric Lorentz Chern-Simons action for arbitrary N . In our
construction, the pure supergravity actions (Poincaré and AdS) share the invariance under two different
local N -extended supersymmetries. One of them acts on the Goldstini, while the other supersymmetry
leaves the Goldstini inert. The N -extended supersymmetric Lorentz Chern-Simons action proposed in our
setting shares the former supersymmetry, but differs in the one that leaves the Goldstini inert. The
supersymmetry that acts on the Goldstini can be used to gauge them away, and then the resulting actions
coincide with that given in the literature.

DOI: 10.1103/9cxd-fn2q

I. INTRODUCTION

The method of nonlinear realizations is an elegant and
systematic approach that can be used to construct field
theories with spontaneously broken symmetries. Its general
formalism has been well established, and we refer the
reader to several pioneering works and review papers on
this subject [1–13]. Remarkably, this approach produced
some of the earliest results in both rigid and local
supersymmetry. These include the Goldstino action pro-
posed in [14,15] and, most notably, the Volkov-Soroka
approach to spontaneously broken local supersymmetry
[16,17], which has been particularly influential for the
present paper. These authors gauged theN -extended super-
Poincaré group in four dimensions (4D) and proposed a
super-Higgs mechanism by constructing the N ¼ 1 super-
gravity action with nonlinearly realized local supersym-
metry (see [18,19] for a review and [20] for a critical
analysis of the Volkov-Soroka construction and modern
developments).

In 2021, Kuzenko revisited the Volkov-Soroka construc-
tion and showed that, for special choices of the parameters
of the theory, the N ¼ 1 Volkov-Soroka action was
invariant under two distinct local supersymmetries [21].
One of these, present for arbitrary values of the parameters,
acts nontrivially on the Goldstino and can be used to gauge
away the Goldstino. The other supersymmetry emerges
only in a special case and leaves the Goldstino inert. When
the former supersymmetry is used to eliminate the
Goldstino, the resulting action coincides with that proposed
by Deser and Zumino for consistent supergravity in the
first-order formalism [22]. In this sense, pure N ¼ 1
supergravity is a special case of the Volkov-Soroka theory.
This analysis provided a novel nonlinear realization
approach to constructing unbroken simple Poincaré super-
gravity theories in 4D. In Appendix A, we derive a
supplementary result that builds on [21] by including a
cosmological term in the supergravity action.
Less than two years after [21], the present author and

Kuzenko [23] extended the construction of [21] to the case
of 3D N ¼ 1 supergravity [24,25], with and without a
cosmological term. These results were also generalized
to topologically massive N ¼ 1 supergravity [26] and its
cosmological extension [27]. Taken together, this provided
a lower-dimensional application of the ideas of Volkov and
Soroka [16,17], culminating in a nonlinear realization
approach to (cosmological) topologically massive N ¼ 1
supergravity in three dimensions.
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In this paper, we will extend the construction of [23] to
the case of ðp; qÞ anti–de Sitter (AdS) supergravities [28]
and N -extended Poincaré supergravity [29]. We also
consider the supersymmetric Lorentz Chern-Simons action
for arbitrary N [30,31].
It is worth noting that N -extended supergravity in three

dimensions has been an active area of research for several
decades. The action for N -extended Poincaré supergravity
first appeared in [29] and was later obtained in [28]
by taking the “Poincaré limit” of a family of N -extended
AdS supergravity theories. This family of theories is known
as the ðp; qÞ AdS supergravity theories and were also
constructed in [28]. They were formulated as Chern-
Simons theories and are naturally associated with the 3D
AdS supergroupsOSpðpj2;RÞ ×OSpðqj2;RÞ. Superfield
approaches to N -extended supergravity and its matter
couplings were developed in several works; see, e.g.,
[32–35]. In particular, the off-shell actions for (cosmologi-
cal) topologically massive supergravity were presented
in [36] for N ¼ 2 and in [37] for N ¼ 3 and N ¼ 4
(for N ¼ 4, see also [38]). For each N , the locally
supersymmetric Lorentz Chern-Simons terms used to
formulate these topologically massive supergravity theories
can be interpreted as the action for conformal supergravity.
This was first done in [39] for N ¼ 1 and then [40] for
N ¼ 2 and finally [30,31] for arbitrary N . The action for
N -extended conformal supergravity given in [30,31] is on
shell for N ≥ 3. Off-shell actions for N ¼ 3, 4, 5 were
constructed in [41] using the techniques developed in [42]
and for N ¼ 6 in [43,44].
This paper is organized as follows: In Sec. II, we review

the 3D analog of the Volkov-Soroka construction that
was first presented in [23]. Using this framework, we
demonstrate in Sec. III that the action for ðp; qÞ AdS
supergravity (3.1) is invariant under two different local
N -extended supersymmetries. One of them is present for
arbitrary relative coefficients between the terms in (3.1) and
acts on the Goldstini, while the other supersymmetry
emerges only in a special case and leaves the Goldstini
invariant. The former can be used to gauge away the
Goldstini, and then the resulting action coincides with the
standard action for ðp; qÞ AdS supergravity in the first-
order formalism. In Sec. III B, we show that the same
formalism of nonlinearly realized local supersymmetry can
be used to describe N -extended Poincaré supergravity. By
restricting to the N ¼ 2 case, in Sec. III C we discuss as
examples (1,1) and (2,0) AdS supergravity that follow from
the analysis performed in Sec. III A. In Sec. IV, we apply
our approach to obtain a generalization of the N -extended
supersymmetric Lorentz Chern-Simons action (4.1) and
demonstrate that it is also invariant under two different
local supersymmetries, but where the second one is distinct
from the one presented in Sec. III. We argue in Sec. IVA
that our approach is limited in its ability to generalize the
analysis of Sec. III to topologically massive supergravity.

The main body of the paper is accompanied by two
technical appendixes. Appendix A extends the result given
in [21] to include a cosmological term. In Appendix B,
we collect the key formulas of the 3D two-component
spinor formalism.

II. REVIEW OF THE VOLKOV-SOROKA
APPROACH IN THREE DIMENSIONS

In this section, we give a recap of the Volkov-Soroka
construction in 3D, following [23]. Let Pð3jp; qÞ be the
three-dimensional ðN ¼ pþ qÞ-extended super-Poincaré
group with p ≥ q ≥ 0. Any element g∈Pð3jp; qÞ is a
ð4jN Þ × ð4jN Þ supermatrix of the form1

g¼gðb;η;M;RÞ¼ sðb;ηÞhðM;RÞ≡sh; ð2:1aÞ

sðb;ηÞ≔

0BB@
12 0 0

−b̂þ i
2
ε−1η2 12 −

ffiffiffi
2

p
ηT

i
ffiffiffi
2

p
η 0 1N

1CCA

¼

0BB@
δα

β 0 0

−bαβþ i
2
εαβη2 δαβ −

ffiffiffi
2

p
ηαJ

i
ffiffiffi
2

p
ηI

β 0 δIJ

1CCA; ð2:1bÞ

hðM;RÞ ≔

0BB@
M 0 0

0 ðM−1ÞT 0

0 0 R

1CCA

¼

0BB@
Mα

β 0 0

0 ðM−1Þβα 0

0 0 RIJ

1CCA; ð2:1cÞ

where M∈SLð2;RÞ, R∈SOðpÞ × SOðqÞ ⊂ SOðN Þ,
η ¼ ðηIβÞ, η2 ≔ ηαI ηαI , and b̂ is defined in Eq. (B3b).2

The SLð2;RÞ invariant spinor metric ε ¼ ðεαβÞ ¼ −ðεβαÞ
and its inverse ε−1 ¼ ðεαβÞ ¼ −ðεβαÞ are defined in
Appendix B. The group element sðb; ηÞ is labeled by three
bosonic real parameters ba and 2N fermionic real param-
eters ηIα ¼ ηαI ≡ ηαI .
Let us introduce Goldstone fields ZAðxÞ ¼ ðXaðxÞ;

Θα
I ðxÞÞ for spacetime translations ðXaÞ and supersymmetry

transformations ðΘα
I Þ. They parametrize the homogeneous

space (N -extended Minkowski superspace)

1Our parametrization of the elements of Pð3jp; qÞ follows
[45], but where the R-symmetry group is SOðpÞ × SOðqÞ.

2In the p ¼ N , q ¼ 0 case, we recover theN -extended super-
Poincaré group defined in [23], where it is understood that
Pð3jN ; 0Þ≡ Pð3jN Þ.
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M3j2N ¼ Pð3jN Þ
SLð2;RÞ × SOðpÞ × SOðqÞ ð2:2Þ

according to the rule

SðZÞ ¼

0BB@
12 0 0

−X̂ þ i
2
ε−1Θ2 12 −

ffiffiffi
2

p
ΘT

i
ffiffiffi
2

p
Θ 0 1N

1CCA: ð2:3Þ

A gauge super-Poincaré transformation acts as

gðxÞ∶ZðxÞ → Z0ðxÞ; gSðZÞ ¼ SðZ0Þh; ð2:4Þ

with g ¼ sh. This is equivalent to the following trans-
formations of the Goldstone fields:

sðb; ηÞ∶X̂0 ¼ X̂ þ b̂þ iðηTΘ − ΘTηÞ; ð2:5aÞ

Θ0 ¼ Θþ η; ð2:5bÞ

and

hðM;RÞ∶X̂0 ¼ ðM−1ÞTX̂M−1; ð2:6aÞ

Θ0 ¼ RΘM−1: ð2:6bÞ

Introduce a connection A ¼ dxmAm taking its values in
the super-Poincaré algebra pð3jp; qÞ,

A ≔

0BB@
1
2
Ω 0 0

−ê − 1
2
ΩT −

ffiffiffi
2

p
ψT

i
ffiffiffi
2

p
ψ 0 r

1CCA

¼

0BB@
1
2
Ωα

β 0 0

−eαβ − 1
2
Ωα

β −
ffiffiffi
2

p
ψα

J

i
ffiffiffi
2

p
ψ I

β 0 rIJ

1CCA; ð2:7Þ

and possessing the gauge transformation law

A0 ¼ gAg−1 þ gdg−1: ð2:8Þ

Here, the 1-form Ωα
β is related to the Lorentz connection

Ωab ¼ dxmΩm
ab ¼ −Ωba as

Ωα
β ¼ 1

2
εabcðγaÞαβΩbc: ð2:9Þ

As in the first-order formalism to gravity, the Lorentz
connection is an independent field and may be expressed
in terms of the other fields by requiring it to be on shell.

The 1-form eαβ is the spinor counterpart of the dreibein
ea ¼ dxmema. The fermionic 1-forms ψ I

β describe the N
gravitini. Finally, the 1-form rIJ ¼ −rJI is the SOðpÞ ×
SOðqÞ gauge field written as a ðpþ qÞ × ðpþ qÞ block
diagonal matrix,

rIJ ≔

 
rĪ J̄ 0

0 rI J

!
; ð2:10Þ

where we have introduced the notation

rĪ J̄ ¼ −rJ̄ Ī ; Ī; J̄ ¼ 1;…; p; ð2:11aÞ

rI J ¼ −rJ I; I; J ¼ 1;…; q; ð2:11bÞ

rĪ J ¼ rI J̄ ¼ 0: ð2:11cÞ

We identify the fields rĪ J̄ and rI J as the SOðpÞ and SOðqÞ
gauge fields, respectively.
It should be pointed out that our parametrization of the

super-Poincaré algebra follows [41]3 and differs from [45].
Under an infinitesimal Lorentz transformation

δxa ¼ λabxb ¼ εabcλbxc; λab ¼ −λba; ð2:12aÞ

a two-component spinor ψα transforms as

δψα ¼
1

2
λα

βψβ; λαβ ¼ λβα; ð2:12bÞ

where the Lorentz parameters λab, λa, and λαβ are related to
each other according to the rules (B14)–(B16).
Associated with S and A is the different connection

A ≔ S−1ASþS−1dS; ð2:13Þ

with gauge transformation law

A0 ¼ hAh−1 þ hdh−1 ð2:14Þ

for an arbitrary gauge parameter g ¼ sh. This connection is
the main object in the Volkov-Soroka construction. Direct
calculations give the explicit form of A,

A ≔

0BB@
1
2
Ω 0 0

−Ê − 1
2
ΩT −

ffiffiffi
2

p
ΨT

i
ffiffiffi
2

p
Ψ 0 r

1CCA; ð2:15Þ

3With the distinction that the R-symmetry subalgebra is taken
to be soðpÞ ⊕ soðqÞ.
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where we have defined

Ê ≔ êþDX̂ þ iðDΘTΘ − ΘTDΘÞ þ 2iðψTΘ − ΘTψÞ;
ð2:16aÞ

Ψ ≔ ψ þDΘ; ΨT ¼ ψT þDΘT; ð2:16bÞ

and D denotes the covariant derivative

DX̂ ¼ dX̂ −
1

2
X̂Ω −

1

2
ΩTX̂; ð2:17aÞ

DΘ ¼ dΘ −
1

2
ΘΩþ rΘ; DΘT ¼ dΘT −

1

2
ΩTΘT − ΘTr:

ð2:17bÞ

Equation (2.14) is equivalent to the following gauge
transformation laws:

Ω0 ¼ MΩM−1 þMdM−1; ð2:18aÞ

r0 ¼ RrR−1 þRdR−1; ð2:18bÞ

and

Ê0 ¼ ðM−1ÞTÊM−1; ð2:19aÞ

Ψ0 ¼ RΨM−1: ð2:19bÞ

It is worth pointing out that the supersymmetric 1-forms Ea

and ΨI
β transform as tensors with respect to the Lorentz

and SOðpÞ × SOðqÞ gauge groups.
Under a supersymmetry transformation g ¼ sð0; ηÞ,

one can use the Goldstone field transformations (2.5a)
and (2.5b) to deduce the local supersymmetry transforma-
tion laws of the gravitini and the dreibein

ψ 0 ¼ ψ −Dη; ð2:20aÞ

ê0 ¼ êþ 2iðηTψ − ψTηÞ þ iðDηTη − ηTDηÞ: ð2:20bÞ

In the infinitesimal case, these supersymmetry transforma-
tion laws take the form

δηψ ¼ −Dη; δηea ¼ 2i trðηγaψTÞ: ð2:21aÞ

These should be accompanied by the supersymmetry
transformations of the Goldstone fields

δηXa ¼ −itrðΘγaηTÞ; δηΘ ¼ η: ð2:21bÞ

A local Poincaré translation is given by g ¼ sðb; 0Þ. It
acts on the Goldstone vector field Xa and the dreibein ea as
follows:

X0a ¼ Xa þ ba; e0a ¼ ea −Dba; ð2:22Þ

while leaving the Goldstini and gravitini inert.
The curvature tensor is found through

R ¼ dA − A ∧ A; R0 ¼ hRh−1: ð2:23Þ

Direct calculations give

R ≔

0B@
1
2
R 0 0

−T̂ − 1
2
RT −

ffiffiffi
2

p
DΨT

i
ffiffiffi
2

p
DΨ 0 F

1CA; ð2:24Þ

where R ¼ ðRα
βÞ is the Lorentz curvature, F ¼ ðFIJÞ is the

Yang-Mills field strength,

DΨ ¼ dΨ −
1

2
Ψ ∧ Ω − r ∧ Ψ;

DΨT ¼ dΨT þ 1

2
ΩT ∧ ΨT − ΨT ∧ r ð2:25Þ

are the gravitino field strengths, and

T̂ ¼ dÊ −
1

2
Ê ∧ Ωþ 1

2
ΩT ∧ Ê − 2iΨT ∧ Ψ

¼ DÊ − 2iΨT ∧ Ψ ð2:26Þ

is the supersymmetric torsion tensor. In vector notation, the
torsion tensor reads

Ta ¼ DEa − iΨ ∧ γaΨT: ð2:27Þ

The Lorentz curvature tensor with spinor (Rα
β) and vector

(Ra
b) indices has the form

Rα
β ¼ dΩα

β −
1

2
Ωα

γ ∧ Ωγ
β;

Ra
b ¼ dΩa

b −Ωa
c ∧ Ωc

b: ð2:28Þ

Finally, the Yang-Mills field strength reads

F ¼ dr − r ∧ r: ð2:29Þ

Using the above results, one can construct a locally
supersymmetric action. With the notation E ¼ detðEm

aÞ,
gauge-invariant functionals include the following:

(i) the Einstein-Hilbert action

SEH ¼ 1

2

Z
εabcEa ∧ Rbc ¼ 1

2

Z
d3xER; ð2:30Þ
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(ii) the Rarita-Schwinger action

SRS ¼ i
Z

Ψα
I ∧ DΨαI

¼ i
Z

d3xEεmnpΨmI
αDpΨnαI; ð2:31Þ

(iii) the cosmological term

Scosm ¼ −
1

6

Z
εabcEa ∧ Eb ∧ Ec

¼
Z

d3xE; ð2:32Þ

(iv) the mass term

Smass ¼
Z

ΨI ∧ Eaγa ∧ ΨI

¼
Z

d3xEεmnpΨmIγnΨpI; ð2:33Þ

and
(v) the Yang-Mills action

SYM ¼ −
1

2

Z
trðF ∧ ⋆FÞ

¼ −
1

4

Z
d3xEtrðFmnFmnÞ: ð2:34Þ

All of the above actions are invariant under the R-symmetry
group SOðpÞ×SOðqÞ. Making use of the SOðpÞ×SOðqÞ
connection r and the corresponding field strength F, we can
construct standard Chern-Simons actions. In the N ¼ 1
case, a linear combination of the functionals (2.30)–(2.33)
gives an action for spontaneously broken supergravity.

III. A NEW LOCAL N -EXTENDED
SUPERSYMMETRY

In this section, we generalize the pure N ¼ 1 super-
gravity (Poincaré and AdS) results of [23] to the
N -extended case.

A. ðp; qÞ anti–de Sitter supergravity theories

In order to describe ðp; qÞ AdS supergravity theories,
it is necessary to work with the ðN ¼ pþ qÞ-extended
super-Poincaré algebra pð3jp; qÞ. This is precisely
the parametrization described in Sec. II defined by
Eqs. (2.7) and (2.10).
We are going to show that the following special linear

combination

SAdSðp;qÞ ¼ SSG þ Ssuper−cosm þ SVCS; ð3:1Þ

where

SSG ¼ SEH − 2SRS ¼
1

2

Z
εabcEa ∧ Rbc − 2i

Z
ΨI ∧DΨI;

ð3:2Þ

Ssuper−cosm ¼ m2Scosm − imIJðSmassÞIJ
¼ −

1

6
m2

Z
εabcEa ∧ Eb ∧ Ec

− imIJ

Z
ΨI ∧ Ea ∧ γaΨJ; ð3:3Þ

SVCS ¼
1

2m2
mIJ

Z �
drIK ∧ rKJ −

2

3
rIK ∧ rKL ∧ rLJ

�
;

ð3:4Þ

and

mIJ ¼ m diagð1;…; 1|fflfflffl{zfflfflffl}
p times

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q times

Þ; m∈R ð3:5Þ

possesses a new local N -extended supersymmetry
described by the parameters ϵ ¼ ðϵαI Þ ¼ ðϵαĪ ; ϵαI Þ. Making
use of the N -extended supersymmetry transformation
(2.21) and the local Poincaré translation (2.22) allows us
to impose the unitary gauge

Xa ¼ 0; Θα
I ¼ 0: ð3:6Þ

Then, (3.1) turns into the action for ðp; qÞAdS supergravity
originally constructed in [28].
Under the new local N -extended supersymmetry, the

composite fields Ea and Ψα
I are postulated to transform as

δϵEa¼2iϵIγaΨI; δϵΨα
I ¼−DϵαI −

1

2
mIJðϵγaÞαJEa: ð3:7aÞ

The Goldstone fields are required to be inert under this
transformation,

δϵXa ¼ 0; δϵΘα
I ¼ 0: ð3:7bÞ

The elementary fields ψα
I and ea transform as follows:

δϵψ
α
I ¼ −DϵαI þ

1

2
ðΘδϵΩÞαI − ðδϵrΘÞαI −

1

2
mIJðϵγaÞαJEa;

ð3:7cÞ

δϵea ¼ −δϵΩabXb þ 2iϵIγaΨI þ 2iDϵIγ
aΘI

−
i
4
εabcδϵΩbcΘ2 þ iδϵrIJΘJγ

aΘI

þ imIJðϵJγbγaΘIÞEb: ð3:7dÞ
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The dependence on δϵΩ and δϵrIJ in (3.7c) and (3.7d) is
such that the composite fields Ea andΨα

I remain unchanged
when the connections are displaced: Ω → Ωþ δϵΩ and
rIJ → rIJ þ δϵrIJ. It should be pointed out that this N -
extended supersymmetry is analogous to the N ¼ 1

supersymmetry presented in [23]. As in the N ¼ 1 case,
the transformation laws of Ω and rIJ will be determined by
demanding the action (3.1) to be invariant under this new
local N -extended supersymmetry (3.7).
We now compute the corresponding variations of each

action (3.2)–(3.4). The total variation for the action (3.2)
under the transformations (3.7) is functionally identical to
the result in the N ¼ 1 case modulo terms arising from the
presence of the connection (2.10),4

δϵSSG ¼ 1

2

Z
Ta ∧ εabcδϵΩbc − 4i

Z
FIJ ∧ ϵαIΨJα

− 2i
Z

Ψα
I ∧ ΨJα ∧ δϵrIJ

þ 2imIJ

Z
ðDEa ∧ ðϵγaÞαJΨIα

þ Ea ∧ ðDϵγaÞαJ ∧ ΨIαÞ: ð3:8Þ

The total variation of the action (3.3) under (3.7) reads

δϵSsuper−cosm ¼ −2imIJ

Z
Ea ∧ ðDϵγaÞαJ ∧ ΨIα

þ 2mIJ

Z
ðΨIα ∧ ϵαKΨKβ ∧ Ψβ

J

þΨIα ∧ ϵKβΨα
K ∧ Ψβ

JÞ: ð3:9Þ

We highlight the survival of the terms quartic in fermions
in (3.9), which is in contrast to the N ¼ 1 case considered
in [23]. Before computing the variation of the action (3.4),
it will prove useful to first split it into its SOðpÞ and SOðqÞ
counterparts as follows:

SVCS¼
1

2m2
mIJ

Z �
drIK ∧ rKJ−

2

3
rIK ∧ rKL∧ rLJ

�
¼ 1

2m

Z �
drIJ∧ rJI−

2

3
rIJ∧ rJK ∧ rKI

�
−

1

2m

Z �
drIJ∧ rJI−

2

3
rIJ∧ rJK ∧ rKI

�
: ð3:10Þ

Its corresponding variation is then

δϵSVCS ¼ −
1

m

Z
FIJ ∧ δϵrIJ þ

1

m

Z
FIJ ∧ δϵrIJ; ð3:11Þ

where FĪ J̄ and FI J are the SOðpÞ and SOðqÞ field strengths, respectively. Combining all variations (3.8), (3.9), and (3.11)
gives

δϵSAdSðp;qÞ ¼
1

2

Z
Ta ∧ εabcδϵΩbc − 4i

Z
FIJ ∧ ϵαIΨJα − 2i

Z
Ψα

I ∧ ΨJα ∧ δϵrIJ þ 2imIJ

Z
DEa ∧ ðϵγaÞαJΨIα

−
1

m

Z
FIJ ∧ δϵrIJ þ

1

m

Z
FIJ ∧ δϵrIJ þ 2mIJ

Z
ðΨIα ∧ ϵαKΨKβ ∧ Ψβ

J þΨIα ∧ ϵKβΨα
K ∧ Ψβ

JÞ

¼ 1

2

Z
Ta ∧ εabcδϵΩbc − 4i

Z
FIJ ∧ ϵαIΨJα − 2i

Z
Ψα

I ∧ ΨJα ∧ δϵrIJ

þ 2imIJ

Z
ðTa þ iΨK ∧ γaΨKÞ ∧ ðϵγaÞαJΨIα −

1

m

Z
FIJ ∧ δϵrIJ þ

1

m

Z
FIJ ∧ δϵrIJ

þ 2mIJ

Z
ðΨIα ∧ ϵαKΨKβ ∧ Ψβ

J þΨIα ∧ ϵKβΨα
K ∧ Ψβ

JÞ: ð3:12Þ

Using the identity (B7c) and combining terms quartic in fermions yields

δϵSAdSðp;qÞ ¼
1

2

Z
Ta ∧ ðεabcδϵΩbc þ 4imIJϵJγaΨIÞ − 4i

Z
FIJ ∧ ϵαIΨJα − 2i

Z
Ψα

I ∧ ΨJα ∧ ðδϵrIJ − 4imJKϵ½KΨI�Þ

−
1

m

Z
FIJ ∧ δϵrIJ þ

1

m

Z
FIJ ∧ δϵrIJ: ð3:13Þ

4The appearance of the Yang-Mills field strength arises from the Bianchi identity DDΨ ¼ − 1
2
Ψ ∧ R − Ψ ∧ F.

JAKE C. STIRLING PHYS. REV. D 112, 125005 (2025)

125005-6



Observe that if we set

δϵrIJ ¼ 4imJKϵ½KΨI� ⇔ δϵrIJ ¼ 4imϵ½J̄ΨĪ�;

δϵrIJ ¼ −4imϵ½JΨI�; ð3:14Þ

then we are left with

δϵSAdSðp;qÞ ¼
1

2

Z
Ta∧ ðεabcδϵΩbcþ4imIJϵJγaΨIÞ: ð3:15Þ

This remaining variation vanishes provided

δϵΩbc ¼ 2imIJε
abcϵJγaΨI: ð3:16Þ

Alternatively, we can work with a composite Lorentz
connection obtained by imposing the constraint

Ta ¼ DEa − iΨI ∧ γaΨI

¼ dEa þ Eb ∧ Ωa
b − iΨI ∧ γaΨI ¼ 0: ð3:17Þ

In the case of vanishing Goldstone fields Xa ¼ 0 and
Θα

I ¼ 0, one can uniquely solve (3.17) for the connection
giving its well-known expression in terms of the dreibein
and gravitini Ω ¼ Ωðe;ψÞ. Moreover, by demanding that
the constraint (3.17) remains invariant under the trans-
formations (3.7), we can determine the unique second-
order variation for the dual Lorentz connection
Ωma ≔ 1

2
εabcΩm

bc,

δϵΩma ¼ −2iϵI
�
γmFIa −

1

2
EmaγbFb

I

�
þ imIJϵJðεabcEm

bΨc
I − γaΨImÞ; ð3:18Þ

where

⋆DΨI ¼ dxmFIm; FIm ≔
1

2
εmnpF

np
I ð3:19Þ

are the Hodge duals of the gravitino field strengths (2.25)

DΨI ¼
1

2
dxm ∧ dxnFInm;

FInm ≔ DnΨIm −DmΨIn ¼ −FImn: ð3:20Þ

B. The Poincaré supergravity limit

In our approach, there are two ways to construct
N -extended Poincaré supergravity. One way is to start
with the connection (2.7), but with the SOðpÞ × SOðqÞ
gauge field (2.10) switched off and proceed as outlined in
Sec. II. Then, one constructs the following functional:

SSG ¼ SEH − 2SRS ¼
1

2

Z
εabcEa ∧ Rbc − 2i

Z
ΨI ∧DΨI:

ð3:21Þ

In the unitary gauge (3.6), the functional (3.21) coincides
with the action for N -extended Poincaré supergravity
originally constructed in [29]. In addition to the first
supersymmetry transformation (2.21), it can also be shown
that the action (3.21) possesses a second local N -extended
supersymmetry defined by (3.7), but with m ¼ 0.
Specifically, one obtains the following variation, which is
functionally identical to the N ¼ 1 case considered in [23]:

δϵSSG ¼ 1

2

Z
Ta ∧ εabcδϵΩbc: ð3:22Þ

This variation vanishes if δϵΩbc ¼ 0. Alternatively, we can
deal with a composite connection obtained by imposing the
constraint (3.17), which makes the variation (3.22) vanish.
Similar to the N ¼ 1 case, the variation (3.22) implies

that the Volkov-Soroka approach can naturally lead to the
1.5 formalism [46,47]. In this formalism, the variation δϵΩ
becomes irrelevant when the equation of motion of the
Lorentz connection (3.17) is satisfied.
The second way to construct N -extended Poincaré

supergravity is by taking the “Poincaré limit” of the action
(3.1) as described in [28]. This involves first performing
the rescaling rIJ → r0IJ ¼ 1

m rIJ and then settingm ¼ 0. The
action that remains is (3.21), where there is no longer
dependence on the SOðpÞ and SOðqÞ gauge fields.
We emphasize that both approaches result in the func-

tional (3.21), which possesses two local N -extended
supersymmetries. The first is the supersymmetry trans-
formation (2.21), while the second is defined by (3.7), with
m ¼ 0. In particular, although both approaches share the
same Lorentz connection transformation law δϵΩbc ¼ 0
ensuring that (3.22) vanishes under the second supersym-
metry (3.7), this is not the case when considering the
transformation law of the SOðpÞ × SOðqÞ connection
under that same supersymmetry. In the first approach,
the SOðpÞ × SOðqÞ connection is inert; it is excluded in
the connection (2.7). In the second approach, the SOðpÞ
and SOðqÞ connections become absent after rescaling
rIJ → r0IJ ¼ 1

m rIJ and taking the limit m → 0. However,
there still remains a nonzero transformation law for them:

δϵr0IJ ¼ 4iϵ½J̄ΨĪ�; δϵr0IJ ¼ −4iϵ½JΨI�: ð3:23Þ

It should be pointed out that both approaches lead to the
action for N -extended supergravity where there is no
distinction between p and q for fixed N [29]. This action
has been referred to as the (N ¼ pþ q)-extended Marcus-
Schwarz Poincaré supergravity [48]. When either p > 1 or
q > 1, there exist ðp; qÞ Poincaré supergravity theories
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with an inherent distinction between p and q, and these
were first constructed in [48]. These authors explored a
central extension of the N -extended super-Poincaré alge-
bra by introducing central charges and their associated
vector gauge fields.

C. The N = 2 case

In the N ¼ 2 case, there are two AdS supergravity
theories: (1,1) and (2,0). Here we state these as examples of
the general result described in Sec. III A.

1. (1, 1) AdS supergravity

When p ¼ q ¼ 1, the SOðpÞ and SOðqÞ gauge fields
are absent, and consequently, there is no vector Chern-
Simons terms in the action. The functional that remains is

SAdSð1;1Þ ¼
1

2

Z
εabcEa ∧ Rbc − 2i

Z
ΨI ∧ DΨI

−
1

6
m2

Z
εabcEa ∧ Eb ∧ Ec

− imIJ

Z
ΨI ∧ Ea ∧ γaΨJ; ð3:24Þ

with mIJ ¼ m diagð1;−1Þ. In the unitary gauge (3.6), the
functional (3.24) turns into the action for (1,1) AdS
supergravity [28]. One can introduce by hand an auxiliary
vector field A ¼ dxmAm into the action (3.24) in the
following way:

SAdSð1;1Þ ¼
1

2

Z
εabcEa∧Rbc−2i

Z
ΨI ∧DΨI

−
1

6
m2

Z
εabcEa∧Eb∧Ec

− imIJ

Z
ΨI ∧Ea∧ γaΨJ−

Z
⋆A∧A: ð3:25Þ

In the unitary gauge (3.6), this action coincides with the
action for type I supergravity derived in [36],5 with the
distinction that the auxiliary complex scalar field M
introduced therein is on shell. It satisfies the equation of
motion M̄ ¼ −4μ, where μ ¼ im=2, and jμj2 is propor-
tional to the cosmological constant.
Integrating out the auxiliary field A results in the on-shell

action (3.24). The motivation behind the introduction
of this auxiliary vector field will become more clear when
we discuss topologically massive type I supergravity in
Sec. IVA.
Below, we show that it is possible to augment the new

local supersymmetry (3.7) (for the case of p ¼ q ¼ 1) by

including a local supersymmetry transformation law for
the auxiliary vector field A. We postulate its transformation
law to be6

δϵA ¼ −iεIJðϵIγbγaFb
JÞEa − iAaϵIγ

aΨI − iAϵIγaΨIa

þ iεabcAbϵIΨc
IE

a − imIJεIKΨJϵK: ð3:26Þ

If we denote

SA ≔ −
Z

⋆A ∧ A ð3:27Þ

and compute its variation under (3.26), we get

δASA ¼ −2i
Z

d3xEfεIJAaðϵIγbγaFb
JÞ þ AaAbðϵIγbΨIaÞ

þ AaAaðϵIγbΨIbÞg − 2imIJ

Z
d3xEεIKAaðΨJaϵKÞ:

ð3:28Þ

Because of the presence of the Hodge dual of A in (3.27),
we must also compute the variation with respect to the
dreibein Ea (3.7a),

δESA ¼ 2i
Z

d3xEfAaAaðϵIγbΨIbÞ þ AaAbðϵIγbΨIaÞg:

ð3:29Þ

The complete variation of the action (3.27) is then

δϵSA ¼ −2i
Z

d3xEεIJAaðϵIγbγaFb
JÞ

− 2imIJ

Z
d3xEεIKAaðΨJaϵKÞ: ð3:30Þ

In order to cancel this variation, we need to deform the
transformation law for the composite field Ψα

I . Specifically,
we alter the Ψα

I transformation (3.7a) by including the
following A-dependent term:

δðAÞϵ Ψα
I ¼ −

1

2
εIJðϵJγaγbÞαAbEa: ð3:31Þ

Varying our auxiliary action (3.25) under this additional
variation (3.31) gives us

δðAÞΨ SAdSð1;1Þ ¼ 2i
Z

d3xEεIJAaðϵIγbγaFb
JÞ

þ 2imIJ

Z
d3xEεIKAaðΨJaϵKÞ: ð3:32Þ

5In the terminology of [32], the (1,1) and (2,0) AdS super-
gravity theories are referred to as type I and type II (minimal)
supergravity with a cosmological term, respectively.

6The antisymmetric tensors εIJ ¼ εIJ are normalized as
ε12 ¼ ε12 ¼ 1.
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Summing the variations (3.30) and (3.32) results in their
cancellation, and we stay with the variation computed
earlier (3.15) for the case p ¼ q ¼ 1.

2. (2, 0) AdS supergravity

If we take p ¼ 2 and q ¼ 0, there remains a single
SOð2Þ ≅ Uð1Þ gauge field rIJ ≔ εIJA, where A is the Uð1Þ
gauge field. The functional (3.1) becomes

SAdSð2;0Þ ¼
1

2

Z
εabcEa∧Rbc−2i

Z
ΨĪ ∧DΨĪ

−
1

6
m2

Z
εabcEa∧Eb∧Ec

− im
Z

ΨĪ ∧Ea∧ γaΨĪ−
1

m

Z
F∧A; ð3:33Þ

where F ¼ dA is the Uð1Þ field strength and mIJ ¼ mδIJ.
In the unitary gauge (3.6), this functional turns into the
standard on-shell action for (2,0) AdS supergravity [28].

IV. TOPOLOGICAL TERMS

A unique feature of three dimensions is the existence of
Chern-Simons terms that can be used to define topologi-
cally massive couplings [49–53]. By setting p ¼ N and
q ¼ 0 in the parametrization defined by (2.7) and (2.10),
we can study a generalization of the N -extended super-
symmetric Lorentz Chern-Simons action [30,31] which
involves the Goldstone fields Xa and Θα

I . The action is
given by

SCSG ¼ SLCS þ SFCS þ SVCS; ð4:1Þ
where

SLCS ¼
1

2

Z
tr

�
Ω ∧ dΩ −

1

3
Ω ∧ Ω ∧ Ω

�
¼ 1

4

Z
d3xEεmnp

�
Ωm

abRnpab þ
2

3
Ωm

a
bΩn

b
cΩp

c
a

�
ð4:2Þ

is the Lorentz Chern-Simons term,

SFCS ¼ 2i
Z

ðDΨα
I ∧ ⋆DΨIα þ ⋆DΨα

I ∧ Eαβ ∧ ⋆DΨβ
I Þ

¼ −2i
Z

d3xEðFm
I γ

aγbFn
I ÞEmbEna ð4:3Þ

is the fermionic Chern-Simons term, and

SVCS ¼ −
Z �

drIJ ∧ rJI −
2

3
rIJ ∧ rJK ∧ rKI

�
¼ 1

2

Z
d3xEεmnptr

�
Fmnrp −

2

3
rmrnrp

�
ð4:4Þ

is the vector Chern-Simons term. The fermionic Chern-
Simons term involves the gravitino field strengths (3.20)
and their Hodge duals (3.19). The vector Chern-Simons
term is constructed from the SOðN Þ connection (2.29). In
the unitary gauge (3.6), the functional (4.1) coincides with
the N -extended supersymmetric Lorentz Chern-Simons
action, which is also known as the action for (on-shell)
N -extended conformal supergravity [30,31].7

We now demonstrate that the action (4.1) is invariant
under a newly defined local N -extended supersymmetry
described by the parameters α ¼ ðαβI Þ. This supersymmetry
acts on the composite fields Ea and Ψβ

I in the following
way:

δαEa ¼ 2iαIγaΨI;

δαΨ
β
I ¼ −DαβI −

1

2
κðαγaÞβI Ea; κ∈R: ð4:5aÞ

The Goldstone fields do not transform under this super-
symmetry,

δαXa ¼ 0; δαΘ
β
I ¼ 0: ð4:5bÞ

The induced transformations on the elementary fields ψβ
I

and ea are given by

δαψ
β
I ¼ −DαβI þ

1

2
ðΘδαΩÞβI − ðδαrΘÞβI −

1

2
κðαγaÞβI Ea;

ð4:5cÞ

δαea ¼ −δαΩabXb þ 2iαIγaΨI þ 2iDαIγ
aΘI

−
i
4
εabcδαΩbcΘ2 þ iδαrIJΘJγ

aΘI

þ iκðαIγbγaΘIÞEb: ð4:5dÞ

Finally, we have following transformations of the gauge
connections:

δαΩma ¼ −2iαI
�
γmFIa −

1

2
EmaγbFb

I

�
þ iκαIðεabcEm

bΨc
I − γaΨImÞ; ð4:5eÞ

δαrIJ ¼ 2iα½JγbγaFI�bEa − 2iκΨ½JαI�: ð4:5fÞ

7We emphasize that while the functional (4.1) is identical to
that given in [30,31], it does not possess the symmetries
consisting of dilatations and special conformal (bosonic and
fermionic) transformations. This is simply due to the fact that our
approach starts from the super-Poincaré group and not the
superconformal group.
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Notably, the above transformation law for the Lorentz
connection (4.5e) is functionally identical to that given
in (3.18) for the ðN ; 0Þ case of the ðp; qÞ AdS supergravity
theories presented in Sec. III A.
As before, it is assumed that the dependence on δαΩ and

δαrIJ in (4.5c) and (4.5d) is such that the composite fields
Ea and Ψβ

I remain unchanged when the connections are
perturbed: Ω → Ωþ δαΩ and rIJ → rIJ þ δαrIJ.
Let us compute variations of the action (4.1) in parts,

beginning with the variation of the Lorentz Chern-Simons
term (4.2),

δSLCS ¼ i
Z

d3xERðαIγaFa
I Þ þ 4i

Z
d3xEGabðαIγbFIaÞ

þ 2iκ
Z

d3xEGabðαIγaΨIbÞ

þ 4κ

Z
d3xEðΨJaγbFa

JÞðαIΨb
I Þ; ð4:6Þ

where Gab ¼ Rab − 1
2
ηabR is the Einstein tensor, Rab ¼

Rc
acb is the Ricci tensor, and R ¼ −2ηabGab ¼ ηabRab is

the Ricci scalar. Varying the fermionic Chern-Simons
term (4.3) with respect to Ψα

I gives

δΨSFCS ¼ −2i
Z

d3xE

�
GabðαIγaFIbÞ þ GabðαIγbFIaÞ þ

1

2
RðαIγaFa

I Þ − 2iðΨIaγ
bFa

I ÞðαJFJbÞ þ 2Fa
IJðαIγbγaFb

JÞ
�

− 2κ

Z
d3xE

n
2ðαIFa

I ÞðΨJbγ
bΨJaÞ þ εabcðαIγaFIdÞðΨJcγ

dΨJbÞ − εabcðαIγdFd
I ÞðΨJcγaΨJbÞ

þ εabcðαIγdFIaÞðΨJcγ
dΨJbÞ þ iGabðαIγaΨIbÞ

o
þ 4iκ

Z
d3xEFa

JIðαIΨJaÞ: ð4:7Þ

Combining the variations (4.6) and (4.7) results in the cancellation of both the Ricci scalar curvature terms and the Einstein
tensor terms proportional to κ leaving8

δSLCS þ δΨSFCS ¼ 4

Z
d3xE

n
ðFb

I γ
aΨIbÞðαJFJaÞ þ εabcðFIdγbΨd

I ÞðαJγcFJaÞ − iFa
IJðαIγbγaFb

JÞ
o

− 2κ

Z
d3xE

n
ðΨJaΨIbÞðαIγbFa

JÞ þ ðΨJaγbΨb
I ÞðαIFa

JÞ þ 2ðΨJbγ
bΨJaÞðαIFa

I Þ

þ εabcðΨJcγdΨJbÞðαIγaFd
I Þ − εabcðΨJcγaΨJbÞðαIγdFd

I Þ þ εabcðΨJcγdΨJbÞðαIγdFIaÞ

þ εabcðΨJdγcΨIaÞðαIγbFd
JÞ
o
þ 4iκ

Z
d3xEFa

JIðαIΨJaÞ; ð4:8Þ

where the additional terms have arisen from a Fierz rearrangement of the fourth term in (4.6). We now vary the action (4.3)
with respect to the composite field Ea. This variation reads

δESFCS¼4

Z
d3xE

n
−ðFa

IFIaÞðαJγbΨJbÞ−εabcðFIbγcFIaÞðαJγdΨd
JÞþ2ðFa

IF
b
I ÞðαJγbΨJaÞþ2εabcðFd

I γcFIaÞðαJγbΨJdÞ
o
:

ð4:9Þ

The variation of SFCS (4.3) with respect to the Lorentz connection is given by

δΩSFCS¼4

Z
d3xE

n
εabcðFd

I γdΨIcÞðαJγbFJaÞ−εabcðFIaγdΨIcÞðαJγbFd
JÞ−εabcðFd

I γaΨIcÞðαJγbFJdÞþðFa
IΨIbÞðαJγaFb

JÞ
o

−2κ

Z
d3xE

n
ðΨb

JγbF
a
JÞðαIΨIaÞþðΨJaγbFa

JÞðαIΨb
I ÞþðΨJaFa

JÞðαIγbΨIbÞ−ðΨJbFa
JÞðαIγbΨIaÞ

−εabcðΨJcFJbÞðαIΨIaÞ−εabcðΨJcγdFJaÞðαIγdΨIbÞþεabcðΨJcγdFd
JÞðαIγaΨIbÞ−εabcðΨJcγaFd

JÞðαIγdΨIbÞ
o
:

ð4:10Þ

8In deriving this variation, we have made use of the fact that the Hodge dual of the antisymmetric part R½ab� of the Ricci tensor can be
expressed in terms of the fermionic fields via the first Bianchi identity in the presence of torsion.
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The final variation of SFCS (4.3) is the contribution arising from the SOðN Þ connection,

δrSFCS ¼ −8
Z

d3xE
n
εabcðFIaΨJbÞðα½JFI�cÞ − ðFIaΨJbÞðα½JγaFb

I�Þ þ ðFIaΨJbÞðα½JγbFa
I�Þ þ ðFa

I γ
bΨJbÞðα½JFI�aÞ

− ðFb
I γ

aΨJbÞðα½JFI�aÞ þ εabcðFIbγ
dΨJdÞðα½JγcFI�aÞ − εabcðFd

I γbΨJdÞðα½JγcFI�aÞ
o

− 8κ

Z
d3xE

n
εabcðΨJcFIaÞðα½IΨJ�bÞ þ ðΨJbγ

bFa
I Þðα½IΨJ�aÞ − ðΨJaγ

bFa
I Þðα½IΨJ�bÞ

o
: ð4:11Þ

The variation of the vector Chern-Simons term (4.4) reads

δSVCS ¼ 4i
Z

d3xEFa
IJðαIγbγaFb

JÞ − 4iκ
Z

d3xEFa
JIðαIΨJaÞ; ð4:12Þ

which will cancel the terms proportional to the Yang-Mills field strength in (4.8).
In order to show that the total variation of the action (4.1) vanishes, we adopt the strategy used in the N ¼ 1 case

presented in [23]. In particular, we systematically perform Fierz rearrangements on the individual terms contained within
the variations of (4.8), (4.10), and (4.11). Our Fierz rearrangement procedure is divided into two parts: the first addresses
terms that are not proportional to κ, while the second handles terms that are proportional to κ. For the terms independent of
κ, we rearrange them into expressions of the form ðFFÞðαΨÞ, possibly with gamma matrices wedged between the fields.
For the κ-dependent terms, we rearrange them into forms like ðΨΨÞðαFÞ, again allowing for gamma matrices to appear
between fields. It is worth noting that the variation (4.9) is already in this desired form and thus does not require any further
Fierz manipulation. By applying the Fierz rearrangement rule for two-component spinors (B11), we obtain the desired
forms for the variations (4.8), (4.10), and (4.11):

δSLCSþδΨSFCS ¼ 2

Z
d3xE

n
−3ðFb

IFJaÞðαJγaΨIbÞþðFIbγ
aFJaÞðαJΨb

I Þ− εabcðFd
I γcFJaÞðαJγbΨIdÞ−2iFa

IJðαIγbγaFb
JÞ
o

−2κ

Z
d3xE

n
ðΨJaΨIbÞðαIγbFa

JÞþðΨJaγbΨb
I ÞðαIFa

JÞþ2ðΨJbγ
bΨJaÞðαIFa

I Þþ εabcðΨJcγdΨJbÞðαIγaFd
I Þ

− εabcðΨJcγaΨJbÞðαIγdFd
I Þþ εabcðΨJcγdΨJbÞðαIγdFIaÞþ εabcðΨJdγcΨIaÞðαIγbFd

JÞ
o

þ4iκ
Z

d3xEFa
JIðαIΨJaÞ; ð4:13aÞ

δΩSFCS ¼ 2

Z
d3xE

n
−ðFb

I γ
aFJaÞðαJΨIbÞ þ ðFb

IFJaÞðαJγaΨIbÞ− 2ðFIaFb
JÞðαJγaΨIbÞ− 2ðFa

I γ
bFJaÞðαJΨIbÞ

þ 2ðFa
IFJaÞðαJγbΨIbÞ þ 2εabcðFIaFJbÞðαJΨIcÞ− εabcðFd

I γbFJaÞðαJγdΨIcÞ þ 2εabcðFIbγdFJaÞðαJγdΨIcÞ
− εabcðFd

I γdFJaÞðαJγbΨIcÞ þ εabcðFIaγbFd
JÞðαJγdΨIcÞ þ εabcðFIaγdFd

JÞðαJγbΨIcÞ− εabcðFIbγcFJdÞðαJγaΨd
I Þ
o

þ 2κ

Z
d3xE

n
ðΨJaγ

aΨIbÞðαIFb
JÞ− ðΨJaΨIbÞðαIγaFb

JÞ þ 2ðΨJaΨb
I ÞðαIγbFa

JÞ þ εabcðΨJaγcΨIdÞðαIγbFd
JÞ

− εabcðΨJcΨIbÞðαIFJaÞ− εabcðΨJcγdΨIaÞðαIγdFJbÞ
o
; ð4:13bÞ
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δrSFCS ¼ −4
Z

d3xE
n
εabcðFIaFJcÞðαIΨJbÞ þ 2ðFIaFb

I ÞðαJγaΨJbÞ− ðFIaFa
I ÞðαJγbΨJbÞ þ εabcðFb

I γcF
d
I ÞðαJγaΨJdÞ

− ðFIaFb
JÞðαIγaΨJbÞ þ ðFIaFa

JÞðαIγbΨJbÞ−
1

2
εabcðFIbγcFd

JÞðαIγaΨJdÞ þ ðFIaγ
bFa

JÞðαIΨJbÞ

− ðFb
IFJaÞðαIγaΨJbÞ−

1

2
εabcðFIbγcFIaÞðαJγdΨd

JÞ−
1

2
εabcðFIbγdFIaÞðαJγcΨd

JÞ−
1

2
εabcðFd

I γcFJaÞðαIγbΨJdÞ

þ 1

2
εabcðFIbγcFJaÞðαIγdΨd

JÞ þ
1

2
εabcðFIbγdFJaÞðαIγcΨd

JÞ
o

þ 2κ

Z
d3xE

n
εabcðΨJcγ

dΨJbÞðαIγdFIaÞ− εabcðΨIcΨJbÞðαIFJaÞ− εabcðΨIcγ
dΨJbÞðαIγdFJaÞ

− 2ðΨJaγ
bΨJbÞðαIFa

I Þ− 2εabcðΨJdγcΨJaÞðαIγbFd
I Þ− ðΨIaγ

aΨJbÞðαIFb
JÞ− ðΨIaΨJbÞðαIγaFb

JÞ
− εabcðΨIaγcΨJdÞðαIγbFd

JÞ þ ðΨIaγ
bΨJbÞðαIFa

JÞ þ ðΨIbΨJaÞðαIγaFb
JÞ þ εabcðΨIdγcΨJaÞðαIγbFd

JÞ
o
: ð4:13cÞ

Summing all variations (4.13a)–(4.13c), (4.9), and (4.12) gives

δSCSG ¼ δSLCS þ δΨSFCS þ δESFCS þ δΩSFCS þ δrSFCS þ δSVCS

¼ 2

Z
d3xE

n
−εabcðFd

I γbFJaÞðαJγdΨIcÞ þ 2εabcðFIbγdFJaÞðαJγdΨIcÞ− εabcðFd
I γdFJaÞðαJγbΨIcÞ

þ εabcðFIaγbFd
JÞðαJγdΨIcÞ þ εabcðFIaγdFd

JÞðαJγbΨIcÞ− εabcðFIbγcFIaÞðαJγdΨd
JÞ

þ 2εabcðFd
I γcFIaÞðαJγbΨJdÞ þ εabcðFIbγdFIaÞðαJγcΨd

JÞ− εabcðFIbγcFJaÞðαIγdΨd
JÞ− εabcðFIbγdFJaÞðαIγcΨd

JÞ
o

þ 2κ

Z
d3xE

n
εabcðΨJcγaΨJbÞðαIγdFd

I Þ− εabcðΨJcγdΨJbÞðαIγaFd
I Þ− 2εabcðΨJdγcΨJaÞðαIγbFd

I Þ
o
: ð4:14Þ

In analogy to the N ¼ 1 case, this combination may be shown to be identically zero.

A. Topologically massive supergravity

In [23], a nonlinear realization approach was employed
to demonstrate that the action for N ¼ 1 cosmological
topologically massive supergravity is invariant under two
different local supersymmetries. One of them acts on the
Goldstino, while the other supersymmetry leaves the
Goldstino invariant. The former can be used to gauge away
the Goldstino, and then the resulting action coincides with
that given in the literature [27]. Here we argue why applying
this approach to the N ¼ 2 case is inconsistent. For the
N ¼ 2 case, there are two (minimal) topologically massive
supergravity theories: topologically massive type I super-
gravity and topologically massive type II supergravity.

1. Topologically massive type I supergravity

Topologically massive type I supergravity emerges from
coupling the N ¼ 2 supersymmetric Lorentz Chern-
Simons action [40] with the off-shell (1,1) AdS super-
gravity action [36]. In our framework, we have constructed
the on-shell (auxiliary) component action for (1,1) AdS
supergravity (3.25). Although this action is not the off-shell
one given in [36], one can still couple it to the N ¼ 2
supersymmetric Lorentz Chern-Simons action since the
scalar fieldM remains auxiliary upon this coupling and can

be integrated out at the end. Therefore, topologically
massive type I supergravity [36] can be constructed from
the combination of the on-shell type I supergravity action
(3.25) and the N ¼ 2 limit of the N -extended super-
symmetric Lorentz Chern-Simons action (4.1), both evalu-
ated in the unitary gauge (3.6). The same is not true for the
on-shell action (3.24) due to the presence of nonalgebraic
contributions of the Uð1Þ gauge field in the topological
sector. This was the main motivation for introducing the
auxiliary vector field A into the action (3.24) by hand via
the term (3.27).
However, a key inconsistency arises between the

definitions of the gravitino field strengths used in the
supergravity sector (3.25) and those in the topological
sector (4.1). Specifically, there is no appearance of the
SOð2Þ ≅ Uð1Þ gauge field in the gravitino field strengths
contained in the Rarita-Schwinger term of the supergravity
action (3.25), whereas the gravitino field strengths used to
construct the fermionic Chern-Simons term (4.3) must
contain the Uð1Þ connection by definition. The origin
of this inconsistency comes from a difference in super-
Poincaré algebras when one introduces the connection
(2.7). In particular, when constructing the (1,1) AdS
supergravity action, the R-symmetry subalgebra is absent
for the choice of p ¼ q ¼ 1, as this setting leads to rIJ ¼ 0
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in (2.10). In contrast, constructing the N ¼ 2 supersym-
metric Lorentz Chern-Simons action requires setting p ¼ 2
and q ¼ 0, which preserves a nontrivial SOð2Þ connection.

2. Topologically massive type II supergravity

Topologically massive type II supergravity arises from
the coupling of the N ¼ 2 supersymmetric Lorentz
Chern-Simons action [40] with the off-shell (2,0) AdS
supergravity action [36,48]. At this point, we have only
constructed the on-shell (2,0) AdS supergravity action
(3.33). If we want to couple to the N ¼ 2 supersymmetric
Lorentz Chern-Simons action, we need the off-shell action
for (2,0) AdS supergravity since the topological sector
contains nonalgebraic contributions of the Uð1Þ gauge
field. The off-shell action for (2,0) AdS supergravity
involves additional fields not supplied by our nonlinear
realization approach. In particular, there involves another
Uð1Þ gauge field that naturally arises from the component
reduction of the corresponding action superfunctional for
off-shell type II supergravity [36]. While one may intro-
duce this field into the action by hand, it would be
somewhat artificial to our nonlinear realization approach.9

Furthermore, a calculation was performed after introducing
this extra Uð1Þ gauge field, and the variation of the action
constructed did not vanish.
This additional Uð1Þ gauge field corresponds to a central

charge in the (2,0) Poincaré superalgebra, being a central
extension of the N ¼ 2 super-Poincaré algebra [48].
Therefore, it seems plausible that one could derive the
off-shell action for (2,0) AdS supergravity by introducing a
central charge in the superalgebra within the initial non-
linear realization algebraic setup. In principle, one may
then construct topologically massive type II supergravity
by coupling to the N ¼ 2 version of the N -extended
supersymmetric Lorentz Chern-Simons action (4.1).10

V. CONCLUSION

In this paper, we have shown, using the nonlinear
realization approach to spontaneously broken supergravity
in three dimensions developed in [23], that the action (3.1)
constitutes a Stückelberg-type extension of the ðp; qÞ
AdS supergravity theories proposed by Achúcarro and
Townsend. Under the same approach, we have described
how to obtain the action (3.21), which is also a

Stückelberg-type extension of the N -extended Poincaré
supergravity theory introduced by Marcus and Schwarz.
Finally, by tweaking the algebraic setup of our approach,
we derived a Stückelberg reformulation of the supersym-
metric Lorentz Chern-Simons action for arbitrary N given
by the action (4.1). In the unitary gauge (3.6), these three
actions coincide with the standard ones given in the
literature [28–31]. They are gauge-fixed versions of the
actions (3.1), (3.21), and (4.1).
Each of these actions is invariant under two different

local N -extended supersymmetries. One of them acts on
the Goldstini, while the other supersymmetry leaves the
Goldstini inert. The N -extended Lorentz Chern-Simons
action shares the former supersymmetry with the pure
supergravity actions (Poincaré and AdS), but differs in the
one that leaves the Goldstini inert. The supersymmetry that
acts on the Goldstini can be used to gauge them away,
and then the resulting actions turn into those given in the
literature [28–31].
As pointed out in Sec. IV, the action (4.1) is functionally

identical to the one for on-shell N -extended conformal
supergravity [30,31], albeit not possessing invariance under
dilatations and special conformal (bosonic and fermionic)
transformations. It would be interesting to include these
symmetries in a nonlinear realization approach to on-shell
N -extended conformal supergravity, which would presum-
ably require beginning with the superconformal group.
Extending beyond N ¼ 1 using the formalism of non-

linear realizations proved to reveal some limitations in our
approach. Although the structure of N -extended Poincaré
supergravity is uniquely determined by applying this
formalism, one must deform the second local N -extended
supersymmetry to include cosmological terms. This is no
different from the N ¼ 1 case of AdS supergravity studied
in [23], where a deformation of the second local super-
symmetry was performed. However, the key limitation
arises when attempting to describe topologically massive
supergravity theories for N > 1. In particular, the N ¼ 2
extensions of topologically massive supergravity were
incompatible with our nonlinear realization approach. It
seems that off-shell supergravity methods used in, e.g., [36]
appear natural for these considerations.
We conclude with a few final comments. As is well

known, N ¼ 1 supergravity in 4D was discovered in 1976
by Freedman et al. [55] and by Deser and Zumino [22].11

As discussed in Sec. I, it was demonstrated in [21], under
the Volkov-Soroka framework, that the pure N ¼ 1 super-
gravity theory proposed in [22] may be considered
to be a special case of the N ¼ 1 Volkov-Soroka theory.
An extension of this analysis of [21] incorporating a

9Introducing the Uð1Þ gauge field in the (1,1) case was natural
since our nonlinear realization algebraic setup already contained
a Uð1Þ gauge field in the connection (2.7).

10Our nonlinear realization approach to the pure supergravity
theories presented in Sec. III is first order, where the Lorentz
connection Ω is considered as an independent field. In Ref. [54],
it is mentioned that extending their analysis to a so-called “Chern-
Simons-like” first-order action for N ¼ 2 topologically massive
supergravity is unclear due to the necessary Maxwell term for the
vector field corresponding to the central charge.

11A year later, a linearized supergravity action with auxiliary
fields was constructed in [56] by starting from a superfield
approach. This was later rediscovered as alternative (new)
minimal supergravity.
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cosmological term is given in Appendix A.12 In order to
apply the Volkov-Soroka construction to N ¼ 2 super-
gravity, it seems necessary to introduce a central charge in
the superalgebra and its associated vector gauge field. This
will be studied elsewhere.
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APPENDIX A: 4D N = 1 SUPERGRAVITY WITH
A COSMOLOGICAL TERM

A few years ago, it was shown [21], using a nonlinear
realization approach, that the action

SSG¼SEHþ4SRS

¼1

4

Z
εabcdEa∧Eb∧Rcd

þ2

Z
ðΨ∧Ea∧σaDΨ̄−DΨ∧Ea∧σaΨ̄Þ ðA1Þ

is invariant under two different local supersymmetries. The
technical details of which are given in [21]. The original
Volkov-Soroka supersymmetry is described by the relations

δεΨα ¼ 0; δεEa ¼ 0; ðA2aÞ

δεΩab ¼ 0; ðA2bÞ

δεΘα ¼ ϵα; δεXa ¼ iðΘσaϵ̄ − ϵσaΘ̄Þ; ðA2cÞ

δεψ
α ¼ −Dϵα; δεea ¼ 2iðψσaϵ̄ − ϵσaψ̄Þ: ðA2dÞ

The second supersymmetry and the main original result
of [21] is defined by

δεΨα ¼ −Dϵα; δεEa ¼ 2iðΨσaϵ̄ − ϵσaΨ̄Þ; ðA3aÞ
1

4
εabcdδεΩbc ∧ Ed ¼ ϵσaDΨ̄þDΨσaϵ̄; ðA3bÞ

δεΘα ¼ 0; δεXa ¼ 0; ðA3cÞ
δεψ

α ¼ −Dϵα þ ΘβδεΩβ
α; ðA3dÞ

δεea ¼ 2iðΨσaϵ̄ − ϵσaΨ̄Þ þ 2iðΘσaDϵ̄ −DϵσaΘ̄Þ

− δεΩa
bXb þ 1

2
εabcdδεΩbcΘσdΘ̄: ðA3eÞ

The latter supersymmetry is modeled on the former, and in
particular, the transformation laws (A3a) can be viewed as a
natural generalization of the Volkov-Soroka local super-
symmetry (A2d). The variation of the action (A1) under the
transformations (A3) was calculated to be

δεSSG¼−2
Z �

ϵσaDΨ̄þDΨσaϵ̄−
1

4
εabcdδεΩbc∧Ed

�
∧Ta:

ðA4Þ
Indeed, this variation vanishes if δεΩ is given by (A3b).
Building on the previous results, we shall incorporate a

supersymmetric cosmological term by first deforming the
second supersymmetry (A3) in the following way:

δεΨα ¼ −Dϵα − λðϵ̄ eσaÞαEa; ðA5Þ

while keeping the Ea and Goldstone field transformations
the same, as given by Eqs. (A3a) and (A3c). Here, λ is a
constant real parameter. The elementary fields ψα and ea

each pick up an additional term proportional to λ:

δεψ
α ¼ −Dϵα þ ΘβδεΩβ

α − λðϵσ̃aÞαEa; ðA6aÞ

δεea ¼ 2iðΨσaϵ̄ − ϵσaΨ̄Þ þ 2iðΘσaDϵ̄ −DϵσaΘ̄Þ

− δεΩa
bXb þ 1

2
εabcdδεΩbcΘσdΘ̄

þ 2iλðΘσaσ̃bϵ − ϵ̄σ̃bσaΘ̄ÞEb: ðA6bÞ

As is now standard in these calculations, the dependence of
δεΩ in (A6a) and (A6b) is such that the composite fields Ψα

and Ea remain unchanged upon varying the connection
Ω → Ωþ δεΩ. As will be shown, the induced deformed
second supersymmetry transformation law of Ω will be
determined by demanding invariance under this new
deformed local supersymmetry (A3a), (A5), (A3c), and (A6).
Next, we add to the action (A1) a supersymmetric

cosmological term

Ssuper−cosm ¼ 12λ2Scosm − 16iλSmass

¼ λ2

2

Z
εabcdEa ∧ Eb ∧ Ec ∧ Ed

þ 4λ

Z
Ea ∧ EbðΨ ∧ σabΨ − Ψ̄ ∧ σ̃abΨ̄Þ:

ðA7Þ
12It was shown in [23] that the Volkov-Soroka approach

restricted to the case of N ¼ 0 allows one to derive the action
for gravity with a cosmological term.
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We now follow the approach used in [21] by computing
variations of the actions (A1) and (A7) under the deformed
second supersymmetry for the case ϵ ≠ 0 and ϵ̄ ¼ 0 and
adding the complex conjugate part at the end. The addi-
tional variation of the action (A1) due to the term propor-
tional to λ in (A5) is given by

δðλÞϵ SSG ¼ 4δðλÞϵ SRS

¼ −2λ
Z �

−4Ψ ∧ σabDϵ ∧ Ea ∧ Eb

þ 2Ψσaσ̃bϵ ∧ Ea ∧ DEb

−Ψσbσ̃aϵ ∧ Ea ∧ DEb
	
: ðA8Þ

The total variation of the action (A7) under (A3a) and (A5)
reads13

δϵSsuper−cosm ¼ −16iλ
Z

Ea ∧ ðϵΨÞ ∧ Ψ ∧ σaΨ̄

− 8λ

Z
Ψ ∧ σabDϵ ∧ Ea ∧ Eb: ðA9Þ

Combining the variations (A8) and (A9) gives us

δðλÞϵ SSG þ δϵSsuper−cosm

¼ −16iλ
Z

Ea ∧ ðϵΨÞ ∧Ψ ∧ σaΨ̄

− 2λ

Z
ð2Ψσaσ̃bϵ ∧ Ea ∧DEb −Ψσbσ̃aϵ ∧ Ea ∧DEbÞ:

ðA10Þ

The latter two terms can be algebraically simplified such
that the first term is canceled out, and the variation is
reduced to

δðλÞϵ SSG þ δϵSsuper−cosm

¼ −2
Z

ð2λΨσbσ̃aϵ ∧ Eb − λΨσaσ̃bϵ ∧ EbÞ ∧ Ta:

ðA11Þ

Adding the complex conjugate part for which ϵ ¼ 0 and
ϵ̄ ≠ 0 gives

δðλÞε SSG þ δεSsuper−cosm

¼ −2
Z

ð2λΨσbσ̃aϵ − λΨσaσ̃bϵ

þ 2λϵ̄σ̃aσbΨ̄ − λϵ̄σ̃bσaΨ̄Þ ∧ Eb ∧ Ta: ðA12Þ

Finally, by summing the variations (A4) and (A12), we
arrive at

δεS ¼ −2
Z �

ϵσaDΨ̄þDΨσaϵ̄ −
1

4
εabcdδεΩbc ∧ Ed

þ λð2Ψσbσ̃aϵ − Ψσaσ̃bϵ

þ 2ϵ̄σ̃aσbΨ̄ − ϵ̄σ̃bσaΨ̄Þ ∧ Eb

�
∧ Ta; ðA13Þ

where we have denoted

S ¼ SSG þ Ssuper−cosm: ðA14Þ

This action is invariant under the deformed local super-
symmetry transformations provided

1

4
εabcdδεΩbc ∧ Ed

¼ ϵσaDΨ̄þDΨσaϵ̄þ λð2Ψσbσ̃aϵ −Ψσaσ̃bϵ

þ 2ϵ̄σ̃aσbΨ̄ − ϵ̄σ̃bσaΨ̄Þ ∧ Eb: ðA15Þ

By construction, the action (A14) is invariant under
gauge super-Poincaré transformations (see [21] for the
technical details). In particular, one can apply a local
Poincaré translation along with the Volkov-Soroka
local supersymmetry (A2c) to switch off the Goldstone
fields ZAðxÞ ¼ ðXaðxÞ;ΘαðxÞ; Θ̄α̇ðxÞÞ by imposing the
conditions

Xa ¼ 0; Θα ¼ 0: ðA16Þ

As a result, the action (A14) turns into the supergravity
action with a supersymmetric cosmological term proposed
by Townsend [57] in 1977.

APPENDIX B: 3D NOTATION AND
CONVENTIONS

In this appendix, we collect key formulas of the 3D two-
component spinor formalism that is described in [45]. The
starting point for setting up this 3D spinor formalism is the
4D relativistic Pauli matrices

ðσaÞαβ̇≔ ð12; σ⃗Þ; ðσ̃aÞα̇β≔ ð12;−σ⃗Þ; a¼0;1;2;3; ðB1Þ

where σ⃗ ¼ ðσ1; σ2; σ3Þ are the Pauli matrices. We remove
the matrices with space index a ¼ 2 and obtain the 3D
gamma matrices

ðσaÞαβ̇ ⟶ ðγaÞαβ ¼ ðγaÞβα ¼ ð12; σ1; σ3Þ; ðB2aÞ

ðσ̃aÞα̇β ⟶ ðγaÞαβ ¼ ðγaÞβα ¼ εαγεβδðγaÞγδ; a ¼ 0; 1; 2:

ðB2bÞ
13There is no Lorentz connection variation contribution from

this action.
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The ðγaÞαβ and ðγaÞαβ are invariant tensors of the
Lorentz group SO0ð2; 1Þ. They can be used to convert
any three-vector Va into symmetric second-rank spinors

V̌ ¼ ðVαβÞ; Vαβ ¼ VaðγaÞαβ; ðB3aÞ

V̂ ¼ ðVαβÞ; Vαβ ¼ VaðγaÞαβ: ðB3bÞ

As is known, the invariance properties of ðγaÞαβ and ðγaÞαβ
follow from the isomorphism SO0ð2; 1Þ ≅ SLð2;RÞ=Z2,
which is defined by associating with a group element
M∈SLð2;RÞ the linear transformation on the vector space
of symmetric real 2 × 2 matrices V̌,

V̌ → MV̌MT: ðB4Þ

In the 3D case, the spinor indices are lowered and raised
using the SLð2;RÞ invariant spinor metric ε ¼ ðεαβÞ ¼
−ðεβαÞ and its inverse ε−1 ¼ ðεαβÞ ¼ −ðεβαÞ, which are
normalized by ε12 ¼ −ε12 ¼ 1. The rules for lowering and
raising the spinor indices are

ψα ¼ εαβψ
β; ψα ¼ εαβψβ: ðB5Þ

By construction, the γ matrices (B2a) and (B2b) are real
and symmetric.
Properties of the 4D relativistic Pauli matrices imply

analogous properties of the 3D γ matrices. In particular, for
the Dirac matrices

γa ≔ ððγaÞαβÞ ¼ εβγðγaÞαγ ¼ ð−iσ2; σ3;−σ1Þ; ðB6Þ

we have the following identities:

γaγb ¼ ηab12 þ εabcγ
c ⇒ fγa; γbg ¼ 2ηab12; ðB7aÞ

γaγbγc ¼ ηabγc − ηacγb þ ηbcγa þ εabc12; ðB7bÞ

ðγaÞαβðγaÞγδ ¼ εαγεδβ þ εαδεγβ; ðB7cÞ

where the 3D Minkowski metric is ηab ¼ ηab ¼
diagð−1;þ1;þ1Þ, and the Levi-Civita tensors εabc and
εabc are normalized by ε012 ¼ −ε012 ¼ −1.
Throughout this paper, contractions of spinor indices are

defined as follows:

ϕχ ≔ ϕαχα ¼ χϕ; ϕ2 ≔ ϕϕ; ðB8aÞ

ϕγaχ ≔ ϕαðγaÞαβχβ ¼ −χγaϕ: ðB8bÞ

Here, ϕα and χα are arbitrary anticommuting spinors.
The Dirac matrices (B6) along with the unit matrix

ΓA ≔ f12; γag form a basis in the linear space of 2 × 2
matrices. If we define the corresponding set with upper

indices ΓA ≔ f12; γag, we have the identity

trðΓAΓBÞ ¼ 2δA
B: ðB9Þ

In accordance with this identity, if M ¼ ðMα
βÞ and N ¼

ðNα
βÞ are 2 × 2 matrices, then

Mα
βNγ

δ ¼
X
A

ðCAÞαδðΓAÞγβ; ðB10aÞ

ðCAÞαδ ¼
1

2
Mα

βðΓAÞβγNγ
δ: ðB10bÞ

Now, let ψα
1 , ψ

α
2 , ψ

α
3 , and ψα

4 be arbitrary two-component
spinors. Using Eqs. (B10a) and (B10b), one can show that

ðψ1Mψ2Þðψ3Nψ4Þ ¼ −
1

2
ðψ1MΓANψ4Þðψ3ΓAψ2Þ; ðB11Þ

which is the Fierz rearrangement rule for two-component
spinors.
The Levi-Civita tensor with lower curved-space indices

εmnp is defined by

εmnp ¼ Eϵmnp ¼ Em
aEn

bEp
cεabc; ðB12Þ

where E ≔ detðEm
aÞ, and ϵmnp is the Levi-Civita symbol.

Its counterpart with upper curved-space indices εmnp is

εmnp ¼ E−1ϵmnp ¼ Ea
mEb

nEc
pεabc: ðB13Þ

In three dimensions, any vector Fa can be equivalently
realized as a symmetric second-rank spinor Fαβ ¼ Fβα or as
an antisymmetric second-rank tensor Fab ¼ −Fba. The
former realization is obtained using the gamma matrices

Fαβ ≔ ðγaÞαβFa ¼ Fβα; Fa ¼ −
1

2
ðγaÞαβFαβ: ðB14Þ

The antisymmetric tensor Fab is the Hodge dual of Fa,

Fab ¼ −εabcFc; Fa ¼
1

2
εabcFbc: ðB15Þ

The symmetric spinor Fαβ is defined in terms of Fab as
follows:

Fαβ ¼
1

2
ðγaÞαβεabcFbc: ðB16Þ

We emphasize that the three algebraic objects Fa, Fab, and
Fαβ are equivalent to each other. The corresponding inner
products are related to each other as follows:

−FaGa ¼
1

2
FabGab ¼

1

2
FαβGαβ: ðB17Þ

More details can be found in [35].
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