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We elaborate on the nonlinear realization approach to spontaneously broken supergravity in three
dimensions presented by Kuzenko and Stirling [Proc. R. Soc. A 479, 20230350 (2023)]. Using this
approach, we provide a novel derivation of A -extended supergravity, with and without a cosmological
term. It corresponds to a Stiickelberg-type extension of the following theories: (i) the (p, ¢) anti—de Sitter
(AdS) supergravity theories with p + g = N, p > g > 0 proposed by Achicarro and Townsend and (ii) the
N -extended Poincaré supergravity of Marcus and Schwarz. We also apply the approach to obtain a
Stiickelberg reformulation of the supersymmetric Lorentz Chern-Simons action for arbitrary N. In our
construction, the pure supergravity actions (Poincaré and AdS) share the invariance under two different
local \-extended supersymmetries. One of them acts on the Goldstini, while the other supersymmetry
leaves the Goldstini inert. The N -extended supersymmetric Lorentz Chern-Simons action proposed in our
setting shares the former supersymmetry, but differs in the one that leaves the Goldstini inert. The
supersymmetry that acts on the Goldstini can be used to gauge them away, and then the resulting actions

coincide with that given in the literature.

DOI: 10.1103/9¢cxd-fn2q

I. INTRODUCTION

The method of nonlinear realizations is an elegant and
systematic approach that can be used to construct field
theories with spontaneously broken symmetries. Its general
formalism has been well established, and we refer the
reader to several pioneering works and review papers on
this subject [1-13]. Remarkably, this approach produced
some of the earliest results in both rigid and local
supersymmetry. These include the Goldstino action pro-
posed in [14,15] and, most notably, the Volkov-Soroka
approach to spontaneously broken local supersymmetry
[16,17], which has been particularly influential for the
present paper. These authors gauged the A -extended super-
Poincaré group in four dimensions (4D) and proposed a
super-Higgs mechanism by constructing the N' = 1 super-
gravity action with nonlinearly realized local supersym-
metry (see [18,19] for a review and [20] for a critical
analysis of the Volkov-Soroka construction and modern
developments).
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In 2021, Kuzenko revisited the Volkov-Soroka construc-
tion and showed that, for special choices of the parameters
of the theory, the A =1 Volkov-Soroka action was
invariant under two distinct local supersymmetries [21].
One of these, present for arbitrary values of the parameters,
acts nontrivially on the Goldstino and can be used to gauge
away the Goldstino. The other supersymmetry emerges
only in a special case and leaves the Goldstino inert. When
the former supersymmetry is used to eliminate the
Goldstino, the resulting action coincides with that proposed
by Deser and Zumino for consistent supergravity in the
first-order formalism [22]. In this sense, pure N =1
supergravity is a special case of the Volkov-Soroka theory.
This analysis provided a novel nonlinear realization
approach to constructing unbroken simple Poincaré super-
gravity theories in 4D. In Appendix A, we derive a
supplementary result that builds on [21] by including a
cosmological term in the supergravity action.

Less than two years after [21], the present author and
Kuzenko [23] extended the construction of [21] to the case
of 3D N =1 supergravity [24,25], with and without a
cosmological term. These results were also generalized
to topologically massive A = 1 supergravity [26] and its
cosmological extension [27]. Taken together, this provided
a lower-dimensional application of the ideas of Volkov and
Soroka [16,17], culminating in a nonlinear realization
approach to (cosmological) topologically massive N = 1
supergravity in three dimensions.
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In this paper, we will extend the construction of [23] to
the case of (p, g) anti—de Sitter (AdS) supergravities [28]
and N -extended Poincaré supergravity [29]. We also
consider the supersymmetric Lorentz Chern-Simons action
for arbitrary N [30,31].

It is worth noting that \-extended supergravity in three
dimensions has been an active area of research for several
decades. The action for NV -extended Poincaré supergravity
first appeared in [29] and was later obtained in [28]
by taking the “Poincaré limit” of a family of N -extended
AdS supergravity theories. This family of theories is known
as the (p,q) AdS supergravity theories and were also
constructed in [28]. They were formulated as Chern-
Simons theories and are naturally associated with the 3D
AdS supergroups OSp(p|2; R) x OSp(¢|2; R). Superfield
approaches to A -extended supergravity and its matter
couplings were developed in several works; see, e.g.,
[32-35]. In particular, the off-shell actions for (cosmologi-
cal) topologically massive supergravity were presented
in [36] for =2 and in [37] for N =3 and N =4
(for N =4, see also [38]). For each N, the locally
supersymmetric Lorentz Chern-Simons terms used to
formulate these topologically massive supergravity theories
can be interpreted as the action for conformal supergravity.
This was first done in [39] for A" = 1 and then [40] for
N = 2 and finally [30,31] for arbitrary . The action for
N -extended conformal supergravity given in [30,31] is on
shell for AV > 3. Off-shell actions for N' =3, 4, 5 were
constructed in [41] using the techniques developed in [42]
and for N = 6 in [43,44].

This paper is organized as follows: In Sec. II, we review
the 3D analog of the Volkov-Soroka construction that
was first presented in [23]. Using this framework, we
demonstrate in Sec. III that the action for (p,q) AdS
supergravity (3.1) is invariant under two different local
N -extended supersymmetries. One of them is present for
arbitrary relative coefficients between the terms in (3.1) and
acts on the Goldstini, while the other supersymmetry
emerges only in a special case and leaves the Goldstini
invariant. The former can be used to gauge away the
Goldstini, and then the resulting action coincides with the
standard action for (p,g) AdS supergravity in the first-
order formalism. In Sec. III B, we show that the same
formalism of nonlinearly realized local supersymmetry can
be used to describe A -extended Poincaré supergravity. By
restricting to the A/ = 2 case, in Sec. III C we discuss as
examples (1,1) and (2,0) AdS supergravity that follow from
the analysis performed in Sec. III A. In Sec. IV, we apply
our approach to obtain a generalization of the A/-extended
supersymmetric Lorentz Chern-Simons action (4.1) and
demonstrate that it is also invariant under two different
local supersymmetries, but where the second one is distinct
from the one presented in Sec. III. We argue in Sec. IVA
that our approach is limited in its ability to generalize the
analysis of Sec. III to topologically massive supergravity.

The main body of the paper is accompanied by two
technical appendixes. Appendix A extends the result given
in [21] to include a cosmological term. In Appendix B,
we collect the key formulas of the 3D two-component
spinor formalism.

II. REVIEW OF THE VOLKOV-SOROKA
APPROACH IN THREE DIMENSIONS

In this section, we give a recap of the Volkov-Soroka
construction in 3D, following [23]. Let P(3|p. q) be the
three-dimensional (N = p + g)-extended super-Poincaré

group with p > ¢ > 0. Any element g€ P(3|p,q) is a
(4/N) x (4|N') supermatrix of the form'
g=9(b;y,M,R)=s(b,n)h(M,R)=sh, (2.1a)
1, 0 0
s(bun)s= | =b+3er | 1 | =V
iv/27 0 Ty
5.0 0 0
= | b7 3 | 8% | =2 | (2.1b)
iv2n/ 0 01
M 0 0
h(M,R)=1| 0 (M—hHT 0
0 0
M} 0 0
=1 0 (M)~ 0 . (2.1¢)
0 0 R,

where M e€SL(2,R), ReSO(p)x SO(q) c SON),
n= ("), n*=na. and b is defined in Eq. (B3b).”
The SL(2,R) invariant spinor metric & = (£,5) = —(&p,)
and its inverse &7! = (e¥) = —(&/*) are defined in
Appendix B. The group element s(b,#) is labeled by three
bosonic real parameters b and 2/ fermionic real param-
eters n,% = n%; =ny.

Let us introduce Goldstone fields Z4(x) = (X“(x),
©%(x)) for spacetime translations (X“) and supersymmetry
transformations (©¢). They parametrize the homogeneous
space (N -extended Minkowski superspace)

'Our parametrization of the elements of P(3|p,q) follows
[45], but where the R-symmetry group is SO(p) x SO(g).

In the p = N, g = 0 case, we recover the N -extended super-
Poincaré group defined in [23], where it is understood that

P(3|N,0) = P(3|N).
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M3V = PEIN) (2.2)
SL(2,R) x SO(p) x SO(q)
according to the rule

1, 0 0
©(z)=| -X+ie'e* | 1, | -v207 (2.3)

iv20 0 Ty

A gauge super-Poincaré transformation acts as

90 Z(0) = Z(x),  g8(2) =S(Z)h,  (24)

with g = sh. This is equivalent to the following trans-
formations of the Goldstone fields:

s(b.n): X' =X +b+i(n"®@-0Ty),  (2.52)
0 =0+y, (2.5b)
and
h(M,R):X' = (M)TXM~", (2.6a)
0 =ROM™, (2.6b)

Introduce a connection 2 = dx”¥,, taking its values in

the super-Poincaré algebra p(3|p, q),
19 0 0
A= —e - %QT —\/ZI/IT
iv2y 0 r
1/ 0 0
| e e [ v | e
i\/QWI/} 0 T1y
and possessing the gauge transformation law
A = gAg~' + gdg™'. (2.8)

Here, the 1-form Q7 is related to the Lorentz connection
Q% = dx"Q,, % = —Qb¢ as

1

Qaﬂ = Eeabc(ya)aﬂgbc' (29)

As in the first-order formalism to gravity, the Lorentz
connection is an independent field and may be expressed
in terms of the other fields by requiring it to be on shell.

The 1-form e? is the spinor counterpart of the dreibein
e = dx"e,,”. The fermionic 1-forms y,” describe the N/
gravitini. Finally, the 1-form r;; = —rj; is the SO(p) x
SO(q) gauge field written as a (p + gq) X (p + ¢q) block
diagonal matrix,

rpy = (’”(’1)] :;) , (2.10)

where we have introduced the notation
riy = —rjp 1LJ=1,...,p, (2.11a)
rrpg=-=rr 1.J=1,..,4q, (2.11b)
rig=ri3=0 (2.11c)

We identify the fields r;7 and r;; as the SO(p) and SO(q)
gauge fields, respectively.

It should be pointed out that our parametrization of the
super-Poincaré algebra follows [41 ]3 and differs from [45].
Under an infinitesimal Lorentz transformation

Ox4 = A%,xP = ), x,., Aab = —Apgs (2.12a)
a two-component spinor y, transforms as
: s
5Wa = 5/10, l///}, /laﬂ = /1/30,, (212b)

where the Lorentz parameters 4, 4,, and 4, are related to
each other according to the rules (B14)—(B16).
Associated with & and 2 is the different connection

A:=c1AC + & 1de, (2.13)
with gauge transformation law
A" = hAh~' + hdh™! (2.14)

for an arbitrary gauge parameter g = sh. This connection is
the main object in the Volkov-Soroka construction. Direct
calculations give the explicit form of A,

1Q 0 0
A=| -E -1QT | V29T | (215)
ivV2W 0 r

*With the distinction that the R-symmetry subalgebra is taken
to be 3o0(p) @ 80(q).
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where we have defined

E:=2¢+ DX +1(DOTO — OTDO) + 2i(y"® — OTy),

(2.16a)
Y=y + DO, YT =T+ DOT, (2.16b)
and D denotes the covariant derivative
DX = df(—%fm—%sﬂff, (2.17a)

1 1
DO =d0--0Q+/0, DO'=de’--QTeT - o'
(2.17b)

Equation (2.14) is equivalent to the following gauge
transformation laws:

Q' = MOM~' + MdM~, (2.18a)
Y =RrR™' 4+ RAR™!, (2.18b)
and
E =M YTEM, (2.19a)
Y = RYML. (2.19b)

It is worth pointing out that the supersymmetric 1-forms E¢
and ¥,# transform as tensors with respect to the Lorentz
and SO(p) x SO(q) gauge groups.

Under a supersymmetry transformation ¢ = s(0,7%),
one can use the Goldstone field transformations (2.5a)
and (2.5b) to deduce the local supersymmetry transforma-
tion laws of the gravitini and the dreibein

v =y —Dn, (2.20a)

¢ =e+2i(n"w —w'n) +i(Dn'n—n"Dy). (2.20b)
In the infinitesimal case, these supersymmetry transforma-
tion laws take the form

5,et = 2itr(nyy?T).

! (2.21a)

o,w = —Dn,
These should be accompanied by the supersymmetry
transformations of the Goldstone fields

5,X* = —itr(@y“n"),

6,0 = 1. (2.21b)
A local Poincaré translation is given by g = s(b,0). It
acts on the Goldstone vector field X¢ and the dreibein e as

follows:

X' =X+ b°, e =e"—=Db*,  (2.22)
while leaving the Goldstini and gravitini inert.
The curvature tensor is found through
R=dA-AAA, R’ = hRA™'.  (2.23)
Direct calculations give
IR 0 0
R:=| -T —IRT | —V2DYT |, (2.24)
ivV2DY 0 F

where R = (R,”) is the Lorentz curvature, F = (F;) is the
Yang-Mills field strength,

D‘I’:d‘P—%‘P/\Q—r/\‘P,

1
DYT = d¥T + §QT AP -9l A r (2.25)
are the gravitino field strengths, and
A ~ 1 FaS 1 T 2~ . T
T:dE—EE/\Q+§Q NE=2IY" AY
=DE-2i9T A ¥ (2.26)

is the supersymmetric torsion tensor. In vector notation, the
torsion tensor reads

T¢ = DE® —iW¥ A y*WT, (2.27)

The Lorentz curvature tensor with spinor (R,”) and vector
(R“p) indices has the form

1
RS =dQ) 207 A Q.

R, =dQ%), — Q4. A QF. (2.28)
Finally, the Yang-Mills field strength reads
F=dr—rAr. (2.29)

Using the above results, one can construct a locally
supersymmetric action. With the notation E = det(E,,“),
gauge-invariant functionals include the following:

(i) the Einstein-Hilbert action

1 1
SEH — E/ ‘SabcEa A RbC = E/d3xER, (230)
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(ii) the Rarita-Schwinger action

Sks :i/‘P7 ADY,,

= i/d3erm”P‘Pm,“Dp\I‘,m,, (2.31)
(iii) the cosmological term
1 b .
Scosm = _6 Eapc E N E” N E€
= /d3xE, (2.32)

(iv) the mass term

Smass = /lPI N E%q N ‘PI
:/d3xE8m"1"I‘m,yn‘I‘p1, (2.33)

and
(v) the Yang-Mills action

1
SYM:—E/H'(F/\*F)

1
=-1 / BxEw(F,,F™).  (2.34)

All of the above actions are invariant under the R-symmetry
group SO(p) x SO(gq). Making use of the SO(p) x SO(q)
connection r and the corresponding field strength F, we can
construct standard Chern-Simons actions. In the N =1
case, a linear combination of the functionals (2.30)—(2.33)
gives an action for spontaneously broken supergravity.

IIl. A NEW LOCAL N -EXTENDED
SUPERSYMMETRY

In this section, we generalize the pure N/ = 1 super-
gravity (Poincaré and AdS) results of [23] to the
N -extended case.

A. (p,q) anti-de Sitter supergravity theories

In order to describe (p,q) AdS supergravity theories,
it is necessary to work with the (N = p + g)-extended
super-Poincaré algebra p(3|p,q). This is precisely
the parametrization described in Sec. II defined by
Egs. (2.7) and (2.10).

We are going to show that the following special linear
combination

SAdS(p,q) = Ssg + Ssuper—cosm + Svcs. (31)

where

1
SSG = SEH - ZSRS = E/gabcEa A Rbe —Zl/lP[ AN DTI,

(3.2)
Ssuper—cosm = mzscosm - imlJ(Smass)IJ
1
= _gmz/gabcEa A\ Eh N E¢
—im”/‘PI N EC A }/alp_], (33)

1 2
Sves = 57— My drIK/\rKJ_ngK/\rKL/\rLJ )

2m
(3.4)
and
m;; = mdiag(1,...,1,—-1,...,—1), meR 3.5
1 g( ) (3.5)
p times q times
possesses a new local N-extended supersymmetry

described by the parameters € = (ef) = (€7, €f). Making
use of the N-extended supersymmetry transformation
(2.21) and the local Poincaré translation (2.22) allows us
to impose the unitary gauge
X* =0, ¢ =0. (3.6)
Then, (3.1) turns into the action for (p, ¢) AdS supergravity
originally constructed in [28].
Under the new local N-extended supersymmetry, the
composite fields £ and ¢ are postulated to transform as

1
5€Eu :2i€1]/a‘yl, 5€‘P7:—D€?—§m”(€ya)?E“. (373)

The Goldstone fields are required to be inert under this
transformation,

5X°=0, 5,0%=0. (3.7b)

The elementary fields y¢ and e transform as follows:

1 1
6.f = =Déf 43 (06,Q)f = (6.r0)f =5 myy(er.)E".

(3.7¢)
S.e* = —5,Q%X, + 2ie;y*¥; + 2iDe;y 0,
- %eahcesegbc@Z +1i6.7,,0,7°0,
+ imyy(e;y,7°0;)E”. (3.7d)
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The dependence on §.Q and 6,r;; in (3.7¢) and (3.7d) is
such that the composite fields E“ and W§ remain unchanged
when the connections are displaced: Q — Q + 6,Q and
ryy = i+ 8.r;;. It should be pointed out that this N/ -
extended supersymmetry is analogous to the A =1
supersymmetry presented in [23]. As in the N' =1 case,
the transformation laws of Q and r;; will be determined by
demanding the action (3.1) to be invariant under this new
local NV -extended supersymmetry (3.7).

We now compute the corresponding variations of each
action (3.2)—(3.4). The total variation for the action (3.2)
under the transformations (3.7) is functionally identical to
the result in the A/ = 1 case modulo terms arising from the
presence of the connection (2.10),*

1
5€SSG :E/—I]—a /\Eabcéegbc—‘li/FI] /\67‘}“]&
—Zi/lp7/\lp‘]a/\56r]‘]

+ 21m1//(DEa A (GYa)glP[a

+E“ A (Dé‘}’a); A lIJID()' (38)

The total variation of the action (3.3) under (3.7) reads
|

56Ssuper—cosm = —2imy,; / E“ A (D€7a)7 0 7%

+ 2mIJ /(LPI{I A G%TK/)’ AN Tg

F W, A e e AW (3.9)

We highlight the survival of the terms quartic in fermions
in (3.9), which is in contrast to the AV = 1 case considered
in [23]. Before computing the variation of the action (3.4),
it will prove useful to first split it into its SO(p) and SO(q)
counterparts as follows:

2m?

1 2
—%/ <d}"ﬁ/\l"ﬁ—§rﬁ/\l"l—K/\l’m>

1
2m

1 2
Sves =—5myy drIK/\rKJ_ngK/\rKL/\rLJ

2

Its corresponding variation is then

1 1
6eSVCS :—E/Fﬁ/\éern +E/Fu/\5er£, (311)

where F;; and F;; are the SO(p) and SO(g) field strengths, respectively. Combining all variations (3.8), (3.9), and (3.11)

gives

1
5€SAdS(p,q) = E/T]—a A Eabc5€§2bc - 41/F1./ A €7\Pja - 21/\11(11 A \Pla A\ 561’1J + 2im”/DEa AN (6}/a)?lpla

1 1
_%/Fﬁ/\ﬁerﬁ-i-%/F”/\éerU—i-ZmU/(\Pm/\€(I’<‘PK/;/\‘Pg—i—lf’la/\el(/;q’%/\lp/;)

1

+ 2imy, /(—”—a +i¥x A 7*¥%) A (€74)7P1a

—E/—[I—a /\8abc5eghc—4i/FIJ/\G{;\P‘]a—Zi/T7/\‘P‘/a/\5€r1‘]

1 1

+ ZmU /(‘{Jla VAN G%TK/} N ‘I{[;) + qjla AN GK/}‘P?( N ‘P{;)

(3.12)

Using the identity (B7c) and combining terms quartic in fermions yields

1 . . . .
OeSAdS(p.g) = 2/-”—” A (Eape8: QP + dimpyesy,¥y) — 4i / Frynef¥i,—2i / Wi AW A (8erry = 41mJK€[KlPI])

1 1

(3.13)

“The appearance of the Yang-Mills field strength arises from the Bianchi identity DDY = —%‘P AR—-WYAF.
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Observe that if we set

567"1] = 4imJK€[K‘I’I] < 5€rﬁ = 41m€[]‘1’7],

Sery = —4imey; ¥y, (3.14)

then we are left with

1 .
5eSAds(p,q):E/W/\(é‘abc569bc+41mu€17aq’1)- (3.15)

This remaining variation vanishes provided

559176 = Zimljgabc€17/aqjl. (316)
Alternatively, we can work with a composite Lorentz
connection obtained by imposing the constraint

T¢ = DE* —i¥, A y°¥,

=dE* + E® A Q4 —i¥; A y9¥; = 0. (3.17)
In the case of vanishing Goldstone fields X¢ =0 and
®¢ = 0, one can uniquely solve (3.17) for the connection
giving its well-known expression in terms of the dreibein
and gravitini Q = Q(e, ). Moreover, by demanding that
the constraint (3.17) remains invariant under the trans-
formations (3.7), we can determine the unique second-

order variation for the dual Lorentz connection
Qma = %‘gabcgmbca
. 1 )
5eQma = _21€1 ym%]a - EEmayb%I
+ imllej(gabcEmb‘P? - ValPIm)7 (318)
where
1
7‘(’DIPI = dxm%1m7 %Im = _Emnp%’;p (319)

2

are the Hodge duals of the gravitino field strengths (2.25)

1
DlPI = dem A dx"%,nm,

%Inm = Dn‘le - Dmlpln = _%lmn' (320)

B. The Poincaré supergravity limit

In our approach, there are two ways to construct
N -extended Poincaré supergravity. One way is to start
with the connection (2.7), but with the SO(p) x SO(q)
gauge field (2.10) switched off and proceed as outlined in
Sec. II. Then, one constructs the following functional:

1
SSG ES SEH - 2SRS = E/ 8abcEa AN Rbc - 21/‘1‘1 AN DTI

(3.21)

In the unitary gauge (3.6), the functional (3.21) coincides
with the action for N -extended Poincaré supergravity
originally constructed in [29]. In addition to the first
supersymmetry transformation (2.21), it can also be shown
that the action (3.21) possesses a second local A -extended
supersymmetry defined by (3.7), but with m = 0.
Specifically, one obtains the following variation, which is
functionally identical to the A" = 1 case considered in [23]:

1
5€SSG ES 5/1]—“ AN Eabcéegbc. (322)

This variation vanishes if §,Q°¢ = 0. Alternatively, we can
deal with a composite connection obtained by imposing the
constraint (3.17), which makes the variation (3.22) vanish.

Similar to the N' = 1 case, the variation (3.22) implies
that the Volkov-Soroka approach can naturally lead to the
1.5 formalism [46,47]. In this formalism, the variation §,.€
becomes irrelevant when the equation of motion of the
Lorentz connection (3.17) is satisfied.

The second way to construct AN -extended Poincaré
supergravity is by taking the ‘“Poincaré limit” of the action
(3.1) as described in [28]. This involves first performing
the rescaling r;; — r}, = #r” and then setting m = 0. The
action that remains is (3.21), where there is no longer
dependence on the SO(p) and SO(g) gauge fields.

We emphasize that both approaches result in the func-
tional (3.21), which possesses two local N -extended
supersymmetries. The first is the supersymmetry trans-
formation (2.21), while the second is defined by (3.7), with
m = 0. In particular, although both approaches share the
same Lorentz connection transformation law §,Q°¢ =0
ensuring that (3.22) vanishes under the second supersym-
metry (3.7), this is not the case when considering the
transformation law of the SO(p) x SO(g) connection
under that same supersymmetry. In the first approach,
the SO(p) x SO(g) connection is inert; it is excluded in
the connection (2.7). In the second approach, the SO(p)
and SO(g) connections become absent after rescaling
ryy = rj; = ~r;; and taking the limit m — 0. However,
there still remains a nonzero transformation law for them:

61”— = 4i€[]lpj], (323)

e’ 56"9_‘/ = _41€[leﬂ

It should be pointed out that both approaches lead to the
action for A -extended supergravity where there is no
distinction between p and g for fixed A/ [29]. This action
has been referred to as the (V' = p + ¢)-extended Marcus-
Schwarz Poincaré supergravity [48]. When either p > 1 or
g > 1, there exist (p,q) Poincaré supergravity theories
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with an inherent distinction between p and ¢, and these
were first constructed in [48]. These authors explored a
central extension of the N -extended super-Poincaré alge-
bra by introducing central charges and their associated
vector gauge fields.

C. The N =2 case

In the N =2 case, there are two AdS supergravity
theories: (1,1) and (2,0). Here we state these as examples of
the general result described in Sec. IIT A.

1. (1, 1) AdS supergravity
When p = g = 1, the SO(p) and SO(q) gauge fields

are absent, and consequently, there is no vector Chern-
Simons terms in the action. The functional that remains is

1
Sads(1.1) = E/ €apcE* N RV — Zi/‘P, A DY,
1
—Emz/eath“ A EY A E€

—imIJ/‘PI N EC N ya‘PJ, (324)

with m;; = mdiag(1,—1). In the unitary gauge (3.6), the
functional (3.24) turns into the action for (1,1) AdS
supergravity [28]. One can introduce by hand an auxiliary
vector field A = dx™A,, into the action (3.24) in the
following way:

1
SAdS(l,l)—E/fabcEa/\Rbc—ﬁ/‘P,/\'D‘P,
1
—6m2 / eape E* NEP AE°

In the unitary gauge (3.6), this action coincides with the
action for type I supergravity derived in [36],7 with the
distinction that the auxiliary complex scalar field M
introduced therein is on shell. It satisfies the equation of
motion M = —4u, where p =im/2, and |u|* is propor-
tional to the cosmological constant.

Integrating out the auxiliary field A results in the on-shell
action (3.24). The motivation behind the introduction
of this auxiliary vector field will become more clear when
we discuss topologically massive type I supergravity in
Sec. IVA.

Below, we show that it is possible to augment the new
local supersymmetry (3.7) (for the case of p = g = 1) by

°In the terminology of [32], the (1,1) and (2,0) AdS super-
gravity theories are referred to as type I and type II (minimal)
supergravity with a cosmological term, respectively.

including a local supersymmetry transformation law for
the auxiliary vector field A. We postulate its transformation
law to be’

0A = —i€11(€17/h7a%3)E“ —iAge Y —iAe ¥y,

+ ieabcAbe'[‘I’fE“ - imIJ€IKlPJ€K. (326)

If we denote

Sy = — / XA A A (3.27)

and compute its variation under (3.26), we get

0S4 = _2i/d3XE{8UAa(€IVbJ/a%ZJ?) +AaAb(€17’b‘Pla)
=+ AaAa(€17b‘P1b)} —2imyy; / d3XE€1KAa (\PJaEK)‘
(3.28)

Because of the presence of the Hodge dual of A in (3.27),
we must also compute the variation with respect to the
dreibein E¢ (3.7a),

565y = 2i / BE{AA(c17"P ) + AAy (1P 1))
(3.29)

The complete variation of the action (3.27) is then
8.5, = —2i/d3xE8”A”(€,ybya%§)
- Zim” / d3XE€1KAa(‘PJa€K). (330)

In order to cancel this variation, we need to deform the
transformation law for the composite field W¢. Specifically,
we alter the W§ transformation (3.7a) by including the
following A-dependent term:

1
5£A>"P? = —Eelj(e,yayb)”AhE“. (3.31)

Varying our auxiliary action (3.25) under this additional
variation (3.31) gives us

5$>5Ads(1.1) = 2i/d3xE£IJA”(€IYb7a%I;)

—|—2im”/d3xE£1KA“(‘PJa€K). (332)

6 . . .
The antisymmetric tensors &’/ =¢;; are normalized as

812 = &1p = 1.
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Summing the variations (3.30) and (3.32) results in their
cancellation, and we stay with the variation computed
earlier (3.15) for the case p =g = 1.

2. (2, 0) AdS supergravity

If we take p =2 and g = 0, there remains a single
SO(2) = U(1) gauge field r;; := ;5A, where A is the U(1)
gauge field. The functional (3.1) becomes

1
SAdS(Z.O):z/gutha/\Rbc_Zi/le/\DlPT
1
—gmz/eabCE"/\Eb/\Ec

1
—im/‘P;/\E”/\ya‘P;——/F/\A, (3.33)
m

where F = dA is the U(1) field strength and my; = méy;.
In the unitary gauge (3.6), this functional turns into the
standard on-shell action for (2,0) AdS supergravity [28].

IV. TOPOLOGICAL TERMS

A unique feature of three dimensions is the existence of
Chern-Simons terms that can be used to define topologi-
cally massive couplings [49-53]. By setting p = A and
g = 0 in the parametrization defined by (2.7) and (2.10),
we can study a generalization of the N -extended super-
symmetric Lorentz Chern-Simons action [30,31] which
involves the Goldstone fields X and ®©¢. The action is
given by

ScsG = Sies + Sres + Svess (4.1)

where
1 1
SLCSZE tr Q/\dg—gg/\g/\g

1 2
=1 / d3xEemnp (QmabRnpab + gﬂm”bﬁnbcﬂpca>
(4.2)

is the Lorentz Chern-Simons term,

Sres = 2i / (DS A xDW,, + xDYE A E,y A xDWE)

=2 / dst(%;nyayb%?)EmbEna (43)
is the fermionic Chern-Simons term, and
2
Sves = — drl]/\rjl_grlj/\rjk/\rl(l
[ 2
:E d°xEe™"Ptr anrp_grmrnrp (44)

is the vector Chern-Simons term. The fermionic Chern-
Simons term involves the gravitino field strengths (3.20)
and their Hodge duals (3.19). The vector Chern-Simons
term is constructed from the SO(N) connection (2.29). In
the unitary gauge (3.6), the functional (4.1) coincides with
the N-extended supersymmetric Lorentz Chern-Simons
action, which is also known as the action for (on-shell)
N -extended conformal supergravity [30,31].

We now demonstrate that the action (4.1) is invariant
under a newly defined local N -extended supersymmetry
described by the parameters @ = (ot? ). This supersymmetry

acts on the composite fields £¢ and ‘Pf in the following
way:

5aEa = 2i(11]/aq,1,
1

B a

5{1‘11? = —Do/, - EK(aya)fE ,

kER.  (4.52)

The Goldstone fields do not transform under this super-
symmetry,

(4.5b)

The induced transformations on the elementary fields z/f;
and e“ are given by

1 1
6(1[///; = _Da/; + E (650:9)/; - (505’.@)? - EK(U’Va)eEa’

(4.5¢)
e = =6, X, + 2ia;y*¥; + 2iDayy" 0,
B %é'abC&aQbC@Q +16,r1,0,7°0;
+ ix(ay 7“0 E”. (4.5d)

Finally, we have following transformations of the gauge
connections:

2
+ iKal(gabcEmb\P? - Yalylm)’

. 1
5agma = —21(11 (ym%la - _Emayb%?>

(4.5¢)

5ar[] = 2i(1[]}/b}/a%1]bEa - 2iK‘P[Ja1]. (45f)

"We emphasize that while the functional (4.1) is identical to
that given in [30,31], it does not possess the symmetries
consisting of dilatations and special conformal (bosonic and
fermionic) transformations. This is simply due to the fact that our
approach starts from the super-Poincaré group and not the
superconformal group.
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Notably, the above transformation law for the Lorentz
connection (4.5e) is functionally identical to that given
in (3.18) for the (N, 0) case of the (p, ¢) AdS supergravity
theories presented in Sec. IIT A.

As before, it is assumed that the dependence on 6,£2 and
O,y in (4.5¢) and (4.5d) is such that the composite fields
E“ and ‘I‘/Ij remain unchanged when the connections are
perturbed: Q — Q + 5,Q and r;; — 1y + 6,77

Let us compute variations of the action (4.1) in parts,

beginning with the variation of the Lorentz Chern-Simons
term (4.2),

0S1cs = i/d3xER(0‘17a%7) +4i/d3XEG“b(0‘17b31a)
+2ik/d3xEG“b(a1ya‘Plb)

b [ OB ), (4.6)

where G,;, = Ry, —%nabR is the Einstein tensor, R, =
R¢,., is the Ricci tensor, and R = —21**G,;, = n“*R,,, is
the Ricci scalar. Varying the fermionic Chern-Simons

term (4.3) with respect to W¢ gives

. 1 )
OpSkcs = —21/d3XE{G“b (a7aS1) + G (v Fra) + ER(OWa%‘;) — 20(W 17" F) (o, F ) + ZF?J(albeagg)}

-2k / d3XE{2(0!13?)(‘PJb7’b‘PJa) + e (ary Fra) (W™ sp) — e (a7 F8) (PreraYsn)

+ e (ary aSra) Yrer ™) +iGab(0‘17a\P1b)} +4i’</d3XEF71(0‘1‘PJa)- (4.7)

Combining the variations (4.6) and (4.7) results in the cancellation of both the Ricci scalar curvature terms and the Einstein
tensor terms proportional to leaving8

0S1cs + OpSpcs = 4 / dSXE{(%?}/aTIb)(aJ%Ja) + Sabc(gld}’blpﬁl)(aﬂc%m) - iF?J("IYbYa%?)}

- 2’</dSXE{(lPJa‘P1b)(alJ’b%?) + (Y70 ¥7) (@ F5) + 2(¥ 1" Y s0) ()
+ (W7 a¥ i) (7o FY) — e (Yrera¥Yon) (arraF]) + € (Yrera¥ i) @y Sia)

‘f’fabc(lpjd}’cq'm)(al}’b%g)} +41K/dSXEF71<a1‘PJa)7 (4.8)

where the additional terms have arisen from a Fierz rearrangement of the fourth term in (4.6). We now vary the action (4.3)
with respect to the composite field £“. This variation reads

OpSpcs =4 / d3XE{—( 1812) ("W 1) — € (Frpr e Bra) (7 a¥5) +2(FIF0) (75 10) + 26 (Fr F1a) (@r75¥ 10) }

(4.9)

The variation of Sgcg (4.3) with respect to the Lorentz connection is given by
5QSFCS_4/dSXE{gahc(%?leplc)(aﬂ/b%m)_euhc<%la7dl{1]c)(a]yb%§)_sabc(%?yaq"k)(a]ﬂy%]d)+(%?‘P1b)(aﬂ/a%?)}

—2’</d3XE{(lP7}’b%7)(alle) + (‘PJaYh%ﬁ)(al‘P?) + (‘Pfa%‘})(alth‘lb) - (T1b37)(al}’blpm)

—gbe (‘PJC %Jb) (al‘Pla) —gbe (‘PJCVd%Ju) ((XIVd‘PIh) +gbe (‘Ed’d%?) (al}/u\ljlh) —gbe (LPchu %31 ) (alyd‘Plb) } .
(4.10)

*In deriving this variation, we have made use of the fact that the Hodge dual of the antisymmetric part R, of the Ricci tensor can be
expressed in terms of the fermionic fields via the first Bianchi identity in the presence of torsion.

125005-10



NONLINEAR REALIZATION APPROACH TO EXTENDED ... PHYS. REV. D 112, 125005 (2025)

The final variation of Sgcg (4.3) is the contribution arising from the SO(N') connection,

0,Spcs = —8 / d3XE{€abc(%1alPJb)(0‘[1%1](,-) - (%IaTJb)(a[ﬂ’a%?]) + (%Ia\PJb)(a[J}/b%?]) + (%?J’b‘{'ﬂa)(a[f%]]a)
— (B7rY)(aySna) + P (Bnr™¥a) (ayrSna) — 5“bc(%§1}’b‘1’m)(a[ﬂc%na>}

- 8’</d3XE{€abC(‘PJc31a)(a[I‘PJ]b) + (P B (@¥a) — (‘PJaVb%?)(a[I\I’J}b)} (4.11)
The variation of the vector Chern-Simons term (4.4) reads

0Sves = 4i/d3XEF7J(al7’b7a31}) - 4i’</ dsXEF?I(aIlPJa)v (4.12)

which will cancel the terms proportional to the Yang-Mills field strength in (4.8).

In order to show that the total variation of the action (4.1) vanishes, we adopt the strategy used in the N/ = 1 case
presented in [23]. In particular, we systematically perform Fierz rearrangements on the individual terms contained within
the variations of (4.8), (4.10), and (4.11). Our Fierz rearrangement procedure is divided into two parts: the first addresses
terms that are not proportional to x, while the second handles terms that are proportional to x. For the terms independent of
Kk, we rearrange them into expressions of the form (FgF)(a¥), possibly with gamma matrices wedged between the fields.
For the x-dependent terms, we rearrange them into forms like (WW)(ag ), again allowing for gamma matrices to appear
between fields. It is worth noting that the variation (4.9) is already in this desired form and thus does not require any further
Fierz manipulation. By applying the Fierz rearrangement rule for two-component spinors (B11), we obtain the desired
forms for the variations (4.8), (4.10), and (4.11):

0S1.cs + OwSpcs =2 / d3XE{—3(35’%Ja) (a7 ¥r) + (F1o7 S ra) (s ¥]) — P (FrFra) (@7p¥ra) — 21F71(0617b}’u%/})}
- 2K/ d3XE{ (¥,.¥1) (0‘17173?) + (lIl]ayblP?) (o, B9) + z(lPJbelPJa) (o, BF) + gabe (Yyera¥sn) (‘h?’a%‘zj)
- euhc(qjlc-YalPJb) (a,yd%?) + gabe (lPJcJ’dTJh) (alyd%lu) +gabe (‘I’thlpla) (0‘17}; %‘Jl) }

+4iK/d3xEF§1(a1‘P1a), (4.13a)

0qSkcs = 2 / d3XE{_(%?ya%Ja)(aj‘Plb) + (%Ibgja)(aﬁ/alylb) - 2(%1a%5))(0517alp1b) - 2(%77/’%151)(0‘/\1’11;)
+2(B7Sa) (aﬂ/blplb) + 2€abc(%la%1b>(allplc) - 8abc(%77b%1a)(aﬂdlplc) + zeabc(%lbydgja)(aJyd‘Plc)
- Sabc(%?m%m)(aﬂb‘y/c) + 8abc<%la7’b%t]j)(a17dlplc) + fabc(ﬁzard%i) (ay7p¥pc) = 8abc(3lb7c31d)(aﬂ’aq’§i)}

+ 2’</ d3XE{ (Wyar¥i) (051%7) - (‘PJa‘PIh)(al}’”%I}) + Z(qu’?) (ar7,89) + €ubc(lPJa7/c‘P1d) (‘h]’b%?)

—gabe (P Pr)(Bra) — gebe (¥)cra¥ia) (aIVd%Jb) } (4.13b)
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0,Skcs = _4/dSXE{gahc(%la%Jc)(allPJh) +2(F1aF7) (@7 W) = (F1a S5 ) (s 1) + €2 (FPy F) (7Y 1a)

1
— (18 (™) + (F1.F9) (y"¥ 1) — Egabc(%m}’c%ﬁ[)(aﬂaq’m) + (F1ar"TG) (¥ 1)

1 1 1
- (%?311) (o) — Eé’ahc (%Ih}'c%la)(aJydqﬂJl) - Egabv (B1p7aB1a) (0‘176‘1”11) - Eguhc(g?h%m)(al}’hq’m)

1 1
+ Efabc (S167cBsa) (arr¥9) + Esabc(%lbyd%m) (ar . P9) }

+2x / d3XE{€“hC(lPJch‘PJb)(aﬂd%lu) _gahc(lplclplb)(al%w)_gahc(qjlcydlplb)(aIYd%Ja)

- 2(‘P1a7b‘{'1b)(01%(11) - 2€abc(lPJd7cqlJa)(al}’b%‘11) - (\Playalplb)(al%l}) - (‘Pla‘PJb)(aﬂa%[})

— e (W 1r W) (rrsT9) + (Prar 1) (0 FG) + (W1 ¥ra) (' FG) + e (Yrar ¥ o) (176 F) }

(4.13c¢)

Summing all variations (4.13a)—(4.13c), (4.9), and (4.12) gives

08csG = 6S1cs + 0wSkcs + 0pSkcs + 0aSkcs + 0,Skcs + 0Sves
=2 / d3XE{—€abc(3?7b31u) (ayya¥e) + Zgabc(%lﬂdgm) (aﬂ’dlplc) - eabc(%?i’d%m)(aﬂ’bq’]c)

+ &P (F 101 TT) (@r7a¥1e) + € (FraraF) (@75 Y1) — € (F1o7eB1a) (@74Y9)
+ 25abc< 77c31a)(0‘ﬂ’b‘}'1d> + gabc(%lbm%m) (O‘JVClP‘Ji) - gabc(glbyc%m)(al}’dly‘}) - gabc(%uﬂ’d%m) (allfclpﬁl)}

+ 2’</ d3XE{8abC(lPJcJ’a‘PJb)(aﬂ’d%?) — e (WY ) (7o ] ) — 26 (P rar ¥ ra) (175 B }

(4.14)

In analogy to the N' = 1 case, this combination may be shown to be identically zero.

A. Topologically massive supergravity

In [23], a nonlinear realization approach was employed
to demonstrate that the action for N’ =1 cosmological
topologically massive supergravity is invariant under two
different local supersymmetries. One of them acts on the
Goldstino, while the other supersymmetry leaves the
Goldstino invariant. The former can be used to gauge away
the Goldstino, and then the resulting action coincides with
that given in the literature [27]. Here we argue why applying
this approach to the A/ =2 case is inconsistent. For the
N =2 case, there are two (minimal) topologically massive
supergravity theories: topologically massive type I super-
gravity and topologically massive type II supergravity.

1. Topologically massive type I supergravity

Topologically massive type I supergravity emerges from
coupling the A =2 supersymmetric Lorentz Chern-
Simons action [40] with the off-shell (1,1) AdS super-
gravity action [36]. In our framework, we have constructed
the on-shell (auxiliary) component action for (1,1) AdS
supergravity (3.25). Although this action is not the off-shell
one given in [36], one can still couple it to the N =2
supersymmetric Lorentz Chern-Simons action since the
scalar field M remains auxiliary upon this coupling and can

be integrated out at the end. Therefore, topologically
massive type I supergravity [36] can be constructed from
the combination of the on-shell type I supergravity action
(3.25) and the N =2 limit of the N -extended super-
symmetric Lorentz Chern-Simons action (4.1), both evalu-
ated in the unitary gauge (3.6). The same is not true for the
on-shell action (3.24) due to the presence of nonalgebraic
contributions of the U(1) gauge field in the topological
sector. This was the main motivation for introducing the
auxiliary vector field A into the action (3.24) by hand via
the term (3.27).

However, a key inconsistency arises between the
definitions of the gravitino field strengths used in the
supergravity sector (3.25) and those in the topological
sector (4.1). Specifically, there is no appearance of the
SO(2) = U(1) gauge field in the gravitino field strengths
contained in the Rarita-Schwinger term of the supergravity
action (3.25), whereas the gravitino field strengths used to
construct the fermionic Chern-Simons term (4.3) must
contain the U(1) connection by definition. The origin
of this inconsistency comes from a difference in super-
Poincaré algebras when one introduces the connection
(2.7). In particular, when constructing the (1,1) AdS
supergravity action, the R-symmetry subalgebra is absent
for the choice of p = g = 1, as this setting leads to r;; = 0
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in (2.10). In contrast, constructing the A/ = 2 supersym-
metric Lorentz Chern-Simons action requires setting p = 2
and ¢ = 0, which preserves a nontrivial SO(2) connection.

2. Topologically massive type Il supergravity

Topologically massive type II supergravity arises from
the coupling of the N =2 supersymmetric Lorentz
Chern-Simons action [40] with the off-shell (2,0) AdS
supergravity action [36,48]. At this point, we have only
constructed the on-shell (2,0) AdS supergravity action
(3.33). If we want to couple to the N = 2 supersymmetric
Lorentz Chern-Simons action, we need the off-shell action
for (2,0) AdS supergravity since the topological sector
contains nonalgebraic contributions of the U(1) gauge
field. The off-shell action for (2,0) AdS supergravity
involves additional fields not supplied by our nonlinear
realization approach. In particular, there involves another
U(1) gauge field that naturally arises from the component
reduction of the corresponding action superfunctional for
off-shell type II supergravity [36]. While one may intro-
duce this field into the action by hand, it would be
somewhat artificial to our nonlinear realization approach.9
Furthermore, a calculation was performed after introducing
this extra U(1) gauge field, and the variation of the action
constructed did not vanish.

This additional U(1) gauge field corresponds to a central
charge in the (2,0) Poincaré superalgebra, being a central
extension of the A =2 super-Poincaré algebra [48].
Therefore, it seems plausible that one could derive the
off-shell action for (2,0) AdS supergravity by introducing a
central charge in the superalgebra within the initial non-
linear realization algebraic setup. In principle, one may
then construct topologically massive type II supergravity
by coupling to the A/ =2 version of the A -extended
supersymmetric Lorentz Chern-Simons action 4.1).1°

V. CONCLUSION

In this paper, we have shown, using the nonlinear
realization approach to spontaneously broken supergravity
in three dimensions developed in [23], that the action (3.1)
constitutes a Stiickelberg-type extension of the (p,q)
AdS supergravity theories proposed by Achicarro and
Townsend. Under the same approach, we have described
how to obtain the action (3.21), which is also a

*Introducing the U(1) gauge field in the (1,1) case was natural
since our nonlinear realization algebraic setup already contained
aUl (gl) gauge field in the connection (2.7).

'®Our nonlinear realization approach to the pure supergravity
theories presented in Sec. III is first order, where the Lorentz
connection £ is considered as an independent field. In Ref. [54],
it is mentioned that extending their analysis to a so-called “Chern-
Simons-like” first-order action for A = 2 topologically massive
supergravity is unclear due to the necessary Maxwell term for the
vector field corresponding to the central charge.

Stiickelberg-type extension of the A -extended Poincaré
supergravity theory introduced by Marcus and Schwarz.
Finally, by tweaking the algebraic setup of our approach,
we derived a Stiickelberg reformulation of the supersym-
metric Lorentz Chern-Simons action for arbitrary A/ given
by the action (4.1). In the unitary gauge (3.6), these three
actions coincide with the standard ones given in the
literature [28-31]. They are gauge-fixed versions of the
actions (3.1), (3.21), and (4.1).

Each of these actions is invariant under two different
local NV -extended supersymmetries. One of them acts on
the Goldstini, while the other supersymmetry leaves the
Goldstini inert. The A -extended Lorentz Chern-Simons
action shares the former supersymmetry with the pure
supergravity actions (Poincaré and AdS), but differs in the
one that leaves the Goldstini inert. The supersymmetry that
acts on the Goldstini can be used to gauge them away,
and then the resulting actions turn into those given in the
literature [28-31].

As pointed out in Sec. IV, the action (4.1) is functionally
identical to the one for on-shell A -extended conformal
supergravity [30,31], albeit not possessing invariance under
dilatations and special conformal (bosonic and fermionic)
transformations. It would be interesting to include these
symmetries in a nonlinear realization approach to on-shell
N -extended conformal supergravity, which would presum-
ably require beginning with the superconformal group.

Extending beyond A/ = 1 using the formalism of non-
linear realizations proved to reveal some limitations in our
approach. Although the structure of A-extended Poincaré
supergravity is uniquely determined by applying this
formalism, one must deform the second local A -extended
supersymmetry to include cosmological terms. This is no
different from the N = 1 case of AdS supergravity studied
in [23], where a deformation of the second local super-
symmetry was performed. However, the key limitation
arises when attempting to describe topologically massive
supergravity theories for N > 1. In particular, the N = 2
extensions of topologically massive supergravity were
incompatible with our nonlinear realization approach. It
seems that off-shell supergravity methods used in, e.g., [36]
appear natural for these considerations.

We conclude with a few final comments. As is well
known, N' = 1 supergravity in 4D was discovered in 1976
by Freedman et al. [55] and by Deser and Zumino [22].”
As discussed in Sec. I, it was demonstrated in [21], under
the Volkov-Soroka framework, that the pure N = 1 super-
gravity theory proposed in [22] may be considered
to be a special case of the N/ = 1 Volkov-Soroka theory.
An extension of this analysis of [21] incorporating a

YA year later, a linearized supergravity action with auxiliary
fields was constructed in [56] by starting from a superfield
approach. This was later rediscovered as alternative (new)
minimal supergravity.
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cosmological term is given in Appendix A."? In order to
apply the Volkov-Soroka construction to A" =2 super-
gravity, it seems necessary to introduce a central charge in
the superalgebra and its associated vector gauge field. This
will be studied elsewhere.
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APPENDIX A: 4D A =1 SUPERGRAVITY WITH
A COSMOLOGICAL TERM
A few years ago, it was shown [21], using a nonlinear

realization approach, that the action

SsG = Sgn +4Skrs
1

_Z/e“”“"Ea AEP AR

+2/ (PAE‘A6,DY-DY AE* NG, P)  (Al)
is invariant under two different local supersymmetries. The

technical details of which are given in [21]. The original
Volkov-Soroka supersymmetry is described by the relations

597 =0, 6,E=0, (A2a)
5,Q% =0, (A2b)
5.0% = €, 5.X* =i(00“¢ — €5“®), (A2¢)
Sy = —De?, 5.6 = 2i(po'e —ec’y).  (A2d)

The second supersymmetry and the main original result
of [21] is defined by

5, P* = —De®, 8. E* = 2i(Vo'€ — ec”?P), (A3a)

1 _
—Suhcdéegbc A Ed = GUMDlP + D"I’Uaé,

i (A3b)

"It was shown in [23] that the Volkov-Soroka approach
restricted to the case of A/ = 0 allows one to derive the action
for gravity with a cosmological term.

509 =0,  §,X°=0, (A3c)
Sew® = —De® + 0/5,Q,°, (A3d)
See” = 2i(Wo€ — €6”'P) + 2i(Oc“DE — Dec®)

— 5,Q4, X0 + %gabcdcseg,”@ad@. (A3e)

The latter supersymmetry is modeled on the former, and in
particular, the transformation laws (A3a) can be viewed as a
natural generalization of the Volkov-Soroka local super-
symmetry (A2d). The variation of the action (A1) under the
transformations (A3) was calculated to be

- 1
6SSSG = —2/ <€GaDlP+DlPGaé—Z€abcd56.QbC /\Ed> A TE.
(A4)

Indeed, this variation vanishes if §,€ is given by (A3b).
Building on the previous results, we shall incorporate a
supersymmetric cosmological term by first deforming the
second supersymmetry (A3) in the following way:
5. ¥* = —De* — A(€q,)E", (AS)
while keeping the E“ and Goldstone field transformations
the same, as given by Eqs. (A3a) and (A3c). Here, 1 is a
constant real parameter. The elementary fields w* and e?
each pick up an additional term proportional to A:

Sy = —De® + O 5,Q4% — A(€5,)"EX, (Aba)
5. = 2i(Wo€ — €6”P) + 2i(Oc“De — Dec®)
1 _
- 5€Q“bXb + 5 EadeCSeQbC@O'd@
+2iA(®c6 e — €5,06°O)E". (A6b)

As is now standard in these calculations, the dependence of
0,Q in (A6a) and (A6D) is such that the composite fields P*
and E“ remain unchanged upon varying the connection
Q - Q+6,Q. As will be shown, the induced deformed
second supersymmetry transformation law of € will be
determined by demanding invariance under this new
deformed local supersymmetry (A3a), (A5), (A3c), and (A6).

Next, we add to the action (Al) a supersymmetric
cosmological term

S super—cosm — 1 2/12 Scosm — 16i4S. mass
12

:E/Sabch“ A EP N EC A EC

+4/1/E" ANE' (WA 6,,Y - A G,,P).

(A7)
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We now follow the approach used in [21] by computing
variations of the actions (A1) and (A7) under the deformed
second supersymmetry for the case € #0 and € = 0 and
adding the complex conjugate part at the end. The addi-
tional variation of the action (A1) due to the term propor-
tional to 4 in (A5) is given by

S5 = 46 Sgs
— 2 / (-4\11 A 6,,De A E A EP
+2¥6,5,€ A E* A DE®

—Wo,5,6 A EC A DE”). (A8)

The total variation of the action (A7) under (A3a) and (A5)
reads"

5eSsuper—cosm = _1611/Ea AN (Glp) AP A aa‘i’

- 8/1/‘1’ A oDe N EC A EP. (A9)

Combining the variations (A8) and (A9) gives us

A
55: )SSG + 5eSsuper—cosm

= —16i/1/E“ ING IV ZNA

-2 / (2¥0,5,€ A E¢ A DE® —Wo,6,6 A E* A DE?).
(A10)

The latter two terms can be algebraically simplified such
that the first term is canceled out, and the variation is
reduced to

A
52‘ )SSG + 6€Ssuper—cosm
=-2 /(ZA‘I‘ab&ae A EP — )Wo,6,€ N EP) AT
(A11)

Adding the complex conjugate part for which e = 0 and
€ # 0 gives

A
5£' >SSG + 58Ssuper—cosm
=2 / (2A%0,5,6 — A¥6,5,€

+ 2)€6,0,¥ — 1€5,6,P) A EP AT (A12)

13 . . .. . .
There is no Lorentz connection variation contribution from
this action.

Finally, by summing the variations (A4) and (A12), we
arrive at

- 1
685 = —2/{€6aDLP =4 Dlpdaé - Zgabcdésgbc AN Ed

+ X(Z‘I’Gb&ae - lPGaa'bG

+ 286,0,¥ — €6,06,P) A Eb} A Te, (A13)
where we have denoted
S = SSG + Ssuper—cosm~ (A14)

This action is invariant under the deformed local super-
symmetry transformations provided

1
Z €ahcd5€th AN Ed

= €6, DY + D¥6,€ + A(2¥06,5,6 — Vo,5,€
+ 266,0,¥ — €5,0,'%) A EP. (A15)
By construction, the action (A14) is invariant under
gauge super-Poincaré transformations (see [21] for the
technical details). In particular, one can apply a local
Poincaré translation along with the Volkov-Soroka
local supersymmetry (A2c) to switch off the Goldstone
fields Z4(x) = (X%(x),0®%(x),0%(x)) by imposing the
conditions
X* =0, 0% =0. (A16)
As a result, the action (A14) turns into the supergravity
action with a supersymmetric cosmological term proposed
by Townsend [57] in 1977.

APPENDIX B: 3D NOTATION AND
CONVENTIONS

In this appendix, we collect key formulas of the 3D two-
component spinor formalism that is described in [45]. The
starting point for setting up this 3D spinor formalism is the
4D relativistic Pauli matrices
(0)p=(12.6). (6,)"=(15.3). a=0.123. (BI)
where ¢ = (0}, 0,,03) are the Pauli matrices. We remove

the matrices with space index a = 2 and obtain the 3D
gamma matrices

(Gg)aﬁ - (Ya)aﬂ = (ya>/)’(z = (1]2’ o1, 63)7 (B2a)
(6a)7 — (ra)? = (ra)'* = €7 (ya),5, a=0,1,2.
(B2b)
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The (r.),s and (y.)® are invariant tensors of the
Lorentz group SOg(2,1). They can be used to convert
any three-vector V¢ into symmetric second-rank spinors

V= (Vaﬁ)v

Va/j =V (ya)a[f’ (B3a)

"7 — (Vnzﬁ)7 Va/} — Va(ya)a/)" (B3b)
As is known, the invariance properties of (y,),; and (y.)%
follow from the isomorphism SO, (2,1) = SL(2,R)/Z,,
which is defined by associating with a group element
M € SL(2,R) the linear transformation on the vector space
of symmetric real 2 x 2 matrices V,
V- MVMT. (B4)
In the 3D case, the spinor indices are lowered and raised
using the SL(2,R) invariant spinor metric & = (g,45) =
—(ep,) and its inverse ¢! = (e7) = —(&/*), which are
normalized by &'> = —¢;, = 1. The rules for lowering and
raising the spinor indices are
Vo= e’ " =Py (B5)
By construction, the y matrices (B2a) and (B2b) are real
and symmetric.
Properties of the 4D relativistic Pauli matrices imply
analogous properties of the 3D y matrices. In particular, for
the Dirac matrices

Va = (ra)d") = & (Vo) = (=162, 03, ~01),  (BO)

we have the following identities:
Ya¥b = NapV2 + Eape?® = {Var ¥} = 2Map12.  (BTa)
Ya¥b¥e = Nav¥e = Nac¥b + Mocla + €ave T2y (B7b)
(r)?P(ra)° = e7e¥ + eXe, (B7c)

where the 3D Minkowski metric is 1#,, =% =
diag(—1,41,+1), and the Levi-Civita tensors &, and
€% are normalized by gy, = —€"? = —1.

Throughout this paper, contractions of spinor indices are
defined as follows:
¢ = b,

dx = P%a = 19, (Bga)

Orax =" (ra)d xp = —xvat- (B8b)
Here, ¢, and y, are arbitrary anticommuting spinors.
The Dirac matrices (B6) along with the unit matrix
I'y:={1,,7,} form a basis in the linear space of 2 x 2
matrices. If we define the corresponding set with upper

indices T := {1,, %}, we have the identity
tr(FAFB) = 25AB. (B9)

In accordance with this identity, if M = (M,”) and N =
(N,) are 2 x 2 matrices, then

MaﬁN}/& = Z(CA)aé(FA)yﬁ’ (Bloa)
A
1
(CA)(15 = EMa/}(FA)[)’yNV(s' (BlOb)

Now, let ¢, w5, w4, and w§ be arbitrary two-component
spinors. Using Egs. (B10a) and (B10b), one can show that

1
(w1 My2)(w3Nys) = _E(WIMFANW4)(V/3FAV/2)» (B11)

which is the Fierz rearrangement rule for two-component
spinors.
The Levi-Civita tensor with lower curved-space indices
€nnp 18 defined by
Emnp = Eemnp = EmaEnbEpcgabc’ (Blz)
where E := det(E,,"), and €,,,, is the Levi-Civita symbol.
Its counterpart with upper curved-space indices €™"? is
g = E-lemP = E ME,"E Petbe, (B13)
In three dimensions, any vector F can be equivalently
realized as a symmetric second-rank spinor F,; = F, or as

an antisymmetric second-rank tensor F,, = —F,,. The
former realization is obtained using the gamma matrices

1

F(lﬂ = (ya>a/3Fa = F/}a’ F* = _E(ya)aﬂF(l/)" (B14)

The antisymmetric tensor F;, is the Hodge dual of F,,

1 b
Fo == eapeF".

: (B15)

Fop = —€apcFC,
The symmetric spinor F,; is defined in terms of F;, as
follows:

F(xﬁ = (ya)aﬂgachbc (B16)

N[ =

We emphasize that the three algebraic objects F,, F;,, and
F 4 are equivalent to each other. The corresponding inner
products are related to each other as follows:

a 1 ab 1 aff
—-F Ga ==-F Gab - EF Ga/}'

5 (B17)

More details can be found in [35].
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