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We investigate limitations of causality arguments from flat-spacetime amplitudes, based on the eikonal
limit of gravitational scattering, to place constraints on modified gravity. We show that causality constraints
are only valid in the weak-gravity regime even for trans-Planckian scattering, and that such constraints are
much less stringent than astrophysical ones, obtained for example from gravitational waves emitted in
black hole coalescence. Special attention is given to the weakness of causality constraints on dynamical
Chern-Simons gravity, but our results apply to other modified gravity theories as well. In the context of that
theory, we also discuss how to obtain a time-delay formula from black holes, neutron stars, and shock wave
solutions. For scattering with compact objects, we explicitly show that time delays are greatly suppressed
by the ratio of the object’s mass to the impact parameter, so time advances only occur greatly outside the cut
off of the theory. For the shock wave solution, we find that the time delay is always positive within the
regime of validity of the solution. We also comment on the impact of graviton nonlinearities for time-delay
calculations in the nonlinear, strong gravity regime. We conclude that amplitude-based causality constraints
on modified gravity are typically not stringent relative to other experimental and observational bounds.
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I. INTRODUCTION

While a fully fledged, physical quantum-gravity theory
is yet to be developed, a conservative perspective on
the principles of quantum field theory indicates that general
relativity (GR) can be used to compute gravitational scat-
tering amplitudes, provided the energy scales involved in
the process are much smaller than the Planck scale. Despite
its ultraviolet nonrenormalizability issues, from an effective
field theory perspective, GR is a quantum field theory for
gravitons that yields universal, low-energy predictions
[1–5]. On top of that, there is a certain regime in which
GR can also be used to tackle trans-Planckian gravitational
scattering [6]. This includes, for instance, the physical
scattering of macroscopic bodies mediated by gravity (such

as interstellar objects scattered by the Sun), where the
center of mass energies are at least the sum of the masses of
the bodies, exceeding the Planck mass by over 36 orders of
magnitude when one of the bodies is the Sun.
For concreteness, consider the 2 → 2 scattering of

massive scalar particles via graviton exchanges. Using
the Mandelstam variable s, the square of the sum of the
momenta of the ingoing or outgoing particles, trans-
Planckian gravitational scattering is defined by

ffiffiffi
s

p
≫

MPl or Gs ≫ ℏ. For fundamental quanta, this regime
corresponds to the “ultrarelativistic limit,” and in such a
high-energy limit, the so-called eikonal approximation is
semiclassical. This point is evident after considering
the opposite, sub-Planckian regime Gs ≪ ℏ. In this case,
the Schwarzschild radius scale G

ffiffiffi
s

p
is smaller than the

Compton wavelength scale ls ∼ ℏ=
ffiffiffi
s

p
and so a quantum

description is necessary. On the other hand, forGs ≫ ℏ, we
have G

ffiffiffi
s

p
≫ ls and a classical description is possible.

As we shall see in the next sections, we can obtain
semiclassical observables from the eikonal limit of trans-
Planckian scattering, such as the Shapiro time delay and the
scattering angle. By Shapiro time delay, or simply time
delay for short, we refer to the difference in how long
it takes for a wave packet to propagate between two

*Contact author: stephon_alexander@brown.edu
†Contact author: heliudson_bernardo@brown.edu
‡Contact author: nyunes@illinois.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 104042 (2025)

2470-0010=2025=112(10)=104042(22) 104042-1 Published by the American Physical Society

https://orcid.org/0000-0001-5151-6785
https://ror.org/05gq02987
https://orcid.org/0000-0001-6147-1736
https://ror.org/047426m28
https://crossmark.crossref.org/dialog/?doi=10.1103/9bmy-qbwt&domain=pdf&date_stamp=2025-11-17
https://doi.org/10.1103/9bmy-qbwt
https://doi.org/10.1103/9bmy-qbwt
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


spacetime events with and without scattering by a massive
source (as measured by asymptotic observers). The class-
room example for wave-packet scattering is that which light
from distant stars experiences as it grazes the surface of the
Sun on its way to Earth, which led to the first experimental
confirmation of Einstein’s theory of GR by Eddington [7].
A modern example of Shapiro time delay is that suffered by
electromagnetic signals emitted by the Cassini spacecraft
when it was near Jupiter, as the signals grazed the surface of
the Sun on their way to Earth [8]. In GR, this time delay is
always positive (i.e. it is a time delay), as one intuitively
expects based on causality.
In beyond-Einstein gravity, however, there can be

corrections to the Shapiro time delay, and if these correc-
tions are negative enough to overwhelm the GR prediction,
there may be a causality problem [9,10] (for discussion of
the formulation of the causality problem when gravity is
dynamical, see e.g. [11,12]). In [13], the impact of higher-
derivative corrections to GR on the gravitational S matrix
was studied. In particular, the authors calculated how the
higher-derivative modifications to the S-matrix yield cor-
rections to the Shapiro time delay in trans-Planckian
scattering calculations within the eikonal limit. From these
beyond-Einstein corrections to the Shapiro time delay, the
authors found constraints on the coefficient of operators
yielding modifications to the graviton three-vertex in the
perturbative regime. These constraints were required to
avoid causality issues in the Shapiro time-delay calculation.
This work led to a plethora of similar studies, which
employ causality arguments on the S-matrix of different
scattering processes to place causality constraints on many
low-energy effective field theory extensions of GR [14–34].
In this paper, we revisit the validity of these causality

arguments for beyond-Einstein gravity theories. More
specifically, we consider theories in which GR is modified
by the addition of higher-derivative operators, suppressed
by powers of some energy scale Mλ ≤ MPl. The theory is
not valid at energies close to or larger than Mλ, since then,
even higher-derivative operators would have had to be
included. In the opposite regime, for energies much lower
than Mλ, we expect that all observables will be merely
corrected by the extra operators, where, in particular, these
beyond-Einstein corrections never dominate the GR pre-
dictions. However, in trans-Planckian scattering, energies
larger thanMPl and henceMλ are considered, and this begs
the question of whether the effective-field-theory picture is
valid in such calculations. We find that the answer to this
question is affirmative (i.e. the effective-field-theory picture
is valid in trans-Planckian scattering) provided we take the
eikonal limit properly and respect its range of applicability.
As we discuss in Sec. III, we find that the eikonal limit of

gravitational scattering is restricted to the perturbative,
weak-field regime of gravity. This is because the definition
of gravitons and the gravitational S-matrix in quantum field
theory demand a weak-gravity expansion. For instance, in

two-body scattering by graviton exchanges in quantum
field theory, the eikonal limit is only valid for impact
parameters much larger than the Schwarzschild radius scale
G

ffiffiffi
s

p
, even in the trans-Planckian regime. Large values of

impact parameter correspond to small scattering angles and
coincide with the weak-gravity region, where there are no
ambiguities in the definition of graviton states and non-
linearities are suppressed by the Planck scale.
Only when Mλ ≪ MPl can we hope that causality

arguments could inform us about the validity of high-
derivative corrections in the action. Failure to note the
regime of validity (Mλ ≪ MPl) where causality arguments
are valid has resulted in a misuse of causality constraints to
incorrectly “rule out” modified gravity theories that are
effective field theory extensions of GR. For scattering
processes in which the value of Mλ can only be probed in
the strong-gravity regime, gravitational scattering ceases to
be useful, and one has to take into account the full nonlinear
theory to compute time delays. The latter approach has
been successful, especially for metric theories, and has the
advantage that the backreaction of the scattered bodies can
be considered in the solution of the theories. For instance,
in the trans-Planckian scattering of massive bodies by
gravitons, in the limit of one mass much larger than the
other, the metric solution is dominated by the heavier body,
and the scattering of the lighter one can be approximated in
a probe limit.
Essentially, causality constraints based on eikonal scat-

tering can give a lower bound on Mλ, at most. Other lower
bounds can be obtained from the lack of observational
effects, for example in the gravitational waves emitted in
the coalescence of black holes [35]. Upper bounds can only
be obtained by observations, directly or indirectly, that
positively identify a modification from GR, which has not
yet occurred in strong-field gravitational observations. Due
to the scope of the eikonal approximation, the theoretical
lower bound can never be indefinitely large. If one
incorrectly sets the theoretical lower bound arbitrarily
higher than any lower bound obtained from (the lack of)
observations, then one would conclude that the theory is
not valid and has to be modified. The question is then, how
large can we assume the theoretical lower bound to be?
The size of the theoretical lower bound depends on the

process considered. Let us illustrate the situation in
dynamical Chern-Simons (dCS) gravity [36–42]. In such
a theory, the higher-derivative operator is proportional to
the gravitational Pontryagin density RR̃ times a dynamical
(pseudo)scalar field ϕ. In [29], the authors studied the
eikonal scattering of a ϕ quanta out of a heavy scalar, which
is meant to represent any source of curvature (e.g. an
astrophysical body), via gravitational interaction. The extra
dCS operator induces a new scalar-graviton-graviton cubic
vertex that allows the incoming dCS scalar to be converted
into an outgoing graviton. This new vertex then induces a
negative correction to the GR prediction for the Shapiro
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time delay that scales with the inverse of the cutoff scale
Mλ. If this correction is too large, for example by choosing
Mλ to also be very small, then the dCS correction can
overwhelm the GR part of the Shapiro time delay, leading
to a time advance that is acausal and unphysical. By
requiring the absence of a negative time delay, the authors
of [29] then found the bound Mλ ≳ b−1, where b is the
impact parameter of the scattering. However, for consis-
tency, the impact parameter b cannot be smaller than the
Schwarzschild scale, and thus, the lower bound b−1 cannot
be arbitrarily large. This means that dCS theory cannot be
ruled out, and in fact, the current astrophysical constraints
are more stringent than this theoretical bound when applied
to realistic black holes, as we show in Sec. IV.
The remainder of this paper provides a discussion of the

validity of eikonal approximation for gravitational scatter-
ing in modified gravity. To set up notation and some
definitions, in the next section we review the eikonal
approximation and how semiclassical observables are
computed from the S matrix. In Sec. III we stress some
subtleties when taking the eikonal approximation for the
gravitational S matrix, and comment on a limitation
associated with the perturbative approach in gravity. We
show this explicitly by computing curvature corrections to
the graviton three-vertex in perturbative GR. These can be
straightforwardly generalized to any modified gravity
theories. In Sec. IV, we study causality constraints in
dCS gravity and explain why these cannot be more
stringent than current astrophysical constraints. We identify
the leading diagrams that have to be considered as the
impact parameter gets close to the strong gravity regime.
Sections Vand VI are devoted to calculating time delays in
metric theories using geometry, by means of the Shapiro
time delay and graviton propagation in shock wave back-
grounds, respectively. Section VII summarizes our results
and presents our conclusions. We work with the mostly
plus signature convention for the metric and set ℏ ¼ 1
whenever not stated otherwise to make contact with the
high-energy community.

II. EIKONAL APPROXIMATION, PHASE SHIFT,
AND TIME DELAY

In this section, we review the basics of scattering
amplitude calculations in the eikonal limit, and how this
can be used to calculate the Shapiro time delay, following
mostly [43,44] and references therein. Most of this section
is a review of well-known high-energy literature, which we
summarize here for completeness, to establish notation, and
to inform non-high-energy communities that may not be
familiar with these theory developments.
Consider the 2 → 2 scattering of massive scalar particles

through graviton exchanges. In the sub-Planckian case, we
consider an expansion in Gs ≪ 1, corresponding to the
Born approximation of the scattering problem, where we
recall that s is the Mandelstam variable corresponding to

the square of the sum of the incoming or outgoing
4-momenta (see e.g. [43,45]). For the gravitational inter-
action, the Born amplitude is dominated by a single-
graviton exchange diagram. In the trans-Planckian case,
the expansion can be reorganized in powers of the ratio
between the (square of the) momentum transferred and the
(square of the) center of mass energy, i.e. t=s ≪ 1 [46].
This corresponds to the eikonal approximation [47], and it
is equivalent to an expansion in G

ffiffiffi
s

p
=b ≪ 1 where b is the

impact parameter of the scattering event. In the trans-
Planckian case, the eikonal amplitude is dominated by
graviton ladder loop diagrams, corresponding to multi-
graviton exchanges (see Fig. 1) [48,49].
In the eikonal regime, a resummation of the ladder

diagrams gives rise to the following amplitude [44,49,50]

iMðq⊥Þ ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

p
ℏ2

×
Z

dD−2b⊥e−iq⊥·b⊥=ℏðe2iδðb⊥Þ=ℏ − 1Þ; ð1Þ

where m1 and m2 are the masses of the scalar particles,
b⊥ is the part of the impact parameter that is orthogonal
to the incoming momenta pμ

1 and pμ
2, and q⊥ is the

transferred momentum conjugate to b⊥. To leading
order in Gs=bD−4, the eikonal phase δðb⊥Þ is propor-
tional to the Fourier transform of the tree-level Born
amplitude,

2δðb⊥Þ ≈
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

p

×
Z

dD−2q⊥
ð2πÞD−2 e

iq⊥·b⊥=ℏiM0ðt ¼ −q2⊥Þ; ð2Þ

where the Born amplitude is

FIG. 1. Eikonal amplitude is obtained by summing multiloop,
graviton-tree diagrams. The wiggly lines represent gravitons,
while the double and single lines represent quanta minimally
coupled to gravity. The dots represent not only higher-loop-order
diagrams but also permutations of these. Only in the Born limit,
can the amplitude be approximated by the tree-level, single-
graviton exchange diagram.
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iM0 ¼
2iκ2

−t

�
1

2
ðs −m2

1 −m2
2Þ2

−
2m2

1m
2
2

D − 2
þ t
2
ðs −m2

1 −m2
2Þ
�
; ð3Þ

with κ ¼ ffiffiffiffiffiffiffiffiffi
8πG

p
. Inserting this expression for M0 into

δðb⊥Þ, one finds

2δðb⊥Þ ≈
2G
ℏ

1
2
ðs −m2

1 −m2
2Þ2 − 2m2

1
m2

2

D−2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

p

×
Γ
�
D−4
2

�
ðπb2ÞD−4

2

: ð4Þ

The constant D in the above equations refers to the
dimensionality of spacetime, which is here kept general to
allow for dimensional regularization. More specifically, to
get the b dependence in four dimensions, we use dimen-
sional regularization and write the spacetime dimension as
D ¼ 4 − 2ϵ, such that

Γ
�
D−4
2

�
ðπb2ÞD−4

2

¼ 2

�
1

D − 4
− ln bþ � � �

�
; ð5Þ

where the dots stand for terms that do not depend on b
and terms that vanish when ϵ → 0. These terms and the
divergence do not appear in any physical observable and we
shall drop them in the following. In the ultrarelativistic limit
(or massless) case, we have

2δðb⊥Þ ≈
Gs
ℏ

Γ
�
D−4
2

�
ðπb2ÞD−4

2

¼ 2
Gs
ℏ

ln
b0
b
; ð6Þ

where b0 is an infrared regulator.
The eikonal phase δðb⊥Þ is related to the phase shift of

the S matrix [48,49], and the latter is unitary, which allows
us to make general statements about higher-order correc-
tions to the eikonal phase as follows. The exponential
analytic dependence of the amplitude in Eq. (1) on δðb⊥Þ
can be obtained from the large angular momentum limit of
the partial-wave decomposition of the S matrix for arbitrary
processes [51]. This exponential dependence guarantees the
unitarization of the S matrix, and thus, corrections to the
Born limit (i.e. in our case, corrections to Eq. (2) that are
higher order in Gs=bD−4) must also enter through the same
exponential structure [44].
When one considers the regime where Gs=bD−4 > 1, the

eikonal phase δðb⊥Þ is not simply given by the Born
amplitude, but graviton ladder loop diagrams start to
dominate [46]. In this case, δ ≫ 1 and the full integrand
in Eq. (1) has to be taken into account. The exact result was
first obtained in [6]. For our purposes in the next section, it
is worth mentioning that for δ ≫ 1 the integral in Eq. (1) is
dominated by a saddle point, and can be evaluated in the

stationary-phase approximation. Schematically, the station-
ary point condition can be used to estimate the total
exchange momentum Q as

∂

∂b
ð−Qbþ 2δðbÞÞ ¼ 0 ⇒ Q ∼ 2

∂δ

∂b
; ð7Þ

so using Eq. (6), we find b ∼ ½Gs=Q� 1
D−3 orQ ∼ Gs=bD−3. In

the eikonal limit with s=t ≫ 1 or
ffiffiffi
s

p
=Q ≫ 1 (since

t ∼Q2), we find that b ≫ ½G ffiffiffi
s

p � 1
D−3. This last inequality

corresponds to impact parameters much larger than the
typical Schwarzschild radius of the system, because
½G ffiffiffi

s
p � 1

D−3 ∼ rs. Thus, “short-distance” corrections to the
amplitude and phase shift are not significant if b=rs ≫ 1,
which overlaps with the weak-gravity regime. Figure 2
shows a diagram of the relevant regimes of gravitational
scattering.
In certain regimes, the phase shift δðb⊥Þ can also be used

to compute other semiclassical observables such as the time
delay and scattering angle (see [9,10] and references
therein). This is accomplished by studying the overlap
of wave packets made of superpositions of partial waves
[51]. In the regime of large δ, the time delay τ and
deflection angle θ are given by [51] (see also [44])

τ ¼ 2ℏ
∂Reδ
∂

ffiffiffi
s

p ; sin
θ

2
¼ −

ℏ
2p

2∂Reδ
∂jb⊥j

; ð8Þ

where Q ¼ 2p sin θ=2, where recall that Q is the total
transferred momentum and p is the magnitude of the
momentum of the particles in the center-of-mass frame.

FIG. 2. Schematic diagram of the relevant regimes of gravita-
tional scattering at trans-Planckian energies (not to scale). MD
denotes the Planck energy scale in D dimensions. Both Born and
eikonal scattering regions overlap with the weak gravity regime
(blue region), and the eikonal case is not valid when gravity is
strong (orange region).
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The time-delay formula in Eq. (8) can be obtained
already for simple central scattering. Consider a wave
packet constructed from a superposition of s waves sent
to interact with a scattering region of radius a. For r > a,
we have

ψðr; tÞ¼ 1

r

Z
dk

	
AðkÞe−ikðrþtÞ−SðkÞAðkÞeikðr−tÞ



dk; ð9Þ

where SðkÞ ¼ ei2δðkÞ is the S matrix. The first term
represents the incoming wave packet, that initially (for
t → −∞) is incoming to the scattered region at the speed of
light, as evaluated via the stationary phase method

∂

∂k
½kðrin þ tÞ� ¼ 0 ⇒ rinðtÞ ¼ −t: ð10Þ

The second term represents the outgoing wave packet, so
performing a similar calculation as above, we have (for
t → ∞),

∂

∂k
½2δðkÞ þ kðrout − tÞ� ¼ 0 ⇒ routðtÞ ¼ t − 2δ0ðkÞ: ð11Þ

This calculation shows that there is a time delay, exactly
proportional to the derivative of the natural logarithm of the
S matrix, relative to the free outgoing propagation, as given
in Eq. (8).

III. CAUSALITY CONSTRAINTS FROM
GRAVITATIONAL SCATTERING

The approach for computing the time delay τ by means
of scattering amplitudes, which we summarized in the
previous section, has been used to place constraints on the
coefficients of higher-order operators in extensions of GR.
In this paper, we will stress that such an approach has an
inherent limitation associated to an expansion in the weak-
gravity regime. But before we can do so, we must first
review how causality constraints are obtained in this
scattering amplitudes approach, which we do in this
section, following mostly [13].
For the gravitational scattering discussed in the previous

section, we can show that the resulting time delay is exactly
the Shapiro time delay of GR. From Eqs. (6) and (8), one
easily finds that θ ¼ G

ffiffiffi
s

p
=bD−3, and the eikonal regime

implies a small-angle scattering. Using the time-delay
formula, we then find

τ ¼ 4G
ffiffiffi
s

p
ln
b0
b
; ð12Þ

which coincides with the leading-order contribution (in a
weak-field expansion) to the Shapiro time delay computed
by a null geodesic traveling past a Schwarzschild black
hole of mass M, if we set 2

ffiffiffi
s

p
→ M (see discussion in

Sec. VA). In the ultrarelativistic limit, we can also find the

time delay from the geometry by means of shock wave
metrics [6,52,53], and the resulting time delay matches the
one computed from the phase shift.
The seminal paper [13] started the recent usage of time

delays computed from amplitudes in modified gravity
theories to constrain the coefficient of higher-order oper-
ators in the action (see also [54] for early constraints in
nongravitational theories). The idea is that extensions to
GR will introduce new vertices into the S-matrix calcu-
lation. These new vertices can lead to beyond-GR correc-
tions to the time delay that can be negative and are
proportional to the coupling constants. If the coupling
constants are chosen to be large enough, these corrections
can dominate over the GR contribution to the time delay,
and thus, give rise to overall negative time delays (i.e. time
advances). Certainly, this ought to not be allowed on
physical grounds, which then allows one to place con-
straints on modified gravity from purely theoretical cau-
sality arguments. In recent years, an explosion of work has
been carried out in this direction1 [14,16–18,20–34].
Several generic conditions exist for the validity of the

resulting time-delay calculation and the applicability of
causality constraints. Three such conditions are that the
time delay must be resolvable, smaller than the uncertainty
in the time localization of the wave packets used to derive
it, and within the applicability range of the effective field
theory description [15,19]. We here stress that these
constraints are also valid only in a regime of weak gravity,
which is necessary to define graviton states and its
perturbation theory in quantum field theory. In fact, in
regions of strong gravity, the self-interacting theory for
gravitons obtained from a covariant gravitational theory is
strongly coupled. This fact has been discussed pointwise in
the literature2 [13,19], but is typically overlooked. Failure
to account for strong gravity effects has recently led to
incorrect conclusions, as we shall explain in Sec. IV. But
before doing so, let us explore how strong-field effects may
change our quantum field theory calculations.
The very definition of a graviton assumes a separation of

scales in which the wavelength of the metric perturbations
must be smaller than the characteristic curvature radius of
the background. In the strong gravity regime, such curva-
ture radius is small and operators that would be irrelevant in
flat spacetime become relevant in the infrared. As an
illustrative example, consider the metric in Einstein’s
general relativity plus a matter action,

S ¼ 1

2κ2

Z
d4x

ffiffiffiffiffiffi
−g

p
RðgÞ þ Sm: ð13Þ

1Some of them focus on the sub-Planckian regime and hence
do not assume the eikonal approximation, while others include
some nonperturbative GR effects (see e.g. [24,34]).

2See [34] wherein strong gravity effects on time delays in the
near horizon regime of a Reissner-Nordström black hole were
discussed.
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The matter action supports a nontrivial background metric
ḡμν. Now consider the transverse-traceless (TT) tensor
perturbations of this metric such that gμν ¼ ḡμν þ hμν where

∇μhμν ¼ 0 ¼ ḡμνhμν. The action for the metric perturbation
is, up to quadratic order in hμν,

Sð2ÞTT ¼ 1

4κ2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p �
−
1

2
hαβð∇2hαβ þ 2R̄μβανhμνÞ

�
:

ð14Þ

The leading-order cubic interactions can be obtained by
replacing ḡμν → ḡμν þ hμν in the Riemann tensor R̄μβαν of
the second term of the above equation, and re-expanding
in the metric perturbation to obtain (see e.g. the discussion
in [55])

Sð3ÞTT ¼ 1

4κ2

�
−
1

2

�Z
d4x

ffiffiffiffiffiffi
−ḡ

p ðR̄μλανhλβ − R̄βλανhλμ

þ∇α∇βhνμ −∇ν∇βhαμ þ∇ν∇μhαβÞhμνhαβ: ð15Þ

We see that there are not only derivative terms but also
cubic terms proportional to the background curvature
tensor in the third-order perturbative expansion of the
Einstein-Hilbert action. In regions where the curvature is
small, we can safely neglect the terms proportional to the
background curvature tensor. Similarly, since hμν varies
significantly more than ḡ over distances smaller than the
radius of curvature, we can set ∇h → ∂h in the weak-
gravity region. For instance, in the Schwarzschild space-
time, we have the Kretschmann scalar

K ¼ R̄μνρσR̄μνρσ ¼ 48G2M2

r6
; ð16Þ

and the square of the curvature radius is of
Oð1= ffiffiffiffi

K
p Þ ∼Oðr3=rsÞ, where recall that rs is the

Schwarzschild radius. For astrophysical black holes, at
distances r ≫ rs, the curvature radius is huge and the cubic
operators in Eq. (15) can be neglected. In this region, the
time delay and scattering angle can be computed from
geodesics of the linearized Schwarzschild metric and the
results match the perturbative amplitude-based calculation
that is built from flat spacetime principles, as previously
mentioned.
When gravity is strong, however, the above approxima-

tions fail and the perturbative theory for hμν breaks down.
In the example above, in regions close to the black hole
radius rs, the linearization approximation breaks and the
full geometry has to be taken into account. In this region,
the time delay effect is very strong, and the scattering angle
is large. In the amplitude picture, the eikonal approximation
is no longer valid. This begs the following questions: what
corrections should be taken into account in order to

reproduce the geometric results? What are the correspond-
ing diagrams?
To go beyond linearized gravity, we need to start con-

sidering graviton three- and four-vertices. Indeed, for the
Schwarzschild case, the nonlinear terms can be resummed to
get the full solution from amplitudes [56,57]. For the
scattering of two massive bodies, the leading-loop correc-
tions as b → G

ffiffiffi
s

p
come from graviton trees between the

scalar external lines [49]. As an example, the order of
magnitude of the contribution of the diagram in Fig. 3 to
δðb⊥Þ can be estimated as follows: each graviton vertex
attached to an external line contributes a factor κ

ffiffiffi
s

p
coming

from the vertex (κs) times the internal propagator (1=
ffiffiffi
s

p
)

contributions (see e.g. the estimates in [44,45]). The vertices
connecting internal lines do not have the extra

ffiffiffi
s

p
factor, but

come with the loop and transferred momentum factors.
Thesewill give rise to the b⊥-dependent factors in δðb⊥Þ that
can be estimated by dimensional analysis. For the diagram in
Fig. 3, we have a contribution of O½κ6ð ffiffiffi

s
p Þ4b−2ðD−3Þ� ¼

O½Gsðr2s=b2ÞD−3�, which differs from the order of the tree-
level diagram in the first line of Fig. 1 by a factor
of O½ðr2s=b2ÞD−3�.
Summarizing, the eikonal approximation breaks down at

b ∼ rs, and this can be seen from different approaches:
(i) by computing the total transferred momentum from the
saddle-point evaluation of the eikonal phase (as discussed
in Sec. I); (ii) by the presence of extra loop diagrams with
graviton trees formed from graviton three-vertices; and
(iii) from a geometrical perspective, where higher-order
curvature corrections cannot be neglected and the scattering
angle and time delay increase as b → rs. When b → rs, we
enter the strong gravity regime, and the typical causality
constraints from flat spacetime amplitudes must be
reassessed.
The limitation described in the previous paragraph is also

discussed in [13], although in different words. In that
work, the authors considered a D > 4 modification to GR
by adding the Gauss-Bonnet term to the Einstein-Hilbert
Lagrangian. The new terms have a coefficient λ with
dimension of length squared. Then, the leading-order
correction to the GR prediction for δðb⊥Þ for the scattering
of gravitons3 is suppressed by a factor that scales as λ=b2

relative to the GR contribution, which is OðGs=bD−4Þ
[58,59]. Moreover, this correction can overwhelm the GR
prediction for the time delay, leading to the possibility of a
time advance, when b2 ≲ λ. We then see that the exact
constraint on λ always depends on how small a b we can

3We can apply the discussion of the diagrams of the 2 → 2
scattering of the scalars to the scattering of gravitons after taking
the scalar masses to zero and focusing on individual graviton
helicities. This is the case for any theory in which the kinetic
terms for these helicities are diagonal and canonically normal-
ized, such as GR. In dCS gravity, we need to work with circular
polarizations, hþ � ih×, for that to be the case.
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trust in our calculations. Although similar arguments have
been discussed in [18], we are unaware of estimates on how
small b can be before causality arguments cease to be self-
consistent. More importantly, many subsequent studies
do not even mention this intrinsic limitation. In the
following section, we will find a bound on the coefficients
of high-order operators for the eikonal approximation to be
self-consistent in the weak-gravity limit. Relatedly, ampli-
tude-based “strict positivity” results are well established in
nongravitational EFTs [54]. In the presence of gravity,
however, additional subtleties arise: when the metric is
dynamical, the dominant long-range graviton exchange and
background-curvature effects alter the dispersion relations
entering the argument (see also the sub-Planckian analyses
in [24]). Our conclusions therefore do not contradict “strict
positivity”; rather, they delimit the regime where flat-space,
weak-gravity causality inferences are self-consistent.

IV. VALIDITY OF CAUSALITY CONSTRAINTS
FOR BEYOND EINSTEIN THEORIES

We have seen in previous sections that causality con-
straints rely on the accuracy of the approximations used to
compute the scattering amplitudes. In this section, we
explore more precisely when such constraints are valid
and how they apply to dCS gravity.

A. Regime of validity of weak-field analysis
of modified gravity

We start by estimating how small the impact parameter
can be before the eikonal approximation breaks down in a
generic beyond-Einstein effective field theory. Consider
adding a higher-order curvature operator to the Einstein-
Hilbert Lagrangian, such that a new cubic graviton vertex is
introduced. Suppose that it gives rise to a correction to the
eikonal phase of the form

2δðb⊥Þ ∼
Gs
ℏ

Γ
�
D−4
2

�
ðπb2ÞD−4

2

�
1 −

λn
bn

�
; ð17Þ

where λn is a coefficient with length dimension n. If
the correction to the GR result within the bracket domi-
nates, then there may be a time advance, which occurs
when λn > bn.

Can this inequality ever hold? The answer to this
question depends strongly on how the non-GR corrections
to the gravitational action are treated. When one considers
effective field theory modifications to GR, one writes all
possible operators that are not forbidden by symmetries,
organized through some kind of expansion, such as a
derivative expansion or a curvature expansion. One then
truncates this series to a given order, which then establishes
a cutoff for the effective theory, outside which the latter is
not an accurate representation of nature. For this reason, all
non-GRmodifications introduced by effective field theories
must be small deformations of the GR prediction, which in
our language translates to the condition λn ≪ bn for a
scattering experiment. Therefore, it follows that for effec-
tive field theory modifications to GR, such as dCS gravity
[36–42], a time advance can only occur within the regime
of validity of the effective field theory deep in the eikonal
regime.
When one considers modified gravity theories that are

not to be understood as effective field theories, i.e. one
imagines the theories as “exact,” then there are no restric-
tions on the size of the non-GR modifications. This, in turn,
implies that there are no restrictions,4 in principle, on the
size of the coupling constant of the theory, which allows the
possibility that λn > bn. As we will show below, however,
the approximations used in the scattering amplitudes
program do require certain conditions on the coupling to
hold. For the eikonal limit to hold, and for us to get the
correct time advance from the amplitude, we need s=t ≫ 1,
which imposes a condition on the total transferred momen-
tum Q. The latter is obtained from the stationary phase
condition

∂

∂b

�
−Qb − β

Gs

bD−4 λn
bn

�
¼ 0 ⇒ bD−3þn ∼

ffiffiffi
s

p
Q

G
ffiffiffi
s

p
λn:

ð18Þ

The eikonal limit5
ffiffiffi
s

p
=Q ≫ 1 then requires that

b ≫ ðλnG
ffiffiffi
s

p Þ 1
D−3þn ∼ ðλnrD−3

s Þ 1
D−3þn: ð19Þ

Self-consistency with the time-advance assumption yields

λn > bn ≫ ðλnrD−3
s Þ n

D−3þn ⇒ λn ≫ rns ; ð20Þ

or λ ≫ ðG ffiffiffi
s

p Þ n
D−3. Since we can consider processes rs larger

than the Planck scale, Eq. (20) is a more stringent bound

FIG. 3. Leading diagram containing graviton self-interacting
cubic vertices. The eikonal amplitude gets corrected by diagrams
containing such vertices when b≳ rs.

4In this approach the “exact” theory still has a distance cutoff,
although not set by λ1=nn . We comment more about this point in
Sec. VII.

5We remind the reader that in Sec. II we defined the eikonal
limit through s=t ≫ 1, which is equivalent to

ffiffiffi
s

p
=Q ≫ 1 because

the transferred momentum Q ¼ ffiffi
t

p
, in terms of the Mandelstam

variables.
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than λn > 1=Mn
Pl, which is a straightforward condition for

the use of perturbative GR as a quantum, but nonrenorma-
lizable, field theory.
In other words, the length scale ðλnÞ1=n associated with

the GR modification has to be much larger than the
characteristic Schwarzschild radius of the process consid-
ered in order for the time advance to be consistently given
by the τ definition in Eq. (8). This condition relates to the
assumption of weak gravity that the scattering amplitude
calculation is built upon: we can use scattering amplitudes
in quantum field theory to calculate modifications to the
time delay when the length scale associated with the GR
modification is probed in the weak-gravity regime. If the
time delay turns out to be negative in a certain case (given a
choice of process and external states, for instance), then λn
has to be small, closer to the strong gravity regime, to avoid
the causality problem (see Fig. 4).
Suppose that we can always find a Gedanken process for

which a time advance can be consistently computed for
arbitrary values of rs. If ðG

ffiffiffi
s

p Þ 1
D−3 is of the order of the

Planck scale, and we still have a time advance, then what
the causality constraint is telling us is that ðλnÞ1=n has to be
smaller than the Planck length. A particular case of this
point was already discussed in [13], in the context ofD > 4
Gauss-Bonnet gravity. In this case, the gravity modification
is not useful at all, since we do not know how to handle
quantum gravity at Planck scales anyhow. The only way to
have such a small value for λn and be consistent with
causality is then to have extra interactions present below
some scale that is larger than the Planck length. This is
precisely what happens in effective theories descending
from string compactifications, where an infinite tower of

massive, higher-spin states “Regge-izes” the amplitude
(see [44] and references therein).

B. Causality constraints in dynamical
Chern-Simons gravity

In the rest of this section, we focus on dCS gravity and
argue that recent causality constraints on the dCS coef-
ficient are not as stringent as astrophysical constraints,
precisely because of the weak-gravity assumption that
causality constraints rely on. Let us then consider the
dCS gravity action [36–42],

S ¼ 1

2κ2

Z
d4x

ffiffiffiffiffiffi
−g

p
Rþ α

4κ

Z
d4x

ffiffiffiffiffiffi
−g

p
ϕR̃R

þ
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
ð∇μϕÞð∇μϕÞ − VðϕÞ

�
; ð21Þ

where we recall that κ2 ¼ 8πG ¼ M−2
Pl , α ¼ l2

CS has mass
dimension minus two (or length dimension two, in geo-
metric units), and

R̃R ¼ 1

2
ϵμναβRμν

ρσRρσαβ ð22Þ

is the Pontryagin invariant, where ϵμναβ is the Levi-Civita
tensor. In this theory, a scalar field ϕ with potential VðϕÞ
couples nonminimally to curvature through the Pontryagin
density. In most works, including this paper, we assume
that the scalar field ϕ is massless but dynamical.
Dynamical Chern–Simons gravity is the canonical parity-

violating deformation of GR, motivated by particle physics,
string theory, and by symmetry considerations in quantum
gravity (see the review [42]). The parity-odd dCS interaction
produces distinctive signatures across cosmology and astro-
physics—for example, parity-odd cosmic microwave back-
ground TB/EB correlations [39,40], strong-field effects in
spinning black holes [60,61], and imprints in stochastic
gravitational-wave backgrounds [62]. Just as importantly,
the dCS term ϕR̃R is quasitopological: it only affects
dynamics when the pseudoscalar field varies, so departures
from GR typically become relevant in regimes with sizeable
spacetime curvature. Finally, recent amplitude-based cau-
sality claims have specifically targeted dCS gravity [29]. For
these reasons—phenomenology, theoretical motivation,
clean control of its EFT limit, and recent claims—dCS is
a sharp test ground for assessing amplitude-based causality
arguments. In what follows we therefore use dCS as a case
study; the logic we develop here applies verbatim to other
higher-derivative metric EFTs.
Let us now consider scatterings in this effective field

theory. To make contact with the previous sections, this
effective theory corrects the Einstein-Hilbert action through
quadratic curvature terms that are controlled by the length
scale α, which plays the role of λn, with n ¼ 2 in this case.
Compared to GR, the dCS coupling introduces a new

FIG. 4. Possible hierarchy of scales. In cases I and II, the
correction to the phase shift does not introduce causality issues,
since b > λ1=nn . For case III, we can have a time advance, but since
b ≫ rs for consistency, we should also have λ1=nn ≫ rs. This is
only possible when the corrections to the Einstein-Hilbert action
are understood as defining an exact theory. If the corrected action
is to be understood as an effective field theory, then λ1=nn ≪ rs for
the Einstein-Hilbert action to dominate over the higher-derivative
operators, which then disallows case III completely. This figure is
not to scale.
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vertex involving the dCS scalar ϕ and two gravitons. This
new vertex allows for the process σ þ h → σ þ ϕ via
graviton exchange, where σ is a heavy scalar field that
represents the matter sector (e.g. σ could represent a star),
see Fig. 5. This process was studied in [29] in the eikonal
limit and the authors aimed to find causality constraints on
the dCS cutoff scale.
With gravitons in the external lines, we need to specify

their helicity to fix the amplitude. For σ þ h → σ þ ϕ, in
the eikonal limit, this amplitude is [29]

iM ≃ −
2iα
M2

Pl

ðq1 þ iq2Þ2
q2

ð2mσωÞ2; ð23Þ

for the þþ polarization, corresponding to þ2 graviton
helicity, where qi are the components of the transverse
exchange momentum. Here mσ is the mass of the heavy
field and ω is the graviton energy in the center-of-mass
frame. With a −− polarization in the external state we
would get M� for the scattering amplitude. This result
implies that, if we send a graviton to probe the heavy field
σ, there is a nonvanishing probability of this graviton
turning into a dCS scalar quanta by exchanging a graviton.
To check for time advances after the scattering, [29]

considered all the polarizations of the quanta, ðhþþ; h−−;ϕÞ.
This resulted in the eikonal phase matrix

2δGRþdCS ≃ 4Gmσω

0
B@

B 0 A

0 B A�

A� A B

1
CA; ð24Þ

where

B ¼ − ln b −
1

2ϵ
−
γE
2
; A ¼ −

iα
b2

; ð25Þ

γE is the Euler constant, b is the impact parameter, and
dimensional regularization was used with ϵ ¼ 2 −D=2.
Diagonalizing δGRþdCS, we find the eigenvalues

δ0 ¼ 4Gmσω

�
− ln b −

1

2ϵ
−
γE
2

�
; ð26Þ

δ� ¼ 4Gmσω

�
− ln b −

1

2ϵ
−
γE
2
�

ffiffiffi
2

p α

b2

�
: ð27Þ

The authors in [29] then proceeded to find time delays
from these expressions. Using Eq. (8), they found, for the
δ� modes,

Δt� ¼ 2Gmσ

�
ln
b0
b
�

ffiffiffi
2

p α

b2

�
; ð28Þ

where b0 is a large reference impact parameter and we
neglectedOðα=b20Þ terms. Reference [29] then claimed that,
for b2 ≲ α, one superposition of states would get a time
advance when scattered by the massive heavy field σ (i.e.
Δt− < 0), while the other would receive a time delay (i.e.
Δtþ > 0). The question then is the following: can the
impact parameter be smaller than the dCS scale and still be
in the regime of validity of an effective field theory?
Three length scales are present in this problem: rs, lPl,

and lCS. For lPl < rs (which is expected to always be true
for real, astrophysical black holes), there are three relevant
hierarchies of scales we can think of:

(i) b > rs > lCS. The impact parameter is larger than
the size of the object, which in turn is larger than the
dCS coupling length.

(ii) b > lCS > rs. The impact parameter is still larger
than the size of the object, but the dCS coupling
length is this time also larger than the object.

(iii) lCS > b > rs. The dCS coupling length is the
largest scale in the problem.

Clearly, in cases (i) and (ii), there will never be any
causality problems, because α=b2 (or equivalently lCS=b)
never dominates in the expression for the time delay.
Causality issues may only appear when the impact param-
eter is smaller than the dCS length scale. However, for the
calculations above to be valid, we should have b ≫ rs (i.e.
the eikonal condition), such that we are always far from the
strong gravity regime. Moreover, below Eq. (20) we have
explained that, for the eikonal approximation to work, we
must also have that λn ≫ rns , which for the dCS case
reduces lCS ≫ rs. Therefore, the calculation in [29] is valid
and yields a time advance only when rs ≪ b < lCS. The
question then becomes how small can lCS be (while
remaining still much later than rs) such that the time
advance is consistent with weak gravity.
Let us reason by contradiction. Imagine for a second

thatlCS is close to (but larger than) rs, and then askwhat this
implies for our calculations. If we assume lCS ≳ rs, then it
follows from lCS > b and b > rs that b ∼ rs, which, in turn,
implies we are in the strong gravity regime, and the time
advance cannot be trusted. This is because, as b gets close to
rs, loop diagrams from the graviton self-interactions start to

FIG. 5. Born limit of the σ þ h → σ þ ϕ process in perturbative
dCS gravity is given by this diagram, showing the scattering of a
graviton h and a massive scalar field (that could for instance
represent a star), and then exchanging a dCS scalar. After
canonically normalizing the metric perturbation, the dCS vertex
is proportional to ακ. In the eikonal limit, the full amplitude in the
impact parameter space is obtained after exponentiating the
diagram.
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contribute to the full amplitude, similar to the pure gravity
case discussed in Sec. III.
Let us then investigate how large these loop corrections

to the eikonal scattering amplitudes can be. In the GR case,
loop corrections to the eikonal amplitude of graviton-
mediated scalar scattering have been studied in [63]. For
dCS gravity, the leading diagrams are shown in Fig. 6. The
diagram (a) in Fig. 6 has a dCS vertex, proportional to κα
and, by a similar power-counting argument as in the GR
case, this diagram gives a contribution of

Oðκ3ð ffiffiffi
s

p Þ2ðκα ffiffiffi
s

p Þb−3Þ ∼O
�
Gs

G
ffiffiffi
s

p
b

α

b2

�
ð29Þ

to the eikonal phase. We see that these contributions are
suppressed by rsα=b3 ¼ rsl2

CS=b
3 relative to the leading-

order GR contribution. Meanwhile, the diagram (b) in
Fig. 6 yields contributions of

Oðκ5ð ffiffiffi
s

p Þ3ðκα ffiffiffi
s

p Þb−4Þ ∼O
�
Gs

�
G

ffiffiffi
s

p
b

�
2 α

b2

�
; ð30Þ

and these are suppressed by r2sα=b4 ¼ r2sl2
CS=b

4 relative to
the GR contribution.
Therefore, to neglect loop corrections from graviton self-

interactions, such as the ones in Fig. 6, we need to take
b ≫ ðrsαÞ1=3 ¼ ðrsl2

CSÞ1=3. In the geometric picture, this is
precisely the regime in which we can neglect vertices
supported by curvature, i.e. the weak-gravity regime, since

αϕ

2
RR̃ → αϕh∂2hR̄ ∼

α

r2

�
GM
r

�
p2

MPl
ϕhchc ð31Þ

where we expanded one of the background Riemann
tensors R̄μνρσ in the RR̃ factor of the dCS coupling to
second-order in hμν, and hc denotes (schematically) the
canonically normalized graviton field. Another Oðh2Þ term
comes from expanding both curvature tensors in the dCS
coupling to linear order in h,

αϕ

2
RR̃ → 2αϕϵμνρσR̄μλαβR̄αγ

ρσhλνhγβ

∼
α

r2

�
G2M2

r2

�
lPl
r2

ϕhchc: ð32Þ

The condition to neglect such vertices is r3 ≫ l2
CSrs which

is precisely the same condition we found above so that loop
corrections could be neglected.
In fact, the condition for loop corrections to be negligible

and for vertices supported by curvature to be negligible is
exactly the same as the regime in which the eikonal
approximation is self-consistent. Equation (26) has the
same form as Eq. (17) with n ¼ 2 and λ2 ¼ α. Thus, we
must have

b ≫ ðαrsÞ1=3; ð33Þ

so that the eikonal approximation can be trusted in the
weak-gravity regime. Moreover, when the term propor-
tional to α=b2 dominates Eq. (28), we should haveffiffiffi
α

p
≫ rs, or lCS ≫ rs, for the calculated time advance

to be compatible with the eikonal limit.
Now, what does all of this mean and imply with respect

to imposing causality constraints on dCS gravity, as
in [29]? In that work, the scalar σ plays the role of a black
hole, and the authors combine the time advance together
with astrophysical considerations to find a bound on lCS,
which is reportedly more stringent than the current astro-
physical bound [64]. The condition in Eq. (20), however,
implies that the causality argument cannot be used to “rule
out” dCS gravity. Suppose lCS ∼ 10Nrs, where N > 1 is
the minimal possible value for which we can neglect the
curvature effects, while still having b < lCS within the
eikonal regime. If N is too close to unity, then lCS is close
to rs and rs ≪ b < lCS cannot be satisfied. In particular,
with this parametrization of lCS, we have

b3 ≫ rsl2
CS ¼ 10−Nl3

CS ⇒
b
lCS

≫ 10−N=3: ð34Þ

However, for the dCS-coupling contribution to dominate
the time delay, we need lCS > b. Notice that this violently
violates the EFT condition that the dCS effect is a
perturbation correction to the GR time delay. Therefore,
if we enforce the EFT condition, then no constraint is
possible.
Let us now, for a second, ignore the EFT condition, and

imagine that dCS gravity is an exact theory of gravity.
Could we then use the causality arguments to place a
constraint? To have a time advance and still be within the
regime of validity of the eikonal approximation, we must
satisfy

FIG. 6. Loop corrections due to graviton nonlinearities. Dia-
grams like these can be neglected only in the weak-gravity
regime. Diagram (a) is constructed from one graviton cubic
vertex, while diagram (b) has two such vertices.
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1 ≫
�

b
lCS

�
3

≫ 10−N; ð35Þ

which is very difficult to satisfy for small values of N. For
instance, if N ¼ 3 (that is, a dCS length scale a thousand
times bigger than the Schwarzschild radius), we must have
1 > b=lCS ≫ 0.1, which is only marginally correct. In fact,
if we want the correction factor rsl2

CS=b
3 to be smaller than

1%, then we need ðb=lCSÞ3 > 10−Nþ2. For N ¼ 4, this
gives ðb=lCSÞ3 > 0.01, with a lower bound which is
borderline much smaller than 1 and much larger than
10−4. For larger values of N, the inequalities in Eq. (35)
are much more easily satisfied. For instance, if lCS is a
million times larger than rs (N ¼ 6), we would find 1 >
b=lCS ≫ 0.01 and with b=lCS ¼ 0.9 we would have
rsl2

CS=b
3 ∼ 10−6, such that the corrections could be com-

pletely neglected.
In summary, although we can have time advances when

b < lCS, we still need b ≫ rs to trust the eikonal approxi-
mation, and these two inequalities are only compatible
when lCS ≫ rs, which violates the effective field theory
requirements. Let us ignore the latter and still ask when the
eikonal approximation is valid. If lCS ∼ 8 km, we would
need black holes of sizes at most rs ∼ 0.8 meters, in
order for the time advances to be resolvable within the
weakly coupled eikonal approximation, with corrections of
Oðrsl2

CS=b
3Þ controlled to percent level. Said another way,

for astrophysically realistic black holes, with sizes
rs ≈ 10 km, we would need lCS ∼ 105 km for the eikonal
approximation to the time advance to hold at percent level
for reasonable impact parameters (e.g. for b ∼ 2 × 104 km).
This value for lCS is already excluded by astrophysical
constraints [64]. Therefore, the flat space amplitude con-
sidered does not offer a more stringent bound on lCS than
the one found in [64].

V. TIME DELAYS FROM GEOMETRY
IN DCS GRAVITY

In the previous sections, we have discussed the limi-
tations of the calculations of time delays based on scatter-
ing amplitudes in the eikonal regime. In this section, we
remind the reader that, in both weak and strong gravity
regimes, time delays can be computed directly from the
metric in geometric theories of gravity. Geodesics studies
have been the default way to calculate the Shapiro time
delay in GR since [65], which became one of the standard
tests of GR in the second half of the 20th century [66].
Given an asymptotically flat solution gμν to the field

equations of GR or of a modified gravity theory, one can
study geodesics in this background and calculate the
propagation time between events as measured by asymp-
totically far-away observers. In this approach, self-consis-
tency is never an issue, since the notion of “time delay” is
well-defined, and we are always working with exact

solutions (valid in the strong and weak fields) of GR or
of the modified gravity theory. In fact, the limitation of the
scattering amplitudes approach can be traced back to the
fact that, in the strong gravity regime and for gravitating
bodies (like stars or black holes), an expansion around a flat
spacetime metric is not self-consistent, since Minkowski
spacetime does not approximate well the true solution in
this regime. In the rest of this section, we will review how
the Shapiro time delay is computed in the standard geo-
metric approach, and then calculate this delay in dCS
gravity, as our example modified gravity theory, for light
scattered by a black hole and by a regular star.

A. Shapiro time delay for GR black holes

To see how the result of the last section intersects with
the standard Shapiro time delay, we start by revisiting the
computation for a nonrotating, Schwarzschild black hole in
GR, following mostly [67]. The line element of a
Schwarzschild black hole can be written as

ds2 ¼ −
�
1 −

2GM
r

�
dt2 þ dr2�

1 − 2GM
r

�þ r2dΩ2; ð36Þ

in Schwarzschild coordinates ðt; r; θ;φÞ, where dΩ2 ¼
dθ2 þ sin2θdφ2 is the metric on the 2-sphere and M is
the black hole mass.
Consider now a light ray propagating in this black hole

background, from ðr1;φ1Þ to ðr2;φ2Þ along the θ ¼ π=2
plane, with impact parameter b from the origin r ¼ 0 (see
Fig. 7). In GR and in many modified gravity theories, light
rays follow null geodesics of the background. Let then
ρ2 ¼ r2 − b2 be the affine parameter of a null geodesic,
such that

dr¼ ρffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2þb2

p dρ; tan φ¼ ρ

b
⇒ dφ¼ b

ρ2þb2
dρ: ð37Þ

Physically, ρ measures the spatial distance along the path
from ðr1;φ1Þ to ðr2;φ2Þ as seen by asymptotic observers.
With this in hand, we are now ready to calculate the time

delay experience by the light ray as it travels from ρ1 to ρ2.
The line element for a null ray has zero invariant interval,
ds2 ¼ 0, so then, using Eq. (36) and the coordinate ρ,
we find

dt ¼
	
1 − 2GM

rðρÞ
b2

r2ðρÞ


1=2

�
1 − 2GM

rðρÞ
� dρ: ð38Þ

Integrating the above expression, we find

δbt ¼
Z

ρ2

ρ1

	
1 − 2GM

rðρÞ
b2

r2ðρÞ


1=2

�
1 − 2GM

rðρÞ
� dρ: ð39Þ
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Equation (39) is the exact expression for the travel time of a
null ray passing outside a nonrotating (spherically sym-
metric) gravitating source (be it a star or a black hole). Now,
if there was no gravitating source, a null ray would simply
take an amount of time ðδtÞflat ¼ Δρ ¼ ρ2 − ρ1, which can
be obtained from the above integral by setting M ¼ 0. The
travel time δbt then contains a time delay relative to ðδtÞflat
because rðρÞ > 2GM implies δbt > ðδtÞflat.
The above result, however, is not the standard expression

for the Shapiro time delay that we are used to from
elementary textbooks. To obtain the latter, one uses that,
along the null path, one usually has rðρÞ ≫ b, so that
2GM=r ≪ 2GM=b ≪ 1, and so

dt ¼
�
1þ 2GM

rðρÞ þO
�
G2M2

b2

��
dρ: ð40Þ

Integrating, one then finds

δbt ≃
Z

ρ2

ρ1

�
1þ 2GMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ b2
p þO

�
G2M2

b2

��
dρ

¼ Δρ
�
1þ GM

Δρ
ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ b2

p
þ ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ b2
p

− ρ

�����
ρ2

ρ1

þO
�
G2M2

b2

��

¼ Δρ
�
1þ 2GM

Δρ
ln

�
2ρ

b

�����
ρ2

ρ1

þO
�
G2M2

b2
;
b2

ρ2

��
; ð41Þ

where we assumed that ρ1;2 ≫ b in the last equality. The
second term on the second line of the above equation is a
delay relative to the travel time of the null geodesic as
measured by asymptotic observers, Δρ. This is the standard
Shapiro time delay, which we can also write in terms of the
radial coordinate of the emitter and receiver events re ≡
rðρ1Þ and ro ≡ rðρ2Þ, respectively [e.g., see Eq. (10.101) in
[68] ]. We emphasize that the weak-field expansion carried
out in Eq. (40) is only for convenience; the exact result is in
Eq. (39), which can be trivially expanded to any order in
GM=b that one desires.

In order to make contact with the results of the previous
section, which were obtained with scattering amplitude
methods, we will consider the difference between time
delays for two different impact parameters b0 and b, with
b0 > b. The largest delay is associated with the smallest
impact parameter, so we define

Δt≡ δbt − δb0t ≈ 2GM ln

�
b0
b

�
; ð42Þ

where we expanded in ρ ≫ b. We will see in the next
section that this expression has the same analytic form as
the GR contribution to the time delay across a shock wave.
Note also that this formula is an approximation valid in the
limit 2GM=b ≪ 1 obtained from our exact result, and thus,
it can be expanded to any order in GM=b that one desires.
Before discussing the dCS gravity case, let us investigate

the leading contribution from the spin of a rotating (Kerr)
black hole to the time delay in GR. In Boyer-Lindquist
coordinates, the line element of a Kerr black hole is

ds2 ¼ −
�
1 −

2GMr
Σ

�
dt2 −

4GMar sin2 θ
Σ

dtdφþ Σ
Δ
dr2

þ Σdθ2 þ
�
r2 þ a2 þ 2GMa2r sin2 θ

Σ

�
sin2 θdφ2;

ð43Þ
where

Δ ¼ r2 − 2GMrþ a2; Σ ¼ r2 þ a2cos2θ; ð44Þ
and a ¼ J=M is the ratio between the black hole angular
momentum and mass (as measured by observers far away
from the black hole). Following the same steps as in the
Schwarzschild case, a null geodesic will satisfy

−
�
1−

2GM
rðρÞ

�
dt2−χðrðρÞÞdtdρþΘðrðρÞÞdρ2¼ 0; ð45Þ

where

χðrÞ ¼ 4GMab
r3

; ð46Þ

ΘðrÞ ¼
�
ρ2

Δ
þ
�
r2 þ a2 þ 2GMa2

r

�
b2

r4

�
: ð47Þ

This implies that, along the null geodesic,

dt ¼
− χðrðρÞÞ

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2ðrðρÞÞ

4
þ ΘðrðρÞÞ�1 − 2GM

r

�q
1 − 2GM

r

dρ: ð48Þ

As rðρÞ ≥ b along the null path, if a=b ≪ 1, we
can evaluate the expressions above to leading order in
a=r < a=b and 2GM=b to obtain

FIG. 7. Schwarzschild coordinates of the null geodesic in the
θ ¼ π=2 plane. There is a spherical object at the origin,
potentially a black hole or star (not to scale).
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Θ ¼ 1 − 2GM
r

b2

r2

1 − 2GM
r

þO
�
a2

b2

�
¼ 1

1 − 2GM
r

þO
�
a2

b2
;
G2M2

b2

�
:

ð49Þ

Therefore, including only the leading-order spin contribu-
tions, we find

dt ¼
1 − 2GMab

r3ðρÞ
1 − 2GM

rðρÞ
dρ ≃

�
1þ 2GM

rðρÞ −
2GMab
r3ðρÞ

�
dρ ð50Þ

and the time delay is then

ðδbtÞKerr≃ ðδbtÞSchw−
a
b

2GMffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2þb2

p ρ

����
ρ2

ρ1

þO
�
a2

b2
;
G2M2

b2

�
;

¼Δρ
�
1þ2GM

Δρ
ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2þb2

p
þρffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2þb2
p

−ρ

�����
ρ2

ρ1

−
a
b

2GMffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2þb2

p ρ

Δρ

����
ρ2

ρ1

þO
�
a2

b2
;
G2M2

b2

��
; ð51Þ

where ðδbtÞSchw is the travel time of a null ray that passes a
Schwarzschild black hole in Eq. (41). The analog of (42)
after assuming that ρ ≫ b is

ðΔtÞKerr ¼ ðδbtÞKerr − ðδb0tÞKerr
≈ 2GM ln

�
b0
b

�
− 2GM

a
b

�
1 −

b
b0

�
: ð52Þ

Reproducing such a result from a scattering amplitude
calculation would require having an incoming state with
nonvanishing angular momentum.
Let us discuss the above results in a bit more detail. The

first thing we notice is that the spin correction to the travel
time is a time advance, and not a time delay, i.e. the term
proportional to a in Eqs. (51) and (52) is strictly negative
because b=b0 < 1 by convention. Of course, this time
advance contribution does not violate causality because the
Kerr spin parameter cannot take arbitrarily large values.
One could demand that the term proportional to a be
smaller than the second term in Eq. (51) or in Eq. (52) to
find a “causality constraint” on the spin of black holes.
This, of course, would yield a constraint that (i) would be
outside the regime of validity of the Kerr solution (i.e. when
a > M, the Kerr black hole contains a naked singularity),
and (ii) would be outside the regime of the slow-rotation
approximation used to derive this constraint. The term
proportional to a in Eqs. (51) and (52) was derived
assuming that it would lead to a small correction to the
Schwarzschild black hole case [because of the small spin
expansion in Eq. (49)], and thus, no “causality constraint”
on spin is actually possible.

B. Shapiro time delay for dCS gravity black holes

Let us now consider black holes in dCS gravity. The
leading correction to the Kerr metric due to the dCS
coupling was calculated in [69]. The resulting metric is
given by

ds2 ¼ 5

4
ζa

�
GM
r

�
4
�
1þ 12

7

GM
r

þ 27

10

ðGMÞ2
r2

�
sin2θdtdφ

þ ds2Kerr; ð53Þ

where ds2Keerr is the Kerr metric of Eq. (43) and, in our
conventions,

ζ ¼ 2α2

ðGMÞ4 : ð54Þ

If ζ ≪ 1, we are guaranteed to be within the regime of
validity (i.e. within the cutoff) of dCS gravity as an
effective field theory for black-hole calculations.
Let us now consider null geodesics in this dCS-modified

rotating black-hole background. Compared to the Kerr
case, after we evaluate the metric above on the null
geodesic, there will be no changes in ΘðrðρÞÞ in
Eq. (48), whereas χðrÞ will change as

χðrÞ → χðrÞ þ 5

4
ζ

�
GM
r

�
4 ab
r2

�
1þ 12

7

GM
r

þ 27

10

ðGMÞ2
r2

�
:

ð55Þ

Then, the leading-order-in-ζ contribution to the time delay
in GR of Eq. (51), ðδbtÞKerr → ðδbtÞKerr þ δdCSb t, is

δdCSb t ¼
Z

ρ2

ρ1

�
−
5

8
ζ

�
GM
rðρÞ

�
4 ab
r2ðρÞ þO

�
G5M5

r5

��
dρ

¼ −
5

64
ζ

�
GM
b

�
4

a

�
5b3ρþ 3bρ3

ðb2 þ ρ2Þ2 þ 3 arctan

�
ρ

b

��
ρ2

ρ1

þO
�
G5M5

b5

�

≈
aζ
8

�
GM
b

�
4
�
b
ρ

�
5
����
ρ2

ρ1

: ð56Þ

Observe that the dCS correction is extremely suppressed by
both ζ and ðGM=bÞ4. Since both ζ ≪ 1 (to remain within
the regime of validity of dCS gravity as an effective field
theory) and GM=b ≪ 1 (to remain within the far-field
expansion of the time delay calculation), this correction can
never dominate over the GR contribution in Eq. (41).
Is this result consistent with the scattering amplitude

calculation? Yes. The regime ζ < 1 corresponds to the limit
lCS < rs, for which the amplitude approach also does not
yield a time advance. We could have carried out the above
calculation without expanding in GM=b ≪ 1, for example
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by considering light rays that graze the black hole horizon.
Had we done so, however, the suppression of this term with
respect to ζ would still be present, even after including
nonlinearities that can take factors of GM=b ∼ 1 into
account.
The dCS contribution to the total difference between

time delays for impact parameters b and b0 > b is

ðΔtÞdCS ≡ δdCSb t − δdCSb0
t ≈ −

ζ

8
GM

�
b0
GM

��
a

GM

�

×

�
GM
ρ1

�
5
�
1 −

b
b0

��
1 −

�
ρ1
ρ2

�
5
�
: ð57Þ

As ρ1 and ρ2 originate from the integral along the null
worldline parametrized by ρ, we have that ρ2 > ρ1. Hence,
the dCS correction to the time delay is always negative.
This, however, does not mean that Eq. (57) leads to a time
advance instead of a time delay, because this correction
must be added on top of the Kerr time delay of Eq. (52).
Only when ðΔtÞdCS in Eq. (57) becomes larger than ðΔtÞKerr
in Eq. (52) does one obtain a time advance. Note, however,
that the dCS correction is suppressed relative to the Kerr
correction by multiple terms: ζ ≪ 1 (so that the calculation
is within the regime of validity of the theory), a=ðGMÞ ≪ 1
(so that the black hole solution be valid in the small spin
approximation), ðGM=ρ1Þ5 ≪ 1 (so that the weak-field
expansion of gravity is valid). Only when these assump-
tions, which the above calculations rely on, are broken can
the dCS correction lead to a time advance.
The above results cannot and should not be compared

directly with Eq. (28). This is because the calculation in this
section computes a different quantity (one that is actually
observable) than that computed with the scattering ampli-
tude calculation. In this subsection, we were concerned
with the time delay of a photon that travels through the
spacetime of a black hole in dCS gravity. In the scattering
amplitude calculation, one is concerned with the time delay
between a wave in the scalar field that is sourced by
gravitational perturbations relative to a wave in the gravi-
tational perturbations. Since the scalar field in dCS gravity
does not couple directly to matter, there is no way to
directly observe the scalar wave, and thus, to measure this
time difference. Nonetheless, regardless of the situation
considered, we see that the only way dCS gravity can lead
to a time advance is if one considers the theory outside of its
regime of validity (i.e. large ζ) and outside the weak gravity
regime.

C. Shapiro time delay from stars in dCS gravity

Time delay observations have been carried out accurately
with our Sun as the main gravitating object. Let us then
consider what the dCS correction to the time delay is for
null rays scattered by our Sun. Reference [60] has shown
that the black hole metric in dCS gravity cannot describe

the exterior metric of stars. For ζ ≪ 1, and in the slow-
rotating (a=GM < 1) and weak-gravity (GM=r < 1)
regimes (both of which are necessary to describe our
Sun), the following metric for the exterior of the star
was found in [60],

ds2star ¼ −
�
1 −

2GM
r

�
dt2 þ dr2

1 − 2GM
r

þ r2ðdθ2 þ sin2 θdφ2Þ − 2r2ωðr; θÞ sin2 θdtdφ;
ð58Þ

ωðr;θÞ¼ 2GM
r

a
r
1

r
þ10π

a
ðGMÞ2

α2

ðGMÞ4
�
ðC1−1Þ

�
GM
r

�
6

þC1

64

15

�
GM
r

�
9
�
; ð59Þ

where C1 ∼ 1, up to terms of order of the compactness of
the star, which is very small for our Sun, and the angular
momentum of the sun is J ¼ Ma, as measured by observers
far from the Sun.
For the computation of time delay, evaluating dt along

the null geodesic yields Eq. (48) with the same ΘðrðρÞÞ as
GR in the slow-rotating and weak-gravity limits. However,
χðrðρÞÞ is now

χðrðρÞÞ ¼ 4
GM
r

ab
r2

þ 256π

3

ab
ðGMÞ2

ζ

2

��
C1

GM
rðρÞ

�
9

þ ðC1 − 1Þ 15
64

�
GM
r

�
6
�
: ð60Þ

Then, the dCS coupling enters in the following contribution
to the time delay in GR Eq. (41), to leading order in a,

δdCSb t¼
Z

ρ2

ρ1

�
−2

GM
r

ab
r2

−
128π

3

ab
ðGMÞ2

ζ

2

�
C1

�
GM
r

�
9

þðC1−1Þ15
64

�
GM
r

�
6
�
þO

�
a2b2

r4
G2M2

r2

�

dρ

∼a
GM
b

��
b
ρ

�
2

−
3

4

�
b
ρ

�
4

þπðC1−1Þζ
�
b
ρ

�
2
�
GM
b

�
3

þO
�
a2

b2
;
G4M4

b4

��
ρ2

ρ1

;

ð61Þ

which is even more suppressed compared to the black
hole case. The dCS correction is so small that it is
completely unobservable with current technology. As
C1 ¼ 1þOðGM=RÞ, this correction is proportional to
ζðGM=bÞ4ðGM=RÞ, and b > R, where R is the radius
of the star. For solar system tests, we then see that
ðGM=bÞ4ðGM=RÞ ≪ C5, where C¼GM=R⊙∼2×10−6

is the gravitational compactness of the Sun. The dCS
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correction is then much smaller than 3 × 10−29, and further
suppressed by ζ. One could try to make ζ ridiculously
gigantic, so that its magnitude would overwhelm the C5

suppression, and thus, become dominant over the GR time
delay, but this would force us to greatly exit the effective-
field-theory regime of dCS gravity.

VI. CAUSALITY CONSTRAINT FROM
GEODESIC MOTION IN SHOCK WAVE

BACKGROUNDS IN DCS GRAVITY

We have so far studied time delays in the context of
scattering amplitudes and null geodesics, but there is a third
way to carry out the same calculation: graviton propagation
on a shock wave background. Reference [13] discussed
how to obtain constraints on higher-order corrections to
gravity by studying graviton propagation in a shock wave
background. This idea is based on the results of [52] on
matching the discontinuity of fields through the shock and
gravitational time delays computed from the metric (see
also [50,70]). In this section, we study whether we can
place similar constraints on dCS gravity. Similar to the
results of the previous sections, self-consistency with the
solutions of the theory will imply that the new dCS
corrections to the time delay in GR are always small
and do not yield time advances. To set the notation, we start
with a short section on the pure GR case before studying
the dCS gravity case.

A. Time delays from shock waves in GR

A shock wave is a solution to the field equations sourced
by a single massless particle. Employing light-cone coor-
dinates, the metric is given by

ds2 ¼ −2dudvþHðu; xiÞdu2 þ δijdxidxj; ð62Þ

where
ffiffiffi
2

p
du ¼ dtþ dx and

ffiffiffi
2

p
dv ¼ dt − dx are outgoing

and ingoing null coordinates, with t and fx; xig Cartesian
coordinates used by inertial observers, with xi ¼ fy; zg.
The only nonvanishing components of the Christoffel
symbols for this metric in these coordinates are

Γi
uu ¼−

1

2
∂
iH; Γv

uu ¼
1

2
∂uH; Γv

ui ¼
1

2
∂iH: ð63Þ

All the nonvanishing components of the Riemann tensor
are related to

Ruju
k ¼ −

1

2
∂j∂

kH; ð64Þ

while for the Ricci tensor and scalar, we have

Ruu ¼ −
1

2
∂i∂

iH; R ¼ 0: ð65Þ

Other curvature invariants that also vanish are

RμμRμν¼ 0; RμνρσRμνρσ ¼ 0; R̃μνρσRμνρσ ¼ 0; ð66Þ

where

R̃ui
vj ¼ 1

2
ϵvjukRuiuk ¼ −

1

4
ϵuvjk∂i∂kH: ð67Þ

The energy-momentum tensor for a massless source
propagating in the −x direction (that is, moving along
u ¼ 0) is

Tuu ¼ pδðuÞδD−2ðxiÞ; ð68Þ

and all other components are zero, where p is the particle’s
energy (and magnitude of the momentum). Einstein’s
equations reduce to [53]

∂i∂
iH ¼ −16πGpδðuÞδD−2ðxiÞ: ð69Þ

For D ¼ 4 we have

Hðu; xiÞ ¼ −8GpδðuÞ ln r; ð70Þ

where r2 ¼ xixi and for D > 4, we have

Hðu; xiÞ ¼ 16πG
ΩD−3ðD − 4Þ

p
rD−4 δðuÞ; ð71Þ

which fixes the solution.
Let us now consider the following Gedanken experi-

ment. Consider a shock wave spacetime as a background,
with a gravitational wave hij propagating on a geodesic of
the background in the u direction, at an impact parameter
b in the transverse direction to the shock [13]. The
solution to the field equations for hij will contain a
discontinuity along the v direction, when the wave crosses
the shock wave, which is usually interpreted as a time
delay produced by the massless particle after its passage.
See Fig. 8.
This result can be seen from the equation of motion for

the transverse-traceless modes of the metric. In the trans-
verse-traceless gauge, and in the shock wave background,
the nontrivial, hij-dependent Einstein tensor components
are

Gð1Þ
uu ¼ 1

2

�
1þH

2

�
R̄uuhxx − Riujuhij −

1

4
∇σ∇σhxx; ð72aÞ

Gð1Þ
uv ¼ −

1

2
R̄uuhxx þ

1

4
∇σ∇σhxx; ð72bÞ

Gð1Þ
ui ¼ 1

2
ffiffiffi
2

p R̄uuhixþ
1ffiffiffi
2

p R̄uiujhxj−
1

2
ffiffiffi
2

p ∇σ∇σhxi; ð72cÞ
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Gð1Þ
vv ¼ −

1

4
∇σ∇σhxx; ð72dÞ

Gð1Þ
vi ¼ 1

2
ffiffiffi
2

p ∇σ∇σhxi; ð72eÞ

Gð1Þ
ij ¼ −

1

2
∇σ∇σhij; ð72fÞ

to linear order in hij. Recall that the i, j indices only run
through directions transverse to x. Focusing on the ij
equation, we have

2∂u∂vhij þHðu; xiÞ∂2vhij − ∂k∂
khij ¼ 0: ð73Þ

Close to the shock, the second term is much larger than the
third, so let us neglect spatial derivatives of hij. In this case,
we then have

2∂uhij þHðu; xiÞ∂vhij ¼ 0: ð74Þ

Writing Hðu; xiÞ ¼ fðxiÞδðuÞ, we have, after integrating
around u ¼ 0,

hijðu ¼ 0þÞ − hijðu ¼ 0−Þ ¼ −
fðrÞ
2

∂vhijðu ¼ 0Þ: ð75Þ

As shown in [6,13], the discontinuity is proportional to the
time delay Δv,

Δv ¼ fðbÞ
2

¼ −4Gp ln b; ð76Þ

where b is the impact parameter and in four dimensions
fðbÞ can be read from Eq. (70).
The time delay obtained above is reminiscent of that

found for the scattering of a null ray from the background
geometry of a gravitating source in Eq. (42). Of course, the
result above depends on the energy of the massless and
moving source. The physical setup here, however, is quite
different from that in the previous section. Nonetheless, it is
remarkable that in both cases one obtains similar expres-
sions for the time delay.

B. Time delays from shock waves in dCS gravity

Let us now repeat the previous calculation but in dCS
gravity. The field equations in dCS gravity that arise from
variation of the action in Eq. (21) are

Gμν þ 2α̃κ2Cμν ¼ 8πGTðϕÞ
μν ; ð77Þ

where α̃ ¼ α=κ and the C tensor Cμν is given by

Cμν ¼ ∇γϕϵ
γδαðμ∇αRνÞ

δ þ∇γ∇δϕR̃δðμνÞγ

¼ 1

2
∇γϕðϵγδαμ∇αRν

δ þ ϵγδαν∇αRμ
δÞ

þ 1

4
∇γ∇δϕðϵαβγμRνδ

αβ þ ϵαβγνRνδ
αβÞ: ð78Þ

The equation of motion for the scalar field,

gμν∇μ∇νϕ − V 0 ¼ α̃

4
R̃R; ð79Þ

can be obtained from variation of the action with respect to
the scalar field, or by taking the covariant divergence
of Eq. (77).
Let us now linearize Eq. (77) over an arbitrary back-

ground metric. To linearize the C tensor, we first note that

ffiffiffiffiffiffi
−g

p ¼ ffiffiffiffiffiffi
−ḡ

p �
1 −

h
2

�
þOðh2Þ; ð80Þ

such that

ϵγδαμ ¼ ϵ̄γδαμ
�
1þ h

2

�
þOðh2Þ; ð81Þ

and

FIG. 8. Spacetime diagram in the inertial, Cartesian coordinates
t and x illustrating the effect of the shock wave produced by the
massless source on nearby clocks. The source is located along the
v-axis (u ¼ 0) and, according to the GR solution (70), it
generates a shock in the plane orthogonal to the u axis, along
which the gravitational wave propagates (see discussion in
the main text). Two initially synchronized clocks located at x ¼
0 ¼ z but separated in the y direction become out of sync after
crossing the shock. The relative time delay between them is set by
the distance from the source: the closest clock acquires a delay
Δv1 larger than the other’s delay, Δv2. The clocks also get an
impulse toward the source [52,53].
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∇αRν
δ ¼ ∇αR̄ν

δ þ∇αδRν
δ þ δΓν

αλR̄
λ
δ − δΓλ

αδR̄
ν
λ: ð82Þ

With this in hand, we then have

δCμν¼∇γϕϵ̄
γδαðμ

�
h
2
∇αR̄νÞ

δþ∇αδR̄νÞ
δþδΓνÞ

αλR̄
λ
δ

− R̄νÞ
λδΓλ

αδ

�
−
1

2
∇γϕδΓ

γ
λδϵ

αβλðμR̄νÞδ
αβ

þ1

2
∇γ∇δϕϵ̄

αβγðμ
�
h
2
R̄νÞδ

αβþδRνÞδ
αβ

�

þ∇γδϕϵ
γδαðμ∇αRνÞ

δþ
1

2
∇γ∇δδϕϵ

αβγðμRνÞδ
αβ: ð83Þ

The linearized equation of motion for dCS gravity is then

δGμν þ 2α̃κ2δCμν ¼ 8πGδTðϕÞ
μν : ð84Þ

What background metric should we use to evaluate the
linearized dCS field equations? Reference [61] has shown
that the shock wave metric in Eq. (62) is also an exact
solution to dCS gravity, for different pseudoscalar analyti-
cal behavior. We shall thus evaluate Eq. (84) over such a
background solution (for V 0 ¼ 0) with

ḡuv ¼ −1; ḡuu ¼ Hðu; xiÞ; ḡij ¼ δij; ð85Þ

supported by a wave packet of background field ϕ moving
along the v direction with energy jpj. In this case, the
energy-momentum tensor is localized in fu; xig and for
distances larger than jpj−1 we have

TðϕÞ
uu ≈pδðuÞδD−2ðxiÞ; ∂uϕ≈

ffiffiffiffiffiffi
jpj

p
δðuÞδD−2ðxiÞ: ð86Þ

The background solution will thus contain a shock wave.
We are here interested in gravitational wave propagation

on this shock wave background in the probe limit for the
gravitons, i.e. neglecting perturbations to the scalar field.
We focus on the traceless components in the plane trans-
verse to the u and v directions. The equation of motion for
hij is given by

δGij þ 2α̃κ2δCij ¼ 0: ð87Þ

From Eq. (83), we have that

δCij ¼
1

2
∂μϕϵ

uvk
ði∇jvj∇2hjÞk −∇u∇uϕϵ

uvk
ði∇jvj∇uhjÞk;

ð88Þ

and so

∇σ∇σhij − 2α̃κ2∂uϕϵ
uvk

ði∂jvj∇2hjÞk

− 4α̃κ2∂2uϕϵ
uvk

ði∂
2

jvjhjÞk ¼ 0: ð89Þ

To find the discontinuity in u, we evaluate this equation on
a trajectory along the u direction that passes the shock with
an impact parameter b in the transverse directions. Note
that b > jpj−1 for the consistency of the optical (eikonal)
approximation of the wave-packet description to be valid.
In that limit, ∂2uϕ is subleading compared to ∂uϕ, and we
find

−2∂u∂vhij −H∂
2
vhij þ 4α̃κ2∂uϕϵ

uvk
ði∂ju∂

2
vjhjÞk ¼ 0: ð90Þ

Let us estimate the behavior of ∂uϕ along u ¼ 0. We
know that ∂uϕ should provide a localized energy density of
Oðð∂uϕÞ2Þ. However, “localization” is only really defined
relative to a reference scale, so we need to be precise about
the scales we are considering (because we want to stay
within the regime of validity of our assumptions). In our
case, the energy should be localized relative to the energy
scale of the wave packet jpj, and so

Tμν ¼pδðuÞδðD−2ÞðxiÞ¼ p
bD−1 δðu=bÞδðD−2Þδðxi=bÞ; ð91Þ

and, around u ∼ 0, we should have

∂uϕ ∼
ffiffiffiffiffiffiffiffiffiffi
jpj
bD−1

r
: ð92Þ

We are now ready to compute the time delay. Using the
above scaling result in Eq. (90), integrating this equation
over v and u∈ ð−ϵ; ϵÞ, evaluating the result at r ¼ b, and
taking the ϵ → 0 limit, we obtain

½hij�þ− þ fðbÞ
2

∂vhijju¼0
− 2α̃κ2

ffiffiffiffiffiffiffiffiffiffi
jpj
bD−1

r
ϵuvkði∂vhjÞkju¼0

¼ 0;

ð93Þ

where we defined ½h�þ− ¼ hðu ¼ 0þÞ − hðu ¼ 0−Þ.
Decomposing the metric perturbation in circular polar-
izations, hij ¼ eAijhA, and using ϵuvkie

ij
B ¼ ϵBe

kj
B (no sum

over B), gives us

½hB�þ− ¼
�
−
fðbÞ
2

þ 4α̃κ2
ffiffiffiffiffiffiffiffiffiffi
jpj
bD−1

r
ϵB

�
∂vhBju¼0; ð94Þ

from which we read the D ¼ 4 time delay

ΔvB ¼ 4Gjpj
�
ln

�
1

b

�
−

8πffiffiffiffiffiffiffiffiffijpjbp α̃

b
ϵB

�
: ð95Þ

This is the dCS-corrected time delay one obtains by
considering a gravitational wave crossing a shock wave
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sourced by the dCS pseudoscalar. Observe that the dCS
term is proportional to

1ffiffiffiffiffiffiffiffiffijpjbp α̃

b
¼ 1ffiffiffiffiffiffiffi

Mb
p α̃

b
∼
�
GM
b

�
3=2 α

ðGMÞ2 ; ð96Þ

where we replaced p with M, which represents the mass
scale of the background shock wave. We shall show below
that this dCS correction is small.
Clearly, if α̃ is large enough, one could obtain a time

advance for one of the polarizations, but is this result self-
consistent? We shall now show that the values of α that lead
to acausal behavior are deeply outside the regime of
validity of the shock solution if we demand that the wave
packet has energy below the effective-field-theory scale
∼α̃−1. First, note that the localization of the wave packet is
only valid when b ≫ jpj−1, such that

jpj ≫ 1

b
⇒

1ffiffiffiffiffiffiffiffiffiffiffi
jpjb3

p <
1

b
: ð97Þ

Moreover, since Eq. (21) is an effective field theory valid
below the dCS energy scale α̃−1, we must require an upper
bound for the energy of the source, jpj < α̃−1. This is a
necessary condition for the packet to be resolvable within
the effective field theory. Combining this condition and the
inequality above, we find that

1

α̃
> jpj ≫ 1

b
⇒

α̃ffiffiffiffiffiffiffiffiffiffiffi
jpjb3

p <
α̃

b
≪ 1: ð98Þ

The dCS contribution to the time delay can overcome the
GR contribution only when lnð1=bÞ is very small.
However, this can never happen, since by “time delay”
we really mean delay measured by clocks in the asymptotic
region away from the shock. Therefore, we should actually
compare the dCS contribution with lnðb0=bÞ where
b0=b ≫ 1. Hence, the term proportional to α̃ in Eq. (95)
will always be a small correction to the GR result in
situations for which the calculations above are valid.

VII. DISCUSSION AND CONCLUSION

In this paper, we have revisited the assumptions of
causality constraints on higher-order corrections to GR
based on eikonal scattering amplitudes. We explicitly
discussed a limitation associated with the perturbative
expansion in the weak-gravity regime. The assumption
about this regime is often overlooked in the literature and
has given rise to wrong claims about the strength of
constraints in modified gravity, and in particular, in dCS
theory. We have revisited those claims and shown that
causality arguments cannot be used to rule out modified
theories, including dCS gravity, and that the current
astrophysical constraints are more stringent than the ones

based on flat-space amplitudes. Our arguments are based
on first principles and assumptions of the eikonal approxi-
mation, and hence they are general enough to be applicable
to a large class of modified theories of gravity.6

We further supported the above conclusions with addi-
tional calculations of time delays experienced by light as it
passes near a black hole and a star in dCS gravity, and
experienced by gravitational waves scattering off a new
shock-wave background also in dCS gravity. In all cases,
we find that the GR prediction for the time delay is dCS
corrected by terms that are suppressed by both the ratio of
the naive cutoff energy scale of the theory to the character-
istic mass-energy of the system, as well as by a large power
of the ratio of the mass of the object to the impact
parameter. The latter, in particular, suppresses the dCS
correction for all real astrophysical systems. Therefore, for
the time delay to become a time advance, and thus violate
causality, one would need to make the dCS coupling
constant so large that one would be deeply outside the
regime of validity of the effective field theory, reinforcing
the conclusions presented above.
At the core of the eikonal approximation is the fact that

although it can handle trans-Planckian scattering (or more
generically, scattering at energies larger than the cutoff of the
theory considered), each individual graviton (or correspond-
ing mediator) has sub-Planckian energy. This is compatible
with energy-momentum conservation when Gs=bD−4 > 1
(where s is the square of the sum of the ingoing or outgoing
momenta, b is the impact parameter andD is the number of
spacetime dimensions), because there are many gravitons
being exchanged; see discussion of momentum fractiona-
tion in [46]. Hence, if we stick to the eikonal regime, where
s=t ≫ 1 (with t the momentum transferred), values of

ffiffiffi
s

p
larger than the naive cutoff of the theory can be considered.
However, when gravity is dynamical, care has to be taken
due to graviton nonlinearities.
As discussed in Sec. IVA, time advances in beyond

Einstein theories can only occur at distance scales smaller
than 1=Mλ, where Mλ is the energy scale appearing in the
leading higher-derivative correction to the Einstein-Hilbert
action. Thus, one may think that the study on constraints of
effective field theory modifications to gravity from time
advance considerations is obviously flawed since distances
smaller than 1=Mλ are considered. This is not so because
the ladder diagram resummation described in Sec. II

6Throughout this paper, we focused on theories whose
graviton sector has the standard two-derivative propagator.
Effective field theories with modified graviton propagators
typically suffer from Ostrogradsky-type instabilities (i.e. ghost
degrees of freedom), so they can, at best, be treated below the
corresponding ghost mass scale and not as “exact” theories, in the
sense discussed in Sec. IVA. In curved background spacetimes,
dispersion-relation arguments must also be revisited because
curvature and nontrivial kinematics affect causality inferences;
see, e.g., [15,19,71] for related discussions.
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guarantees that processes at energies larger than Mλ can be
consistently considered deep in the eikonal regime. For this
reason, one might neglect higher order terms and effec-
tively consider the modified theory as “exact” as long as the
calculations are restricted to the eikonal limit or deep in the
range of validity of the theory.
Then, questioning the validity of the causality con-

straints becomes questioning the scope of the time
advance calculation. The eikonal approximation requires
the weak gravity regime, and for pure GR this means
values of impact parameter b much larger than the
Schwarzschild radius rs associated with the process.
However, as we show in this paper, this does not extend
to modified gravity because the weak gravity requirement
implies additional conditions on top of b > rs. Because
of this, time advance constraints on the cutoff of
modified gravity theories are limited to the regime of
validity of the eikonal approximation, which then renders
these constraints weaker than the current astrophysi-
cal ones.
Consider dCS gravity as an example [see Eq. (21)]. It

comes with an energy scale 1=
ffiffiffi
α

p
, and since it is a

perturbatively nonrenormalizable gravitational theory,
we expect higher-derivative terms to be suppressed by
higher powers of α=κ. However, due to the new
ϕhh cubic vertex, new diagrams start to significantly
contribute to gravitational scattering at energy scales
ΛdCS ∼ ðMPl=αÞ1=3, where α is the coupling constant
of the theory [72]. For 1=

ffiffiffi
α

p
< MPl, we have

ΛdCS > 1=
ffiffiffi
α

p
> κ=α. Therefore, κ=α is the cutoff for

processes away from the eikonal regime, especially for
sub-Planckian scattering.7 Moreover, as discussed in
Sec. IV, to neglect graviton nonlinearities and remain
within the validity of the eikonal approximation, we need
b ≫ ðαrsÞ1=3 or [see Eq. (33)],

1

b
≪

�
1

αrs

�
1=3

∼
�
MPl

α

�
1=3

�
MPlffiffiffi
s

p
�

1=3
: ð99Þ

In other words, the relevant energy scale 1=b is much
smaller than the naive cutoff ðMPl=αÞ1=3 in the trans-
Planckian regime.
For dCS gravity, although b > rs is not sufficient for

neglecting Oðαrs=b3Þ nonlinearities, the latter might still
be subleading8 compared to α=b2 when b ≫ rs. For this to
be the case in a consistent way, the nonlinearities have to
appear in the eikonal phase as an overall contribution
containing a factor of α=b2. Even if that is the case, the time
advance requires b < lCS and hence we need rs ≪ lCS to
trust the calculation. This significantly relaxes the extent of

causality constraints for dCS gravity, as discussed in
Sec. IV B.
Since we discussed dCS gravity, a few comments on

its ultraviolet completion are worth mentioning. The
main point of the causality constraints on higher-dimen-
sional Gauss-Bonnet gravity, presented in [13], was not
to rule the theory out; rather, the main goal was to show
how extra higher-spin states in string theory make higher-
dimensional Gauss-Bonnet gravity unitary in the eikonal
regime, for values of the impact parameter arbitrarily
close to the string scale. In some sense, this feature is
one of the reasons why string theory is considered a
successful perturbative, higher-dimensional quantum
gravity theory. Similarly, we expect dCS gravity to be
corrected and the eikonal amplitude to receive contribu-
tions from other states within a broader theory. In fact,
four-dimensional effective gravity descending from het-
erotic strings has a dCS coupling, with ϕ being the zero
mode of the Kalb-Rammond field in the internal mani-
fold [42]. Thus, even if the causality constraints were
more stringent than the astrophysical ones, which is not
the case as shown here, the best one could argue is that
pure dCS gravity is constrained. But being nonrenorma-
lizable, dCS gravity is naturally expected to be a sector
within a larger theory, with the dCS coupling generated
after integrating out high-energy modes. For instance, on
top of the string theory example, a dCS coupling is also
generated from integrating out chiral fermions [73],
which can be easily embedded in extensions of the
Standard Model.
Another dCS gravity feature worth noting is the

topological nature of the Pontryagin term. Since RR̃
can be written as a total derivative, it only effects the
equations of motion when ϕ is not constant. Moreover,
although RR̃ sources ϕ, it vanishes for backgrounds with
spherical, homogeneous or isotropic isometries. Hence,
in the absence of a potential to source its dynamics, ϕ
remains a constant for many relevant metric Ansätze
(which is the reason why so many GR exact solutions are
also valid in dCS gravity, see e.g. [41,42,61]). Then,
testing dCS gravity on Solar System scales is incredibly
difficult, because not only gravity is weak, but also
because RR̃ is dominated by matter-spin contributions
which are always subleading compared to isotropic ones
[74]. Along the same lines, Earth-based experiments,
such as torsion-balance experiments (see [75] and the
discussion in [32]), cannot constrain dCS gravity at all
since, in these setups, the dCS gravity predictions reduce
to the standard GR ones.
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