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We argue that a discrete bulk spectrum with random statistics appears naturally in the Lorentzian
description of Jackiw-Teitelboim (JT) gravity if an extra confining potential is introduced in the region
where the renormalized geodesic length becomes of order e%. The existence of such an extra confining
potential may be inferred from the late behavior of complexity and also from the Saad-Shenker-Stanford
(SSS) duality between JT gravity and the matrix model. We derive the explicit form of the extra confining
potential from the well-established density of states obtained in the Euclidean approach to JT gravity. This
extra potential is implicitly determined by the solution of the Abel’s integral equation, which turns out to be
identical to the string equation of the matrix model in the SSS duality formulation of JT gravity. Thanks to
the extra confining potential and the random nature of the spectrum, the time evolution of the Krylov
complexity, which is identified with the renormalized geodesic length, naturally exhibits four phases,

namely, a ramp, a peak, a slope, and a plateau.
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I. INTRODUCTION

Black holes, once considered purely theoretical, have now
been extensively confirmed through astrophysical observa-
tions. Within the framework of general relativity, they are
described by classical solutions and were not originally
associated with the entropy of any physical system.
However, when thermodynamic considerations are intro-
duced, black holes are argued to possess a finite entropy,
known as the Bekenstein-Hawking entropy [1,2].
Understanding its microscopic origin is an important chal-
lenge, as it is expected to shed light on quantum gravity
beyond classical general relativity. In recent years, a two-
dimensional model of dilaton gravity, known as Jackiw-
Teitelboim (JT) gravity [3,4], has been intensively studied,
partly because it serves as a natural playground for exploring
the AdS/CFT correspondence and allows for analytic treat-
ments in a controlled setup to test ideas about quantum
gravity, particularly in the context of black hole interiors.

Given that our spacetime has a Lorentzian signature, it is
natural to adopt a Lorentzian framework for understanding
quantum gravity. In particular, the Lorentzian signature is
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well suited for black hole interiors, while there is no
a priori justification for the Euclidean approach in this
context. Nevertheless, in the semiclassical limit, the initial
state of quantum fields in a black hole geometry is often
chosen through a Euclidean continuation, leading to the
Hartle-Hawking state [S]. This state represents a thermo-
dynamic equilibrium of matters with a black hole and is
regarded as a global state constructed on the two-sided
geometry of black holes, which is identified with a thermo-
field double state (TFD) in the context of the AdS/CFT
correspondence [6]. In JT gravity, one may go beyond the
semiclassical approach and incorporate quantum effects
from gravity. Since local bulk gravity has no local degrees
of freedom, this simplifies the analysis greatly.

Intriguing results obtained through the Euclidean path
integral method in JT gravity include the disk partition
function [7], the correspondence with random matrix
integrals [8], the replica wormhole computation for gen-
eralized entanglement entropy [9,10], and spectral form
factors [11], among others. For a recent review, see
Refs. [12,13]. In particular, Saad, Shenker, and Stanford
(SSS) [8] established the correspondence between JT
gravity and a random matrix model, referred to as the
SSS duality in the following. This duality suggests that the
boundary theory dual to JT gravity may consist of random
ensembles rather than a single theory. While Euclidean
results have provided valuable insights into quantum JT
gravity, it would be much more satisfactory if a Lorentzian
approach could reproduce the Euclidean results.

The Lorentzian picture also shows the growth of the
black hole interior or the wormhole length (volume) under
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forward global time evolution. This growth phenomenon is
conjectured to provide the bulk realization of the increasing
computational complexity of the boundary theory [14-16].

In JT gravity, the correspondence between geometric
quantities and complexity has been made more concrete.
For example, in [17], the renormalized bulk geodesic length
between two boundary points at late times is argued to
match the complexity of the boundary theory. However,
this match requires a specific prescription to renormalize
the geodesic length through the wormhole, which
remains unclear from the perspective of Lorentzian boun-
dary Schwarzian theories. Another question from the
Schwarzian perspective concerns understanding the density
of states computed from the disk partition function in
Euclidean JT gravity or from the Euclidean Schwarzian
theory, given that the Schwarzian theory corresponds to a
quantum system with a continuous spectrum [7].

To reconcile the Euclidean and Lorentzian approaches in
JT gravity, we propose a simple fix in this paper: intro-
ducing an extra confining potential to the quantum
mechanical system of the two-sided Schwarzian theory,
which becomes relevant only in the region where the
renormalized geodesic length becomes of order e%.
Essentially, this extra confining potential is designed to
match the density of states obtained in the Euclidean
approach, which obviously makes the bulk spectrum
discrete. Additionally, it ensures the complexity to evolve
as expected. Specifically, at early times, the renormalized
length grows linearly and reaches a maximum due to our
extra confining potential. Then, it starts to decrease and
eventually stabilizes at a plateau value at late times. This
behavior is quite consistent with numerical results for the
Krylov complexity of the boundary system [18,19].
Furthermore, we show that our extra confining potential
is identical to the one appearing in the so-called string
equation for JT gravity [20]. However, the contexts in the
two approaches that lead to the same expression turn out to
be quite different.

This paper is organized as follows. In Sec. II we review
the quantum mechanical system derived from the two-sided
Schwarzian in JT gravity and the SSS duality establishing
our conventions. Section III outlines our reasoning behind
introducing an extra confining potential for the quantum
mechanical system. We present some computational details
to determine our extra confining potential in Sec. IV. In
Sec. V we review the string equation from the matrix model
dual to JT gravity, confirming that an identical potential
with ours also arises in this context. We also comment on
the incompleteness of the Hamiltonian or potential in the
string equation, highlighting the main differences between
our quantum mechanical system and the auxiliary system in
the string equation. In Sec. VI, we present arguments for
the origin of the plateau behavior of the expectation value
of the position operator in a TFD state. This is a direct
consequence of the cancellation of the rapidly oscillating

phase of the TFD state at late times. We also provide
numerical results on the expectation value of the position
operator in this section. Finally, we summarize our results
and outline future directions in Sec. VII. In the Appendix,
we provide an alternative derivation of our extra confining
potential directly from the disk partition function.

II. JT GRAVITY AND SSS DUALITY

In this section we review the boundary Schwarzian
aspect of JT gravity [21-28] in association with the SSS
duality, which serves as our setup in the following quantum
mechanical interpretation of bulk physics. For JT gravity
and its boundary Schwarzian formulation, we adopt the
two-sided Lorentzian picture while employing frequently
the Euclidean picture to incorporate the SSS duality. Let us
begin with the JT gravity action, given by

1
I'=1= /M d’x\/=g¢p(R +2)

1
— | duy= K—1),
to o - u/=7uth( )

(2.1)

where ¢ is a dilaton field, u represents the boundary time,
and y,, and K are the induced metric and the extrinsic
curvature on the boundary 0M, respectively. Here, the
surface term consists of the left and right parts in the two-
sided Lorentzian framework. It is well known that these
boundary actions can be interpreted as describing the
fluctuating boundary dynamics of the left and right
boundary particles. In the following, we set 8zG = 1.

The bulk equation of motion R + 2 = 0 yields AdS, as
the bulk solution, whose metric in global coordinates is
written as

5 —d7® + du?

ds? = (2.2)

cos’u

By imposing the cutoff conditions on each boundary with a
cutoff parameter € as

: (2.3)

du? ¢
d52|aM == = .

e’

the action reduces to

N
1= [aueorr). to=5[(%) -] es

Tf,r

where the total derivative terms are discarded. Here, C can
be identified with (,7) which is also set to 2C = 1 in the
following (see the left figure of Fig. 1). Following standard
procedures for higher derivative theories, one may intro-
duce additional phase space variables y,, as 7, = Ce¥*,
for instance, through a Lagrange multiplier. Then, one can

126002-2



DISCRETE BULK SPECTRUM IN JACKIW-TEITELBOIM ...

PHYS. REV. D 112, 126002 (2025)

CIEERER

FIG. 1. On the left we draw the left and right cutoff trajectories
as purple curves near the AdS, boundaries, respectively. On the
right we illustrate the genus expansion with one boundary.

obtain the Hamiltonian from the Schwarzian. However, the
SL(2,R) isometry of the AdS, background should be
imposed as gauge constraints in the Schwarzian
formulation [29-33]. For pure JT gravity, it turns out that
the left and right boundary dynamics cannot be indepen-
dent, since H, — H, constitutes one of the gauge con-
straints. On the other hand, the total Hamiltonian
H=H,+ H, =2H leads to a meaningful dynamics,
where the Hamiltonian H is given by

H =H,=H=p>+ e, (2.5)
where ¢ =y, +y, and p is the canonical conjugate
variable to g.

To incorporate the gauge constraints on a Hilbert
space [33,34], we should be careful due to the noncompact
nature of SL(2, R), which may be handled via the so-called
Hilbert space of coinvariants rather than invariants. On the

physical Hilbert space Hsz(R), p acts as p = _id%’
satisfying [p, ¢] = —i. Notably, the renormalized geodesic

length #, between the left and right boundary trajectories
specified by 7,(u) and 7,.(u) is related to the g variable
as [31,35,36]

fy = Coare — In2¢|, —In 24|, = —q. (2.6)
Under this identification, the physical Hilbert space H ~
L%(R) of pure JT gravity is given by the wave functions of
the renormalized length Z,. As is clear from the Liouville-
type potential of the total Hamiltonian in (2.5), the
scattering state wave function is given by the modified
Bessel function K, /z(2e~*+/?) and the spectrum should be
continuous. As a result, the density of states cannot be
defined at this stage.

Since JT gravity can be regarded as a certain low-energy
limit of a UV complete theory or a higher dimensional
theory, it would be natural to consider a UV completion or a
nonperturbative completion of JT gravity. In this context, a
complete nonperturbative theory would lead to a discrete
spectrum with random statistics whose level spacing is
characterized by the scale O(e~%). The continuum limit of
such theory becomes pure JT gravity. One such completion
or extension is the identification of pure JT gravity with a

“double-scaling” limit of a specific matrix model, known as
the SSS duality. According to this duality, the Euclidean JT
gravity partition function on various topologies can be
computed via the corresponding matrix integral formula.
Along this line, we may include the topological term in
the Euclidean action /g, corresponding to the finite entropy
So, as

top __
I =

_ﬁ[l ViR + AME\/?K}, 2.7)

27T2ME

which is used for the topological expansion of the partition
function in powers of e~50.

With the Euclidean topological term of pure JT gravity,
the disk partition function for the boundary wiggles, with
the renormalized circumference S, can be computed, for
instance, by using the one-loop exact boundary Schwarzian
action [7,8], leading to

e 1 2
Zax(B) = mme”-

(2.8)
This partition function can be thought to be related to the
density of states p,7(E), which is given by

e%
pir(E) = @sinh(Zn\/E). (2.9)

Since p,;r(E) is a continuous function of E, it cannot be
interpreted as a conventional density of states in a quantum
mechanical system. However, in the following sections, we
suggest a possible interpretation of p,;(E) as a density of
states of a specific quantum mechanical system by intro-
ducing a confining potential, taking into account the e%
dependence of p;;(E) explicitly. In this sense, p,;(E) may
be denoted as p,7(E, e%).

To fix our notation and distinguish our main suggestion
in later sections from the SSS duality, we shall give a very
short review of the double-scaling limit of the matrix
model, which is known to be “solvable” in the L — o
limit. See, for a review of matrix models, Refs. [37-39]. In
the matrix model partition function for a Hermitian L x L
matrix H, Z is given by

Z= / dH e~LTUH), (2.10)

In the matrix model, it is convenient to introduce the so-called
resolvent R(E) = Tr 1, which is related to the density of
eigenvalues as R(E — ie) — R(E + ie) = 2zip(E). Here,
the density of eigenvalues is defined by p(E)=
Tr6(E—H) = Z,L':1 8(E — ;), where A; are the eigenvalues

of the Hermitian matrix H. Taking into account the
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Vandermonde factor in the Hermitian matrix model, the large
L saddle point equation to the matrix model partition
function in (2.10) is given by

U'(E) :%7[611

where the integral is over the principal value of the integrand.
For a given potential U(E), Eq. (2.11) can be used to obtain
the relation Ry (E —ie) + Ry (E + ie) = U'(E) for the
zero genus and one boundary resolvent R (E). To obtain
R 1 (E), we need to choose branch cuts associated with the
eigenvalue distribution of the potential U(H) in (2.10). SSS
proposed that a one-cut solution suffices to describe JT
gravity, which may be chosen as [0, 2a] on the real line.
Introducing a function 6(x) = x(x — 2a), the end point a can
be determined from the potential U(E). Then, U’(E) and
Ry1(E) give us the so-called spectral curve of the matrix
model, which plays the role of initial data for the topological
recursion relation of the resolvent correlators [40—43].

To relate JT gravity correlators to those of a matrix
model, SSS proposed that the density of states for JT
gravity can be understood as the “double-scaling” limit
of the density of eigenvalues of a certain matrix model
[44—46]. This limit is defined by L — oo and a — oo, while
keeping e finite. As a specific density of eigenvalues, SSS
suggested the following expression:

p(4)
(E-2)’

(2.11)

S

0
p(E, a) = :—zsinh 272\/E(1 — E/2a),
Y/
2a
L= ["sE.a)

which can be used to determine U(E, a) from the density of
state p(E, a) by the relation

(2.12)

: _ 1 [ p(E a)
U(E,a)_m[odEm.

(2.13)
In the double-scaling limit, one may identify the density of
eigenvalues in the double-scaled matrix model as
lim,_ o p(E,a) = p;r(E). Equivalently, the disk partition
function in the matrix model is matched with that in
Euclidean pure JT gravity. This identification allows us
to use the matrix model techniques to obtain JT gravity
correlators. As mentioned earlier, we explicitly keep L =
eSg(a) [with g(a) specified by (2.12)] to clarify our
prescription for a confining potential introduced later.
The integral of the leading density of eigenvalues,
p(E, a)|,_» without rescaling by e%, yields a result of
order e,

Basically, the SSS duality asserts that whole correlators
of Euclidean pure JT gravity partition functions are
determined by the corresponding double-scaled matrix
model. Schematically, the primary focus in the topological
expansion of the partition function with n boundaries in the

double-scaled matrix model lies in the connected part of the
resolvents,

<R(El) e R(En)>conn = Z e_SO(Zngn_z)Rg,n(Ela ceey En)a
g=0
(2.14)

which may be rewritten in terms of the correlators
of the Euclidean JT gravity partition functions,
(Z(P1)s--» Z(Pn))eonn- These correlators are known to
satisfy specific topological recursion relations and are then
related to the Weil-Petersson volume of the moduli space of a
genus ¢ surface with n geodesic boundaries of length
by, ..., b,. According to the SSS duality, all such correlators
can be determined completely by two initial inputs: disk
partition function Zg (#) and trumpet partition function
Zumpet (B b). Both of these quantities are computed from
Schwarzian boundary wiggles in Euclidean pure JT gravity.

While the SSS duality provides a UV completion of
Euclidean pure JT gravity, its matrix model formulation
complicates the direct visualization of the discrete spectrum
with random statistics. In the following sections, we present
a simple quantum mechanical interpretation of the density
of states p,;r(E), starting from the boundary Schwarzian
Hamiltonian in (2.5). By introducing a confining potential
in the Lorentzian picture, we interpret the density of state
py7(E) in Euclidean pure JT gravity as a leading continuum
limit obtained when the potential vanishes. Using this
framework, we also explore a consistent interpretation of
quantum state complexity of time evolution in terms of the
bulk renormalized geodesic length.

III. CONFINING POTENTIAL

The needs for a left confining potential (i.e., for —g > 1)
may be argued in the following ways. First of all, this
potential naturally follows from the late behavior of
complexity shown in [17-19]. Note that the complexity
operator may be identified with ¢, = —q, where ¢, is
the geodesic length [14,17,27,47-55]. With the above
Hamiltonian in (2.5), we have

1 d?

§W<q>’fd = —<€q>zfda (3.1)

where the TFD state will be specified below explicitly.
Initially, there is a negative effective force since the force
term on the right-hand side (i.e., ¢ 2 0) is negative definite.
As — g becomes large (i.e., —g > 1), the force on the right
side becomes negligible and
—(@)i5a ~ Cit (32)
with C; to be an O(l) positive coefficient [56].
Even including the perturbative and nonperturbative
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FIG. 2. A schematic form of the potential V(q) = e¢? + W(gq), where the left confining potential W(g) becomes O(1) only when ¢
becomes O(—e). With the left confining potential, the spectrum becomes discrete.

contributions,’' the above behaviors continue until 7 < 5.
In Ref. [17], it was further shown that

~(@)1ra = eNC, as t> %, (3.3)
where C, is another O(1) positive coefficient, which has a
nonperturbative nature. We view that this behavior is
arising from some complicated left confining potential that
is relevant as —g becomes O(e%). Interestingly, this
confining behavior is originated from the purely
Lorentzian regime as the geodesic length of the wormhole
becomes large in the large ¢ region.

From the view point of the Lorentzian boundary quan-
tum mechanics, any higher genus contributions, which are
either perturbative or nonperturbative, mainly happen deep
inside the bulk and hence affect the large 7,(=—¢q)
behaviors, which may be summarized in terms of the left
confining potential.

Another argument is from the SSS duality between JT
gravity and the matrix model, where the matrix has a size

L = ¢%g(a). The density of states is defined by

L

p(E) =3 S(E-E,).

n=1

(3.4)

and it is a fundamental quantity from which the partition
function follows automatically by the relation

2(p) = / dEp(E)e . (3.5)
Below, we will be mainly interested in the corrections of
quantum mechanics, which becomes O(1) when —g
becomes of order ¢%, and we are not interested in the
simple perturbative corrections of O(e=0), which changes
po(E) by O(e™0). Such corrections can be summarized by
an effective left confining potential in the boundary

'Here, perturbative contributions are given in terms of genus
expansion counted by even powers of e~%0, which corresponds to
e~'/On on the gravity side. Then, the nonperturbative contribu-
tions are of the order of 0((3“5630 ), which is extremely small if the
number & is positive. However, even if taking % to be very large,
these nonperturbative contributions may not be ignored when the
number £ becomes imaginary.

quantum mechanics. The existence of this potential stems
from the defining properties of the matrix model on the
matrix model side.

Interestingly, with the left confining potential, by taking
e% as large but finite, the spectrum naturally becomes
discrete. In the following, we assume the existence of the
left confining potential and determine its form explicitly.
Namely, the total potential is given by

Vig) = ¢!+ Wl(q), (3.6)
where the left confining potential W(g) becomes O(1) only
when g becomes O(—e%). As e goes to infinity, the effect
of the left confining potential disappears completely, leading
to the continuous spectrum we have in the beginning.
A schematic form of the potential is illustrated in Fig. 2.

Here, we assume a Hamiltonian of the form H =
p* + V(q). Our approach in this note may be related to
the formulation of matrix theory based on the so-called string
equation. However, we do not aim to provide a precise
formulation for deriving perturbative and nonperturbative
corrections, as this is not our primary goal in this note.

IV. DISCRETE DENSITY OF STATES

In this section we would like to obtain the shape of the
left confining potential V(g), which reproduces the desired
density of states

p(E) = e%p(E),

where p(E) = #SiHhZﬂ\/E to the leading order [7,8,27,57].
As is well known, the density of states in the semiclassical
limit with the left-right confining potential is given by

v [ daVE=Vig) = i)

ndE J,

(4.1)

(4.2)

where the left and right turning points g are defined by the
relation E = V(g+) with ¢, > ¢g_. Here, the semiclassical
limit is taken by sending €% to be very large. This relation
directly follows from the so-called Bohr-Sommerfeld
quantization condition. Let us briefly review the derivation
of this result before proceeding further. Using the semi-
classical phase space approximation, we have
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p(E) = Tré(E - H) ~ % / dgdp S(E—H(p.q)). (4.3)

We then make a canonical transformation to the action-
angle variables (/,6), where J is given by

J(E) = ;ﬂfpdq zi/% dgvE=V(q),  (44)

and the canonically conjugated variable 6 is ranged over
[0,27]. The angle variable satisfies

de dE(J)

— = — (), 4.5
primi i C) (4.5)
where we used the relation H(J) = E(J). With these
variables, the density of states becomes

p(E) —;—”/deJé(E—H(J)) _ dJ(E)

dE
1d 9+
=—— [ dg\VE-V(q)

=— 4.6
ndE J, (4.6)

in the semiclassical limit. Thus, we are led to the relation
in (4.2).
Now let us consider the potential of the form
Vig) = e’ + W(X(q)), (4.7)
where we introduced X (g) = —e~%0q for later convenience.
We require W(+o0) = 400 to ensure the left confining
property of the total potential. On the right-hand side, we
do not want to ruin the original Liouville potential e9, thus,
we require, for the large positive g, e? > W(—e50q). We
shall also require W(—oo0) =0, so that the Liouville
potential remains unchanged as g becomes inﬁnity.2 We
now assume that the function W(X) does not explicitly

*This potential also includes the random potential component
that is responsible for a spectrum with random statistics and the
corresponding ensemble average on the matrix model side. For
instance, it may be organized as

(oo}

W =Wo(X)+ Y e v (q) Wy (X). (4.8)
k=1

where v(;)(¢q) denotes a Gaussian random noise function with
O(1) correlations, and Wy (X) represents the saddle point con-
tribution, which will be our primary concern in this note. By
integrating out v (¢), one gets

Wer(X) = Wo(X) + 3 e Wi (). (49)

These, however, are not derived from the first principle and,
therefore, warrant careful examination with possible modification
required to ensure their consistency and validity.

depend on %, restricting our attention to the leading-

order contribution. With this, one finds ¢, = O(1) and
—q_ = O(e>). Then, Eq. (4.2) may be reduced to

Ld (% o JEZWX) = p(E),

- 4.10
ndE 0 ( )

where W(X,) = E, and we ignored the O(e™) contribu-
tion as a leading approximation. This then becomes

1 [E F(Y)

— dy = p(E), 4.11

2/, — P(E) (4.11)
where

F(Y) _ax ! (4.12)

Cdy  W(WY))

with W=1(Y) denoting the inverse function of W(X) =Y.
This is nothing but the famous Abel’s integral equation.
The solution is given by

_d (7 2)(E)
F(Y) _EA aE

Note that the relation (4.12) implies that dX = F(Y)dY.
Then, this leads to

(4.13)

Y 2p(E 1 [vY inh 2
X:/ dE P(E) =5 dssst, (4.14)
0 Y-E 7)o VY —s?
which can be integrated to give
27X = /W(X),(2z/ W(X)) (4.15)

with Y replaced by W(X). Hence, the potential W(X) can
be given implicitly with the above relation. In the
Appendix, we will derive again this potential in an
alternative way, starting from the disk partition function
as a validity check of our method. In fact, this equation is
called the string equation [58-60] in the matrix model
formulation, which will be explained in the next section
(see Ref. [61] for a different perspective on related matters).

Using the fact that 7, (x) = x/2 + O(x?) for small x, one
finds

W(X) = 2X + O(X?) (4.16)

for small X. For large X, we use the asymptotic expansion

hwr%ﬂHme

for the large x. This leads to

(4.17)
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W(X)= [iln((Zﬂ)sz)} 2(1 +0(InlnX/InX)). (4.18)

Hence, in the large —g region, the slop dW/dq of the
potential behaves as

dW(X(q))

i (4.19)

e_Sol 2 3/2
~—— X),
In((2)"2X)

which becomes extremely small.
The theory will be defined through the ensemble average

= /Dﬁ(q)P v

where E,(7(q))(n=1,2,...) denotes the nth energy
eigenvalue for a given collection of random noise functions
i(q) = (v(1)(q), v(2)(q), - - -) in W of (4.8), and the weight
P(7(q)) should be determined by the original gravity
theory. Of course, computing P(¥(q)) requires further
study. However, for the discussions below, this ensemble
average does not play an essential role, and we shall pick a
particular sample when considering the simulation of the
corresponding Schrodinger equation.

JE,(v(q)),  (4.20)

V. STRING EQUATION

In this section, we consider how the string equation
originally appears in the double-scaled limit of the matrix
model and compare it with our approach above. We begin
with a brief review of the formulation [44—46,58—-60,62—-68].
To evaluate the matrix integral, we use the technique of
orthogonal polynomials, which satisfy

/ A1 VAP, ()P (2) = Spihy. (5.1)

where P,(A) is an nth-order polynomial with P,(1) =
A"+ .. Assuming the potential U is even, one finds
AP, =P, +R,P,_, =B,,P,, where the second equal-
ity defines the matrix B. The coefficient R, is the key quantity
of interest in the matrix model and one may show that R, =
h,/h,_, straightforwardly. Note that

[T e vor o)

—L / C dae VDU )P (AP (D) =nhyy.  (5.2)

This leads to

Y, = U'(B) (5.3)

nn—1

with Y, = n/L. This equation in the continuum limit with
L — oo can be written as

1
Y =W(R) + gwm (R)RAZRE + O(e*),  (5.4)

where W(R) can be found from the potential U by the
relation W(R) = § £ U'(z + R/z) and e = 1/L [37]. The
higher-order contmbutlons in € can be worked out explicitly
order by order. If W is given alternatively, again U can be
determined uniquely. We introduce a double-scaling limit by

- Rc - \/R70u<y)52

with L — coand§ — 0 while keeping 7 = R/ *e/5 = =50
finite. We require W(R,) = 1. Further requiring 7, =
(=)= 1WInI(R,)8*"=2R}? /n! for n > 0 to be finite in the
double-scaling limit, one finds the string equation,’

[se]
y+ Z 1Ry (u) =
=0

where 1, = —p with Ry = 1. The function R, satisfies the
recurrence relation

Y =1+ (y—u)é%, (5.5)

(5.6)

2k +2 1 h?
;(+1 = 7216 n 1 <MR;( + EM’Rk - RZ’) s (57)

4

where the primes denote y derivatives. From (5.4), one can
check Ry =1,R, =u, and R, = u? —%Zu”, which are
consistent with the above recurrence relation in (5.7). As a
solution of (5.6), the potential u(y) can be expanded as
u(y) =232, u,(y)h*9, which corresponds to the genus
expansion of the matrix theory. Note that in the 7 — 0 limit,
the string equation reduced to

Y+ > b =0. (5.8)
=0
Let us introduce an orthonormal basis w,(4) =

—_e=LUA/2P (}). Then, the operator / is represented by

n

My =\ RctWast + Ry (5.9)
Hence, one finds
A= /R(Y +e€)e +/R(Y)e™%.  (5.10)
In the double-scaled limit, this leads to
A =2\/R.—H&, (5.11)

3Alternatively, one may obtain the same string equation by
taking # = 0 and W(R,) = 1 — £,6* while keeping ¢, finite in the
double-scaling limit.
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where H = —A?0} + u(y). The potential u(y) can be
obtained by solving the string equation once 7 is given.
We introduce the eigenstate

Hy(y.E) = Ew(y. E). (5.12)
which is normalized by
/ dEw(y, E)y (Y. E) = 6(y =¥").  (5.13)
In fact, this wave function may be obtained with
W, (A =2/R. — E§*)L'*8> - y(y,E) (5.14)

by taking the double-scaling limit with = 1 + (y — )&
From this, the original may be computed as*

o H
(z(p)) = / dEp(E)eV® = / dy(yle ). (5.15)
From this, one further finds

p(E) = / " B (5.16)

Starting from this, one may determine any perturbative
correlation functions to all orders in the double-scaling limit.
Namely, y(y, E) contains all the information of the matrix
model in the double-scaling limit.

As mentioned in [59], this quantum mechanics problem
is rather unconventional and unphysical. To have the
second equality in (5.15) (i.e., to have the relation
J# . dyly)(y| = [=, dE|E)(E|), the eigenvalue problem
for Hy(y,E) = Ey(y,E) in the conventional framework
of quantum mechanics must be supplemented by a self-
adjoint boundary condition at y = y, which is, in fact, NOT
the case here. If a boundary condition or some wall
potential were imposed, the spectrum would become
discrete, as the configuration space would then be confined
to the region y € (—oo, u]. However, it is clear that E is
continuous because it is defined by A =2 — E5* and the
variable A is continuous from the beginning. The normali-
zation of y(y, E) defined by (5.13) is also unconventional.
The double-scaled wave function in (5.14) never satisfies
any particular boundary condition at y = u. In fact,

4Strictly speaking, one needs here an appropriate transforma-
tion to get back to the matrix model variables in Sec. II. The
relevant scaling symmetry reads y — sy, u — u/s>, t;, — s>+,
H — H/s*, p — s*p, and h — h. Then, one needs the scaling
transformation with s =0 to get back to the variables in
Sec. II.

L-1
= Z (A =2yR. - ES8)PL*6° | gt
n=0

"
= / dyly(y, E)|*.

and it is clear that y,(4)L'/25* does not satisfy any
particular boundary condition. In the L fermion picture
introduced in [69], y = u corresponds to the Fermi level.
Indeed, in the evaluation of the two-point function of the
operator, one needs information about the wave function in
the region y > u, where particles appear instead of holes in
the Fermi sea. Hence, the region above the Fermi level
cannot be discarded, even in the double-scaling limit.
Now, in the semiclassical limit with # — 0, one finds

(5.17)

p(E) =5 / \/“——uo_}— (5.18)
With p(E) = p;7(E) and u = 0, one finds
y +£ 1,(27/ug) = (5.19)

which agrees with our equation with the replacements
—y = X and uy(y) — W(X). This determines ¢, by

2(k=1)

k=1

(5.20)

with & > 0 while 7y = —u = 0 [58,60,62].

As emphasized in [59] and elaborated below (5.15), the
quantum mechanical framework here is merely a math-
ematical device organizing the matrix model computations
and does not correspond to any physically sensible quan-
tum mechanical system. To the best of our knowledge, no
prescription is currently available for rendering the corre-
sponding system physical with a self-adjoint Hamiltonian.
One might guess that the missing element is the Liouville
potential e*/”, which would serve as the right confining
potential, however, we do not see how this structure could
arise naturally within the string equation formulation. By
contrast, our confining bulk potential and the associated
quantum mechanical system are physical and, in this
respect, the two approaches are different. Nonetheless,
the emergence of the same functional form for the left
confining potential within the string equation formulation is
quite striking, which suggests that the matrix model
inherently encodes information about the dual bulk phys-
ics. One might expect that the left confining potential arises
precisely as a consequence of the matrix model completion
of JT gravity.5

SWe thank the referees for related remarks.
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VI. CONFINING POTENTIAL AND COMPLEXITY

With the random potential, the spectrum follows the
random statistics. The level spacing becomes of order e%,
showing the level repulsion. For a given Hamiltonian
H = p*> + V(q) with V(q) = W(X(q)) + €4, let us intro-
duce the eigenvalues E, with the corresponding eigenstate
|n). Then, the TFD state is given by

WO = J= > e B ). (6.1)
We have
d .
E<Q>tfd = _l<[qu]>tfd = 2<p>tfd7
CP)a=~Hllp ) pa = Ve (62)

One also has

2<p>tfd:_i<[qu]>tfd

=5 DB BB (B, — E,) (m.m|g|n.n).

m,n

(6.3)

Then, for the regime with 7 > €%, the above becomes zero
due to the random erratic phase cancellation, corresponding
to the plateau region [11,16]

<p>tfd ~0, (6.4)
and hence %(q),fd ~0 in this regime. This is also con-
sistent with the fact (¢),,, becomes time independent in the
regime, ignoring those erratic phase canceling contribu-
tions. This can be explicitly shown as

<q>tfd e % g_g(Ern+En)eit(Ern_Ezz) <m’ m|q

m,n

1
~2Ze_/’En<n,n\q|n,n>,
n

n,ny

(6.5)

where the last relation follows by considering the phase
cancellation of the middle expression for m # n. In this
regime, one may also show that —i{[p,H]), sy =—(V'),14~0
by the same argument. As we have shown in the above,
F_ = —(e%),s, < 0 becomes dominant in the beginning.
As time goes on, the other (positive) contribution
F,=—(W);,>0 grows. As F_ is getting negligibly
smaller while F still remains also negligible, —(g),,
grows linearly in time, as was shown in the above. As far as
—(q):ra grows, F_ keeps decreasing while F, is increas-
ing. As F becomes O(1), the growth of —(g),, begins to
decelerate. It is rather clear that, at some point, —(q),s,
reaches the maximum. At this maximum point, it is clear

that ', > —F_, as the F, contribution is winning over
—F_ for large —(q), 7, as —F_ becomes negligible. Then, it
turns around, and F is decreasing while —F_ is growing.
Eventually it stops, as in the above where (p),, ~ 0 and
F_+ F, ~0. (In principle, there could be some oscilla-
tions before reaching this point.)

In the following, we perform a simple numerical study to
illustrate the points discussed in the above. In particular, we
numerically solve the Schrodinger equation,

i0y(q.1) = [=05 + V(q)w(q.1), (6.6)

and see the behavior of the expectation value of the
complexity operator (Z,(t)) = —(q(t)) as time evolves.
For the sake of illustration in this section, we incorporate
the random part of potential as

V(g) = e? + W(X(q)), (6.7)

with

X(q) = e™>[log(l + ™) +v(q)l.  (6.8)
where « is a random variable of order 1, and v(g) represents
a O(1) random potential. To be specific, the random
number « is taken from the interval [0, 1] and we choose
v(g) of the form

kmax

v(q) = vo Z
=0

sin(prq + ay), (6.9)

k+1

where vy~ O(1), kpa > 1, pi’s are some increasing
sequence of random numbers, and «;’s are random phases.
In Fig. 3, we draw a typical time evolution of —(g(¢)) for

the initial wave function y/(g,0) = e~¢"/2, which is chosen
to be a Gaussian wave packet centered at the origin for

30 ¢

20

50 100 150 200

FIG. 3. Complexity (7,(t)) = —(q(t)) as a function of time.
This figure is generated with the parameters Sy = 4.5, vy = 4.4,
and k., = 1000 for definiteness, but the generic behavior is not
changed with other values. The random number «a is from the
interval [0, 1].
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simplicity. As seen in the figure, the complexity —(g(7))
initially increases linearly and reaches a peak, which is due
to the left confining potential W in the far left region
—g > 1. Then, it turns around and starts decreasing. It,
however, does not return to the initial value but effectively
stops at a certain position at least up to the time of order e%
because of the large dispersion of the initial wave packet
due to the random potential v(q). Thus, four phases of the
complexity, namely, a ramp, a peak, a slope, and a plateau,
are naturally realized in this setup [11,18,19,70-76].

VII. CONCLUSIONS

In this paper, we have provided a mechanism by which
the discrete bulk spectrum with random statistics is
obtained naturally in the Lorentzian description of JT
gravity. In the quantum mechanical system derived from
the two-sided Schwarzian theory, we have introduced a left
confining potential, which was designed to reproduce the
density of states obtained in the Euclidean approach. It
provided a very slowly growing wall, which became
important in the region where the renormalized geodesic
length became of order e%. The potential was implicitly
determined by an equation that turned out to be formally
identical to the string equation of the random matrix model
in the SSS duality formulation of JT gravity. However, the
contexts in the two approaches that led to the same
expression were apparently different. It would be an
intriguing issue to further clarify any physical origin behind
the coincidence.

By solving the Schrodinger equation of the quantum
mechanical system, we have obtained the time evolution of
the renormalized geodesic length, which corresponds to the
Krylov complexity of the boundary theory. We argued that
the presence of the left confining potential, when combined
with the random nature of the spectrum, implies generically
the emergence of a peak, a slope, and a plateau in the late
time behavior of complexity after the initial ramp. Since the
concept of complexity is not restricted to specific theories
or spacetime dimensions, we expect that the argument of
this paper can be applied to more general cases.

In this paper, we did not attempt to derive the left confining
potential by directly considering the perturbative or non-
perturbative corrections to JT gravity. It would be interesting
to determine whether this can be done in a physically
motivated way. Here, we propose a very naive approach
that leads to the full potential W, which is consistent with the
full perturbative density of states. Let us introduce such
a potential via [® dE(p(E))e?t = [ dq(qle™"|q),
where (p(E)) denotes the full perturbative density of states
and V(q) = e? + W(—e™0q) subject to the conditions
lim,_o, W(—e™¢) =0 and lim,_, W(—e50gq) = co.
Of course, a random potential term should also be added,
but we are uncertain whether this procedure is well defined or
not. Further studies are required in this direction.
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APPENDIX: ALTERNATIVE DERIVATION
OF THE POTENTIAL W

One can also derive the potential W from the disk
partition function for JT gravity, which is given by

o1 2
Zax(B) = mme”v

where we set C = 1/2. In the same approximation taken in
(4.2), this partition function can be computed from the
semiclassical phase space approximation as

(A1)

1
Z(ﬁ) — / dqdp e—/}H(P,ZI)‘
2r

(A2)
For the integral over the position variable ¢, we adopt the
same assumption as in the first derivation: we assume the
form V(q) = e?+ W(X), where W(X) is an invertible
function of X(g) with X(g)€(0,00). Under this
assumption, the position integral becomes

00 0

where we ignored O(e~50) corrections. We further note that
/ T dX eV = / TAWX(W)e VY, (Ad)
0 0

where we used the change of variables from X to W(X) and
an integration by parts. From this, one obtains

o 2
/ AW X(W)e PV = %e”/—f. (A5)
0 2p
By an inverse Laplace transform of both sides, we regain
(4.15). Note that in this alternative derivation, we used the
disk partition function instead of the density of states,
applying different integral transforms. This appears to
confirm the consistency of our various assumptions.
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