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Inverse decays are an interesting avenue for producing dark matter in the early Universe. We study in
detail various phases of dark matter parameter space where inverse decays control its abundance, expanding
on our work of inverse decay (INDY) dark matter and going beyond. The role of initial conditions and the
impact of departure from kinetic equilibrium are investigated as well. We show how these inverse decay
phases can arise in theories of a kinetically mixed dark photon and dark Higgs, with promising prospects
for detection at upcoming experiments.
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I. INTRODUCTION

The identity of dark matter (DM) remains one of the
most pressing puzzles of modern day physics. Recent years
have seen a surge of new ideas suggesting various proc-
esses in the early Universe that could control the DM relic
abundance, including SIMPs [1,2], ELDERs [3], forbidden
channels [4,5], coscattering [6], zombies [7] and more,
where in some cases decay interactions play a role in the
evolution over time of the DM abundance [8–30]. Among
these, an exciting possibility is for inverse decays of the
DM to control its relic abundance. Reference [31] proposed
a new thermal DM candidate whose abundance is deter-
mined by the freeze-out of inverse decays, dubbed INDY
DM. In this work, we elaborate on the INDY mechanism
and study in detail the various phases that arise when
considering such inverse decays.
This paper is organized as follows. We begin in Sec. II by

setting up the basic mechanism and in Sec. III we identify
the relevant theory phases. In Sec. IV we scrutinize the

effects of departure from kinetic equilibrium. Section V
presents a model that realizes these phases, along with its
phenomenological prospects. We conclude in Sec. VI.

II. THE BASIC SYSTEM

We begin by setting up the system of interest. Consider
the decay and inverse decay processes ψ ↔ χ þ ϕ of a DM
candidate χ and an unstable particle ψ , along with the self-
annihilation process ψψ ↔ ϕ̃ ϕ̃, with ϕ and ϕ̃ indicating
particles in equilibrium with the Standard Model (SM)
bath. The relative strength between these two processes will
determine which reaction controls the relic abundance of
DM χ and will lead to various phases of this simple system.
The Boltzmann equations (BEs) for this system, assum-

ing detailed balance, can be written as [31]

dYχ

dx
¼ −

hΓi
xH

�
Yeq
ψ

Yeq
χ
Yχ − Yψ

�
;

dYψ

dx
¼ −

dYχ

dx
−
shσvi
xH

ðY2
ψ − Yeq2

ψ Þ; ð1Þ

where x ¼ mχ=T, Y ¼ n=s is the yield, s is the entropy
density, H is the Hubble rate, hΓi represents the thermally
averaged (time dilation included) decay rate of ψ → χϕ, and
hσvi represents the thermally averaged cross section for the
annihilation ψψ → ϕ̃ ϕ̃. [The changes in the effective num-
ber of degrees of freedom for radiation density g� and for
entropy g�s are taken into account by dividing H by a factor

of ð1þ 1
3

d ln g�sðTÞ
d lnT Þ; values are taken from Ref. [32].]
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We parametrize the decay width and the thermally
averaged cross section of the ψ self-annihilations by

Γ≡ αdecaymψ β̄ ð2Þ

and

hσvi≡ α2ann
m2

ψ
ð3Þ

respectively, where αdecay and αann are dimensionless
couplings constants we use to parametrize the system

and β̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

ðm2
ϕþm2

χÞ
m2

ψ
þ ðm2

ϕ−m
2
χÞ2

m4
ψ

r
is a phase space factor.

The thermally averaged decay rate obtained by using
Maxwell-Boltzmann statistics is given by

hΓi ¼ Γ
K1

�
mψ

T

�
K2

�
mψ

T

� ; ð4Þ

with K1;2 the modified Bessel functions of the second kind.
In what follows we use

Δ≡mψ −mχ

mχ
and r≡mϕ

mχ
ð5Þ

to denote themassesmψ andmϕ compared to the mass of the
DM mχ . We further take the number of degrees of freedom
of the dark particles to be gχ ¼ gψ ¼ 4 for concreteness.

The BEs (1) depend onmϕ only through the decay rate Γ; we
thus take r ¼ 0 in upcoming sections unless specified
otherwise, and note that the massive ϕ case (i.e., r ≠ 0)
can be inferred by augmenting the coupling αdecay of Eq. (2)
by the ratio of the relative allowed phase spaces.
The BEs (1) admit several distinct phases that reproduce

the observed DM relic abundance, depending on masses,
couplings, and initial conditions. These phases are illus-
trated in Fig. 1, showing the values of couplings αdecay and
αann that reproduce the observed abundance of DM, Yobs,
for various cases. Throughout this paper, we parametrize
the observed DM abundance as Yobs ¼ cTeq=mχ , with
Teq ¼ 0.8 eV the temperature at matter-radiation equality
and c ¼ 0.54 [1].

III. PHASES

We now delve into each of the phases that appear
in Fig. 1.

A. Coannihilating via decays

First, we consider the phase obtained for large αdecay,
which is demonstrated by the horizontal curves of constant
αann toward the right side of Fig. 1, where αdecay > 10−24.1

Here, the relic abundance of χ is being set by the annihilations

FIG. 1. Phases of DM. Annihilations versus decays phase diagram, for various mass splittings and DM masses, and different initial
conditions. The solid lines in the right (where αdecay > 10−24) are the same as in Ref. [31], with initial condition of chemical equilibrium
at x ¼ 1. The two phases are evident: The first is the horizontal branch, where the relic abundance of the DM is set through the
annihilations of another dark particle, with which it is in chemical equilibrium via decays and inverse decays, denoted by coannihilation.
The second is the vertical branch, where the relic abundance of the DM is set by the freeze-out of the inverse decay of the DM particle.
We dub this case as INDY DM. The lighter-colored solid lines in the right represent the “freeze-in-freeze-out” (FIFO) case, where the
initial conditions taken are Yχ ¼ 0 at x ¼ 0, and the χ abundance grows and decreases. The FIFO case coincide with INDY for most of
the parameters, or otherwise very close to it. In the left side of the figure (αdecay > 10−24) the lines represent the freeze-in (FI) case, where
the initial conditions taken are Yχ ¼ 0 at x ¼ 0, and the χ abundance grows with time, as well as the FO and decay phase, where ψ
freezes out and later decays to the DM.

1In Fig. 1 we take initial conditions of equilibrium number
density at x ¼ 1; note that this assumption does not effect this
phase since the fast annihilation rate thermalizes the particles
before freeze-out.
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of ψ into other particles. The rapid decay and inverse decay
rates, due to the large coupling αdecay, keep the particles χ and
ψ in chemical equilibrium (CE) with each other, balancing
their number density ratios to be as in equilibrium nχ=nψ ¼
neqχ =n

eq
ψ [4]. This enables one to write the system as a single

BE for the sum of the number densities,

dn
dt

þ 3Hn ¼ −
hσvi�

1þ neqχ
neqψ

�
2
ðn2 − ðneqÞ2Þ; ð6Þ

with n≡ nψ þ nχ . Equation (6) is general for any strongly
coupled two-particle system and is not unique for inverse

decays. Indeed, a similar equation is found for the well-
studied case of coannhilations [4]; the difference is that here
the CE between the two particles is maintained via decays
and inverse decays, rather than annihilations.
The instantaneous freeze-out approximation provides an

estimated solution for the requisite cross section explaining
the observed DM abundance, or said another way, provides
a relationship between the mass mχ and the annihilation
coupling αann:

mχ ≃ α
2

2þΔ
annðmplT1þΔ

eq Þ 1
2þΔ; ð7Þ

FIG. 2. BE evolution. Examples of solutions to the BEs (1) that reproduce the observed DM relic abundance for different parameters.
In each panel, we present the calculated (solid) and equilibrium (dashed) abundances for χ (blue) and ψ (orange) as a function of x, along
with the observed relic abundance (green). Both panels represent the vertical branch in which the freeze out of inverse decay determines
the relic abundance. The left panel represents coannihilations via decay. The middle panel corresponds to INDY DM that is out of
chemical equilibrium, while the right panel corresponds to an INDY that is in chemical equilibrium.

FIG. 3. Coannihilating via decays. Left: the annihilation coupling that reproduces the observed DM abundance along the horizontal
phase as a function of DM mass, for various mass splittings. We show the numerical solution (solid), the instantaneous freeze-out [34]
(dotted) and Griest-Seckel [4] (dashed) approximations. Right: the mass splitting that reproduces the observed DM abundance along the
coannihilation-via-decay phase as a function of DM mass, for fixed annihilation couplings. It is evident that increasing the mass or the
mass splitting increases the required annihilation strength.
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where mpl ¼ 2.4 × 1018 GeV is the reduced Planck mass
[4,33]. The left panel of Fig. 2 shows an example of the
evolution of Yχ and Yψ over time along this phase. Here
both particles are in equilibrium before freeze-out occurs,
since ψ is coupled to the SM via annihilation and χ via
strong coupling to ψ , and both particles depart from
equilibrium simultaneously when the effective annihilation
reaction rate is comparable to the Hubble rate, nhσvi=
ð1þ neqχ =n

eq
ψ Þ2 ∼H.

The power law relation of Eq. (7) agrees well with
numerical results, as is shown in the left panel of Fig. 3. The
right panel of Fig. 3 shows the mass splitting Δ versus
the DM mass mχ at fixed values of αann that reproduce the
observed DM yield. αann is generally constrained by
unitarity arguments, which in turn places an upper limit
on the possible DM masses along this phase.

B. INDY DM

We now move to the phase obtained for large αann values,
demonstrated by the vertical curves of constant αdecay >
10−24 toward the right side of Fig. 1. In this phase, first
proposed in Ref. [31], the relic abundance of χ is set by the
freeze out of inverse decays. We dub this inverse decay
(INDY) dark matter.2

For large values of αann (compared to the values obtained
in the coannihilating-via-decays phase), ψ preserves CE
throughout the relevant times,3 and the BEs for the yield can
be approximated by a simple linear differential equation,

dYχ

dx
þ aðxÞYχ ¼ bðxÞ; ð8Þ

with

aðxÞ≡ hΓi
xH

Yeq
ψ

Yeq
χ
; bðxÞ≡ hΓi

xH
Yeq
ψ ð9Þ

denoting the (normalized) inverse decay and decay rates for
Yχ , respectively.
Equation (8) can be integrated into the form

YχðxÞ ¼ e−AðxÞYχð1Þ þ
Z

x

1

eAðηÞ−AðxÞbðηÞdη; ð10Þ

where the initial condition used throughout this section is an
equilibrium yield at T ¼ mχ , namely Yχð1Þ ¼ Yeq

χ ð1Þ and

AðxÞ≡
Z

x

1

aðξÞdξ: ð11Þ

The relic abundance is obtained by taking the limit x → ∞ in
Eq. (10), producing

Yχ;∞ ¼ e−A∞Yχð1Þ þ
Z

∞

1

eAðηÞ−A∞bðηÞdη; ð12Þ

where A∞ ≡Að∞Þ.
Equation (12) can be understood intuitively. For a short

interval dx, the probability of a χ particle to undergo inverse
decay is aðxÞdx. Therefore, the probability for particles at

x ¼ 1 not to inverse decay at all is given by e−
R

∞
1

aðξÞdξ.
Decays of ψ are another source of χ particles. For a short
interval dη at the time η, the number of χ particles created by
ψ decays isbðηÞdη, and the probability of each not to inverse
decay again is given by e

−
R

∞
η

aðξÞdξ
. The total contribution of

the decays is given by summing over all relevant times from
η ¼ 1 to η ¼ ∞, which explains Eq. (12).
The two sources of χ particles—from early times x < 1

(through initial conditions) and from ψ decays at later times
x > 1—yield two types of INDY dark matter. When the
contribution from the former dominates the relic abun-
dance, namely the Yχð1Þ term in Eq. (12) is dominant, the
INDY DM candidate is out of CE. When the contributions
from the subsequent ψ decays are most relevant, the second
bðxÞ term in Eq. (12) dominates the relic, and the INDY
DM candidate follows CE. For a given DM mass and
splitting, we determine numerically what kind of INDY
DM arises by examining the ratio w,

w≡
R∞
1 eAðηÞbðηÞdη

Yeq
χ ð1Þ ; ð13Þ

and establishing whether w > 1 (in CE) or w < 1 (out
of CE).
The left panel of Fig. 4 shows αdecay as a function of mχ

for various mass splittings Δ, where the observed abun-
dance is obtained and DM is an INDY. The right panel of
Fig. 4 depicts w along the DM solutions, indicating that for
small mass splittings (e.g., Δ ¼ 0.05) the initial χ particles
dominate the relic abundance, while for large mass split-
tings (e.g.Δ ¼ 0.25) the later ψ decays are more significant
contributors to the χ abundance.
We can understand the slope and shape of the curves in

the left panel of Fig. 4 of the INDY DM solutions by
examining when the INDYs are either in or out of chemical
equilibrium, as we now discuss.

1. INDYs out of chemical equilibrium (w < 1)

Here ψ decays can be neglected, and the relic abundance
of χ is determined by the Yχð1Þ term in Eq. (12). Yχ departs
from chemical equilibrium early on, and the reaction rate is

2Note that the right panel of Fig. 3 sets an upper bound on the
mass allowed for INDY DM as well, since the INDY phase
requires an annihilation coupling larger than the coannihilation
phase. Such mass limit can be altered by the use of different
mechanisms for the ψ dilution; one such example is a chain of
inverse decays of dark sector particles, as recently introduced in
Ref. [33].

3Or ψ is much closer to CE than χ (nχ=nψ ≫ neqχ =n
eq
ψ ).
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maximal at x� ¼ Δ−1. This can be seen by approximating
aðxÞ in the nonrelativistic (NR) limit as

aðxÞ ≈ 3

π

ffiffiffiffiffi
10

g�

s
gψ
gχ

β̄ð1þ ΔÞ5=2 αdecaympl

mχ
xe−Δx; ð14Þ

which is small at x ¼ 1, and so the reaction rate is not fast
enough to bring χ toward equilibrium. A visual realization
of such behavior is shown in the middle panel of Fig. 2.
The approximated relic abundance in this case is given

by Yχ;∞ ≈ e−A∞Yeq
χ ð1Þ, where A∞ is obtained by integrat-

ing Eq. (14),

A∞ ≈
3

π

ffiffiffiffiffi
10

g�

s
gψ
gχ

β̄
ð1þ ΔÞ7=2e−Δ

Δ2

αdecaympl

mχ
: ð15Þ

Since the logarithm of the ratio between the initial and

observed abundanceA∞ ≈ lnðY
eq
χ ð1Þ
Yobs

Þ is of order unity, using
Eq. (15) we find that the decay coupling which reproduces
the observed abundance scales as

αdecay ∼
mχ

mpl
: ð16Þ

This linear dependence between the αdecay and mχ explains
the linear shape and slope of the small splitting Δ ¼ 0.05,
0.1 curves in the left panel of Fig. 4. The dependence on Δ
comes only through the unwritten prefactor in Eq. (16) and
not through the exponent of a mass scale as in Eq. (7). Note
that since the relation in Eq. (16) is independent of Teq, the
couplings that reproduce the DM relic abundance for this

case are much smaller than in other mechanisms [compare,
e.g., Eq. (7)].
A comment is in order regarding initial conditions.

Annihilation mechanisms (e.g., WIMP, SIMP and coanni-
hilation) are generally independent of initial conditions,
since their reaction rate decreases with time up until freeze-
out occurs. However, for inverse decays initial conditions
may play a role, since the reaction rate does not mono-
tonically decrease. The potential initial condition depend-
ence in this case is also manifested by the explicit
dependence on Yχð1Þ in Eq. (12) for INDY dark matter.
The left panel of Fig. 5 demonstrates the above dis-

cussion. The colored curves show the relic abundance for a
fixed DM mass mχ ¼ 1 GeV and splitting Δ ¼ 0.05,
corresponding to the solid orange curve in Fig. 1, as we
vary the yield at x ¼ 1 from its equilibrium value. The
larger values of αdecay correspond to the coannihilating-via-
decays phase, where the annihilation of ψ ’s controls the χ
abundance, and as expected is insensitive to the initial
conditions. In contrast, for the smaller values of αdecay that
correspond to INDY DM, we see that the initial conditions
can potentially impact the DM relic abundance.
The right panel of Fig. 5 shows the impact that the

change in initial conditions has on the value of the coupling
αdecay along INDY DM. As is evident, while the relic
abundance might vary as the initial conditions are changed,
the change to the coupling required to reproduce the
observed relic abundance is minimal. The reason can be
traced to the exponential dependence on αdecay when the
INDY is out of chemical equilibrium, as discussed earlier:
large changes in the prefactor can be compensated by small
relative changes in the exponent, namely small changes to
the coupling [see Eq. (12)].

FIG. 4. INDY DM. Left: the decay coupling that reproduces the observed DM relic abundance along the vertical branches (for
αdecay > 10−24) as a function of DM mass, for various mass splittings. We show the numerical solution to the Boltzmann equations; the
dashed region of the curves indicates where the effective coupling αann that we use to parametrize the ψ annihilation cross section
exceeds 100 along the horizontal phase. Right: the ratio w in Eq. (13) as a function of DM mass, for fixed mass splitting, along the
solutions of INDY DM shown in the left panel. The dashed gray curve indicates w ¼ 1, where w > 1 (or w < 1) indicates where ψ
decays (or initial conditions) dominate the χ abundance.
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We learn that the impact of initial conditions on the
coupling αdecay for INDY DM is at worst logarithmic in the
ratio of the initial abundance to the equilibrium one.

2. INDYs in chemical equilibrium (w > 1)

For large values of mχ and Δ, the coupling αdecay is large
enough such that the inverse decay rate aðxÞ keeps the
abundance Yχ close to its equilibrium value at x ∼ 1. This
can be seen for example in the right panel of Fig. 2. Thus,
the vast majority of the initial χ particles at x ¼ 1 are
removed, and the relic abundance is controlled by the ψ
decay term in Eq. (12).
In the NR limit,

bðxÞ ¼ 3353=2

22π9=2
gψ β̄ð1þΔÞ5=2

g�s
ffiffiffiffiffi
g�

p αdecaympl

mχ
x5=2e−ð1þΔÞx: ð17Þ

By using the saddle point approximation, as detailed in
Appendix A, one can show that the relic abundance of DM
scales with DMmass and decay coupling (up to logarithmic
corrections) as

Yχ;∞ ∼
�
αdecaympl

mχ

�
−1
Δ
: ð18Þ

Matching the relic abundance in Eq. (18) with the
observed value yields the relation

αdecay ∼
m1þΔ

χ

TΔ
eqmpl

: ð19Þ

This explains the linear shape and slope of the larger mass
splitting Δ ≥ 0.1 curves in Fig. 4. In INDY dark matter,
even for larger DM masses one obtains small decay

couplings, significantly smaller than couplings for
the WIMP.

C. FI and FIFO

As shown in Ref. [26], there is theoretical motivation to
consider DM with a negligibly small abundance at very
early times. This case, which corresponds to initial con-
ditions of Yχð0Þ ¼ 0, leads to two more possible classes of
solutions of the BEs (1), as indicated by the vertical curves
in Fig. 1 which are not the INDY phase.
The left panel of Fig. 6 presents the relic abundance

obtained for different αdecay, in the limit of large annihi-
lation values (i.e. ψ is in CE), for initial conditions of
Yχð0Þ ¼ 0 (blue). As a reference, the INDY case,
Yχð1Þ ¼ Yeq

χ ð1Þ, is plotted as well (orange). As can be
seen, there are two possibilities of αdecay values which
reproduce the relic abundance, beyond the INDY solution.
The first, indicated by the crossing of the black and blue
curves at small αdecay, is a freeze-in (FI) mechanism [26].
The second, indicated by the crossing of the black and blue
curves at larger values of αdecay, presents the case of the DM
abundance growing at first and then decreasing—for some
masses never tracking the equilibrium abundance. This is a
freeze-in and freeze-out (FIFO) scenario. Examples of the
evolution over time of the DM abundance for the cases of
FI and FIFO DM are presented in Ref. [31].
For FI or FIFO to occur for a given DM mass and mass

splitting, there must exist a value of αdecay which is large
enough to create a sufficient number of χ particles (through
ψ decays), but small enough so that inverse decays do not
eliminate all DM particles and the observed abundance
remains. To check when these conditions can be met in the
high αann limit, one can examine the maximal value of Yχ;∞
as a function of αdecay, with initial conditions of Yχð0Þ ¼ 0.
By taking the relic abundance obtained in this case,

FIG. 5. INDY DM. Left: the relic abundance obtained versus the couplings presented in Fig. 1 for mχ ¼ 1 GeV and Δ ¼ 0.05, with
different initial condition values. Right: the ratio of the decay couplings obtained for various ratios of initial conditions to equilibrium
initial conditions, as a function of DM mass.
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Yχ;∞ ¼
Z

∞

0

e
−
R

∞
η

aðξÞdξ
bðηÞdη; ð20Þ

matching its derivative with respect to αdecay to zero,

Z
∞

0

�
e
−
R

∞
η

aðξÞdξ
bðηÞ

�
1 −

Z
∞

η
aðξÞdξ

��
dη ¼ 0 ð21Þ

solving for αdecay and comparing the value of the relic
abundance obtained with this αdecay to Yobs, it is possible to
determine if FI or FIFO can occur for each choice of mass
and mass splitting. Visually, this condition is equivalent to
requiring that the blue and black curves in Fig. 6 intersect.
Numerically we find that the condition for either FI or FIFO
is not fulfilled when Δ < 0.1 and mχ ∼ keV.
A comparison between the decay couplings yielding the

FIFO case αFIFO and those yielding INDY DM αINDY is
shown in the right panel of Fig. 6. As expected, the ratio is
close to unity, in agreement with the discussion of the
previous section that the coupling for freeze out has only
a small dependence on initial conditions. The dips in the
curves at OðMeVÞ and 100 MeV to GeV DM masses
correspond to variations in g�, dominantly from electron-
positron annihilation and the QCD phase transition, respec-
tively. On the other hand, the decays couplings for the FI case
are almost independent of themass scale, as inRef. [26]. This
is because for small couplings, as occurs in FI, the inverse
decays can be neglected, and the relic abundance in Eq. (20)
is approximated to

Yχ;∞ ≈
Z

∞

0

bðηÞdη: ð22Þ

Since bothYobs andbðηÞ are explicitly inversely proportional
tomχ , the coupling values depend on the mass scale only via
g� and g�s.

D. Freeze-out and decay

The last phase presented in Fig. 1, which is manifested
by the horizontal curves towards the left, is obtained by
extremely low αdecay values, and initial conditions of
Yχð0Þ ¼ 0. In this case, the ψ annihilation is entirely
identical to the WIMP, and the abundance of χ before
and during the ψ freeze-out is negligible. Once ψ freezes
out, it decays into χ, providing a similar relic abundance to
the corresponding WIMP case, up to a factor of ð1þ ΔÞ−1.
Note that the monotonic increase of αdecay with αann for

the curves in the left side of Fig. 1 is easily understood. For
higher αann values, fewer ψ particles remain after their
freeze-out. To compensate, more χ particles must be created
before ψ’s freeze-out, and thus αdecay must be larger. In this
sense, this freeze-out-and-decay phase is a continuation of
the FI phase, with χ particles generated in different regions
of the ψ evolution.

IV. DEPARTURE FROM KINETIC EQUILIBRIUM

In this section, we discuss nonkinetic equilibrium (NKE)
corrections to INDYDM. Thus far, all the results shown and
discussedwere obtained by solving the integratedBEs (1) for
various parameters and initial conditions. Using these
equations, we assumed that χ is in kinetic equilibrium
(KE) with the SM. While this assumption is valid when
the decay and inverse decay rates are relatively large (in the
coannihilation-via-decays phase), it is not necessarily valid
for INDY DM, where the decay coupling is small and the

FIG. 6. FIFO, FI, and INDY. Left: the relic abundance produced versus the decay coupling for different initial conditions for
Yψ ¼ Yψ ;eq. The intersections between the calculated curves (blue and orange) and the observed abundance line (black) provide the
relevant couplings for the FI, FIFO, and INDY cases. Right: the ratio between the decay couplings, which reproduce the observed
abundance for FIFO and INDY cases, as a function of DM mass, for different mass splittings.

PHASES OF DARK MATTER FROM INVERSE DECAYS PHYS. REV. D 112, 035025 (2025)

035025-7



corresponding rates are slow.4 (For a discussion of the impact
of nonkinetic equilibrium, see, e.g., Refs. [6,28,35].)
In this section, we relax the assumption of KE after

x ¼ 1 and study its impact on INDY DM and the obtained
couplings, in the limit of Yψ ¼ Yeq

ψ (αann → ∞). We show
that the solution of the NKE case provides small correc-
tions to the values of αdecay in the relevant parameter space,
rendering the previously presented results valid. We further
provide mathematical insight for these results. A reader
interested directly in a QFT model realizing the phases
discussed thus far can advance directly to the next section.

A. Nonintegrated Boltzmann equation

We now study the system in the limit of large αann values,
without the assumption of KE. For this, we solve the
nonintegrated BE for the distribution function fχ , which is
given by

∂fχ
∂t

−Hp
∂fχ
∂p

¼ 1

2Eχ

Z
dΠψdΠϕδ

ð4Þðpψ − pϕ − pχÞ

× ð2πÞ4jMj2ψ→ϕχðfψðpψÞ − fϕðpϕÞfχðpχÞÞ: ð23Þ

By change of variables from ðt; pχÞ to ðx; qÞ such that
x ¼ mχ

TðtÞ is the same as before and q ¼ aðxÞpχ is the

comoving momentum [with aðxÞ the scale factor],
Eq. (23) turns into a simple ordinary differential equation
for each q,

xH
df̄χ;q
dx

¼ −cðx; qÞðf̄χ;qðxÞ − f̄eqχ;qðxÞÞ; ð24Þ

where

cðx; qÞ ¼ 2gψm2
ψαdecayT

gχpχEχ
e−δ

Eχ
T sinh

�
β̄m2

ψpχ

2m2
χT

�
; ð25Þ

with the notation f̄χ;qðxÞ ¼ fχðtðxÞ; pχðx; qÞÞ, f̄eqχ;qðxÞ≡
exp ð− Eχðx;qÞ

TðxÞ Þ and

δ≡m2
ψ −m2

ϕ −m2
χ

2m2
χ

: ð26Þ

The complete derivation can be found in Appendix B and in
Refs. [6,28].
Equation (24) can be integrated in a similar way as the

yield in the KE case in Eqs. (8) and (10)

f̄χ;qðxÞ ¼ e−AqðxÞðf̄q;χð1Þ þ
Z

x

1

eAqðηÞbqðηÞdηÞ ð27Þ

with

aqðxÞ≡ cðx; qÞ
xH

; bqðxÞ≡ cðx; qÞ
xH

f̄eqχ;qðxÞ ð28Þ

and

AqðxÞ≡
Z

x

1

aqðξÞdξ: ð29Þ

Equations (28) and (29) are analogous to Eqs. (9) and (11).
We assume that at x ¼ 1 all the particles are at kinetic and
chemical equilibrium with the SM bath.
Finally, the particle number density nχðxÞ is given by

integration over all momenta, and the yield can be written as

YχðxÞ ¼
1

sðx ¼ 1Þ
gχ
2π2

Z
q2f̄χ;qðxÞdq: ð30Þ

The integral is dominated by the region of q ∼mχ . This can
be understood by the following arguments:

(i) For small momenta (q ≪ mχ) the distribution func-
tion at x ¼ 1 is similar [f̄eqχ;qð1Þ ∼ f̄eqχ;mχ ð1Þ] and the
collision rate is similar [cðx; qÞ ∼ cðx;mχÞ5], but
the contribution to the integral is small because of
the q2dq measure.

(ii) For high momenta (q ≫ mχ) the initial value is
exponentially smaller [f̄eqχ;qð1Þ ≪ f̄eqχ;mχ ð1Þ], and the
collision term exponentially increases with q.

Thus, the region q ∼mχ is the most dominant one in the
integral evaluation.

B. Numerical evaluation of the decay coupling

Figure 7 presents the ratio αNKE=αKE, namely the ratio
between the couplings that reproduce the observed DM
relic abundance without and with kinetic equilibrium,
assuming equilibrium initial conditions, as a function of
mχ , for various fixed values of Δ and r.6

For all the curves with Δ ≤ 0.2, the NKE corrections to
the coupling are relatively small (up to 20%). For Δ ¼ 0.5,
the corrections to the coupling might be up to an order of
magnitude for high DM masses mχ ∼ 107–108 MeV, but
such high masses for this large mass splitting are unlikely in
the mechanism due to the unitarity bound on the annihi-
lation cross section (see Sec. III A and Fig. 3, which
restricts to mχ ≲ 104 MeV for large mass splittings).

4Note that in a given model that realizes the INDY mechanism,
additional interactions that can bring the DM into kinetic
equilibrium may occur.

5Since for small momenta Eχ ∼mχ and sinh ðαpÞ=p ≈ α for
αp ≪ 1.

6Note that the collision function in Eq. (25) has nontrivial
dependence on mϕ and so unlike the KE case, here we explicitly
show the results for massive ϕ.
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Moreover, the couplings ratio is close to unity around
1 keV and grows up to 10 only after eleven orders of
magnitude in DMmass for massless ϕ (r ¼ 0). For massive
ϕ (0 < r < Δ), which is the case in the model we present
latter in Sec. V, the slope in Fig. 7 decreases with the
increase of mϕ. We learn that the NKE corrections to the
coupling values are rather small.
The following paragraphs are dedicated to explaining the

proximity of the obtained couplings alongwith other features
in Fig. 7. Since Eq. (27) has the same functional form as
Eq. (10), comparison between the KE and NKE cases is
discussed separately for the two INDY types ofDM—the out
of chemical equilibrium case which is relevant for small DM
mass and small mass splittings; and the in chemical equi-
librium case, relevant for large DM mass or large mass
splittings.

1. Small mass splitting case

For low Δ values, the initial condition terms in Eqs. (12)
and (27) dominate the relic abundance. To examine

analytically such case and explaining why αKE ≈ αNKE,
we look at the ratio between the inverse decay rates aq of
relevant q mods (q ∼mχ) to the inverse decay rate of the
yield in the KE case a.
For the KE case, the inverse decay rate in the NR

approximation is

xHaðxÞ ≈ αKEβ̄mψ
gψ
gχ

�
mψ

mχ

�
3=2

e−Δx: ð31Þ

Assuming constant g� and g�s for simplicity (which provides
a ¼ x and q ¼ pχx), the NKE inverse decay rate is

xHaqðxÞ ≈
2gψm2

ψαNKE
gχq

sinh

�
m2

ψq

2m3
χ
β̄

�
e
−δx− δ

2x
q2

m2
χ ; ð32Þ

where we used NR approximations for the energy—

Eχ ≈mχ þ 1
2

p2
χ

mχ
in the exponent, and Eχ ≈mχ in the

denominator.

FIG. 7. Impact of kinetic equilibrium. The ratio between the decay couplings obtained without and with kinetic equilibrium, as a
function of DMmass. The various panels are for different mass splittings Δ, while the curves inside each panel are obtained for different
ϕ masses, represented by various values of r ¼ mϕ=mχ relative to rmax ¼ Δ [see Eq. (5)]. The calculations in this figure are made with
constant g�. Note that for Δ ¼ 0.5, unitarity considerations typically limit the DM mass to mχ ≲ 104 MeV, see Fig. 3.

PHASES OF DARK MATTER FROM INVERSE DECAYS PHYS. REV. D 112, 035025 (2025)

035025-9



Since β̄ ≤ β̄mϕ¼0 ¼ mψ−mχ

mψ

mψþmχ

mψ
, the term inside the

hyperbolic sine function is small,7 and a linear approxi-
mation can be made, providing

xHaqðxÞ ≈
gψ
gχ

αNKEe
−δx− δ

2x
q2

m2
χ
m4

ψ

m3
χ
β̄: ð34Þ

In the case of mϕ ¼ 0, the ratio between the rates in
Eqs. (34) and (31) is

aqðxÞ
aðxÞ ≈

αNKE
αKE

e−Δ
2xe

− 1
2x
mψþmχ
2mχ

Δq2

m2
χ

�
mψ

mχ

�
3=2

; ð35Þ

and substituting x� ¼ Δ−1 provides

aqðx�Þ
aðx�Þ

≈
αNKE
αKE

e−Δe
−1
2

mψþmχ
2mχ

Δ2 q2

m2
χ ð1þ ΔÞ3=2: ð36Þ

It follows from Eq. (36) that the ratio between the rates at
x ∼ x� is close to the ratio between the couplings
aqðx�Þ
aðx�Þ ∼

αNKE
αKE

. Since this region of x is contributes the most

in evaluating the total probability to inverse decay, we

have Aq

A ∼ αNKE
αKE

.
Thus, the same probability for a particle to inverse decay

is obtained when close values of decay coupling are taken,
which provide the same (observed) relic abundance in both
KE and NKE cases, as discussed above.
In the massive ϕ case, the ratio is the same as in Eq. (35),

up to an additional factor of exp ðð1
2
xþ 1

4x
q2

m2
χ
Þ m

2
ϕ

m2
χ
Þ. For

x ¼ x�, this factor equals

e

�
1
2
x�þ 1

4x�
q2

m2
χ

�
m2
ϕ

m2
χ ¼ e

1
2Δ

m2
ϕ

m2
χ e

Δ
4
q2

m2
χ

m2
ϕ

m2
χ : ð37Þ

Since 1
Δ
mϕ

mχ
< 1, we obtain 1

Δ ð
mϕ

mχ
Þ2 < Δ and Δ

4
q2

m2
χ

m2
ϕ

m2
χ
< Δ3

4
q2

m2
χ

and so the two exponents are small. Again, the ratio
between the rates is close to the ratio between the
couplings, and the same augment as in the massless ϕ
case is valid, providing αNKE ∼ αKE. Moreover, since in
Eq. (37) the additional factor increases with mϕ, αNKE
should decrease to obtain the same rate, thus explaining
why in Fig. 7 the Δ ¼ 0.05 curves decrease slightly as r
increases.

As a final remark, we note that the maximum of aq is q
dependent and not exactly at x�, but the qualitative analysis
presented above is not affected by the slight maximal rate
time change.

2. Large mass splitting case

Here, we aim to understand why αNKE ∼ αKE even for
relatively high Δ values. In this case, ψ’s decays dominate
the relic abundance. Using the saddle point approximation,
it can be shown that the phase space distribution function
dependence on the mass scale (up to logarithmic correc-
tions) is

f̄χ;q;∞ ∼
�
αNKEmpl

q

�
−1
δ

: ð38Þ

The complete derivation is given in Appendix A. Using
Eq. (30), the relic abundance’s dependence on mχ is

Yχ;∞ ∼
�
αNKEmpl

mχ

�
−1
δ

; ð39Þ

and by matching the relic abundance in Eq. (39) with the
observed value we produce the power-law relation

αNKE ∼m1þδ
χ : ð40Þ

Finally, comparing the NKE and KE cases [Eqs. (19) and
(40)] provides

αNKE
αKE

∼mδ−Δ
χ ¼ m

Δ2
2
−r2

2
χ : ð41Þ

This remarkable result explains the low growth rate of the
ratio for high Δ values observed in Fig. 7. For
Δ ¼ 0.5; r ¼ 0, the expected power is 1

8
, which is a small

power by itself, and close to the slope in the figure,∼ 1
11
. For

Δ ¼ 0.2, the expected power reduces to an even smaller
number 1

50
, explaining the growth of only∼25% after eleven

orders of magnitude.
Additionally, increasing r reduces the power, in corre-

spondence with the Δ ¼ 0.5 curves at Fig. 7. For Δ ¼ 0.1,
0.2, the power is so low that the leading term in Eq. (39) is
not enough to explain the results, and a more subtle
approach is needed.
In summary, we have verified that the results for αdecay

for INDY DM, which were obtained in the previous
sections assuming kinetic equilibrium, are in close prox-
imity to the obtained values in the absence of such an
assumption, rendering our analysis valid.

V. MODEL

The system considered in this work, described by the
BEs (1), can be realized by a simple renormalizable toy

7The term inside the hyperbolic sine in Eq. (32) obeys

m2
ψ

2m2
χ

q
mχ

β̄ ≤
q
mχ

mψ þmχ

2mχ
Δ ∼ Δ ð33Þ

because mψþmχ

2mχ
∼ 1, the concerning momenta are q ∼mχ , and Δ is

small.
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model [31]. We now present such a model and discuss its
relevant parameter space which manifests the phases of
INDY DM and coannihilation via decays, and discuss
possible phenomenology.
We consider a dark sector with internal gauge symmetry

Uð1Þd with gauge field Ad (dark photon) and gauge
coupling ed (dark charge). It contains two Dirac fermions
χ and ψ , and a complex scalar Φd with charges 0, 1, and 1
respectively. Note that χ and ψ take the same role as in the
previous sections (ψ decays to χ), while Φd does not
explicitly appear in the mechanism as presented thus far.
The general renormalizable Lagrangian contains mass
terms for the fermions

LDirac ¼ −mχ χ̄χ −mψ ψ̄ψ ; ð42Þ

spontaneous symmetry breaking (SSB) potential for the
scalar

VðΦdÞ ¼ −
1

2
μ2Φ�

dΦd þ
1

4
λðΦ�

dΦdÞ2; ð43Þ

and a Yukawa interaction

LYukawa ¼ −yΦ�
dχ̄ψ þ H:c: ð44Þ

The connection to the SM is through mixing between the
dark photon and the photon (A) fields,8

L ⊃ −
ϵ

2
Fμν
d Fμν: ð45Þ

The field Φd acquires a vacuum expectation value vΦd
≡

hΦdi ¼ μffiffi
λ

p through SSB, providing a real scalar field ϕd

with hϕdi ¼ 0 and mϕd
¼ μ, and mass term to the dark

photon of [40,41]

m2
Ad

¼ 2e2dv
2
Φd
: ð46Þ

Additionally, the Yukawa interaction term after SSB yields
a mass between the fermions L ⊃ −yvΦd

χ̄ψ þH:c. A
rotation to the mass diagonalized fields χ0 and ψ 0, using
the rotation angle ϑ defined by

sin 2ϑ ¼ 2yvΦd

ðmψ 0 −mχ0 Þ
; ð47Þ

removes the mass mixing. The term L ⊃ −edψ̄Adψ after
the rotation yields an explicit interaction between ψ 0, χ0,
and Ad

L ⊃ ed cosϑ sin ϑχ̄0Adψ
0 þ H:c: ð48Þ

Since only the mass eigenstates (χ0 and ψ 0) are consid-
ered, in what follows we neglect the prime in denoting the
fields.

A. Parameter restrictions

We impose several conditions on the parameters of the
model, such that the decay ψ → χAd and annihilation
2ψ → 2Ad processes dominate the relic abundance.
First, for the decay to the dark photon to occur, the

restrictionmχ þmAd
< mψ must be imposed. Additionally,

to prevent the decay to the dark Higgs ψ → χϕd from
occurring (else it would dominate the relic abundance), we
take mχ þmϕd

> mψ . The inequalities over the masses can
be rewritten as a constraint over the dark charge

ed <

ffiffiffi
λ

2

r
min

	
mψ −mχ

mϕd

;
mAd

mψ −mχ



: ð49Þ

Next, for the dark sector to thermalize with the SM, the
reaction rate Ad ↔ eþe− must be fast enough along the
evolution of the DM abundance. This provides a lower
bound on ϵ which is imposed later in this section by
requiring ΓAd→eþe− ≥ H at x ¼ 1.
Finally, ϕd must follow equilibrium (to avoid coscatter-

ing of χ with ϕd that is out of CE) and decay into lighter
particles (otherwise it is a DM candidate by itself). This can

be achieved in two ways. If ed <
1
2

ffiffi
λ
2

q
the reaction ϕd →

2Ad is permitted and no further restriction is added. If
1
2

ffiffi
λ
2

q
< ed <

ffiffi
λ
2

q
, the reaction ϕd → Adeþe− is responsible

for the dark Higgs decay. For ϕd to follow CE in the latter
case, we demand Γϕd→Adeþe− ≥ H at T ¼ mϕd

, which
provides again a lower bound on ϵ.

B. Interactions

We now relate the model’s parameters to the couplings
αdecay and αann in Eqs. (2) and (3).
At the tree-level approximation, the decay coupling is

given by [42–44]

αdecay ¼
y2ððmχ −mψ Þ2 −m2

Ad
Þððmχ þmψÞ2 þ 2m2

Ad
Þ

32πm2
ψ ðmχ −mψÞ2

:

ð50Þ

Since the relevant values of αdecay are very small (see
Fig. 4), y must be small as well.
By neglecting diagrams and terms with high orders

of y, calculating the thermally averaged cross section in the
s-wave approximation provides [42–44]

8The symmetries in our model allow for an additional portal to
the SMvia theHiggsH,L ⊃ κjΦdj2jHj2 [36–39]. In this paper, we
assume that κ is small enough so that it does not alter our results,
although the mechanism can be realized even with larger κ.
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α2ann ¼
e4d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
Ad

m2
ψ

r
ðm2

ψ −m2
Ad
Þ

32π
�
m2

ψ − 1
2
m2

Ad

�
2

m2
ψ : ð51Þ

Additional reactions involving χ occur in the model, but
their effect is small. Since y is small, all the reactions with
matrix element squared of order Oðy3Þ or above are
insignificant, leaving only nine reaction types with

jMj2 ∝ y2. In the following, we show that the affect of
those nine reactions is small as well.
The fastest of the nine interactions is coscattering with

the dark photon χAd → ψAd, since it is proportional to the
dark photon number density nAd

. The ratio between its rate
to inverse decay is

RateχAd→ψAd

RateχAd→ψ
¼ hσviψAd→χAd

nAd;eq

hΓiψ→χAd

∼
nAd;eq

m3
ψ

: ð52Þ

In the parameter space considered in this work, the dark
photon mass is settled near its threshold md ≲mψ −mχ

(see next subsection). From Eq. (52), the ratio between the
rates (and the coscattering rate itself) decreases rapidly at
x ∼ mχ

mAd
, which is near the temperature at which the inverse

decay rate is maximal x� ¼ Δ−1 [see Eq. (14)]. Thus, the
inverse decays dominate the freeze-out process in such
parameter choices, and coscattering serves as a secondary
process.

It is worth mentioning that since for x < x� the coscat-
tering rate might be higher, it can change the effective
initial conditions for the inverse decay process (a possibility
mentioned in [28]); however, we have not found significant
change to the obtained coupling y in the calculations done
for this work. The small effect of initial conditions on y is in
correspondence with the results shown in Sec. III B, which
discusses the effect on changing the initial conditions
on αdecay.
The remaining eight reactions have a lower rate com-

pared to coscattering with the dark photon. The rates of
coscattering involving the scalar ϕd (χAd → ψϕd,
χϕd → ψϕd, and χϕd → ψAd) are slower than the rate of
coscattering with Ad only by a factor of ∼neqϕd

=neqAd
or

∼ðneqϕd
=neqAd

Þ2. The reactions with rate containing a factor of
nψ (χψ → ψψ , χψ̄ → ψψ̄ , χψ̄ → AdAd, χψ̄ → ϕdAd, and
χψ̄ → ϕd) are exponentially suppressed as well (χψ̄ → ϕd
is also forbidden in our parameter space choice).

C. Results

For the model to avoid cosmological constraints from
Neff and big bang nucleosynthesis [45–54], the parameters
are chosen such that the dark photon (which is chosen to be
the lightest particle) has mass of mAd

≥ 18 MeV. High
values of αann are needed for high mass scales (see Fig. 3),
which translates to a requirement of high ed values and
large mAd

masses [see Eqs. (51) and (46)].
The left panel of Fig. 8 shows y and ed values that

reproduce the observed DM relic abundance for different

FIG. 8. Model. Left: the dark charge ed verses the Yukawa coupling y, which reproduces the observed abundance for the model, for
different DM masses. The lighter colored solid curves in the plot show the values obtained with decay and annihilation reactions only,
without coscattering. Here we set λ ¼ 1. Right: allowed dark photon parameter space. Solid thick colored curves indicate the minimal
kinetic mixing as a function of dark photon mass within the model, for various values of mass splitting Δ with
λ ¼ 1; μ ¼ 2ðmψ −mχÞ; ed ¼ 0.32. In this case, the constraint on ϵ comes from the thermalization of the sectors through the Ad ↔
eþe− reaction. The dashed thick lines indicate the minimal kinetic mixing for different parameter choice:
λ ¼ 1; μ ¼ 1.1ðmψ −mχÞ; ed ¼ 0.58. Here, the constraint on ϵ comes from the ϕd → Adeþe− reaction rate (see Sec. VA). In both
cases the connection between the masses of the dark photon and the DM ismAd

¼ 0.9Δmχ . We show existing limits [45,55–64] in shaded
gray, with future projections [56,64–74] indicated by the colored thin dashed curves.
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DM masses, mass splittings and values of r. Coscattering
with the dark photon plays little role, as is evident from the
proximity of the results with and without coscattering. The
analogy of Fig. 8 to Fig. 1 emphasizes how the model
manifests the INDY and coannihilation via decay mecha-
nisms, through Eqs. (51) and (50), for various parameters.
INDY DM can be expected to evade conventional

searches such as direct and indirect detection of DM.
The reason is that in the dark sector, all χ interactions are
suppressed by factors of y ∼ 10−8, and for interaction with
the SM, additional factors of ϵ ≪ 1 are present. For
example, the obtained cross section of χe → χe elastic
scattering, which is given by [40,42–44]

σe ¼
y4ϵ2e2m2

em2
χ

4πe2dðme þmχÞ2ðmχ −mψ Þ4
; ð53Þ

where me and e are the mass and electric charge of the
electron, is smaller by several orders of magnitude than
current reach of direct direction experiments [56,75–78].
Note that while Eq. (53) is model dependent, the low values
of αdecay obtained in the general case (Fig. 4) suggests that χ
interactions are expected to be weak in any model which
realizes the mechanism.
The dark photon can, however, be searched for directly.

The right panel of Fig. 8 shows the minimal value of ϵ
needed for eachmAd

, for three choices of parameters within
the model. Experimental constraints on a visibly decaying
dark photon in the mass range Oð10–1000Þ MeV currently
constrain ϵ≲ 10−3 − 10−4 [45,55–64], and most of the
relevant parameter space is expected to be probed by future
experiments, as demonstrated in the plot [56,64–74] (see
Ref. [51] for a recent compilation of existing searches and
future projections for visibly decaying dark photons).
Additionally, the INDY dark matter candidate should be
detectable through the direct production of ψ particles that
decay into χ and either additional invisible products or SM
particles. We leave a detailed study of such a signal to
future work.

VI. CONCLUSIONS

In this work, we studied in detail the possibility that
inverse decays play a meaningful role in setting the
abundance of DM. We considered a framework of inverse
decay interactions along with a self-annihilation process of
the unstable particle, and examined the different phases
which emerge in this setup. This includes a coannihilations
via decay phase, in which the freeze-out of the annihilation
determines the relic abundance; an INDY phase, in which
the freeze-out of inverse decays determines the relic
abundance; a FI phase, in which only the unstable particle
decays account for the observed DM abundance; a FIFO
phase, in which the DM abundance is given by freeze in
and then freeze-out of the DM; and a freeze-out and decay

phase, in which the decay plays a role only after the
unstable particle freezes out.
We showed both numerically and by analytical approx-

imations that when inverse decay reactions control the relic
abundance of DM, much smaller couplings are required
compared to other mechanisms such as the WIMP.
[Interestingly, a chain of inverse decays can allow very
heavy DM with larger couplings of Oð1Þ; for details see
Ref. [33].] We further verified that relaxing the assumption
of kinetic equilibrium does not impact (conceptually or
numerically) the couplings or parameter space of INDY
DM. Finally, we presented a renormalizable model that can
realize the phases of DM described in this paper We
mapped out the relevant parameter space within the model
for the coannihilation via decays and INDY mechanisms
presented in this work, and discussed the possible phe-
nomenology for such DM. There is much room for further
model-building efforts where inverse decays control the
DM abundance. Interesting experimental signals at accel-
erators are anticipated from the long-lived particles of such
theories, which could be used as a probe for inverse
decaying dark sectors.
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APPENDIX A: SADDLE POINT
APPROXIMATION FOR INDY DM IN

CHEMICAL EQUILIBRIUM

In this appendix, we show how we use the saddle point
approximation to obtain Eqs. (18) and (38).
The relic abundance with kinetic equilibrium for an

INDY DM that is in CE is dominated by the ψ’s decays
term of Eq. (12),

Yχ;∞ ¼
Z

∞

1

e
−
R

∞
η

aðξÞdξ
bðηÞdη; ðA1Þ

where the NR approximations for aðxÞ and bðxÞ can be
written as

aðxÞ ¼ a0xe−Δx; bðxÞ ¼ b0x5=2e−ð1þΔÞx ðA2Þ

with

a0 ¼
3

π

ffiffiffiffiffi
10

g�

s
gψ
gχ

β̄ð1þ ΔÞ5=2 αdecaympl

mχ
;

b0 ¼
33 × 53=2

22π9=2
gψ

g�s
ffiffiffiffiffi
g�

p β̄ð1þ ΔÞ5=2 αdecaympl

mχ
: ðA3Þ

Substituting the above into Eq. (A1) yields

Yχ;∞ ¼ b0

Z
∞

1

e−
a0
Δ2
e−ηΔð1þηΔÞ−ð1þΔÞηþ5

2
ln ηdη: ðA4Þ

This integral can be approximated by the saddle point
approximation,

Z
∞

−∞
efðxÞdη ≈ efðηsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

−f00ðηsÞ

s
; ðA5Þ

where we note ηs as the distinct maxima of fðxÞ:
d
dη fðηsÞ ¼ 0. As long as ηs > 1, which is the case for an
INDY that is in CE, the lower bound of the integral in
Eq. (A4) can be extended from 1 to −∞ and Eq. (A4) has
the same form as Eq. (A5) with

fðηÞ ¼ −
a0
Δ2

e−ηΔð1þ ηΔÞ − ð1þ ΔÞηþ 5

2
ln η: ðA6Þ

The saddle point ηs obeys

e−ð1þΔÞηs ¼ a
−ð1þΔÞ

Δ
0

�ð1þ ΔÞ − 5
2
1
ηs

ηs

�ð1þΔÞ
Δ

; ðA7Þ

and using Eqs. (A4)–(A7) one can approximate the relic
abundance to

Yχ;∞ ≈ b0a
−ð1þΔÞ

Δ
0 η

5
2
−ð1þΔÞ

Δ
s

�
ð1þ ΔÞ − 5

2

1

ηs

�ð1þΔÞ
Δ

× e
− 1

Δ2ηs
þ5

2
1

Δ2η2s
−1
Δ−1þ3

2
1

Δηs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

Δþ Δ2 þ 5
η2s
− 7

2
Δ
ηs
− 1

ηs

s
:

ðA8Þ

Since the dependence of ηs on mχ is logarithmic [because
mχ appears only in a0 in Eq. (A7)], the dependence of Yχ;∞
on the DM mass (up to logarithmic corrections) is given by

Yχ;∞ ∼ b0a
−ð1þΔÞ

Δ
0 ∼

�
αdecaympl

mχ

�
−1
Δ
; ðA9Þ

which is Eq. (18) of the main text.
The case without kinetic equilibrium is almost identical.

Assuming the NR approximation Eχ ≈mχ [note that here
we neglect the energy dependence on the momenta in the
exponent of aq, which is a more crude approximation than
in Eq. (32)], one can write

aqðx; qÞ ≈ a1xe−δx; bqðx; qÞ ≈ a1xe−ðδþ1Þx ðA10Þ

with

a1 ¼
6

π

ffiffiffiffiffi
10

g�

s
gψ
gχ

m2
ψαNKEmpl

m2
χ

sinh

�
m2

ψ

2m2
χ

q
mχ
β̄

�
q

: ðA11Þ

Substituting the definitions in Eq. (A10) into Eq. (27) gives

f̄χ;q;∞ ¼ a1

Z
∞

x0

e
−
R

∞
η

aNKEðξÞdξ−ðδþ1Þxþln x
dη: ðA12Þ

The saddle point ηs in this case obeys

e−ðδþ1Þηs ¼ a
−δþ1

δ
1

�
1þ δ − 1

ηs

ηs

�δþ1
δ

; ðA13Þ

and the approximations provide

f̄χ;q;∞ ¼ a
−1
δ

1

�
1þ δ −

1

ηs

�δþ1
δ

η
−1
δ

s e
− 1

δ2

�
1þδ− 1

ηs

��
δþ 1

ηs

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

−
�

1
ηs

�
1þ δ − 1

ηs

��
1
ηs
− δ

�
− 1

η2s

�
vuut : ðA14Þ

Again, the ηs dependence on the mass is logarithmic and
the f̄χ;q;∞ dependence on the mass scale (up to logarithmic
corrections) is given by the a1 term
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f̄χ;q;∞ ∼
�
αNKEmpl

q

�
−1
δ

: ðA15Þ

Using Eqs. (A15) and (30), it is possible to estimate the DM
relic abundance in the NKE equilibrium case, as done in
Eq. (39) in Sec. IV.

APPENDIX B: NONINTEGRATED BOLTZMANN
EQUATION FOR χ

In this appendix, we derive Eq. (24) from Eq. (23). The
approach used here is similar to that in Refs. [6,28].
Simplifying the left hand side (lhs) of Eq. (23) is done by

changes of variables, from ðt; pχÞ to ðx; qÞ, with a con-
version defined by t ¼ tðxÞ and pχ ¼ q=aðxÞ. Here, q is the
comoving momentum, and in these variables the lhs is

lhs ¼
�
∂

∂t
−Hpχ

∂

∂pχ

�
fχ ¼ x

H�
1þ 1

3

d ln g�sðTÞ
d lnT

� d
dx

f̄χ;q;

ðB1Þ

where we ignore the ð1þ 1
3

d ln g�sðTÞ
d lnT Þ factor afterward

in Sec. IV.
Simplifying the right-hand side (rhs) of Eq. (23) is done

in four steps. The first step is integrating over pϕ, using the
delta function over the 3-momentum. We obtain

rhs ¼ gϕ
2Eχ

Z
1

2Eϕ
dΠψ ð2πÞδðEψ − Eϕ − EχÞ

× jMj2ψ→ϕχðfψðEψ Þ − fϕðEϕÞfχðEχÞÞ; ðB2Þ
where ðpϕÞ2 ¼ ðpψÞ2 þ ðpχÞ2 − 2pψ · pχ .
The second step is integrating over dΩpψ

, where the z-axis
is chosen to be in the direction of pχ . Since jMj2 and the
energies do not depend onϕpψ

, the integration over this angle

is trivial and provides a factor of2π. Additionally, since jMj2
does not depend on θpψ

the remaining delta function over the
energy can be analytically integrated, obtaining

rhs ¼ gψgϕ
16πEχ

Z
pψ¼∞

pψ¼0

pψdpψ

Eψpχ

× Θ
�
1−

����m2
ϕ −m2

ψ −m2
χ þ 2EψEχ

2pψpχ

����
�

× jMj2ψ→ϕχðfψðEψ Þ − fϕðEψ − EχÞfχðEχÞÞ; ðB3Þ
where Θ is the Heaviside function.

The third step is changing the remaining integration
variable from pψ to Eψ . This provides

rhs ¼ gψgϕ
16π

1

pχEχ

Z
Eψ¼Emax

Eψ¼Emin

dEψ jMj2ψ→ϕχ

× ðfψðEψÞ − fϕðEψ − EχÞfχðEχÞÞ; ðB4Þ

where (it can be shown that Emin ≥ mψ )

Emin;max ¼ δEχ �
m2

ψ β̄pχ

2m2
χ

: ðB5Þ

The fourth step is integrating over the energy Eψ. Since

jMj2ψ→ϕχ does not depend on the energies of the particles
and assuming both ψ and ϕ are in chemical equilibrium
in the Maxwell-Boltzmann distributions, Eq. (B4) is
simplified to

rhs ¼ −c
�
x ¼ mχ

T
; q ¼ pχaðxÞ

�
ðfχðEχÞ − feqχ ðEχÞÞ;

ðB6Þ

with cðx; qÞ defined in Eq. (25) in the main text.
Note that there is no need to assume a Maxwell-

Boltzmann distribution for both ψ and ϕ. Since the final

result must be of the form df̄q;χ
dx ∝ −ðf̄q;χ − f̄eqq;χÞ, assuming

the distribution of one particle determines the proper
approximation for the second, such that the BE would
be consistent.
Finally, the connection between the averaged matrix

element squared and the decay rate is

Γ ¼ 1

2mψ
gχgϕjMj2ψ→χϕ

β̄

8π
; ðB7Þ

and so in the language of the parametrization of Eq. (2), we
have

jMj2ψ→χϕ ¼ 16πm2
ψαdecay

gχgϕ
: ðB8Þ
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