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The tensor-polarized parton density is defined by the forward matrix element of a partonic operator in the
N → Δ transition. In this work, we investigate it by employing the large-Nc light-cone wave function
derived from the mean-field approach. The mean-field picture is based on low-energy effective dynamics in
the large-Nc limit, where the baryon wave function is formulated in the rest frame. By exploiting the
covariance of the mean-field solution, we derive the corresponding large-Nc light-cone wave function—
decomposed unambiguously into 3Q, 5Q, 7Q, and higher Fock components—in the infinite momentum
frame. Evaluating the overlap of these wave functions, we derive an overlap representation of the tensor-
polarized parton density in the N → Δ transition and find that the leading contribution arises from the 5Q
Fock sector. This indicates that the tensor-polarized parton density directly probes the genuine 5Q
component and is governed by chiral dynamics. Our numerical analysis shows that the N → Δ tensor-
polarized parton density is suppressed, consistent with standard large-Nc expectations. Finally, we establish
connections among the tensor-polarized parton density, the generalized parton distribution HX , and the
energy-momentum tensor form factor F4.
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I. INTRODUCTION

Generalized parton distributions (GPDs) are a powerful
tool for characterizing the nucleon structure in QCD. They
parameterize the nucleon matrix elements of nonlocal QCD
operators between the nucleon states. They integrate the
concepts of the nucleon parton distribution functions
(PDFs) and generalized form factors, and provide essential
new information about the nucleon structure. For example,
the forward limit of the vector GPD is known as the
unpolarized PDF, and the first and second x-moments of the
GPD are related to the vector and energy-momentum tensor
(EMT) form factors, respectively; see Refs. [1–6] for a
review. In particular, the EMT form factors provide
information about the spatial distribution of the contribu-
tions of quarks/gluons to the mass, spin, and stress in the
nucleon [7–12].
The definition of nucleon GPDs can be generalized to the

N → Δ transition, where they parameterize the matrix

element of a nonlocal QCD operator between nucleon
and Δ baryon states. Very recently, a complete set of four
independent transition GPDs was introduced [13], includ-
ing the GPDHX, which was omitted in earlier studies [2,4].
From the perspective of the two-dimensional light-front
multipole expansion, this new structure corresponds to a
quadrupole spin transition ðQ0Þ with no longitudinal
angular momentum component (M ¼ 0). Analogies have
been drawn to the tensor-polarized structure of the deu-
teron; see Refs. [13,14] for details. Importantly, this is the
only structure that survives in the forward limit (t, ξ → 0)
of the N → Δ transition matrix element, and the corre-
sponding forward-limit GPD is interpreted as the tensor-
polarized parton density [14]. In analogy with the nucleon
parton density, this can also be understood as the unpo-
larized quark distribution, since the same QCD operator
probes the unpolarized quark distribution in the nucleon
case. Moreover, connections to the transition form factor
have been established [2,4,14,15], enabling a mechanical
interpretation of the transition GPDs.
Compared to nucleon GPDs, the transition GPDs offer

complementary information stemming from the higher-spin
nature of the Δ baryon, thus opening a novel avenue for
investigating baryon structure. In particular, only the
isovector component of the QCD operator can yield a
nonvanishing matrix element due to the isospin difference
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between the nucleon and the Δ baryon, jIΔ − IN j ¼ 1. As a
result, the transition GPDs exhibit only a weak dependence
on the renormalization scale. This makes them an effective
probe of the nonperturbative structure of both the nucleon
and the Δ baryon.
Early studies of the N → Δ transition were largely

limited to photo- and electroproduction processes, i.e.,
N → γð�ÞΔ. More recently, interest has shifted toward
exploring this transition in hard exclusive processes
[16,17]. GPDs can be accessed in such processes thanks
to QCD factorization, which cleanly separates the non-
perturbative content from the perturbative scattering ampli-
tude. They are experimentally measurable through deeply
virtual Compton scattering (DVCS) and deeply virtual
meson production (DVMP). Although theoretical and
experimental efforts continue to advance [17–20], much
of the dynamical structure of the N → Δ transition GPDs
remains to be uncovered.
In the study of the N → Δ transition matrix element,

spin-flavor symmetry in the large-Nc limit of QCD serves
as an effective tool, providing a unified framework for
describing the matrix elements of QCD operators between
the lowest-lying light baryon states—namely, N → N,
N → Δ, and Δ → Δ; see Refs. [21–25]. Large-Nc methods
have been extensively applied to analyze N → Δ matrix
elements of the local vector and axial-vector currents
[26–30]. They have also been applied to N → Δ transition
GPDs [2,31,32].
These standard large-Nc methods can be employed in

constructing the large-Nc light-cone wave function, where
the dynamical spin-flavor symmetry is adapted to the
infinite momentum frame (IMF), and the explicit shape
of the wave function depends on the dynamical model. The
foundations for the formulation of the large-Nc light-cone
wave function within the mean-field picture were laid by
Petrov and Polyakov in Ref. [33] and elaborated by
Diakonov in Refs. [34,35]. Its application to physical
observables in terms of the overlap representation has been
extensively implemented by Lorcé [36–41]. It was also
applied to the study of baryon distribution amplitudes [42].
Very recently, this method was applied to the N → Δ
transition matrix element. The angular momentum content
of the partons in the N → Δ transition was investigated in
Ref. [43], where the dynamical input for the wave functions
was determined by the mean-field picture. In the present
work, we aim to extend this analysis to the study of the
tensor-polarized parton density in the N → Δ transition.
The mean-field picture is based on the low-energy

effective dynamics resulting from the spontaneous breaking
of chiral symmetry in the QCD vacuum. An explicit
realization is provided by the QCD instanton vacuum
[44,45]. As a result, the effective theory incorporates the
emergence of massless Goldstone bosons (pions) and
the dynamical generation of a constituent quark mass.
The resulting dynamical quark acquires a mass of

approximately M ≈ 300–400 MeV and interacts strongly
with the Goldstone pion field, with a dimensionless
coupling strength of M=fπ ≈ 4.
The low-energy effective theory can be applied to

describe baryons in the large-Nc limit of QCD. The
underlying idea originates from Witten’s idea [22] that a
baryon can be viewed as a bound state ofNc valence quarks
moving in a classical pion mean field with hedgehog
symmetry, since quantum fluctuations of the pion field
are parametrically suppressed in the 1=Nc expansion. The
implementation of this idea within a low-energy effective
theory is known as the chiral quark-soliton model, or the
mean-field picture.
Importantly, this mean-field picture realizes the dynami-

cal spin-flavor symmetry [24,25] in the baryon sector of
QCD in the large-Nc limit, where the so-called “hedgehog
symmetry” plays a central role in the emergence of this
dynamical symmetry. Within this framework, the lowest-
lying baryons arise as collective excitations and fall into the
octet (S ¼ I ¼ 1=2) and decuplet (S ¼ I ¼ 3=2) represen-
tations. These states are distinguished by their rotational
wave functions. In particular, spin-flavor symmetry pro-
vides a unified description of the matrix elements of QCD
operators between these light baryon states, including the
transitions N → N, N → Δ, and Δ → Δ.
In this mean-field picture, the baryon wave function at

rest is constructed from the Nc valence quark wave
function, factorized in color, while the Dirac sea is
characterized by a wave function containing an indefinite
number of additional quark–antiquark (QQ̄) pairs; see
Ref. [33]. As a result, the baryon is described as a
superposition of Fock components—3Q, 5Q, 7Q, and so
on. However, the physical baryon wave function at rest
simultaneously describes Fock components related to both
the baryon and the QCD vacuum, making it impossible to
distinguish between them. In contrast, in the IMF, quark–
antiquark pairs associated with the baryon carry infinite
momentum and are thus clearly separated from those in the
vacuum. This distinction allows for a well-defined decom-
position of the baryon wave function into 3Q, 5Q, 7Q, and
higher Fock components only in the IMF.
To achieve this, the large-Nc wave function must be

reformulated in the IMF, which also requires adapting the
spin-flavor symmetry to the IMF. This reformulation can
be carried out by exploiting the Lorentz invariance
of the effective action and the covariance of the mean-
field solution [33]. Formulation in the IMF offers an
important advantage: a leading-twist QCD operator with
finite momentum transfer cannot create or annihilate
quarks carrying infinite momentum. As a result, baryon
matrix elements are nonzero only between Fock
components with equal numbers of quarks and antiquarks.
Note, however, that in cases involving finite skewness,
transitions between different Fock components become
possible.
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In this work, we study the forward matrix elements of a
nonlocal vector operator between nucleon states and
between nucleon and Δ baryon states, using the large-
Nc light-cone wave function constructed within the mean-
field picture. These matrix elements are generically referred
to as unpolarized quark distributions when viewed in terms
of parton polarization. Alternatively, in the context of
baryon polarization, they are referred to as the monopole
and tensor-polarized parton densities, respectively.
This paper is organized as follows: In Sec. II, we

parameterize the forward matrix element of a nonlocal
vector operator between the nucleon and Δ baryon states in
terms of unpolarized quark distributions. In Sec. III, we
construct the large-Nc baryon wave function in the rest
frame in terms of the 3Q; 5Q; 7Q;… Fock components
within the mean-field picture and derive the corresponding
large-Nc light-cone wave function in the IMF, allowing for
a precise definition of the baryon’s Fock components. In
Sec. IV, using the large-Nc light-cone wave function, we
derive overlap representations for the normalization of the
baryon wave functions and the unpolarized quark distri-
butions. In Sec. V, we present and discuss numerical results
for the normalization and unpolarized quark distributions.
In Sec. VI, we relate the N → Δ unpolarized quark
distribution to the transition GPD HX [13], and the
transition energy-momentum tensor form factor F4 [46].
Lastly, in Sec. VII, we summarize our findings and present
our conclusions.

II. p → Δ+ TRANSITION MATRIX ELEMENT OF
NONLOCAL VECTOR OPERATOR

In this work, we focus on the specific p → Δþ transition
as a representative channel of the generalN → Δ transition.
The p → Δþ transition GPDs are defined through the
matrix element of a nonlocal vector operator:

Γq ¼ ψ̄q

�
−
λn
2

�
=nψq

�
λn
2

�
; ð1Þ

with quark flavor q ¼ u; d;…, evaluated between proton
and Δþ baryon states:

MpΔþ½Γq� ¼
Z

dλ
2π

eiλxhΔþjψ̄q

�
−
λn
2

�
=nψq

�
λn
2

�
jpi; ð2Þ

where n is a light-cone vector satisfying n2 ¼ 0, and the
light-cone gauge is employed, allowing the gauge link to be
omitted. The parameter λ denotes the light-cone separation
between the nonlocal quark fields, and x is the momentum
fraction carried by the partons. The initial proton state
jpi≡ jpðp; sÞi and the final Δþ baryon state hΔþj≡
hΔþðp0; s0Þj are characterized by momenta p and p0, and
spin polarizations s and s0, respectively. Here, the spin
states refer to light-front helicity eigenstates.

The matrix element (2) depends on the momentum
fraction carried by partons,x, the skewness ξ ¼ −ðn · ΔÞ=
½2ðn · PÞ�, and the squared momentum transfer t ¼ Δ2,
where the light-cone vector n is normalized by the con-
dition P · n ¼ 1. The average and difference of the baryon
momenta are defined as

P ¼ p0 þ p
2

; Δ ¼ p0 − p: ð3Þ

Therefore, Eq. (2) can be expressed as a function of the
relevant variables:

MpΔþ½Γq� ¼ functionðx; ξ; t; s0; sÞ: ð4Þ

Importantly, for a nondiagonal matrix element (e.g., a
transition), the forward limit condition Δ ¼ 0 does not
apply due to the mass difference between the initial and
final states. Instead, the forward limit should be understood
as ξ; t → 0; see Ref. [14] and Sec. VI for details. In this
forward limit (ξ, t ¼ 0), the p → Δþ transition matrix
element is defined through the tensor-polarized (quadru-
pole) spin transition:

MpΔþ½Γq�jt;ξ→0 ≡ 2fqpΔþðxÞðT20Þs0s; ð5Þ

where the explicit form of the polarization tensor, see
Ref. [14], is given by

ðT20Þs0s ¼

0
BBBB@

0 0

1 0

0 −1
0 0

1
CCCCA

s0s

: ð6Þ

Since the parton density fpΔþðxÞ arises from the tensor-
polarized spin structure of the baryon, it is referred to as the
tensor-polarized parton density [14].
This parton density should be compared to the traditional

p → p parton density. The p → p transition matrix
element of the nonlocal vector operator (1) is defined by
replacing the final Δþ state in Eq. (2) with proton state:

Mpp½Γq�jΔ→0 ≡ 2fqpðxÞδs0s: ð7Þ

This expression exhibits the monopole spin structure of the
baryon and is therefore referred to as the monopole parton
density. Alternatively, both the monopole (7) and tensor-
polarized (5) structures share the same physical interpre-
tation: they describe how much of the baryon’s momentum
is carried by unpolarized quarks with momentum fraction
x. Accordingly, both the monopole parton density fp and
the tensor-polarized parton density fpΔþ can be generically
referred to as unpolarized quark distributions. In the
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following, we will refer to them as unpolarized quark
distributions.

III. MEAN-FIELD PICTURE

The mean-field picture is based on the low-energy
effective dynamics resulting from the spontaneous breaking
of chiral symmetry in the QCD vacuum. An explicit
realization is provided by the QCD instanton vacuum
[44,45]. The resulting low-energy effective chiral
Lagrangian is given by

Leff ¼ ψ̄ðxÞði=∂ −MUγ5ÞψðxÞ; ð8Þ

where ψ and Uγ5 denote the quark and chiral fields,
respectively, and M is the dynamical quark mass. The
SU(2) chiral field is defined as

Uγ5 ¼ 1þ γ5
2

Uþ 1− γ5
2

U†; U¼ exp½iπðxÞ · τ�; ð9Þ

where τ denotes the SU(2) flavor matrices. The pion field
πðxÞ has hedgehog symmetry, which represents the min-
imal generalization of spherical symmetry (r ¼ jxj):

πaðxÞ ¼ naPðrÞ; na ¼ xa=r; ð10Þ

and plays a key role in realizing dynamical spin-flavor
symmetry in the large-Nc limit. Here, PðrÞ is a profile
function that satisfies the boundary conditions Pð0Þ ¼ π
and Pð∞Þ ¼ 0. The boundary condition Pð0Þ ¼ π follows
from the requirement that the hedgehog chiral field carry
baryon number B ¼ 1.
In the large-Nc limit, one can determine the spectrum

of the one-particle Dirac Hamiltonian of the effective
theory (8):

HðUÞ ¼ −iγ0γ · ∇þ γ0MUγ5 ; ð11aÞ

HðUÞΦn ¼ EnΦn: ð11bÞ

The spectrum consists of a discrete bound-state level and
the upper and lower Dirac continua. The nucleon is
described as a configuration in which a set of quark
single-particle levels (discrete levelþ lower Dirac con-
tinuum) are occupied by Nc quarks, resulting in a state with
baryon number B ¼ 1. The nucleon mass is obtained by
minimizing the energy functional around the saddle point
of the pion mean field, which corresponds to the classical
nucleon:

δMN ½U�
δU

����
U¼Ucl

¼ 0: ð12Þ

The classical solution of the chiral field, Ucl, is referred to
as the mean-field solution.

The stationary condition in Eq. (12) follows from the full
functional minimization of the soliton energy with respect
to PðrÞ. No specific parameterization of the profile is
assumed at this stage; the solution is determined by the
corresponding Euler–Lagrange equation subject only to the
boundary conditions Pð0Þ ¼ π and Pð∞Þ ¼ 0.
Above, we have obtained the standard mean-field

solution in the rest frame. The effective action in Eq. (8)
is Lorentz invariant, and the classical mean-field solution
transforms covariantly under Lorentz boosts. This property
allows us to boost the solution to the infinite momentum
frame, where the baryon wave function is reformulated in
light-front quantization.
As outlined in the Introduction we now proceed, in the

following section, to construct the large-Nc baryon wave
function within the mean-field picture. Subsequently, using
this covariance property of the mean-field solution [33], we
briefly outline how the large-Nc light-cone wave function
is obtained in the IMF. Throughout this analysis, we
closely follow the derivations and notations presented in
Refs. [33–41].

A. Baryon wave function

In the large-Nc limit, the classical nucleon is expressed
as a composition of the Nc quark wave functions com-
pletely factorized in color. The classical nucleon wave
function is then given symbolically as follows, cf. [33–35]:

jΨi ¼
YNc

color¼1

Z
ðdpÞFðpÞa†ðpÞjΩi; ð13aÞ

jΩi≡ exp

�Z
ðdpÞðdp0Þa†ðpÞWðp; p0Þb†ðp0Þ

�
j0i; ð13bÞ

where a† and b† denote the quark and antiquark creation
operators, respectively, and jΩi represents the nontrivial
QCD vacuum. More precisely, the state jΩi corresponds to
the coherent state generated by the classical mean-field
background and incorporates the distortion of the Dirac sea.
It should therefore not be confused with the trivial free
vacuum. We will suppress the quantum numbers of the
creation operators until they are explicitly needed, and
define the momentum integral measure as ðdpÞ ¼
d3p=ð2πÞ3 for simplicity. The wave function consists of
the 3Q Fock component in Eq. (13a) and the higher Fock
components ð5Q; 7Q;…Þ constructed by expanding the
infinite tower of the exponent (quark–antiquark pairs) in
Eq. (13b). These 3Q and vacuum wave functions are
characterized by FðpÞ and Wðp; p0Þ, respectively. FðpÞ is
the bound-state quark wave function (11), and Wðp; p0Þ is
the quark Green function at equal time in the background of
the mean field (8). These wave functions are determined by
the nontrivial solution of the mean field (12). Their explicit
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expressions and concise derivations are given in Secs. III B
and III C.
Importantly, the mean field (or classical nucleon wave

function) is degenerate under translations and SU(3)
flavor rotations. In order to lift the degeneracy and endow
the classical nucleon with momentum and spin-flavor
quantum numbers, we consider the translations and
rotations of the mean field. After integrating over the

translations, we first acquire the momentum sum of the
quarks/antiquarks as the baryon momentum. Moreover,
the integral over the rotation R leads to the projection of
the flavor states of all quarks/antiquarks onto the spin-
flavor state BðRÞ, describing the lowest-lying baryon
states such as octet and decuplet baryons. Taking these
modes into account, we obtain the baryon wave function
from Eq. (13) as follows:

jΨkðBÞi ¼
Z

dRB�kðRÞ
ϵα1α2α3ffiffiffiffiffiffiffiffi
Nc!
p

"YNc

n¼1

Z
ðdpnÞRfn

jn
FjnσnðpnÞa†αnfnσnðpnÞ

#

× exp

�Z
ðdpÞðdp0Þa†αfσðpÞRf

jW
jσ
j0σ0 ðp; p0ÞR†f0

j0 b
†αf0σ0 ðp0Þ

�
j0i; ð14Þ

where the quark/antiquark creation operators carry the
color (α ¼ 1, 2, 3), spin ðσ ¼ 1; 2 ¼ ↑;↓Þ, and flavor
ðf ¼ 1; 2; 3 ¼ u; d; sÞ indices. For the spin indices, the
creation/annihilation operators are contracted with the
quark FðpÞ and quark–antiquark pair Wðp; p0Þ wave
functions. These creation and annihilation operators
satisfy the following anticommutation relations:

faα0f0σ0 ðp0Þ; a†αfσðpÞg ¼ fbα0f0σ0 ðp0Þ; b†αfσðpÞg
¼ ð2πÞ3δα0αδf0fδσ0σδð3Þðp0 − pÞ: ð15Þ

The annihilation operators acting on the vacuum state
obviously become zero, i.e., a; bj0i ¼ 0.
In the first line of Eq. (14), the three quarks are

antisymmetric in color due to the antisymmetric tensor
ϵα1α2α3 . The factor 1=

ffiffiffiffiffiffiffiffi
Nc!
p

is introduced as a color
normalization. The 3Q wave function FðpÞ—which
accompanies the quark creation operator a†—carries iso-
spin (j ¼ 1; 2 ¼ u, d) and spin (σ) indices. In the isospin
indices, the wave functions are contracted with the flavor
rotation matrix R, which in turn yields the open flavor
indices ðf ¼ 1; 2; 3 ¼ u; d; sÞ, including strangeness.
Integrating over this flavor rotation with the rotational
wave function BkðRÞ leads to the baryon states jΨkðBÞi
with spin-flavor quantum numbers. Here, k denotes the
spin polarization of the baryon state B. The explicit
expressions for the spin-flavor rotational wave functions
are listed in Appendix A. Similar to the 3Q Fock
component, the vacuum wave function is expressed in
terms of the quark–antiquark pair wave functions con-
tracted with the flavor rotation matrix R. It accompanies
the quark a† and antiquark b† creation operators, and
importantly, these quark–antiquark pair operators are
color-singlet.

B. 3Q wave function

We now examine how the 3Q wave function FðpÞ in
Eq. (14) is derived, and construct the light-cone wave
function by considering the infinite momentum frame. The
leading Fock state of the baryon wave function in Eq. (13)
is given by the product of the Nc quark creation operators
that fill in a bound state (discrete level):

YNc

color¼1

Z
ðd3pÞFðpÞa†ðpÞjΩi

∼
YNc

color¼1

Z
d3xψ†ðxÞΦlevðxÞjΩi; ð16aÞ

with FðpÞ≡ FlevðpÞ þ FseaðpÞ: ð16bÞ

There are two different contributions. The quark field
operator ψ† consists of quark creation and antiquark
annihilation operators. The quark creation operator part
is directly defined as FlevðpÞ, but the antiquark annihilation
operator part acts on the quark–antiquark pair in the
vacuum state. After considering contractions, the antiquark
annihilation operator in ψ† is effectively replaced by a
quark creation operator through the QCD vacuum, giving
rise to the contribution FseaðpÞ. This contribution is under-
stood as follows: the one-quark wave function FlevðpÞ is
distorted by the amount of FseaðpÞ due to the Dirac sea. In
this work, the second term in Eq. (16b) is ignored because
of its complexity. The corrections to the observables have
been estimated in Ref. [41] and are found to be about 10%.
The bound-state wave function of the quark, ΦlevðxÞ, in

Eq. (16) is characterized by solving the Dirac equation in
the presence of the pion mean field. Note that the bound
state of the quark appears only when the mean field is
strong enough. The bound-state quark wave function has
the form
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ΦlevðxÞ ¼
1ffiffiffiffiffiffi
4π
p

�
hðrÞ

−i xσr jðrÞ
�
χ: ð17Þ

The bound-state wave function ΦlevðxÞ includes χ, a
spinor–isospinor wave function, which satisfies the hedge-
hog condition ðσ þ τÞχ ¼ 0, with the normalization
χ†χ ¼ 1. The radial components of the wave function,
denoted as h and j, are governed by the following equation
in the chiral limit: 

M cosPðrÞ − ∂

∂r −
2
r þM sinPðrÞ

∂

∂rþM sinPðrÞ −M cosPðrÞ

!

×

 
hðrÞ
jðrÞ

!
¼ Elev

 
hðrÞ
jðrÞ

!
: ð18Þ

The quark wave functions hðrÞ and jðrÞ correspond to the
orbital angular momentum quantum numbers l ¼ 0 and
l ¼ 1, respectively. The radial wave functions are normal-
ized as Z

∞

0

dr r2½h2ðrÞ þ j2ðrÞ� ¼ 1: ð19Þ

Using the self-consistent mean field PðrÞ, we find that the
lower component j accounts for about 20% of the nor-
malization integral (19), indicating that the relativistic
contributions are small but not negligible. Elev is the quark
energy at the discrete level, which is approximately
200 MeV.
We are now in a position to construct the wave functions

FðpÞ by making use of Eqs. (16) and (17) in the infinite
momentum frame. Before discussing this, it is convenient
in this frame to rescale the creation and annihilation
operators (a; a†; b; b†) and the integration measure ðd3pÞ
in Eq. (16) [or Eq. (14)] as follows:

Z
d3p
ð2πÞ3 →

Z
dx
Z

d2p⊥
ð2πÞ2 ;

a†ðpÞ→ a†ðx; p⊥Þ; ð20Þ

so that the rescaled creation/annihilation operators satisfy
the following anticommutation relations:

faα0f0σ0 ðx0; p0⊥Þ; a†αfσðx; p⊥Þg
¼ fbα0f0σ0 ðx0; p0⊥Þ; b†αfσðx; p⊥Þg
¼ ð2πÞ2δα0αδf0fδσ0σδðx0 − xÞδð2Þðp0⊥ − p⊥Þ: ð21Þ

The momentum fraction carried by a quark is denoted by
x. In changing variables from pþ to x ¼ pþ=Pþ, the
Jacobian factor dpþ ¼ Pþdx arises in Eq. (20). This
overall factor is absorbed into the redefinition of the
operators and the wave function; see also the discussion

below Eq. (22). Under the above rescaling procedure,
Eq. (16a) becomes

YNc

color¼1

Z
ðd3pÞFðpÞa†ðpÞjΩi

→
YNc

color¼1

Z
dx
Z

d2p⊥
ð2πÞ2 Fðx; p⊥Þa

†ðx; p⊥ÞjΩi; ð22Þ

where the remaining factors from the rescaling (20) are
incorporated into the quark wave function FðpÞ, which is
redefined as Fðx; p⊥Þ.
Considering the infinite momentum frame, taking into

account the rescaling, and dropping the distorted Dirac sea
contribution to the wave function (i.e., setting Flev ≡ F),
the one-quark wave functions in the momentum represen-
tation are now derived as

Fjσðx; p⊥Þ ¼
 
pLf⊥ðjpjÞ fkðjpjÞ
−fkðjpjÞ pRf⊥ðjpjÞ

!
; ð23Þ

with pR;L ¼ px � ipy and pz ¼ xMN − Elev. This follows
from the definition of the light-front momentum fraction
x ¼ pþ=Pþ with pþ ¼ Elev þ pz. Similar to Eq. (17), there
are two independent radial wave functions, fk and f⊥.
They are expressed in terms of the bound-state wave
functions (18):

fkðpÞ ¼
ffiffiffiffiffiffiffiffi
MN

2π

r �
hðjpjÞ þ pz

jpj jðjpjÞ
�
;

f⊥ðpÞ ¼
ffiffiffiffiffiffiffiffi
MN

2π

r �
jðjpjÞ
jpj

�
; ð24Þ

where the momentum representations of the bound-state
wave functions are obtained via the Fourier transform of
Eq. (17):

hðjpjÞ ¼
Z

d3 x e−ip·xhðrÞ;
p
jpj jðjpjÞ ¼

Z
d3 x e−ip·x

�
−i

x
r

�
jðrÞ: ð25Þ

C. QQ̄-pair wave function

The quark–antiquark pair wave function Wðp; p0Þ is
expressed in terms of the finite-time quark Green function
at equal times in the presence of the mean field. The
external mean field is given by
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Πj
j0 ðqÞ ¼

Z
d3 x e−iq·xðn · τÞjj0 sinPðrÞ;

Σj
j0 ðqÞ ¼

Z
d3 x e−iq·xδjj0 ðcosPðrÞ − 1Þ: ð26Þ

The two background fields Σ and Π originate from the
scalar and pseudoscalar components of the chiral field U.
The explicit expressions for the pair wave functionWðp; p0Þ
in the infinite momentum frame are given in Ref. [47].
However, they are rather complicated to compute numeri-
cally. Therefore, for simplicity, we use the interpolation
approximation. This can be carried out by expanding the
quark–antiquark pair wave function Wðp0; pÞ in powers of
the gradient of the chiral field ð∂U ≪ MÞ. We then obtain
an analytic expression in terms of theU field. Typically, the
error between the interpolation approximation and the exact
calculation lies within at most 15%.
To be consistent with the rescaled 3Q wave function in

Eq. (22) in the infinite momentum frame, we have also
rescaled the argument of the vacuum exponent in Eq. (13).
Using Eq. (20), we obtain

Z
ðdpÞðdp0Þa†ðpÞWðp; p0Þb†ðp0Þ

→
Z

dxdx0
d2p⊥
ð2πÞ2

d2p0⊥
ð2πÞ2

× a†ðx; p⊥ÞWðx; p⊥; x0; p0⊥Þb†ðx0; p0⊥Þ; ð27Þ

where the quark–antiquark wave function is rescaled
accordingly. In the infinite momentum frame, the rescaled
quark–antiquark pair wave function is then derived in
Ref. [33] as

Wjσ
j0σ0 ðx; p⊥; x0; p0⊥Þ

¼ MMN

2π

"
Σj
j0 ðqÞ½Mð2y − 1Þ þ Q⊥ · τ�σσ0
Q2⊥ þM2 þ yð1 − yÞq2

þ iΠj
j0 ðqÞ½M − iQ⊥ × τ⊥�σσ0

Q2⊥ þM2 þ yð1 − yÞq2
#
: ð28Þ

The longitudinal momentum fractions and transverse
momenta for the quark and antiquark are now expressed
as the collective 3D momentum of the pair:

q ¼ ðp⊥ þ p0⊥; ðxþ x0ÞMNÞ; ð29Þ

and the relative transverse momentum between theQQ̄ pair
and the longitudinal momentum fraction of the QQ̄
pair carried by the antiquark:

Q⊥ ¼
xp0⊥ − x0p⊥

xþ x0
; y ¼ x0

xþ x0
: ð30Þ

IV. OVERLAP REPRESENTATION

A. Normalization

We are now in a position to compute the overlap integral
of the large-Nc light-cone wave functions derived in
Sec. III. Before examining the overlap representation of
the partonic operator (1) between the baryon states, we first
need to normalize the baryon wave functions:

hΨðnÞkðBÞjΨðBÞðnÞk i ¼ N ðnÞðBÞ; ð31Þ

where n is the number of quarks in the Fock state ðn ¼
3; 5; 7;…Þ and k is the spin polarization of the baryon.
Here, k in Eq. (31) does not denote Einstein summation but
refers to the same spin polarization. We will briefly
summarize how we determine the normalization of the
baryon wave functions.
3Q component. Having sandwiched the 3Q baryon wave

functions (14) and performed the contractions of the
creation and annihilation operators, we derive the overlap
representation between the 3Q baryon wave functions:

N ð3ÞðBÞ ¼ 6TðBÞf1f2f3j1j2j3;k
TðBÞj01j02j03;kf1f2f3

Z
½dp�3

× Fj1σ1ðp1ÞFj2σ2ðp2ÞFj3σ3ðp3Þ
× F†

j0
1
σ1
ðp1ÞF†

j0
2
σ2
ðp2ÞF†

j0
3
σ3
ðp3Þ; ð32Þ

where from now on, for compactness, we write Fðx; p⊥Þ as
FðpÞ. The contractions give the global factor of 6 (left
diagram in Fig. 1). Here, the integration measure for the nQ
state is given by

FIG. 1. Diagrams of the overlap representations illustrating the
normalizations of the 3Q (left panel) and 5Q (middle and right
panels) baryon wave functions are shown. They represent the
different operator contractions arising in the overlap of the
corresponding Fock components. The 5Q contributions consist
of the “direct” (middle panel) and “exchange” (right panel) terms:
the direct contribution corresponds to contractions within the
valence sector while the quark–antiquark pair forms a color-
singlet loop, whereas the exchange contribution involves a quark
exchange between the valence configuration and the quark–
antiquark pair.
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Z
½dp�n ¼

Z  Yn
i¼1

dxi

!Z  Yn
i¼1

d2pi⊥
ð2πÞ2

!

× δ

 Xn
l¼1

xl − 1

!
ð2πÞ2δð2Þ

 Xn
l¼1

pl⊥

!
: ð33Þ

The momentum conservation of the quark/antiquark results
from the translational modes of the mean field. Due to the
rotational modes of the mean field in Eq. (14), each of the
three quarks is rotated by the matrix Rf

j . They are then
projected onto the spin-flavor baryon state B�ðRÞ by
integration over R. The shorthand notation for this group
integral is defined as

TðBÞf1f2f3j1j2j3;k
≡
Z

dRB�kðRÞRf1
j1
Rf2
j2
Rf3
j3
: ð34Þ

We refer to Refs. [35,37,39,40] for the calculation of the
group integral.
To compute N ð3ÞðBÞ and to simplify the calculation of

the higher Fock state normalization, it is convenient to
introduce the probability distribution Φðz; q⊥Þ. It is a
function of the longitudinal momentum fraction z ¼
qz=MN and the transverse momentum q⊥:

Φðz; q⊥Þ ¼
Z �Yn

i¼1
dxi

�
δ

�X3
l¼1

xl þ z − 1

�

×
Z �Y3

i¼1

d2pi⊥
ð2πÞ2

�
ð2πÞ2δð2Þ

�X3
l¼1

pl⊥ þ q⊥
�

×Dðp1; p2; p3Þ; ð35Þ

where the function Dðp1; p2; p3Þ is defined as

Dðp1; p2; p3Þ≡ ½f2kðp1Þ þ p22⊥f2⊥ðp1Þ�
× ½f2kðp2Þ þ p22⊥f2⊥ðp2Þ�
× ½f2kðp3Þ þ p23⊥f2⊥ðp3Þ�: ð36Þ

The probability distribution (35) gives information
about how the 3Q leave the longitudinal momentum
z ¼ qz=MN and the transverse momentum q⊥. When
considering the 3Q Fock states, these momentum
leakages become zero ðq ¼ 0Þ due to the conservation
of momentum. Thus, the probability distribution at
q ¼ 0, i.e., Φð0; 0Þ, parameterizes the 3Q normalization

)32 ). After summing over all indices in Eq. (32), we get
the 3Q normalizations in terms of the probability
distribution Φð0; 0Þ:

N ð3ÞðB8Þ ¼
3

2
Φð0; 0Þ;

N ð3Þ1=2ðB10Þ ¼ N ð3Þ3=2ðB10Þ ¼
3

5
Φð0; 0Þ; ð37Þ

where B8 and B10 denote the octet and decuplet
baryons, and 1=2 and 3=2 in the subscripts of N ð3Þ
refer to the spin polarization of the decuplet baryons.
Note that the normalization of the discrete-level wave
functions f⊥ and fk is arbitrary. We choose it such
that Φð0; 0Þ ¼ 1.
When considering the higher-Fock states, this outflow

of momentum q is taken up by the 3D collective
momentum of the quark–antiquark pair, and the total
quark/antiquark momentum is conserved again. Thus,
the 5Q wave function can be viewed as follows: the
information in the quark–antiquark pair wave function
is almost factorized from the probability distribution Φ
representing the 3Q wave function, and they commu-
nicate the internal dynamics through the variable q.
Thus, one can see that introducing the probability
distribution is useful in computing the normalization
for the 5Q Fock component and facilitates the physical
interpretation.
5Q component. After sandwiching the 5Q baryon wave

functions (14) and contracting the creation and annihilation
operators, we derive the overlap representation between the
5Q baryon wave functions:

N ð5ÞðBÞ ¼ 18TðBÞf1f2f3f4;j5j1j2j3j4;f5;k
TðBÞj01j02j03j04;f5;kf1f2g3g4;j05

Z
½dp�5Fj1σ1ðp1ÞFj2σ2ðp2ÞFj3σ3ðp3Þ

×Wj4σ4
j5σ5
ðp4; p5ÞF†

j0
1
σ1
ðp1ÞF†

j0
2
σ2
ðp2Þ

h
F†
j0
3
σ3
ðp3ÞWj0

5
σ5†

j0
4
σ4
ðp4; p5Þδg3f3δ

g4
f4
− F†

j0
3
σ4
ðp4ÞWj0

5
σ5†

j0
4
σ3
ðp3; p5Þδg3f4δ

g4
f3

i
; ð38Þ

where we rewrite Wðx; p⊥; x0; p0⊥Þ as Wðp; p0Þ for the
sake of compactness. There are two contributions;
one is the contribution from the “direct” quark
exchange (middle diagram in Fig. 1) between the
initial and final wave functions. While the direct
exchange of the initial and final quarks in 3Q

configurations gives a combinatorial factor of 6, the
direct quark exchange between the color-singlet quark–
antiquark pairs gives an additional combinatorial factor
Nc ¼ 3. In total, the “direct” contribution has a com-
binatorial factor of 6 · 3, which is represented by the
first term in Eq. (38).
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Another contribution arises from the cases where a quark
is “exchanged” between the 3Q and the QQ̄ pair (right
diagram in Fig. 1). One of the 3Q quarks is exchanged with
the quark in theQQ̄ pair, giving a combinatorial factor 3 · 3.
In addition, the number of cases for quark exchange among
the remaining quarks in the 3Q configuration gives an
additional factor of 2. In total, the “exchange” contribution
has a combinatorial factor of 6 · 3, which is the same as that
of the “direct” contribution. It is represented by the second
term in Eq. (38).
Note that this term has the opposite sign to the “direct”

contribution, resulting from the exchange of creation/
annihilation operators. However, in this work, we will
only consider the “direct” contributions. This assumption
can be justified because the exchange diagram is para-
metrically suppressed in the large-Nc limit. Numerically, it
has been shown that the exchange contribution is about 1.
In the case of the direct contributions, the sum of the pair

wave functions in spin ðσ4; σ5Þ is given by

Wj4σ4
j5σ5

W
j0
5
σ5†

j0
4
σ4
¼ δj4j5δ

j0
5

j0
4
Gσσðq; y;Q⊥Þ;

þ ðτaÞj4j5ðτbÞ
j0
5

j0
4

qaqb

jqj2 Gππðq; y;Q⊥Þ; ð39Þ

where the quark–antiquark pair contributions are inter-
preted as two distinct Σ and Π exchange contributions (see
Fig. 2). They are defined as

Gσσðq; y;Q⊥Þ ¼
2Σ2ðqÞ½Q2⊥ þM2ð2y − 1Þ2�
ðQ2⊥ þM2 þ yð1 − yÞq2Þ2 ;

Gππðq; y;Q⊥Þ ¼
2Π2ðqÞ½Q2⊥ þM2�

ðQ2⊥ þM2 þ yð1 − yÞq2Þ2 : ð40Þ

Combining Eqs. (39) and (35), we express the 5Q nor-
malization of the wave function as the dynamical parameter
KJ. It is defined by the integral of the factorized form of the
probability distribution (35) and QQ̄ pair wave functions
GJ over q:

KJ ¼
M2

2π

Z
d3q
ð2πÞ3 Φ

�
qz
MN

; q⊥
�
θðqzÞqzGJðqÞ; ð41Þ

where the GJðqÞ (J ¼ σσ; ππ; 33) denote the meson
exchange contributions as a function of the 3D momentum
of the meson (QQ̄-pair). The step function θðqzÞ ensures
that in the IMF, the longitudinal momentum carried by the
pair is positive. They are defined by Eq. (40), with the
longitudinal momentum fraction of the antiquark y and
the relative transverse momentum Q⊥ integrated out:

GJðqÞ ¼
Z

1

0

dy
Z

d2Q
ð2πÞ2

h
GJðq; y;Q⊥Þ

i���
reg
; ð42aÞ

with G33 ≡ q2z
jqj2 Gππ: ð42bÞ

Since GJ are logarithmically divergent, we introduce the
Pauli-Villars regulator. The regularization is implemented
as follows:

fðMÞjreg ≡ fðMÞ − fðMPVÞ: ð43Þ

Since the 3D rotational symmetry is broken in the overlap
representation (38), the additional integral of the q2z-
weighted Gππ distribution (39) appears as an independent
dynamical parameter G33 (42b).
After summing over all the spin/isospin/flavor indices in

the overlap representation (38) and projecting them onto
the spin-flavor baryon states BðRÞ, one arrives at the 5Q
normalization constant N ð5Þ expressed in terms of KJ
(J ¼ σσ; ππ; 33):

N ð5ÞðB8Þ ¼
3

10
ð11Kππ þ 23KσσÞ;

N ð5Þ1=2ðB10Þ ¼
3

20
ð11Kππ þ 6K33 þ 17KσσÞ;

N ð5Þ3=2ðB10Þ ¼
3

20
ð15Kππ − 6K33 þ 17KσσÞ: ð44Þ

B. Quark distribution function

Using the overlap representation of the large-Nc light-
cone wave functions, we now compute the quark distribu-
tion. The great advantage of the infinite momentum frame
is that the number of QQ̄ pairs is not changed by the
current, so only diagonal transitions in the Fock space
occur. In this context, the quark distribution can be
decomposed into contributions from individual Fock com-
ponents as follows:

fqBB0 ðxÞ ¼
X∞

n¼3;5;…
fq;ðnÞBB0 ðxÞ; ð45Þ

where the contributions of the individual Fock components
are defined by the properly normalized overlap represen-
tation OðnÞ:

FIG. 2. The portion of the quark–antiquark pair contributions to
the 5Q normalization (38) in the overlap representation is shown
diagrammatically and is related to the self-consistent mean fields
Σ and Π. The momenta q of the mean fields Σ and Π are given by
the sum of the quark momentum p and antiquark momentum p0.
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fq;ðnÞBB0 ðxÞ ¼
Oq;ðnÞ

BB0 ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
n
m¼3;5;…N ðmÞðBÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
n
l¼3;5;…N ðlÞðB0Þ

q :

ð46Þ

In practice, one must truncate the Fock expansion at the
component level where the observables begin to saturate. In
this work, we consider the 3Q (leading) and 5Q (sublead-
ing) Fock components in estimating the quark distribution.
Before discussing the results for the quark distributions,

we need to clarify the different definitions of the valence
and sea quark contributions to the quark distributions in the
present framework compared to QCD. First, depending on
whether the QCD operator acts on the 3Q component or the
QQ̄ pair, the quark distributions are split into valence and
sea quark contributions. They are defined as

fqðxÞ ¼ fqvalðxÞ þ fqseaðxÞ;
with fqseaðxÞ ¼ fqsðxÞ þ fq̄ðxÞ; ð47Þ

where fqval is the valence quark contribution (active 3Q),
and fqsea denotes the sea quark contribution (active QQ̄
pair). The sea quark contribution can be further split into
the quark fqs and antiquark fq̄ contributions of theQQ̄ pair.
Note that the supports of the quark (fq, fqs ) and antiquark
(fq̄) distributions are given by x ¼ ½0; 1� and x ¼ ½−1; 0�,
respectively.
On the other hand, the conventional QCD valence quark

fqv is defined by adding the antiquark contributions fq̄ to
the total quark contributions fqtot :

fqv ≡ fqtot þ fq̄ ¼ fq;

with fqtot ≡ fqval þ fqs : ð48Þ

In this definition, the sea quark pairs are commonly thought
to be produced in the perturbative process of gluon (flavor
singlet) splitting, leading to

fqsðxÞ ¼ −fq̄ð−xÞ; with 0 < x < 1: ð49Þ

Thus, the net number of quarks Nq inside a baryon is
determined solely by the QCD valence quarks:

Z
1

−1
dx fqðxÞ ¼

Z
1

−1
dx fqvðxÞ ¼ Nq;

with
Z

1

−1
dx fqseaðxÞ ¼ 0: ð50Þ

According to the assumption of Eq. (49), one can easily see
that the definition of the valence quark contribution in the
present framework is equivalent to that in QCD, leading to
fqvðxÞ ¼ fqvalðxÞ. However, the perturbative assumption
(49) does not always hold in nonperturbative dynamics.

When we consider the 5Q component of the proton wave
function in the present framework, nonstandard 3Q
configurations—which differ from the standard valence
quark configuration juudðqq̄Þi—are allowed, such as
juddðud̄Þi. This is possible in nonperturbative QCD
due to the creation of the pion (a flavor nonsinglet)
in the QCD vacuum. Thus, the flavor asymmetry results
in fqsðxÞ ≠ −fq̄ð−xÞ, leading to fqvðxÞ ≠ fqvalðxÞ.
Consequently, one should keep in mind that we follow
the definitions of the valence and sea quarks given in
Eq. (47) throughout this work.
3Q component.We first derive the overlap representation

for the quark distributions in the leading Fock components:

Oq;ð3Þ
BB0 ðxÞ ¼ 18TðB0Þj01j02j03;kqf2f3

TðBÞqf2f3j1j2j3;k

Z
½dp�3

× δðx − x1ÞFj1σ1ðp1ÞFj2σ2ðp2ÞFj3σ3ðp3Þ
× F†

j0
1
σ1
ðp1ÞF†

j0
2
σ2
ðp2ÞF†

j0
3
σ3
ðp3Þ: ð51Þ

The QCD quark operator a†a is applied to the quark from
the 3Q wave function, giving a combinatorial factor of
3 · 3. The number of permutations among the remaining
quarks gives a factor of 2. In total, the contractions yield
3 · 3 · 2. The corresponding schematic diagram is shown
in Fig. 3.
Similar to the normalization, it is convenient to introduce

the probability distribution. In particular, in order to adapt it
for the quark distribution, we generalize it to a function of
the partonic variable x, i.e., ϕðx; z; q⊥Þ. Thus, the gener-
alized probability distribution is given as a function not
only of the longitudinal momentum fraction z ¼ qz=MN
and of the transverse momentum q⊥, but also of the
partonic variable x:

ϕðx; z; q⊥Þ ¼
Z  Yn

i¼1
dxi

!
δ

 X3
l¼1

zl þ z − 1

!

×
Z  Y3

l¼1

d2pl⊥
ð2πÞ2

!
ð2πÞ2δð2Þ

 X3
l¼1

pl⊥ þ q⊥

!

× δðx − x1ÞDðp1; p2; p3Þ; ð52Þ

FIG. 3. The overlap representation between the 3Q wave
functions for the quark distribution is drawn diagrammatically.
The quark lines are indicated by black lines with arrows, and the
nonlocal operator acting on these quarks is denoted by a blue
circle.
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where D is defined in Eq. (36). Importantly, the first x-
moment of the generalized probability distribution (52) is
normalized to the probability distribution (35):Z

dxϕðx; z; q⊥Þ ¼ Φðz; q⊥Þ: ð53Þ

Like the probability distribution, the generalized proba-
bility distribution gives information about how the 3Q
leaves the longitudinal momentum z and the transverse
momentum q⊥. The only difference is the appearance of the
Dirac delta function in the integrand (52), indicating that
one of the 3Q is activated by an external current. When
considering the 3Q Fock states, these momentum leakages
become zero ðq ¼ 0Þ due to conservation of momentum.
Thus, at the leading Fock component, the proton and Δþ
baryon quark distributions are determined only by the
generalized probability distribution ϕðx; qz=MN; q⊥Þ at
q ¼ 0. After summing over the spin/flavor/isospin indices
in Eq. (51), we derive the separate flavor quark distribu-
tions for the proton:

Ouval;ð3Þ
p ðxÞ ¼ 2Odval;ð3Þ

p ðxÞ ¼ 3ϕðx; 0; 0Þ;
Osval;ð3Þ

p ðxÞ ¼ 0; ð54Þ

and those for the Δþ baryon

Ouval;ð3Þ
Δþ ðxÞ ¼ 2Odval;ð3Þ

Δþ ðxÞ ¼ 6

5
ϕðx; 0; 0Þ;

Osval;ð3Þ
Δþ ðxÞ ¼ 0: ð55Þ

Indeed, we observe that these quark distributions are
expressed only by ϕðx; 0; 0Þ. The valence u-quark contri-
bution is twice as large as the d-quark contribution,
reflecting the net number of u and d quarks inside the
proton and the Δþ baryon, i.e., juudi. Since there are no
strange quarks at the valence level, the strange quark
contribution is zero for both the proton and the Δ baryon.
Obviously, there are no sea quark or antiquark contribu-
tions:

Oqs;ð3Þ
p;Δþ ¼ 0; Oq̄;ð3Þ

p;Δþ ¼ 0; ð56Þ

due to the absence of the QQ̄ pair.
The concept of the quark distributions for the nucleon

and Δ baryon can be extended to the transition quark
distribution by replacing the diagonal (N → N, Δ → Δ)
rotational wave functions with the nondiagonal (N → Δ)
ones. Remarkably, we find that the quark distribution in the
N → Δ transition becomes zero in the overlap representa-
tion of the 3Q Fock component:

Oq;ð3Þ
pΔþ ðxÞ ¼ 0: ð57Þ

This is due to the dynamical spin-flavor symmetry adapted
to the infinite momentum frame.
Next, by normalizing the results of the overlap repre-

sentations with the baryon wave function normalizations
(37), we derive the physical quark distributions (46). By
truncating the Fock expansion to the leading component,
we define the physical quark distribution as

fqBB0 ¼
Oq;ð3Þ

BB0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N ð3ÞðBÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N ð3ÞðB0Þ

q : ð58Þ

By substituting the results of the overlap representations
in Eqs. (54) and (55) and the baryon wave function
normalizations (37) into Eq. (58), we derive the physical
quark distributions for the proton and the Δþ baryon:

(
fupðxÞ
fuΔþðxÞ

)
¼
(
2fdpðxÞ
2fdΔþðxÞ

)
¼ 2

ϕðx; 0; 0Þ
Φð0; 0Þ : ð59Þ

Interestingly, the physical quark distributions for the proton
and the Δþ baryon are found to be identical. Importantly,
since the first x-moment of the nonlocal vector current
becomes the local vector current, that of the quark
distribution should also correspond to the vector charge,
which is a conserved quantity. In the present framework,
using the relation (53), we are able to confirm that the first
x-moment of the quark distributions reproduces the vector
charges (i.e., the net number of valence quarks) as follows:

1

2

(R
1
−1 dx f

u
pðxÞR

1
−1 dx f

u
ΔþðxÞ

)
¼
(R

1
−1 dx f

d
pðxÞR

1
−1 dx f

d
ΔþðxÞ

)
¼ 1: ð60Þ

Moreover, the second x-moment of the nonlocal vector
current is related to the energy-momentum tensor operator,
i.e., a conserved quantity for flavor singlet. Therefore, the
second moment of the quark distribution is strongly con-
strained by global symmetry and normalized to unity, i.e.,
x1 þ x2 þ x3 ¼ 1 (momentum sum rule). It is straightfor-
ward to verify that the integrals of the x-weighted quark
distributions for the proton and the Δþ baryon over x give
the correct momentum sum rules:

Z
1

−1
dx x fuþdþsp;Δþ ðxÞ ¼ 1: ð61Þ

On the other hand, there is no known global symmetry in
the flavor nonsinglet components, so there is no known
sum rule. This implies that they are fully determined by the
underlying dynamics of the model.
Unlike the results for the diagonal matrix elements of the

nonlocal operator, we obtain a null result for the p → Δþ
transition:
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fqpΔþðxÞ ¼ 0: ð62Þ

This vanishing result reflects the structure of the 3Q light-
cone wave function and does not imply that the full
transition distribution is identically zero. As will be shown
below, nonzero contributions arise from the 5Q Fock
component, where quark–antiquark pairs are included.
Provided that the perturbative treatment of the Fock

expansion works, we can conclude that the quark

distribution in the p → Δþ transition is very small com-
pared to that in the proton. This observation highlights the
need to look beyond the leading Fock component when
studying the quark distribution in the p → Δþ transition.
5Q component. Having sandwiched the partonic oper-

ator (1) between the 5Q baryon wave functions (14) and
performed the contractions of the creation and annihilation
operators, we derive the overlap representation for the
quark distribution:

Oq;ð5Þ
BB0 ðxÞ ¼ 18TðBÞj01j02j03j04;f05;lf0

1
f2f3f04;j

0
5

TðBÞf1f2f3f4;j5j1j2j3j4;f5;k

×
Z
½dp�5Fj1σ1ðp1ÞFj2σ2ðp2ÞFj3σ3ðp3ÞWj4σ4

j5σ5
ðp4; p5ÞF†

j0
1
σ1
ðp1ÞF†

j0
2
σ2
ðp2ÞF†

j0
3
σ3
ðp3ÞWj0

5
σ5

cj0
4
σ4
ðp4; p5Þ;

×
h
3δðx1 − xÞδf01q δqf1δ

f0
4

f4
δf5f0

5

þ δðx4 − xÞδf04q δqf4δ
f0
1

f1
δf5f0

5

− δðx5 þ xÞδf05q δqf5δ
f0
1

f1
δ
f0
4

f4

i
; ð63Þ

To be consistent with the normalization (38), we only
consider the “direct” quark exchange contributions in this
work. While the a†a part of the external quark operator is
applied to the 3Q (valence quark) or the quark in the QQ̄
pair (sea quark), the b†b part is applied to the antiquark in
the QQ̄ pair. Depending on which quark is activated, the
Dirac delta function δðx − xiÞ appears in the integrand
(63). These contractions are shown diagrammatically
in Fig. 4.
The number of cases for each diagram in Fig. 4 is

determined as follows: (i) The number of cases in which the
external quark operator is applied to a valence quark is
3 · 3 · 2, while the direct exchange of the inactive quark/
antiquark between the QQ̄ pairs (color singlet) yields a
color factor of Nc. As a result, when the valence quark
becomes active, the combinatorial factor for the corre-
sponding contractions is 54. (ii) When the external quark
operator is applied to the quark in the QQ̄ pair, the direct

exchange with the valence quarks gives a factor of 3!, and
the direct exchange of the QQ̄ pair contributes a color
factor of Nc. In total, the contractions give 18. (iii) The b†b
part of the external quark operator can be applied to the
antiquark in the QQ̄ pair. In this case, everything proceeds
identically to the case where the quark in the QQ̄ pair is
active, except that the longitudinal momentum fraction x
lies in the negative domain and an additional overall
negative sign appears.
Before presenting the results on the quark distributions,

we first discuss the dynamical parameters, which param-
eterize the quark distribution in a simple form.
First, when the valence quark is activated by the external

quark operator, the corresponding quark distribution is
expressed in terms of a linear combination of the dynamical
parameters KJ (J ¼ ππ, σσ, 33), defined as

KJðxÞ ¼
M2

2π

Z
d3q
ð2πÞ3 θðqzÞqz

× ϕ

�
x;

qz
MN

; q⊥
�
GJðqz; q⊥Þ: ð64Þ

The generalized probability distribution ϕðxÞ and the
contributions from the pair wave function GJ are defined
in Eqs. (52) and (42), respectively. By performing the
integral ofKJðxÞ over x [or using the relation (53)], one can
clearly see that Eq. (64) is normalized to the 5Q normali-
zation parameter KJ (41), i.e.,Z

1

0

KJðxÞ ¼ KJ: ð65Þ

Second, when a quark (antiquark) from the QQ̄ pair is
activated by the external aa† (bb†) operator, the corre-
sponding quark distribution is expressed in terms of a linear

FIG. 4. The overlap representations of the 5Q wave functions
for the quark distribution are drawn diagrammatically. The quark
(right-pointing) and antiquark (left-pointing) lines are indicated
by black arrows, and the nonlocal operator acting on these quarks
is denoted by a blue circle. The valence quark contribution fqval

(KJ), sea quark contribution fqs (K
þ
J ), and antiquark contribution

fq̄ (K−
J ) are shown in the left, middle, and right diagrams,

respectively.
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combination of the dynamical parameters KþJ (K−
J ),

defined as

K�J ðxÞ ¼
M2

2π

Z
d3q
ð2πÞ3 θðqzÞqz

×Φ
�

qz
MN

; q⊥
�
G�J ðx; qz; q⊥Þ: ð66Þ

While the probability distributions are the same as those
used in the normalization (42), the contribution of the
pair wave function is generalized to G�J ðx; qz; q⊥Þ. Using
the relations x4 ¼ zð1 − yÞ and x5 ¼ zy, we define
G�J ðx; qz; q⊥Þ as(
GþJ ðx;qz;q⊥Þ
G−

J ðx;qz;q⊥Þ

)
¼
Z

1

0

dy
Z

d2Q⊥
ð2πÞ2

×

(
δðx− zð1− yÞÞ
−δðxþ zyÞ

)
GJðq; y;Q⊥Þ

����
reg
:

ð67Þ

Since G�J are logarithmically divergent quantities, we
introduce the Pauli–Villars regulator to tame them
[cf. (43)]. Here, the integral of the Dirac delta function
over y gives a step function. Thus, one can clearly see that
the x domain for the quark and antiquark distributions lies
in the positive and negative regions, respectively.
Importantly, one can observe the following symmetry

between the dynamical parameters for the active quark and
active antiquark in the QQ̄ pair:

KþJ ðxÞ ¼ −K−
J ð−xÞ: ð68Þ

This can be easily verified by changing the variable 1 −
y → y0 in Eq. (67). Here, we used the fact that the functions
GJ in Eq. (40) are invariant under this change of variables.
Having integrated Eq. (67) over x, we observe that the

pair wave function contribution in Eq. (67) becomes the
one used in normalization [cf. (42)]:

Z
1

−1
dxG�J ðx; qz; q⊥Þ ¼ �GJðqz; q⊥Þ: ð69Þ

This result implies that the integral of Eq. (66) over x
recovers the dynamical parameters used in the normaliza-
tion (41):

Z
1

−1
dxK�J ðxÞ ¼ �KJ: ð70Þ

After summing over all the spin/isospin/flavor indices in
the overlap representation (63), we now derive the quark
distributions for the proton in terms of the dynamical

functions in Eqs. (64) and (66) (see Appendix B for the
results for the Δþ baryon):

(i) Active 3Q and inactive QQ̄ pair (left diagram in
Fig. 4):

Ouval;ð5Þ
p ðxÞ ¼ 3

50
½225KσσðxÞ þ 89KππðxÞ�;

Odval;ð5Þ
p ðxÞ ¼ 3

25
½55KσσðxÞ þ 31KππðxÞ�;

Osval;ð5Þ
p ðxÞ ¼ 3

25
½5KσσðxÞ þ 7KππðxÞ�: ð71Þ

(ii) Inactive 3Q and active quark in the QQ̄ pair (middle
diagram in Fig. 4):

Ous;ð5Þ
p ðxÞ ¼ 3

50
½53KþσσðxÞ þ 37KþππðxÞ�;

Ods;ð5Þ
p ðxÞ ¼ 1

50
½137KþσσðxÞ þ 53KþππðxÞ�;

Oss;ð5Þ
p ðxÞ ¼ 1

50
½49KþσσðxÞ þKþππðxÞ�: ð72Þ

(iii) Inactive 3Q and active antiquark in the QQ̄ pair
(right diagram in Fig. 4):

Oū;ð5Þ
p ðxÞ ¼ 24

25
½3K−

σσðxÞ þK−
ππðxÞ�;

Od̄;ð5Þ
p ðxÞ ¼ 1

25
½61K−

σσðxÞ þ 37K−
ππðxÞ�;

Os̄;ð5Þ
p ðxÞ ¼ 1

50
½79K−

σσðxÞ þ 43K−
ππðxÞ�: ð73Þ

Comparing the results for the 5Q wave function with those
for the 3Q wave function, we find not only a nonzero
strange quark contribution, but also nonzero sea and
antiquark contributions. In particular, the contributions of
the 5Q wave function to the proton quark distributions are
characterized solely by the four independent dynamical
parameters:

Kσσ;ππðxÞ; Kþσσ;ππðxÞ ¼ −K−
σσ;ππð−xÞ: ð74Þ

Now, we have computed both the contributions of the 3Q
and 5Q components of the wave functions to the quark
distributions. By combining these contributions and nor-
malizing the wave functions, we obtain the physical quark
distributions, defined as

fqBB0 ðxÞ ¼
Oq;ð3Þ

BB0 ðxÞ þOq;ð5Þ
BB0 ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N ð3ÞðBÞ þN ð5ÞðBÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N ð3ÞðB0Þ þN ð5ÞðB0Þ
q ;

ð75Þ
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where the contributions of the 5Q wave function to the
quark distribution appear as corrections to those of the 3Q
wave function. Using the fact that KJðxÞ and K�J ðxÞ are
normalized to the dynamical parameters used in the wave
function normalizations, cf. (65) and (70), we clearly see
that the following sum rules are satisfied for the proton:

Z
1

−1
dx fupðxÞ ¼ 2;

Z
1

−1
dx fdpðxÞ ¼ 1;Z

1

−1
dx fspðxÞ ¼ 0: ð76Þ

Moreover, it is straightforward to verify that the integral of
the x-weighted quark distributions over x yields the correct
momentum sum rule:

Z
1

−1
dx xfuþdþsp ðxÞ ¼ 1: ð77Þ

Similarly, we also derive the quark distributions for the
p → Δþ transition:

(i) Active 3Q and inactive QQ̄ pair (left diagram in
Fig. 4):

Ouval;ð5Þ
pΔþ ðxÞ ¼ −Odval;ð5Þ

pΔþ ðxÞ

¼ 3

5
ffiffiffi
5
p ½KππðxÞ − 3K33ðxÞ�;

Osval;ð5Þ
pΔþ ðxÞ ¼ 0: ð78Þ

(ii) Inactive 3Q and active quark in the QQ̄ pair (middle
diagram in Fig. 4):

Ous;ð5Þ
pΔþ ðxÞ ¼ −Ods;ð5Þ

pΔþ ðxÞ

¼ −
3

10
ffiffiffi
5
p ½KþππðxÞ − 3Kþ33ðxÞ�;

Oss;ð5Þ
pΔþ ðxÞ ¼ 0: ð79Þ

(iii) Inactive 3Q and active antiquark in the QQ̄ pair
(right diagram in Fig. 4):

Oū;ð5Þ
pΔþ ðxÞ ¼ −Od̄;ð5Þ

pΔþ ðxÞ

¼ 3

10
ffiffiffi
5
p ½K−

ππðxÞ − 3K−
33ðxÞ�;

Os̄;ð5Þ
pΔþðxÞ ¼ 0: ð80Þ

Using Eq. (75), we construct the physical quark distribution
function fqpΔþðxÞ in the p → Δþ transition. We have
already shown that there is no contribution from the 3Q
wave function to the p → Δþ quark distribution. This

means that the leading contribution appears only in the
overlap representation of the 5Q wave function.
We find that the u-quark and d-quark contributions have

opposite signs, and that there are no s or s̄ contributions.
Thus, we conclude that the quark distribution for the flavor
singlet/octet component vanishes, while the flavor triplet
component remains finite.
Importantly, the quark distribution is characterized by

the dynamical parameters Kð�Þππ − 3Kð�Þ33 , which are inter-
preted as the quadrupole deformation of the pion cloud:

Kð�Þππ ðxÞ − 3Kð�Þ33 ðxÞ

∝
Z

d3q
ð2πÞ3

�
1 − 3

q2z
jqj2
�
Π2ðqÞ½…�: ð81Þ

This structure exhibits the standard quadrupole deforma-
tion ∝ Q33 in momentum space. Notably, the Σ exchange
does not contribute, since a scalar exchange cannot gen-
erate a quadrupole structure from the QCD vacuum.
Finally, we take the first x-moment of the quark

distribution and findZ
1

−1
dx fqpΔþðxÞ ¼ 0: ð82Þ

In Sec. VI, we will verify this result more generally in the
context of the transition GPDs.

V. NUMERICAL RESULTS

Before discussing the results for the quark distribution,
we first explain how the numerical values of the dynamical
parameters are determined. For practical numerical calcu-
lations, we use the arctangent profile

PðrÞ ¼ 2 arctan

�
R2
0

r2

�
; MR0 ¼ 0.8; ð83Þ

as a convenient analytic representation of the known self-
consistent solution obtained in Ref. [48], where R0 char-
acterizes the average size of the mean field. This para-
metrization is not employed to perform a variational
minimization within a restricted functional family, but
merely provides an accurate approximation to the self-
consistent mean-field profile. As already explained in
Sec. III, the dynamical quark mass M in Eq. (83) is
originally momentum-dependent, originating from the
quark zero-mode form factor induced by the instanton.
Using the standard parameters for the instanton ensemble,
one obtains M ¼ Mð0Þ ¼ 345 MeV at zero quark virtual-
ity. However, for simplicity, we turn off the momentum
dependence. This means that we have to introduce the
Pauli-Villars (PV) cutoff mass to tame the UV divergence.
The PV cutoff mass is set to MPV ¼ 557 MeV by repro-
ducing the pion decay constant fπ ¼ 93 MeV. Using the

JUNE-YOUNG KIM PHYS. REV. D 113, 114019 (2026)

114019-14



self-consistent profile function (83) and employing the PV
cutoff mass, one obtains the classical soliton mass as
MN ¼ 1.207 GeV; see Ref. [48].
With the fixed parameters above, we compute the

numerical values of the dynamical parameters KJ
(J ¼ σσ; ππ; 33) used in the wave function normalization.
They are estimated as follows:

Kσσ ¼ 0.029; Kππ ¼ 0.075; K33 ¼ 0.041: ð84Þ

Using these numerical values, we determine the normal-
izations for both the baryon octet and decuplet:

N ð5ÞðB8Þ ¼ 0.45;

N ð5Þ1=2ðB10Þ ¼ 0.23; N ð5Þ3=2ðB10Þ ¼ 0.21: ð85Þ

In Sec. IV B, we show that the contribution of the 3Q
wave function to the quark distribution, fqval;ð3Þ, is
expressed in terms of the generalized probability distribu-
tion ϕðx; 0; 0Þ. In Fig. 5, we plot ϕðx; 0; 0Þ as a function of
x. The peak of ϕðx; 0; 0Þ is located around x ≈ 0.3. Since
Φð0; 0Þ ¼ 1, the integral of ϕðx; 0; 0Þ over x is numerically
normalized to unity.
In Fig. 6, we show the dynamical parameters KJðxÞ that

characterize the valence quark distribution fqval;ð5Þ resulting
from the overlap of the 5Q wave functions. Similar to
Fig. 5, they exhibit a typical valence distribution shape with
a peak around x ≈ 1

3
. However, compared to the valence

quark contribution from the 3Q wave function (Fig. 5),
these distributions are more concentrated at smaller x
values.
Depending on the exchanged meson (or isospin quantum

number), the dynamical parameters are classified into the
pion contributions (Kππ;K33) and sigma meson contribu-
tion (Kσσ). We find that, in general, the pion exchange
channel dominates over the scalar exchange channel in

Fig. 6, a feature that can be quantitatively understood from
Eq. (84) via the normalization condition in Eq. (65).
In Fig. 7, we plot the dynamical parameters K�J that

characterize the sea quark fqs;ð5Þ and antiquark fq̄;ð5Þ
contributions to the quark distributions arising from the
overlap of the 5Q wave function. The domains of the
dynamical parameters KþJ (active quark) and K−

J (active
antiquark) extend over x ¼ ½0; 1� and x ¼ ½−1; 0�, respec-
tively. Furthermore, we confirm that the quark–antiquark
pair symmetry (68) is numerically satisfied. These dynami-
cal parameters mainly govern the small-x behavior (or
chiral enhancement) of the quark distribution. In particular,
we observe that the chiral enhancement is largely due to the
contribution from pion exchange (K�ππ;K�33).
Using the dynamical parameters obtained above, we are

now able to determine the quark distribution for the proton,
theΔþ baryon, and the p → Δþ transition. In this work, we
will focus on the numerical results for the quark distribu-
tions in the p → Δþ transition. As mentioned in the

FIG. 5. The generalized probability distribution ϕðx; 0; 0Þ is
plotted as a function of x.

FIG. 6. The dynamical parameters KJðxÞ, arising from the
overlap of the 5Q wave function, are plotted as functions of x.

FIG. 7. The dynamical parameters K�J ðxÞ, arising from the
overlap of the 5Q wave function, are plotted as functions of x.
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previous section, we see that the leading contribution to the
p → Δþ quark distribution comes from the overlap of the
5Q wave function. This contribution is characterized by

Kð�Þππ − 3Kð�Þ33 and is interpreted as a quadrupole deforma-
tion of the pion cloud. These “quadrupole” dynamical
parameters are drawn in Fig. 8. As shown in Fig. 7, the two
dynamical parameters Kþππ and 3Kþ33 almost cancel each
other. This strong cancellation results in a small sea quark
contribution with a bump at around x ∼ 0.1. Since the
magnitude of −3Kþ33 is larger than that of Kþππ , we obtain a
negative sea quark contribution, i.e., Kþππ − 3Kþ33 < 0.
Similarly, the valence quark contribution becomes very
small and negative. Using the quark–antiquark pair sym-
metry (68), the antiquark contribution can also be simply
determined.
By combining the valence and sea quark contributions,

we draw the isovector component of the quark distributions
in the p → Δþ transition in Fig. 9. The antiquark and sea
quark contributions reflect the quark–antiquark pair sym-
metry (68), are positive over x ¼ ½−1; 1�, and have peaks at

around jxj ∼ 0.1. On the other hand, the valence quark
contribution is negative over x ¼ ½0; 1� and has a peak near
x ≈ 1=3. In total, there are three peaks and one nodal point
over x ¼ ½−1; 1�. As derived in Eq. (82), we numerically
confirm that the first moment of the quark distribution
vanishes:

Z
1

−1
dx fu−dpΔþðxÞ ¼ 0: ð86Þ

When it comes to the second moment of the quark
distribution, there is no conserved quantity, so we get
the following nontrivial result:

Z
1

−1
dx xfu−dpΔþðxÞ ≈ −0.004: ð87Þ

We obtain a remarkably small number, which is consistent
with the standard large-Nc prediction [2,13,14]. The values

FIG. 8. The “quadrupole” dynamical parameters KππðxÞ−
3K33ðxÞ, resulting from the overlap of the 5Q proton and Δþ
baryon wave functions, are plotted as a function of x.

FIG. 9. The quark distribution in the p → Δþ transition is
drawn as a function of x. Solid (red) curve: total. Long-dashed
(green) curve: antiquark contribution. Short-dashed (blue) curve:
valence quark contribution. Dot-dashed (black) curve: sea quark
contribution.

TABLE I. The values of the first and second x-moments of the p → Δþ unpolarized quark distribution for the
separate valence, sea quark, and antiquark contributions are listed.

Contents u dR
dxfqpΔþ qval qs q̄ qval qs q̄

3Q 0 0 0 0 0 0
3Qþ 5Q −0.010 0.005 0.005 0.010 −0.005 −0.005

Contents u dR
dxxfqpΔþ qval qs q̄ qval qs q̄

3Q 0 0 0 0 0 0
3Qþ 5Q −0.002 0.001 −0.001 0.002 −0.001 0.001
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of the first and second x-moments of the quark distribution
for the separate valence and sea quark contributions are
listed in Table I.

VI. DISCUSSION

A. Relation between GPD and form factor

So far, we have discussed the quark distributions defined
by the forward matrix element of the QCD operator (1). By
introducing the nonforward matrix element (2), the quark
distributions can be viewed as a part of the GPDs, which
integrate the concepts of the generalized form factor and the
quark distribution. In this section, we will provide the
explicit relation between them. Very recently, this non-
forward matrix element (2) between the proton and Δþ
baryon states has been parameterized in terms of a complete
set of four independent GPDs [13]:

MpΔþ½Γq� ¼
ffiffiffi
2

3

r
ūα½MNnα =nγ5H

q
Xðx; ξ; tÞ�uþ � � � ð88Þ

where ūα ≡ ūαðp0; s0Þ and u≡ uðp; sÞ are Rarita-
Schwinger and Dirac spinors, respectively, and HX denotes
one of the transition GPDs relevant to the unpolarized
quark distribution. The coefficient

ffiffiffiffiffiffiffiffi
2=3

p
comes from the

isospin factor for the p → Δþ transition. The ellipsis is
irrelevant to the present discussion; see Ref. [13] for the
explicit expression.
The first x-moment of the nonlocal vector current is

related to the local vector current. Thus, the first x-moment
of the matrix element (88) is given by

Z
1

−1
dxMpΔþ½Γq� ¼ nμ J

μ
q; ð89Þ

where J μ
q denotes the transition matrix element of the

vector current

J μ
q ¼ hΔþjψ̄qð0Þγμψqð0Þjpi: ð90Þ

Comparing Eq. (88) with the parameterization of Eq. (90)
in Ref. [13], one arrives at the vanishing first moment of the
transition GPD HX:

Z
1

−1
dxHq

Xðx; ξ; tÞ ¼ 0: ð91Þ

In a general transition matrix element, this feature can be
explained by invoking current conservation; see Ref. [14].
Similarly, the second x-moment of the nonlocal vector

current is related to the quark part of the symmetric EMT
current. The second x-moment of the matrix element (88) is
given by

Z
1

−1
dx xMpΔþ½Γq� ¼ nμ nν T

μν
q ; ð92Þ

where T μν
q is the transition matrix element of the EMT

current:

T μν
q ¼ hΔþjψ̄qð0Þ

i
2
∇↔fμγνgψqð0Þjpi: ð93Þ

Here, ∇ stands for the covariant derivative, with
⟷∇≡

ð∇!− ∇ Þ=2, and afμbνg ¼ aμbν þ aνbμ. In Ref. [46], the
transition matrix element of the EMT current was para-
meterized as follows:

T μν
q ¼

ffiffiffi
2

3

r
ūα
h
MNγ

fμgνgαγ5F
q
4ðtÞ
i
uþ � � � : ð94Þ

The ellipsis denotes terms irrelevant to the present dis-
cussion. Comparing Eq. (88) with Eq. (94), one observes
that the second x-moment of the GPD HX is related to the
nonvanishing transition EMT form factor F4 as follows:

Z
1

−1
dx xHq

Xðx; ξ; tÞ ¼ 2Fq
4ðtÞ: ð95Þ

B. Relations to quark distribution

In order to relate the quark distribution to the GPDs and
transition EMT form factors, we need to specify a frame.
We adopt the 2D collinear/symmetric frame, where P⊥ ¼ 0
and Δ⊥ ≠ 0. This frame is typically used in the study of
GPDs. For the nondiagonal matrix element, the initial
and final 4-momenta satisfy the following on-mass-shell
conditions:

Δ · P ¼ M2
Δ −M2

N

2
;

P2 þ Δ2

4
¼ M2

N þM2
Δ

2
: ð96Þ

By employing the on-shell conditions (96) and the collinear
condition P⊥ ¼ 0, one can determine the minus compo-
nents of P and Δ:

P− ¼ 2ξðM2
Δ −M2

NÞ þ ð2M2
Δ þ 2M2

N þ Δ2⊥Þ
8Pþð1 − ξ2Þ ;

Δ− ¼ 2ðM2
Δ −M2

NÞ þ ξð2M2
Δ þ 2M2

N þ Δ2⊥Þ
4Pþð1 − ξ2Þ ; ð97Þ

with Δþ ¼ −2ξPþ. In the forward limit (ξ; t → 0), the
4-momenta P and Δ are reduced to (in the notation
v ¼ ½vþ; v−;v⊥�):
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P ¼
�
Pþ;

M2
Δ þM2

N

4Pþ
; 0⊥
�
;

Δ ¼
�
0;
M2

Δ −M2
N

2Pþ
; 0⊥
�
: ð98Þ

Note that even if we take the forward limit, we still have a
nonvanishing momentum transfer, i.e., Δ ≠ 0. Only in the
equal-mass limit can one restore the vanishing momentum
transfer Δ ¼ 0; see Ref. [14] for details.
Considering the forward limit and taking the light-front

helicity states, we compute the matrix element of the
spinors in Eq. (88) and find that it is expressed as the
quadrupole spin operator:

ūα

ffiffiffi
2

3

r
½MNnα =nγ5�u ¼

4

3

MN

MΔ
ðT20Þs0s: ð99Þ

By inserting the result (99) into Eq. (88), we arrive at

MpΔþ½Γq�jt;ξ→0 ¼
4

3

MN

MΔ
ðT20Þs0sHXðx; 0; 0Þ: ð100Þ

Now, comparing Eq. (100) with Eq. (5), we find the relation
between the GPD and the quark distribution

Hq
Xðx; 0; 0Þ≡ fqQðxÞ ¼

3

2

MΔ

MN
fqpΔþðxÞ; ð101Þ

where the forward limit of the GPD HX has been identified
as the “quadrupole” PDF fQ [14].
Furthermore, using Eqs. (95) and (101), we relate the

second x-moment of the quark distribution to the transition
EMT form factor:

Fq
4ð0Þ ¼

3

4

MΔ

MN

Z
1

−1
dxxfqpΔþðxÞ: ð102Þ

Lastly, using relations (101) and (102) and the values
listed in Table I, we predict the x dependence of the GPD
HX and the transition EMT form factor at t ¼ 0 as follows:

Hu−d
X ðx; 0; 0Þ ¼ fu−dQ ðxÞ ¼

3

2
fu−dpΔþðxÞ; ðsee Fig: 9Þ

Fu−d
4 ð0Þ ¼

3

4

Z
1

−1
dx xfu−dpΔþðxÞ ≈ −0.003; ð103Þ

where the use of the equal mass limitMN ¼ MΔ is justified
by the large-Nc kinematics. In particular, the overall
strength and shape of the x-dependence of the unpolarized
quark distribution are comparable to the prediction
from Ref. [14].
Note that the flavor singlet/octet components of the GPD

Hq
Xðx; 0; 0Þ and the transition form factor Fq

4ð0Þ vanish. In
Ref. [49], isospin-symmetry breaking effects causing non-
zero isoscalar EMT form factors were studied, and the

smallness of these form factors was also observed
in Ref. [50].

VII. SUMMARY AND CONCLUSIONS

In this work, we have studied the unpolarized quark
distribution—also referred to as the tensor-polarized parton
density—in the N → Δ transition, using the large-Nc light-
cone wave function derived from the mean-field picture.
We first parameterized the forward matrix element of the
nonlocal vector operator between nucleon and Δ baryon
states in terms of the parton density. Since this matrix
element exhibits the tensor-polarized (quadrupole) spin
structure of the baryon, the corresponding parton density is
identified as the tensor-polarized parton density. Drawing
an analogy to the unpolarized quark distribution in the
nucleon, we have also referred to the tensor-polarized
parton density in the N → Δ transition as an unpolarized
quark distribution.
To estimate this quark distribution, we constructed the

baryon wave function in terms of the 3Q, 5Q, 7Q,...Fock
components in the baryon rest frame using the mean-field
approach. Since this wave function preserves three-dimen-
sional rotational symmetry, the standard dynamical spin-
flavor symmetry in the large-Nc limit is naturally realized
within this framework. However, the physical baryon wave
function at rest simultaneously includes Fock components
associated with both the baryon and the QCD vacuum,
making it impossible to unambiguously distinguish
between them. To resolve this, we employed the Lorentz
invariance of the effective action and the covariance of the
mean-field solution to derive the baryon wave function in
the infinite momentum frame, with the spin-flavor sym-
metry appropriately adapted. The resulting wave function is
the large-Nc light-cone wave function.
Using the overlap representation of the large-Nc light-

cone wave function up to the 5Q Fock components, we
have computed both diagonal and nondiagonal matrix
elements of the nonlocal vector operator in the forward
limit. We first confirmed that the general sum rules for
quark distributions are well satisfied for the nucleon, the Δ
baryon, and the N → Δ transition. Importantly, for the
nucleon and the Δ baryon, the leading contributions to the
unpolarized quark distributions arise from the 3Q Fock
components, with sea quark (5Q) contributions appearing
as small corrections. In contrast, for the p → Δþ transition,
the leading contribution to the quark distribution originates
from the overlap of the 5Q Fock components. This
indicates that the p → Δþ quark distribution serves as a
sensitive probe of the 5Q structure of the baryon wave
function, providing insight into the underlying chiral
dynamics. Furthermore, the isospin difference between
the nucleon and the Δ baryon selects the isovector
component of the quark distribution, which is insensitive
to gluon contributions and scale evolution.
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Numerically, we have estimated the separate contribu-
tions from valence quarks, sea quarks, and antiquarks to the
p → Δþ unpolarized quark distribution. These individual
contributions are shown in Fig. 9, and the corresponding
values of their first and second x-moments are listed in
Table I. We find that both the valence and sea quark
contributions are generally small, consistent with the
standard large-Nc prediction [2,13].
We then aimed to relate this quantity to known observ-

ables and provide their physical interpretations. Very
recently, the N → Δ transition GPD HX was introduced
in Ref. [13] to complete the parameterization set of the
N → Δ transition matrix element. The first and second x-
moments of this GPD HX correspond to the vanishing
vector form factor and the transition energy-momentum
tensor form factor F4 [46], respectively. By taking the
forward limit HXðx; 0; 0Þ, we related it to the p → Δþ
unpolarized quark distribution. Furthermore, using the
x-moment relations between the GPD and the form factors,
we connected the quark distribution to the transition
energy-momentum tensor form factor F4ð0Þ at zero
momentum transfer.
The present mean-field picture can also be applied to

study the matrix element of the nonlocal axial vector
operator. Similar to HX, the necessity of a new GPD,
CX, in the axial-vector sector was discussed in Ref. [13]. In
this work, we found that the values of HX are small,
confirming the standard large-Nc prediction. In
contrast, CX is not suppressed in the 1=Nc expansion,
indicating the need for a more comprehensive analysis.
Therefore, studying the x-dependence of the quark distri-
bution CX within the present framework is an important
task for future work.
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APPENDIX A: BARYON ROTATIONAL WAVE
FUNCTIONS

The wave functions for the baryon octet are represented
as Pg

f with quark and antiquark indices, whereas those for
the baryon decuplet Df1f2f3 have three quark indices. This
means that the WignerD functions for the baryon octet and
decuplet can be expressed as follows:h

Dð8;1=2Þ�ðRÞ
i
g

f;k
∼ ϵklR

†l
f Rg

3; ðA1Þ

h
Dð10;3=2Þ�ðRÞ

i
g

ff1f2f3g;fk1k2k3g

∼ ϵk0
1
k1 ϵk02k2 ϵk03k3R

†k0
1

f1
R
†k0

2

f2
R
†k0

3

f3
jff1f2f3g; ðA2Þ

where ϵkl stands for the antisymmetric tensor, normalized
to ϵ12 ¼ 1. The k ¼ 1; 2 ¼ ↑;↓ indices represent the spin
of the baryon octet. The wave functions for the baryon
decuplet are fully symmetrized in the flavor ff1f2f3g and
spin fk1k2k3g indices. The flavor part of the baryon octet is
explicitly written as [51]:

P3
1 ¼ p; P3

2 ¼ n; ðA3Þ

and that of the decuplet Dff1f2f3g is given as

D111 ¼
ffiffiffi
6
p

Δþþ; D112 ¼
ffiffiffi
2
p

Δþ;

D122 ¼
ffiffiffi
2
p

Δ0; D222 ¼
ffiffiffi
6
p

Δ−: ðA4Þ

The prefactors of the wave functions are determined by
normalizing the rotational wave functions

Z
dRB�spinðRÞBspinðRÞ ¼ 1: ðA5Þ

For example, the nucleon state is explicitly expressed as

p�kðRÞ ¼
ffiffiffi
8
p

ϵklR
†l
1 R

3
3; n�kðRÞ ¼

ffiffiffi
8
p

ϵklR
†l
2 R

3
3; ðA6Þ

and Δ baryons with spin-3=2 (↑↑↑) and spin-1=2 (↑) are
written as

Δþþ�↑↑↑ ðRÞ ¼
ffiffiffiffiffi
10
p

R†2
1 R†2

1 R†2
1 ;

Δþ�↑↑↑ðRÞ ¼
ffiffiffiffiffi
30
p

R†2
1 R†2

1 R†2
2 ;

Δþþ�↑ ðRÞ ¼
ffiffiffiffiffi
30
p

R†2
1 R†2

1 R†1
1 ;

Δþ�↑ ðRÞ ¼
ffiffiffiffiffi
10
p
ðR†2

1 R†2
1 R†1

2 þ 2R†2
2 R†2

1 R†1
1 Þ: ðA7Þ

For different spin projections between the initial and final
baryon wave functions, the integral is zero. The rotational
wave functions belonging to different baryons are also
orthogonal.

APPENDIX B: QUARK DISTRIBUTIONS
FOR Δ+ BARYON

We summarize the results of the quark distributions for
the Δþ baryon as follows [here, we suppress the depend-
ence on x, i.e., KðxÞ≡K]:
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(i) Active 3Q and inactive QQ̄ pair:

Ouval;ð5Þ
Δþ ¼ 3

80
½135Kσσ þ 73Kππ þ 30K33�;

Odval;ð5Þ
Δþ ¼ 3

20
½17Kσσ þ 11Kππ þ 6K33�;

Osval;ð5Þ
Δþ ¼ 3

80
½Kσσ þ 15Kππ þ 18K33�: ðB1Þ

(ii) Inactive 3Q and active quark in the QQ̄ pair:

Ous;ð5Þ
Δþ ¼ 3

80
½29Kþσσ þ 27Kþππ þ 18Kþ33�;

Ods;ð5Þ
Δþ ¼ 1

20
½17Kþσσ þ 11Kþππ þ 6Kþ33�;

Oss;ð5Þ
Δþ ¼ 1

80
½49Kþσσ þ 7Kþππ − 6Kþ33�: ðB2Þ

(iii) Inactive 3Q and active antiquark in the QQ̄ pair:

Oū;ð5Þ
Δþ ¼

3

20
½7K−

σσ þ 3K−
ππ�;

Od̄;ð5Þ
Δþ ¼

1

20
½17K−

σσ þ 11K−
ππ þ 6K−

33�;

Os̄;ð5Þ
Δþ ¼

1

20
½13K−

σσ þ 13K−
ππ þ 12K−

33�: ðB3Þ

Similar to the proton, we observe that the baryon number
and momentum sum rules for the Δþ baryon are respec-
tively satisfied:Z

1

−1
dx fuΔþðxÞ ¼ 2;

Z
1

−1
dx fdΔþðxÞ ¼ 1;Z

1

−1
dx fsΔþðxÞ ¼ 0; ðB4Þ

and Z
1

−1
dx xfuþdþsΔþ ðxÞ ¼ 1: ðB5Þ
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