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We compute the qq̄g contribution to the diffractive structure functions in high-energy deep inelastic
scattering. The obtained result corresponds to a finite part of the next-to-leading-order contribution to the
diffractive cross section. Previous phenomenological applications have included this contribution only in
the high-Q2 or high-M2

X limits in the case of a soft gluon, and we numerically demonstrate that these
existing estimates do not provide a good approximation for the full qq̄g contribution. Furthermore, we
demonstrate that in addition to the soft gluon contribution, there is an equally important soft quark
contribution to the diffractive structure functions at high Q2.
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I. INTRODUCTION

High-energy scattering processes probe the structure of
protons and nuclei at small momentum fraction x, where
parton densities are very large and the emergence of
nonlinear saturation effects is predicted. However, as of
today, no conclusive evidence of gluon saturation has been
observed [1]. Discovering saturation effects at currently
achievable collider energies, and probing in detail the
structure of protons and nuclei in this part of the phase
space where nonlinear phenomena dominate, is a major
goal of the next-generation Electron-Ion Collider (EIC) [2]
at Brookhaven and the LHeC/FCC-he [3] at CERN.
Diffractive deep inelastic scattering (DIS) with nuclear

targets is expected to be an especially powerful probe of
gluon saturation. First, in a diffractive event at least two
gluons are exchanged with the target, rendering the process
proportional to the squared gluon distribution function at
lowest order. Furthermore, the cross section to diffractively
produce a system with a given invariant mass M2

X is not
sensitive to nonperturbative objects, such as fragmentation
functions or light-front wave functions (LCWFs) of bound
states required to describe hadronization, e.g., in the case of
inclusive hadron or exclusive vector meson production.

A natural framework to describe QCD in the saturation
region is provided by the color glass condensate (CGC)
[4,5]. A particular advantage is that it allows one to describe
inclusive and diffractive observables in terms of the same
degrees of freedom, and to resummultiple scattering effects
that are important in the high-density domain. In the dipole
picture [6], one calculates a virtual photon splitting into a
partonic state, which then interacts with the target and
produces a state with a given invariant mass. The available
γ þ p → XðMXÞ þ p data from HERA [7] have been
successfully described by many CGC calculations. These
calculations take into account the leading jqq̄i Fock state of
the virtual photon, as well as the jqq̄gi state in the high-Q2

or high-M2
X limit [8–10], and in some cases resum

corrections enhanced by large logM2
X [11].

The partial next-to-leading-order (NLO) corrections
accounted for by calculating the jqq̄gi contribution in
approximate kinematics can be sizeable [8], which calls
for complete NLO calculations to match the precision
achieved at HERA and expected at the EIC. This is
particularly important when one aims to disentangle linear
and nonlinear dynamics in future nuclear diffractive struc-
ture function data (see, e.g., [12] in the context of inclusive
structure functions).
The virtual photon splitting into a partonic Fock state is

described in terms of LCWFs, which can be computed in
light cone perturbation theory. There has been rapid progress
in recent years in computing LCWFs at NLO accuracy. From
the diffractive DIS perspective, the most important develop-
ments include the calculation of the virtual photon wave
function at NLO accuracy, first in the massless quark limit
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[13–15], and later with heavy quarks included [16–18].
When coupled with an approximate version of the NLO
Balitsky-Kovchegov (BK) energy evolution equation
[19–21], a good description of the inclusive structure
function data has been obtained [22,23]. The same
LCWFs have also been applied to calculate the jqq̄gi
contribution to the diffractive structure function in exact
eikonal kinematics1 in Ref. [24], and later the full diffractive
cross section (in the massless quark limit) has been obtained
in Ref. [25] (see also pioneering works [26–28]). However,
so far these results have not been applied to phenomenology,
and the importance of the NLO corrections has not been
quantified.
The purpose of this work is to take a step toward

phenomenological calculations of diffractive cross sections
in the CGC approach at NLO accuracy. In particular, we
present the first numerical implementation of the jqq̄gi
contribution to the diffractive cross section, evaluated in
exact eikonal kinematics. It is finite and computationally
the most challenging part of the full NLO result obtained in
Ref. [25]. The numerical challenge originates from the
high-dimensional three-parton phase space integral, which
requires integrating over the parton transverse coordinates
separately in the amplitude and the conjugate amplitude,
with the constraint that the invariant mass of the final state
is fixed. The numerical implementation developed in this
work can be applied to estimate the accuracy of the existing
jqq̄gi results, obtained in approximate kinematics and
commonly used in phenomenology. Moreover, it represents
a crucial step toward our goal of confronting NLO CGC
calculations with diffractive structure function data from
HERA and the future EIC.
This manuscript is structured as follows. A finite subset of

NLO corrections to the diffractive cross section for produc-
ing a jqq̄gi system is reviewed in Sec. II. Corresponding
approximative results obtained in the high Q2 or M2

X are
discussed in Sec. III. Numerical results that quantify the
accuracy of these approximative results are presented in
Sec. IV before concluding in Sec. V. In Appendix A we
furthermore discuss how the accuracy of the high-Q2 limit
can be improved by including a subset of contributions not
enhanced by large logQ2.

II. PRODUCTION OF qq̄g IN EXACT KINEMATICS

In Ref. [25], the diffractive cross section at NLO is
decomposed into three contributions. The contribution
where the qq̄g system interacts with the target shock wave
is referred to as the “trip” contribution. This contribution,
which is the focus of this work, is finite and can be calculated
separately. It is also expected to be the most computationally

challenging part of the full NLO diffractive DIS cross section
due to the high-dimensional phase space integral. Previously,
it has been studied only in approximate kinematics—these
limits are discussed in Sec. III. The two other contributions
calculated in Ref. [25] are both UV divergent, and corre-
spond to the cases where the qq̄ dipole interacts with the
shock wave and the final state can be either a qq̄ or a qq̄g
system (“dip”), and the interference between the qq̄ and qq̄g
contributions (“dip-trip”). These divergences cancel at the
cross section level.
The cross section for the “trip” contribution can be

obtained from the diagrams shown in Fig. 1. Note that in
light cone perturbation theory there are both regular and
instantaneous contributions. This cross section has been first
derived in Ref. [24] and later reproduced as a part of the full
NLO calculation [25]. It reads

"
dσDγ�λþA

d2Δ⊥dM2
X

#
trip

¼ 2παemNc

X
e2f

Z
½dPS�trip

�
αsCF

2π

�

× GNLO
λ;triph1 − Sð3Þ123ih1 − Sð3Þ

1̄ 2̄ 3̄
i�: ð1Þ

Throughout this work we will refer to this contribution as
the NLO-trip result. Here, f refers to the quark flavor, and as
the NLO cross section is derived in the massless limit, we
include the three light quark flavors in the calculation.
Detailed expressions for the hard factors GNLO

λ;trip, where
λ ¼ T, L refer to transverse and longitudinal photon
polarization, are given in Ref. [25] and are not repeated
here for brevity. The diffractive γ� þ A cross section is
related to the diffractive structure functions as

xIPF
Dð4Þ
λ ðxIP; Q2;M2

X; tÞ ¼
Q2

4π2αem

Q2

β

dσDγ�λþA

dtdM2
X
: ð2Þ

FIG. 1. Contributions to the NLO-trip result for the diffractive
cross section.

1By exact eikonal kinematics we refer to the partonic processes
(γ� → qq̄ and q → qg) computed without any kinematical ap-
proximations. Eikonal approximation is applied to the interaction
with the target shock wave.
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The phase space integral in the mixed transverse coor-
dinate–longitudinal momentum fraction space in Eq. (1) is

Z
½dPS�trip ¼

Z
d2x1d2x2d2x3d2x1̄d

2x2̄d
2x3̄

ð2πÞ6

×
eiΔ⊥·ðb̄−bÞ

ð2πÞ2
Z

1

0

dz1dz2dz3δð1− z1 − z2 − z3Þ:

ð3Þ

Here, x1, x2, and x3 are the quark, antiquark, and gluon
transverse coordinates, and similarly zi denote the photon
plus momentum fractions carried by these partons. The
transverse momentum transfer Δ⊥ is Fourier conjugate to
the center-of-mass of the dipole b ¼ z1x1 þ z2x2 þ z3x3.
The barred coordinates refer to those in the conjugate
amplitude. The invariant xIP is the fraction of the target
longitudinal momentum transferred to the produced system
in the infinite momentum frame,

xIP ¼ M2
X þQ2 − t

W2 þQ2 −m2
N
: ð4Þ

Here, Q2 is the photon virtuality, t ≈ −Δ2⊥ is the
Mandelstam variable, and W is the center-of-mass energy
of the photon-nucleon system. Furthermore,

β ¼ Q2

M2
X þQ2 − t

: ð5Þ

The eikonal propagation of the qq̄g system through the
target color field is described in terms of Wilson line
correlators,

Sð3Þ123 ¼
Nc

2CF

�
Sð2Þ13 S

ð2Þ
23 −

1

N2
c
Sð2Þ12

�
: ð6Þ

Here, the dipole-target S-matrix reads

Sð2Þ12 ¼ 1

Nc
tr Vðx1ÞV†ðx2Þ; ð7Þ

CF ¼ ðN2
c − 1Þ=ð2NcÞ, and VðxÞ is the Wilson line in the

fundamental representation, which depends implicitly on
xIP through the Jalilian-Marian, Iancu, McLerran, Weigert,
Leonidov and Kovner equation [29]. In the cross section,
Eq. (1), we need to average over target configurations,
denoted by hOi, which is taken at the amplitude level for
coherent diffraction that is the focus of this work.
Furthermore, we work in the mean field or large-Nc limit,
assuming that the average of Eq. (6) factorizes into a
product of averages and drop terms suppressed by 1=N2

c.
In this work our goal is to present the first numerical

evaluation of this qq̄g contribution to the diffractive cross
section and not to perform detailed comparisons with the

experimental data. As such, we adopt the following simple
(xIP-independent) parametrization for the tripole scattering
amplitude 1 − Sð3Þ:

1 − Sð3Þ123 ¼ TðbÞ½1 − Sð3Þðx31;x32Þ�; ð8Þ

where

TðbÞ ¼ θðRA − jbjÞ; ð9Þ

and Sð3Þðx31;x32Þ can be computed using (6). Here,
xij ¼ xi − xj, and we assume that the impact parameter
dependence factorizes. For the density profile, we adopt a
simple step function (hard sphere with radius RA). For the
b-independent dipole-target scattering amplitude we adopt
the Golec-Biernat Wusthoff (GBW) model [30]

1 − Sð2Þij ¼ Nðxi;xjÞ ¼ 1 − e−
x2
ij
Q2
s

4 : ð10Þ

In our numerical implementation we choose Q2
s ¼

0.4 GeV2. As the purpose of this work is to study the
NLO-trip contribution and estimate the precision of the
existing results obtained in different kinematical limits,
we do not include small-x evolution and consider a fixed
value for theQ2

s . As such, our results do not have an explicit
dependence on xP.
With the assumption of a factorized impact parameter

dependence, we can analytically integrate over Δ⊥ and com-

pute xPFD
λ ðxP; Q2;M2

XÞ ¼
R
0
−∞ dtxPF

Dð4Þ
λ ðxP; Q2;M2

X; tÞ.
As the hard factors are independent of b and b̄, in this case
the impact parameter integrals in Eq. (1) can be simply
calculated as

Z
d2Δ⊥

Z
d2bd2b̄

eiΔ⊥·ðb̄−bÞ

ð2πÞ2 TðbÞTðb̄Þ ¼ ST; ð11Þ

where ST ¼ πR2
A is the target transverse size. In our numerical

calculations we use RA ¼ ffiffiffiffiffiffi
2B

p
, where B ¼ 4 GeV−2 is the

diffractive slope for the proton. Furthermore, we note that
using a different density profile instead of the hard sphere one
in Eq. (8) would only affect this overall normalization factor.

III. PRODUCTION OF qq̄g IN APPROXIMATIVE
KINEMATICS

The cross section discussed in the previous section
corresponds to diffractive qq̄g production in exact (eikonal)
kinematics. The leading contributions to the qq̄g production
at highQ2 arise from kinematic configurations where one of
the partons in the projectile wave function is soft (in the
sense of the light cone momentum fraction). Such configu-
rations are known as “aligned jet” configurations. This is
because the bulk of the virtual photon’s plus momentum is
carried by one or more partons causing the resulting jet(s)
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to be aligned with the photon current. Specifically, it was
shown in Ref. [31] that aligned jet configurations result in a
strong scattering with the shock wave, and as such dominate
the diffractive cross section in the leading twist approxima-
tion. However, it is important to clarify that the “soft” parton
in these configurations is not arbitrarily soft, but rather has a
light cone momentum fraction of size z ∼Q2

s=Q2 ≪ 1.
Such a result has long been established for the case of a

soft gluon, with a tripole (qq̄g) interacting with the shock
wave. This contribution is known as the Wüsthoff result
(also sometimes referred to as the GBW result) and was
originally obtained in Refs. [32–34]. In addition to this, it
was shown in Ref. [31] that the soft quark (antiquark) limit
should also give a large contribution to the cross section.
In addition to the two cases discussed above, which

correspond to the leading logQ2 contributions at large Q2,
there is another important aligned jet configuration where
the soft parton—in this case, the gluon—is indeed arbi-
trarily soft, with the gluon momentum fraction z3 ≪ 1, and
the mass of the diffractively produced system very large,
M2

X ≫ Q2. This limit, sometimes referred to as the Munier-
Shoshi result, has been considered by several authors
[8,9,35–39]. However, this limit also requires inclusion
of the emission-after-shock wave contribution and, there-
fore, cannot be obtained directly from the NLO-trip
contribution (1), instead, it must be derived from the full
NLO cross section [24]. In principle, as the mass of the
diffractive system gets very large, one has to also resum the
emission of multiple soft gluons using the Kovchegov-
Levin equation [35]. In this work we compare the NLO-trip
cross section to the “Munier-Shoshi” limit, in addition to
the soft quark and gluon limits discussed above, due to the
same final state.
In the following we briefly discuss the soft gluon aligned

jet contribution to qq̄g production at high Q2 in Sec. III A.
The soft quark contribution is then considered in Sec. III B.
As discussed in more detail later, in the soft quark production
at highQ2 the gluon emission can take place either before or
after the shock wave, and the finite emission-before-shock
wave contribution is calculated in this work. In Sec. III C we
briefly review the β → 0 limit.

A. Soft gluon at high Q2

The leading power contribution to the diffractive struc-
ture function from the soft gluon aligned jet limit of the qq̄g
system, i.e., the Wüsthoff result, has been well established
and extensively and successfully used in phenomenology
[8,10,11,40,41].
This contribution corresponds to the production of a hard

qq̄ dijet, recoiling against a semihard gluon jet. The latter is
semihard in the sense that the transverse momentum of the
gluon is of the order of the saturation scale. In coordinate
space, this corresponds to the gluon being emitted far away
from the qq̄ dipole. As discussed in Sec. 3 of Ref. [31] (see
also [42,43]), an essential condition for this configuration

to result in strong scattering is that the gluon carries a light
cone momentum fraction z3 ≲Q2

s=Q2. Given these factors
one could treat the qq̄g system as an adjoint dipole.
In the case of a large and uniform nucleus, the result

given, e.g., in Ref. [8], can be written as

xPF
Dð3Þ
2 ðx; xP; Q2Þ

¼
�X

e2f

�
αsβNcCFST

4π4

×
Z

1

β
dxPqg

�
β

x

�Z
Q2

0

dk2k4 log

�
Q2

k2

�

×

�Z
∞

0

dRRJ2ð
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
kRÞK2ð

ffiffiffi
x

p
kRÞÑðRÞ

�
2

; ð12Þ

where the adjoint dipole at large Nc reads ÑðRÞ ¼
2NðRÞ − NðRÞ2. The splitting function is

PqgðzÞ ¼
z2 þ ð1 − zÞ2

2
: ð13Þ

It has been explicitly shown inRef. [24] that this result can be
derived from the NLO-trip contribution in the high-Q2 limit.

B. Soft quark at high Q2

To obtain the soft quark contribution to qq̄g production
we closely follow the treatment in Ref. [31], where trans-
verse momentum-dependent (TMD) factorization was
established for diffractive jet production in photon-nucleus
interactions. In the formalism developed therein, it was
shown for diffractive processes that the soft parton in
aligned jet configurations could be treated as a part of the
target wave function, with a corresponding factorization
established in terms of a diffractive TMD.
In Ref. [31] the soft quark contribution to the diffractive

dijet production, aswell as to the diffractive structure function,
was calculated.Asdiscussed inSec. II, theprocesseswhere the
qq̄g system interacts with the shock wave form a finite subset
of NLO corrections to the diffractive cross section. In this
section, we adapt the calculation of Ref. [31] to extract the
emission-after-interaction contribution in the soft (anti)quark
limit, without including the (divergent) emission-after-shock
wave contribution. This is done by first expressing the LCWF
in momentum space and then Fourier transforming it to
coordinate space to describe interaction with the target.
Finally, the result is transformed back to momentum space
where the final-state kinematics can be specified.

1. Amplitude for qq̄g production with a soft quark

We calculate the diffractive production of a jqq̄gi state at
high Q2, in the kinematics where the quark is soft, i.e., it
carries a small fraction of the photon plus momentum:
z1 ≪ 1. The transverse momentum of the quark can be of
the order of the saturation scale: jk1j ∼Qs, which is why

KAUSHIK, MÄNTYSAARI, and PENTTALA PHYS. REV. D 113, 074012 (2026)

074012-4



this quark is referred to as semihard. The contribution from
the soft antiquark configuration can be obtained analo-
gously. The discussion in this section closely follows that of
Ref. [31], which the reader is also referred to for further
details.
In the absence of scattering, the qq̄g component of the

transverse virtual photon light cone wave function has the
following general form in momentum space:

jγiTiqq̄g ¼ taαβ

Z
1

0

dz1dz2dz3δð1 − z1 − z2 − z3Þ

×
Z

d2k1d2k2d2k3δ
ð2Þðk1 þ k2 þ k3Þ

×Ψim
λ1λ2

ðz1;k1; z2;k2; z3;k3Þ
× jqαλ1ðz1;k1Þq̄βλ2ðz2;k2Þgamðz3;k3Þi: ð14Þ

Note that in this work we follow the conventions of Ref. [31],
which differ slightly from those of Refs. [24,25]. Here, Ψim

λ1λ2

is the qq̄g amplitude, and zj ¼ kþj =q
þ and kj are the light

cone momentum fraction and transverse momentum of the
quark (j ¼ 1), antiquark (j ¼ 2), and the gluon (j ¼ 3).
Furthermore, λ1 and λ2 are the helicity indices of the quark
and antiquark, and α, β, and a are the color indices of the
quark, antiquark, and gluon. Repeated indices are assumed to
be summed over. The transverse photon and gluon polari-
zation states are denoted by i and m, corresponding to linear
polarization states i, m ¼ 1, 2. Note that, similarly as in the
soft gluon case, we aim for extracting the logQ2 enhanced
part of the leading twist contribution, which originates from
the transverse photon.
We are in particular interested in the case where the

gluon is emitted by the antiquark, since this is the case
where our calculation that does not include the emission-
after-interaction contribution differs from that of Ref. [31].
If the gluon is emitted by the quark that ends up being
semihard in the final state, the emission-after-shock wave
contribution is suppressed. In the following we discuss how
this difference can be understood by considering the spatial
configurations of the three parton states.
Let us first consider the case where the quark emits the

gluon. This contribution is shown in Fig. 2. The diagrams
have been drawn in a way that makes the spatial separation
of the partons manifest and depict gluon emission before
the shock wave (left panel) and after the shock wave (right
panel). In addition to these, there is also a contribution from
the emission of a gluon through an instantaneous inter-
action, but we neglect this, as it is power suppressed (see
the discussion in Appendix C of [31]). For the qq̄g system
to be put on-shell, the partonic configuration interacting
with the shock wave must have a large transverse size,
R ∼ 1=Qs. This requirement ensures that color transpar-
ency is avoided.

Unless the longitudinal momentum is shared between the
quark and the antiquark in a highly asymmetric manner, the
initial γ� → q0q̄ splitting is hard, i.e., the quark and antiquark
are produced very close to each other but with a large relative
transverse momentum jPj ≫ Qs. Here, q0 refers to the quark
before the q0 → qg splitting that takes place before the shock
wave. If this subsequent splitting is such that the quark ends
upwith a small fraction of the longitudinal momentum of the
q0, i.e., z1 ∼Q2

s=Q2, the quark is emitted at a distance 1=Qs
from the q̄g system, ensuring a strong scattering with the
target. The transverse momentum of this quark is of the order
of the saturation scale.
If the q0 → qg splitting takes place after the shock

wave, the initial q0q̄ pair is very small (R ∼ 1=Q), and
this contribution vanishes due to color transparency.
Consequently, the contribution obtained in Ref. [31]
exactly corresponds to the case that we are interested in
for this work, namely, the one where the jqq̄gi state
interacts with the target. In particular, there is no need to
subtract the post–shock wave emission when we consider
gluon emission from the quark.
On the other hand, when the gluon is emitted by the

antiquark, gluon emission after the shock wave is not
suppressed by color transparency. In this case our calcu-
lation differs from that of Ref. [31]. The corresponding
diagrams are shown in Fig. 3. As the quark carries a small
longitudinal momentum fraction, the initial γ� → qq̄0 split-
ting is soft, i.e., the quark is far away from the antiquark.
Consequently, there is strong scattering independently of
whether the gluon is emitted by the antiquark before or after
the shock wave. Since we want to compute the soft quark
component of the NLO “trip” contribution at large Q2,
we adapt the calculation of Ref. [31] to retain only the
contribution of the left panel in Fig. 3. In the following,
while we describe the essential components of this adapted
calculation, we refer the reader to the aforementioned
reference for the details.
The qq̄g amplitude where the gluon is emitted by the

antiquark and before the shock wave is given by [44]

Ψim
λ1λ2ðq̄Þ ¼ δλ1λ2

1

8qþ
eefg

ð2πÞ6
1

z1ð1 − z1Þz2z3

×
1ffiffiffiffiffi
z3

p ϕijðz1; λ1Þkj1
Eq þ Eq̄0 − Eγ

τmnðz1; z2; λ1ÞPn

Eq þ Eq̄ þ Eg − Eγ
: ð15Þ

The ðq̄Þ in the subscript indicates that the gluon is emitted
by the antiquark. The function ϕijðz; λÞ encodes the helicity
structure of the photon splitting and is given by

ϕijðz; λÞ≡ ð2z − 1Þδij þ 2iλϵij; ð16Þ

where ϵij is the Levi-Civita tensor in two dimensions. The
function τmnðz1; z2; λÞ, which encodes the helicity structure
of the q̄ → q̄g vertex, is given by
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τmnðz1; z2; λÞ≡ ð1 − z1 þ z2Þδmn þ 2iλz3εmn: ð17Þ

The vector P (which appears in terms of its component of
index n) corresponds to the relative transverse momentum
of the antiquark and gluon,

P≡ z2k3 − z3k2

z2 þ z3
≃ z2k3 − z3k2; K≡ k2 þ k3: ð18Þ

Above, we have also definedK as the momentum imbalance
between the two hard jets in the final state, viz., the antiquark
and the gluon. Since in coherent diffraction the momentum
transfer from the target is typically much smaller than other
relevant momentum scales, the quark transverse momentum
can be approximated as k1 ≈ −K.
The two energy denominators in Eq. (15) correspond to

the photon splitting and the subsequent emission of a gluon
by the antiquark. They are given by

2qþðEq þ Eq̄0 − EγÞ ¼
k2
1

z1
þ k2

1

1 − z1
þQ2

¼ k2
1 þ z1ð1 − z1ÞQ2

z1ð1 − z1Þ
ð19Þ

and

2qþðEq þ Eq̄ þ Eg − EγÞ ¼
k2
1

z1
þ k2

2

z2
þ k2

3

z3
þQ2

¼ k2
1

z1ð1 − z1Þ
þ 1 − z1

z2z3
P2 þQ2

≃
k2
1 þM2

z1
; ð20Þ

where we have defined

M2 ≡ z1

�
P2

z2z3
þQ2

�
ð21Þ

and approximated 1 − z1 ≈ 1.
Using these expressions for the denominators and taking

the limit z1 → 0 wherever possible, the amplitude in
Eq. (15) becomes

Ψimð1Þ
λ1λ2ðq̄Þ ¼ δλ1λ2

eefgqþ

2ð2πÞ6
z1

z2z3
ffiffiffiffiffi
z3

p

×
ϕijð0; λ1Þkj1τmnð0; z2; λ1ÞPn

ðk2
1 þM2Þðk2

1 þ z1Q2Þ : ð22Þ

The two transverse momentum factors in the denominator
can be decomposed as follows:

FIG. 2. Soft quark contribution to the diffractive cross section in the case where the quark emits the gluon before (left) or after (right)
the shock wave. The quark is far away from the q̄g system.

FIG. 3. Soft quark contribution to the diffractive cross section in the case where the antiquark emits the gluon before (left) or after
(right) the shock wave. The quark is far away from the q̄g system.
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1

ðk2
1 þM2Þðk2

1 þ z1Q2Þ ¼
A

ðk2
1 þM2Þ þ

B
ðk2

1 þ z1Q2Þ ;

ð23Þ

where

A ¼ −B ¼ 1

z1Q2 −M2
¼ −

z2z3
z1P2

: ð24Þ

With this, the amplitude becomes

Ψimð1Þ
λ1λ2ðq̄Þ ¼ δλ1λ2

eefgqþ

2ð2πÞ6
1ffiffiffiffiffi
z3

p ϕijð0; λ1Þkj1

×

�
1

k2
1 þM2

−
1

k2
1 þ z1Q2

�
τmnð0; z2; λ1ÞPn

P2
:

ð25Þ

Comparing this to Eq. (3.25) of Ref. [31], we see that the
overall structure is the same. The additional term − 1

k2
1
þz1Q2

above can be seen as a subtraction of the emission-after-
shock wave contribution.
The eikonal propagation of quarks and gluons through

the shock wave is described byWilson lines in fundamental
or adjoint representation. Denoting the quark, antiquark,
and gluon transverse coordinates again by x1, x2, and x3,
the scattering can be described by performing a replace-
ment [31]

taαβ → ½Uabðx3ÞVðx1ÞtbV†ðx2Þ − ta�αβ
≈ ½Vðx1ÞV†ðx1 −RÞta − ta�αβ ð26Þ

in Eq. (14), Fourier transformed into the coordinate space.
Here, V andU are the fundamental and adjoint Wilson lines,
and we have defined R such that x3 ≈ x2 ¼ x1 −R. This
effectively corresponds to a scattering of a quark-antiquark
dipole. The Wilson lines depend on target configurations. In
this work we focus on coherent diffraction, and as such we
perform the average over these configurations at the level of
the scattering amplitude. As a result of this average, the
Wilson line structure in (26) becomes −NðRÞtaα;β when
assuming a large uniform target.
Overall, the application of this three-step procedure

[Fourier transform to coordinate space, replacement
taα;β → −NðRÞtaα;β, and transform back to momentum
space] can be done by performing the following replace-
ments [31]:

kj1
k2
1 þM2

→
Kj

jKj
QTðM;K; YPÞ

M
;

kj1
k2
1 þ z1Q2

→
Kj

jKj
QTð ffiffiffiffiffi

z1
p

Q;K; YPÞffiffiffiffiffi
z1

p
Q

: ð27Þ

Here, we have defined

QTðμ;K; YPÞ ¼ μ2
Z

dRRJ1ðjKjRÞK1ðμRÞNðRÞ: ð28Þ

Here, the dipole amplitude N depends implicitly on YP
or xP, as discussed in Sec. II.
Using Eq. (27), the final expression for the amplitude to

diffractively produce a qq̄g state via the channel q̄0 → q̄g,
such that the quark jet is semihard and the gluon is emitted
before the shock wave, can be obtained,

Ψim;D
λ1λ2ðq̄Þ ≃ δλ1λ2

eefgqþ

2ð2πÞ6
Φijmn

ðq̄Þ ðz2; λ1Þffiffiffiffiffi
z3

p Pn

P2

Kj

jKj

×

�
QTðM;K; YPÞ

M
−
QTð ffiffiffiffiffi

z1
p

Q;K; YPÞffiffiffiffiffi
z1

p
Q

�
:

ð29Þ

Here, the spinorial and polarization structure is encoded in

Φijmn
ðq̄Þ ðz; λÞ≡ −ϕijð0; λÞτmnð0; z; λÞ

¼ ½δij − 2iλεij�½ð1þ zÞδmn þ 2iλð1 − zÞεmn�:
ð30Þ

It is instructive to compare Eq. (29) with the correspond-
ing expression Eq. (3.34) in Ref. [31], which includes
gluon emissions both before and after the shock wave. The
two expressions differ in the soft factor, with Eq. (29)
having a linear combination of the QT terms instead of just
QTðM;K; YPÞ=M. As such, the second term with a minus
sign can be seen to subtract the emission-after-shock wave
contribution. As we will explicitly see, without this sub-
traction, the amplitude Ψim;D

λ1λ2ðq̄Þ would result in a divergent

contribution to the structure function when squared and
appropriately integrated over the hard transverse momen-
tum P and other kinematic variables. This would corre-
spond to the soft divergence from the final-state gluon
emission discussed in detail in Ref. [25]. In our case, this
divergence, which can be traced to the 1=jPj dependence in
the hard factor, is regulated by the fact that the soft factor
vanishes when jPj → 0 since M →

ffiffiffiffiffi
z1

p
Q in this limit.

For completeness we also write down the corresponding
amplitude Ψim;D

λ1λ2ðqÞ for the process in which the quark emits
the gluon. As noted earlier, we can directly use the result
from Ref. [31] since gluon emission after the shock wave
does not contribute,

Ψim;D
λ1λ2ðqÞ ≃ δλ1λ2

eefgqþ

2ð2πÞ6
Φijmn

ðqÞ ðz2; λ1Þ
z3=23

×
Pj

P2 þ Q̃2

Kn

jKj
QTðM;K; YPÞ

M
: ð31Þ

DIFFRACTIVE DEEP INELASTIC SCATTERING IN THE … PHYS. REV. D 113, 074012 (2026)

074012-7



Here, the spinorial and polarization structure reads

Φijmn
ðqÞ ðz; λÞ≡ −ϕij�ðz; λÞτmn�ðz; 0; λÞ

¼ ð1 − zÞ½ð1 − 2zÞδij þ 2iλεij�½δmn − 2iλεmn�;
ð32Þ

and Q̃2 ≡ z2z3Q2.

2. Cross section for diffractive qq̄g production
with a soft quark

The cross section for diffractive qq̄g production with a soft quark is obtained by summing and squaring the amplitudes in
Eqs. (29) and (31), applying the appropriate normalization factor, and summing over the spin and polarization indices. This
procedure is not affected by our restriction to pre–shock wave gluon emission, and we can directly use the result from
Ref. [31]. The cross section can be written as a sum of three terms: the direct term from gluon emission by antiquark, the direct
term from gluon emission by quark, and their interference. The direct contribution from gluon emission by the antiquark is
given by

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

dz1dz2dz3d2Pd2K
¼

�X
e2f

�
S⊥αemNc

2π4
δz
αsCF

P2⊥
1þ ð1 − z3Þ2

2z3

�
QTðM;K; YPÞ

M
−
QTð ffiffiffiffiffi

z1
p

Q;K; YPÞffiffiffiffiffi
z1

p
Q

�
2

: ð33Þ

We remind the reader that we work in the case where the target is a large uniform nucleus, and as such momentum transfer to
the target is small. As a few comments on the notation used here, the “(q)” in the superscript indicates that the quark is the soft
parton in the final state. In the subscript there are two parton labels within parentheses. The first label indicates the parton
emitting the gluon in the amplitude and the second label indicates the parton emitting the gluon in the complex conjugate. In
this case, “ðq̄ q̄Þ” indicates that this is the direct term from gluon emission by the antiquark. We have also introduced a
shorthand notation for the delta function δz ≡ δð1 − z1 − z2 − z3Þ ≃ δð1 − z2 − z3Þ.
The interference term can be written as

dσ
γ�TA→ðqÞq̄gA
ðq̄qÞ

dz1dz2dz3d2Pd2K
¼ −

�X
e2f

�
S⊥αemNc

2π4
δz

αsCF

P2⊥ þ Q̃2

z22
z3

jQTðM;K; YPÞj
M

�
QTðM;K; YPÞ

M
−
QTð ffiffiffiffiffi

z1
p

Q;K; YPÞffiffiffiffiffi
z1

p
Q

�
: ð34Þ

For completeness, we also reproduce the direct term
from gluon emission by the quark, which is unchanged
from Ref. [31],

dσ
γ�TA→ðqÞq̄gA
ðqqÞ

dz1dz2dz3d2Pd2K
¼ S⊥αemNc

2π4

�X
e2f

�
δz

αsCFP2⊥
ðP2⊥ þ Q̃2Þ2

×
z22 þ ð1 − z2Þ2

2z3

jQTðM;K; YPÞj2
M2

:

ð35Þ

While this is not strictly relevant to the current work, we
note that the linear combination of the two QT terms in
(33) and (34) spoils the possibility of TMD factorization
of the diffractive cross section that is demonstrated in
Ref. [31]. This is because the three different contributions
to the differential cross section in Eqs. (33), (34), and (35)
all have a different soft factor. However, this is not too
surprising, as one would expect that any factorization
framework would treat emissions before and after the
shock wave on an equal footing. One can, nevertheless,

follow—to the extent possible—the procedure in Secs. 4
and 5 of Ref. [31] to obtain the leading power contribution
in our case. Including the emission after the shock wave
contributions would restore the TMD factorization [31].

3. Soft quark contribution to diffractive SIDIS
and the structure function

We have so far worked in the projectile picture, where an
initial color dipole radiates a gluon before scattering with the
target shock wave. Now we shift to the target picture, where
this process can be viewed as a hard scattering off the virtual
photon of a partonic constituent of a Pomeron in the target.
Now, as mentioned in the previous subsection, factorization
in the target picture is not valid for the quantity we want to
calculate, as we are not including the final-state emissions.
Nevertheless, this helps us reuse the machinery employed in
Ref. [31], which greatly simplifies our derivation.
In the target picture the soft quark is viewed as a

constituent of the Pomeron. The Pomeron fluctuates into
a quark-antiquark pair with the s-channel quark being on-
shell and part of the final state, whereas the t-channel
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antiquark scatters with the virtual photon in a 2 → 2 process that produces a hard q̄g dijet in the final state. This is illustrated
in Fig. 10 of Ref. [31].
The key step in moving to the target picture is to perform a change of variables, from the projectile longitudinal

momentum fraction z1 to x. The latter is the “minus” momentum fraction of the t-channel antiquark with respect to the
Pomeron. This allows us to write Eqs. (33), (34), and (35) as

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

dz2dz3d2Pd2Kd lnð1=xÞ ¼
1

ð1 − xÞ
1

Q2

S⊥αemNc

2π2

�X
e2f

�
Hðq̄ q̄Þ

T ðz2; z3; P2⊥; Q̃2Þ

×M2

�
QTðM;K; YPÞ

M
−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�2

; ð36Þ

dσ
γ�TA→ðqÞq̄gA
ðq̄qÞ

dz2dz3d2Pd2Kd lnð1=xÞ ¼ −
1

ð1 − xÞ
1

Q2

S⊥αemNc

2π2

�X
e2f

�
Hðq̄qÞ

T ðz2; z3; P2⊥; Q̃2ÞjQTðM;K; YPÞj

×M
�
QTðM;K; YPÞ

M
−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�
; ð37Þ

and

dσ
γ�TA→ðqÞq̄gA
ðqqÞ

dz2dz3d2Pd2Kd lnð1=xÞ ¼
1

ð1 − xÞ
1

Q2

S⊥αemNc

2π2

�X
e2f

�
HðqqÞ

T ðz2; z3; P2⊥; Q̃2ÞjQTðM;K; YPÞj2: ð38Þ

In the soft parts of Eqs. (36) and (37), we have used the
delta function and the relationM2 ¼ xK2=ð1 − xÞ to write

z1 ¼
x

1 − x
K2

P2

z2z3
þQ2

¼ M2β

xQ2
; ð39Þ

and, therefore, we get

ffiffiffiffiffi
z1

p
Q ¼

ffiffiffi
β

x

r
M: ð40Þ

The hard partsHT , which are identical to those in Ref. [31]
[see Eqs. (4.9), (4.11), and (4.12) therein], are given by

Hðq̄ q̄Þ
T ðz2; z3; P2⊥; Q̃2Þ≡ δz

αs
2π2

Pgqðz3Þ
Q̃2

P2⊥ðP2⊥ þ Q̃2Þ ;

ð41Þ

Hðq̄qÞ
T ðz2; z3; P2⊥; Q̃2Þ ¼ αsCF

π2
δz

Q̃2

ðP2⊥ þ Q̃2Þ2
z22
z3
; ð42Þ

and

HðqqÞ
T ðz2; z3; P2⊥; Q̃2Þ≡ δz

αsCF

π2
Pqγðz2Þ

1

z3

Q̃2P2⊥
ðP2⊥ þ Q̃2Þ3 :

ð43Þ

We note that if it were not for the QTð
ffiffi
β
x

q
M;K; YPÞ=

ð
ffiffi
β
x

q
MÞ term occurring in Eqs. (36) and (37), TMD

factorization would be manifest at this stage with the
definition of the quark TMD being [31]

dxqPðx; xP;K2Þ
d2K

≡ S⊥Nc

4π3
½QTðM;K; YPÞ�2

2πð1 − xÞ : ð44Þ

For notational convenience we define the following two
TMD-like objects, which we must caution are not in fact
TMDs since they do not result in factorization:

dxq̃Pðx; xP;K2Þ
d2K

≡ S⊥Nc

4π3
M2

2πð1 − xÞ

×

�
QTðM;K; YPÞ

M
−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�2

; ð45Þ

dxq̂Pðx; xP;K2Þ
d2K

≡ S⊥Nc

4π3
M

2πð1 − xÞQTðM;K; YPÞ

×

�
QTðM;K; YPÞ

M
−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�
: ð46Þ
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In terms of the quark diffractive TMD defined in Eq. (44) and the TMD-like objects defined in Eqs. (45) and (46), we can
write the contributions to the differential cross section from the direct antiquark, interference, and direct quark terms as

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

dz2dz3d2Pd2Kd lnð1=xÞ ¼
4π2αem
Q2

�X
e2f

�
Hðq̄ q̄Þ

T ðz2; z3; P2⊥; Q̃2Þ dxq̃Pðx; xP;K
2Þ

d2K
; ð47Þ

dσ
γ�TA→ðqÞq̄gA
ðq̄qÞ

dz2dz3d2Pd2Kd lnð1=xÞ ¼
4π2αem
Q2

�X
e2f

�
Hðq̄qÞ

T ðz2; z3; P2⊥; Q̃2Þ dxq̂Pðx; xP;K
2Þ

d2K
; ð48Þ

dσ
γ�TA→ðqÞq̄gA
ðqqÞ

dz2dz3d2Pd2Kd lnð1=xÞ ¼
4π2αem
Q2

�X
e2f

�
HðqqÞ

T ðz2; z3; P2⊥; Q̃2Þ dxqPðx; xP;K
2Þ

d2K
: ð49Þ

At this stage we have the fully differential cross section for the diffractive production of a qq̄g final state with a soft quark,
where the gluon emission occurs before the shock wave. Ultimately we are interested in the corresponding contribution to
the diffractive structure function FD

T;qq̄g. To obtain this, one has to integrate over the kinematical variables x, z2, z3, P, andK,
while keeping the invariant mass or, equivalently, β fixed. Given that β and the momentum fraction carried by the Pomeron
xP are related to Bjorken-x as xBj ¼ βxP, this is equivalent to holding the rapidity gap YP ¼ lnð1=xPÞ fixed.
As an intermediate step, we first obtain the diffractive semi-inclusive deeply inelastic scattering (SIDIS) cross section.

This would correspond to only one of the hard jets in the dijet (could be either one of them) being measured in the final state.
To get the diffractive SIDIS cross section, we integrate over all the variables that are not observed in the final state, i.e., x, z2,
z3, and K. With this procedure we get for the direct antiquark term

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

d2Pd lnð1=βÞ ¼
Z

dz2dz3

Z
dx
x
βδ

�
β − x

Q̃2

Q̃2 þ P2

�Z
d2K

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

dz2dz3d2Pd2Kdlnð1=xÞ

¼ 4π2αem
Q2

�X
e2f

�Z
dz2dz3

Z
1

β
dxδ

�
x − β

P2 þ Q̃2

Q̃2

�
Hðq̄ q̄Þ

T ðz2; z3; P2⊥; Q̃2Þxq̃Pðx; xP; ð1 − xÞP2⊥Þ; ð50Þ

where in the last line, we have integrated the TMD-like
object over K to get a parton distribution function-like
object. The resolution scale ð1 − xÞP2, which is essentially
the upper limit of theK2 in the integration, has been chosen
based on the arguments presented in Sec. 4 of Ref. [31]. If
we define

Hðq̄ q̄Þ
T ðz2; z3; P2⊥; Q̃2Þ≡ 4π2αem

Q2

�X
e2f

�
Hðq̄ q̄Þ

T ; ð51Þ

we get an expression looking very similar to Eq. (5.1) of
Ref. [31],

dσγ
�
TA→ðqÞq̄gA

d2Pdlnð1=βÞ ¼
Z

dz2dz3

Z
1

β
dxδ

�
x − β

P2 þ Q̃2

Q̃2

�

×Hðq̄ q̄Þ
T ðz2; z3; P2⊥; Q̃2Þ

× xq̃Pðx; xP; ð1 − xÞP2Þ: ð52Þ

The integration over z2 and z3 can be performed using the

delta functions δð1 − z2 − z3Þ [which is implicit in Hðq̄ q̄Þ
T ]

and δðx − β P2þQ̃2

Q̃2 Þ (recall that Q̃2 ¼ z2z3Q2). As shown in

Ref. [31] [see the discussion around Eq. (5.2)], this implies
a lower bound on x that is slightly larger than β,

xmin ¼ βð1þ 4P2=Q2Þ. This turns out to be important in
their calculation, as the integrand contains singularities at
x ¼ β. Specifically, as shown inAppendixD therein, thehard
part of the direct term from gluon emission by the antiquark
contains both logarithmic and powerlike divergences as
x → β. However, in our case, the soft part also depends
on x − β (which is not the case in Ref. [31]) and this
dependence cancels out the singularities in the hard part,
as we will shortly see.
To proceed let us write Hðq̄ q̄Þ

T as

Hðq̄ q̄Þ
T ðz2; z3; P2⊥; Q̃2Þ ¼ 4π2αem

Q2

�X
e2f

�
δz

×
αsCF

2π2
1

P2⊥
1

z3
hðq̄ÞT ; ð53Þ

where

hðq̄ÞT ¼ ð1þ z22ÞQ̃2

P2⊥ þ Q̃2
: ð54Þ

The hard factor hðq̄ÞT is identical to that in Ref. [31]
[cf. Eq. (D.1)], and we can perform the integration over
z2 and z3 exactly as shown in their Appendix D. Namely,
combining the factor 1=z3 in Eq. (53) with the delta

KAUSHIK, MÄNTYSAARI, and PENTTALA PHYS. REV. D 113, 074012 (2026)

074012-10



function in Eq. (52), we have

1

z3
δ

�
x− β

P2 þ Q̃2

Q̃2

�
¼ z2

x− β
δ

�
z2z3 −

β

x− β

P2

Q2

�

¼ z2
x− β

δðz2 − z�Þ þ δðz2 − 1þ z�Þ
1− 2z�

:

ð55Þ

Here, z� is the solution smaller than 1=2,

z� ¼
1

2

0
@1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4β

x − β

P2

Q2

s 1
A: ð56Þ

Using this to perform the z2 and z3 integrals we have

Z
dz2dz3δzδ

�
x − β

P2 þ Q̃2

Q̃2

�
hðq̄ÞT

z3
× ðsoft partÞ

¼
�

β

xðx − βÞ
��

2 −
3β

x − β

P2

Q2

�
1

1 − 2z�

×
M2

1 − x

�
QTðM;K; YPÞ

M
−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�2

:

ð57Þ

Now we consider the singular structure of the integral
over x involving this contribution. Ignoring irrelevant
factors such as 1=x and 1=ð1 − xÞ, we have an integral
of the form

Z
1

xmin

dx
x − β

2 − 3β
x−β

P2

Q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4β

x−β
P2

Q2

q × ðsoft partÞ: ð58Þ

In the leading twist approximation we can ignore terms
proportional to P2=Q2 or higher powers of it. This would
also entail replacing the lower bound xmin with β. In this
case, the hard part clearly diverges as x → β. However, this
potential divergence is cancelled by the soft part. Using a
change of variables t≡ x − β we have

Z
1

xmin

dx
x − β

2 − 3β
x−β

P2

Q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4β

x−β
P2

Q2

q × ðsoft partÞ

¼
Z

1−β

tmin

dt
t

�
2 −

tmin

4t
þOðtmin=tÞ2

�
× ðS1tþOðt2ÞÞ2; ð59Þ

where tmin ¼ 4βP2=Q2, and on the rhs, we expanded
both the hard part and the soft part in t. Here, S1 repre-
sents the linear term in the expansion of the factor

ðQTðM;KÞ=M −QTð
ffiffiffiffiffiffiffiffi
β=x

p
M;KÞ= ffiffiffiffiffiffiffiffi

β=x
p

MÞ. It is clear
from the form of the soft part that it vanishes when t → 0
since the two terms cancel each other when x → β. The
difference of the two QT terms in the soft part admits an
expansion in t with a nonzero linear term. The leading
contribution in the expansion of the soft part is thus
proportional to t2. This combines with the 1=t from the
hard part and ensures that there is no singularity in the
integral, i.e., all terms in the integrand are of the form tn,
where n ≥ 1, and hence give a finite contribution. However,
the higher-order terms in the expansion of the hard part
result in integrands suppressed by powers of tmin ∼ P2=Q2

and, thus, correspond to higher twist. Therefore, we can
conclude that only the leading term in the expansion of the
hard part and all the terms of the soft part contribute at
leading twist.
The above analysis allows us to replace the rhs of (57)

with

2β

xðx − βÞ ×
M2

1 − x

�
QTðM;K; YPÞ

M

−
QTð

ffiffiffiffiffiffiffiffi
β=x

p
M;K; YPÞffiffiffiffiffiffiffiffi

β=x
p

M

�2

: ð60Þ

With this we get the contribution to SIDIS from the direct
term from the gluon emission by the antiquark,

dσ
γ�TA→ðqÞq̄gA
ðq̄ q̄Þ

d2Pd lnð1=βÞ ¼
4π2αem
Q2

�X
e2f

�
αsCF

2π2
1

P2⊥

×
Z

1

β
dx

2β

xðx − βÞ xq̃Pðx; xP; ð1 − xÞP2Þ:

ð61Þ

Following a similar procedure, we get the contribution to
SIDIS from the interference of gluon emissions by the
quark and antiquark,

dσ
γ�TA→ðqÞq̄gA
ðq̄qÞ

d2Pd lnð1=βÞ ¼
4π2αem
Q2

�X
e2f

�
αsCF

2π2
1

P2⊥

×
Z

1

β
dx

�
−
2β

x2

�
xq̂Pðx; xP; ð1 − xÞP2Þ:

ð62Þ

The direct term from gluon emission by the quark remains
unchanged from Ref. [31].
With these we can finally obtain the soft quark con-

tribution to the structure function by integrating over the
transverse momentum of the observed jet,
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xPF
Dðsoft-qÞ
T;qq̄g ðxP; β; Q2Þ ¼ αsCFSTNc

8π4

�X
f

e2f

�Z
Q2

0

dk2 log

�
Q2

k2

�Z
1

β
dx

×

�
2β

xðx − βÞ
�
QTð

ffiffiffi
x

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ −

ffiffiffi
x
β

r
QTð

ffiffiffi
β

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ

�
2

þ βðx − βÞ
x3

½QTð
ffiffiffi
x

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ�2

þ
�
−
2β

x2

�
QTð

ffiffiffi
x

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ

�
QTð

ffiffiffi
x

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ −

ffiffiffi
x
β

r
QTð

ffiffiffi
β

p
k;

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
k; YPÞ

��
:

ð63Þ

Here, we have also included the soft antiquark contribution,
which is identical to the soft quark one. This is the soft
quark counterpart to the “Wüsthoff” result discussed in
Sec. III A.

C. Large-M2
X limit

As already discussed above, the so-called “Munier-
Shoshi” result [9] corresponds to the limit of a very soft
gluon (z3 ≪ 1) and a very large final-state mass
(M2

X ≫ Q2, i.e., β → 0 limit). The cross section can be
derived by including both gluon emission before and after
the shock wave. The resulting cross section given, e.g., in
Refs. [8,24], in the case of a large uniform nucleus, reads

xPF
DðMSÞ
T;qq̄g ðxP; β ¼ 0; Q2Þ

¼ αsNcCFSTQ2

16π5αem

Z
d2rd2r0

×
Z

1

0

dz
zð1 − zÞ jψ̃

LO
γ�T→qq̄ðr; zÞj2

r2

r02ðr − r0Þ2
× ½Nðr0Þ þ Nðr − r0Þ − NðrÞ − Nðr0ÞNðr − r0Þ�2: ð64Þ

Here, ψ̃LO
γ�T→qq̄ is the leading-order transverse virtual photon

wave function and is given by

ψ̃LO
γ�T→qq̄ðr; zÞ ¼ 2

�X
f

e2f

�
αem
π

z2ð1 − zÞ2

× ðz2 þ ð1 − zÞ2ÞQ2K2
1ðjrjQ̄Þ; ð65Þ

where Q̄≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞp

Q. In Appendix B we demonstrate
how, following Ref. [24], this limit can be recovered from the
NLO-trip term (1) by modifying the Wilson line structure.

IV. NUMERICAL RESULTS

We begin the numerical analysis by determining
the accuracy of the existing approximative results for
the diffractive qq̄g production. We numerically evaluate
the “NLO-trip” contribution to the diffractive cross section
in the case of a large and uniform target, as discussed in

Sec. II. The obtained qq̄g contribution to the diffractive
structure function is then compared to the results obtained
in the soft gluon and soft quark limits discussed in Sec. III.
Our numerical implementation to evaluate the cross

section (1), written in Julia, is publicly available [45]. In
setting up the integral, we make a change of variables from
the transverse coordinates of the partons xi and xī to the
vectors x31, x32, x3̄ 1̄, x3̄ 2̄, b, and b̄. Note that since we only
consider the cross section integrated over the momentum
transfer Δ⊥ and assume that the impact parameter depend-
ence factorizes out from the dipole, we can use Eq. (11) to
perform the integrals over b and b̄ analytically. The
integration over the remaining transverse separations is
performed in polar coordinates. The assumption of a
factorized impact parameter dependence means that the
dipole correlators are independent of the dipole orientation.
This means that there is a global rotational symmetry,
which we use to fix the azimuthal angle of x31, ϕ31 ¼ 0.
The magnitudes of the transverse vectors jxijj are integrated
from 0 to xmax ¼ 40 GeV−1. We have found that good
convergence is achieved already around xmax ¼ 20 GeV−1.
In the end, after using the delta function in Eq. (3) to
perform the integral over z3, we are left with a 9D
numerical integral. This computationally challenging inte-
gral is evaluated using the VEGAS algorithm implemented
in the MCIntegration package [46], which supports parallel
evaluation using the Message Passing Interface framework.
Convergence is slower for larger values of Q2 (≳50 GeV2)
and/or very small or very large values of β, but even in such
cases, using 4 × 1010 integration points results in a relative
error of around 1% or less. Such an integration typically
takes 30 hours when parallelized over 16 cores on an Intel
Xeon Gold 6230 processor in a standard compute node of
the Puhti cluster at the CSC–IT Centre for Science in
Finland.
As only the transverse photon contributes at high Q2,

we first focus on the transverse structure function xPFD
T .

Figure 4 shows the diffractive structure function as a
function of Q2 calculated by evaluating the production
cross section in exact kinematics [NLO-trip, Eq. (1)] and
by separately computing the soft quark (63) and soft
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gluon (12) contributions. The results are shown at β ¼ 0.4,
which, as we will show explicitly soon, approximately
corresponds to kinematics where the qq̄g production
channel becomes numerically important. In particular we
notice that in the considered kinematical domain, relevant
for the future EIC as well as higher-energy LHeC/FCC-he,
the soft gluon contribution alone is not a good approxi-
mation for the diffractive qq̄g production.
The soft quark production channel is found to be

comparable to, and even somewhat larger than, the soft
gluon contribution. This is because, although soft gluon
emission is favored in QCD, destructive interference
between the gluon emissions from the quark and the
antiquark suppresses this channel, see Ref. [31] for a more
detailed discussion. At high Q2, the combined soft quark +
gluon contribution provides a relatively good estimate for
the full NLO-trip contribution.
Next we quantify in more detail how well the NLO-trip

contribution can be estimated by the combined soft quark
and gluon terms. Figure 5 shows the NLO-trip result
normalized by the sum of the soft quark and soft gluon
contributions. The combined soft quark + gluon contribu-
tion approximates the full result relatively well around

β ∼ 0.3…0.6, with the approximation becoming better
toward higherQ2, corresponding to the kinematical domain
where they have been derived. However, even at Q2 ¼
50 GeV2 the accuracy of this estimate is never better than
∼10%. This is a significantly larger difference than the
accuracy estimated for the diffractive structure function
measurements at the EIC [2].
At both small and large β the approximate results

obtained in the aligned jet limit break down, as expected.
The reason for this can be understood as follows. Let us
first consider the large-β case. In both the soft quark and
soft gluon limits, one parton carries a small fraction of the
photon’s plus momentum, which naturally leads to a large
invariant mass M2

X in the final state. In contrast, large β
fixes the invariant mass to be small, and it, therefore,
becomes necessary to treat the qq̄g system kinematics
exactly. At small β the high-Q2 limit employed in the
derivation of the soft parton contributions is also not
justified, as in this kinematics M2

X ≫ Q2.

FIG. 4. Contribution to the diffractive structure function from
the qq̄g production channel.

FIG. 5. Relative accuracy of estimating the NLO-trip contri-
bution by the soft quark and soft gluon contributions.

(a)

(b)

FIG. 6. Different contributions to the diffractive structure
function as a function of β. The horizontal dotted line indicates
the Munier-Shoshi limit at the given value of Q2.
(a) Q2 ¼ 10 GeV2. (b) Q2 ¼ 50 GeV2.
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Next we compute different contributions to the diffractive
structure function as a function β. Now, in addition to the
transverse photon contribution, we also include the longi-
tudinal contribution to the qq̄g production, for which no
estimates exist in the literature. Furthermore, for reference
we also show the transverse and longitudinal qq̄ production
cross sections calculated following Refs. [8,24]. The
obtained dependencies on β are shown in Fig. 6.
The qq̄ channel is found to dominate at large β ≳ 0.5. At

smaller β, especially the transverse NLO-trip contribution
becomes important and dominates below β ≲ 0.2. The
longitudinal photon producing the qq̄g system is compa-
rable to the transverse production channel at lower Q2 and
around β ≳ 0.6, which is the region where the qq̄ produc-
tion is dominant. Again the aligned jet limit (“soft qþ g”)
becomes a better approximation toward higher Q2, but
significant differences between the full result and the
aligned jet limit can be seen in the kinematical range
relevant for the EIC and FCC-he.
The “Munier-Shoshi” result, valid in the β → 0 limit and

discussed in Sec. III C, is also shown in Fig. 6 as a dotted
line in the small-β region. Note that, unlike the soft quark or
soft gluon contributions, this limit cannot be derived from
the NLO-trip term alone—one must also include the
emission-after-shock wave contribution [24]. This limit is
found to differ significantly from the NLO-trip contribution
at small β. Interestingly, however, the Munier-Shoshi result
is numerically close to the sum of the soft quark and soft
gluon contributions.
The relative importance between the transversally and

longitudinally polarized qq̄g contributions is shown in
Fig. 7. The longitudinal contribution vanishes at Q2 ¼ 0

and does not have a logQ2 enhancement at high Q2, unlike
the transverse one. As such the longitudinal-to-transverse
ratio vanishes both at very low and large Q2. Although the
transverse component dominates at high Q2, in realistic
EIC kinematics the longitudinal photon contribution should
be included in order to achieve the percent-level precision

already achieved in diffractive structure function measure-
ments at HERA [7]. Furthermore, at the EIC it will also be
possible to separately measure the FD

L [2], for which the
longitudinal qq̄g component dominates below β ≲ 0.5.
Finally we note that if one includes a subset of

contributions not enhanced by large logQ2 to the aligned
jet limit result, a good approximation for the full result is
obtained in the kinematical domain relevant for the EIC.
We demonstrate this in Appendix A.

V. CONCLUSIONS

We have calculated diffractive qq̄g production, where the
three-parton system interacts coherently with the target.
This process represents a finite subset of the next-to-
leading-order corrections to the diffractive structure func-
tions. We have numerically evaluated this contribution,
originally derived in Refs. [24,25], and compared it with
the previously used approximations obtained in approx-
imative kinematics where one of the partons is soft.
We find that the commonly used “Wüstoff” or “GBW”

result, which corresponds to the soft gluon limit at high Q2,
does not provide an accurate estimate for the NLO con-
tribution. Instead, it underestimates the result obtained in
exact kinematics by roughly a factor of 3 in realistic EIC
kinematics. We have also derived the corresponding soft
quark contribution to the qq̄g production following
Ref. [31], including only the finite contribution in which
all partons interact with the target. The result is given in
Eq. (63). When the soft gluon and soft quark contributions
are combined, they provide a reasonable approximation to
the diffractive cross section in the region β ∼ 0.3…0.6.
However, the deviations from the exact result are signifi-
cantly larger than the high precision expected to be achieved
at the EIC. This approximation can be further improved by
including a subset of contributions not enhanced by a
large logQ2.
Our findings highlight the importance of including NLO

corrections in calculations of diffractive structure functions
in HERA and EIC kinematics. This is especially important
because diffractive processes are expected to be especially
powerful probes of gluon saturation at the EIC, where
diffractive structure functions for nuclei will be measured
for the first time and with high precision. In the future, we
will compute diffractive structure functions for protons and
nuclei consistently at the full NLO accuracy by incorpo-
rating the remaining NLO corrections derived in Ref. [25],
together with the dipole-target scattering amplitude deter-
mined at NLO accuracy [23] and evolved with the NLO BK
equation [19,20].
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APPENDIX A: ALIGNED JET LIMIT BEYOND
THE LEADING logQ2

The aligned jet (soft quark or gluon) contributions
discussed in Sec. III have been obtained at leading
logQ2 accuracy. As shown in Sec. IV, these contributions
do not provide a precise approximation to the full NLO-trip
result in realistic EIC kinematics.
One possible approach to improve the accuracy of the

aligned jet estimates can be found from Ref. [24], where the
soft gluon contribution discussed in Sec. III A has been
derived from the full NLO result by explicitly taking the
large-Q2 limit. As a part of this calculation, one estimates

log

�
Q2

βk2

�
≈ log

�
Q2

k2

�
; ðA1Þ

which gives the logarithm seen in Eq. (12). As such, one
straightforward approach to include (a subset of) correc-
tions beyond the leading logQ2 accuracy is to keep the
dependence on β inside the logarithm. Analogously this can
also be done for the soft quark production, where the same
logarithm appears.
In this appendix, we numerically evaluate the soft quark

and gluon contributions, including the logarithmic depend-
ence on β. That is, we replace, both in Eqs. (12) (soft gluon)
and (63) (soft quark), the logarithm as

log
�
Q2

k2

�
→ log

�
Q2

βk2

�
: ðA2Þ

With this modification we calculate the soft quark and
gluon contributions to the diffractive qq̄g production, and
compare to the exact result (1) as a function of β. A similar
comparison was shown in Sec. IV, see Fig. 6, where a large

difference between the aligned jet contribution and the
exact result in realistic kinematics was observed, especially
atQ2 ¼ 10 GeV2. Results obtained using modified expres-
sions with the logðβÞ dependence are shown in Fig. 8. In
this case an excellent agreement between the full and the
aligned jet results is obtained even down toQ2 ¼ 10 GeV2.
Over a broad range of 0.01 < β < 0.6, the relative differ-
ence between the full and approximative result is at most
9% in the studied Q2 domain. At large β ≳ 0.7, the relative
difference between the two results remains large, but this
deviation takes place in a kinematical domain where the qq̄
production dominates the diffractive cross section.
We conclude that the aligned jet contribution, with the

modification (A2), provides a good approximation for the
full qq̄g production cross section (in the case where all
partons interact with the target). However, it is crucial to
include both the soft quark and soft gluon contributions.

FIG. 8. Relative accuracy of estimating the NLO-trip contri-
bution by the soft quark and soft gluon contributions, including
the subleading log β dependence.

FIG. 9. NLO-trip contribution to the diffractive structure func-
tion, evaluated with a modified Wilson line structure correspond-
ing to the replacement in Eq. (B1) applied to Eq. (1), and compared
to the Munier-Shoshi (MS) limit, which is β-independent. The un-
certainty estimates correspond to those of the Monte Carlo
integration. For reference, the NLO-trip result is also shown.
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APPENDIX B: RECOVERING THE
LARGE-M2

X LIMIT

As shown in Ref. [24], the “Munier-Shoshi” result
(β → 0 limit) can be obtained from the NLO-trip result
by including the corresponding emission-after-shock wave
contribution. In this limit, the emission-after contribution
can be included by modifying the Wilson line structure in
Eq. (1) as

ð1 − Sð3Þ123Þð1 − Sð3Þ
1̄ 2̄ 3̄

Þ†

→ ½ð1 − Sð3Þ123Þ − ðx3 → x1Þ�
× ½ð1 − Sð3Þ

1̄ 2̄ 3̄
Þ − ðx3̄ → x1̄Þ�†: ðB1Þ

Note that in the coincidence limit x3 → x1 we have

Sð3Þ123 → Sð2Þ12 .
We numerically confirm the result of Ref. [24] by

computing the NLO-trip contribution (1) with a modified
Wilson line structure (B1) as a function of β, and compar-
ing the result at small β to the Munier-Shoshi limit (64).
This comparison is shown in Fig. 9, where the diffractive
structure function FD

T is shown as a function of β. As the
Munier-Shoshi result is obtained in the β → 0 limit, we
show it as a β-independent contribution for illustrative
purposes. The numerically evaluated NLO-trip contribution
with a modified Wilson line structure [labeled as “NLO-trip
(modified)”] is found to agree with the Munier-Shoshi limit
in the small-β region. This provides an additional success-
ful test for our numerical implementation.
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