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For the N-point energy correlator in the collinear limit, the largest projected angle R in the large N
limit can be viewed as the radius of the jet that encompasses all the collinear core particles, while
contributions from soft gluons to the radius are suppressed. We relate the N-point energy correlator in the
large N limit to the moments of the fragmentation functions to a jet, and, using previous work, we compare
the difference between jets initiated by heavy quarks and light quarks. This comparison demonstrates the

dead-cone effect.
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I. INTRODUCTION

The jet, a collimated spray of energetic particles, is a
characteristic phenomenon in high energy collisions. A
fundamental question about the jet is the formation mecha-
nism, which can be gleaned by studying jet substructure.
Recently, interest in the energy-energy correlator (EEC)
[1,2] has been revived, focusing on the jet substructure [3].
Interestingly, the generalization of the EEC to N-points
introduces a successful framework to analyze jet substruc-
ture in an intuitive and systematic way [4—7].

When using the N-point energy correlator (ENC) to
examine the jet substructure, an interesting question arises;
what aspect of the jet can we uncover as N approaches
infinity? Essentially, in the limit N — oo, a large number
of detectors would capture a whole bunch of energetic
particles, as depicted in Fig. 1. Remarkably, since the ENC
is weighted by the energies of the particles, the contribu-
tions from soft or collinear-soft (csoft) gluonsl in the
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'"We shall consider the limit where the projected angle R is
much smaller than one. In this case, the nonvanishing soft gluons
that are able to resolve the jet boundary at R have the scaling
shown in Eq. (22). We refer to a degree of freedom with this
scaling as a csoft mode.
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measurement by the N detectors can be safely ignored.
[As we will see, the (c)soft contribution in the measurement
is suppressed by at least 1/N.] Thus, if we project the ENC
in the large N limit to the largest angle R between the
(detected) collinear particles, we can reconstruct a jet with a
minimum range that includes the entire set of collinear core
particles. In other words, outside the jet with the angular
size R, there exist only (c)soft radiations.

Therefore, the projected angle R for the correlator reveals
an important characteristic of a jet. Because soft radiation is
suppressed, the ENC in the large-V limit plays a role similar
to the groomed jet radius [8—11], in the sense that the impact
of soft gluon radiation is effectively removed. At the same
time, as emphasized in Refs. [4,6], the ENC offers additional
advantages. For example, it can be systematically analyzed
using the operator product expansion of energy flow
operators, and it avoids the algorithmic complications and
nonperturbative effects associated with clustering multiple
particles through recombination jet algorithms.

In this paper, we analyze the projected ENC in the large N
limit within the factorization framework using soft-collinear
effective theory (SCET) [12-15]. We find that the key
components in establishing the factorization theorem are the
fragmentation functions to a jet (FFJs) [16,17], and that the
ENC can be expressed in terms of the moments of the FFJs.
Additionally, leveraging the established results of the FFJs,
we will demonstrate a distinctive feature between light and
heavy quark jets, namely, the dead-cone effect [18,19].

The paper is organized as follows. In Sec. II, we show the
relationship between the projected ENC and the jet cross
section. In Sec. III, we examine the results in the large N
limit, where we are able to resum the large logs of small R
and large N to NNL order. Using previous results, we
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N detectors

FIG. 1. Illustration of the (projected) N-point energy correlator
in the large N limit. Here thick straight lines denote collinear
particles and thin dotted lines are soft or collinear-soft particles. R
represents the largest angle between collinear particles.

compare the distribution for light quarks and heavy quarks,
demonstrating the dead-cone effect. In Sec. IV, we apply
the previous results for the projected ENC for e'e”
annihilation and compare our results to Pythia. We con-
clude in Sec. V.

II. RELATION BETWEEN THE PROJECTED
ENC AND THE JET CROSS SECTION

To begin with, let us consider the N-point energy
correlator,

dx E,---E,
e e O K
dzy---dzy, 0

ay--ay

01> 5 Oniv-)
x5<z —sm27> 5<ZMN—SII12 5 ,

(1)

where, in case of e’ e -annihilation, Q is the center-of-
mass energy, My = N(N —1)/2, and z; run over angles
between N detectors. Then, the projected correlator to the
largest angle [4] is given by

dz dz
— dz...dz 5Z — Zmax) ———————— 2
o= [daduota @
and the cumulant to the angle R is
sin(R/2) dz
wu(r) = [ (3)
0 dzy

In the collinear limit with R < 1, this cumulant describes
the production of a jet with radius R. Here, the jet
represents a collection of particles enclosed within the
radius R. Thus, this is not a usual jet defined by a
recombination algorithm such as C/A [20]. However, this

newly defined jet for the projected ENC (hereafter referred
to as the ENC jet) is also infrared (IR) safe, and collinear
factorization into fragmentation functions [21] remains
applicable. Therefore, the inclusive jet cross section asso-
ciated with Eq. (3) can also be expressed in factorized form
using the FFJs,

do _ 3 /lﬂHk< .0, ,“)Dj/k(x ER.p). (4)

dx; kqg.g) ¥

Here, 6 is the Born cross section, and x; = 2E;/Q, where
E; is the jet energy. The energy of the mother parton k that
initiates the jet is given by E = (x;/x)Q/2, and x = E;/E
denotes the fraction of the jet energy over the mother parton
k. Hy are the hard functions at scale ~Q, and the D/, are
the FFJs (for the ENC jet).

In calculating the ENC FFJs, if two particles are
combined into the jet, the condition for their angular
separation becomes the same as in kp-type recombination
algorithms,

0 <R. (5)

Thus, to the next-to-leading order (NLO) in «;, we obtain
the same result as the FFJs for the kr-type algorithm [17].

The FFJs employed in Eq. (4) are normalized to satisfy
the momentum conservation sum rule,

|
/ dxxD ;i (x, ER, u) = 1. (6)
0

As discussed in Ref. [17], the argument ER, which appears
in logarithmic terms as In(x/ER), must remain fixed under
the integration over x to preserve the momentum sum rule
in Eq. (6). Moreover, the factorization structure in Eq. (4)
with ER appearing in the FFJs provide a consistent
framework for resumming global logarithms, at least up
to next-to-leading logarithmic (NLL) accuracy. For recent
studies of jet cross-section factorization using FFJs at NLL
accuracy, we refer to Ref. [22].

In order to obtain the cumulant >y (R) in Eq. (3) from
the factorization of the jet cross section, we need to
consider the more differential jet cross section that depends
on jet substructure variables,

o[ (o)

’vaER’:u)’ (7)

dXdel
X g]/k<x7y17“'

where y; = E;/E; are the energy fractions of N-points over
the jet energy. When compared with Eq. (4), we have
employed the inclusive jet substructure function G, [23]
instead of the FFJs. Note, applying the momentum con-
servation sum rule, we have the relation
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D,i(x. ER) = / {dyihy ihw -Gyt yw.ER).
(8)

where {y;}y represents TV ,y;.

If we use variables x; = 2E;/Q = y;x;, the differential
cross section of Eq. (7) is rewritten as do/(dx;{dy;}y) =
x - do/(dx;{dx;}), hence the N-point jet cross section is

- [y [ en)

v ER, ). )

Therefore, using Egs. (8) and (9), the cumulant in Eq. (3)
can be expressed as

do(R)
{dxt}N

ng/k(x’ylw“

do(R)
/ (ddy -y £y

2N/ dx,xJZ/ —Hk< Q,u) (11)
X /{d)’i}zv Avitn G yis v ER, )

1 1 do
= v(ZZ). 12
2]\]/; dexJ <dxj) ( )

Thus, the cumulant ends up as the moments of the inclusive
jet cross section.

Using the factorization form of the jet cross section in
Eq. (4), the cumulant in factorized form becomes®

1
> [ e o
x Jienc(N.COR/2, p), (13)

where ¢ =x;/x=2E/Q, and Jygnc is the ENC jet
function which describes the collinear part of the jet.
This result, Eq. (13), from the factorization of the jet cross
section, is consistent with the factorization result using “the
v-correlator” proposed in Ref. [4].

The new thing in this paper is that the ENC jet functions
Jienc are given by the Nth moments of the FFJs,

Zy(R) = (10)

_ 1
Teenc(N.ER ) = / D, (x. ER ). (14)

We therefore can easily obtain J r.Enc from the calculation
of the FFJs. [The leading results in a is trivially given by

’If we consider hadron collision, H, include the parton
distribution functions and ER becomes prR, where pr is the
large transverse momentum to the beam direction and R is given

as R = \/Ay> + A¢>.

J ,i?%NC = 1.] For example, using the one-loop results of the

FFJs in Ref. [17] in the massless limit we obtain the results
of the EEC jet functions with N = 2:

(1) - aSCF //lz 37
JyEEC = in <—3 In 2R3 ) (15)
j<1) _ 14CA =+ i’lf In /12 898CA + 42nf

HEEC 471 5 E’R? 75 ’

(16)

where n; is a number of quark flavors. These results agree
with Ref. [3].

For heavy-quark (HQ) production, using the HQ FFJ
from Ref. [24], we can immediately obtain the HQ ENC jet
function. The NLO contribution to the HQ FFJ is given as

D(JI/)Q()C ER,m,u)

_ a,Cy [lltx ( Eszé +b)_2ln(1_ )>

- 2z
2x
1-x22+b —|—b
aSCF 2
1 -21
o < <nE2R2 2+ b) nx)
2(1 -
_2-x) —-x), (17)
X (1—x) +b

where b =m?/(E*R?), m is the heavy quark mass, and

[- - -], denotes the standard plus distribution. For N = 2, we
take the second moments of DS /)Q, obtaining the NLO
contribution to the HQ EEC jet function

2

a,C 37
=% F<—3ln%——+9b

-1
J<Q,)EEC(ER7 m,u) e 3

1
+b(2—b)1n%b— 8b3/2arccot\/5>,
(18)

where B=VE’R*>+m?. If we take the limit
m — 0(b — 0), we recover the result of the light-quark
case, Eq. (15). For top-quark production, we can also
consider the inverse limit, m > ER. In this case, Eq. (18)
can be expressed as the moments of the standard HQ
fragmentation function [25] while the R dependence
becomes suppressed at higher order in powers of E2R?/m?.

III. REFACTORIZATION IN THE LARGE N LIMIT

In the large N limit, contributions with large { and x in
Egs. (13) and (14) dominate. In this case, the jet takes most
of energy from the mother parton k (E; ~ E), x approaches
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1, and only (c)soft gluons radiate outside of the jet.
Additionally, in the region x — 1, the FFJs can be further
factorized into the collinear and the csoft pieces [26],

Dyj(x = 1ER, u) = T (E;R, ) Si(x, E;R, p).  (19)

When we write the jet as a sum over contributions from
initiating partons 2, J = Y, J -, we can ignore the transition
to a different flavor, i.e., k — J, since it is suppressed by
1 —x. J; are the integrated jet functions for collinear
particles that radiate within the angle R [27-29], and §;
are the csoft functions responsible for csoft gluon radiations
[26]. Hence the ENC jet function with large N factorizes,

Jienc(N,EJR, )

where S;(N) are the Nth moments of S;(x) in the large N
limit. The scaling behaviors for the collinear () and the
csoft (S,) momenta are given by

= jk(EJRv/‘)Sk(N’ EJRa/‘>’ (20)

(ﬁ'pc’pf‘_’n'pc‘)NEJ(I’R7R2)7 (21)

) E
(- Pess Do - Pes) ~WJ(I,R,R2), (22)

where we have introduced the light cone vectors satisfying
n* =i*>=0 and n-ii = 2. Here the jet is described as
moving in the n-direction.

Since the energy of the csoft gluon is suppressed by 1/N,
the measurement of the csoft gluon radiations (by N detec-
tors) is power-counted by at most O(1/N). So, at leading
order in the large N limit, the csoft radiations are present only
inclusively and assigned to the csoft function Sy, while the
collinear radiations within the N detectors are described by
J . with the momentum sum rule in Eq. (8) being applied.

In the large N limit, the HQ FFJ can be also factorized
like Eq. (19), hence the ENC jet function is given by the
multiplication of the integrated HQ jet function and the HQ
csoft function in this limit [i.e., Jgene = J 9So(N)]. The
one loop results are [30]

T & (ER. m. p)
_a,Cp (34D u? u?
= 4; H—bl ?—l-ln =+ 2f(b) +2g(b)
4+2In(l+b) . n?
(23)
SO, ER
Q( s =g ’m’:u)
_aCp | 2D n;ﬂNZ 2/42N2
4z |[1+b B? B?
2In(1 + b) ) , n?
—T‘Fln (] +b)+2L12(—b) —7 s (24)

where N = Ne’t. f(b) and g(b) are given by the integral
forms,

L1422 22+b
b) = d 1 , 25
)= [Ta T (25)

1 2z 1 7
b) = - G
a(t) Adzl—z<1+b z2+b> (26)

These functions have the following limits: f(0) =5/2 —
27°/3 and f(o0) = g(o0) = g(0) = 0. When we take the
limit as m — 0 in Egs. (23) and (24), we once again obtain
the massless NLO result.

Through the factorized results for the ENC jet functions
in Eq. (20), we are able to resum both the large logarithms
with small R and large N to NLL accuracy. To resum, we
evolve J(S;) from the scale u to its characteristic scale
#; (1), where the scales have been set as u; = B and y; =
B/ N for jets initiated by a heavy quark while y1; = E;R and
us = E;R/N in case of light quark/gluon. Given that the
(hard-)collinear gluons enter into the restricted phase
space within R, there arise large nonglobal logarithms
(NGLs) [31] at NLL accuracy. The impact of NGLs can be
nonnegligible in the large N limit.> This issue will be
discussed in future works.

After simultaneous resummation of large logarithms of
small R and large N, taking the derivative with respect to R
of the ENC jet function, we obtain the resummed con-
tribution to the projected ENC. At NLL accuracy, it can be
expressed as

dJ kENC (M)

M (/’t]vﬂs) JNL
dR

d
— eMn(upjps) |:T kENC(,“juus)

IR (27)

n AT} Enc (1 ﬂs)} ’
where M, is the exponentiation factor for the resummation
of the large logarithms and J}Eyc are the nonlogarithmic
terms in the ENC jet functions at the fixed order a.

When a heavy quark initiates the jet, the analytical
results of My and dMy/dR are given by

2

/[.
—28r(uj.pg) —1In P —L-ar(pj.py)

—InN?. ar(ﬂvﬂs)

. ocs(#)Jr 2b as(u)>

<3+bn In
ﬂO 1+b a ( ) 1+b as(/’ls)

M (. pig) =

(28)

The form of the NGLs is roughly given by In(u /1) ~InN.
For light quark, the resummation of the NGLs with In NV has been
considered in the factorization of the FFJs in the large z limit [26].
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3.0 N=17
25 E, = u =300 GeV
) 20 Light quark
dJgnc
dR 1.5

Bottom quark

Gluon

0.00 0.05 0.10 0.15 0.20

R

FIG. 2. Resummed results for the derivatives of the ENC jet
functions to NLL accuracy. Here the dotted line for the light
quark/gluon represents the nonperturbative domain, while the
entire region for the bottom quark distribution can be described
perturbatively.

My (ujop) _2E3R Cr 2b | ay(B)
dR B Bo1+b a,(B/N)

a,(B)3+b a,(B/N) 2b
_CF< 4r 146 ar 1+b>}' (29)

[al—(B,B/N) +

In obtaining Eq. (29), we first set u; = B and p; = B/N,
then take the derivative. In Eqgs. (28) and (29), St and ar,
the evolution factors for the cusp anomalous dimensions
I'c [32], are given by

Hodu

Sy ) = / W @)ym?,  (30)
Ho ﬂ ﬂl

Hi dﬂ

a1 ) = / Brefar) (31)

In Fig. 2, we illustrate the differential distributions for
the ENC jet functions with N = 7. Compared to the light
quark distribution, the bottom quark distribution is signifi-
cantly suppressed in the small R region due to the dead-
cone effect. Near R = 0, our description of the light quark/
gluon distribution using a scale profile” is not exact due to
nonperturbative effects. For a precise prediction in this
region, comparison with the experimental data is required,
whereas the distribution for the bottom quark can be

*In order to avoid the Landau pole in case of the light quark/
gluon, we have modified the scales ; and u; below some small
point R in the following way:

Ej Hj(R < Rq)
Hj(R < Ry) = 4—;0132 + pos (R < Ry) = ]T (32)

Here we choose R, =2uy/E;, and, in Fig. 2 with
E; =300 GeV, the freezing scale y, has been chosen to be
4.5 GeV (8 GeV) for a light quark (gluon).

described perturbatively over essentially the entire region
due to the heavy quark mass.

IV. THE PROJECTED ENC IN e*e~-
ANNIHILATION

Using the resummed results of the ENC jet functions, we
next consider the ENC for e e~ -annihilation in the large N
limit. In this case the hard function H; in Eq. (13) can be
additionally factorized into the virtual hard function and the
inclusive jet function in the direction opposite to our
measured ENC jet. As a result, applying Egs. (20) to
(13), we obtain the factorization theorem of the cumulant
for the ENC,

- 2N

S(R)==-Zy(R) = > HY(Q.u)T(QR/2.p)
60 k=q,Q
X T3(Q.N.4)Si(QR/2.N ). (33)

where E; has been replaced with Q/2, and we ignore the
contribution from jets initiated by gluons since they are
suppressed by 1/N and a,. One loop results for the virtual
hard function and the inclusive jet function in the opposite
direction are given by

’ C 2 2 7 2
H'D(0.p) =2 F(—sln”——hﬂ”——wi),

2n 0? 0? 6
(34)
(1) aCp (3 N N 1 7
70N u) = S mEl s D)
00 (QN-H) == <2nQ2+n 0" 273
(35)

Here, for both the heavy (k = Q) and light quark (k = ¢),
we can use the same result, as long as Q and Q/N'/? are
both taken to be much larger than the heavy quark mass.

In Fig. 3, we show the N = 7 ENCs for the bottom quark
(the blue solid curve and blue band) and a light quark (the
black solid and dotted curves, and the corresponding gray
band) in e*e™ annihilation at NLL accuracy, with collision
energy Q = 600 GeV. Here the bands arise from varying
the characteristic scales y; of the factorized functions in
Eq. (33) between p;/2 and 2u;. For the light quark, the
errors become large in the nonperturbative region (the
dotted line) from these scale variations.” This is in drastic
contrast with the case of the bottom quark jet, for which the

jet scale \/E2R*>+ m? is perturbative even when R
approaches 0, and so we are able to have a better
perturbative estimate for the heavy quark. We also have
found that the resummed results of the bottom quark ENCs

>For the recent study of the nonperturbative effect on the light
quark ENC, we refer to Refs. [33,34].
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10
N=1
8 0 =600 GeV
= —— Light Quark
as ght Q
—_ —— Bottom Quark
dR
2
0.00 0.05 0.10 0.15 0.20
20
Pythia Simulations
15 i—-i -------- Light Quark Hadronization on
_ I —— Light Quark Hadronization off
dx
—— 10} P eeeesees Bottom Quark Hadronization on
R
d Bottom Quark Hadronization off
5 ..
0.00 0.05 0.10 0.15 0.20
R
FIG. 3. The bottom and the light quark ENCs in e'e™-

annihilation. In the upper panel, the blue and black solid smooth
curves (associated with the blue and gray bands, respectively) are
from analytic computations at NLL accuracy, and the step curves
are from Pythia simulations. The lower panel shows the com-
parison between Pythia simulations with hadronization turned on
and off.

are stable for a wide variation of N (e.g., N € [5,10]).° In
Fig. 3, we also show the comparison between our analytic
calculations and Monte Carlo simulations using Pythia.
The step curves in the upper panel shows Pythia simu-
lations with hadronization turned off, which are compa-
rable to our analytic results. The lower panel shows the

6Note, however, that the csoft scale becomes nonperturbative
for large N near R =0 since the csoft scale, B/N ~m/N,
approaches zero. In Figs. 2 and 3, we have chosen N to be 7,
which corresponds to m/N ~ 0.4 GeV, and all relevant scales
(hard, jet, and csoft) are still above Agcp.

comparison between Pythia simulations with hadronization
turned on (solid) and off (dotted). Whether hadronization is
turned on or off, high contrast can be seen between the
ENCs of heavy and light quarks.

To summarize, in the large-N limit for the projected
ENC, the largest angle R is reduced to the per jet scalar
observable, and it characterizes the collinear core radius,
with soft/csoft radiation parametrically suppressed by
O(1/N). Hence the shape of dX/dR directly encodes
collinear core dynamics of the jet. For heavy flavors, our
factorization predicts a robust depletion at small R—a one-
dimensional manifestation of the dead-cone effect—visible
in Fig. 2 and reflected in the eTe™ study of Fig. 3.

V. CONCLUSION AND OUTLOOK

In conclusion, we have formulated the factorization
theorem for the ENC in terms of the FFJs, and using the
established results of the FFJs, simultaneously resummed
the large logarithms of both small R and large N. We find
that the radius for hard collinear core particles in a jet can
be understood as the projected ENC angle R in the large N
limit, and its distribution can serve as a key characteristic
distinguishing jets of different origins, as shown in the
comparison of heavy/light quark ENC.

We expect the framework developed in this work may
offer promising applications in collider phenomenology. In
particular, the large-N ENC could serve as a theoretically
clean probe of the collinear core structure of jets, with
reduced sensitivity to soft contamination, potentially assist-
ing in quark/gluon jet discrimination. It may also contribute
to improved heavy-flavor jet study in highly boosted
kinematic regimes and provide complementary observables
for identifying multipronged substructures arising from
boosted heavy objects, such as Higgs bosons or top quarks.
Further rigorous studies, both analytical and numerical
[35], are also urgently needed to fully explore these
possibilities.
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