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For the N-point energy correlator in the collinear limit, the largest projected angle R in the large N
limit can be viewed as the radius of the jet that encompasses all the collinear core particles, while
contributions from soft gluons to the radius are suppressed. We relate the N-point energy correlator in the
large N limit to the moments of the fragmentation functions to a jet, and, using previous work, we compare
the difference between jets initiated by heavy quarks and light quarks. This comparison demonstrates the
dead-cone effect.
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I. INTRODUCTION

The jet, a collimated spray of energetic particles, is a
characteristic phenomenon in high energy collisions. A
fundamental question about the jet is the formation mecha-
nism, which can be gleaned by studying jet substructure.
Recently, interest in the energy-energy correlator (EEC)
[1,2] has been revived, focusing on the jet substructure [3].
Interestingly, the generalization of the EEC to N-points
introduces a successful framework to analyze jet substruc-
ture in an intuitive and systematic way [4–7].
When using the N-point energy correlator (ENC) to

examine the jet substructure, an interesting question arises;
what aspect of the jet can we uncover as N approaches
infinity? Essentially, in the limit N → ∞, a large number
of detectors would capture a whole bunch of energetic
particles, as depicted in Fig. 1. Remarkably, since the ENC
is weighted by the energies of the particles, the contribu-
tions from soft or collinear-soft (csoft) gluons1 in the

measurement by the N detectors can be safely ignored.
[As we will see, the (c)soft contribution in the measurement
is suppressed by at least 1=N.] Thus, if we project the ENC
in the large N limit to the largest angle R between the
(detected) collinear particles, we can reconstruct a jet with a
minimum range that includes the entire set of collinear core
particles. In other words, outside the jet with the angular
size R, there exist only (c)soft radiations.
Therefore, the projected angle R for the correlator reveals

an important characteristic of a jet. Because soft radiation is
suppressed, the ENC in the large-N limit plays a role similar
to the groomed jet radius [8–11], in the sense that the impact
of soft gluon radiation is effectively removed. At the same
time, as emphasized inRefs. [4,6], the ENCoffers additional
advantages. For example, it can be systematically analyzed
using the operator product expansion of energy flow
operators, and it avoids the algorithmic complications and
nonperturbative effects associated with clustering multiple
particles through recombination jet algorithms.
In this paper, we analyze the projected ENC in the largeN

limit within the factorization framework using soft-collinear
effective theory (SCET) [12–15]. We find that the key
components in establishing the factorization theorem are the
fragmentation functions to a jet (FFJs) [16,17], and that the
ENC can be expressed in terms of the moments of the FFJs.
Additionally, leveraging the established results of the FFJs,
we will demonstrate a distinctive feature between light and
heavy quark jets, namely, the dead-cone effect [18,19].
The paper is organized as follows. In Sec. II, we show the

relationship between the projected ENC and the jet cross
section. In Sec. III, we examine the results in the large N
limit, where we are able to resum the large logs of small R
and large N to NNL order. Using previous results, we
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1We shall consider the limit where the projected angle R is
much smaller than one. In this case, the nonvanishing soft gluons
that are able to resolve the jet boundary at R have the scaling
shown in Eq. (22). We refer to a degree of freedom with this
scaling as a csoft mode.
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compare the distribution for light quarks and heavy quarks,
demonstrating the dead-cone effect. In Sec. IV, we apply
the previous results for the projected ENC for eþe−
annihilation and compare our results to Pythia. We con-
clude in Sec. V.

II. RELATION BETWEEN THE PROJECTED
ENC AND THE JET CROSS SECTION

To begin with, let us consider the N-point energy
correlator,

dΣ
dz1 � � �dzMN

¼
X
a1���aN

Z
dσ

Ea1 � � �EaN

QN

×δ

�
z1− sin2

θ12
2

�
� � �δ

�
zMN

− sin2
θNðN−1Þ

2

�
;

ð1Þ

where, in case of eþe−-annihilation, Q is the center-of-
mass energy, MN ¼ NðN − 1Þ=2, and zk run over angles
between N detectors. Then, the projected correlator to the
largest angle [4] is given by

dΣ
dzL

¼
Z

dz1 � � �dzMN
δðzL − zmaxÞ

dΣ
dz1 � � � dzMN

; ð2Þ

and the cumulant to the angle R is

ΣNðRÞ ¼
Z

sin2ðR=2Þ

0

dzL
dΣ
dzL

: ð3Þ

In the collinear limit withR ≪ 1, this cumulant describes
the production of a jet with radius R. Here, the jet
represents a collection of particles enclosed within the
radius R. Thus, this is not a usual jet defined by a
recombination algorithm such as C/A [20]. However, this

newly defined jet for the projected ENC (hereafter referred
to as the ENC jet) is also infrared (IR) safe, and collinear
factorization into fragmentation functions [21] remains
applicable. Therefore, the inclusive jet cross section asso-
ciated with Eq. (3) can also be expressed in factorized form
using the FFJs,

dσ
dxJ

¼ σ0
X

k¼q;q̄;g

Z
1

xJ

dx
x
Hk

�
xJ
x
;Q; μ

�
DJ=kðx; ER; μÞ: ð4Þ

Here, σ0 is the Born cross section, and xJ ¼ 2EJ=Q, where
EJ is the jet energy. The energy of the mother parton k that
initiates the jet is given by E ¼ ðxJ=xÞQ=2, and x ¼ EJ=E
denotes the fraction of the jet energy over the mother parton
k. Hk are the hard functions at scale ∼Q, and the DJ=k are
the FFJs (for the ENC jet).
In calculating the ENC FFJs, if two particles are

combined into the jet, the condition for their angular
separation becomes the same as in kT-type recombination
algorithms,

θ < R: ð5Þ

Thus, to the next-to-leading order (NLO) in αs, we obtain
the same result as the FFJs for the kT-type algorithm [17].
The FFJs employed in Eq. (4) are normalized to satisfy

the momentum conservation sum rule,

Z
1

0

dxxDJ=kðx; ER; μÞ ¼ 1: ð6Þ

As discussed in Ref. [17], the argument ER, which appears
in logarithmic terms as lnðμ=ERÞ, must remain fixed under
the integration over x to preserve the momentum sum rule
in Eq. (6). Moreover, the factorization structure in Eq. (4)
with ER appearing in the FFJs provide a consistent
framework for resumming global logarithms, at least up
to next-to-leading logarithmic (NLL) accuracy. For recent
studies of jet cross-section factorization using FFJs at NLL
accuracy, we refer to Ref. [22].
In order to obtain the cumulant

P
NðRÞ in Eq. (3) from

the factorization of the jet cross section, we need to
consider the more differential jet cross section that depends
on jet substructure variables,

dσ
dxJdy1 � � � dyN

¼ σ0
X
k

Z
1

xJ

dx
x
Hk

�
xJ
x
;Q; μ

�

× GJ=kðx; y1; � � � ; yN; ER; μÞ; ð7Þ

where yi ¼ Ei=EJ are the energy fractions of N-points over
the jet energy. When compared with Eq. (4), we have
employed the inclusive jet substructure function GJ=k [23]
instead of the FFJs. Note, applying the momentum con-
servation sum rule, we have the relation

FIG. 1. Illustration of the (projected) N-point energy correlator
in the large N limit. Here thick straight lines denote collinear
particles and thin dotted lines are soft or collinear-soft particles. R
represents the largest angle between collinear particles.
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DJ=kðx;ERÞ ¼
Z

fdyigN · fyigN ·GJ=kðx;y1; � � � ; yN;ERÞ;

ð8Þ

where fyigN represents ΠN
i¼1yi.

If we use variables xi ¼ 2Ei=Q ¼ yixJ, the differential
cross section of Eq. (7) is rewritten as dσ=ðdxJfdyigNÞ ¼
xNJ · dσ=ðdxJfdxigNÞ, hence the N-point jet cross section is

dσðRÞ
fdxigN

¼
Z

1

0

dxJ
xNJ

X
k

Z
1

xJ

dx
x
Hk

�
xJ
x
;Q; μ

�

× GJ=kðx; y1; � � � ; yN; ER; μÞ: ð9Þ
Therefore, using Eqs. (8) and (9), the cumulant in Eq. (3)
can be expressed as

ΣNðRÞ ¼
1

2N

Z
fdxigN · fxigN ·

dσðRÞ
fdxigN

ð10Þ

¼ 1

2N

Z
1

0

dxJxNJ
X
k

Z
1

xJ

dx
x
Hk

�
xJ
x
;Q; μ

�
ð11Þ

×
Z

fdyigN · fyigN · GJ=kðx; y1; � � � ; yN; ER; μÞ

¼ 1

2N

Z
1

0

dxJxNJ

�
dσ
dxJ

�
: ð12Þ

Thus, the cumulant ends up as the moments of the inclusive
jet cross section.
Using the factorization form of the jet cross section in

Eq. (4), the cumulant in factorized form becomes2

ΣNðRÞ ¼
σ0
2N

X
k

Z
1

0

dζζNHkðζ; Q; μÞ

× J̄k;ENCðN; ζQR=2; μÞ; ð13Þ
where ζ ¼ xJ=x ¼ 2E=Q, and J̄k;ENC is the ENC jet
function which describes the collinear part of the jet.
This result, Eq. (13), from the factorization of the jet cross
section, is consistent with the factorization result using “the
ν-correlator” proposed in Ref. [4].
The new thing in this paper is that the ENC jet functions

J̄k;ENC are given by the Nth moments of the FFJs,

J̄k;ENCðN;ER; μÞ ¼
Z

1

0

dxxNDJ=kðx; ER; μÞ: ð14Þ

We therefore can easily obtain J̄k;ENC from the calculation
of the FFJs. [The leading results in αs is trivially given by

J̄ð0Þk;ENC ¼ 1.] For example, using the one-loop results of the
FFJs in Ref. [17] in the massless limit we obtain the results
of the EEC jet functions with N ¼ 2:

J̄ð1Þq;EEC ¼ αsCF

4π

�
−3 ln

μ2

E2R2
−
37

3

�
; ð15Þ

J̄ð1Þg;EEC ¼ −
αs
4π

�
14CA þ nf

5
ln

μ2

E2R2
þ 898CA þ 42nf

75

�
;

ð16Þ

where nf is a number of quark flavors. These results agree
with Ref. [3].
For heavy-quark (HQ) production, using the HQ FFJ

from Ref. [24], we can immediately obtain the HQ ENC jet
function. The NLO contribution to the HQ FFJ is given as

Dð1Þ
J=Qðx;ER;m;μÞ

¼ αsCF

2π

�
1þ x2

1− x

�
ln

μ2

E2R2ðx2 þ bÞ− 2 lnð1− xÞ
�

−
2x

1− x
b

x2 þ b
− ð1− xÞ

�
þ

þ αsCF

2π

�
1þ ð1− xÞ2

x

�
ln

μ2

E2R2ðð1− xÞ2 þ bÞ− 2 lnx

�

−
2ð1− xÞ

x
b

ð1− xÞ2 þ b
− x

�
; ð17Þ

where b≡m2=ðE2R2Þ, m is the heavy quark mass, and
½� � ��þ denotes the standard plus distribution. For N ¼ 2, we

take the second moments of Dð1Þ
J=Q, obtaining the NLO

contribution to the HQ EEC jet function

J̄ð1ÞQ;EECðER;m;μÞ¼ αsCF

4π

�
−3 ln

μ2

B2
−
37

3
þ9b

þbð2−bÞ ln1þb
b

−8b3=2arccot
ffiffiffi
b

p �
;

ð18Þ

where B≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2R2 þm2

p
. If we take the limit

m → 0ðb → 0Þ, we recover the result of the light-quark
case, Eq. (15). For top-quark production, we can also
consider the inverse limit, m ≫ ER. In this case, Eq. (18)
can be expressed as the moments of the standard HQ
fragmentation function [25] while the R dependence
becomes suppressed at higher order in powers of E2R2=m2.

III. REFACTORIZATION IN THE LARGE N LIMIT

In the large N limit, contributions with large ζ and x in
Eqs. (13) and (14) dominate. In this case, the jet takes most
of energy from the mother parton k (EJ ∼ E), x approaches

2If we consider hadron collision, Hk include the parton
distribution functions and ER becomes pTR, where pT is the
large transverse momentum to the beam direction and R is given
as R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δy2 þ Δϕ2

p
.
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1, and only (c)soft gluons radiate outside of the jet.
Additionally, in the region x → 1, the FFJs can be further
factorized into the collinear and the csoft pieces [26],

DJ=kðx → 1; ER; μÞ ¼ J kðEJR; μÞSkðx; EJR; μÞ: ð19Þ
When we write the jet as a sum over contributions from
initiating partonsl, J ¼ P

l Jl, we can ignore the transition
to a different flavor, i.e., k → Jl≠k since it is suppressed by
1 − x. J k are the integrated jet functions for collinear
particles that radiate within the angle R [27–29], and Sk
are the csoft functions responsible for csoft gluon radiations
[26]. Hence the ENC jet function with large N factorizes,

J̄k;ENCðN;EJR; μÞ ¼ J kðEJR; μÞS̄kðN;EJR; μÞ; ð20Þ

where S̄kðNÞ are the Nth moments of SkðxÞ in the large N
limit. The scaling behaviors for the collinear (J k) and the
csoft (S̄k) momenta are given by

ðn̄ · pc; p⊥
c ; n · pcÞ ∼ EJð1; R; R2Þ; ð21Þ

ðn̄ · pcs; p⊥
cs; n · pcsÞ ∼

EJ

N
ð1; R; R2Þ; ð22Þ

where we have introduced the light cone vectors satisfying
n2 ¼ n̄2 ¼ 0 and n · n̄ ¼ 2. Here the jet is described as
moving in the n-direction.
Since the energy of the csoft gluon is suppressed by 1=N,

the measurement of the csoft gluon radiations (by N detec-
tors) is power-counted by at most Oð1=NÞ. So, at leading
order in the largeN limit, the csoft radiations are present only
inclusively and assigned to the csoft function S̄k, while the
collinear radiations within the N detectors are described by
J k with the momentum sum rule in Eq. (8) being applied.
In the large N limit, the HQ FFJ can be also factorized

like Eq. (19), hence the ENC jet function is given by the
multiplication of the integrated HQ jet function and the HQ
csoft function in this limit [i.e., J̄Q;ENC ¼ JQS̄QðNÞ]. The
one loop results are [30]

J ð1Þ
Q ðEJR;m; μÞ

¼ αsCF

4π

�
3þ b
1þ b

ln
μ2

B2
þ ln2

μ2

B2
þ 2fðbÞ þ 2gðbÞ

þ 4þ 2 lnð1þ bÞ
1þ b

− ln2ð1þ bÞ − 2Li2ð−bÞ þ 4 −
π2

6

�
;

ð23Þ

S̄ð1ÞQ ðN;EJR;m; μÞ

¼ αsCF

4π

�
2b

1þ b
ln
μ2N̄2

B2
− ln2

μ2N̄2

B2

−
2 lnð1þ bÞ

1þ b
þ ln2ð1þ bÞ þ 2Li2ð−bÞ −

π2

2

�
; ð24Þ

where N̄ ≡ NeγE . fðbÞ and gðbÞ are given by the integral
forms,

fðbÞ ¼
Z

1

0

dz
1þ z2

1 − z
ln
z2 þ b
1þ b

; ð25Þ

gðbÞ ¼
Z

1

0

dz
2z

1 − z

�
1

1þ b
−

z2

z2 þ b

�
: ð26Þ

These functions have the following limits: fð0Þ ¼ 5=2 −
2π2=3 and fð∞Þ ¼ gð∞Þ ¼ gð0Þ ¼ 0. When we take the
limit as m → 0 in Eqs. (23) and (24), we once again obtain
the massless NLO result.
Through the factorized results for the ENC jet functions

in Eq. (20), we are able to resum both the large logarithms
with small R and large N to NLL accuracy. To resum, we
evolve J kðS̄kÞ from the scale μ to its characteristic scale
μjðμsÞ, where the scales have been set as μj ¼ B and μs ¼
B=N̄ for jets initiated by a heavy quark while μj ¼ EJR and
μs ¼ EJR=N̄ in case of light quark/gluon. Given that the
(hard-)collinear gluons enter into the restricted phase
space within R, there arise large nonglobal logarithms
(NGLs) [31] at NLL accuracy. The impact of NGLs can be
nonnegligible in the large N limit.3 This issue will be
discussed in future works.
After simultaneous resummation of large logarithms of

small R and large N, taking the derivative with respect to R
of the ENC jet function, we obtain the resummed con-
tribution to the projected ENC. At NLL accuracy, it can be
expressed as

dJ̄k;ENCðμÞ
dR

¼ eMNðμ;μj;μsÞ
�
dMNðμj; μsÞ

dR
J̄NLk;ENCðμj; μsÞ

þ dJ̄NLk;ENCðμj; μsÞ
dR

�
; ð27Þ

whereMN is the exponentiation factor for the resummation
of the large logarithms and J̄NLk;ENC are the nonlogarithmic
terms in the ENC jet functions at the fixed order αs.
When a heavy quark initiates the jet, the analytical

results of MN and dMN=dR are given by

MQ
N ðμ;μj;μsÞ¼−2SΓðμj;μsÞ− ln

μ2j
B2

·aΓðμj;μsÞ
− lnN̄2 ·aΓðμ;μsÞ

−
CF

β0

�
3þb
1þb

ln
αsðμÞ
αsðμjÞ

þ 2b
1þb

ln
αsðμÞ
αsðμsÞ

�
;

ð28Þ

3The form of the NGLs is roughly given by lnðμj=μsÞ ∼ lnN.
For light quark, the resummation of the NGLs with lnN has been
considered in the factorization of the FFJs in the large z limit [26].
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dMQ
N ðμj;μsÞ
dR

¼2E2
JR

B2

�
aΓðB;B=N̄ÞþCF

β0

2b
1þb

ln
αsðBÞ

αsðB=N̄Þ

−CF

�
αsðBÞ
4π

3þb
1þb

þαsðB=N̄Þ
4π

2b
1þb

��
: ð29Þ

In obtaining Eq. (29), we first set μj ¼ B and μs ¼ B=N̄,
then take the derivative. In Eqs. (28) and (29), SΓ and aΓ,
the evolution factors for the cusp anomalous dimensions
ΓC [32], are given by

SΓðμ1; μ2Þ ¼
Z

μ1

μ2

dμ
μ
ΓCðαsÞ ln

μ

μ1
; ð30Þ

aΓðμ1; μ2Þ ¼
Z

μ1

μ2

dμ
μ
ΓCðαsÞ: ð31Þ

In Fig. 2, we illustrate the differential distributions for
the ENC jet functions with N ¼ 7. Compared to the light
quark distribution, the bottom quark distribution is signifi-
cantly suppressed in the small R region due to the dead-
cone effect. Near R ¼ 0, our description of the light quark/
gluon distribution using a scale profile4 is not exact due to
nonperturbative effects. For a precise prediction in this
region, comparison with the experimental data is required,
whereas the distribution for the bottom quark can be

described perturbatively over essentially the entire region
due to the heavy quark mass.

IV. THE PROJECTED ENC IN e + e − -
ANNIHILATION

Using the resummed results of the ENC jet functions, we
next consider the ENC for eþe−-annihilation in the large N
limit. In this case the hard function Hk in Eq. (13) can be
additionally factorized into the virtual hard function and the
inclusive jet function in the direction opposite to our
measured ENC jet. As a result, applying Eqs. (20) to
(13), we obtain the factorization theorem of the cumulant
for the ENC,

Σ̄ðRÞ≡ 2N

σ0
ΣNðRÞ ¼

X
k¼q;Q

Hv
kðQ; μÞJ kðQR=2; μÞ

× J̄n̄kðQ;N; μÞS̄kðQR=2; N; μÞ; ð33Þ

where EJ has been replaced with Q=2, and we ignore the
contribution from jets initiated by gluons since they are
suppressed by 1=N and αs. One loop results for the virtual
hard function and the inclusive jet function in the opposite
direction are given by

Hvð1Þ
q;Q ðQ; μÞ ¼ αsCF

2π

�
−3 ln

μ2

Q2
− ln2

μ2

Q2
− 8þ 7π2

6

�
;

ð34Þ

J̄n̄ð1Þq;Q ðQ;N; μÞ ¼ αsCF

2π

�
3

2
ln
μ2N̄
Q2

þ ln2
μ2N̄
Q2

þ 7

2
−
π2

3

�
:

ð35Þ

Here, for both the heavy (k ¼ Q) and light quark (k ¼ q),
we can use the same result, as long as Q and Q=N̄1=2 are
both taken to be much larger than the heavy quark mass.
In Fig. 3, we show the N ¼ 7 ENCs for the bottom quark

(the blue solid curve and blue band) and a light quark (the
black solid and dotted curves, and the corresponding gray
band) in eþe− annihilation at NLL accuracy, with collision
energy Q ¼ 600 GeV. Here the bands arise from varying
the characteristic scales μi of the factorized functions in
Eq. (33) between μi=2 and 2μi. For the light quark, the
errors become large in the nonperturbative region (the
dotted line) from these scale variations.5 This is in drastic
contrast with the case of the bottom quark jet, for which the
jet scale

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
JR

2 þm2
p

is perturbative even when R
approaches 0, and so we are able to have a better
perturbative estimate for the heavy quark. We also have
found that the resummed results of the bottom quark ENCs

FIG. 2. Resummed results for the derivatives of the ENC jet
functions to NLL accuracy. Here the dotted line for the light
quark/gluon represents the nonperturbative domain, while the
entire region for the bottom quark distribution can be described
perturbatively.

4In order to avoid the Landau pole in case of the light quark/
gluon, we have modified the scales μj and μs below some small
point R0 in the following way:

μjðR < R0Þ ¼
E2
J

4μ0
R2 þ μ0; μsðR < R0Þ ¼

μjðR < R0Þ
N̄

: ð32Þ

Here we choose R0 ¼ 2μ0=EJ , and, in Fig. 2 with
EJ ¼ 300 GeV, the freezing scale μ0 has been chosen to be
4.5 GeV (8 GeV) for a light quark (gluon).

5For the recent study of the nonperturbative effect on the light
quark ENC, we refer to Refs. [33,34].

LARGE N-POINT ENERGY CORRELATOR IN THE … PHYS. REV. D 112, 094015 (2025)

094015-5



are stable for a wide variation of N (e.g., N ∈ ½5; 10�).6 In
Fig. 3, we also show the comparison between our analytic
calculations and Monte Carlo simulations using Pythia.
The step curves in the upper panel shows Pythia simu-
lations with hadronization turned off, which are compa-
rable to our analytic results. The lower panel shows the

comparison between Pythia simulations with hadronization
turned on (solid) and off (dotted). Whether hadronization is
turned on or off, high contrast can be seen between the
ENCs of heavy and light quarks.
To summarize, in the large-N limit for the projected

ENC, the largest angle R is reduced to the per jet scalar
observable, and it characterizes the collinear core radius,
with soft/csoft radiation parametrically suppressed by
Oð1=NÞ. Hence the shape of dΣ̄=dR directly encodes
collinear core dynamics of the jet. For heavy flavors, our
factorization predicts a robust depletion at small R—a one-
dimensional manifestation of the dead-cone effect—visible
in Fig. 2 and reflected in the eþe− study of Fig. 3.

V. CONCLUSION AND OUTLOOK

In conclusion, we have formulated the factorization
theorem for the ENC in terms of the FFJs, and using the
established results of the FFJs, simultaneously resummed
the large logarithms of both small R and large N. We find
that the radius for hard collinear core particles in a jet can
be understood as the projected ENC angle R in the large N
limit, and its distribution can serve as a key characteristic
distinguishing jets of different origins, as shown in the
comparison of heavy/light quark ENC.
We expect the framework developed in this work may

offer promising applications in collider phenomenology. In
particular, the large-N ENC could serve as a theoretically
clean probe of the collinear core structure of jets, with
reduced sensitivity to soft contamination, potentially assist-
ing in quark/gluon jet discrimination. It may also contribute
to improved heavy-flavor jet study in highly boosted
kinematic regimes and provide complementary observables
for identifying multipronged substructures arising from
boosted heavy objects, such as Higgs bosons or top quarks.
Further rigorous studies, both analytical and numerical
[35], are also urgently needed to fully explore these
possibilities.
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FIG. 3. The bottom and the light quark ENCs in eþe−-
annihilation. In the upper panel, the blue and black solid smooth
curves (associated with the blue and gray bands, respectively) are
from analytic computations at NLL accuracy, and the step curves
are from Pythia simulations. The lower panel shows the com-
parison between Pythia simulations with hadronization turned on
and off.

6Note, however, that the csoft scale becomes nonperturbative
for large N near R ¼ 0 since the csoft scale, B=N̄ ≈m=N̄,
approaches zero. In Figs. 2 and 3, we have chosen N to be 7,
which corresponds to m=N̄ ∼ 0.4 GeV, and all relevant scales
(hard, jet, and csoft) are still above ΛQCD.
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