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A new thermodynamic state function is introduced to describe the thermodynamics relevant for the mean
transverse momentum fluctuations of charged particles in heavy-ion collisions, which allows us to compute
the temperature fluctuations of different orders in hot quantum chromodynamics (QCD) matter for the first
time. Consequently, it is found that the temperature fluctuations are suppressed remarkably as the system
transitions from the hadron resonance gas (HRG) to the quark-gluon plasma (QGP) with increasing
temperature or baryon chemical potential, alongside a negative skewness. This is attributed to the general
fact that the heat capacity of QCD matter increases significantly in QGP in comparison to that in HRG.
These predictions provide a candidate observable to discover the thermodynamic temperature fluctuations
in upcoming heavy-ion collision experiments, which also paves a novel way to study QCD thermody-
namics and QCD phase diagram through measurements of the mean transverse momentum fluctuations of
charged particles.
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I. INTRODUCTION

The temperatures and densities reached in relativistic
heavy-ion collisions are expected to be similar to those
thought to have prevailed in the very early Universe, prior
to the formation of protons and neutrons. The observation
and study of QCD matter, the quark-gluon plasma (QGP)
under these conditions has been one of the main science
goals of high energy nuclear physics facilities [1–7]. Many
questions have been addressed and developed in heavy-ion
research programs [6]. The occurrence of a phase transition
from the QGP to a hadron resonance gas (HRG) or the
existence of a critical end point (CEP) in the phase diagram
of QCD matter is an exciting scientific endeavor [8–12],
which may be revealed by measurements of thermody-
namic fluctuations [13–15], such as net-baryon or net-
proton number fluctuations [16–24] and temperature fluc-
tuations [25,26]. Event-by-event (EbE) fluctuations in

charged particle momentum distributions serve as probes
of thermalization and the statistical nature of particle
production in such collisions [27–31].
Recent advances in heavy-ion collision experiments now

enable the isolation of the thermal fluctuations from
confounding effects, such as the initial state geometry
fluctuations [32–37], flow contributions, and other non-
thermal sources, allowing the direct measurements of
thermodynamical properties of hot QCD matter [38,39],
e.g., the speed of sound [40–43]. High-order thermody-
namical quantities, e.g., the temperature fluctuations, could
be used to probe the QCD thermodynamics and phase
transitions, since they are more sensitive to the critical
fluctuations, i.e., the singular part of the thermodynamic
potential during the phase transition in comparison to low-
order thermodynamical quantities, such as the temperature
itself [44–48]. This is similar to the case of ordinary net-
proton number fluctuations. In principle, temperature
fluctuations can be extracted from EbE mean transverse
momentum fluctuations of final-state charged particles
[25], isolated from other effects, e.g., the hydrodynamic
effect [49]. To that end, one has to study the thermody-
namical properties of temperature fluctuations from the
theoretical side, in particular, the smoking-gun signature of
temperature fluctuations, in measurements of EbE mean
transverse momentum fluctuations that have been
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extensively done across collision energies and systems in
various heavy-ion facilities [35,50–55].
To systematically investigate temperature fluctuations in

hot QCD matter, we develop a theoretical framework, which
is general and applicable to temperature fluctuations of
arbitrary order. As a specific application, this approach is
applied to the QCD thermodynamics described by a 2þ 1
flavor low energy effective field theory (LEFT) [56], where
quantum and thermal fluctuations are encoded self-consis-
tently through the functional renormalization group (fRG).
The fRG has proven to be a powerful nonperturbative
theoretical method and is well suited for studies of properties
of the hot QCD matter including the QCD phase diagram,
critical end point, and real-time dynamics, etc., [10,57–62].
This paper is organized as follows: in Sec. II, we first

introduce a new thermodynamic state function to character-
ize the thermodynamics related to the mean transverse
momentum fluctuations of charged particles, from which
we derive analytic expressions for the temperature fluctua-
tions to arbitrary order in Sec. III. Numerical results are
obtained by applying this framework to a 2þ 1 flavor
LEFT within the fRG approach in Sec. IV. Our approach
demonstrates that temperature fluctuations would be sup-
pressed remarkably as the matter evolves from HRG to
QGP with increasing temperature or the baryon chemical
potential. Conclusions, Discussions, and Outlook are pre-
sented in Sec. V. In the Appendixes, we provide some
details of the 2þ 1 flavor LEFTwithin the fRG approach in
Appendix A, preliminary results of temperature fluctua-
tions calculated in QCD within fRG in Appendix B,
hyperorder fluctuations of temperature in Appendix C,
ratios of temperature fluctuation cumulants in Appendix D,
relation between the temperature T and the mean transverse
momentum hpTi in Appendix E.

II. A NEW THERMODYNAMIC STATE FUNCTION

We begin with a total derivative of the thermodynamic
potential Ω,

dΩ ¼ −SdT − pdV − NBdμB; ð1Þ

with the entropy S, temperature T, pressure p, volume V,
baryon number NB, and the baryon chemical potential μB.
Although we explicitly show μB as a representative of the
conserved charge, Eq. (1) is readily generalized to include
additional chemical potentials when other conserved
charges are present. The thermodynamic potential Ω is a
state function of T, V, and μB. By implementing a Legendre
transformation upon Ω with respect to the conjugate pair S
and T, we introduce a new state function as

W ¼ Ωþ TS: ð2Þ

One immediately recognizes that there is another relation
for the state function W, that is,

W ¼ U − μBNB; ð3Þ

resulting from general thermodynamical relations, whereU
denotes the energy. Inserting Eq. (2) into Eq. (1), one
arrives at

dW ¼ TdS − pdV − NBdμB; ð4Þ

indicating that W is a state function of S, V, and μB.
In experimental measurements of mean transverse

momentum fluctuations, finite acceptance cuts in the rapidity
(y) and transverse momentum (pT) range are applied, which
signifies that the system volume in Eq. (4) is approximately
constant. The chemical potential can also be regarded as a
constant, which is determined by, e.g., the collision energy,
centrality, etc. While this approximation holds for high-
energy collisions, we note that μB may vary in low-energy
regions, e.g., fixed target collisions at RHIC, due to global
baryon number conservation effects [23,63,64]. For the
present study, we neglect these corrections and maintain
the constant approximation.
Recent measurements of mean transverse momentum

fluctuations at RHIC and the LHC were made at a fixed
multiplicity of charged particles Nch, as shown in
[35,55,65,66]. The Nch scales directly with the entropy
of the system (Nch ∼ S), while the resonance decays in the
final states or acceptance cuts might modify it slightly.
Consequently, the state function W in Eq. (4) becomes
the appropriate thermodynamic potential to describe these
experimental observables, since its natural variables corre-
spond directly to the quantities constrained in the measures.

III. TEMPERATURE FLUCTUATIONS
DERIVATIONS

Having established the relevance of the state function W
in Eq. (4) for heavy-ion collisions, we now derive the
temperature fluctuations, or equivalently, the mean trans-
verse momentum fluctuations of charged particles, com-
puted from the derivative of W with respect to S for
different orders.
For a fixed volume V, we define the intensive quantities:

the thermodynamic potential density w ¼ W=V and the
entropy density s ¼ S=V, one arrives at

w ¼ −pþ Ts; ð5Þ

where Ω ¼ −pV is used and the entropy density can be
obtained from s ¼ ∂p

∂T. The first-order derivative of w with
respect to s produces the temperature,

∂w
∂s

¼ T: ð6Þ

Then, the nth order fluctuation of temperature is obtained
from the nth order derivatives of w with respect to s, to wit,
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hðΔTÞni ¼ T4n−4 ∂
nw
∂sn

; ð7Þ

with ΔT ¼ T − hTi and n ≥ 2 (n∈Z), where h� � �i denotes
the ensemble average. It is convenient to adopt a dimen-
sionless temperature fluctuation,

cn ¼
hðΔTÞni

Tn : ð8Þ

Cumulants cn can be expressed in terms of the temperature
derivatives of pressure through fundamental thermo-
dynamic relations. The first three nontrivial orders corre-
sponding to the variance, skewness, and kurtosis of temper-
ature fluctuations are given by

c2 ¼ T2

�
∂
2p
∂T2

�−1

c3 ¼ −T5

�
∂
2p
∂T2

�−3 ∂3p
∂T3

c4 ¼ T8

�
3

�
∂
2p
∂T2

�−5�∂3p
∂T3

�
2

−
�
∂
2p
∂T2

�−4 ∂4p
∂T4

�
: ð9Þ

This systematic approach can be extended to higher-order
cumulants, e.g., the fifth and sixth hyperorder ones, which
are presented in Appendix C.
In relativistic heavy-ion collisions, the temperature fluc-

tuations are measured through EbE mean transverse momen-
tum fluctuations of charged particles, leveraging the
approximate linear dependence between the mean transverse
momentum and the system temperature, i.e., hpTi ¼ aT
[38,40,41,49]. As explicitly derived for a free relativistic
gas in thermal equilibrium with Boltzmann statistics in
Appendix E, the coefficient is found to be a ¼ 2.356. In
realistic cases such as in experiments, the coefficient might
deviate from this value in the ideal case. Therefore, it is useful
to construct dimensionless ratios of different orders, thereby
eliminating the dependence on the coefficient a. The numeri-
cal results for those ratios of temperature fluctuation cumu-
lants are presented in Appendix D.
Note that results of hydrodynamic simulations in [38]

indicate that while the hpTi and the effective T are sensitive
to details of the hydrodynamic modeling, e.g., the initial
density profile, transport coefficients, equation of state,
etc., the model dependence disappears when considering
the ratio hpTi=T, i.e., the proportionality constant a.
Moreover, it is also found that a is a constant across
different centrality and different collision energy from
RHIC to LHC. The hydrodynamic studies motivate the
assumption that the almost constant a also holds in event-
by-event collisions, since every event is independent of
each other. However, this assumption should be verified in
the event-by-event simulations of dynamical models in the
near future.

IV. NUMERICAL RESULTS

We investigate QCD thermodynamics employing a 2þ 1
flavor LEFT within the fRG approach. As demonstrated in
Ref. [56], this approach yields an equation of state (EoS)
and baryon number fluctuations consistent with lattice
QCD calculations. The setup of our LEFT is also reca-
pitulated in Appendix A.
To proceed, we systematically calculate the temperature

derivatives of pressure,

χn ¼ Tn−4 ∂
np
∂Tn ; ð10Þ

which is dimensionless by normalization with appropriate
powers of T. From the state function Ω in Eq. (1), we
identify the first and second order derivatives, χ1 and χ2, are
just related to the entropy and heat capacity, respectively.
Higher-order χn (n ≥ 2) can be interpreted as entropy
fluctuations of different orders. The numerical results of
χn from the first to sixth orders calculated in the 2þ 1
flavor LEFT-fRG framework are presented in Figs. 9–11 in
Appendix A. We found that the entropy fluctuations
increase and oscillate near the chiral crossover, and the
strength and amplitude of the oscillation increase with the
order of fluctuations or the value of the baryon chemical
potential.
The temperature fluctuations in Eq. (8) can be reformu-

lated in terms of χn, defined in Eq. (10). For the lowest-
order cumulants, we obtain

c2 ¼
1

χ2
; c3 ¼ −

χ3
χ2

3
; c4 ¼ 3

χ3
2

χ2
5
−

χ4
χ2

4
: ð11Þ

The variance of temperature fluctuations, c2, is inversely
proportional to the variance of entropy fluctuations, i.e., the
heat capacity χ2, as demonstrated in Fig. 1. We observe that

FIG. 1. Variance of temperature fluctuations as a function of the
temperature with several different values of baryon chemical
potential.
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c2 decreases with increasing temperature, reflecting the
opposite trend of χ2 as shown in the right panel of Fig. 9.
This behavior indicates a significant suppression of temper-
ature fluctuations in QGP phase compared to those in HRG
phase. The suppression is more remarkable for high-order
temperature fluctuations, as is evident in Fig. 2 (note the
logarithmic y axis). A direct consequence of the suppres-
sion of temperature fluctuations at high temperature is that
the distribution of temperature is wider in the region of
lower temperature, which implies a negative skewness, as
confirmed in the left panel of Fig. 2. While the kurtosis
remains positive in most cases, its sign may reverse near the
chiral crossover as it is sharpened continuously with the
increase in the baryon chemical potential. The numerical
results of the hyper-order c5 and c6 cumulants are presented
in Fig. 13 in Appendix C. The temperature fluctuations
obtained here in the LEFT are also compared with the
preliminary results obtained in QCD within the fRG in
Fig. 12 in Appendix B, where qualitative agreement is
observed though there are some quantitative discrepancies.
We compute c2, c3, c4 on the QCD phase diagram in

Figs. 3 and 4, together with the phase boundary line and the

critical end point obtained in the LEFT, located at

ðTCEP; μBCEP
Þ ¼ ð99; 620Þ MeV; ð12Þ

which is qualitatively consistent with the recent results
obtained from functional QCD; see, e.g., [10–12].
Moreover, on the phase diagram we also depict three
representative freeze-out curves, which were discussed in
detail in [22] and also used in [23]. The freeze-out curve of
Andronic et al. is obtained by parametrizing the freeze-out
data from [67]. The other two freeze-out curves (STAR Fit I
and II) are based on the freeze-out data from the STAR
experiment [68], where all the freeze-out data from STAR
are used for the former, and for the latter, some flawed data
of collision energy are dropped from general considera-
tions; see [22] for more details.
Note that the calculations of temperature fluctuations in

Figs. 3 and 4 are performed up to μB ∼ 550 MeV. Results
of higher μB are not accessible for the moment due to the
significantly increasing difficulty in this region. Never-
theless, this does not prevent us from gaining qualitative
insight into the structure of the temperature fluctuations on
the plane of phase diagram. Obviously, the magnitude of
temperature fluctuations below the phase boundary is larger
than that above the phase boundary. With the increase of μB
as it approaches the CEP, there are some nontrivial
structures developed near the phase boundary. This is
obvious for the high-order fluctuations, e.g., in the plane
of c4, some red and blue bands appear in the proximity
of CEP.
We further compute the temperature fluctuations on the

chemical freeze-out curves, which allow us to investigate
their dependence on the collision energy. The relevant
results are shown in Fig. 5. Results on the three different
freeze-out curves are employed to investigate the errors
arising from the uncertainty in the determination of freeze-
out curves. From Fig. 5, one observes that with the
decrease of collision energy from high to low, all the

FIG. 2. Skewness (left panel) and kurtosis (right panel) of temperature fluctuations, i.e., c3 and c4 in Eq. (8), as functions of the
temperature with several different values of baryon chemical potential.

FIG. 3. Heatmap of the variance of temperature fluctuations in
the QCD phase diagram. The CEP and phase boundary line
obtained in the LEFT, and three representative freeze-out curves
[22,23,67] are also depicted.
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temperature fluctuations investigated here, c2, c3 and c4,
exhibit mild dependence on the collision energy firstly.
When the collision energy is reduced below approxi-
mately 14.5 GeV, the magnitude of c2 and c3 increases
significantly due to the increasingly sharp chiral crossover
with the increase of μB, while the skewness c3 remains
negative. Due to the nontrivial structure near the CEP
discussed above, the kurtosis c4 in the regime of low
collision energy is highly sensitive to the choice of freeze-
out curves, resulting in uncertainties too large to draw a
definitive conclusion.
There is a caveat when the results in Fig. 5 are compared

with experimental data. As we have discussed above, the
results in Fig. 5 are obtained by evaluating the temperature
fluctuations in thermal equilibrium at the chemical freeze-
out. To facilitate a better comparison with experiments, it is
desirable to include other effects, such as the initial state
geometry fluctuations, flow fluctuations, etc., in a dynami-
cal evolution. This is beyond the scope of this paper, which
will be investigated in the future.

V. CONCLUSIONS, DISCUSSIONS, AND
OUTLOOK

We have studied temperature fluctuations in hot QCD
matter through a newly introduced thermodynamic state
function that potentially connects to the mean transverse

momentum fluctuations measured in heavy-ion collisions.
Our approach yields analytic expressions for arbitrary-
order temperature fluctuations, revealing their fundamental
relationship with entropy, heat capacity, and high-order
entropy fluctuations. Implementing this general formalism
in a 2þ 1 flavor LEFTwithin the fRG, we obtain numerical
results that quantify the temperature fluctuations across
different thermodynamic regimes for the first time.
As the system transitions from the HRG to QGP phase

with the increasing temperature or baryon chemical poten-
tial, the heat capacity of QCD matter increases substan-
tially. This implies that a tiny change of the temperature
would cost a huge amount of energy in the regime of high
temperature. Therefore, the temperatures are therefore
reduced in comparison to the case in the regime of low
temperature. In other words, the temperature fluctuations
would be suppressed remarkably as the matter evolves from
the HRG phase to the QGP phase with the increase in
temperature or baryon chemical potential, as demonstrated
in our calculations. The fact that temperature fluctuations at
high temperature are smaller than those at low temperature
leads to another direct consequence, i.e., a negative skew-
ness of temperature fluctuations. Such a signature emerges
because the increasingly narrow fluctuation distribution at
high temperature creates an asymmetric probability density
weighted toward lower temperatures.

FIG. 4. Heatmaps of the skewness (left panel) and kurtosis (right panel) of temperature fluctuations in the QCD phase diagram. The
CEP and phase boundary line obtained in the LEFT, and three representative freeze-out curves [22,23,67] are also depicted. Note that
here −c3 instead of c3 is depicted.

(a) (b) (c)

FIG. 5. Variance (panel a), skewness (panel b), and kurtosis (panel (c) of temperature fluctuations, i.e., c2, c3, and c4, as functions of
the collision energy, calculated on the three representative freeze-out curves [22,23,67].
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Note that these findings are general and model indepen-
dent. They arise from the fact that the heat capacity of the
QCD matter increases significantly from the HRG phase to
the QGP phase. In the meantime, they provide a candidate
observable for discovering the thermodynamic temperature
fluctuations in upcoming heavy-ion collision experiments
at, e.g., RHIC-BES, FAIR-CBM, NICA, and HIAF, which
also paves a novel way to study QCD thermodynamics and
QCD phase diagram through measurements of the mean
transverse momentum fluctuations of charged particles.
During the review of this manuscript, the STAR

Collaboration reported the measurements of the variance
of the mean pT fluctuations of charged particles across
different collision energy [69], where a nonmonotonic
dependence on the collision energy was observed in central
collisions. While a quantitative comparison between the
theoretical calculations presented here and the experimental
data remain challenging, we note that the theoretical curve
in the left panel of Fig. 5 is qualitatively consistent with the
data. We anticipate future measurements of higher-order
mean pT fluctuations, in particular the skewness of the
mean pT distributions.
Here, we discuss the relations between temperature

fluctuations and the conventional net-proton fluctuations,
which are complementary observables. In the QCD phase
diagram in terms of the temperature and baryon chemical
potential, the net-proton fluctuations are related to the
direction of the baryon chemical potential, while the
temperature fluctuations probe the temperature direction.
A comprehensive study of the QCD criticality along both
directions therefore provides complementary constraints on
the two-dimensional structure of the QCD phase diagram.
Moreover, using the net-proton fluctuations to search for
the CEP relies on the coupling between the conserved
charges, e.g., the baryon number, and the critical mode, i.e.,
the sigma mode of CEP, while the temperature fluctuation
does not rely on such coupling, and it represents a
complementary observable sensitive to critical thermody-
namics. Finally, partly due to the aforementioned reason,
the critical exponents of temperature fluctuations are the
well-known universal exponents. For example the variance
of the temperature fluctuations equals the inverse of the
heat capacity as shown in Eq. (11). However, the critical
exponents of baryon or proton fluctuations are not well
determined, and assumptions or models are required in the
computation of these exponents. In the future, should a
signal of the CEP be observed in the net-proton fluctuation
experiments, an independent confirmation from comple-
mentary observables such as temperature fluctuations
would provide valuable corroborating evidence.
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APPENDIX A: 2 + 1 FLAVOR LOW ENERGY
EFFECTIVE FIELD THEORY WITHIN THE FRG

In this appendix, we recapitulate the setup of the 2þ 1
flavor low energy effective field theory (LEFT) within the
functional renormalization group used in this work. More
details about the 2þ 1 LEFT can be found in [56]. The
effective action reads

Γk½Φ� ¼
Z
x
fq̄½γμ∂μ − γ0ðμþ igA0Þ�qþ hkq̄Σ5q

þ trð∂μΣ · ∂μΣ†Þ þ Vmatt;kðϕÞ þ VglueðL; L̄Þg;
ðA1Þ

with the shorthand notation
R
x ¼

R β
0 dx0

R
d3x and

β ¼ 1=T, where T stands for the temperature. The subscript
k in Γk indicates that an infrared (IR) cutoff is applied to the
effective action, such that quantum and thermal fluctuations
of momenta p≲ k are suppressed. The full effective action
is resolved as k → 0, and thus, k plays a role as the
renormalization group (RG) scale. The field Φ ¼ ðq; q̄;ϕÞ
includes the three-flavor quark field q ¼ ðqu; qd; qsÞ⊺ and
the scalar and pseudoscalar meson fields ϕ ¼ ðσ; πÞ. The
mesons are in the adjoint representation of the UðNf ¼ 3Þ
group, which reads

Σ ¼ Taðσa þ iπaÞ; a ¼ 0; 1;…; 8; ðA2Þ

with
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T0 ¼ 1ffiffiffiffiffiffiffiffiffi
2Nf

p 1Nf×Nf
; ðA3Þ

and

Ta ¼ λa

2
ða ¼ 1;…; 8Þ; ðA4Þ

where λa are the Gell-Mann matrices. The quark and meson
fields interact with each other through the Yukawa coupling
hk with

Σ5 ¼ Taðσa þ iγ5πaÞ: ðA5Þ

The quark chemical potential μ in (A1) is related to the
baryon chemical potential μB with μ ¼ μB=3, where other
chemical potentials, e.g., the chemical potentials for the
electric charge and strangeness, are assumed to bevanishing.
The mesonic potential in (A1), i.e., the matter sector of

the effective potential, reads

Vmatt;kðϕÞ ¼ Ṽkðρ1; ρ2Þ − cAξ − clσl − csσs; ðA6Þ

with

ρ1 ¼ trðΣ · Σ†Þ; ðA7Þ

ρ2 ¼ tr

�
Σ · Σ† −

1

3
ρ113×3

�
2

; ðA8Þ

where ρ1 and ρ2 are invariant under the transformations
SUVð3Þ × SUAð3Þ × UVð1Þ × UAð1Þ in the flavor space.
Here, σl and σs indicate the scalar mesons of light and
strange quarks, respectively. The relevant strength con-
stants cl and cs result in explicit breaking of the chiral
symmetry, as well as the breaking of the flavor symmetry
from the three-flavor case to that of 2þ 1 flavors. The
UAð1Þ symmetry is broken by the Kobayashi-Maskawa-’t
Hooft determinant, viz.,

ξ ¼ detðΣÞ þ detðΣ†Þ; ðA9Þ

arising from quantum fluctuations, whose strength is
controlled by the constant cA.
The glue dynamics is encoded in the glue potential Vglue

in (A1), also known as the Polyakov loop potential. The
Polyakov loop is related to the temporal gluon background
field A0, that reads

LðxÞ ¼ 1

Nc
hTrPðxÞi; L̄ðxÞ ¼ 1

Nc
hTrP†ðxÞi; ðA10Þ

with

PðxÞ ¼ P exp

�
ig
Z

β

0

dτA0ðx; τÞ
�
; ðA11Þ

whereP on the right side denotes the path ordering, and g is
the strong coupling constant.
In this work, we employ the Haar glue potential [56,71],

VglueðL; L̄Þ ¼ T4V̄glue−Haar; ðA12Þ

with

V̄glue−Haar ¼ −
āðTÞ
2

L̄Lþ b̄ðTÞ lnMHðL; L̄Þ

þ c̄ðTÞ
2

ðL3 þ L̄3Þ þ d̄ðTÞðL̄LÞ2; ðA13Þ

where the Haar measure reads

MHðL; L̄Þ ¼ 1 − 6L̄Lþ 4ðL3 þ L̄3Þ − 3ðL̄LÞ2: ðA14Þ

The temperature dependence of the coefficients ā, c̄, d̄ in
(A13) is parametrized as

xðTÞ¼x1þx2=ðtþ1Þþx3=ðtþ1Þ2
1þx4=ðtþ1Þþx5=ðtþ1Þ2 ; x∈ðā;c̄;d̄Þ; ðA15Þ

and that of b̄ as

b̄ðTÞ ¼ b̄1ðtþ 1Þ−b̄4ð1 − eb̄2=ðtþ1Þb̄3 Þ: ðA16Þ

Here t in (A15)(A16) is the reduced temperature, that is

t ¼ αðT − Tglue
c Þ=Tglue

c ; ðA17Þ

where the parameters Tglue
c ¼ 230 MeV and α ¼ 0.5 are

used throughout this work. The values of other parameters
in (A15)(A16) can be found in [56,71].
Moreover, using the same method in [23], we employ the

dependence of the Yukawa coupling on the RG scale k
calculated from the first-principles QCD [10], as an input
for the LEFT. Then the Yukawa coupling in the LEFT now
reads

hk ¼ h0
hQCDk

hQCDk¼0

; ðA18Þ

where hQCDk is computed by using the fRG approach to the
first-principles QCD in the vacuum [10], as shown in Fig. 6.
Here, the parameter in the LEFT h0 ¼ 14 is determined by
fitting the constituent light u and d quark mass
ml ¼ 330 MeV. In the meantime, it produces the constitu-
ent strange s quark mass ms ¼ 568 MeV. Furthermore, we
use the same values of parameters in the matter sector in
(A6) as those in [56].
In the left panel of Fig. 7, we show the constituent

masses for the u, d light quarks calculated in the 2þ 1
flavor LEFT, depicted as functions of the temperature at
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several values of μB. Their respective derivatives with
respect to the temperature are shown in the right panel
of Fig. 7, from which one can determine the pseudo-critical
temperature for the chiral crossover through the location of
the peak. Figure 8 displays the temperature dependence of
pressure calculated in our 2þ 1 flavor LEFT-fRG
framework for baryon chemical potential μB ranging from
μB ¼ 0 to 500 MeV. The relevant lattice results at μB ¼ 0
are also presented for comparison [72,73]. One can see that
the LEFT is consistent with the lattice when T ≲ 230 MeV,
which is the temperature range most concerned in this
work, while the LEFT overshoots a bit the lattice results in
the region of high temperature. The temperature derivatives
of pressure, from the first to sixth orders, are presented
in Figs. 9 to 11, which stand for the entropy and its
fluctuations of different orders.

APPENDIX B: PRELIMINARY RESULTS OF
TEMPERATURE FLUCTUATIONS CALCULATED

IN QCD WITHIN FRG

In addition, we also compare the temperature fluctua-
tions obtained in the LEFT with the preliminary results
obtained in QCD within the fRG, whose setup is detailed in
[10]. The relevant results are presented in Fig. 12. One can
see that although there are some differences, the variance
and skewness of temperature fluctuations calculated from
the LEFT and QCD are consistent with each other quali-
tatively. Note that the main conclusions obtained from the
calculations in LEFT are corroborated by the QCD results,
e.g., the skewness of temperature fluctuations is negative
and the variance decreases significantly with the increase of
temperature.

FIG. 7. Constituent light quark mass (left panel) and its derivative to the temperature (right panel) as functions of the temperature with
several values of baryon chemical potential.

FIG. 6. Yukawa coupling, normalized to unity for k ¼ 0, as a
function of the RG scale k, computed from the first-principles
QCD within the fRG in the vacuum [10].

FIG. 8. Pressure normalized by T4 as a function of the
temperature with several different values of μB obtained in the
2þ 1 flavor LEFT, in comparison to the results obtained in lattice
QCD at vanishing μB from the HotQCD Collaboration [72] and
the Wuppertal-Budapest Collaboration (WB) [73].
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FIG. 10. Skewness (left panel) and kurtosis (right panel) of the entropy fluctuations, i.e., χ3 and χ4, as functions of the temperature
with several values of baryon chemical potential.

FIG. 9. Dimensionless entropy (left panel) and heat capacity (right panel) normalized by appropriate powers of T, i.e., χ1 and χ2, as
functions of the temperature with several values of baryon chemical potential.

FIG. 11. Fifth (left panel) and sixth (right panel) order fluctuations of the entropy, i.e., χ5 and χ6, as functions of the temperature with
several values of baryon chemical potential.
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APPENDIX C: HYPERORDER FLUCTUATIONS
OF TEMPERATURE

The fifth- and sixth-order fluctuations of temperature are
given by

c5 ¼ T11

�
−15

�
∂
2p
∂T2

�−7�∂3p
∂T3

�
3

−
�
∂
2p
∂T2

�−5 ∂5p
∂T5

þ 10

�
∂
2p
∂T2

�−6 ∂3p
∂T3

∂
4p
∂T4

�
; ðC1Þ

c6 ¼ T14

�
105

�
∂
2p
∂T2

�−9�∂3p
∂T3

�
4

− 105

�
∂
2p
∂T2

�−8

×

�
∂
3p
∂T3

�
2 ∂

4p
∂T4

þ 10

�
∂
2p
∂T2

�−7�∂4p
∂T4

�
2

þ 15

�
∂
2p
∂T2

�−7 ∂3p
∂T3

∂
5p
∂T5

−
�
∂
2p
∂T2

�−6 ∂6p
∂T6

�
: ðC2Þ

The relevant numerical results are shown in Fig. 13.

APPENDIX D: RATIOS OF TEMPERATURE
FLUCTUATION CUMULANTS

In relativistic heavy-ion collisions, the event-averaged
mean transverse momentum hpTi of charged particles
exhibits an approximate linear dependence on the system
temperature, hpTi ¼ aT. The parameter a represents the
proportionality coefficient. In order to eliminate the influ-
ence from this coefficient that is not determined quite well,
we instead analyze dimensionless ratios of temperature
fluctuation cumulants,

R32¼
c3
c22
; R42¼

c4
c32
; R52¼

c5
c42
; R62¼

c6
c52
: ðD1Þ

where the powers of the variance in the denominators are
chosen to balance the powers of T. The relevant ratios,
presented in Fig. 14, reveal that the cumulant ratios develop
an increasingly rich nonmonotonic structure while exhibit-
ing systematically reduced amplitudes with increasing μB,
reflecting competing effects where enhanced critical

FIG. 13. Hyper-order fluctuations of temperature, c5 (left panel) and c6 (right panel), as functions of the temperature with several
different values of baryon chemical potential. The inset on the right shows the plot by using the linear y axis, where the zero crossing for
c6 at high baryon chemical potential is clear.

FIG. 12. Comparison between the LEFT and QCD computations for the second- and third-order fluctuations of temperature, i.e., c2
(left panel) and c3 (right panel), as functions of the temperature with several values of baryon chemical potential. The LEFT and QCD
results are denoted by the solid and dashed lines, respectively.
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fluctuations near the sharpened phase boundary emerge
concurrently with the overall suppression of the magnitude
of temperature fluctuation.

APPENDIX E: RELATION BETWEEN THE
TEMPERATURE T AND THE MEAN
TRANSVERSE MOMENTUM hpTi

Considering a free relativistic gas in thermal equilibrium
at temperature T with Boltzmann statistics, where the mass
of particle, e.g., the pion mπ ∼ 150 MeV, is negligible in
comparison to the typical value of the transverse momen-
tum pT ∼ 1 GeV, the particle number reads

N ¼ ð2sþ 1ÞV
Z

d3p
ð2πÞ3 e

−p=T; ðE1Þ

where s denotes the spin of the particle and V the volume of
system. One readily finds for the mean transverse momen-
tum of particles,

hpTi ¼
1

N
ð2sþ 1ÞV

Z
d3p
ð2πÞ3 pTe−p=T; ðE2Þ

where the momentum and the transverse momentum is
related through

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
T þ p2

z

q
; ðE3Þ

with the longitudinal momentum pz. Combining Eqs. (E1)
and (E2), we have

hpTi ¼
R d3p

ð2πÞ3 pTe−p=TR d3p
ð2πÞ3 e

−p=T
: ðE4Þ

From the dimensional analysis in Eqs. (E4), one immedi-
ately arrives at

hpTi ¼ aT; ðE5Þ
that is, hpTi is linearly proportional to the temperature, with
the proportionality coefficient a. Note that this is different
from the nonrelativistic case, where it is easy to find that
hpTi ∼ T1=2. In order to determine the coefficient a in
Eq. (E5), one has to compute the expression in Eq. (E4).
The integral in the numerator in Eq. (E4) cannot be
computed analytically, but one can expand the momentum
in the exponent in powers of pz=pT , i.e.,

p ¼ pT

�
1þ p2

z

p2
T

�
1=2

¼ pT þ 1

2

p2
z

pT
þ � � � ðE6Þ

150

FIG. 14. Ratios between high-order temperature fluctuations and the variance, R32 ¼ c3=c22, R42 ¼ c4=c32, R52 ¼ c5=c42, R62 ¼ c6=c52,
as functions of the temperature with several different values of baryon chemical potential.
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Expanding Eq. (E6) to the second order, and substituting
into Eq. (E4), one finds

hpTi ≈
15

16
ffiffiffi
2

p πT ≈ 2.08T: ðE7Þ

Note that this value is close to the exact value,

a ¼ 2.356; ðE8Þ

obtained by directly computing Eq. (E4) numerically.
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