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We compute the next-to-leading order corrections to the radiative return process e™e~™ — z 77y using a
dispersive representation of the pion form factor for the calculation of loop integrals. We compare our
results with those of the factorized scalar QED approach, as well as with previous predictions obtained by
us in the generalized vector meson dominance model. We show the numerical impact of the structure-
dependent corrections on various observables of interest for radiative return experiments at flavor factories.
Following recent input from the literature, we include in our calculation also corrections due to neutral
pseudoscalar poles, and we provide a first estimate of such contributions. We also investigate additional
mechanisms contributing to final-state radiation at center-of-mass energies around the ¢-meson resonance,
such as radiative ¢ decays, presenting numerical results that are relevant for the KLOE experiment.
These novel features are implemented in the Monte Carlo event generator BabaYaga@NLO, which can
now be used to evaluate the impact of the modeling of pion-photon interaction in radiative return

measurements.

DOI: 10.1103/8zd9-sytq

I. INTRODUCTION

The hadronic cross section in e™e™ annihilation at low
energies is a key quantity for the data-driven computation
of the hadronic vacuum polarization (HVP) correction to
the anomalous magnetic moment of the muon,
a, = (9—2),/2, as well as of the running of the electro-
magnetic coupling constant [1-9].

For the calculation of the HVP contribution to a,, the
dominant channel is the process of two pion production
ete” - ntn~, that represents the main source of
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theoretical uncertainty. This process is measured
at eTe” colliders at the GeV scale (flavor factories) in
energy scan [10-17] and radiative return [18-25] experi-
ments. From these measurements, one can extract the
timelike electromagnetic pion form factor F,(g?) that
provides information about the nonperturbative structure
of the pion.

The available measurements of F,(¢*) show some
tensions that affect the data-driven evaluations of the
HVP contribution to a,. Actually, the predictions of a,
based on the data-driven method are not compatible with
the muon g — 2 experimental world average [26], except for
the CMD-3 determination [8]. New measurements of
F,(g*) with subpercent precision are ongoing or planned
in the near future, by using both the energy scan and the
radiative return method [27-32]. This experimental
effort requires parallel theoretical progress to keep all
the relevant sources of systematic uncertainty under con-
trol. Actually, the forthcoming measurements stimulated
updated comparisons between the predictions of the
existing Monte Carlo (MC) codes for experiments at flavor
factories [33], as well as the construction of new precise
tools [34] and the development of new versions of existing
generators with improved theoretical accuracy [35-38].

Published by the American Physical Society
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In this general context, a topic of high current interest is
the calculation of radiative corrections to processes
with pions in the final state. Indeed, in a series of papers
[35,39-45], it was recently shown that the insertion of the
composite structure of the pion in one-loop computations is
essential to obtain sensible predictions for various observ-
ables of experimental interest. In particular, for the energy
scan process ete™ — 7™, the structure-dependent cor-
rections are crucial to obtain predictions for the forward-
backward (or charge) asymmetry in agreement with the
data of the CMD-3 Collaboration [35,39,40,42].

To take into account the internal structure of the pion in
next-to-leading order (NLO) calculations, it is necessary to go
beyond the naive factorized scalar QED (F x sQED)
approach [35,36,46-51], where the pointlike scalar QED
(sQED) amplitudes are multiplied by an overall pion form
factor, which is evaluated at an appropriate virtuality to ensure
the cancellation of infrared (IR) divergences [52]. This
amounts to calculate the so-called structure-dependent cor-
rections, as it requires to introduce analytically the pion form
factor as a function of the loop momentum in virtual
amplitudes entering the process under consideration. Such
a challenging task can be performed according to two
independent methods: the generalized vector meson domi-
nance (GVMD) model [35,39,53,54] and the so-called
FsQED approach [35,40,55,56]. In [55,56], FsSQED is defined
as the multiplication of the SQED amplitude by the pion form
factors evaluated at the photon momentum transfers in loop
integrals, where F,(g?) is written by means of its dispersive
representation [57]. In the present work, we apply this
procedure to all the loop topologies of eTe™ — n 77y, thus
including the corrections beyond F x sQED in all diagrams,
irrespectively of which charged leg emitted the real photon.

The GVMD model was adopted in [35,39] for the
computation of the NLO corrections to the process of
two pion production in e*e~ annihilation. These calcu-
lations were implemented in the MC programs MCGPJ
[39,58] and BabaYaga@NLO [35,59,60]. The application of
the FsQED approach to eTe™ — ztn~ was presented
in [40]. The NLO structure-dependent corrections to the
energy-scan process, as computed according to dispersive
representations of the pion form factor, are available in the
codes BabaYaga@NLO [35] and McMULE [42].

Recently, the GVMD model was also applied to the
calculation of one-loop virtual corrections to the radiative
return process eTe~ — n "~y in [53,54]. The computation
of [53] was interfaced to the event generator Phokhara, while
the calculation of [54] was implemented in BabaYaga@NLO.
The application of the FSQED approach to radiative return
is still missing [61].

The goal of this work is to fill this gap in the literature, by
using the FsQED approach to take into account the non-
perturbative nature of the pion in the computation of the
NLO corrections to the radiative process ete™ — ztz7y.
We aim to study how the FsQED predictions differ from the

results of the F x sQED approximation, in order to quantify
the uncertainty associated with the modeling of the pion-
photon interaction in the computation of the NLO correc-
tions to radiative return. Moreover, a further goal is to
compare the FsQED results with those obtained by us
in [54] according to the GVMD model, to assess to what
extent the predictions for the structure-dependent correc-
tion in the two model are in agreement. In this respect, our
work extends the results obtained in [35] from energy
scan to radiative return and completes the treatment
of the structure-dependent corrections in BabaYaga@NLO.
Following [33,63], we also investigate corrections beyond
FsQED that could be enhanced by P-wave rescattering, and
we provide a first estimate of the numerical impact of such
corrections by calculating the neutral pseudoscalar-pole
contributions, as suggested in [64]. For completeness, we
also study the contribution due to different mechanisms that
are necessary for an appropriate description of the ztz~y
final state for center-of-mass (c.m.) energies around the
¢-meson resonance and we show predictions of interest for
comparison with KLOE data.

The paper is organized as follows. In Sec. II, we describe
the details of the calculation of the one-loop structure-
dependent corrections. The modeling of final-state radia-
tion (FSR) beyond F x sQED around the ¢ resonance is
addressed in Sec. III. In Sec. IV, we show numerical results
for experimentally relevant differential cross sections by
using realistic event selection criteria, inspired by radiative
return experiments at flavor factories. In Sec. V, we
summarize the main conclusions of our work.

II. ONE-LOOP CALCULATION OF STRUCTURE-
DEPENDENT CORRECTIONS

In this section, we sketch the main features of the one-loop
structure-dependent corrections to the e e~ — z" 7~y proc-
ess. In the first subsection, we describe the calculation of
virtual amplitudes introducing the pion form factor through
its dispersive representation in loop integrals, both for final-
state and initial-final state interference (IFT) contributions. In
the second subsection, we discuss neutral pseudoscalar-pole
contributions beyond FsQED in the second one.

The full analytic amplitudes are derived with the FeynRules
[65]—FeynArts [66—68]—>FeynCale [69—71] chain and are
expressed as functions of one-loop scalar integrals. The loop
functions are finally evaluated using the Collier [72] library,
with the exception of singular phase-space regions, where the
amplitude is computed in quadruple precision using the
LoopTools [66] package. The complete calculation is now
available as part of the public release of the BabaYaga@NLO
code through the project repository on GitHub [73].

A. FsQED approach

In the FSQED framework, the pion vector form factor can
be described through a once-subtracted dispersion relation
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[40], assuming elastic unitarity and the normalization
F,(0) =1, as

2 / /

q® [~ ds’ ImF,(s)
F(g3)=1+*— -z’ 1
”(q) + ”\/4m3, S/ s/_q2_l'€/ ( )

together with the sum rule,

1/°° & F () = 1. 2)

T Jam2 s'

which ensures F,(0) =1 and implies F,(s) - 0 for
s = o0. Since F,(0) =1, the real corrections in the
FsQED calculation coincide with those in F x sQED.
Differences arise only in the virtual contributions, where
the dispersive representation generates structure-dependent
terms in the one-loop amplitude. In particular, owing to the
infrared behavior of some loop diagrams, the combination
F,(q*)/q* must be regularized by introducing a small
fictitious photon mass 4, i.e.,

F.(q%) 1 1/00 ds’ ImF,(s" + %)
- - — :
q* G =2 +ie T ap-p s G -5 -2 +id
(3)

We adopt the same conventions as [54] and split the
virtual FSQED amplitudes according to the number of
virtual photons in the loop diagram, as

1y oy
Agsep = 2RC{A§JSJ(/211]D + ‘A;s}(l)])ED}' 4)

As pictured in Fig. 1, four subsets can be further
identified by distinguishing the current that emits the real
photon in the virtual diagram. The latter are associated to
the hadronic processes y*y* — ztn~ (2y*,ISR), i.e., the
pion Compton tensor, and y*y* - ztz7y (2y*,FSR).
Moreover, also corrections to the pion form factor
(1y*,ISR) and to the Compton tensor (l1y*,FSR) come
into play. For the y*y* — z™z~ topology, isolating the
dominant contribution due to the pion pole is equivalent to
FsQED [40], while for y* — ztz~ the full dispersive
analysis is available [44]. For radiative corrections to
y* = ntz~y and for the subprocess y*y* — ntx7y, dis-
persive analyses are still in progress [33,74-76]. For all
topologies, we assume in this work that FSQED is a good
starting point to go beyond the standard F x sQED
approximation.

The amplitudes related to (1y*) and (2y*) contributions

are detailed in Eqgs. (6) and (7). The kernels A;ly*’i) (s") and

A;zy*’i)(s’ ,s") denote the interference between the tree-

level and the renormalized virtual matrix elements in the
on-shell scheme, as in [35,36]. In this notation, the virtual

’

4
»
(17, 1SR) " (17",FSR)
(177)
e
“w
(2v%,ISR)
(277)

FIG. 1. Topologies involved in the calculation of the structure-
dependent corrections to eTe~ — zTx~y. The notation 1y* and
2y* refers to the number of virtual photons connecting initial-state
and final-state charged legs, while ISR and FSR are related to the
signal photon.

photons are given squared masses s’ and (s',s”), respec-
tively, and the subscript j indicates the current responsible
for the tree-level photon emission. In both expressions, the
virtuality #; of the pion form factor is given by

M2, for i = ISR,
n = . (5)
S for i = FSR,

where M, is the di-pion invariant mass, and s is the
squared c.m. energy.

As explicitly shown in Eq. (6), the infrared dependence
of the (1y*) contribution is entirely encoded in the first term
Aﬁlr*’l)(ﬂz). By contrast, the single- and double-dispersive
integrals are finite, being free of both infrared and ultra-
violet singularities (the latter after renormalization).
Consequently, their numerical evaluation does not require
any special treatment. Note that, in the double-dispersive
integral, the coefficient of the product of the two imaginary
parts comes from a partial fraction decomposition, using
the same strategy as in [35].

For the (2y*) diagrams, whose complete expression is
given in Eq. (7), the situation is significantly more subtle
and demands a careful treatment. Unlike the (1y*) case, the
absence of a third pion form factor means that the infrared
structure of these diagrams is not completely determined by

the term Aﬁ-zy*’i) (22, 12),
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Agsg%D: Z {AFSQED/}F (ﬂz)F*(’?])
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By explicitly separating the real part of each term in the sum in Eq. (7), we obtain
Re{AFsQED Fr (n;)} = {ReF, (W;)RCAFsQED] +1Im F,(n;) Im 'AFSQEDJ} (8)

It follows that the IR divergence is shared between the real and imaginary parts of the amplitude A(Fzng'l)D ;- In particular, the
real part of the single-dispersive contribution of Eq. (7) is IR sensitive. To address this issue and analytically isolate the IR-
sensitive component of the dispersive integral, we exploit the fact that the IR singularity of the real part of the F x sQED
amplitude is also preserved in FSQED, namely,

[ReAL o 1 = [ReA ) (22 2)ReF (1), = [ReAfnith ] 9)

Adding and subtracting in Eq. (7) the structure [Re.Aﬁ.zy*"') (A%, 22)ReF ,(n;)] allows one to recast Eq. (7) itself as in Eq. (10),

where Eq. (1) has been used to rewrite 1 — ReF,(5;). This procedure isolates the IR behavior of the real part in the first term,
while the single- and double-dispersive integrals remain IR finite,

2 1 ds’ (2 i
Re AFsQEDJ = ReAﬁ- ! )(iz,iz)Ran(ﬂi) —;Re Amz S—ImF (s') [ . )(lz,s') + Aﬁ- " )(S’,/12)

d// * i
b ReAT /12)}+ Re / / I Ea(s) Im F (") AT (s 57). (10)

The single-dispersive contribution, however, still exhibits a pole at s’ = ;. The integration around this pole is treated using
the +i¢’ prescription inherited from the dispersive integral. The second line of Eq. (10) is therefore written as in Eq. (11),
where the definition of f(s’) is given in Eq. (12) and f () = lims_+ f(n; & 8). A thorough discussion of this relation is
given in [35],

. ;S / Ref(s') _
6Jlg{iRe/ds ey i P.V. | ds a— += Imf(nl )+ Imf(nl. ). (11)
f(s) = _1mFy(s) r (+) {A?y“") (2, ') + A5, 22) + S — ReAT (2 2) (-5 + i) (12)
n s - s —n; — i€

The extraction of the infrared divergence associated with the imaginary part of AFSQED is more involved. In this case, the

IR singularity is not contained in the imaginary part of the amplitude itself but rather arises from the dispersive integration
through an end point singularity, as pointed out in [35,40]. Compared to the case of two-pion production, the relevant
topologies are more involved and include genuine five-point functions. To make use of the results of Ref. [35] concerning
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the dispersive integration of the imaginary part of the scalar
four-point function, all five-point functions are reduced to
combinations of four- and lower-point scalar functions
using the package hexagon.m [77]. In this framework,
only the scalar four-point integrals D, exhibit an end point
singularity in the limit s’ — #;, whereas A, B, and C,
remain regular for finite masses.

To isolate the IR divergent piece, to be dealt with
analytically, and a finite term, which is inte rated numeri-
cally, we first identify in the amplitude A; 2 l)(/lz "+

A;- )(s ,A%) all contributions propornonal to scalar D,

functions which exhibit the singular behavior. We then add
|

2
Im AL, = Im A

ﬂ’lz S
1
_2

With this prescription, the kernel of the single-dispersive
integral appearing in the second line of Eq. (14) remains
finite in the limit s’ — #;, while the contribution associated
with the end point singularity, whose integral reproduces
the correct IR behavior, is isolated in the term

1 o ds’
—mFel) Y d ) m [0y, (1)
1 mz

This contribution requires special care. In contrast to the
case of two-pion production, additional imaginary parts
arise from cuts that are absent in [35,40], since one of the
external legs is off shell in the present case.

The cuts contributing to the imaginary part of the 4-point
scalar function are shown in Fig. 2. For the FSR amplitudes

A;zy*’FSm (s, %), the cut shown in the left panel generates

(29", 1SR)

(27", FSR)

FIG. 2. Schematic representation of the cuts (red dashed lines)
contributing to the imaginary part of the 4-point scalar function in
AE-ZY:ISR)(S’, %) and Agzy*’FSR)(s’ ,22). The double wavy line
represents the massive s’ photon, whereas the single wavy line
denotes the photon with vanishing mass 42.

y 1
D(2,22) = —Im Fy(n) Y d' () Im
l

_11 / ds’ {ImF( VAP D2y
4

and subtract from the pole-dispersive integral the corre-
sponding contribution, in which the coefficients of the
singular D, terms are evaluated at s’ = #; and multiplied by
Im F,(n;). For brevity, we denote this subtraction term as

Im Fﬂ(ni)zdl(”i)Dé(s/)’ (13)
I

where d,(n;) represents the corresponding coefficients of
the singular D)\(s") evaluated at the end point. With the
above formulation, we can finally write the imaginary part
of the amplitude of Eq. (8) as

~ 8 i)
4m? s'

)+ A )] I ) Y )45 |

l

ds” +i
A a —ImF, ’)ImF,,(s”).Aﬁ-zy’)(s’,s"). (14)

l

an end point singularity as s’ — s, leading to an IR-
sensitive contribution after dispersive integration, while
the alternative cut remains finite. For the ISR contributions
A(zy ISR) (57, 12), only a single cut contributes, diverging in
the s = M2, limit. Both singular structures reproduce the
results previously derived in [35,40]. It is worth noticing
that under the interchange of s’ and A%, the imaginary part
arising from each cut does not give rise to any end point
singularity, for both ISR and FSR virtual diagrams.
Accordingly, the dispersive integral associated with the
singular imaginary part in Eq. (15) is evaluated analytically,
whereas the remaining imaginary contributions are com-
puted numerically. With the above theoretical framework,
we obtain, for each phase-space point, the IR structure of
the virtual amplitude that cancels the soft A-dependent
contribution. As a result, the dispersive integration is
reconstructed by Monte Carlo sampling, generating for
each phase-space point the virtualities s" and s”.

B. Neutral pseudoscalar-pole contributions

As emphasized in the literature [33,63], the
v*y* — a7y topology might receive possibly enhanced
P-wave rescattering corrections that are not captured by the
FsQED approach. As suggested in [63,64], a first step to go
beyond the FSQED calculation of the (2y*, FSR) contri-
bution is to consider the neutral pseudoscalar poles
P = 7° 1,1 entering the hadronic light by light (HLbL)
scattering [55,56]. We estimated such contributions by
considering the y*y* — P — py kernel, where the p con-
verts into a pion pair through the phenomenological
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FIG. 3.

’ ’

1
v ¥ ¥
| / 7
- - ’VV\/\W\ N
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| I

Representation of (2y*, FSR) contribution as given by the sum of the FSQED correction, where the shaded blob is the pion

form factor F,(g?), and the additional contributions are given by the P = z°, 7, %’ pole in the HLbL, where the blue blob represents
Fpyp (q% q%) Here, the double wavy line represents the p meson, where the corresponding TFF is amputated. The contraction with the

initial eTe™ current is understood, with fixed external momenta.

coupling [g,.,| =6 [78]. For the y*y*P interactions, we
estimate the transition form factor (TFF) Fp,.- (43, 43) ina
vector meson dominance (VMD) model [79,80], which
represents an approximation of the full dispersive one [81],
with the interaction vertex reading

_iezeyuaﬁq(fngPy*y* (q%’ q%) (16)

Due to the isospin conservation, the VMD amounts to
inserting two massive propagators with the p, @ masses for
the z° TFF, while for the ) two p propagators are inserted,
each with the appropriate Fp,, = Fp,,(0,0) normaliza-
tion [81,82]. In order to get the correct amputated form
factor for the Ppy* vertex, we substitute the TFF as [64]

. g
FP/)y* (Q%) = qzh_)nﬂl/lePy*y* (q%v q%) 6716;2 (q% - M/%)’ (17)
1 4 P

where e is the electric charge and |g,,| ~ 5 [83].

III. FINAL-STATE RADIATION AROUND THE ¢
RESONANCE

For a proper modeling of the e™e™ — z 77y process at
c.m. energies around the ¢»-meson resonance, further mech-
anisms of real radiation beyond the F x sQED approach
need to be taken into account. Actually, these additional
contributions to do not contribute to the definition of pion
form factor and represent background processes.

As discussed in [53,84-93], the main relevant processes
can be classified as follows: a) direct radiative decays via a
scalar resonance, b) double resonance processes, and c)
bremsstrahlung processes. The mechanisms a) and b)
correspond to the processes

a) ete” sy > ¢p—>Sy—->ntay,

b) etem -V, (Von) > ratay, (18)

where S = {fy,0} are the possible intermediate scalar
mesons leading to the two-pion final state, while the vector
resonances are given by V| = {¢,@'} and V, = p*.
Finally, while the contribution c¢) inherently incorporates

the baseline F x sQED description of FSR, it extends this

framework through the inclusion of additional bremsstrah-
lung processes involving vector and axial-vector mesons.
For the energy region of interest, up to approximately
1 GeV, they can be modeled within a chiral perturbation
theory (yPT) framework containing the neutral p° meson,
the charged z* and a;* mesons, as well as the photon [85].
Henceforth, to isolate these effects, we define contribution
c) as referring exclusively to these beyond-F x sQED
bremsstrahlung mechanisms.

As shown in [53,85,90], the dynamics of all the above
processes can be encoded into a FSR tensor, whose general
form is dictated by Lorentz covariance and gauge invari-
ance. In short-hand notation, the FSR tensor M** describ-
ing the transition y* — 7777y can be written as follows:

3

M= i@ g (9

i=1

where 7 are three independent tensor structures as defined
in [85], and f; are Lorentz-invariant functions. The decom-
position of M’; v IR in Eq. (19) is model independent,
and the model dependence is only related to the explicit
expression of the f; functions. Because of the distinct
physical nature of the intermediate resonances involved in
the FSR mechanisms a), b), and c), each scalar function f;
can be decomposed as

fi= R+

where fV, f%, and fBr. denote the vector, scalar, and
beyond-F x sQED bremsstrahlung contributions, respec-
tively. In our calculation, the hadronic tensor of Eq. (19) is
contracted with the leptonic tensor of eTe™ — y*, squared

and interfered with the F x sQED amplitude.

i=1,23, (20)

IV. NUMERICAL RESULTS

We have implemented the NLO calculation described in
Sec. II in the Monte Carlo event generator BabaYaga@NLO
[35,36,59,60]. The FSQED fixed-order corrections have
been matched with the parton shower (PS) algorithm
reaching NLOPS accuracy, as done in [36] for the factorized
approach. Since the higher-order contributions are modified
by subleading terms with respect to the F x sQED case, only
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the structure-dependent NLO corrections are shown and
discussed in this section. Also the FSR mechanisms
described in Sec. III have been implemented in the code,
dressing the LO amplitude with the PS algorithm.

For the numerical results, we use the following set of
input parameters:

a = 1/137.03599908,
m, = 0.51099895 MeV,
m, = 139.57039 MeV. (21)

For the F x sQED and FsQED predictions, we employ
the pion form factor given in [33], while for the GVMD
approach, we use the form factor parametrized as a sum of
Breit-Wigner functions, as reported in [54]. Both form
factors account for the six resonances p, w, ¢, p', p”, and
p". As previously noted, the scalar functions of Eq. (20) are
inherently model dependent. In this work, both the specific
models and their corresponding parameters are adopted
directly from the literature. Specifically, the direct ¢ decay
is parametrized according to [88], the vector double
resonant process follows [90], and the yPT bremsstrahlung
contributions are taken from [85].

To model realistic event selection cuts used by radiative
return experiments, we adopt the four scenarios described in
[33] and also detailed in [36]: KLOEI large-angle (LA) and
KLOEIl small-angle (SA) at c.m. energy of /s =
1.02 GeV,BESIIIat /s = 4 GeV,andBat /s = 10 GeV.

A. Structure-dependent corrections

We study the impact of the structure-dependent correc-
tions considering for all scenarios the following differential
cross sections:

do do

M, 22)

where M, is the di-pion invariant mass, and 6" is the polar
scattering angle of the z™ particle, defined with respect to
the direction of the incoming electron. The former observ-
able is the quantity used in the experiments to extract the
pion form factor from data, while the latter is relevant for
acceptance studies. In this Sec. IV A, the processes detailed
in Sec. III are omitted in order to isolate and evaluate
precisely the pure structure-dependent corrections.

Our results for the two-pion invariant mass and the
angular distribution are shown in Figs. 4 and 5, respec-
tively. The relative contributions shown in the lower panels
of the plots are defined as follows:

i . dai:sQED - daf:stED 23
Ksoep = d ) (23)

OFxsQED
where do is a notation representing the differential
cross section as a function of M,, or %. In Eq. (23),

the superscript i is given by i = full, (1y*), (2y*,ISR),
(2y*,FSR), where “full” denotes the complete structure-
dependent correction. The separation of gauge-invariant
contributions is performed at the level of NLO amplitudes,
which are interfered with the full Born contribution.

As can be seen from Fig. 4, the complete set of FSQED
corrections to the invariant mass around the p peak is of the
order of a few permille for all the experimental scenarios,
from ¢ to B factories. Across the three scenarios KLOEII
SA, BESIHI, and B, the (1y*) subset represents the
dominant contribution to Kii,ep. For KLOEII SA, the
NLO corrections are dominated by the (1y*) contribution
because of the enhancement driven by the squared collinear
logarithm L?, where L = log (s/m?). On the other hand, in
the BESIII and B cases, the (2y*) contributions are strongly
suppressed, as a consequence of the small value of F(s).
In the KLOEI LA scenario, all topologies contribute with a
similar size to the full correction, due to the different
photon angular cut with respect to KLOEII SA.

The structure-dependent corrections to do/d@™ are at the
percent level in all scenarios, as can be noticed from Fig. 5.
In this case, the FSQED corrections are dominated by the
(2y*,ISR) topology. This is due to the fact that the
(2y*,ISR) diagrams contribute asymmetrically to do/d0"
when interfered with the leading-order ISR, being
enhanced by |F,(M2,)* for M,, ~m,.

It is worth noting that the numerical impact of the
FsQED corrections as computed in this paper are in striking
agreement with the effects discussed in [54] for the one-
loop contributions to eTe~ = z "7~y in the GVMD model.
Therefore, also for radiative return experiments, one
observes an accordance between the predictions of the
two formalisms for the computation of the structure-
dependent corrections already noticed in [35] for the energy
scan process ete” = gt

The additional contributions from neutral pseudoscalar
poles in the (2y*, FSR) subset, depicted in Fig. 3, remain
below the permille level in all considered scenarios, both in
the invariant mass spectrum M., and in the angular
distribution *. This can be understood as the s-channel
diagram is helicity suppressed, whereas the 7-channel and
u-channel contributions, despite the behavior of the p
propagator given by (Mz, —M;+i',M,)~", do not
exhibit any infrared or collinear enhancement. A complete
quantitative estimate, including beyond-FsQED effects
other than pseudoscalar poles, deserves a more detailed
analysis, which is left to a future investigation.

For completeness, we also study the size of FSQED
corrections to the forward-backward asymmetry Agg in the
KLOEI LA setup, which is defined as

dUF - dUB

= 24
dog + dog’ (24)

AFB (Mim)

where
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FIG. 4. The differential cross section of the ete™ — n 77y process as a function of the invariant mass M, in the four scenarios with
the F x sQED and FsQED approaches. The K;SQED factors shown in the lower panels are defined in Eq. (23). The shaded areas represent

the 1o statistical MC uncertainty.

1 do
dogp = ————dcosO,
oF A dM ,,d cos 8" cos

0 do
dog = ———dcosf™".
B /_ 1 dM . d cos 0T o8

(25)

Our results for the forward-backward asymmetry are shown
in Fig. 6. The absolute differences shown in the lower panel

are defined as

A; = Aly —AFSEP i — FsQED,GVMD  (26)
From Fig. 6, one can see that the full FSQED correction is
about one percent close to the p peak, and it is at a few
permille levels below it. For comparison, we also display

the prediction obtained within the GVMD approach of
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FIG. 5. The same as in Fig. 4 for the differential cross section as a function of the #* scattering angle.

[54]. Remarkably, the two formulations exhibit an B. Final-state radiation around the ¢
agreement at the 107 level, despite being based on
completely different methodologies and pion form factor
parametrizations.

Moreover, from Fig. 6, it can also be noticed that the
structure-dependent contributions to Agg give rise to a
resonant enhancement around the p, whose size is of the
same order of magnitude as that due to the FSQED and 50° < 0. < 130°
GVMD corrections to the charge-asymmetry of the energy =UES ’
scan process ete” — T~ [35,39,40,54]. 50° <6, <130° E, > 10 MeV. (27)

In this section, we show the impact of the different FSR
processes discussed in Sec. III. We first consider the
radiative return setup at c.m. energy /s = m, of the
KLOE experiment at DA®NE, using a simplified event
selection, namely,
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FIG. 6. The forward-backward asymmetry of the ete™ —
atx~y process in the KLOEI LA scenario. The absolute
differences in the lower panel are defined in Eq. (26).
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FIG. 7. Left panel: differential cross section for the eTe™ — ztx

With this scenario, we can probe the invariant mass region
up to approximately 1010 MeV, thus exploring the entire
region around the f, resonance. In Fig. 7, we investigate
the role played by the mechanisms introduced in Sec. III in
a MC simulation of the two-pion invariant mass distribution
and of the forward-backward asymmetry.

For both observables, we can note the effect of the f,
resonance around 980 MeV induced by the direct radiative ¢
decay, that is of the order of several percent. Around the p
peak, the additional FSR mechanisms give small effects
because of the dominance of the ISR contribution that is
enhanced by F,(¢*) for ¢ ~ m2. In the low invariant mass
region, the ¢ radiative decay mediated by the ¢ meson is
significantly broadened due to the large width of the reso-
nance, making it hardly visible. In the same region, double
resonance mechanisms and yPT bremsstrahlung processes
give a comparable contribution to the radiative ¢ decays.

It is worth noting that, under the symmetric angular cuts
of Eq. (27), the observables shown in Fig. 7 provide
complementary information on the additional FSR proc-
esses. Since the IFI exactly cancels out upon angular
integration, the invariant mass distribution is sensitive only
to even contributions under the exchange of the z and 7~
momenta, thereby acting as a direct probe of the squared
FSR amplitude. In contrast, the forward-backward asym-
metry naturally isolates the odd terms, rendering the IFI the
dominant contribution to this observable. As previously
noted, the f, resonance significantly affects the shape of

T
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panel: corresponding forward-backward asymmetry Agg. Blue curves represent the NLOPS prediction including structure-dependent
FsQED corrections, while red curves show the impact of additionally incorporating the mechanisms discussed in Sec. III at LOPS
accuracy. The lower panels display the relative difference Krsr, normalized to the NLOPSgqgp reference (left) and the absolute

difference Apgg, (right). The experimental selection cuts correspond to the scenario defined in Sec. IV B.
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FIG. 8. Top panel: integrated cross section for the process
ete” - xtx~ as a function of the c.m. energy /s in the ¢-
resonance region, computed at NLOPS accuracy excluding (blue
curve) and including (red curve) additional FSR effects of Sec. III
at LOPS accuracy. Bottom panel: the corresponding relative
difference normalized to the NLOPS result without additional
FSR mechanisms.

both observables. On the other hand, in the low invariant
mass region, the M, spectrum maintains its overall shape
despite receiving large corrections, whereas the asymmetry
undergoes a major change in this same kinematic range.
Consequently, as already discussed in the literature [90],
the near-threshold region of the asymmetry is highly
sensitive to all FSR mechanisms, thus providing an
important test for FSR dynamics. In particular, yPT
predictions can be tested independently using data away
from the ¢-meson peak.

Furthermore, since the e™e™ — 777~y channel consti-
tutes a subset of radiative corrections to zz~ production,
we also evaluate the impact of these additional FSR
mechanisms within an energy scan setup. For this purpose,
we adopt the event selection criteria and the pion form
factor parametrization detailed in Ref. [35], where these
additional contributions were not investigated. Our numeri-
cal results indicate that all the corrections induced on the
charge asymmetry remain strictly below the permille level
across the entire energy range /s < 1.2 GeV. Similarly,
the relative effects on the integrated cross section are below
the 1073 level, with the exception of a narrow window

around the ¢ resonance. In this region, as illustrated in
Fig. 8, the correction reaches up to ~0.6% and follows the
expected resonant shape. Moreover, we verified that the
bulk of this correction is driven by the direct radiative decay
a) of Eq. (18), which produces an enhancement in the
differential cross section as a function of M, around the f,,
mass region, similarly to what is observed in Fig. 7 for
radiative return. It is worth noticing that the yPT mecha-
nisms are negligible in the entire region of interest for
energy scan experiments.

V. CONCLUSIONS

We have computed the NLO structure-dependent cor-
rections to the process ete™ — z 7y, which is measured
at flavor factories to extract the pion form factor in
radiative return experiments. We have used a dispersive
representation of the pion form factor in the FsQED
approach to include the composite structure of the pion
in one-loop integrals associated with both FSR and IFI
contributions.

We have compared the FSQED predictions with the
results of the usual F x sQED approximation for some
observables of interest in radiative return measurements,
from ¢ to B factories. We have also discussed comparisons
between the FsQED structure-dependent corrections and
those obtained by us in [54] using the GVMD model.

We have shown that the invariant mass distribution is
affected by FsQED corrections at the permille level in all
experimental setups. On the other hand, the observables
that are sensitive to the angular variables, such as the
differential distribution of the scattering angle and
the forward-backward asymmetry, receive corrections at
the percent level. Moreover, we have emphasized that the
FsQED corrections to radiative return are in remarkable
agreement with the GVMD predictions of [54], following
the results of the energy scan scenario [35,40].

According to recent input from the literature, we have
also explored the role of pseudoscalar-pole contributions
beyond FsQED, and we have found that the numerical
impact of such corrections is below the permille level in all
the experimental scenarios. A more complete investigation
of beyond-FsQED contributions is left to future work.

From our study, it is possible to conclude that the
structure-dependent corrections to ete™ — xta"y are, in
general, not negligible for radiative return measurements of
the pion form factor at a subpercent accuracy.

In our work, we have also scrutinized the impact of the
different mechanisms related to FSR that are known to be
relevant for c.m. energies around the ¢ resonance. We have
shown that these additional processes, namely, the direct
radiative decays mediated by the f; and o scalar reso-
nances, the double resonance decays, and the yPT brems-
strahlung, provide significant contributions to the invariant-
mass distribution and the forward-backward asymmetry at
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/s = my and need to be taken into account for accurate
MC simulations.

The FsQED computation presented in this work, as well
as the improved treatment of FSR around the ¢-meson
resonance, is available in a new version of the
BabaYaga@NLO event generator, where also GVMD
corrections to radiative return are implemented. Thanks
to the results obtained in [35,36,54], in this release of
BabaYaga@NLO, the  structure-dependent corrections
according to two independent approaches are matched to
a multiphoton PS for both ete™ —» ztz~ and
ete™ — nTry. This version of the code can be used to
assess the uncertainty due to the modeling of the pion-
photon interaction in both energy scan and radiative return
experiments at flavor factories.

As a further prospect, we plan to compute the lepton pair
corrections to the production of two pions in e'e”
annihilation, in order to improve the accuracy in the
calculation of higher-order contributions in BabaYaga@NLO
for simulations and data analysis at flavor factories. We are
also interested in extending our results on radiative cor-
rections to hadron production processes in ete”

annihilation with predictions for the production of kaon
pairs in energy scan and radiative return measurements.
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