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We study the interaction of a stress-energy tensor describing a static point mass supported by a string
outside a Schwarzschild black hole with the gravitons of the Hawking radiation. We derive a closed-form
analytic expression for the total response rate of this stress-energy tensor to the thermal gravitons in the
Unruh state, which models the quantum state in the spacetime of a spherically symmetric black hole formed
by gravitational collapse. This response rate is finite in contrast with the infrared divergent response rate for
a static point mass supported by a string in Rindler spacetime, i.e., a point mass accelerated uniformly by a
string in Minkowski spacetime. By comparing the response rate near the black hole horizon with that in
Rindler spacetime, we show that the size of the black hole acts as a natural infrared cutoff. We also find that
the response rate of this stress-energy tensor to the thermal gravitons incoming from past null infinity in the
Hartle-Hawking state vanishes. As a result, the total response rates of a static point mass (supported by a
string) in the Unruh and Hartle-Hawking states for gravitons are identical. This is also the case for a static
charge interacting with the electromagnetic field but not for a static source for a massless scalar field.
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I. INTRODUCTION

It is widely believed that a theory of quantum gravity is
required to describe the earliest moments of the Universe
and the final stages of black hole evaporation when
quantum effects of gravity are expected to dominate.
Despite substantial efforts toward its formulation, a fully
consistent and well-defined theory of quantum gravity
remains one of the major open problems in fundamental
physics (see Ref. [1] for a list of proposed approaches). In
the absence of such a fully consistent theory, one is led to
semiclassical frameworks that are believed to delineate the
interface between classical and quantum descriptions of the
underlying gravitational interaction. In particular, quantum
field theory in curved spacetime provides a well-established
setting that consistently combines quantum field theory
with general relativity at the perturbation level, describing
quantum fields propagating on a fixed classical back-
ground. One of the most remarkable predictions of this
framework is the Hawking effect, according to which black

holes emit a thermal flux of particles, leading to their
gradual evaporation [2,3]. By predicting that black holes
emit this thermal flux of particles with a characteristic
temperature, the Hawking effect has played a central role in
connecting black holes to thermodynamics, establishing
their interpretation as thermodynamic systems.
A phenomenon closely related to the Hawking effect is

the Unruh effect, i.e., the fact that the Minkowski vacuum
in quantum field theory is perceived as a thermal bath, the
Fulling-Davies-Unruh [4–6] thermal bath, by uniformly
accelerated observers, i.e., by observers in the Rindler
frame [7]. The Unruh effect brings into sharp focus the
observer-dependent nature of the particle concept in quan-
tum field theory. It is an essential ingredient for a consistent
description of quantum field theory from the viewpoint of
uniformly accelerated observers [8]. More specifically, it
provides the correct vacuum structure and particle inter-
pretation, which are crucial, for example, in the analysis of
classical radiation processes described from the perspective
of the uniformly accelerated observers [9]. Like the
Hawking effect, the Unruh effect has been derived rigor-
ously through several independent approaches, firmly
establishing its theoretical validity [10–13].
Recently, we investigated the gravitational waves emit-

ted by a point mass in uniform acceleration being pulled by
a string in Minkowski spacetime, which is static in the
Rindler frame [14]. (See also Ref. [15].) In particular, we
computed the response rate of this static, conserved stress-
energy tensor to the gravitons of the Fulling-Davies-Unruh
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thermal bath in the coaccelerating frame and showed that it
agrees with the graviton emission rate computed in the
standard method in the inertial frame in Minkowski
spacetime. We found that the total response rate exhibits
an infrared power-law divergence.
The main purpose of this paper is to investigate the

analogous problem of finding the response rate of a point
mass held at rest outside a Schwarzschild black hole by a
string to the gravitational Hawking radiation, which is
modeled by the radiation from the past horizon in the
Unruh state [6]. For this purpose, we derive analytic
expressions for the graviton mode functions in the low-
frequency regime in Schwarzschild spacetime. In particu-
lar, we solve the radial equation of motion for the vector-
type (odd-parity) modes and apply the Chandrasekhar
transformation to obtain the scalar-type (even-parity)
modes, which are the ones that couple to the stress-energy
tensor considered here. We also consider the Hartle-
Hawking state as the initial state of the quantum field,
which describes a black hole in thermal equilibrium with a
surrounding thermal bath at the Hawking temperature [16].
The remainder of the paper is organized as follows. In

Sec. II, we construct a conserved stress-energy tensor
satisfying the weak energy condition and corresponding
to a point mass at a radial position r0 supported by a one-
dimensional radial string extended from the particle radial
position to infinity. In Sec. III, we review the gravitational
perturbations of the Schwarzschild spacetime (Sec. III A),
derive the mode solutions analytically in the low-frequency
regime (Sec. III B), and quantize the perturbations using the
canonical quantization prescription (Sec. III C). In Sec. IV,
we compute the response rate of the conserved stress-
energy tensor constructed in Sec. II to the thermal bath of
the Hawking radiation of the Schwarzschild black hole.
Our concluding remarks are presented in Sec. V. In
Appendixes A and B, we discuss technical details that
have been omitted from the main text. In Appendix C, we
analyze the response rate of an alternative stress-energy
tensor with an additional parameter characterizing the
string. In Appendix D, we present the response rates of
static point particle systems coupled to bosonic fields in
some static spacetimes, summarizing the results of this
paper and those in the literature. We adopt metric signature
ð−;þ;þ;þÞ and units whereG ¼ c ¼ ℏ ¼ 1, unless stated
otherwise.

II. CONSERVED STRESS-ENERGY TENSOR

The line element of the Schwarzschild spacetime is
given by

dτ2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2ðdθ2 þ sin2θ dϕ2Þ; ð1Þ

where the Schwarzschild radial function is

fðrÞ ¼ 1 −
rh
r
; ð2Þ

with rh ≡ 2M being the radial coordinate of the event
horizon, where M is the mass of the black hole.
We begin by constructing a conserved stress-energy

tensor, Tμν, in the spacetime described by Eqs. (1) and
(2), for a system that includes a static point mass located at
a fixed radial position, r0 > rh. A particle at rest at fixed r0
outside the black hole does not follow a geodesic and
therefore has a nonvanishing proper acceleration,
aμ ¼ uν∇νuμ ≠ 0, where uμ denotes the 4-velocity. This
implies that the particle undergoes uniform acceleration in
the exterior region of the black hole. The agent respon-
sible for supporting this constant acceleration, which
continuously exchanges energy-momentum with the par-
ticle, must therefore be included. Thus, only the stress-
energy tensor of the whole system, i.e., the point mass
together with the agent driving the acceleration, is con-
served. (This conservation is essential for ensuring the
gauge invariance.)
We assume that the only nonvanishing components

of the stress-energy tensor are Ttt and Trr and that they

are proportional to δð2Þ⊥ ≔ δðθ − θ0Þδðϕ − ϕ0Þ=sin θ. The
r-component of the conservation equation,∇μTμν ¼ 0, gives

∂rTrr þ
�
2

r
−

f0

2f

�
Trr þ ff0

2
Ttt ¼ 0: ð3Þ

We let the Trr component be given by

Trr ¼ −μ
f
r2
FðrÞδð2Þ⊥ ; ð4Þ

with F being a real-valued and positive function of r and
μ ¼ μðr0Þ > 0 being related to the point particlemass,m0, as
shown below. Substituting Eq. (4) into Eq. (3), we obtain

Ttt ¼ μ

r2

�
2

f0ðrÞF
0ðrÞ þ 1

fðrÞFðrÞ
�
δð2Þ⊥ : ð5Þ

The stress-energy tensor given byEqs. (4) and (5) satisfies the
weak energy condition provided that F0ðrÞ ≥ 0.
Now, we choose the function FðrÞ as

FðrÞ ¼ θðr − r0Þ; ð6Þ

where θðxÞ is the Heaviside step function. This choice leads
to the stress-energy tensor

Ttt ¼ μ

r2

�
2

f0ðrÞ δðr − r0Þ þ
1

fðrÞ θðr − r0Þ
�
δð2Þ⊥ ; ð7Þ

Trr ¼ −μθðr − r0Þ
fðrÞ
r2

δð2Þ⊥ ; ð8Þ
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with all the other tensor components vanishing. This stress-
energy tensor describes a classical system consisting of a
point mass static outside the black hole at r ¼ r0 being
supported by a string extended from r0 to r → ∞. Figure 1
illustrates this system in the Kruskal-Szekeres diagram of
the Schwarzschild spacetime. The classical system is
represented as dots with wavy tails on five t ¼ constant
slices of the diagram.
To find the relation between μðr0Þ and m0, we first note

that the stress-energy tensor of a point particle with mass
m0 and world line zμðτÞ, where τ is its proper time, is
given by

Tμν
p ¼ m0

Z
uμuνffiffiffiffiffiffi−gp δð4Þðx − zðτÞÞdτ: ð9Þ

For a static point mass at r ¼ r0, the 4-velocity is given by
uμ ¼ ðut; 0; 0; 0Þ, with ut ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
. Substituting this

into Eq. (9), we obtain, noting that δðt − tðτÞÞ ¼ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
δðτ − τðtÞÞ,

Ttt
pðxÞ ¼ m0

1

r20
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p δðr − r0Þδð2Þ⊥ : ð10Þ

By comparing Eq. (10) with the first term proportional to
the δ-function in Eq. (7), we find that

μðr0Þ ¼
1

2
m0f0ðr0Þfðr0Þ−1=2 ð11Þ

¼ m0ϱðr0Þ; ð12Þ

which is the “weight” of the point mass as measured by a
static observer at r0, where

ϱðr0Þ ¼
1

2
f0ðr0Þfðr0Þ−1=2 ð13Þ

is the magnitude of the proper 4-acceleration, ϱμ, of the
point mass, which is given by ϱμ ≡ uν∇νuμ and
ϱ≡ ffiffiffiffiffiffiffiffiffi

ϱμϱμ
p

. Note that the stress-energy tensor (9) satisfies
the conservation equation, ∇μT

μν
p ¼ 0, if and only if the

4-vector uμ obeys the geodesic equation, uν∇νuμ ¼ 0. This
is why we need the contribution from the string supporting
the point mass. From Eqs. (7) and (8), we see that the stress-
energy tensor diverges in the limit r0 → rh, as the force
m0ϱðr0Þ required to hold it static at that radial position
diverges.
As expected, near the black hole horizon, the stress-

energy tensor (7)–(8) reduces to the corresponding expres-
sion in Rindler spacetime [14]. To see this, note that fðrÞ ≈
f0ðrhÞðr − rhÞ near the horizon, with f0ðrhÞ ≈ 1=rh. We
assume that r0 − rh ≪ rh and change the radial coordinate
from r to ξ with the relation

e2aξ ¼ r − rh
r0 − rh

; ð14Þ

where a ¼ ϱðr0Þ ≈ 1
2
f0ðrhÞ1=2ðr0 − rhÞ−1=2 and hence

μ ≈m0a. Note that ξ ¼ 0 at r ¼ r0. By defining
η ≔

ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
t, which is the proper time at r ¼ r0

(ξ ¼ 0), the line element near the horizon is approximated
as

dτ2 ≈ e2aξð−dη2 þ dξ2Þ þ r2hðdθ2 þ sin2 θdϕ2Þ; ð15Þ

which is approximately the standard metric of Rindler
spacetime. Rewriting the stress-energy tensor in terms of
m0, a, and the Rindler coordinates ðη; ξÞ defined above, we
obtain

Tηη ≈m0½δðξÞ þ ae−2aξθðξÞ� 1
r2h

δð2Þ⊥ ; ð16Þ

Tξξ ≈ −m0ae−2aξθðξÞ
1

r2h
δð2Þ⊥ ; ð17Þ

which coincide with the components of the stress-energy
tensor obtained in Eqs. (8)–(9) of Ref. [14].

FIG. 1. Kruskal-Szekeres diagram of Schwarzschild spacetime
illustrating the stress-energy tensor given by Eqs. (7) and (8). The
point mass located at r ¼ r0, supported by a string extended from
r0 to r → ∞, is shown in the exterior region of the black hole as
dots with wavy tails on each t ¼ constant slice.
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III. GRAVITATIONAL PERTURBATIONS
IN SCHWARZSCHILD SPACETIME

AND THEIR QUANTIZATION

In this section, we present the relevant gravitational
perturbations in Schwarzschild spacetime, which can be
found, e.g., in Refs. [17–19]. We also derive analytic
expressions for the gravitational modes in the low-
frequency regime by explicitly solving the Regge-
Wheeler equation for the vector-type modes and using
the Chandrasekhar transformation to obtain the Zerilli
modes, i.e., the scalar-type modes, in this regime. Then,
we quantize the gravitational perturbations following the
canonical quantization prescription.

A. Scalar-type and vector-type gravitational
perturbations

The scalar-type gravitational perturbations in
Schwarzschild spacetime are given as

hðS;n;ωlmÞ
ai ¼ 0; ð18Þ

hðS;n;ωlmÞ
ij ¼ 2r2γijFðn;lÞYlm; ð19Þ

hðS;n;ωlmÞ
ab ¼ Fðn;lÞ

ab Ylm; ð20Þ

where the indices a, b denote components on the ðt; rÞ
submanifold (orbit space) and i, j label those on the unit
two-sphere (S2); γij is the metric of S2. The scalar spherical
harmonics Ylm are given in terms of the associated
Legendre functions, Pm

l ðcos θÞ, as [20]

Ylmðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s
Pm
l ðcos θÞeimϕ; ð21Þ

and the functions Fðn;lÞ and Fðn;lÞ
ab are expressed in terms of

a master variable ΦS
lðt; rÞ as

Fðn;lÞ ¼ 1

4r2Hl

h
ðHl − rf0ÞΩS

ωl þ 2rDarDaΩS
ωl

i
; ð22Þ

Fðn;lÞ
ab ¼ 1

Hl

�
DaDb −

1

2
gab□

�
ΩS

ωl; ð23Þ

with

Hl ¼ 1

r
½ðΛl − 2Þrþ 6M�; ð24Þ

ΩS
ωl ¼ rHlΦS

ωl; ð25Þ

Λl ¼ lðlþ 1Þ: ð26Þ

In Eqs. (22) and (23), Da is the covariant derivative on the
two-dimensional orbit space, and□ is the d’Alembertian in
the orbit space, given by

□≡ −fðrÞ−1 ∂
2

∂t2
þ ∂

∂r

�
fðrÞ ∂

∂r

�
: ð27Þ

The vector-type gravitational perturbations in
Schwarzschild spacetime are written in terms of a master
variable ΦV

l as

hðV;n;ωlmÞ
ai ¼ YðlmÞ

i ϵabDbðrΦV
l Þ; ð28Þ

with all other components vanishing. Here, ϵab is the totally
antisymmetric tensor (Levi-Civita tensor) on the orbit
space, with the components defined by ϵtt ¼ ϵrr ¼ 0

and ϵtr ¼ −ϵrt ¼ 1. In Eq. (28), YðlmÞ
i ¼ YðlmÞ

i ðθ;ϕÞ, with
i∈ fθ;ϕg, are the vector spherical harmonics [20–22].
These functions are expressed as

YðlmÞ
i ðθ;ϕÞ ¼ 1ffiffiffiffiffiffi

Λl
p ϵij∂

jYlmðθ;ϕÞ; ðl ≥ 1Þ; ð29Þ

where ϵij is the totally antisymmetric tensor (Levi-Civita
tensor) on S2 (with indices representing the coordinates θ
and ϕ), with the components defined by ϵθθ ¼ ϵϕϕ ¼ 0

and ϵθϕ ¼ −ϵϕθ ¼ sin θ.
The positive-frequency master functions are written as

ΦP
ωlðt; rÞ ¼ uPωlðrÞe−iωt; ω > 0; ð30Þ

with P∈ fS; Vg and the functions uPωlðrÞ satisfying the
homogeneous differential equation

�
d2

dx2
þ ω2 − VPðrÞ

�
uPωlðrÞ ¼ 0; ð31Þ

where the tortoise coordinate, x, is given by

xðrÞ ¼ rþ 2M ln

�
r
2M

− 1

�
: ð32Þ

In Eq. (31), VPðrÞ denotes the Zerilli potential, VSðrÞ, and
the Regge-Wheeler potential, VVðrÞ. They are given by [23]

VSðrÞ ¼ þβ
dg
dx

þ β2g2 þ klg; ð33Þ

VVðrÞ ¼ −β
dg
dx

þ β2g2 þ klg; ð34Þ

where β≡ 6M,

kl ≡ ΛlðΛl − 2Þ; ð35Þ

and the function gðrÞ is given by
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gðrÞ≡ fðrÞ
r2Hl

: ð36Þ

The potential VVðrÞ can be simplified as

VVðrÞ ¼ fðrÞ
�
Λl

r2
−
6M
r3

�
: ð37Þ

The potentials VPðrÞ, given by Eqs. (33) and (34),
vanish in the limit r → rh (x → −∞) faster than any
power of 1=jxj as VP ∼ exp ð−jxj=rhÞ and are approx-
imately Λl=r2 for large r. Thus, we have the indepen-
dent solutions, uP;inωl and uP;upωl , to Eq. (31) satisfying the
boundary conditions

ðAP
ωlÞ−1uP;inωl ≈

8<
:

T P;in
ωl e−iωx; ðx < 0; jxj ≫ rhÞ;

ð−iÞlþ1ωxhð1Þl ðωxÞ þ ilþ1RP;in
ωl ωxhð1Þl ðωxÞ; ðx ≫ rhÞ;

ð38Þ

and

ðAP
ωlÞ−1uP;upωl ≈

(
eiωx þRP;up

ωl e−iωx; ðx < 0; jxj ≫ rhÞ;
ilþ1T P;up

ωl ωxhð1Þl ðωxÞ; ðx ≫ rhÞ;
ð39Þ

where the overline denotes complex conjugation, AP
ωl

denotes the overall normalization constants to be deter-

mined, and hð1Þl denotes the spherical Bessel functions of
the third kind [20]. The modes labeled “in” are the ones
purely incoming from past null infinity I −; the modes
labeled “up” are the ones purely outgoing near the past
black hole horizon H −. The transmission coefficients
are jT P;n

ωl j2, whereas the reflection coefficients are
jRP;n

ωl j2.
The static stress-energy tensor interacts with the zero-

energy gravitons of the Hawking radiation. We next derive
analytic expressions for the gravitational perturbation
modes in the low-frequency regime.

B. Low-frequency regime of the vector-type
and scalar-type gravitational modes

We first rewrite the differential equation (31) with ω ¼ 0
for the vector-type modes, i.e., the modes associated
with the potential given by Eqs. (34) and (37), by setting
uVωlðrÞ ¼ rZlðrÞ. Defining a new variable as z ≔ r=M − 1,
this differential equation becomes

ð1 − z2ÞZ00
l − 2zZ0

l þ
�
Λl −

ρs
zþ 1

�
Zl ¼ 0; ð40Þ

where ρs ≡ 8.1 Equation (40) would be the Legendre
differential equation if the term proportional to ðzþ 1Þ−1
were absent. The general solution to this equation, written

in terms of the Legendre functions of the first and second
kinds, PlðzÞ and QlðzÞ, respectively, is given by

ZlðzÞ ¼ c1ĴlPlðzÞ þ c2ĴlQlðzÞ; c1; c2 ∈C; ð41Þ

where Ĵl denotes the differential operator

Ĵl ¼ 1 − 4
ðz − 1Þ
Λl

d
dz

þ 6
ðz − 1Þ2

kl

d2

dz2
; ð42Þ

with kl and Λl given by Eqs. (35) and (26), respectively.
First, we note that PlðzÞ ∼ zl andQlðzÞ ∼ z−l−1 for z ≫ 1,
while PlðzÞ ≈ 1 and QlðzÞ ≈ − ln

ffiffiffiffiffiffiffiffiffiffi
z − 1

p
for z ≈ 1. In the

ω → 0 limit, the transmission coefficients in Eqs. (38) and
(39) tend to 0. Thus, the in-modes, which describe
gravitational waves incoming fromI −, should not diverge
as z → 1 (r → 2M), whereas the up-modes, which describe
gravitational waves coming from the past horizon, H −,
should vanish in the limit z → ∞ (r → ∞). Thus, in the
ω → 0 limit, the in-modes should be identified with the
solution given in terms of PlðzÞ, whereas the up-modes
should be identified with those given in terms of QlðzÞ.
The in-mode and up-mode radial solutions, uV;inωl and uV;upωl ,
for ω ≈ 0 are then approximated as

uV;inωl ≈ Cin
ωlrĴlPl

�
r
M

− 1

�
; ð43Þ

uV;upωl ≈ Cup
ωlrĴlQl

�
r
M

− 1

�
; ð44Þ

where Cin
ωl and Cup

ωl are normalization constants to be
determined.

1The differential equation governing a field of spin s takes the
form of Eq. (40) with ρs ≔ 2s2, where s ¼ 0 for a scalar field,
s ¼ 1 for the electromagnetic field, and s ¼ 2 for the vector-type
gravitational perturbations.
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We first determine the constant Cup
ωl. Substituting the

approximate formula QlðzÞ ≈ −ð1=2Þ lnðz − 1Þ near the
horizon (z ≈ 1) into Eq. (44), we find for negative and
large x

uV;upωl ≈ −
Cup
ωl

2
xþ K; ð45Þ

for some constant K, where we have used the near-horizon
approximation x ≈ rh lnðz − 1Þ for the tortoise coordinate
(32). On the other hand, by using the approximation
e�iωx ≈ 1� iωx for rh ≪ −x ≪ 1=ω in Eq. (39), we obtain

uP;upωl ≈ AP
ωl

h
ð1þRP;up

ωl Þ þ iωxð1 −RP;up
ωl Þ

i
: ð46Þ

Since the mode has total reflection in the limit ω → 0, we
have jRP;up

ωl j → 1 in this limit. Then, for Eqs. (45) and (46) to
be consistent with each other, we must have 1þRP;up

ωl → 0

as ω → 0 and

Cup
ωl ¼ −4iωAV

ωl; ð47Þ

for ω ≈ 0. The constant Cin
ωl can be determined by a similar

argument. Note first

PlðzÞ ≈
ð2lÞ!
2lðl!Þ2 z

l; for z ≫ 1; ð48Þ

which follows immediately from the well-known formula,

PlðzÞ ¼
1

2ll!
dl

dzl
ðz2 − 1Þl: ð49Þ

Then, by substituting Eq. (48) into Eq. (43), we find

uV;inωl ≈ Cin
ωl

ð2lÞ!
2lðlþ 2Þ!ðl − 2Þ!

rlþ1

Ml ; for r ≫ rh: ð50Þ

Now, the approximate expression of uV;inωl for r ≫ rh in

Eq. (38) can be written using hð1Þl ðρÞ ¼ jlðρÞ þ iylðρÞ as

uP;inωl ≈ AP
ωl

n
ð−iÞlþ1ωx½1þ ð−1Þlþ1RP

ωl�jlðωxÞ

þ ð−iÞlþ2ωx½1þ ð−1Þlþ2RP
ωl�ylðωxÞ

o
; ð51Þ

where jlðρÞ and ylðρÞ are the spherical Bessel functions of
the first and second kinds, respectively. Since ylðρÞ → ∞ as
ρ → 0, for Eqs. (50) and (51) to be compatible, we must
have ½1þ ð−1Þlþ2RP

ωl� → 0 as ω → 0 sufficiently fast so
that the second term in Eq. (51) tends to 0 in this limit. Then,
since

jlðρÞ ≈
2ll!

ð2lþ 1Þ! ρ
l; ð52Þ

[see Ref. [20], Sec. 10.52(i)], we find for rh ≪ x ≪ 1=ω

uV;inωl ≈ ð−iÞlþ1
2lþ1l!

ð2lþ 1Þ!A
V
ωlω

lþ1xlþ1: ð53Þ

By comparing this equation and Eq. (50), we find

Cin
ωl¼ð−iÞlþ1

22lþ1ðl−2Þ!l!ðlþ2Þ!
ð2lÞ!ð2lþ1Þ! ðMωÞlωAV

ωl; ð54Þ

for ω ≈ 0.
The scalar-type modes uS;nωl are obtained from the vector-

type modes uV;nωl via the Chandrasekhar transformation
[23,24]. The transformation is given, in the ω → 0 limit, by

uS;nωl ¼ 2ffiffiffiffiffiffi
Λl

p
(�

1þ 2β2

kl
gðrÞ

�
uV;nωl þ 2β

kl

duV;nωl

dx

)
: ð55Þ

We shall discuss the origin of the normalization factor
2=

ffiffiffiffiffiffi
Λl

p
in the next section.

C. Quantization of the gravitational perturbations

We first write the Einstein-Hilbert action for pure
gravity as

SEH ¼ 1

16πG

Z
R

ffiffiffiffiffiffiffiffiffiffiffi
−gðfÞ

q
d4x; ð56Þ

where R is the Ricci scalar,G is Newton’s constant, and gðfÞ

denotes the determinant of the full metric gðfÞμν . We
decompose the full metric as

gðfÞμν ¼ gμν þ
ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
hμν; ð57Þ

where gμν is the Schwarzschild background metric. To
second order in hμν, the action (56) becomes

Sð2ÞEH ¼
Z

Lð2Þ
EH

ffiffiffiffiffiffi
−g

p
d4x; ð58Þ

where

Lð2Þ
EH ¼ ∇μhμλ∇νhνλ −

1

2
∇λhμν∇λhμν

þ 1

2
ð∇μh − 2∇νhμνÞ∇μhþ Rμνλσhμλhνσ; ð59Þ

with h≡ hαα. (Note that the tensor indices are raised and
lowered by the Schwarzschild background metric gμν.)
The conjugate momentum current for a solution hμν is
defined as
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pαμν ≔
∂Lð2Þ

EH

∂ð∇αhμνÞ
: ð60Þ

Then, the Euler-Lagrange equation is written as

∇αpαμν −
∂Lð2Þ

EH

∂hμν
¼ 0: ð61Þ

For any two solutions hðiÞμν and h
ðjÞ
μν to Eq. (61), the following

inner product is time independent [25,26],

hhðiÞ; hðjÞi≡ −i
Z
Σ
ðhðiÞμνpαμν

ðjÞ − pαμν
ðiÞ h

ðjÞ
μν ÞnαdΣ; ð62Þ

where Σ is a Cauchy hypersurface with future-pointing unit
normal nμ. The indices i, j denote the set of continuous and
discrete labels.
For the perturbation modes presented in Sec. III, we

require the positive-frequency solutions to satisfy the
normalization condition associated with the inner product
(62), namely,

hhðP;n;ωlmÞ; hðP0;n0;ω0l0m0Þi ¼ δPP
0
δnn

0
δll

0
δmm0

δðω − ω0Þ:
ð63Þ

The overall normalization constants AP
ωl are determined by

combining this normalization condition with the boundary
conditions (38) and (39) as (see Appendix A of Ref. [19])

AV
ωl ¼ ½8πωðΛl − 2Þ�−1=2; ð64Þ

and

AS
ωl ¼ ½2πωΛlðΛl − 2Þ�−1=2: ð65Þ

Then, substituting Eq. (64) into Eq. (47), we find

Cup
ωl ¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ω

πðΛl − 2Þ

s
; ð66Þ

for ω ≈ 0.
The normalization factor 2=

ffiffiffiffiffiffi
Λl

p ¼ AS
ωl=A

V
ωl in Eq. (55),

which is not in Refs. [23,24], was needed to make the scalar-
type modes defined by Eqs. (18)–(20) normalized according
to Eq. (63).
Next, we discuss the quantization of the gravitational

perturbations in Schwarzschild spacetime. After fixing the
gauge completely, the quantized gravitational field, i.e., the
graviton field, is expanded in terms of positive- and
negative-frequency modes as

ĥμνðxÞ ¼
X
P;n

X
l;m

Z
∞

0

dω

�
âP;nlm ðωÞhðP;n;ωlmÞ

μν ðxÞ

þ âP;n†lm ðωÞhðP;n;ωlmÞ
μν ðxÞ

�
; ð67Þ

where âP;nlm ðωÞ and âP;n†lm ðωÞ are, respectively, the annihi-
lation and creation operators associated with the mode
ðP; n;ωlmÞ. They satisfy the canonical commutation
relations

½âP;nlm ðωÞ; âP
0;n0†

l0m0 ðω0Þ� ¼ δPP
0
δnn

0
δll

0
δmm0

δðω − ω0Þ; ð68Þ

with all other commutators vanishing.
In the next section, we discuss the interaction of

Hawking radiation with the static stress-energy tensor
constructed in Sec. II. In particular, we investigate the
corresponding response rate, derived from the one-graviton
transition amplitudes.

IV. INTERACTION OF HAWKING RADIATION
WITH THE STATIC STRESS-ENERGY TENSOR

A. One-graviton transition amplitudes

The stress-energy tensor associated with a matter action
Smatter is defined by

Tμν ¼ 2ffiffiffiffiffiffiffiffiffiffiffi
−gðfÞ

p δSmatter

δgðfÞμν

: ð69Þ

For linear coupling between the graviton field and the
classical system, using Eq. (57), we obtain

δSmatter

δhμν

����
h¼0

¼
ffiffiffiffiffiffiffiffiffi
8πG

p
Tμν: ð70Þ

Hence, the interaction term governing the one-graviton
processes induced by the classical stress-energy tensor
Tμν is

Ŝint ¼
ffiffiffiffiffiffiffiffiffi
8πG

p Z
Tμνĥμν

ffiffiffiffiffiffi
−g

p
d4x; ð71Þ

where the field operator ĥμνðxÞ is given by Eq. (67). We
define

gG ≔
ffiffiffiffiffiffiffiffiffi
8πG

p
; ð72Þ

for simplicity.
The probability amplitudes for the emission and absorp-

tion of a P-type graviton with n∈ fin; upg, carrying
quantum numbers l; m and frequency ω, in the
Boulware [27,28] vacuum state j0Bi, are given by
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AðP;n;ωlmÞ
em ¼ h0BjâP;nlm ðωÞŜintj0Bi

¼ gG

Z
TμνhðP;n;ωlmÞ

μν ðxÞ ffiffiffiffiffiffi
−g

p
d4x; ð73Þ

AðP;n;ωlmÞ
abs ¼ h0BjŜintâP;n†lm ðωÞj0Bi

¼ gG

Z
TμνhðP;n;ωlmÞ

μν ðxÞ ffiffiffiffiffiffi
−g

p
d4x; ð74Þ

respectively. In our case, Tμν is given by Eqs. (7) and (8),

and hðP;n;ωlmÞ
μν ðxÞ is given in Sec. III.

Next, we use the one-graviton transition amplitudes to
derive the response rate in the Unruh state.

B. Response rate in the Unruh state

The differential spontaneous emission probability, i.e.,
the probability for the emission of a single graviton in the
mode ðP; n;ωlmÞ in the Boulware vacuum state, is

dPem
P;n;ωlm ¼

���AðP;n;ωlmÞ
em

���2dω: ð75Þ

The quantum state of a Schwarzschild black hole emitting
Hawking radiation [2,3] is modeled by the Unruh state [6].
In this state, the thermal bath of gravitons in the up-modes
is coming from the past event horizon H −. The expected
number of gravitons with frequency ω in the thermal bath
surrounding the source of the stress-energy tensor is
characterized by

hâP;up†lm ðωÞâP0;up
l0m0 ðω0Þiβ¼δPP

0
δll0δmm0nðωÞδðω−ω0Þ; ð76Þ

where

nðωÞ≡ 1

eωβ − 1
; ð77Þ

which is the Bose-Einstein distribution function at the
Hawking temperature β−1 ¼ κ=2π, where κ ¼ 1=4M is the
surface gravity of the Schwarzschild black hole.
If we write the total emission rate for the up-modes as

Rem
tot;up ¼

X
P¼S;V

X∞
l¼2

Xl
m¼−l

Rem
P;up;lm; ð78Þ

then, the emission rate, Rem
P;up;lm, i.e., the emission rate per

unit time into the mode ðP; up;lmÞ, is

Rem
P;up;lm ¼ 1

T0

Z
∞

0

���AðP;up;ωlmÞ
em

���2½1þ nðωÞ�dω; ð79Þ

where T0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p R∞
−∞ dt represents the (formally infin-

ite) total proper time interval. (The redshift factor
ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
is introduced to convert the coordinate time to the proper

time.) Equation (79) follows from Eq. (75) once both
spontaneous and induced emission processes, the latter
arising from the thermal graviton bath with the Bose-
Einstein distribution function nðωÞ, are taken into account.
The absorption rate per unit time into the mode

ðP; up;lmÞ is

Rabs
P;up;lm ¼ 1

T0

Z
∞

0

���AðP;up;ωlmÞ
em

���2nðωÞdω; ð80Þ

where we have used the relation AðP;n;ωlmÞ
abs ¼ AðP;n;ωlmÞ

em ,
which follows from Eqs. (73) and (74), together with
Eq. (75) and the expected number of gravitons given by
Eq. (76). Thus, the interaction rate, RP;up;lm, is the sum of
the emission and absorption rates, Rem

P;up;lm and Rabs
P;up;lm,

respectively. Noting that nð−ωÞ ¼ −½1þ nðωÞ�, we obtain
the general formula for the response rate for the up-modes
as follows:

RP;up;lm ¼ 1

T0

Z
∞

−∞
jAðP;up;ωlmÞ

em j2j1þ nðωÞjdω: ð81Þ

Now, Eqs. (7) and (8) show that the only nonzero
components of the stress-energy tensor are Ttt and Trr.
This implies that only the scalar-type sector, associated
with the gravitational perturbations given by Eqs. (18)–
(20), contributes to the interaction action. More specifi-

cally, only the components hðS;n;ωlmÞ
tt and hðS;n;ωlmÞ

rr con-
tribute. (Here, we include the case with n ¼ in because we
shall consider the Hartle-Hawking state later.) From

Eqs. (20) and (23), we find gabhðS;n;ωlmÞ
ab ¼ 0, i.e.,

hðS;n;ωlmÞ
rr ¼ fðrÞ−2hðS;n;ωlmÞ

tt . Thus,

TtthðS;n;ωlmÞ
tt ¼ μ

r2

�
1

fðrÞ θðr − r0Þ þ
2

f0ðrÞ δðr − r0Þ
�

× Fðn;lÞ
tt ðt; rÞYlmðθ;ϕÞ δð2Þ⊥ ; ð82Þ

TrrhðS;n;ωlmÞ
rr ¼−

μ

r2fðrÞθðr−r0ÞFðn;lÞ
tt ðt;rÞYlmðθ;ϕÞδð2Þ⊥ :

ð83Þ

The function Fðn;lÞ
tt is obtained from Eq. (23) as

Fðn;lÞ
tt ðt; rÞ ¼ F̃ðn;lÞ

tt ðrÞe−iωt; ð84Þ

F̃ðn;lÞ
tt ðrÞ ≔ 1

2Hl
½fðrÞ2∂2r − ω2�

�
rHlu

S;n
ωl ðrÞ

	
: ð85Þ

From Eqs. (82) and (83), we see that the contribution
proportional to the Heaviside function θðr − r0Þ vanishes in
TμνhðS;n;ωlmÞ

μν and, consequently, in the one-graviton tran-
sition amplitudes. (This may be understood as the
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cancellation of the explicit string contribution under the
standard choice of gauge, which we have adopted here. As
in the Rindler case [14], this is a gauge-dependent feature: a
different gauge choice can lead to a nonzero string
contribution, although the final physical result for the
emission and absorption rates will remain gauge invariant.)

Hence, the emission amplitude AðS;n;ωlmÞ
em in terms of

Fðn;lÞ
tt ðt; rÞ is given by

AðS;n;ωlmÞ
em ¼2gGμ

Z
d4xδðr−r0Þδðθ−θ0Þδðϕ−ϕ0Þ

×f0ðrÞ−1Fðn;lÞ
tt ðt;rÞYlmðθ;ϕÞδð2Þ⊥ ; ð86Þ

¼2gGμf0ðr0Þ−1IðωÞF̃ðn;lÞ
tt ðr0ÞYlmðθ0;ϕ0Þ;

ð87Þ

¼ gGm0fðr0Þ−1=2IðωÞF̃ðn;lÞ
tt ðr0ÞYlmðθ0;ϕ0Þ :

ð88Þ

Here, we have defined IðωÞ ≔ 2πδðωÞ, and in the last
equality, we have used Eq. (11). Recall that, since the
stress-energy tensor is static, it interacts only with zero-
frequency gravitons of the thermal bath.2 Hence, we are
interested in the low-frequency regime of the graviton
modes obtained in Sec. III B. We find from Eqs. (44) and
(66) that the radial function uS;upωl behaves like

ffiffiffiffi
ω

p
in the

low-frequency regime. Let us define the ω-independent
function ũS;upl ðrÞ through

ũS;upl ≔ lim
ω→0

uS;upωl =
ffiffiffiffi
ω

p
: ð89Þ

Then, from Eqs. (84)–(88), we find

AðS;up;ωlmÞ
em ¼ gGm0IðωÞ

(
fðr0Þ3=2
2Hl

"
d2

dr20
ðr0Hlũ

S;up
l ðr0ÞÞ

#

×
ffiffiffiffi
ω

p þOðω3=2Þ
)
Ylmðθ0;ϕ0Þ: ð90Þ

This equation shows that AðS;up;ωlmÞ
em → 0 as ω → 0.

Thus, the response rate vanishes when the initial state is
the Boulware state. This is because the stress-energy tensor
describes a static system, and the spontaneous emission rate
vanishes. However, the induced emission rate remains
nonzero due to the interaction of the source with

zero-energy gravitons from the thermal bath of Hawking
radiation, whose expected number of gravitons diverges in
the infrared limit. Hence, the presence of Hawking radi-
ation is crucial for a nonvanishing response rate.
For low frequencies, we approximate the Bose-Einstein

distribution function as nðωÞ ≈ 1=βω, where β−1 ¼
κ=2π ¼ ð8πMÞ−1. By substituting Eq. (90) into Eq. (81),
we obtain

Rlm ¼ g2Gm
2
0

4M
fðr0Þ52

�
1

2Hl

d2

dr20
ðr0Hlũ

S;up
l Þ

�
2

× jYlmðθ0;ϕ0Þj2; ð91Þ

where we have used the standard formal expression
jIðωÞj2 ¼ 2πT0δðωÞ=

ffiffiffiffiffiffiffiffiffiffiffi
fðr0Þ

p
. Note that only the scalar-

type up-modes (P ¼ S and n ¼ up) yield a nonvanishing
contribution to the response rate (91) in the Unruh state.
We can sum over the azimuthal quantum number m
using

Xl
m¼−l

jYlmðθ0;ϕ0Þj2 ¼
2lþ 1

4π
; ð92Þ

as

Rl ≔
Xl
m¼−l

Rlm

¼ ð2lþ 1Þg2Gm2
0

16πM

× fðr0Þ52
�

1

2Hl

d2

dr20
ðr0Hlũ

S;up
l Þ

�
2

: ð93Þ

This equation is the response rate associated with a fixed
value of the angular momentum quantum number l. The
expression in square brackets is given in terms of the
Legendre function as

1

2Hl

d2

dr20
ðr0Hlũ

S;up
l Þ¼−i

ffiffiffiffiffiffiffiffi
2

πkl

s
r20

d2

dr20
Ql

�
r0
M

−1

�
: ð94Þ

(See Appendix A for a derivation of this formula.) The total
response rate is then

Rtot ¼
g2Gm

2
0

8π2M
r40fðr0Þ

5
2

×
X
l≥2

ð2lþ 1Þ
ΛlðΛl − 2Þ

�
d2

dr20
Ql

�
r0
M

− 1

��
2

: ð95Þ

The summation over l can be performed using the n ¼ 2
case of the formula derived in Appendix B. Thus, we obtain
for the total response rate, with respect to the proper time at

2The distinction between the emission and absorption becomes
blurred for ω ¼ 0. If we considered our system of a point mass
and a string as the static limit of a nonstatic system, as was done
in Refs. [29–31], then the response rate would be the sum of the
emission and absorption rates.
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the point mass, of the stress-energy tensor given by
Eqs. (82)–(83) in the Unruh state,

Rtot ¼
Gm2

0

πℏc2
ϱðr0Þ

�
−
2rh
3

d
dr0

Q2

�
2r0
rh

− 1

��
; ð96Þ

where we have restored the constants G, c, and ℏ using
Eq. (72) and dimensional analysis and where ϱðr0Þ is the
proper acceleration at r ¼ r0 given by Eq. (13), i.e.,

ϱðr0Þ ¼
GM
r20

�
1 −

rh
r0

�
−1=2

: ð97Þ

(Note that rh ¼ 2GM=c2.) Equation (96) shows that the
total response rate in the Schwarzschild spacetime is
finite for r0 > rh, as in the electromagnetic [29] and
scalar [30,31] cases. This contrasts with the Rindler
case, in which the total response rate exhibits a power-
law infrared divergence [14]. Hence, in the limit r0 →
rh the total response rate Rtot is expected to agree with
the result of Ref. [14] in Rindler spacetime with an
infrared cutoff because the stress-energy tensor becomes
that in Rindler spacetime studied in Ref. [14] in this
limit [see Eqs. (16) and (17)]. To see that this is indeed
the case, note that in the near-horizon region, r0 ≳ rh,
the quantity inside the square brackets in Eq. (96) can
be approximated using

−
d
dr0

Q2

�
2r0
rh

− 1

�
≈
2rh
c4

ϱðr0Þ2; for r0 ≳ rh: ð98Þ

Thus, the total response rate (96) in the near-horizon
region is given by

Rtot ≈
Gm2

0

πℏc2
ϱðr0Þ

�
4r2h
3c4

ϱðr0Þ2
�
; for r0 ≳ rh: ð99Þ

In the Rindler case, the total response rate, RRindler
tot , can

be obtained from Eq. (62) of Ref. [14] by integrating the
differential response rate (with the constants G, c, and ℏ
restored),

Rk⊥ ¼ Gm2
0c

2

π2ℏa

����K2

�
k⊥c2
a

�����2; ð100Þ

where a is the proper acceleration of the point mass, over
the transverse momentum, k⊥, with k⊥ ≔ kk⊥k. This
quantity exhibits an infrared divergence. We introduce
an infrared cutoff k0⊥ and integrate only over k⊥ satisfying
k⊥ ≥ k0⊥. One then finds

RRindler
tot ¼ 2π

Z
∞

k0⊥
dk⊥k⊥Rk⊥ ð101Þ

≈
4Gm2

0a
3

πℏc6ðk0⊥Þ2
; ð102Þ

to leading order in 1=k0⊥. This result agrees with Eq. (99) if
we let k0⊥ ¼ ffiffiffi

3
p

=rh. Thus, the near-horizon limit of the
response rate for a static point mass in Schwarzschild
spacetime is reproduced from that for the uniformly
accelerated point mass in Minkowski spacetime with the
cutoff for the graviton transverse momentum of the order of
the inverse Schwarzschild radius.

C. Response rate in the Hartle-Hawking state

The Hartle-Hawking state [16] is characterized by a
thermal flux at the Hawking temperature incoming from
past null infinity, I −, in addition to the thermal flux
coming from the past event horizon, H −. In this state, the
black hole is in thermal equilibrium in the sense that there is
no net flux of particles at infinity. The contribution to the
response rate arising from the thermal flux emanating from
H − was computed in Sec. IV B. Here, we show that the
contribution from modes incoming from I − to the
response rate of the stress-energy tensor, given by
Eqs. (7) and (8), vanishes.
The total response rate in the Hartle-Hawking state,

RHH
tot , is given by

RHH
tot ¼

X
P¼S;V

X∞
l¼2

Xl
m¼−l

½RP;up;lm þRP;in;lm�; ð103Þ

where the response rate,RP;n;lm, is the sum of the emission
and absorption rates, Rem

P;n;lm and Rabs
P;n;lm, respectively.

The response rate RP;up;lm is computed in Sec. IV B. To
compute RP;in;lm, first note that

RP;in;lm ¼ 1

T0

Z
∞

−∞
jAðP;in;ωlmÞ

em j2j1þ nðωÞjdω; ð104Þ

which can be found by the same argument that led to
Eq. (81) for the up-modes. Similarly to the up-mode case,
the emission amplitude can be obtained from Eqs. (85) and
(88), and the low-frequency in-mode solutions, uS;inωl , are
obtained from Eqs. (43), (54), (55), and (64). Now,
Eqs. (54) and (64) imply that the functions uS;inωl behave
like ωlþ1=2 in the low-frequency regime. Consequently, the
corresponding (spontaneous) emission probability density,

jAðS;in;ωlmÞ
em j2, scales as ω2lþ1, whereas the thermal factor is

approximated by nðωÞ ≈ 1=ðβωÞ for smallω. It follows that
the contribution of the in-modes to the response rate in the
Hartle-Hawking state vanishes, i.e., RP;in;lm ¼ 0, because
l ≥ 2. This implies

RHH
tot ¼ Rtot; ð105Þ
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where Rtot is given by Eq. (96). Therefore, the total
response rate of the stress-energy tensor, given by
Eqs. (7)–(8), in the Hartle-Hawking state is identical to
that obtained in the Unruh state.
This equality also holds for the electromagnetic field. We

briefly discuss it here since this observation was not made
in Ref. [29], which gave the response rate of a static electric
charge in the Unruh state. We first note that the in-mode for
the electromagnetic field, which is relevant to the response
rate of a static electric charge q at r ¼ r0 to the flux coming
from I −, described by the current jμ ¼ ðjt; 0; 0; 0Þ, with
jt ¼ qδðr − r0Þδð2Þ⊥ =r2, is given by3

Aðin;ωlmÞ
μ ¼ Bωl

�
−ifðrÞ dφ

in
ωl

dr
Ylm;

ωφin
ωl

fðrÞ Ylm; 0; 0

�
e−iωt;

ð106Þ

where l ≥ 1 and

Bωl ¼ ð4πωΛlÞ−1=2: ð107Þ

For low frequencies, one finds

φin
ωl ≈Din

ωlrFl; ð108Þ

where Din
ωl is a normalization constant and where Fl is the

solution of Eq. (40) with ρs¼1 ¼ 2, which does not diverge
as r → rh, i.e.,

FlðzÞ ¼ PlðzÞ −
z − 1

Λl

d
dz

PlðzÞ: ð109Þ

Recall that z ¼ r=M − 1.
On the one hand, using Eq. (48), we find that, for large r,

φin
ωl ≈Din

ωl
ð2lÞ!

2lðl − 1Þ!ðlþ 1Þ!
rlþ1

Ml : ð110Þ

On the other hand, the in-mode radial function φin
ωl can also

be written in this regime as

φin
ωl ≈ 2BωlωxjlðωxÞ; for x ≫ rh; ð111Þ

where jl is the spherical Bessel function of the first kind
and where the tortoise coordinate x is given by Eq. (32).
Thus, using Eq. (52) for rh ≪ x ≪ 1=ω, we find

φin
ωl ≈

2lþ1l!
ð2lþ 1Þ!BωlðωxÞlþ1: ð112Þ

By comparing Eqs. (110) and (112), we find

Din
ωl ¼ 22lþ1ðl − 1Þ!l!ðlþ 1Þ!

ð2lþ 1Þ!ð2lÞ! Mlωlþ1Bωl: ð113Þ

Then, substituting this formula into Eq. (108), we find that
the radial function for the in-modes of the photon, φin

ωl, are
given as

φin
ωl ≈

22lþ1ðl − 1Þ!l!ðlþ 1Þ!ffiffiffiffiffiffiffiffiffiffiffi
4πΛl

p ð2lþ 1Þ!ð2lÞ! Mlωlþ1=2rFlðrÞ; ð114Þ

for ω ≈ 0. This equation implies that the electromagnetic
in-modes also behave like ωlþ1=2 in the low-frequency
regime. Then, the response rate of the static charge to the
flux of thermal bath coming from I − can be shown to
vanish as in the graviton case since l ≥ 1. Thus, the static
electric charge also responds identically in the Unruh and
Hartle-Hawking states.
The gravitational and electromagnetic cases contrast

with the scalar case, which is studied in Refs. [30,31].
The response rate of a point scalar source at r ¼ r0 in the
Unruh and Hartle-Hawking states is not equal, unless the
scalar field is taken to be the massless limit of the massive
scalar field in Schwarzschild spacetime. One can see from
Refs. [30,31] that the radial scalar modes also scale as
ωlþ1=2 in the low-frequency regime; however, in this case,
the l ¼ 0 mode gives a nonzero response rate to the flux
coming from H −. Thus, only the scalar field, which has a
physical monopole mode, yields a nonvanishing contribu-
tion of the in-modes to the response rate.
For convenience, Appendix D compiles the response

rates of point particle systems interacting with bosonic
fields, including both previously derived results and those
obtained in the present work, in some spacetime back-
grounds and quantum states.

V. FINAL REMARKS

We investigated the interaction of the gravitational
Hawking radiation with a static, conserved stress-energy
tensor outside a Schwarzschild black hole with the graviton
field in the Unruh state. We also considered the Hartle-
Hawking state, which models a black hole in thermal
equilibrium with a thermal bath at the Hawking temper-
ature. The stress-energy tensor describes a point mass held
at a fixed radial position r0 by a one-dimensional radial
infinite string extended from r0 to infinity and satisfies the
weak energy condition. In particular, we calculated the
response rate of this stress-energy tensor to the thermal bath
of gravitons.
We found that the total response rate of the stress-energy

tensor to the gravitational Hawking radiation from the
Schwarzschild black hole, i.e., in the Unruh state, is finite
for r0 > rh. We found this response rate in closed form as
had been done for the scalar and electromagnetic cases
[29–31]. The finiteness of this response rate contrasts with

3The modes Aðin;ωlmÞ
μ can be obtained from Eqs. (3.5) and (3.6)

of Ref. [32].
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the analogous case in Rindler spacetime, where the total
response rate exhibits an infrared power-law divergence
[14]. This suggests that, as r0 → rh, the response rate in
Schwarzschild spacetime approaches that in Rindler space-
time with an infrared cutoff. We found that this is indeed the
case. Comparing the total response rate near the black hole
horizon with that in the Rindler case, we showed that the
size of the black hole acts as a natural cutoff for the infrared
divergence.
We also found that the stress-energy tensor does not

respond to the thermal flux of gravitons incoming from
the past event horizon in the Hartle-Hawking state. That
is, its total response rate is the same in the Unruh and
Hartle-Hawking states. This contrasts with the corre-
sponding results for the scalar field [30,31] but is the
same as that in the case with the electromagnetic field
[29]. In the scalar case, the in-mode with angular
momentum l ¼ 0 gives a nonvanishing contribution to
the response rate in the Hartle-Hawking state. In all three
cases, the squares of the in-modes contributing to the
response rate, i.e., the ones that couple to the classical
source associated with the point particle, behave like
ω2lþ1 in the low-frequency regime, while the thermal
factor nðωÞ behaves like ω−1 for low frequencies. Thus,
only the scalar field, which has a physical monopole, i.e.,
the mode with l ¼ 0, yields a nonvanishing response for
the point-particle source.
It is important to recall that the total response rate

computed here corresponds to the number of interactions
between the point particle and the thermal bath associated
with the quantum state per unit proper time. Specifically, it
gives the rate of absorption and stimulated emission events
experienced by the classical system per unit proper time of
an observer at r ¼ r0. For a point particle identified with an
electron (proton) held static at the photon sphere of a solar-
mass black hole, the characteristic proper time between
interactions with a graviton from the Hawking radiation is
of order 1034 years (1027 years), whereas the correspond-
ing interaction time with a photon is of order 10−2 sec.
Nevertheless, since the graviton response rate grows faster
than the electromagnetic one as the horizon is approached,
interactions with gravitons become dominant sufficiently
close to the black hole.
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APPENDIX A: DERIVATION OF EQ. (94)

In this Appendix, we derive the low-frequency expres-
sions for the radial functions for the scalar-type up-modes,
uS;upωl , in terms of the Legendre functions of the second kind,
QlðzÞ, which are obtained from the corresponding radial
functions for the vector-type modes, uV;upωl , through the
Chandrasekhar transformations [23,24]. We then derive
Eq. (94), which gives the ω → 0 limit of the radial

functions for the components hðS;up;ωlmÞ
tt divided by

ffiffiffiffi
ω

p
.

The expressions for the radial functions for the in-modes,
uS;inωl , can be derived in a similar manner.
Let us define [see Eq. (41)]

Z̃lðzÞ ≔
�
1 − 4

ðz − 1Þ
Λl

d
dz

þ 6
ðz − 1Þ2

kl

d2

dz2

�
QlðzÞ: ðA1Þ

Then, we find from Eq. (44)

uV;upωl ¼ Cup
ωlMðzþ 1ÞZ̃lðzÞ; ðA2Þ

for small ω. We use the Legendre equation satisfied by
QlðzÞ in Eq. (A1) to express Q00

lðzÞ in terms of QlðzÞ and
Q0

lðzÞ to obtain

Z̃lðzÞ ¼
�
1þ 6ðz − 1Þ

ðΛl − 2Þðzþ 1Þ
�
QlðzÞ − 4ðz − 1Þ

×

�
1

Λl
þ 3z
klðzþ 1Þ

�
Q0

lðzÞ: ðA3Þ

We again use the Legendre equation in this manner and
obtain

Z̃0
lðzÞ¼−4

�
1

zþ1
þ 3ðz−1Þ
ðΛl−2Þðzþ1Þ2

�
QlðzÞ

þ
�
1þ
�

4

Λl
þ 6

Λl−2

�
z−1

zþ1
þ12

kl

�
z−1

zþ1

�
2
�
Q0

lðzÞ:

ðA4Þ

We define

YlðzÞ ≔
rHl

M2

(�
1þ 72M2

kl

fðrÞ
r2Hl

�
rZ̃lðzÞ

þ 12M
kl

fðrÞ d
dr

½rZ̃lðzÞ�
)
: ðA5Þ
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Then, we find from Eq. (55)

uS;upωl ¼ 2ffiffiffiffiffiffi
Λl

p Cup
ωlM

2

rHl
YlðzÞ; ðA6Þ

for small ω. Then, the function ũS;upl defined by Eq. (89) is given by

ũS;upl ¼ −i

ffiffiffiffiffiffiffiffi
8

πkl

s
M2

rHl
YlðzÞ: ðA7Þ

Now,

YlðzÞ ¼
�
ðΛl − 2Þðzþ 1Þ2 þ 6ðzþ 1Þ þ 144ðz − 1Þ

klðzþ 1Þ þ 12

Λl
ðz − 1Þ

�
Z̃lðzÞ þ 12ðz − 1Þ

�
1

Λl
ðzþ 1Þ þ 6

kl

�
Z̃0
lðzÞ: ðA8Þ

Substituting Eqs. (A3) and (A4) into this equation, we find

YlðzÞ ¼ ðzþ 1Þ½ðΛl þ 4Þzþ Λl − 2�QlðzÞ −
4ðΛl þ 1Þ

Λl
ðz2 − 1Þðzþ 1ÞQ0

lðzÞ: ðA9Þ

We differentiate this expression twice and use

QlðzÞ ¼
1

Λl
½ðz2 − 1ÞQ00

lðzÞ þ 2zQlðzÞ�; ðA10Þ

ðz2 − 1ÞQ000
l ðzÞ ¼ −4zQ00

lðzÞ þ ðΛl − 2ÞQ0
lðzÞ; ðA11Þ

to find

Y 00
lðzÞ ¼ ðzþ 1Þ½ðΛl − 2Þðzþ 1Þ þ 6�Q00

lðzÞ

¼ r2

M2
HlQ00

lðzÞ: ðA12Þ

Using this equation and Eq. (A7), we find Eq. (94).

APPENDIX B: A SUMMATION FORMULA FOR
THE LEGENDRE FUNCTIONS OF

THE SECOND KIND

Define for n ≥ 1

SnðzÞ ¼
X∞
l¼n

2lþ 1

ΛlðΛl − 2Þ � � � ½Λl − nðn − 1Þ�
�
dn

dzn
QlðzÞ

�
2

;

ðB1Þ

where Λl ¼ lðlþ 1Þ as before. We can show that this
series is absolutely convergent if z > 1 by using the
formula derived from Eq. (8.821.3) of Ref. [33],

dn

dzn
QlðzÞ ¼

ð−1Þnðlþ nÞ!
2lþ1l!

Z
1

−1
ð1 − t2Þlðz − tÞ−l−n−1dt;

ðB2Þ

and noting that the maximum value of ð1 − t2Þ=ðz − tÞ for
−1 < t < 1 is 2ðz −

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
Þ at t ¼ z −

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p
. Thus,

���� dndzn
QlðzÞ

���� ≤ ðlþ nÞ!
2 · l!

�
zþ

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 1

p 	
−l
Z

1

−1

dt
ðz − tÞnþ1

:

ðB3Þ

Then,

lim sup
l→∞

���� dndzn
Qlþ1ðzÞ= dn

dzn
QlðzÞ

����2 ≤ 1

ðzþ
ffiffiffiffiffiffiffiffiffiffiffi
z2−1

p
Þ2 < 1:

ðB4Þ

Hence, the series SnðzÞ is absolutely convergent if z > 1. In
this Appendix, we prove that

SnðzÞ¼ ð−1Þnþ1
2n

ð2n−1Þ!!
1

ðz2−1Þnþ1

dn−1

dzn−1
QnðzÞ: ðB5Þ

The case n ¼ 1 was proved in Ref. [32]. We used the case
n ¼ 2 in deriving Eq. (96).
We first establish some useful equalities. By differ-

entiating the Eq. (8.824) of Ref. [33], we find

dnþ1

dznþ1
QnðzÞ ¼

ð−1Þnþ12nn!
ðz2 − 1Þnþ1

: ðB6Þ

Then, for n ≥ 2,
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dnþ1

dznþ1
QnðzÞ − ð2n − 1Þ dn

dzn
Qn−1ðzÞ

¼ d2

dz2

�ð−1Þnþ12n−2ðn − 2Þ!
ðz2 − 1Þn−1

�
: ðB7Þ

By integrating this equation twice and noting (see
Eq. (8.820.2) of Ref. [33])

QnðzÞ ≈
n!

ð2nþ 1Þ!! z
−n−1; jzj ≫ 1; ðB8Þ

we find

dn−1

dzn−1
QnðzÞ ¼ ð2n − 1Þ dn−2

dzn−2
Qn−1ðzÞ

þ ð−1Þnþ12n−2ðn − 2Þ!
ðz2 − 1Þn−1 ;

n ≥ 2: ðB9Þ

Next the (n − 1)th derivative of the Legendre equation
satisfied by QlðzÞ reads

ðz2 − 1Þ dnþ1

dznþ1
QlðzÞ þ 2nz

dn

dzn
QlðzÞ

¼ ½Λl − nðn − 1Þ� d
n−1

dzn−1
QlðzÞ: ðB10Þ

From this equation, we find

d
dz



ðz2 − 1Þ2n

�
dn

dzn
QlðzÞ

�
2
�

¼ ½Λl − nðn − 1Þ�ðz2 − 1Þ2n−1 d
dz


�
dn−1

dzn−1
QlðzÞ

�
2
�
:

ðB11Þ

This implies

d
dz

½ðz2−1Þ2nSnðzÞ�

¼ðz2−1Þ2n−1 d
dz



Sn−1ðzÞ−

2n−1

½2ðn−1Þ�!
�
dn−1

dzn−1
Qn−1ðzÞ

�
2
�
:

ðB12Þ

The second term in curly brackets on the right-hand side
subtracts the l ¼ n − 1 term in Sn−1ðzÞ. Then, by using
Eq. (B6) with n replaced by n − 1, we obtain from the
above equation

d
dz

½ðz2−1Þ2nSnðzÞ� ¼ ðz2−1Þ2n−1 d
dz

Sn−1ðzÞ

þð−1Þn−12ð2n−1Þ
ð2n−3Þ!!

× ðz2−1Þn−1 dn−1

dzn−1
Qn−1ðzÞ: ðB13Þ

Now, we prove Eq. (B5) by induction. As we stated
above, it is true for n ¼ 1. Assume Eq. (B5) with n replaced
by n − 1, i.e.,

Sn−1ðzÞ ¼ ð−1Þn 2ðn − 1Þ
ð2n − 3Þ!!

1

ðz2 − 1Þn
dn−2

dzn−2
Qn−1ðzÞ;

n ≥ 2: ðB14Þ

By substituting this formula into Eq. (B13), we find

d
dz

½ðz2 − 1Þ2nSnðzÞ�

¼ d
dz

�
ð−1Þnþ1

2n
ð2n − 3Þ!! ðz

2 − 1Þn−1 dn−2

dzn−2
Qn−1ðzÞ

�
:

ðB15Þ

Hence,

ðz2 − 1Þ2nSnðzÞ ¼ ð−1Þnþ1
2n

ð2n − 3Þ!! ðz
2 − 1Þn−1

×
dn−2

dzn−2
Qn−1ðzÞ þ Cn; ðB16Þ

where Cn is a constant, which we shall determine next.
The behavior of the lth term in the series SnðzÞ for large

jzj can be found from Eq. (B8) as

�
dn

dzn
QlðzÞ

�
2

∼ z−2ðlþnþ1Þ; l ≥ n: ðB17Þ

Hence, the left-hand side of Eq. (B16) tends to 0 as
z → ∞. The z → ∞ limit of the first term of this
equation can also be found using Eq. (B8). Then, by
requiring that the right-hand side tends to 0 as z → ∞,
we find

Cn ¼
2n−1nðn − 2Þ!
ð2n − 1Þ!! : ðB18Þ

Hence,
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SnðzÞ¼ð−1Þnþ1
2n

ð2n−1Þ!!
1

ðz2−1Þnþ1

×

"
ð2n−1Þ d

n−2

dzn−2
Qn−1ðzÞþ

ð−1Þnþ12n−2ðn−2Þ!
ðz2−1Þn−1

#

¼ð−1Þnþ1
2n

ð2n−1Þ!!
1

ðz2−1Þnþ1

dn−1

dzn−1
QnðzÞ; ðB19Þ

by Eq. (B9). Thus, Eq. (B5) is true for all n ≥ 1 by
induction.

APPENDIX C: ALTERNATIVE STRESS-ENERGY
TENSOR AND THE RESPONSE RATE

An alternative stress-energy tensor is constructed by
choosing the rr-component

Ťrr ¼ −μ
fðrÞα
r2

θðr − r0Þδð2Þ⊥ ; ðC1Þ

where μ; fðrÞ > 0 and where α is a real parameter
associated with the properties of the string. Substituting
this expression into the conservation equation (3), we
obtain the corresponding tt-component,

Ťtt ¼ μ½2δðr − r0ÞfðrÞ þ ð2α − 1Þθðr − r0Þf0ðrÞ�

×
fðrÞα−2
r2f0ðrÞ δ

ð2Þ
⊥ : ðC2Þ

Here, μ is given by

μ ¼ 1

2
m0f0ðr0Þfðr0Þ12−α: ðC3Þ

This stress-energy tensor satisfies the weak energy con-
dition for α ≥ 1. If the tt-component has only the point-
mass contribution; i.e., if α ¼ 1=2, then the corresponding
stress-energy tensor violates the weak energy condition.
The stress-energy tensor considered in Sec. IV B, described
by Eqs. (7) and (8), corresponds to the choice α ¼ 1.
Near the horizon and in Rindler coordinates, the stress-

energy tensor Ťμν can be approximated as

Ťηη ≈m0

h
δðξÞ þ ð2α − 1Þae−2ð2−αÞaξθðξÞ

i 1

r2h
δð2Þ⊥ ; ðC4Þ

Ťξξ ≈ −m0ae−2ð2−αÞaξθðξÞ
1

r2h
δð2Þ⊥ : ðC5Þ

By writing α ¼ 1 − β=2 and identifying m0 ¼ μ, we
recover the same expression as that obtained in Rindler
spacetime (see Eqs. (B8)–(B9) in Ref. [14]). (Here, β and μ
denote the parameters used in Ref. [14].) In the main text of
Ref. [14], we have considered β ¼ 0, which corresponds
here to α ¼ 1.

The response rate of the stress-energy tensor Ťμν, given
by Eqs. (C1)–(C2), to the Hawking radiation for fixed
angular momentum number l, is derived by performing
calculations similar to those in Sec. IV B. The resulting
response rate is given by

Řl ¼ ð2lþ 1Þg2Gm2
0

8π2klM

"
r20fðr0Þ5=4

d2

dr20
Ql

�
r0
M

− 1

�

þ 2Mðα − 1Þr−20 fðr0Þ1=4−α

×
Z

∞

r0

dr r2fðrÞα d2

dr2
Ql

�
r
M

− 1

�#2
: ðC6Þ

If the second term on the right-hand side of this equation is
interpreted as the contribution of the string to the response
rate (in the specific gauge considered), this contribution
vanishes for α ¼ 1.

APPENDIX D: TOTAL RESPONSE RATES FOR
STATIC CLASSICAL POINT PARTICLE
SYSTEMS IN STATIC SPACETIMES

Table I summarizes the total response rates derived in
this and previous works for classical static point particle
systems acting as scalar sources σ, electric charges q
(and q̃ when interacting with a Proca field of mass
m̃), or masses m0 in static spacetimes. The listed results
correspond to particles uniformly accelerating in
Minkowski spacetime (equivalently, static in the
Rindler wedge) with proper acceleration a, in the
Minkowski vacuum, as well as to particles held static
outside black holes or inside cosmological horizons at
the radial coordinate position r ¼ r0 in a given quantum
state, e.g., the Unruh or Hartle-Hawking vacuum states
in Schwarzschild spacetime and Reissner-Nordström
spacetime with charge Q or Bunch-Davies vacuum state
in de Sitter spacetime with cosmological constant Λ.
Recall that the proper acceleration ϱðr0Þ is given by
ϱ≡ ffiffiffiffiffiffiffiffiffi

ϱμϱμ
p

, with ϱμ ≡ uν∇νuμ.
The electromagnetic and gravitational total response

rates in Minkowski (or equivalently in Rindler) space-
time feature infrared divergences, as discussed previ-
ously. Accordingly, the corresponding total response
rates are presented at leading order in an infrared cutoff
imposed on the magnitude of the transverse momen-
tum, k0⊥.
Note that, unlike the electromagnetic case, the total

response rate for the Proca field in Rindler spacetime in the
Minkowski vacuum is finite due to the presence of the mass
of the vector field, which acts as a natural infrared cutoff
and regulates the infrared behavior. To compute the total
response rate for the Proca field from the response rate with
fixed transverse momenta derived in Ref. [37], we proceed
similarly to the electromagnetic and gravitational cases.
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The response rate for fixed transverse momentum for the
Proca field is given by [37]

RProca
k⊥ ¼ q̃2

4π3a

�����K1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ m̃2

p
a

!�����
2

: ðD1Þ

Then, we integrate over the transverse momenta, namely,

RProca
tot ¼ 2π

Z
∞

0

dk⊥k⊥RProca
k⊥ ðD2Þ

¼ q̃2

4π2
m̃2

a

�
K0

�
m̃
a

�
2

þ 2
a
m̃

K0

�
m̃
a

�
K1

�
m̃
a

�

− K1

�
m̃
a

�
2
�
; ðD3Þ

which diverges in the limit m̃ → 0. We expand RProca
tot at

leading order in m̃ ≪ a and find

RProca
tot ≈

q̃2a
2π2

ln

�
a
m̃

�
; for m̃ ≪ a: ðD4Þ

The response rate for the scalar field with mass m in
Rindler spacetime is analyzed in Ref. [38]. The response
rate for fixed transverse momentum is given by

RScalarðmÞ
k⊥ ¼ σ2

4π3a

�����K0

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

p
a

!�����
2

: ðD5Þ

The total response rate is obtained by integrating over the
transverse momenta as

RScalarðmÞ
tot ¼ 2π

Z
∞

0

dk⊥k⊥R
ScalarðmÞ
k⊥ ðD6Þ

¼ σ2

4π2
m2

a

�
K1

�
m
a

�
2

− K0

�
m
a

�
2
�
; ðD7Þ

which tends to the massless result, σ2a=ð4π2Þ, in the
limit m → 0.

TABLE I. Response rate formulas for classical point particle systems interacting with bosonic fields in different spacetime
backgrounds and quantum states.

Spacetime Quantum state Interaction Total response rate

Minkowski/Rindler Minkowski vacuum Scalar [30,31,34] σ2a
4π2

Electromagnetic [29,35,36] q2a
2π2

lnð a
k0⊥
Þ

Gravitational [14] [see Eq. (102)] m2
0
a

2π2
ð a
k0⊥
Þ2

Proca [37] Given in Eq. (D3)
Massive scalar [38] Given in Eq. (D7)

Minkowski (Mpþ2) Minkowski vacuum Scalar [39] σ2ap−1½ðp
2
−1Þ!�3

4πp=2þ1ðp−1Þ!

Schwarzschild Unruh vacuum Scalar [30,31] σ2ϱðr0Þ
4π2

Electromagnetic [29,32] q2ϱðr0Þ
2π2

Q1

�
2r0
rh

− 1
	

Gravitational g2Gm
2
0
ϱðr0Þ

8π2

h
− 2rh

3
d
dr0

Q2ð2r0rh − 1Þ
i

Hartle-Hawking vacuum Scalar [31] σ2ϱðr0Þ
4π2

þ σ2

16π2r2
0
ϱðr0Þ

Electromagnetic (see Sec. IV C) q2ϱðr0Þ
2π2

Q1

�
2r0
rh

− 1
	

Gravitational g2Gm
2
0
ϱðr0Þ

8π2

h
− 2rh

3
d
dr0

Q2ð2r0rh − 1Þ
i

Reissner-Nordström Unruh vacuum Scalar [40] σ2ϱðr0Þ
4π2

ðM−Q2

rh
Þ

ðM−Q2

r0
Þ

Hartle-Hawking vacuum σ2ϱðr0Þ
4π2

ðM−Q2

rh
Þ

ðM−Q2

r0
Þ
þ σ2ðM−Q2

rh
ÞðM−Q2

r0
Þ

4π2r2hr
2
0
ϱðr0Þ
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