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We explore the thermodynamic and entanglement properties of dynamical black holes based on the
recently proposed dynamical black hole entropy by Hollands-Wald-Zhang. We first provide direct proof
that, under first-order perturbations, the dynamical black hole entropy in any f(R) theory equals the Wald
entropy evaluated on the generalized apparent horizon. Then, we compute the gravitational entropy
explicitly from the replica method using both the event horizon and the apparent horizon as the entangling
surfaces, and we show that only the apparent horizon prescription reproduces the correct dynamical black

hole entropy satisfying the physical process first law. Furthermore, we reinterpret the generalized second
law by identifying the modified von Neumann entropy as the matter entanglement across the (generalized)
apparent horizon. This allows us to express the total entropy as the renormalized generalized entropy

evaluated on this surface at the level of the leading local area-law term.
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I. INTRODUCTION

The study of black hole thermodynamics represents a
profound synthesis of general relativity, thermodynamics,
and quantum physics. This synthesis finds its origins in the
pioneering work of Bekenstein [1,2], who postulated that
black holes must carry an entropy proportional to their
horizon area. This radical proposal emerged from the need
to preserve the second law of thermodynamics in the
presence of black holes, as the disappearance of matter
across an event horizon would otherwise suggest a net
decrease in the total entropy of the universe. The sub-
sequent work of Hawking demonstrated that black holes
emit thermal radiation at a temperature proportional to their
surface gravity [3], which established the Bekenstein-
Hawking entropy formula, Sgy = %, as a cornerstone of
theoretical physics. This result transformed a thermody-
namic analogy into physical reality, which justified that
black holes obey the laws of thermodynamics as suggested
in [4].
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In the following decades, significant advances were
made in understanding black hole entropy within classical
gravitational theory beyond general relativity. Derived
using the method of covariant phase space, the Wald
entropy formula [5,6] interprets black hole entropy as
the Noether charge associated with the horizon’s Killing
symmetry, which provides a general definition of entropy
for stationary black holes in any diffeomorphism-invariant
theory of gravity,

oL
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where Cis a cross section of the future event horizon, and &,
is the binormal two-form to C. The Wald entropy represents a
natural extension of the Bekenstein-Hawking entropy to
theories such as f(R) gravity and Lovelock theories,
maintaining the connection between horizon geometry
and thermodynamic behavior. This formalism also success-
fully generalizes the first law of black hole thermodynamics
to more general gravitational theories. In their original work,
Iyer and Wald also proposed a formula for dynamical black
hole entropy [6]. However, shortly they noted that this
formula is not field redefinition invariant and does not satisfy
the second law. Nevertheless, the Wald formalism estab-
lished a robust framework for equilibrium black hole
thermodynamics.

In a parallel development, the concept of entanglement
entropy (von Neumann entropy) emerged as a fundamental
quantity in quantum field theory and quantum information
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theory (see, e.g., reviews [7,8]). For a quantum system
divided into two subsystems by an entangling surface, the
entanglement entropy quantifies the quantum correlations
between these subsystems. Specifically, for a spatial region
A with complement B, the entanglement entropy is defined
as Sey = —tr(pa logpy), wWhere py is the reduced density
matrix obtained by tracing over the degrees of freedom in
region B. This entropy provides a measure of the quantum
entanglement between the two regions and has profound
implications for our understanding of quantum many body
systems.

The computation of entanglement entropy in quantum
field theory can be facilitated by the replica trick [9-11],
which is a powerful geometric method that involves
evaluating the path integral on an n-fold Riemann surface
branched over the entangling surface. The outcome reveals
that the entanglement entropy contains ultraviolet diver-
gences and the leading divergence scales with the area of
the entangling surface. Remarkably, this area law behavior
holds even in gravitational contexts, where the entangle-
ment entropy can be computed using similar geometric
methods [12]. The holographic principle [13,14], particu-
larly through the AdS/CFT correspondence [15,16], has
provided deep insights into this connection, suggesting that
gravitational entropy may have its origins in quantum
entanglement [17-19].

A compelling merger of these developments emerged
through the proposal that black hole entropy might be
identified as an entanglement entropy. This perspective,
initially suggested in [20] and was further elaborated in
[21-23], posits that the Bekenstein-Hawking entropy
originates from the quantum entanglement between degrees
of freedom inside and outside the black hole horizon. For
an external observer, the states inside the black hole are
inaccessible, leading to a mixed-state density matrix for the
exterior region. The associated von Neumann entropy
naturally exhibits an area law, with the ultraviolet diver-
gence potentially absorbed through the renormalization of
the gravitational constant G [24,25]. This interpretation
has been supported by numerous calculations in both
quantum field theory and gravitational physics, though
subtleties and disagreements remain unresolved in certain
contexts [9,26-32].

The thermodynamic interpretation of black hole entropy
naturally leads to the formulation of the generalized second
law (GSL), which states that the generalized entropy defined
as the sum of black hole entropy and the entropy of the
matter outside the black hole never decreases. Although it
was originally proposed to resolve the violation of the
ordinary second law for the matter falls into a black hole [2],
the GSL found its proper formulation after Hawking’s
discovery of black hole radiation and the establishment of
a consistent thermodynamic interpretation of black holes.
Substantial evidence supports the validity of the GSL,
particularly through Gedanken experiments designed to

violate it, which consistently fail in ways analogous to
attempts to violate the ordinary second law [33-35].

By taking the von Neumann entropy of the matter
outside the black hole as the matter field entropy, a
quantum formulation of the GSL in semiclassical general
relativity was established in [36]. As we mentioned,
combining the Bekenstein-Hawking entropy and the von
Neumann entropy of the matter field yields a finite total
entropy with a renormalized gravitational constant Gg,.
Therefore, the generalized entropy can be interpreted as the
renormalized Bekenstein-Hawking entropy (ignoring the
subleading terms) [24],

1 1

Sgen [C(U)] = EA[C('U)] + S = @A[C(U)] (2)

For more general theories, such as higher curvature
theories, the Bekenstein-Hawking entropy is replaced by
the Wald entropy Swag, and the subleading divergences in
the matter field von Neumann entropy correspond to the
renormalization of the higher curvature gravitational cou-
plings appearing in Syyq [37].

The extension of black hole thermodynamics to dynami-
cal situations has presented considerable challenges. Two
decades after Iyer-Wald attempted to generalize the
Noether charge formalism to dynamical black holes, an
entropy formula for higher curvature theories was derived
by Wall in [38]. The Wall entropy Sw,; includes a
correction beyond the Wald entropy that depends on the
extrinsic curvature of the horizon and is valid when a linear
nonstationary perturbation is applied to the Killing horizon.
However, under the perturbation caused by a flux of
ingoing matter, Sy, does not satisfy the “physical process
version” of the first law [39,40] between two arbitrary
sections of the future horizon.

Substantial progress in addressing the limitations of
previous approaches to dynamical black hole entropy
was made in [41,42]. By applying the improved Noether
charge method, a new notion of dynamical black hole
entropy under first-order nonstationary perturbation,
denoted by Sgy,, was introduced,

2 ~ 2
Som = [ Q=" [(Qe=8Br) )

K

where Q; is the Noether charge of the horizon Killing field
&%, and By is a specific (n — 1)-form constructed on the
future horizon H*. This entropy formula applies to arbitrary
diffeomorphism-invariant theories of gravity and satisfies
the physical process version of the first law. In Einstein’s
theory, this entropy takes the form Sy, = (1 — v0,)Spn,"

"This formula for Einstein’s theory was also provided in [43]
along with an alternative formula which vanishes on any cross
section of a light cone in Minkowski spacetime.
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where v is an affine parameter along the horizon. It was also
shown that, to the leading perturbative order, Sy, is
equivalent to the Bekenstein-Hawking entropy Sgy of
the apparent horizon. In higher curvature theories, the
dynamical entropy is shown to be Sgy, = (1 — v9,)Swa-
In particular, since Sy, reduces to Syyq in f(R) gravity, it
has been shown in [44] that Sy, for f(R) gravity equals
Swala of the generalized apparent horizon. In Sec. II, we will
provide an alternative derivation of this based on the
discussion for Einstein theory.

Despite these significant advances in understanding the
thermodynamic entropy of dynamical black holes, its
entanglement nature has not been thoroughly investigated.2
For stationary black holes the event horizon is the natural
entangling surface, but its teleological nature calls this
choice into question in a dynamical geometry. Does a
locally defined horizon—such as the apparent horizon—
take over as the suitable entangling surface under nonsta-
tionary perturbations? We will answer this by carrying out
replica trick computations on both surfaces. In this paper,
we address this fundamental question by investigating the
entropy for dynamical black holes in the Einstein gravity
and f(R) gravity using the replica method, thereby provid-
ing a stepping stone to arbitrary higher curvature theories.
Taking the convenience of Gaussian null coordinates
(GNC), we compute the entropy associated with both
the future event horizon and the apparent horizon as the
entangling surface. Our calculations reveal that under first-
order perturbations, only the latter agrees with Sy, and
satisfies the physical process first law. Furthermore, we
show that choosing the (generalized) apparent horizon as
the entangling surface provides a natural physical inter-
pretation of the modified von Neumann entropy introduced
in [41] and further justifies the validity of the GSL for Sy,

The rest of this paper is organized as follows. In Sec. II,
we establish the geometric setup for this paper and review
the relevant results on dynamical black hole entropy from
[41,42]. After deriving the expression for Sy, in Einstein
gravity and verifying its equivalence to Sgy of the apparent
horizon, we present a direct proof demonstrating that Sy,
in f(R) gravity equals Sy,q evaluated on the generalized
apparent horizon. In Sec. III, we compute the gravitational
entanglement entropy for a dynamical black hole. We take
both the future event horizon and the apparent horizon as
entangling surfaces and find that the apparent horizon
naturally arises as the appropriate boundary for the black
hole under nonstationary perturbations. Section IV inves-
tigates the generalized second law and argues that selecting
the apparent horizon as the entangling surface yields a

’In [45], an entanglement entropy for higher derivative gravity
has been derived, which agrees with Sy, in all the known cases
and is valid under the first-order perturbation. However, it does
not satisfy the physical process first law between two arbitrary
sections and receives a correction in Sy,

FIG. 1. (a) Bifurcate Killing horizon H consists of the future
horizon H* and the past horizon H~, intersecting at the
bifurcation surface 3. The horizon Killing field is &4, while k¢ =
(0,)* and 1“ = (0,)" are future-directed tangent vectors to the
affinely parametrized null geodesics of H™ and H~, respectively.
C(v) is a cross section of H™ at an affine time v. (b) The apparent
horizon A deviates from H* due to the perturbation. 7 (v) is a
cross section of A4 at an affine time v.

natural physical interpretation of the modified von
Neumann entropy. We conclude with a summary and
discussion of potential future directions in Sec. V.
Detailed calculations supporting the results in Sec. III
are provided in Appendix A. Additionally, a boost weight
analysis utilized in the derivations of Sec. II can be found in
Appendix B.

II. DYNAMICAL BLACK HOLE ENTROPY
AND THE APPARENT HORIZON

In this section, we first provide a brief review of
dynamical black hole entropy established in [41,42]. We
will mainly follow the geometric setup in [42]. We begin by
setting up the nonstationary geometry in the Gaussian null
coordinates and introducing the apparent horizon. Using
the Raychaudhuri equation, we then derive the dynamical
black hole entropy Sgy, and verify that it coincides with the
Bekenstein-Hawking entropy of the apparent horizon.
Finally, we extend this result to the generalized apparent
horizon in f(R) gravity.

A. Perturbed geometry

We consider a dynamical black hole geometry perturbed
from a stationary black hole background geometry (M, g)
in d-dimensional spacetime. The event horizon of the
stationary black hole is taken to be a bifurcate Killing
horizon H, where we denote the future horizon as H™, the
past horizon as H~, and the codimension-2 bifurcation
surface as BB (see Fig. 1). For a stationary black hole, we can
define the Killing vector field £“, which is normal to the
Killing horizon. All the background dynamical fields,
including the metric g and matter fields will be required
to satisfy the Killing symmetry generated by &“.

One can always establish a null basis (k%, 1) on H™,
where k¢ represents the future-directed null normal to H™
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and is affinely parametrized as k* s (0,) withv = Oon B.
This prescription does not uniquely determine the affine
parameter, since there remains a scaling freedom v — av,
where the constant a may vary from generator to generator
but remains fixed along each individual generator of H™.
The vector [ denotes a future-directed ingoing auxiliary null
vector field satisfying k“/, = —1 on the horizon. We may
extend [ off the horizon by solving the geodesic equation
I’V ,1* = 0 and denote the affine null distance away from
H" by u, thereby identifying [ = (9,,)*. The location of the
future horizon is fixed at # = 0. Finally, we can extend k¢ off
the horizon such that it commutes with [, namely,
[k, 1] = 0. The metric on H ' can be decomposed as

H+
YGab = _kalb - lakb + Vab> (4)

where y,, is the intrinsic codimension-2 spatial metric of the
cross section C(v) satisfying the orthogonality conditions

Yapk® w Yapl® "2 0. The coordinates x' can be defined via

the projection operator y%, w 0y + k%l + [“k;,, which
eliminates components along £ and /. The coordinates
(v, u, x! ) are called the Gaussian null coordinates (GNC). In
this coordinate system, we can introduce the following basis
vectors:

. a a . i a “_ i a
=) )G o

and the line element of the metric g,;, can be written in the
following form:

ds? = —2dudv — v?a(v, u, x")dv? — 2uw;(v, u, x")dvdx’

+ 7i;(v, u, x")dx'dx/ (6)

with the corresponding inverse metric

w(a+ o) -1 —uw
gb = -1 0 0o |. (7)
—uw' 0 rY

where 7/ denotes the inverse of y;;, and @' = y”w;. In the
GNC gauge, the metric components ¢,, and g,; vanish
throughout the spacetime. The form of g,, is determined by
the affine geodesic equation of k* on the horizon, where
the function a is nonsingular at u =0 or v =0 [42].
Furthermore, the fact that g,; vanishes on H* and g;;
remains regular there implies that w; and y;; are also
nonsingular at u =0 or » = 0. The basis vectors in (5)
have the following dual vectors:

ka = _(du>a - uza(dv)a - Ma)i(dxi>a’
ly = —(dv) mg = (dx'), — uo'(dv),.  (8)

It is easy to verify that the metric indeed satisfies the

double null decomposition on the horizon, namely,
+

Gab i —2k(4lp) + vap» Where the transverse metric can be

expressed as

. Mt .
Yab = vij(dx'),(dX7), = y;;mimy,. 9)

At the future horizon, the Killing vector &¢ satisfies
&'V, ke and the null normal satisfies KV, k%"= 0. On

the other hand, at the past horizon, we have £V &P ©
—k& and [“V, 1> = 0. Hence, we can rescale k* and [“
such that

& = k(vk® — ul®), (10)

where k is the surface gravity. Therefore, the metric
functions for the unperturbed stationary geometry, denoted
by a®), a)l(-o), and yﬁ?), are subject to additional constraints.
Specifically, the isometry generated by the Killing vector &
restricts their form so that the dependence on u« and v occurs

only through the combination xuv [46,47],

(0) (0)

a9 =aO (kuv,x"), ;" =w; (kuv,x"),
7 =71 (euv, xf). (1)

In order to investigate the nonstationary case, we

consider the metric as perturbed from the stationary back-

ground gi%) as g, = gfl%) + 8g,, and the matter fields as

¢ = $\ + 5, where 8g,,,5¢ ~ O(e) are first-order per-
turbations, and € < 1 is a small perturbation parameter. Of
course, once we turn on a nonstationary perturbation, the
exact Killing symmetry is lost and, in principle, the location
and parametrization of the horizon could shift in compli-
cated ways. However, since we are working only to the first
order around a stationary background, we may exploit the
diffeomorphism gauge freedom to keep the identification of
points between the two spacetimes simple, and to preserve
the affine parametrization of the null generators. This puts
the perturbed geometry under control and allows us to track
the horizon perturbatively. Concretely, we follow [42] and
impose the following gauge conditions:

(1) The event horizon of the perturbed black hole is
identified with the Killing horizon of the unper-
turbed background. Moreover, H™ and H™~ remains
at u = 0 and v = 0, respectively, after the perturba-
tion is applied.

(2) The null vectors k* and [* are held fixed under the
perturbation
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ok* =0, ol* =0. (12)
Additionally, k* remains null and normal to H™,
while /* stays null everywhere under the perturba-
tion. Combined with the requirement 5(k“l,) = 0,
this implies that
k60,50, 198, = 0. (13)
We further require that k* remains affinely para-
metrized on H*, and [ remains affinely parametrized
in the entire spacetime under the perturbation, i.e.,
b ayHt b a
S(k°V, k)=0, 8(1°V,1)=0. (14)
(3) The perturbed vector field £ remains null and
tangent to the geodesic generators of the perturbed

black hole. Along with .f“égubgo, this ensures that

5&9 is proportional to k* on H* and to /4 on H".

From the above gauge conditions, it follows that the

affine parameters v and u are fixed under the perturbation.

We will also fix the spatial coordinates x’. Therefore, a

nonstationary perturbation of a stationary background
affects only the metric functions in the following way:

a(u, v, x) = aO (kuv, x') + da(v, u,x'),  (15)

w;(u, v,x") = a),(-o) (kuv,x") + dew; (v, u,x'),  (16)

vij(u v, x') = yl(;))(lcuv,xi) + &yij(v,u,x'). (17)

B. Apparent horizon

Now, we introduce the apparent horizon in this perturbed
geometry. An apparent horizon is defined geometrically as
the boundary separating regions with negative outgoing
null expansion from those with non-negative expansion.
This hypersurface is foliated by marginally outer trapped
surfaces where the outgoing null expansion vanishes
identically, representing the instantaneous boundary of
trapped regions within a given Cauchy slice. For a sta-
tionary black hole, the apparent horizon coincides with the
event horizon.

Recall that the outgoing null expansion 8, = V k* of the
future horizon is equal to the rate of change of the area
element dA along the affine null parameter v,

d
0,dA = —
v dl}

(dA), (18)

where dA = \/dety d“x is the area element of a cross
section of the horizon. From (18), it is easy to verify that

|
Eyac av},ac =

1
———0,\/dety = 0,. 19
\/(W v e }, v ( )

In the GNC system, the position of the apparent horizon A
is denoted as u = U(v, x") > 0, which represents the affine
null distance from the event horizon, which is nonzero
under perturbation, as shown in Fig. 1(b). Throughout our
analysis, we assume that U(v,x') and its spacetime
derivatives are of the first order in the perturbation
parameter e.

A cross section 7 (v) of the apparent horizon A located
at an affine time » is a future marginally outer trapped
surface. Later on, we will also refer to 7 as the apparent
horizon for short when there is no confusion. One of the
null normal covectors of 7 is given by [, = —(dv),.

Through the constraint du — (9;1)dx’ 10, the other null
normal covector of 7 can be determined to be

ko = —(du), + 0U(dx),. (20)

Rasing the index using (7), we have
ke = gk, Lk + (DU + 0'U)m? + O(&),  (21)

where D; represents the codimension-2 intrinsic covariant
derivative, and D' =y D;.

It is easy to verify that [* and k“ satisfy the consistency
requirements k°k, = O(e*) and k%I, = —1. By means of
these two null normal vectors, the metric has the following
decomposition on 7", which is valid to the first order in e:

T ~
Gab = _2k(alb) + Yab- (22)

Then, the expansion of the apparent horizon 7 along the
direction of k¢ is

by =y, V ko Ly VK + 1,V (DU + o'U)m?)
=0, +D;(DU + o'U) + O(e), (23)

where we used the orthogonality relation m/m¢ = §! and
the fact that y“, is a projection operator to the first order.
Note that the characteristic condition for an apparent
horizon is that the expansion ) along k must vanish,
while 6, needs not vanish on 7 since k¢ is not a normal of
7. Then, on the apparent horizon we have

0 =0,(v.U.x) + D,(DU + o'U) 0. (24)

Expanding (24) around the event horizon u = 0, to the first-
order perturbation we have
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0Z0,(v,0.x7) + U(v.x)9,0,(v,0, x')
+ D;(D'U + o'U)
=0,(v,0,x") + U(v, x")F{(x") + D;(D'U + o'U),
(25)

where we used the fact that 0,(v,0,x") = vFf(x) with
F{(x") being a negative function at the zeroth order (see
Appendix B), and we used the relation 90,0, = 0,0, of two
null expansions at the zeroth order. Note that 8,(v, 0, x")
vanishes before turning on the perturbation, and hence it
can also be interpreted as 660,(v,0,x"). In principle, by
solving (25), one can find (v, x') explicitly and determine
the location of the apparent horizon. In the next subsection,
we will use the above geometry setup to derive the
dynamical black hole entropy and verify the relation with
the Bekenstein-Hawking entropy of the apparent horizon.

C. Dynamical black hole entropy
for Einstein’s gravity

First, we review the derivation of the “physical process”
version of the first law for nonstationary perturbations of a
stationary black hole following [42], which is based on the
Raychaudhuri equation and applies to Einstein’s gravity.
Then, we will examine the relationship between the
dynamical black hole and the area of the apparent horizon.

We perturb the stationary geometry by introducing
matter with stress-energy tensor 67, that crosses the
horizon [41,42,48], assuming the perturbation is suffi-
ciently small to preserve the event horizon (see Fig. 2).
The standard physical process first law [39,40,49] relates
entropy changes to the absorbed mass and angular momen-
tum of this infalling matter but requires stationary initial/
final states where the horizon coincides with the Killing
horizon at v = 0 and v = +o00. By relaxing these assump-
tions and allowing nonstationary states at arbitrary affine
times v; and v,, we will see that the Bekenstein-Hawking
entropy receives a dynamical correction, which leads to the
area law of the apparent horizon.

Suppose the horizon Killing vector is normalized as
& = (0,)" +Qy(9,)", where Q,, denotes the angular
velocity of the horizon, then the matter Killing energy
flux through the future horizon between two arbitrary cross
sections C(v;) and C(v,) is related to the changes in the
mass and angular momentum of the matter crossing the
horizon via [40-42,49]

/ " d / dA 8T K> = ASM — QuAGT,  (26)
vy C

where A denotes the difference between two horizon cross
sections, and dA = /dety d?~2x is the area element of a
cross section C of the horizon at an affine time v.

FIG. 2. Apparent horizon deviates from the event horizon due
to the nonstationary perturbation. 67, represents the infalling
matter field that causes the perturbation near the future event
horizon H*. The entropy change between two generic cross
sections C(v,) and C(v;) is related to the matter Killing energy
flux through the physical process first law.

The Raychaudhuri equation for the null geodesic con-
gruence generated by k¢ reads

do, |
G- d-3 2«9% -0, + 0wy, — RypkkP,  (27)

where o,, and w,, are the shear and twist of the null

congruence. Notice that wuh}éo since k“ is orthogonal to
H*t, and 60,,0,, are both first-order quantities in the
perturbation. Furthermore, in the linear approximation,
the perturbation of the Einstein equation satisfies
OR,,k°k" = 87GST ,,kk". Thus, the perturbation of the
Raychaudhuri equation to the first order gives

dod,
d—L = —SﬂGéTabkakb. (28)
v

Note that this also holds if one applies Einstein’s equation
with a cosmological constant.
From the gauge condition (1), on the future horizon we

.
have &f“H: kvk®. Multiplying the varied Raychaudhuri
equation by xv and integrating over the horizon between
the affine parameters v; and v,, we obtain

K/U2 dv/dAvdég
v C dv

' _ 872G / 7 dv / dAST k"
vy C
(29)

The left-hand side of the above equation can be evaluated
as follows:
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o

/ dv / dAs6), / dA(mSQ)
:_/ dvé/dAGU—i—é/dA (v6,)
= —A6<L dA(1 - vaﬂ)>, (30)

where in the first equality we integrated by parts, in the
second equality the variation is taken outside the integral as
6, vanishes for the unperturbed geometry on any C, and in
the last step we applied (18). As we can see, in addition to
the area term, there is a nontrivial dynamical correction to
the Bekenstein-Hawking entropy, which is absent in the
standard derivation [39] of the physical process first law.

On the other hand, the right-hand side of (29) gives rise
to the matter Killing energy flux in (26). Therefore, the
physical process first law applicable to arbitrary cross
sections of the future horizon under non-stationary pertur-
bations reads

Uy

dA(v, U, x)

dA(v,0,x")
dA(v,0,x")
dA(v,0,x") —
(

U(w,

I
Lt

where the relation d,dA = 6,dA = vF{(x")dA is used
in the second equality, we used (25) in the third equality,
and (18) is used in the last step. Noticing that dA =
\/dety d“=2x, the second term on the right-hand side as a
total derivative will not contribute after integrating over the
codimension-2 surface C(v). Then, after integration we
have

A(v,U) = (1 —v0,)A(v,0). (35)
Therefore, with the correction from the nonstationary
perturbation, dynamical black hole entropy in Einstein’s
gravity corresponds to precisely the area of the apparent
horizon, i.e.,

1
den :E(l -

D. Dynamical black hole entropy for f(R) gravity

For an arbitrary theory of gravity with a diffeomorphism
covariant Lagrangian, such as f(R) and f(Riemann)
theories, the first law of a dynamical black hole is derived

1 —v0,)dA(v,0,x") — vdA(v, 0, x)

2£A55dyn — ASM — QMG (31)
T
where Sgy, denotes the dynamical black hole entropy

associated with the cross section C of the horizon, whose
expression can be read off from (30) to be

SapnlC] :% /C dA(1 - 10,). (32)

Under the assumption of the null energy condition
6T ,,k%k? > 0, the matter Killing energy flux is always
non-negative, which ensures that the dynamical black hole
entropy satisfies the second law of black hole thermody-
namics in the linear perturbation,

AbS4yn 2 0. (33)
Finally, we demonstrate the relation between Sy, and

the area of the apparent horizon. The Taylor expansion of
the area element dA up to first order gives

x)0,dA(v,0, x)
U(v, x")oF9(x")dA(v, 0, x)
(v0,(v,0,x") + vD;(D'U + &'U))dA

(v,0,x)
D;(DU + o'U), (34)

|

in [41,42] by applying the improved Noether charge
method. In f(R) gravity, the dynamical black hole entropy
is given by replacing the Bekenstein-Hawking entropy in
Einstein’s gravity with the Wald entropy,

Sum =3 (1-10,) [ £(R)

where f'(R) = df(R)/dR. The dynamical entropy Sgy, in
f(R) gravity includes a correction to the Wald entropy of a
stationary black hole, analogous to how Sy, in general
relativity corrects the Bekenstein-Hawking entropy. The
above expression for Sy, was also derived in [44] by
means of the Einstein frame, where it was verified to satisfy
both the physical process first law and the linearized second
law. It was also shown in [44] that the Sy, for f(R) gravity
corresponds to the Wald entropy of the generalized appar-
ent horizon. Working in GNC, in this subsection, we
provide an alternate proof of this similar to the proof for
Einstein’s gravity in the previous subsection.

In f(R) gravity, the generalized expansion of the
null congruence generated by k¢ = (d,)* is defined as
follows [50]:

(1=20,)SwadlC(v)], (37)
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0, =~ log(y/det7/(R)

For a stationary background, the generalized apparent
horizon in f(R) gravity is defined as the hypersurface
where ©, = 0, separating regions of negative and non-
negative generalized expansion. Under the nonstationary
perturbation, the generalized expansion is perturbed to A,
whose location is described by u = U(v,x") > 0, which
also represents the affine null distance U (v, x) to the event
horizon. We assume that U(v,x’) and its spacetime
derivatives are of the first order in the perturbation.

Let 7 (v) denote the cross section of A at an affine time

=0, + KV, log(f'(R)). (38)

v. Later on, we will refer to 7(v) as the generalized
apparent horizon for short when there is no confusion. As

before, the null normals of 7 (v) are [* and k¢ satisfying
(20), (21), and (22) on 7. Under the perturbation, we need
to consider the generalized expansion of k%,

0; = 0; + kV, log(f'(R)). (39)

Using the geometry settings we have defined before, we
can write

(:)12 = yabv I}b f/( ) ava(f,<R))

0,(v,U,x") + D;(D'U + o'U)
1

TT®

The generalized apparent horizon in the perturbed geom-
etry is determined by the vanishing of ©;, while ®, need

(DU + o'U)D;f'(R) + O(e?).  (40)

not vanish on this horizon as k“ is not a normal of 7. Then,
up to the first order in the perturbation, on the generalized
apparent horizon we have

0L 0,(v,0,x") +U(v,x)3,0,(v,0,x")
o |

D;(D'U + o'U) +W(Du+wL{)Dif (R).
(41)

Note that ©,(v,0,x') vanishes before turning on the
perturbation, and hence it can also be interpreted
as 60, (v,0,x").

To further evaluate the above expression, we will use
several properties of the generalized expansion. First, it
follows from (38) that

9,(f'(R)dA) =

Second, to zeroth order in the perturbation we have

®,f(R)dA. (42)

2,0, =0, (W 0, (f’(R)dA)>
= — U R (R)aA)
+ g B (R
o ( R =00, @

where ©, = 0, log(f'(R)dA) is the ingoing null general-
ized expansion in the u-direction. Moreover, at the zeroth
order ®, satisfies
0,(v.0.x') = FO(x')0. (44)
where the subscript 1 indicates that the boost weight of @,
is —1 (see Appendix B). Using these facts, we can obtain
from (41) that
0,(v,0,x") =

U(v.3)FO(x') = Dy (DU + o)

1 . .

— (D'U + o'U)D;f'(R). (45)
f'(R)

To relate the dynamical black hole entropy (37) in f(R)

gravity to the generalized apparent horizon, we consider the

Taylor expansion of f'(R)dA to the first order. Following a
similar algebra in (34), from (42) and (44) we find

S'(R)dA(v,U. x')

= f(R)dA(v, 0. x") + U(v, x')9,(f'(R)dA(v, 0, x'))

= (1=29,)f"(R)dA(v,0,x")
—vdA(v,0,x)D;(f'(R)(D'U + o'U)). (46)

When integrating over the codimension-2 surface, the

second term on the right-hand side as a total derivative
will not contribute. Then, we obtain

Jr

The left-hand side of the above equation can be recog-

nized as the integral of f'(R) on 7, and hence, (37) can be
written as

dA(v,U) = (1 —vd,) /f’ (47)

L rw

Therefore, to the first order in perturbations around a
stationary black hole background, the dynamical black
hole entropy in f(R) gravity equals the Wald entropy
evaluated on the generalized apparent horizon.

den - SWa.ld
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III. ENTANGLEMENT ENTROPY FOR
DYNAMICAL BLACK HOLES

When interpreting the thermal entropy of a stationary
black hole, the bifurcation surface serves as a natural
entangling surface because it lies at the boundary between
causally disconnected regions of spacetime. However, the
situation becomes subtle for dynamical black holes, where
the event horizon and apparent horizon no longer coincide.
From (36) and (48), we have seen that for Einstein’s gravity
and f(R) gravity, the dynamical black hole entropy under
the first order in the perturbation becomes the Bekenstein-
Hawking/Wald entropy of the apparent horizon. This
strongly suggests that for dynamical black holes, the
apparent horizon 7 (v) represents the true physical horizon
rather than the future event horizon H*. The physical
interpretation of this becomes clear when considering the
null expansion &; at the apparent horizon 7 (v). The
condition f; = 0 at 7 (v) indicates that it is a marginal
surface where outgoing light rays neither converge nor
diverge, which can be naturally viewed as a defining
characteristic of a horizon for dynamical situations.

In this section, we will explicitly compute the entropy for
a dynamical black hole using the replica method, taking
both the event and apparent horizons as candidate entan-
gling surfaces. We will show that only the apparent horizon
yields an entropy that matches the thermal entropy Sy

A. Gravitational entropy from the replica method

In this subsection, we briefly review the calculation of
entanglement entropy using the replica trick in the path
integral formalism. For a comprehensive review, the reader
may refer to, e.g., [51].

We start with the entanglement entropy in quantum field
theory. Suppose a Cauchy surface is divided into two
complementary spatial regions A and B. The quantum state
|¥) is prepared via the Euclidean path integral from the
Euclidean time 7 = —o0 to 7 = 0, representing the vacuum
state. Field configurations on X are denoted by ¢(X), with
¢ and ¢® indicating field values restricted to regions A
and B, respectively. The reduced density matrix for region
A is obtained by tracing out degrees of freedom in B,

1

pa=5 [PPSO, @)

where |¢?) are eigenstates of the field operator ¢(x) in

region B. The normalization factor Z is given by the
complete path integral,

z- / DH()](¥]4) (D). (50)

The wavefunctional (¢|¥) computes the overlap between
the field configuration ¢(X) and the vacuum state,

(%) = / (Dl (51)

=—00

The entanglement entropy can be evaluated by first
introducing the Rényi entropy,

Su(A) = ——logir(p}). (52)

1—n
Then, entanglement entropy S, is obtained through ana-
lytic continuation in the replica index n,

Sa = lin} S,(A) = —lin} 9, logtra(ph). (53)

This approach, known as the replica trick, provides a
powerful method for computing entanglement entropy in
quantum field theories.

In gravitational systems, the Euclidean path integral
includes the integration over both matter fields ¢ and
the metric g,,, with the general form

2~ [DgDgiets, (54)

where I[g,¢] is the Euclidean Einstein-Hilbert action
coupled to matter fields. However, this path integral is
notoriously ill-defined due to the nonrenormalizable nature
of quantum gravity and the unboundedness of the Euclidean
gravitational action. In practice, what one can do is to
employ the saddle-point approximation around a classical
solution Gu» €852 Schwarzschild black hole. The dominant
contribution comes from the on-shell action reads (later on,
we will drop the bar of g for simplicity)

Z ~ e~ IEld), (55)

For entropy calculations, the replica trick requires con-
structing an n-fold branched cover M, of the original
spacetime M, with branch cuts along the entangling
surface S (e.g., the horizon of a black hole). The
gravitational entropy across S is then extracted from
the partition function’s dependence on n,

Soray = 11115} T (logZ, —nlogZ) (56)
= —lin} d,(logZ, —nlogZ), (57)

where Z, is the partition function evaluated semiclassi-
cally on M,,. For a stationary black hole, it is well-known
that this result matches the Bekenstein-Hawking entropy
Sgy = % when applied to the black hole horizon.
Before turning to dynamical black holes, we emphasize
that the replica trick computes the entropy of a reduced
density matrix defined with respect to a choice of state |¥)

104040-9



WEIZHEN JIA, QIONGYU QI, and CHRISTINA GAO

PHYS. REV. D 113, 104040 (2026)

and a choice of entangling surface on a Cauchy slice. For
generic dynamical black holes there is no canonical
analogue of the Hartle-Hawking state, and a global
Euclidean section is generally complex and not unique.
In this work, we do not attempt to define a nonperturbative
Euclidean geometry or a preferred state for an arbitrary
fully dynamical spacetime. Instead, we work perturbatively
around a stationary black hole background for which |¥) is
prepared by the Hartle-Hawking Euclidean path integral,
and we extract the entropy functional from (57) using a
regulated conical defect localized near the candidate sur-
face. Our goal in the rest of this section is to compare
different candidate surfaces and identify which choice
reproduces the dynamical black hole entropy Sy, that
satisfies the physical process first law.

B. Across the future event horizon

We begin by computing the gravitational entropy func-
tional (57) with the future event horizon taken as a
candidate entangling surface.

Working in the GNC gauge, we keep fixed the affine
parameters v (for H1) and u (for ™), as well as the spatial
coordinates x’, under perturbations. This means any non-
stationary perturbation only affects the metric functions, as
shown in (15). To analyze the entropy associated with a
cross section C of the future horizon at affine time v,, we
perform the following coordinate transformation:

1
u = ——(rsinhz — rcoshr), (58)

V2

1
v = vy + —=(rsinhz + rcosh). (59)

V2

In the coordinate system (z, r, x'), the line element (6) now
reads

ds? = (1 —%r2>dr2 — r2<1 —l—%rz)drz

- g ridrdr + rodrdx’ + rPo;drdx’ + y;dx’dx/,

(60)

where functions a(z, r, x'), w;(z, r, x'), and y;;(z, r, x') are
already perturbed. Note that in the new coordinate system,
these metric functions are not singular at r = 0. In this
system, the entangling surface is located at r = 0.

We evaluate the gravitational entropy (57) by Wick
rotating 7 — it and constructing the n-fold cover M,,
on which r > 0 and 0 < ¢ < 2zn. In order to properly take
into account the conical singularity at the origin, we
regularize the cone using the smooth function Ss(r)
satisfying

regularize
- >

>

FIG. 3. Conical singularity at » = 0 is regularized by intro-
ducing the smooth function f;.

B(r—0)=n®  P(r>6)=1.  (61)
where 6 is an arbitrary regularization parameter indepen-
dent of any UV cutoff, which makes C, smooth at » = 0
while matching C, for r > 9, as shown in Fig. 3. We
emphasize that the replica construction is used here in a
local, near-surface manner: the regulator f5(r) isolates the
contribution supported in the transition region r ~ ¢ near
the tip, which controls the n — 1 limit in (57). This
calculation does not require specifying a unique global
Euclidean completion of the full dynamical geometry; its
main purpose is to compare candidate surfaces and test
which choice reproduces the entropy Sy, satisfying the
physical process first law.

After regularization, the line element of the metric on
M, becomes

ds3, = (1 -5 r2>ﬁ5dr2 + 7 (1 +2 r2> dr?
- ig rdrdt + ro;drdx’ + irfw;dedx’ + yijdxidxf.
(62)

Although the Wick-rotated metric is generally complex away
from the tip for a nonstationary perturbation, the derivative at
n = 1 appearing in (57) is determined by the local conical
structure in the (r, ¢) directions near »r = 0, encoded in g,, ~
Bs(r) and g, ~r>. While the Wick-rotated metric also
contains complex cross terms, what controls the entropy
functional is the localized contribution in the curvature near
the tip. As shown explicitly in Appendix A, the cross terms
do not contribute to this localized piece at the order we
work. Accordingly, we treat the replica computation as a
saddle-point evaluation of the Euclidean action on a geom-
etry with aregulated conical defect, and we do not assume the
existence of a globally real Euclidean continuation of the
full perturbed spacetime.’

3When varying the Euclidean action I, the parameters @, w;,
and y;; appearing in the metric are treated as real. Hence, the
saddle condition &Iy =0 implies both & Re[lz] =0 and
SIm[I;] = 0 for the allowed variations. Since the semiclassical
weight is controlled by Re[I], while Im[/] contributes a phase,
the saddle-point approximation remains well defined in our
perturbative treatment.
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To calculate the partition function Z, on M, in the
semiclassical limit, we need to consider the on-shell
gravitational action. To begin with, we consider the
Euclidean Einstein-Hilbert action

1
Ip=— d?x+/det gR.
£ 16;:(;/M VLS (63)

n

Since the metric is symmetric, we can use the Schur
complement formula to calculate the determinant. For a

2 x 2 block matrix
B ( D B> (64)
g - BT 7/ )

detg = det D - det(y — BTD™'B) (65)

the determinant is

if D is an invertible matrix. In our case, D is obviously
invertible, then we can obtain from (62) that

detD = 12 <ﬂ§ + % (1- ﬁ(;)r“). (66)

When r > 6, we have fis = 1, as defined in (61). On the
other hand, since ¢ is small, the second term is at least
O(r*), and thus is negligible when r < . Therefore, for the
whole spacetime, we have

det D = r*;. (67)
Furthermore, from (62) we also find that

1 /1+ar’/4 art
Tp-1 _ 2 2
(B'D B)UZ(T—(I—OW /4)—7 0;0;.

(68)

This term is at least O(r?) near r = 0. Therefore, when we
approach the entangling surface at r = 0, we have

detg = r’Bsdet(y — BTD™'B) ~ r’fsdety.  (69)

Finally, we now calculate the Ricci scalar in (63). From
(62), one can find that the Ricci scalar can be organized into
a part without the r-derivative of 5, denoted by R, and a
part proportional to the r-derivative of 5. The integral of
R over M,, is proportional n times the integral of the Ricci
scalar on the original geometry (M, g) (see Appendix A).
Therefore,

/M”R:/MnRo—i-//Vln'Iﬁf;:n/MR—i-/Mn’lﬂ%a (70)

where f; represents the r-derivative of f5. The second term
on the right-hand side only receives the contribution at

r < 0. As analyzed in Appendix A, near the future
horizon we can see that n:r#, and hence the second

8
integral reads

/
/ drdtdd_zxr\//}; det}/ﬁ—2
M, r<é /7)5

s
.
=2 / drdtd?=2x+/detyo, (ﬂ?) . (71)
M, r<é

where we have used the determinant in (69). In the limit
5 — 0, we can show that

gLy (1 —1>9(r—o+). (72)

n n

Then, from (70) we have

/ Ren [ R=20=7) / drdtd?=2x/detys(r)
M, M n M, . r<é
—47(1-n)A[C] (73)

Plugging the result (73) into the formula (57), we obtain

SumlC()] = AL (74

Therefore, for a black hole with nonstationary perturbation,
the entropy across the future event horizon still satisfies the
area law of a section C(v). However, as we have seen in
Sec. II, the thermal entropy Sgy, for a dynamical black
receives a correction from the perturbation and thus does
not match the entropy S, [C(v)]. It is also obvious that
Sent[C(v)] does not satisfy the physical process first law.

The above result for Einstein’s gravity can also be
generalized to f(R) gravity. Consider the following effec-
tive action on M,

1
I = _1677G/./\/l,, d?x+/detg f(R). (75)

When evaluating the integrand f(R), we can still express it
as f(Ry+ npjs). Near the horizon, we have in the limit
5= 0T,

g2 (L) _20m) )
51551]1%7515(?*_1’ ﬂéar<\/ﬂ_5> n o rvpBs (76)

On the other hand, we notice that the integral of f(Ry) is

equal to n times the integral of f(R) on the original
geometry (M, g) when § — 07, i.e.,

/. (R = | r®. (77)
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Then, for f(R) gravity, the replica entropy equation (56)
can be written as

1 fM (Ry+ (1—=n)sR) f/\/l
Sorav = lim =~
167G n—1 1-n

o 1 imen,r<5f(R0+(l - f./\/l r<6f RO)
162G n—1 1—
(78)
where 6R = 2 ‘i/_ Denote FIR] = [y, <5 f(R), then the

limit in the above expression gives the functional derivative
of F[R]. It is straightforward to compute that

SFIR] = /M »

Therefore, the entropy across the future event horizon is

=1c / F(R).  (80)

This indicates that when taking C as the entangling surface,
the entropy S, for f(R) gravity still agrees with the
standard Wald entropy of the unperturbed geometry but
does not match Sgy,.

R)6R = 47z/f’ (79)

Sgrav [C(i})} - SWald

C. Across the apparent horizon

To calculate the gravitational entropy across the apparent
horizon, we define a pair of new parameters i =
u—U vy, x') and 7 = v. We extend k% off the apparent
horizon as follows:

= (03)" + (D'U + o'U)(0;)". (81)

In the coordinate system (i, D, X! ), the position of the
apparent horizon is at it = 0. We will focus on the geometry
near a cross section 7 of the apparent horizon. In the new
coordinates, the line element of the metric can be written as

ds? = —=2dadd + g;;d0* + g5, dvdx’ + y;;dx'dx/ 4+ O(e?),
(82)
where g;; = ith (9, i1, x') = 1 (2U + ita) and gy; = —2D;U —

2Uw; —2iiw; +O(e*). We can find that the corresponding
dual vector for k* reads

— b (d7), — fw;(dx?),,. (83)
At the apparent horizon, we have k, = —(di), =

—(du), + oU(dx"),, which agrees with (20). It is also
easy to show that 1 = (0:)* = (9,)% = 1°.

Applying the following coordinate transformation:

1
it = ——=7(sinh7 — cosh 7), 84
Nl ) (34)
D=7y + ! 7(sinh 7 + cosh %) (85)
? = Dy +—=7(sinh 7 + cosh 7),
0 \/E

as well as the Wick rotation 7 — i7, we get the Euclidean
metric. Then, the line element on the n-fold cover M,, of
the spacetime with 7 > 0 and 0 <7 < 2zn becomes (up to
first order of ¢)

ds? = g:5p5(F)AF + gs7dFdf + g;7dP + gpdida’
+ g?id;dxi + Vijdxidx/, (86)

where g;; = 1 =b'F, gz = =2ib'P, g;7 = (1 + b'F),
gr = O(€) + Fw;, and gy = iFgy, with b/ = 2\1/— be'.
Again, the smooth function f5(7) is introduced for regu-
larizing the conical singularity at the origin, satisfying
Bs(7 = 0) = n?, Ps(7>68) = 1. (87)
Following a similar analysis as the previous subsection, we
can see that
detg = PpBsdet(y — O(e?)) ~ PBsdety.  (88)
For Einstein’s gravity, we should evaluate the integral of
the Ricci scalar in a similar manner as (70), except now the
entangling surface is the apparent horizon at 7 = 0, and the
relevant term is the proportional to f5(7). Going through
the same calculation as the event horizon case, we arrive at
(see Appendix A)

/ R—n/ R = 4x(1 = A[T] + O(c). (89)
M, M

Plugging (89) into formula (57), up to first order in the
perturbation we get

SumlT(0)] = 3 AIT (0] (90)

We can see that this result matches exactly the entropy Sy,
in (36) under a nonstationary perturbation.

We now extend our analysis to f(R) gravity by evalu-
ating the entropy across the generalized apparent horizon
7. As established in Sec. 11, the near-horizon geometry of
7 (v) is the same as that of the apparent horizon in (22),
with the only difference being the horizon location function
U. This means the geometric framework set up in (81), (82),
and (86) continues to hold when using the I/ associated
with the generalized apparent horizon. Following the same

104040-12



ENTANGLEMENT ENTROPY AND THERMODYNAMICS OF ...

PHYS. REV. D 113, 104040 (2026)

evaluation for f(R) gravity as outlined in (78), up to first
order in the perturbation we arrive at

Sanl T0)] = Swal T (0] = g5 [ F(R). 1)

which precisely agrees with the entropy Sg, in (48) derived
for f(R) gravity.

The results in this section demonstrate that the entropy
Seray computed across both the future event horizon and the
apparent horizon reproduces the Bekenstein-Hawking
entropy (in Einstein gravity) and the Wald entropy (in
f(R) gravity) associated with the corresponding surfaces.
However, under nonstationary perturbations, only the Sq,,
across the apparent horizon matches the corrected thermal
entropy Sqy, and satisfies the physical process first law.
These distinctions arise because the future event horizon,
being teleological in nature, does not reflect local thermo-
dynamic equilibrium in dynamical scenarios, whereas the
apparent horizon, defined by é,; = 0, represents the instan-
taneous physical boundary of the black hole.

IV. MODIFIED VON NEUMANN ENTROPY
AND THE GENERALIZED SECOND LAW

Using the quantum null energy condition (QNEC), the
validity of the generalized second law (GSL) for a black
hole with nonstationary perturbation was verified in [41] by
means of the notion of modified von Neumann entropy. In
this section, we further investigate the GSL and provide a
physical interpretation for the modified von Neumann
entropy.

For a quantum field with stress-energy tensor 7, on a
fixed classical background, the QNEC, which was first
introduced in [52], says that on a cross section C of a null
hypersurface N, where the expansion and shear of N
vanish, the von Neumann entropy S,y of the quantum field
outside’ the null hypersurface satisfies

1 5
T.,Vkkb > —° s
(Tap) = 27A[C] Sv(x)2 "N

(92)

In the black hole geometry we considered, H* plays the
role of V. In general, the variation can be performed
differently at each point x on C. For simplicity, we will only
consider uniform deformations in v, which does not depend
on x. Then, integrating both sides of (92), we obtain

arh 1 d?
C<Tab>k k ng—ngvN- (93)

*Here, “outside” means the region on a spacelike hypersurface
crossing C, whose future Cauchy horizon coincides with N.

In Sec. II, we have seen from (29) and (30) that the
Raychaudhuri equation and the Einstein equation give

k d

ﬂﬁéden :/Cé(Tub)k“.fh :KU/C(5<Tah>k”k”. (94)

Applying the QNEC (93), we obtain

d d?
Eé‘den > Uw(SSVN' (95)

In fact, it can be verified that the above equation holds for
any diffeomorphism invariant theory [41,42]. To obtain the
GSL, one can define the modified von Neumann entropy as
follows:

d
5 (96)

SIN=S8w-—v
It is obvious that S,y agrees with S,y in the stationary case,
and the second term provides a correction when S,y
changes with the affine time v. The derivative of the
modified von Neumann entropy reads

d - d?
—SVN - -

dv DWSVN' (97)

Combining (95) and (97) yields

d -
@ <5den + 5SVN> >0, (98)

which is recognized as the GSL of a dynamical black
hole [41].

Following our observation that the apparent horizon
serves as a natural entangling surface in the dynamical
case, we now discuss the physical interpretation of the
modified von Neumann entropy. For simplicity, we first
restrict our consideration to Einstein’s gravity. By definition,
the von Neumann entropy of the matter field outside the
black hole is

SVN = _tr(pout IOg pout) , (99)

where p,, is the reduced density matrix of the quantum
matter obtained by taking C(v) as the entangling surface. For
a quantum field theory on curved spacetime, S,y can be
evaluated using the effective action via the replica trick.
Integrating out the matter field in the path integral yields a
diffeomorphism-invariant effective action composed of
curvature polynomials,

d9xy/det g(c, AR + ¢4 | ATR?

1 E matter —

+ C4’2Ad_4Rl2w + C4_3Ad_4R2 + - '),

HUpo

(100)
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where A is the UV cutoff scale. Here, we omit the A< term, as
it only contributes to the cosmological constant. In even
dimensions, there is also an additional logarithmic diver-
gence, which gives rise to the Weyl anomaly. For now, let us
consider matter fields in the Hawking-Hartle vacuum and
focus on the leading divergence, namely, the Einstein-
Hilbert term ¢, A?"%R in the effective action.

The leading UV-divergent local contribution to the
matter entanglement entropy can be extracted from the
conical variation of the matter effective action. As we have
seen in Sec. III, the conical geometry implies that by
choosing a cross section C of H™ as the entangling surface
and applying the replica trick, we get

/MnR—n/MR:47r(1—n)A[C}.

For minimally coupled matter, the leading divergence is
controlled by the induced Einstein-Hilbert term ¢, A?"?R,
whose conical variation gives an area-law contribution
proportional to A[C(v)],

(101)

Son = —4rc,A2AC(v)). (102)
We stress that for gauge fields and for nonminimally
coupled scalars, there are additional subtleties—such as
contact term/edge-mode contributions [53]—and the sim-
ple identification of the entropy with the conical variation
of local bulk terms requires refinement; our discussion here
focuses only on the leading local area divergence. Then, it
follows from (18) and (36) that

d
SVN - Ud—SVN = —477.'C2Ad_2(1 - ’Ueqj)A[C(U)]
v

= —4rc, A2A[T (v)). (103)
Therefore, at the level of the leading local area-law
divergence, we may interpret the modified von Neumann
entropy as the matter entanglement entropy evaluated
across the apparent horizon, i.e.,

SN = Swmater[T (v)]- (104)

In Sec. III we identified the dynamical black hole
entropy Sgy, as the gravitational entropy S, across the
apparent horizon, then (98) can be written as

d

dv

(0Sgray [T (v)] + S maver[7 (v)]) 2 0. (105)

This explicitly justifies the physical meaning of (98) as the
generalized second law: the total entropy of the system,
including the gravitational contribution and the matter
contribution, does not decrease.

Furthermore, recall that in semiclassical gravity the
generalized entropy is defined as the sum of the gravita-
tional entropy and the von Neumann entropy of quantum
fields outside the chosen surface. In particular, the von
Neumann entropy contains UV divergent local contribu-
tions. Focusing on the leading area-law divergence cap-
tured by the induced Einstein-Hilbert term in the matter
effective action, the sum of the Bekenstein-Hawking term
and the leading local divergent part of S,y can be absorbed
into a renormalization of gravitational constant. More
precisely, at the level of the leading area term one may write

1

SenlC(0)] = = ALC(0)] + Sox = e

1 AlC(w)] +---,

(106)

where the ellipsis denotes additional subleading contribu-
tions to the full entropy; in particular, for gauge fields and
nonminimally coupled scalars there can be extra terms (e.g,
contact/edge-mode contributions) that do not contribute to
the renormalization of G. The corresponding renormalized
gravitational constant is

1
Gren

1
= — — 167c, A2, (107)

The inverse of the gravitational constant exhibits a diver-
gence at the one-loop level, which is canceled by the
leading area-law divergence in S,y [24,52]. Consequently,
the generalized entropy defined in (106) is finite and
physical after renormalization. For stationary black holes,
this is the standard generalized entropy satisfying the
second law.

This can be carried over to dynamical black holes as
follows. Using the interpretation (at the level of the leading
local area-law divergence)

SN = Smatter[T(U)] (108)

and Sqy, = Sray[7 (v)] to the first order in perturbations, we
define the generalized entropy on the apparent horizon as

el T(1)] = G AIT(0)] + 51 =

(109)

Then, in the case where the extra contribution in the ellipsis
vanishes, such as for the minimally coupled scalar field, the
GSL (105) can also be expressed as the monotonicity of the
generalized entropy evaluated on the (generalized) apparent
horizon,
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d

d_y(ssg"’“ [T (v)] > 0.

(110)

This formulation naturally extends to f(R) gravity: each
higher-order coupling in the Wald entropy Swayq is renor-
malized by the corresponding higher order term in S,y
derived from the matter effective action [37]. One might
therefore expect the generalized entropy, defined using the
renormalized couplings evaluated on the (generalized)
apparent horizon, to satisfy the GSL. However, the matter
effective action in general also contains terms beyond
polynomials in the Ricci scalar, such as the terms c,,
and ¢4 3 in (100), which would require an analysis in the
context of f(Riemann) theories.” We leave this generali-
zation to future work.

V. CONCLUSIONS

In this work, we have examined the thermodynamic and
entanglement properties of dynamical black holes in both
Einstein and f(R) gravity. Working within the framework
of GNC, we provided a direct demonstration of the
equivalence between the dynamical black hole entropy
Sayn and the Wald entropy Syy,q evaluated on the gener-
alized apparent horizon in f(R) gravity. Combined with the
result in Einstein’s theory that Sy, equals the Bekenstein-
Hawking entropy of the apparent horizon, this strongly
implies that the generalized apparent horizon, rather than
the event horizon, serves as the appropriate boundary for a
black hole under nonstationary perturbations.

To investigate from the entanglement perspective, we
subsequently computed the gravitational entropy using the
replica trick, considering both the future event horizon and
the apparent horizon as candidate entangling surfaces. Our
calculations confirm that while both surfaces yield an area
law, only the entropy across the apparent horizon matches
the dynamical thermal entropy Sgy, to the first order in
perturbations and satisfies the physical process version of
the first law. After establishing this result in Einstein
gravity, we extended the analysis to f(R) gravity, where
we found the same conclusion to hold upon replacing the
apparent horizon with its generalized counterpart. This
indicates decisively that the apparent horizon serves as the
natural entangling surface for dynamical black holes.

Furthermore, we examined the generalized second law
for dynamical black holes using the quantum null energy
condition. By interpreting the modified von Neumann
entropy S,y introduced in [41] as the matter entanglement
entropy across the apparent horizon, we established a clear
physical justification for its role. The generalized second
law can consequently be reformulated as the statement that
the sum of the gravitational entropy and matter field von

>The generalized entropy for quadratic gravity has been
demonstrated in [52], where the notion of quantum expansion
plays the role of the generalized expansion.

Neumann entropy across the apparent horizon is non-
decreasing. Recognizing this sum as the renormalized
Bekenstein-Hawking entropy allows us to identify it with
the physical generalized entropy Sg,. Thus, the entropy
governing the generalized second law for a dynamical
black hole is precisely S, evaluated at the apparent
horizon.

Looking forward, our results suggest several promising
future directions. A natural extension would be to more
general gravitational theories, such as f(Riemann) gravity,
where additional extrinsic curvature terms could contribute
[38,45]. This would require defining generalized expan-
sions that incorporate the full Riemann tensor structure.
Given that Sy, for f(Riemann) gravity receives a correc-
tion from Sy, analogous to the correction from Sy,q in
f(R) gravity, it is natural to expect that the gravitational
entropy computed from the replica method for these
theories would correspond to Sy, evaluated on a gener-
alized notion of apparent horizon. Recently, it has been
proposed that entropic marginally outer trapped surfaces
(E-MOTSs) could play this role [54]. It would therefore be
interesting to study the entropy for higher curvature
theories using such surfaces as entangling surfaces.

As with most discussions of dynamical black hole
entropy to date, our analysis has been limited to first-order
perturbations. Extending the discussion to fully nonpertur-
bative dynamical black holes remains extremely challeng-
ing. In such regimes, the notion of an apparent horizon may
no longer suffice, and more sophisticated horizon defini-
tions, such as nonexpanding horizons, (weakly) isolated
horizons, and dynamical horizons [55-59] (see, also, the
recent review [60]) may be involved. The limitations of
analytical methods would also likely require the use of
numerical techniques. Such an investigation could reveal
how the entanglement prescription of entropy connects to
these well-established mathematical frameworks for char-
acterizing evolving black hole boundaries.

Finally, since our analyses of the dynamical black hole
entropy from both thermal and entanglement perspectives
do not require a vanishing cosmological constant or a
specific spacetime asymptotic structure, they remain valid
in asymptotically anti-deSitter spacetimes. An immediate
question arising from our results concerns their implica-
tions for the AdS/CFT correspondence in dynamical
contexts. The identification of the apparent horizon as
the holographic entangling surface suggests that the boun-
dary conformal field theory description of dynamical
black holes—including associated phenomena in the AdS
bulk like gravitational radiation [61-63]—should encode
information about this locally defined horizon rather than
the global event horizon. This perspective naturally moti-
vates a generalization of the Ryu-Takayanagi (RT) and
Hubeny-Rangamani-Takayanagi (HRT) formulae [17,18] to
nonstationary black holes, wherein the bulk minimal or
extremal surface should be anchored to the apparent horizon
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rather than the event horizon.’ Such a modification could
provide new insights into the reconstruction of spacetime
geometry from quantum entanglement in nonequilibrium
systems.
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APPENDIX A: DETAILS OF REPLICA
METHOD CALCULATION

In this Appendix, we provide some details of the entropy
calculation in Subsections III B and III C. We consider a
generic Euclidean metric on M, with the following line
element:

ds? = g,,Bs(r)dr* + g, drdt + g,,df*
+ g,idrdx’ 4 g,;dedx’ + yijdxidxj
= (1—a(r,t,x")r)Bsdr? = 2ia(r,t,x")r*drdt
+r*(1+a(r,t,x")r)dr?
+2¢;(r,t,x")drdx' 4 2irc;(r,t,x")dedx’ +y;dxidx/,
(A1)

where a regularization function fs satisfying (61) is
introduced near the conical singularity. In the context of
the future event horizon, this metric becomes (60) once
we recognize a(r,t,x') = ra(r,t,x')/4 and c;(r,t,x') =
ro(r,t,x')/2. In the context of the (generalized) apparent
horizon, the above metric gives (86), where one should
interpret r, ¢ as 7,7, and take a(r,t,x')="0b'(rt,x')=
O(e) +a(r,t,x") /4 and c;(r,1,x") = O(e) + ro(r,t,x') /2.
When calculating the Ricci scalar R of the metric (Al),
we find that there do not exist terms proportional to B(r)?,
and thus we can separate R into two parts as follows:
R = Ry +np;, (A2)
where R, denotes the part without the r-derivative of f;,
and the function 7 depends on 5 and the metric functions
a, c;,y;j- Fromits definition (61), we can see that s is finite

®The idea of adopting the apparent horizon has been proposed
in [64,65], where the area of the apparent horizon corresponds to
the entropy obtained by coarse graining over the information in
the black hole interior.

when r < 8, and so the integral [, ,_; Ry is bounded by
the volume of the region r < §. Hence, the contribution of
this region can be ignored when 6 — 0. On the other hand,
in the region r > &, we have fis = 1, and thus the integral
J m, Ro is nothing but n times the integral Ju R on the
original manifold. Therefore, integrating (A2) over M,

yields
/ R= n/ R+/ nps.
Mn M Mn

By definition, f5 # 0 only when r < §. Since we will
take the limit 5 — O, we only have to analyze the behavior
of 7 near the horizon at » — 0T. The expression of # can be
written as

(A3)

¢(ﬁ§?a’ Ci, }/tj)
n(Ps,a,ci.yi;)) =———. A4
( ° j) W(ﬂévavci’yw') ( )

The denominator y has the following form:
w(Ps,a,ci,yi;) = 2r(=Psdety + - )% (AS)

where the ellipsis contains terms proportional to c%yjk,
ey ubs, rbeiyjp, and  rbeiypfs. Since c;(r.tx') =
rw;(r,t,x')/2 = 0, approaching the horizon at r — 0
we get

W(ﬁ§7a7ci’ yl]) = zrﬁg(deU/)z' (A6)

In the case of the (generalized) apparent horizon, we have
ci(r,t,x") = O(e) + rw;(r,t,x")/2=0O(e) as r—0F
(where r should be interpreted as 7). Therefore, near the
(generalized) apparent horizon, we have

W(/}ﬁ’ a, Ci, ylj) = 2r(ﬁ%(dety)2 + O<€2)> (A7)
The numerator ¢ has the following form:
¢(ﬂ5’avci9yij) :2(dety)2+ T (AS)

where the ellipsis contains terms proportional to cjy%,
c%yik, c?&tcjy%l, ciatcjyzl, c?yjkatylm, and c%yjk(),ylm. When
r— 0", we have 0d,c(r,t,x')=rowi(r tx)=0.
Therefore, it follows from the near horizon behavior of
c¢; and d,c; that at r - 0T we get

d(Ps.a.ci.yij) = 2(dety)?. (A9)

For the (generalized) apparent horizon, we have
o,ci(r,t,x") =0,0(€) + ro,w;(r,t,x") = O(e) when r — 0"
(again, r stands for 7). Thus, near the (generalized) apparent
horizon we have
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¢(ﬁ§7 a, ¢, 71/) = Z(det}/)z + 0(62)' (AIO)

Finally, we evaluate the integral

/ R:/ d?x+/detgR.
M, M,

All we have to focus on is the second term in (A3), which is
localized in the region r < §. For the future event horizon,
we have

(Al1)

/ nﬂg:/ drdrdx’ry/ s/ detynp
M, M, r<é

. ﬂ’

= / drdedx’ry/Bs\/dety =2

M, r<é rﬂg

) / drdrdxiVdew, (5;7),  (A12)
M, r<é

where we used (69) in the first equality, and used (A6) and

1
(A9) in the second equality. The smooth function f;* can be
constructed by means of the trigonometric function such
that it satisfies the requirement of S5 (61):

1 WNoin2(rz
1 ~+ (1 —=)sin“ (L2 <6,
ﬂ&é — n ( n) 1 (52) r (AlS)
1 r > 0.
In the limit of § = 0T, it can be shown that
sty (12D -on (A14)
=— ——)8(r - .
g n n

This result does not depend on the specific choices of f;.
Plugging (A14) into (A12) we find that

/ npy = =2 / drdrdxi\/det 0, (")
M, M,,,r<é

(A15)

2(1 - |
_2i-n) / drdidxi/detys(r—0%)  (A16)
M, r<é

n

= 47(1 —n) /C 1 =4z(1 —n)A[C]. (A17)

This gives the result shown in (73).

For the (generalized) apparent horizon, the discussion is
similar. Using (A7) and (A10), one finds (notice again that
r, t stands for 7,7)

/
/ npy= / drdtdx"r\/ﬂ_(;\/detyﬁ—‘;+(9(ez)
M, M, r<é rﬂa

_ / drdidxi/detyd, (8;1) + O(2)
M, r<é

_2 _”)/ drdrdx’/detyd(r—07)+O(e?)
M, r<é

n

=4z(1 —n)[fl—i—@(ez)

—47(1-n)A[T]+O(2). (A18)

This gives the result shown in (89).

APPENDIX B: KILLING SYMMETRY
AND BOOST WEIGHT

In a stationary background geometry, the metric in (6)
depends on u, v only through the product uv in the affine
GNC system. Such a metric is invariant under the rigid
rescaling u — qu, v - v/q. This transformation corre-
sponds to the isometry generated by the horizon Killing
vector &4 defined in (10), which acts as a standard Lorentz
boost. For any quantity Z that transforms as Z — ¢"Z
under u — qgu, v — v/q, we say that it has a Killing weight
or boost weight w [38,46,47,66]. For instance, given a
tensor of type (k, /) with components T#1#+, __, . its boost
weight w can be read off as follows:

w = #lower indices of v — #upper indices of v

+ #upper indices of u — #lower indices of u. (B1)

In the GNC system, the Lie derivative of a quantity Z with
boost weight w along the Killing vector field &% is (see
Appendix B of [47] for a proof)

L:Z = k(v0, — ud, +w)Z. (B2)

Suppose Z satisfies the stationarity condition L£:Z = 0.
Then, the general solution to

(v0, —ud, +w)Z =0 (B3)
can be found to be
Z(u, v, x') = u v FL(x). (B4)
n>-w
On the horizon u = 0, only the term with n = —w survives,
and we have
Z(0,v,x") = v™FZ, (x'). (BS)
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Note that for w > 0, one needs to require FZ,,(x') =0 to
make the solution regular at the bifurcation surface
u = v = 0, which leads to Z(0, v, x") = 0.

We now apply the above analysis to the ingoing null
generalized expansion ©, in f(R) gravity generated by
1 =1(0,)". (Note that the standard expansion 6, can
be viewed as a special case of ®, with f(R) =R.)
Recall that from (38), the generalized expansion ©®, is
defined as

®, = 9, log(y/detyf'(R)). (B6)

It is easy to check that dety is invariant under the boost
transformation, and f’(R) is obviously invariant as a
Lorentz scalar. Therefore, under the transformation
u — qu, v > v/q, the generalized expansion transforms
as ©, - ¢7'@®,, i.e., it possesses weight —1. Then, it
follows from (B5) that on the future event horizon we have

0,(v,0,x") = vF?(x"). (B7)
For the standard expansion 6, (i.e., f(R) =R), the
function FY(x') is guaranteed to be negative since null
geodesics are focusing in the u-direction.
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