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We construct Wigner-like equations of motion for symmetric continuous-spin fields in anti—de Sitter
space of arbitrary dimension, treating both the bosonic and fermionic cases. We generalize the classical flat-
space Wigner constraints for bosonic continuous-spin fields, and for the fermionic case we adopt
the equations proposed by Bekaert and Mourad as our starting point. This is achieved by covariantizing the
ordinary derivatives and deforming the resulting constraints so that they form a closed algebra. The
construction is carried out in a metriclike formalism and yields a system of first-class constraints that define
a representation of the 80(2, D — 1) isometry algebra, realized via the Lie-Lorentz derivative. Using these
constraints, we compute the eigenvalues of the quadratic and quartic Casimir operators and compare the
obtained values with Metsaev’s classification of continuous-spin representations for both the bosonic and
fermionic cases. A crucial algebraic role is played by special operators of the (super)algebra Howe dual to
the Lorentz subalgebra 8o(1, D — 1): the 81(2) Casimir operator in the bosonic case, and the Casimir’s
ghost of the 08p(1]2) superalgebra in the fermionic case. Both objects naturally organize the constraint

algebra and ensure its consistency.
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I. INTRODUCTION

Continuous-spin (CS) fields represent physical systems
with an infinite number of spin degrees of freedom,
characterized by a continuous dimensionful parameter u
(with dimension of inverse length), and correspond to
unitary irreducible representations (UIRs) of the D-dimen-
sional Poincaré group.1 In four-dimensional Minkowski
spacetime, the continuous-spin representation is realized on
fields satisfying the Wigner equations [2,3]. Although
questions regarding the physical properties of such fields
were raised early on [4—6], their unusual characteristics
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'In fact, when we say that the UIR of CS is characterized by a
single continuous parameter u, we are referring only to the
massless CS. Massive UIRs of CS also exist [1], albeit only for
purely imaginary mass. In this work, we restrict ourselves to the
massless CS, but the massive case is also actively discussed in the
literature, and some of the works cited in our introduction treat it
on an equal footing with the massless one.
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proved challenging to interpret,2 causing interest to wane
for a period. Research on continuous-spin fields has gained
fresh momentum over the past two decades, largely
stimulated by breakthroughs in higher-spin theories [8—12]
and potential connections to string theory [13]. In particu-
lar, the work [14] provided a systematic D-dimensional
generalization of continuous-spin representations and ini-
tiated the study of their supersymmetric extensions, estab-
lishing a new foundation for subsequent investigations.3
Flat. In the work by Bekaert and Mourad [16], the
Wigner equations for CS fields were systematically gen-
eralized to Minkowski spacetime of arbitrary dimension.
This framework successfully incorporates Wigner-type
equations for mixed-symmetry fields (which naturally arise
in higher dimensions) and treats both bosonic and fer-
mionic cases. As already mentioned, a CS field possesses
infinitely many spin degrees of freedom. The spectrum of a
bosonic CS field encompasses all integer-helicity massless
fields, whereas the fermionic counterpart comprises the
entire tower of half-integer-helicity fields. The primary
objective of [16] was to construct an alternative gauge
formulation for CS fields. To this end, building upon the
ideas of [17], the authors started from a massless spin-s

’It was later shown that continuous-spin representations can be
consistently incorporated into the framework of local quantum
theory [7].

3For a broad introduction to continuous-spin fields, see the
review [15].
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field in D + 1 dimensions, compactified one dimension to
obtain a massive spin-s field in D dimensions within the
Stiickelberg-like formulation, and then took the so-called
continuous-spin limit m — 0, s — co while keeping
s - m = p fixed. This procedure led to a gauge formulation
of CS fields that is analogous to the (Fang-)Fronsdal
formulation [18,19] for ordinary higher spins. Upon fixing
the gauge, they arrived at Wigner-type equations.
Following this work, we utilize the fermionic Wigner-like
CS equations obtained in this way.

The next surge of interest arose from a series of papers
[20-23] investigating the interaction of CS fields with
matter. These works constructed a local gauge action—the
Schuster-Toro action—for bosonic CS fields, which was
later generalized to the fermionic case in [24], leading to the
gauge formulation we mentioned above. Further analysis of
the Schuster-Toro action, including its derivation from the
Fronsdal-like equations and the study of current exchange
between scalar fields via a CS field, was carried out in [25].
Alternative perspectives on this gauge formulation were
also presented in [26,27].

Further developments of CS theory proceeded along
several directions. A Becchi—Rouet—Stora—Tyutin (BRST)
analysis of the classical (vector) Wigner CS equations was
carried out in [28] and demonstrated that constructing a
Lagrangian within this approach is problematic. This
difficulty was overcome in a series of works [29-35]
by developing a spinorial constraint formalism, which
enabled explicit BRST Lagrangian descriptions in 4D and
6D cases. Alternatively, a BRST approach in vector
formulation for arbitrary dimensions was developed in
[36], where a gauge-invariant Lagrangian for the CS field
was constructed using auxiliary fields.

Mixed-symmetry CS fields were considered in [37,38]
using Howe duality, which provides a unified description of
helicity and continuous-spin fields. Although we do not
fully exploit this duality, its algebraic structures are
partially reflected in our construction.

A systematic study of cubic interactions for CS fields
was carried out by Metsaev in a series of papers [39—42]. In
his most recent work, he employed a Wigner-like covariant
formalism, leading to much simpler expressions for the
cubic vertices than those obtained in his previous light-cone
gauge analysis. The paper [43] also investigated possible
cubic vertices involving a massive (tachyonic) CS field and
two massive scalars (see also Ref. [44] for a discussion of
quantization aspects of CS models). In parallel, Schuster,
Toro and collaborators explored a wide range of physical
implications of CS fields, including interactions with
matter, quantum electrodynamics with a CS photon,
thermodynamic properties, and possible experimental sig-
natures [45-50]. Also, an on shell description of CS
particles was recently proposed in [51], revealing interest-
ing gravitational effects, including a violation of the
equivalence principle at large distances.

Various aspects of supersymmetric extensions of CS
models have been addressed in [52-57].

Curved. Having reviewed the primary developments in
flat spacetime, we now turn to backgrounds of constant
curvature, namely (A)dS spaces. Continuous-spin repre-
sentations in these spaces have not been extensively studied
by physicists, as they do not belong to the standard unitary
irreducible representations (UIRs) of the corresponding
symmetry groups4 (see, e.g., Refs. [60,61], for a review, see
Ref. [62]). While this is indeed the case for de Sitter space,
as we elaborate below, the anti-de Sitter (AdS) case offers a
significantly more compelling scenario.

A systematic action principle for continuous-spin fields in
(A)dSp’ was developed by Metsaev [63]. Following
Zinoviev’s gauge approach for massive fields [64], he
constructed a gauge-invariant Lagrangian involving an infin-
ite tower of symmetric tensor fields. While the standard gauge
formulation for the massive case requires the Lagrangian to
truncate at a finite spin s, Metsaev relaxed this truncation
condition, which led to the action depending on two con-
tinuous parameters. In anti-de Sitter space, such theories can
be unitary for appropriate choices of the parameters, whereas
in de Sitter space they inevitably become nonunitary. Based
on this construction, a systematic framework for CS fields in
AdS was established in a series of works [65-69], encom-
passing formulations for both bosonic and fermionic mixed-
symmetry CS fields. The two continuous parameters appear-
ing in these constructions were related to the eigenvalues of
the Casimir operators of the AdS symmetry group, enabling a
classification of the continuous-spin UIRs in AdS.

Furthermore, a framelike formulation for mixed-symmetry
continuous-spin fields in AdS was developed by Zinoviev
[70], generalizing Metsaev’s earlier metriclike results. For
further developments in the same spirit within flat space, see
the framelike analysis in [71] and the BRST-BV approach
in [72]. A discussion of modified Wigner equations and the
connection between the Wigner, Schuster-Toro, and Metsaev
formulations can be found in [73] (see also work [74], where
modified Wigner equations were used to construct uncon-
strained forms of the free Lagrangian for CS theory in flat
spacetime of arbitrary dimension).

The spinorial BRST approach, which proved successful
for flat-space CS fields, was extended to AdS by
Buchbinder, Fedoruk, Isaev, and Krykhtin [75-77]. This
formulation allowed the construction of a BRST-invariant
Lagrangian and established a connection with the repre-
sentation theory of the AdS4 symmetry group. For the six-
dimensional case, a related analysis, limited to the level of
equations of motion and including mixed-symmetry CS
fields, was presented in [78].

*However, such representations have appeared at the group-
theoretic level in recent works; see, e.g., Refs. [58,59].

5Notably, this formulation directly yields a description in flat
space as well.
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To date, the supersymmetric generalization of CS fields
in AdS has been addressed only in [79] for the four-
dimensional case.

Gouals, novelty and motivation. In this work, we aim to
construct Wigner-like equations of motion for symmetric CS
fields in AdS spacetimes of arbitrary dimension for both
bosonic and fermionic cases. To achieve this, we adopt the
framework established in [75,76], wherein CS representa-
tions in AdS are constructed via an appropriate deformation
of flat-space constraints (equations of motion). In contrast to
those works mentioned above, we employ a vector (metric-
like) formalism rather than a spinorial one. As a starting
point, we take the classical D-dimensional Wigner equations
for bosonic CS fields, and for fermions, the equations
introduced in [16]. Our formulation ensures that, in the
flat-space limit, the equations consistently reduce to the
known Wigner-like equations. Furthermore, utilizing the
results of [77,78], we demonstrate that the equations
obtained through our deformation procedure fix all
Casimir operators of the AdSp symmetry algebra in the
bosonic case, and at least the first two Casimirs in the
fermionic case. Consequently, these constraints apparently
define an irreducible representation of the AdSp symmetry
algebra. We then analyze the eigenvalues of the Casimir
operators obtained on these representations in light of
Metsaev’s classification of CS UIRs in AdS: for the bosonic
case [67], and for the fermionic case in AdS, [69].

The principal novelty of this work lies in the direct,
covariant construction of Wigner-like equations for CS
fields in AdS. While a relationship to the gauge formu-
lation of Refs. [63,65] can be anticipated, our direct lifting
of the flat-space Wigner equations to the AdS background
has not been previously reported. The simplicity of our
constraints is expected to be highly advantageous for a
range of future applications.

The motivation for our construction comes from
recent work [42], where the Wigner-type equations proved
to be a convenient starting point for a systematic and
elegant classification of cubic interaction vertices
involving continuous-spin fields in flat space. By extend-
ing these Wigner-type equations to the AdS case, we
aim to establish a robust foundation for the analysis
of cubic vertices involving CS fields in the AdS
background.

Our results also touch upon the holographic aspect
of continuous-spin fields. While the work [67] established
a connection between these fields and boundary
light-ray operators [80] in a specific imaginary-parameter
regime, our procedure leads to a different sector.
Consequently, the fields constructed in this work cannot
be directly identified with standard light-ray operators.
They may, however, correspond to continuous-spin oper-
ators with alternative conformal dimensions, such as those
investigated in [81]—a possibility that opens an interesting
avenue for future holographic analysis.

Outline. An outline of our paper is as follows. In Sec. II,
we briefly review Wigner equations for continuous-spin
fields and define our conventions. Section III proposes a set
of constraints (equations of motion) for CS fields in AdSp
case. In Sec. IV, we demonstrate that the constraints define
CS representations with all Casimir operators of the
80(2,D — 1) algebra being fixed; we also discuss the
resulting CS representations we obtained within the frame-
work of Metsaev’s classification. The fermionic case is
developed in a similar manner in Sec. V. Finally, we present
our conclusions in the Discussion, while auxiliary technical
details left for the Appendixes.

II. WIGNER CONTINUOUS-SPIN EQUATIONS

Continuous-spin representations of the Poincaré group,
first introduced by Wigner in his seminal work [2], describe
massless particles with an infinite tower of helicities
characterized by a real continuous parameter g > 0. In
his original D = 4 construction, Wigner described such
representations using relativistic field depending on two
vector variables—one for spacetime coordinates and
another for an internal “spin” space.

These representations naturally extend to arbitrary space-
time dimensions D, where in general they may involve
mixed-symmetry tensor fields in their spectrum and require
multiple auxiliary variables for their description. However,
if one wishes to describe continuous-spin fields using only
a single auxiliary vector variable, one is naturally led to
restrict attention to the symmetric subclass of continuous-
spin representations. This symmetric subclass is charac-
terized by a single continuous parameter g, just as in the
D = 4 case. It can be described by functions of type

W ), wh { x™ are coordinates on R!?~1,
X7,u"), where . .. .
u™ isauxiliary spin 8o(1,D—1)-vector.

(2.1)

The Wigner construction for such D-dimensional symmet-
ric continuous-spin representations essentially follows the
same pattern as in four dimensions. The Poincaré algebra is
realized on the space of functions W(x™,u™), and the
irreducible representation is selected by a set of constraint
equations that fix the eigenvalues of the Casimir operators.
In this section, we revisit this flat-space construction in
detail, as it provides the necessary foundation for our main
goal: to generalize the Wigner equations to anti—de Sitter
space AdSp.
To begin, we establish the commutation relations for the
D-dimensional Poincaré algebra i8o(1,D — 1):
[P ms P n] =0,

[‘]mn’ Pk] = ”rikPm - nmkPn’ (22)

[Jmn’ Jkl} = ﬂnkJml + ”ml‘]nk - ”nl*]mk - ﬂmk']nl’ (23)
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where the indices run as m,n,k,[=0,...,D—1
and the Minkowski metric is chosen with the mostly plus
signature

Mn = diag(_’ F +)
D-1

(2.4)

This algebra admits a standard realization on the space of
functions W(x™, u"):

Pﬂ = an’ Jmn = Emn + an’ (2'5)
where
0 0
Lon 3= X0y — X0, = Uy — Uy,
mn XmOn XnOm an Up du” up aum
0
=, 2.6
= 2.6)

In this realization (2.5) and (2.6), the quadratic and
quartic Casimir operators of the Poincaré algebra
i80(1, D — 1) reduce to the following expressions

1
C, = —0,,0", Cy = ME M, 0m0" + EM@)akak,

(2.7)
where we defined

M) = M, M. (2.8)
All higher-order Casimir operators vanish identically
within this realization, i.e.,

Cony1) =0, (2.9)
with n =2,...,|D/2] — 1, which can be verified using
the general construction (see, e.g., Sec. 1.2 of the
work [78]).

First we recall Wigner continuous-spin equations in a flat

spacetime.6 Consider the following set of operators acting
on the functions ¥(x™, u™):

0
[y ==—i—=0",
! l()u’"
Jd 0

= —+ 1.
ou™ ou,, +

Iy = —9"d,,

L, == —iu"0,, + u, l3 : (210)

For a solution W(x™, u") of the Wigner CS equations

®See the work [82] for a detailed group-theoretical derivation
of the most general relativistic equations for the CS field in four
dimensions (the classical Wigner CS equations are obtained from
them as a special case), including both the vector and spinor
formulations.

L¥=0, i=0,..3, (2.11)
the Casimir operators of i80(1, D — 1) take fixed eigen-
values
G,¥ =0, C,¥ = u>. (2.12)
We note that the eigenvalues (2.12) and (2.9) for the fully
symmetric continuous-spin representation are independent
of the particular realization (2.5) and (2.6). The compat-
ibility of the Wigner equations (2.10) and (2.11) is ensured
by the fact that the operators /; form a closed operator
algebra, whose only nonzero commutation relations are
b=l [bh)=-21,.  (2.13)
Furthermore, the internal space of the auxiliary variables
possesses an intrinsic 8[(2) symmetry.7 We define the
standard set of 3[(2) generators

D DY 100
O\ T 2) T e ST o wman,,
(2.14)
which satisfy the 8[(2) algebra
[eo, ei] = j:ei, [€+, e_] = 260. (215)

The quadratic Casimir operator of this 8[(2) algebra is
given by

2 =—(ese_tee.)tel=e.e_+el—ep.

: (2.16)

The Lorentz invariant operator M, can be expressed
directly via Casimir operator (2.16) of the 81(2) algebra as

D(D -4)

5 (2.17)

M) = 83"~
In Appendix D we write down the useful commutation

relations between the auxiliary vector u”, the derivatives
0/ou™ and 31(2) generators.

III. AdSp WIGNER CS EQUATIONS

A. Preliminary information

In this section, we derive a generalization of the Wigner
CS equations (2.10) to the case of AdSp. By analogy with
the flat case, the desired equations will act on the function

"The emergence of this symmetry is a consequence of the
oscillator realization of the Lorentz generators and is broadly
known as Howe duality (see Ref. [83] for the original source and
[84] for a modern review). For applications of this phenomenon
in more general but related contexts, see Refs. [37,38,85-87].
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W(x*, u™), where x* are coordinates on AdSyp and the
second argument u” remains an auxiliary spin vector
transforming under 8o(1, D — 1). Throughout this paper,
Greek indices p,v, 4, ... denote world indices, whereas
Latin indices m, n, k, [, ... represent tangent space (“flat”)
indices. To treat these two types of indices on an equal
footing, we employ the standard vielbein (frame field)
formalism. Let g,, (x) be a metric tensor of the AdSy, space,
then the frame fields e} and eh, are defined via the relations
Hunepey = g, and g, enen =1,,, where 1, is the
mostly plus Minkowski metric (2.4).

The covariant derivative acting on the space of functions
W(x*, u™) is defined as

1
Dﬂ = 0,, + Ewﬂmn

Mo, (3.1)

where 0, := 9/0x", W,y = =W, 1s the spin connection
and the operator of spin part of angular momentum M,,,, is
given in (2.6). Moving forward, we will primarily operate
with flat indices by introducing the following converted
quantities:

— M — M
€ = ema;u Winnk = emw/mk’

1
Dm = e’anﬂ = €&y +—Wmnk./\/lnk.

. (3.2)

The commutators of the basis vectors ¢, and the covariant
derivatives D,, satisfy
1
[em’ en] = gmnlel’ [Dm’ Dn} = Smnka + ERmnklelv
(3.3)

where & is the anholonomy tensor (or the connection
free torsion, see, e.g., Ref. [88]) and R is the Riemann

curvature tensor. For the anti—de Sitter space, the latter
reduces to

1
Rmnkl = _F (5ﬁ15£z - 5{25511)’ (34)

where R is the AdS radius. The torsion-free condition
implies
Tmnk = gmnk + Wmnk - ank =0. (35)

In the subsequent calculations, we will extensively use the
connection Laplacian, defined as

(D)2 = ’1mn (DmDn =+ erszk>’ (36)

along with the following useful commutation relations:

= (3.7)

0 0
[Dm’ un] - _Wmnkuk’ |:Dm7_:| = _Wmnka—'
Uy
Note that in this section and Appendix A, we do not
employ any explicit coordinate charts for AdSp, relying
solely on the geometric conditions defined above.

B. Constraints for bosonic CS fields in AdSy,

To extend the Wigner continuous-spin equations (2.10)
from flat space R!"P~! to anti-de Sitter space AdSy,, we
adopt the method developed in works [75-78]. The
procedure consists of two main stages:

(1) Covariantization: All ordinary spacetime derivatives
0/0x™ appearing in the flat-space equations (2.10)
are replaced by the covariant derivatives D,, defined
in (3.2).

(2) Deformation of the constraints: To each covarian-
tized constraint we append a compensating term
depending on various contractions of the auxiliary
spin vector ™ and its derivative d/du™. Since any
such contraction can be rewritten in terms of the
8[(2) generators (2.14), the compensating terms are
essentially polynomials in e, e_, and e¢.

The compensating term for the first constraint L is
chosen so that L, becomes proportional, up to an additive
constant, to the quadratic Casimir operator C, of the
80(2,D — 1) algebra (see Refs. [77,78]). The remaining
deformations A, (a = 1, 2, 3) are then uniquely determined
by requiring that the full set of deformed constraints
{L¢,L,,L,,L3} forms a closed algebra. By a closed
algebra we mean that the commutator of any two deformed
constraints can be expressed as a linear combination of the
constraints themselves, where the structure coefficients are
allowed to be operators built from ™ and d/du™.

Summarizing this approach, we formulate the following
ansatz for the deformed constraints:

1
LO = —((’D)Z +WM<2) + C), (38)
Ly=—i-2pnya (3.9)
=—i— , :
1 ou 1
L2 = —l.l/lmDm +Il + Az, (310)
Jd 0

Liy=——+1+A 3.11

37 oun ou,, T4, ( )

where we use definitions (2.8), (3.2), and (3.6), ¢ is a
constant to be determined, and the deformations A, (a = 1,
2, 3) are assumed to depend solely on the internal 31(2)
generators (2.14) and constants. This assumption immedi-
ately implies that

D, A =0, a=1,23. (3.12)
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By substituting a sufficiently general polynomial ansatz for
A, into the constraints and demanding the algebra of
constraints to close, we find that this condition fixes® the
coefficients in the ansatz, yielding the following explicit
expressions:

1
e=2uR, A=0. My=5 M. A=0. (3.13)

Consequently, having determined the compensating
terms A, and the constant ¢, the explicit form of the final
constraint operators defining the symmetric continuous-
spin field in AdSy is given by

1 2 d
L= (P4 gMa+ ). Li=-if0

2R? R ou™
(3.14a)
1 Jd 0
L, = —iu,, D" — Ly = —+ 1.
) iu,, +p+ 2RM(2), 37 5 o +
(3.14b)

The resulting commutator algebra of the constraints
(3.14) closes as expected. The first nontrivial commutator
takes the form

(L1, Ly] = Lo+ R (4eg + 3)L,
+4Re_ Ly + R (2u+ R M3)L;, (3.15)

where we utilized (Al), (A9), and (D3); the second non-
trivial commutator reads

[Lz,L3] = —2L1, (316)
where we used (2.17) and (DI). While all remaining
commutators vanish identically

[Lo, L] = [Lo, Lo] = [Lo. L3] = 0, [L1,Ls] = 0.

(3.17)

IV. CS REPRESENTATION OF THE AdSp
SYMMETRY ALGEBRA

The isometry algebra of the anti-de Sitter space
AdSy is 30(2, D — 1). In this section, we verify that the
constraints L;(i =0, ...,3) constructed above indeed fix
the eigenvalues of the 8o(2,D — 1) Casimir operators.

$The closure condition determines the deformations uniquely
up to two constants. One corresponds to a shift of the continuous-
spin parameter u; the other is fixed by demanding that the Casimir
operators of 80(2, D — 1) become eigenoperators on the repre-
sentation selected by the constraints. Their corresponding eigen-
values will be computed explicitly in the next section.

Using an explicit realization of the algebra generators in
stereographic coordinates, we demonstrate that these con-
straints are compatible with the 80(2, D — 1) symmetry and
compute the eigenvalues of the quadratic and quartic
Casimir operators, C, and C4. Finally, we compare our
results with Metsaev’s classification of unitary irreducible
representations of continuous spin.

A. (Isometry) generators and geometric framework

Let J45 be the generators of the 80(2, D — 1) algebra,
where (A, B =0, 1, ...D). Their commutation relations are
given by

Jas:Jcp] = scd ap + Mand e — Nacdsp — spd ac
(4.1)

where 7,5 is the embedding space R?>P~! metric with
components 7,5 = diag(—, +, - - -, +, —). By splitting the
80(2,D — 1)-indices as A = (m, D) withm =0, ...,D — 1
we decompose the generators J,p into the AdS momen-
tum’ P,, and the generators J,,,, of the Lorentz 30(1,D—1)
subalgebra

Pm = R_lJmD’ ]mn’ (42)
where R denotes the AdS radius. The generators P,, and
Jn satisfy the algebra

[anPm] = R_zjnmv [Jmnvpl] = nanm _”mlPru

[Jmnv Jlk] = N mk + Mokt = Mok mt = Mot ks (43)
which naturally contracts to the Poincaré algebra
i80(1, D — 1) in the flat limit R — oo [89].

We realize the 80(2, D — 1) algebra on the same fields
W(x*, u™) introduced in the previous section. These fields
depend on the coordinates x* of the AdSy spacetime and
on the auxiliary vector variable u”, which transforms as a
flat 80(1, D — 1)-vector.

To implement the AdSp isometry transformations on
W(x*,u™), we employ the Lie-Lorentz derivative (see
Refs. [90,91] for the original source, [92] for an overview,
and [93,94] for use in modern physics). For a given set of
AdS, Killing vectors qb’(‘a) [@=1,...,D(D + 1)/2] the Lie-

Lorentz derivative is defined as

1
ﬂ_¢(a) = Ma)pﬂ + Egly(pﬂgb?a))EZEj;Mab, (44)

We emphasize that, to be consistent with our previous work
[78], we use the same notation P,, for the AdS momentum as for
the flat momentum; and henceforth, until the end of the paper, by
P,, we mean precisely the AdS case.

085025-6
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where in the first term for D, we use (3.1), in the second
term, the covariant derivative should be understood as

Dﬂ(ﬁl(/a) = aﬂqsl(/a) + Fllzﬂq%)a)’

where I7,, are Christoffel symbols; and M in (4.4) is
given by (2.6). The operator I]_,/,(“) provides a geometrically

consistent realization of the spacetime symmetries on the
fields W(x#, u™).

To make further calculations explicit, we adopt stereo-
graphic coordinates for AdSy, in which the background
metric takes a conformally flat form

2

Glx)=1——

G (x) =G (x)ﬂ;w’ W ’ X = nﬂvxﬂxy’

(4.5)

with the flat metric #,, = diag(—,+,---,+). In these
coordinates, the frame fields (vielbeins) and the spin
connection components reduce to

enh = G(x)8, en =G (x)8p, (4.6)
1
Winm = — W (xnnmk - xm”lnk)’ (47)
where we define
Xy = X 9, = (‘)‘”i (4.8)
m nmﬂ ’ n* n OxH .

and &, o) coincide component-wise with dy', such that
Mg *= MO W™ 3= G

In these stereographic coordinates (4.5) the generators (4.3)
of 80(2, D — 1) acquire the explicit form'
(4.9)

1
Pn =€ _Ewnkl‘]klv

Jmn = ['mn + an’ ‘Cmn = xman - xnam’ (410)

where e, = €,,0,.

B. CS representation

Let us consider the functions W(x*,u™) for which
L,%¥ =0, where L; (i =0, 1, 2, 3) are defined in (3.14).
By utilizing the realization in stereographic coordinates
(4.5) one can verify that these constraints (3.14) commute
with the 80(2, D — 1) algebra generators taken in the form
(4.9) and (4.10). Consequently, the equations L;¥ =0,
i=0, 1, 2, 3, consistently define a representation of the
80(2,D —1) algebra on the functions W(x*,u™).
To address the irreducibility of this representation, we
demonstrate that a necessary condition is satisfied: all

'"The same answer for generators can be obtained using the
relation  80(2,D — 1) C 80(2, D) =~ conf(R"P71); see, e.g.,
Ref. [95].

Casimir operators of the algebra 80(2,D — 1) are fixed
on the functions W(x*, u™).

Accounting for the coordinate realization of the gener-
ators (4.9) and (4.10) one can represent all Casimir operators
of the 80(2,D —1) algebra in terms of the covariant
derivative D, and the spin part of the rotation generators
M, The first two Casimir operators of 80(2, D — 1) are''

C, = —(R2(D)2+%M(2)), (4.11)

Cy=R? ((D(l))2 + %M(g)(D)z) + O4(M), (4.12)

where the connection Laplacian (D)? is given by (3.6), M)
by (2.8) and we recall the explicit definition of the operator
(D1))? introduced in [78] as follows:

(D(l))2 = MkmMZ(DmDn + WmnlDZ)' (413)
The quantity O, (M) appearing in the quartic Casimir (4.12)
is given by

D-2)(D+1 I I
Os(M) = <%M<z> g Mb) - ‘M<4>>’

where M4y = My MM M,

It is worth noting that other higher order Casimir
operators of 80(2, D — 1) vanish due to the chosen reali-
zation for M,,,, (2.6). Utilizing this realization M4 can be
represented in the following form

(D-2)(D-3)

1
M :4( 2 M) +§M§2)>. (4.15)

We now evaluate these Casimir operators (4.11) and
(4.12) on the space of W(x#, u™) satisfying the constraint
system (3.14). The eigenvalue of C, follows immediately
from the Ly¥ = 0 equation, where L is given in (3.14).
The auxiliary calculations required to evaluate the quartic
Casimir operator are presented in Appendix B. Evaluating
the eigenvalue of C, requires substituting (B10) into
expression (4.12) and again using Lo¥ = 0. This pro-
cedure yields the following on shell values of the Casimir
operators'*:

""These formulas were found in [78] using the computer
algebra system Cababra 2 [96].
Our eigenvalues are not independent; representations of this
type—continuous degenerate representations—have already
been discussed in the earlier literature [97-100].
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C,¥ = 2uRY, C,¥ =puR(uR - (D-3))¥. (4.16)

In the flatlimit R — oo, these expressions correctly contract
to the flat Casimir eigenvalues, satisfying C;4/R* = Ca 4.
The on shell values (4.16) demonstrate complete agreement1
with the results of the papers [77,78].

To establish the unitarity of the resulting continuous-spin
fields, we map our findings to Metsaev’s general classi-
fication of CS unitary irreducible representations of the
80(2,D — 1) algebra [67]. In that framework, representa-
tions are labeled by two complex numbers, p and ¢, defined
via the equations14

(D—-1)2+ (D =3)?
i :

o (-5 (-5,

Solving this algebraic system for p and g (up to the
interchange p <> ¢) yields a family of solutions that can be
written as

Cy=-p’ ¢+

(4.17)

1
p:£p§(1+t),

t=1/(D—=2)*—4uR,

where ¢, £, = +1 represent independent sign choices and
recall that D >4, p > 0 and R > 0.

1 (@: p> (DA‘_I?), the parameter ¢ becomes purely
imaginary, implying that p* = +q. This corre-
sponds to the cases (ii) or (iii) of the CS UIRs in
terminology of [67].

(4.18)

(i) (b): p = L2 with D > 4, the parameter 7 is zero
p* = ¢*. This corresponds to the case (vi-c) of the
CS UIRs in terminology of [67].
(i) (c): DTT3 <pu< (D;Rz )2, with D > 4, the parameter ¢ is
real, p? < xo, > < xo, p* # ¢, where xo = (23)%.
This corresponds to the case (vi-a) of the CS UIRs in
terminology of [67].

No other irreducible unitary representations of the
continuous-spin type, considered in [67], are realized
within our framework.

A link between continuous-spin fields and light-ray
operators [80] within the AdS/CFT framework was estab-
lished in [67] for the case of purely imaginary parameters p
and ¢. In that regime, the conformal dimension
(=(D—=1)/2+ p) and spin (= (3—D)/2+ q) of the
continuous-spin fields and the boundary operators

BThe agreement is understood taking into account that, as we
already discussed before (3.13), the constraint L, is defined up to
an additive constant.

"“Notice that our convention for the sign of C, differs from
[67]; we have taken this into account already.

coincide. Our analysis demonstrates, however, that such
aregime is unattainable for any choice of the parameter g in
the present construction; hence, the resulting fields cannot
be directly identified with light-ray operators. Nevertheless,
continuous-spin operators with alternative conformal
dimensions have also been explored in the literature [81],
and it remains an open question whether the fields con-
structed in this work correspond to such boundary
operators.

V. FERMIONIC CASE

A. Flat space CS constraints

We now extend our framework to the case of symmetric
fermionic continuous-spin fields. In flat spacetime [16],
such fields are described by functions W, (x™, u™) carrying
a Dirac spinor index A in R"? and its dimension is given
by 2L(P+1/2] To motivate this higher-dimensional index
structure, we recall that a convenient geometric way to
construct continuous-spin equations relies on a dimensional
reduction procedure. Following the approach proposed
in [16], this formulation originates from a massless spin-
s field in D + 1 dimensions. Compactifying one of the
dimensions yields a massive spin-s field in D dimensions
within a Stiickelberg-like framework, from which the
continuous-spin limit is subsequently taken by sending
m — 0 and s — oo while keeping the product g =s-m
fixed.

Let us introduce the necessary notations. The higher-
dimensional gamma matrices T satisfy the Clifford
algebra in (D + 1) dimensions

PN pNpi — oM N (5.1)
where M, N =0,1,....D—1,D, ¥ = diag(—, +, - -,
+,4). Splitting the index M = (m, D) and denoting the
gamma matrix associated with the extra direction by

FD+1 = FD (52)
we obtain
L, 4 Tl = 20,0, o+, + 1,2+ =0,
(FD+])2 — 1’ (53)

where m,n =0,1,...,D -1 and 7, is the Minkowski
metric in R1"P~!. The matrices I",, and '+ act on the spinor
index A of W, (x",u™) and are 2LP+D/2] x olD+1)/2]
matrices. Only the algebraic relations (5.3), rather than a
particular matrix realization, will be essential below.
Starting from the (D + 1)-dimensional Clifford algebra
provides a uniform description for both parities of D: for
even D this reduces to the minimal representation, with "°+!
identified, up to conventional factors, with the usual chirality
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matrix, whereas for odd D it yields the doubled, nonminimal
representation required for the existence of a nontrivial
matrix anticommuting with all I',,,.

In flat space, symmetric fermionic CS representation is
realized on the functions W, (x™, u™), which satisfy a set of
mixed bosonic and fermionic constraints [16]

)
h=—isnd =i, 0" (54)
; J D+1
10 e —lrmam, 13 = Fma—m+r + ) (55)
u

where I, satisfies the Clifford algebra from (5.3). Note that
the fermionic constraints I and 15 are directly related to the
constraints [, and /3 (2.10) from Sec. II as follows
ly=13, Iy =1. (5.6)
By imposing the constraints (5.4) and (5.5), we can
calculate the eigenvalues of the first three Casimir operators
of i80(1,D —1):

(5.7)

While the eigenvalues of the quadratic and quartic oper-
ators C, and C, follow immediately from the constraints,
the calculation for Cy utilizes some results of [78].

B. 03p(1]2) algebra

The intrinsic 8[(2) symmetry observed in the bosonic
internal space is extended in the fermionic sector to an
03p(1]2) superalgebra.'® To demonstrate this, we introduce
two fermionic odd operators

1

f+ = _qum’ (58)
2
Together with the 8[(2) generators e, ey (2.14), the
generators f. form the o3p(1|2) superalgebra with the

relations

ley. f-]=—f+ [e . f4] =0,
le_.fi]l=—f-.  [e-.f-]=0, (5.9)
oo fel=%57e  (feft=eo
{fefey=er.  Afof}=—e (5.10)

along with the standard bosonic relations (2.15) for the
8[(2) algebra.

“In a more general setting, this symmetry is enhanced to
03p(1]2n); see, e.g., Ref. [38].

The 08p(1|2) super Casimir operator is given by

P=F -0 (5.11)
where 52 was given by (2.16).

To properly account for the spinorial degrees of freedom,
we augment the spin part of the Lorentz generators.
Previously, we had defined M,,, = u,, 3% — u, 32 now
we consider the following Lorentz generator including the
spinor contribution

an = an + an’ (5'12)
where
1

In complete analogy with the bosonic construction (2.17),
the Lorentz invariant M, := M,,,M"™" can be expressed
through the 03p(1]2) super Casimir

D(D -3)

M) = 8J% —
@) 2

(5.14)

Furthermore, taking into account (D6)—(D8) the fermionic
generators satisfy the following anticommutation relations:

{f_, <anF”’” + (1)2—1)> } =0, (5.15)

{f+, (anrn'" + (D; 1>> } —0. (5.16)

These relations (5.15) and (5.16) allow us to define the
key algebraic object of our construction—the Casimir’s
ghost operator (or Scasimir) [101]

8::<AAmnFm"+ngzgjl> :-—2[+,fJ-—%. (5.17)

The Scasimir operator S commutes with all bosonic
generators of the 08p(1|2) superalgebra and anticommutes
with the fermionic ones. Its square can be related to the
super Casimir J? via

1
S? =407 +-.

i (5.18)

C. Fermionic CS constraints in AdS

We now generalize the flat-space framework to describe
fermionic continuous-spin fields in the anti—de Sitter
background AdSp. These fields in AdS are realized by
functions

Wa(x*, u™),
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where, in comparison to the flat-space picture, the flat
coordinates x™ are replaced by the AdS coordinates x*;
while the auxiliary spin variable #” remains unchanged.

Following the same logic as in the bosonic case, we
covariantize the flat-space constraints (5.4) and (5.5) and
introduce compensating deformations built from the
08p(1]2) generators. Demanding that the resulting con-
straints form a closed algebra uniquely fixes the deforma-
tions. Throughout this procedure, a key role is played by
the Casimir’s ghost (Scasimir) of the 03p(1|2) algebra,
defined in (5.17).

The final consistent system of deformed fermionic continu-
ous-spin constraints in AdSy, takes the following form:

0
D™,

Ly =-i
1 aum

. 1 1
Ly = =i, D" 4+ 52 M) + 52 My ™, (5.19)

d
"_3 — Fm—+FD+1,

Ly = —i[,, D" + A, T

(5.20)

where the required deformation term A is given by

D-1
A = —R7'TPH! <Mm,,rﬂm +—— ) = —R7'TPH1S.

(5.21)

Note that in (5.19) and (5.20) the total spin-covariant derivative
acting on W (x#, u™) is defined as

1 k
D,, = e, + =W, M™.

5 (5.22)

The consistency of the system (5.19) and (5.20) is
guaranteed by the closure of the resulting constraint
algebra. The explicit nonzero commutation and anticom-
mutation relations evaluate to

{Lo, Ls} = 2L, + 2ALs,

[L1.Lo] = RT'TPH(L, - 2f L), (5.23)

[L2, |]_3} - —l]_o - R_IS[l_3, (524)

1

5 1 1
Ly, L)) =L+ R'fLy+R! <4e0 + 5) Ly +4R 'e_L, +2R7! (p + ﬁM(z) + ﬁ/\/l,,ml"'""> L3 - ER‘lAI]_3,

(5.25)

1 1
[Ly,Ly] = =R7'2rPH f, + 1)Ly — 2R f, L, + R7'3L, — R} <ﬂ + ﬁM@) + ﬁM,,mr'"" + R—‘S> Ls. (5.26)

The first anticommutator in the algebra (5.23) follows from
the relation

2{A, f_} + {A, TP} = 2AL, (5.27)
which is established by employing the anticommutator
(5.15) and the second identity for gamma matrices (5.3).

The second commutator in (5.23) follows from the chain of
equalities

0 0
L,y =-i|—,A|D,, + R, — M™"
(L1, Lol l[aum ] + ou™

= RT'TPHN (L, = 2f_Ly) + 2R7'TPH f_A
o O
+ R, — Mmn
ou™
— R_IFD+1 (L] - 2f_|]_0), (528)

where we used (DS8), (D9), and (5.15). The remaining
commutators (5.24)—(5.26) are calculated in an analogous
manner. As we can see in all calculations involving the

[
algebra of constraints, the properties of Casimir’s ghost
prove very useful.

Let us briefly summarize how the fermionic constraints are
obtained. In constructing the fermionic constraints, we first
observe that [L;, 3] =0, so these operators require no
deformation. Furthermore, we know that L, must be
deformed because its square L3 should reproduce the bosonic
L (with substitution everywhere M,,,, = M,,,, and up to a
constant). The required deformation A is then uniquely
determined by requiring the anticommutator {L,, L3} to
close, yielding the expression presented above. Finally,
computing the commutator [L,, L,| gives the deformation
of L,, which in the fermionic case contains an extra term
ﬁanF”m compared to its bosonic counterpart.

The square of the deformed Dirac operator reads

1
12 =- ((l]]))2 + FF’”"MM) + {T,,. A} (—iD™) + A2,

(5.29)

where the connection Laplacian (D)? is defined as in the
bosonic case (3.6), but with M,,, instead of M,,,. By
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applying the consequence of the Scasimir squaring identity
(5.18)

1 (D—-1)(D-2)

we get

1 o (D-1)(D-2
[L%:—(D2+—M(2)+—”——( (D -2)

e - R ) (5.31)

D. Eigenvalues of Casimir operators

Following the bosonic framework described above, we
now construct the 80(2, D — 1) Casimir operators in the
fermionic realization. As in the bosonic case, all Casimir
operators can be expressed in terms of the covariant
derivative D, and the extended spin part of the rotation
generators M,,, = M,,, +T,,. To ensure clarity and
maintain consistency, we explicitly evaluate the first two
Casimir operators in the fermionic picture. To distinguish
them from their bosonic counterparts, we denote them by
C, and C, (instead of C, and C,). They take the form

C, = —<R2(|D)2 +%M(2)>, (5.32)

Cy = R <(ID(1>)2 +%M<2)(D)2) +0,M),  (5.33)

In analogy with the previous section, the modified
Laplacian operator (D(y))? is defined as

(I]:D(l))2 = MkmMZ(DmDn + WmnlDl)' (534)

The quantity O, (M) in the fermionic case is now given by

(D-2)(D+1)

1 1
®4<M> = ( 3 M(z) —|——M%2) _ZM<4)> s

8
(5.35)

where M4y = M, M"* M, M"™.

We now evaluate the action of these Casimir operators
(5.32) and (5.33) on the space of functions W, (x#, u™)
satisfying the fermionic continuous-spin constraints (5.19)
and (5.20). While the on shell value of the quadratic
Casimir C, follows directly from the relation for L3 given
by (5.31), the evaluation of the eigenvalue of the quartic
Casimir C, requires a more involved algebraic reduction,
which is partially detailed in Appendix C. This procedure
yields the following final eigenvalues for the fermionic
continuous-spin fields:

o, = <2ﬂR - % (D—1)(D - 2)>\p, (5.36)

cw = ((ur -0+ 1)D-2))

o DD =2)(D=3)(D - 5))\11. (5.37)

To establish the unitarity of these representations, we
analyze our results within the context of Metsaev’s clas-
sification of unitary irreducible fermionic continuous-spin
representations in AdS, from [69]. In this framework, the
representations are labeled by the eigenvalues of the
Casimir operators in terms of two complex parameters,
p and gq.

In complete analogy with the bosonic case (4.17) and
(4.18) we solve the algebraic system with respect to p and ¢
specifically for D = 4. This yields

p= sp% (1-+/25-16pR),
q= q% (1+ /25— 16uR), (5.38)

where the definition of ¢, , was given below (4.18). This

parameter space reveals three distinct physical regimes for

the fermionic continuous-spin fields:

(1) (a) [Principal series]: For pR > % the argument
under the radical becomes negative, implying that
the parameters are complex conjugate pairs,
p* = £q. This corresponds to the standard unitary
representations of type: ii — p% or iii — p%.

(i1) (b) [Exceptional/limit series]: For the critical value
KR = % the parameters become real and degenerate,
satisfying p = £¢. This bound perfectly reproduces
the exceptional unitary representations of
type vi — ¢ — Zii.

(iii) (c) [Complementary and discrete series]: For uR <
% the parameters p and ¢ are real and nondegenerate
(p # £q). Depending on the explicit value of the
scale parameter, this domain branches into the
following structural subcases:

— (c.1) [Complementary series]: For 1 <puR < % with
KR #3/2 the configuration realizes the continuous
unitary representations of type vi — ¢ — li.

- (c.2) [Discrete/antidiscretel() series]: At the isolated value
HR = %the parameters become p = 0 and ¢ = +1/2 (or

'“To determine whether our representation belongs to the
discrete or antidiscrete series, one would need to solve the
equations explicitly and examine the helicity expansion of the
solution.
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conversely ¢ = 0 and p = +1/2) identifying the discrete
series of type vi — dz or vi — ad? (vi — d2* or vi — ad?")
— (c.3) [Discrete/antidiscrete series boundary]: At the
lower bound gR = 1 the model selects the discrete end

1 1
points of type: vi—d —1j or vi — ad — 1j (with e, = —1)

Ly Ly .
and vi —d —1j or vi—ad —1j (with ¢, = —1).

VI. DISCUSSION

In this work, we have explicitly constructed Wigner-like
equations (constraints) for symmetric CS fields in AdSy, for
arbitrary dimensions D, covering both the bosonic and
fermionic cases. The construction proceeds by first cova-
riantizing the ordinary flat-space derivatives in Wigner
constraints and then deforming the resulting operators by
adding terms, chosen so that the full set of constraints forms
a closed operator algebra. The closure conditions
uniquely fix the additional terms and lead to a system of
first-class constraints that define a representation of the
80(2, D — 1) isometry algebra. A central role in ensuring the
consistency of these constraint algebras is played by specific
operators originating from the (super)algebra Howe dual to
the Lorentz subalgebra 8o(1, D — 1). In the bosonic sector,
this corresponds to the Casimir operator of 8[(2). In the
fermionic case, the analogous structure is governed by the
Casimir’s ghost of the 08p(1]|2) superalgebra. Using the
resulting constraint systems, we computed the on shell
values of the quadratic and quartic Casimir operators of
80(2, D — 1) and demonstrated that, for appropriate ranges
of the parameter u, they correspond to certain unitary
irreducible representation series classified by Metsaev.

The proposed equations provide a curved-space analog
of the covariant Wigner-type equations recently used for
the systematic classification of cubic interactions in flat
space [42]. We anticipate that our equations will serve as a
fertile starting point for an analysis of cubic interactions for
continuous-spin fields in the AdS background. A natural
direction for future research is to extend the present
analysis to mixed-symmetry continuous-spin fields, i.e.,
to generalise the Bekaert-Mourad equations [16] to the
AdS background. We also anticipate that our constructions
will prove useful for the study of supersymmetric continu-
ous-spin fields in AdSy, a topic that remains largely
unexplored to date.

Since our classification is based on the Casimir operators
of free bulk fields, this algebraic structure naturally mirrors
the conformal Casimir equations governing two-point
functions on the boundary. Although the fields obtained
in our construction do not correspond to standard light-ray
operators, it remains highly interesting to construct an
explicit holographic dictionary for these Wigner-like equa-
tions within an alternative sector of boundary CFT
operators.
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APPENDIX A: COMMUTATOR OF L; AND L,

Consider the commutator of constraints L; and L, from
(3.14)

d 0 1
L L)) = —|-ZDmw,pr| —i| - —
(L1, Lo] [um u ] l[au’” rM@

-
(A1)

where we used (3.12).
Let us calculate the first term of (A1)

0 0 0
{—Dm, u,,D"} = w5 (D). D, + " [—,Dn] D,

ou™ u,, ou,,
0 0

—,u"|\D,, D, +—|D,,, u"|D,.

+ [ w| Pu, 52 (DD,

(A2)

Let us now find all commutators from (A2) separately.
The first commutator reads

0 0 1
u'— [,ij)n] =u"— <g£11nDl +§Rﬁzlanl>

a’/tm U

0 1 0
=101, Dy

o R g M

(A3)

where we used the second equation from (3.3) and the first
from (3.4). The second one from (A2) can be represented as

0 0
" —,D,| D,y = =" — WD’ A4
u |:aum s n:| m u dum Whmi ’ ( )
where we used (3.7). The third term from (A2) is
J "D, D D, D" (A5)
5. u m&n — Yn .
ou,,
The last commutator comes to
0 0
—[D,,, u"|D,, = — u"w,,,; D', (A6)
ou,, ou,,

where we used (3.7). By now combining the first term from
(A3) and (A4), we obtain

d 0
u" a— (ginn - anl)Dl =-u" —WmnlDl’ (A7)
Up

ou,,
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where the second equation from (3.4) are taken into
account. Combining (A7) with (A6) we get

0 0
(% u —u" M) Wmn[Dl = WZID[.

Now we have to sum the second term of (A3), (A5), and
(A8), so we get

(A8)

pm D = DZ__ n
|:a m uVl :| ( ) Rzu auman
1
= (D)? WM(Z), (A9)

(D))? = 2<e+ (%'D)z —e_(u-D)* - eo{(u -D), <%-D> }) +(D72_4)(D)2 e _Z)M(z),

where we used the definition of the operator (D)? given
by (3.6).

APPENDIX B: ACTION OF THE (D))
OPERATOR ON ¥ (x*,u™)

In this appendix, we compute the action of the operator
(D(1))? on fields W(x#, u™) satisfying the constraint equa-
tions L,¥ =0 (i =0, 1, 2, 3), where L; have written in
(3.14). This computation is necessary for determining the
eigenvalues of the second Casimir operator of the
30(2,D — 1) algebra on functions W(x#, u™).

Transformation of the (D<l))2 operator. Using explicit
representation for M,,, from (2.6) in the definition (4.13)
of (Dy))* we get

4R? (B1)

where {, } means anticommutator, and we use the shorthand notation X - Y := X"'Y,, for Lorentz contractions. Or using

(A9) it can be represented in form

(Dy)* = 2<e+ <%~D>2 —e_(u-D)* =2ey(u-D) (%D)) + <(D2_4) - 2e0> (D)? - <%—%eO>M@,

Consequences of the constraints. From the definitions
(3.14) of the operators L; and the conditions L;¥ = 0, we
immediately derive

(D)W — <- % #Mm)w, (B3)
<a% : D)‘I’ =0, (B4)
(u-D)¥ = —i<ﬂ+§/\/l(2)>‘l’, (BS)
e W= %‘I’ (B6)

where we used definition (2.14) for e_.
Computation of (u - D)W and related quantities. From
(B4) and (B5) and the first commutator form (D3) we find

(u-D)*¥ = [— (ﬂ +%M(2>>2

1

. <ﬂ + %M(@) (~8ey + 6)} v, (B7)

To compute e_(u - D)*¥, we note that only the term
proportional to e, in (B7) does not commute with e_. Using

(B2)

|
le_.eg) =e_ and e W =1W, we obtain after a short
calculation

2 1
e_(u-D)*¥ = (u-D)Z‘I‘—i—E(ﬂ—i—ﬁM(g))‘I‘. (B8)

1
2

Evaluation of (D(;))*¥. Using expression (B2) for
(D(1))* and noting that due to (B4) terms containing
(£ - D) vanish on the ¥, we have

(D)) ¥ = [—26_(u -D)? + (M

(D-2) 1
—< 4R2 —Feo M(z) .

Substituting (B3) and (BS) into (B9), and simpli-
fying, we observe that all terms containing e, cancel

- ze0> (D)?

(B9)

mutually.
After this cancellation, we obtain the final result
2—-D+2uR
(D(l))qu = (—( R? )M(z)

1 D-3
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APPENDIX C: SIMPLIFICATION OF THE ([[])m)2
OPERATOR

To calculate the quartic Casimir C; (5.33) in the
fermionic case we first compute its leading contribution,
R*(D(yy)* (5.34). To this end, we decompose it into
symmetric and antisymmetric parts with respect to the
indices m, n as!’

R2<|D(1))2 = _Rz(Mk(mMﬁ) + Mk[n1Mﬁ])<DmDn + wmni,)

D -2
= —RZMk(mMI:l)(DmDn + WmnllD[) - TM(Q),

(C1)

where for the antisymmetric part we have utilized the
following algebraic identity

D -2

D—-1
MkmMﬁan = < )

an
21,)
D-2

=5 M.

an

Next, we expand the symmetric product of the full
generators M,,,, separating the purely bosonic part M,,,
and the remaining terms

X = =MuMy, (D"D" +w™'Dy)

and

(D-5)
S

Y=-

(

(D) = £ (1T + 4T (DD + wiD)) +f+< 0

- DJS) (D)2 - f_ (Z(F- D)(u - D) —%FnumM’”"> +f. (2(r- D) (i-[D> o M’””).

D-5
Mk(li:,) = Mk(mM,I;) + Tnmn

+f—<umrn+unrm>_f+<ir + J I >7

ou " oun "
(C2)
where we used (D4). By substituting the explicit form of

the purely bosonic contribution, expressed in terms of the
auxiliary variables u™ and 0/du™:

Jd 0
Mk(mMﬁ) = 2€_Mml/ln - 2€+ WW

+ (2e0 _D 2_ 4)>nmn

0 0
2 — — |, C3
+ €o <um ou" + u, 014’”) ( )

the first term on the right-hand side of the relation (C1) can
be cast into a following sum:
(D"D" +w™'D;) = X+,

—Mk(mel (C4)

)

where these operators X and Y are defined as follows:

D-4) 2 0
D>> + <( > —2€0> (D)2 +Feounau—m’\/ﬂmn (CS)
— T +il“ (DmDn+ mnlD)
ou™ " ou" " e
- T, — C6
ou R " ou™ (C6)

We recall the shorthand notation X - Y := XY, for Lorentz contractions introduced in Appendix B.

Then, substituting (C4) together with (C5) and (C6) into (C1), we obtain a new representation of (I]ZD(]))Z within our
framework. Using this result in the definition of the quartic Casimir (5.33) allows us to directly employ the fermionic
constraints (5.19) and (5.20). Then, performing algebraic manipulations based on relations of Appendix D and the identity

_ (my nn r (D — 2)2
My = M, MM, (M, t—

1 1 1 2
=55 D(D=1)(D=2)(D~3) + 7 (D =3)(D - 2DMp + 7MY,

M2)

(C7)

we obtain the eigenvalue (5.36) of the quartic Casimir C,.

I7Throughout the Appendices, parentheses (mn) denote symmetrization and brackets [mn] denote antisymmetrization, both with
factor 1/2: A,,B,) =5 (A,B, + A,B,). Aj,B, =5(A,B, —A,B,,).
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APPENDIX D: USEFUL IDENTITIES AND COMMUTATION RELATIONS

For practical calculations and further generalization to AdS spacetime, the following commutation relations between the

auxiliary vector, its derivatives and 8[(2) generators are highly useful

0 1

ou™’

0 0 0 17) 1 0
—e_| = —.e. | =u —.ey| == .
ou™’ "~ ’ oun’ T " ou™’ 0 2 ou™

The commutators of the auxiliary vector, its derivatives with the operator M) take the form

[um’ e+] = 0’ [umv e—} =

0 0 0 0
[um,M(z)} = —8eyu,, + 6u,, + 86+au—m, |:— M(z):| =8ep—+6—+8e_u,.

ou™’ ou,,  Ou,

For various contractions of two gamma matrices we have

. (D=1) (D-2) ¢ (D-1)
anFk = 4 Nk + D) ka’ 1—‘k(ml—‘n) = 4 Nmns
D(D -1
L, = 2P =1) - ).

For contraction of M,,, and I',,, in terms of 08p(1|2) generators we get

Mo = 26 = Af f =2 = 2F o fo+ ff) =4f o f- =
D
= 2f o= fof) =

We also need the following formulas:

d
[f—a anl—*nm] = _Fnau_mMm”v [f+’ anl'*nm] = _FnumMm”a

d
— 2T, =
[f—’ M(Z)] o ,

where right-hand sides also can be represented in the form

D—-1
F”uman = f+ - 4f+€0 + 4e+f— = _2f+ <an1"nm + ( 2 )> 5

J D-1
naumMm":—f_+4eof_+4f+e_zz(anan+( . )>f_.

Similar to the formulas (D1) and (D2) let us also find

d d
|:al/l—m ’ Mnlrln:| - _al/t—m + 2f—rm7 [umv Mﬂlrln] = _um + 2f+rm
9

ou™ :

[Fmv ManM] = 21—‘m - 4f—um + 4f+
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