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We investigate boson stars in an Oð3Þ scalar field theory with a symmetry-breaking potential. By
constructing numerically spherically symmetric solutions, we demonstrate that the model gives rise to a
rich set of field configurations. The negative coupling constant of the scalar self-interactions allows for two
types of boson stars: type I solutions represent the usual boson stars, which emerge from the vacuum as the
boson frequency is decreased below the boson mass, whereas type II boson stars emerge from a set of static
soliton solutions. Depending on the strength of the gravitational coupling constant, both types, or only one
type, are present. At a critical set of coupling constants, both types undergo a bifurcation. There the spirals
of both types disconnect from their branches and reconnect with each other, while the remaining branches
of both types also reconnect with each other. Analogous features are seen for U(1)-gauged boson stars.
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I. INTRODUCTION

As is well known, minimal coupling of Einstein gravity to
a massive scalar theory gives rise to macroscopic particle-
like localized configurations dubbed as boson stars [1–4]
(see [5–8] for detailed reviews). Boson stars represent
stationary solutions of the coupled Einstein-scalar field
equations, when the complex scalar field has a harmonic
time dependence. The boson stars in the Einstein-Klein-
Gordon theory without a self-interaction potential do not
possess a flat space limit. When a self-interaction is
included, a resulting family of more massive boson stars
arises [4,9]. In the model with a sextic potential [9,10], these
boson stars tend to the corresponding nontopological
solitons, the Q-balls [11–13], in the flat space limit.
Both Q-balls and boson stars are regular stationary

solutions. The phase invariance of the scalar field is
associated with a conserved global Noether charge, which
is proportional to the angular frequency ω of the scalar field.

Typically, a family of boson stars exists for a certain range
of values of the angular frequency between a maximal value
ωmax, which corresponds to the mass of the scalar excita-
tions, and some lower nonzero critical value ωmin, which
depends on the properties of the potential.
The global Uð1Þ symmetry of a scalar model supporting

Q-balls can be promoted to a local gauge symmetry. This
gives rise to gauged solitons possessing electric charge
[11,14–18]. The presence of the long-range gauge field
affects the properties of the solitons. A strong electromag-
netic repulsion then reduces the domain of existence of
charged Q-balls and charged boson stars. The gravitational
attraction, however, produces an opposite effect. Instead of
the paradigmatic spiraling scenario of uncharged boson
stars, one finds a more complicated pattern of dynamical
evolution for Uð1Þ gauged boson stars [18].
The nonlinear Oð3Þ sigma model with a non-negative

potential also supports boson stars [19–22]. These oscillate
or rotate in internal space and do not possess flat space
counterparts. This is similar to the mini-boson stars in the
Einstein-Klein-Gordon theory. They arise from perturbative
excitations of the vacuum at ωmax, where both the mass and
the Noether charge trivialize. The Oð3Þ boson stars exhibit
the typical spiraling pattern of the frequency dependence of
both charge and mass [19].
On the other hand, static regular soliton solutions exist in

the Oð3Þ sigma model with a modified symmetry breaking
potential in Minkowski space [23]. Since this potential is
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partly negative, it allows for the circumvention of Derrick’s
theorem (see, e.g., [24–28]). Notably, such soliton con-
figurations also admit oscillations or rotations in internal
space. Hence, one may expect the existence of a different
family of Oð3Þ boson stars that are linked to the self-
gravitating nontopological static lumps in Minkowski
spacetime in the limit ω ¼ 0.
The main purpose of this paper is to report the existence

of such a new type (type II) of boson stars, which emerge in
the Oð3Þ nonlinear sigma-model minimally coupled to
Einstein gravity. Here, we construct spherically symmetric
solutions and investigate their physical properties for a
choice of the scalar potential, which, apart from the usual
“pion mass” term, also contains a non-positive term which
yields an additional short-range interaction energy [23]
(see, also, [29–32]). Since these type II boson stars owe
their existence to the presence of the symmetry breaking
potential in the presence of a negative energy contribution,
they were not feasible in the previous study [19]. We first
address these solutions in the ungauged model and then
consider the influence of electrostatic repulsion.
The model also supports spherically symmetric solutions

of a different type that are analogous to the usual boson
stars (type I). These configurations with a time-dependent
scalar phase emerge smoothly from linearized perturbations
around Minkowski spacetime as ω approaches the mass
threshold. These type I boson stars persist when the
symmetry breaking potential is switched off [19]. We
observe that as long as the effective gravitational coupling
is relatively strong, both types of boson stars show a
spiraling behavior for their masses and charges toward two
different limiting solutions at the centers of the spirals at the

frequencies ωðIÞ
cr > ωðIIÞ

cr , respectively.
However, as the gravitational coupling becomes weaker,

the pattern exhibited in the mass-frequency diagram
becomes very different: boson stars exist for the whole
range of values of the angular frequency ω∈ ½0∶ωmax�.
First, the spirals only overlap, and then the type I and type
II solutions bifurcate at a critical value of the coupling. This
intriguing phenomenon has not been observed before. The
presence of an electric charge further affects the force
balance between the gravitational attraction and the short-
and long-range scalar interactions by providing an addi-
tional electrostatic repulsion. Consequently, the bifurca-
tions between the two different types of boson stars occur at
critical values of the gauge coupling, which depend on the
value of the gravitational coupling.
This paper is organized as follows. In Sec. II, we

introduce the model and the field equations with the total
stress-energy tensor of the system of interacting fields. In
Sec. III we describe the spherically symmetric parametri-
zation of the metric and the matter fields. Here, we also
discuss the physical quantities of interest and the appro-
priate set of boundary conditions. The numerical results are
presented in Sec. IV. First, we discuss the domain of

existence and the properties of the ungauged spherically
symmetric boson stars of both types and discuss their
dependence on the parameters of the model. Next, the
properties of Uð1Þ gauged boson stars are analyzed.
Finally, in Sec. V, we present some conclusions and further
remarks.

II. THE MODEL AND FIELD EQUATIONS

We consider the (3þ 1)-dimensional action

S ¼
Z

d4x
ffiffiffiffiffiffiffi
−g

p �
R

16πG
− Lm

�
: ð1Þ

Here, the gravity part is the usual Einstein-Hilbert action, R
is the Ricci scalar associated with the spacetime metric gμν
with the determinant g, and G is Newton’s constant. The
signature of the Minkowski spacetime metric is chosen to
be (−; þ; þ; þ). The Lagrangian of the matter fields Lm is
given by the Uð1Þ-gauged nonlinear sigma-model

Lm ¼ 1

4
FμνFμν þ 1

2
ðDμϕ

aÞ2 þUðϕÞ: ð2Þ

Here, the real triplet of the scalar fields ϕa, a ¼ 1, 2, 3, is
restricted to the surface of the unit sphere, ðϕaÞ2 ¼ 1, and
UðϕÞ is a symmetry breaking potential. The Uð1Þ field
strength tensor is Fμν ¼ ∂μAν − ∂νAμ, and the covariant
derivative of the field ϕa is

Dμϕ
α¼∂μϕ

αþeAμεαβϕ
β; Dμϕ

3¼∂μϕ
3; α;β¼1;2 ð3Þ

with the gauge coupling e.
Following the previous paper [23], we consider a

symmetry breaking potential

UðϕÞ ¼ μ2ð1 − ϕ3Þ − βð1 − ϕ3Þ4; ð4Þ

where μ and β are real positive parameters. We note that the
potential breaks explicitly the original O(3) symmetry of
the kinetic term, but the U(1) symmetry stays unbroken.
Hence, the Lagrangian (2) is invariant with respect to the
local Abelian gauge transformations

ðϕ1 þ iϕ2Þ → eieζðϕ1 þ iϕ2Þ; Aμ → Aμ − ∂μζ; ð5Þ

where ζ is a real function of the coordinates. We note that
one can set μ ¼ 1 via the rescaling of the parameter
β → β=μ2. Further, rescaling of the coordinates xν → μxν
yields the effective gravitational coupling α2 ¼ 8πGμ2.
Importantly, the potential (4), apart from the weakly

attractive “pion mass” term, also contains a term which
yields an additional short-range interaction [29,30,32].
Potentials of that type support localized nontopological
soliton solutions in 3þ 1-dimensional flat spacetime
[22,23]. When not being positive everywhere, these
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potentials allow circumvention of Derrick’s theorem and
give rise to solitons often dubbed scalarons1 (see, e.g.,
[24,27,28]). Moreover, the potential (4) allows for the
presence of a harmonic time dependence of the scalar field,
which is a key property of various flat space Q-balls
[11–13].
Variation of the action (1) with respect to the metric leads

to the Einstein equations

Rμν −
1

2
Rgμν ¼ 2α2ðTEm

μν þ Tϕ
μνÞ; ð6Þ

where the electromagnetic and scalar components of the
energy-momentum tensor are

TEm
μν ¼ Fρ

μFνρ −
1

4
gμνFρσFρσ;

Tϕ
μν ¼ Dμϕ

aDνϕ
a − gμν

�
gρσ

2
Dρϕ

aDσϕ
a þUðϕÞ

�
: ð7Þ

The corresponding vector and scalar field equations are

∂μð ffiffiffiffiffiffiffi
−g

p
FμνÞ ¼ e

ffiffiffiffiffiffiffi
−g

p
jν;

DμDμϕ
a þ ϕaðDμϕbDμϕ

bÞ þ δU
δϕ

ϕa ¼ 0; ð8Þ

where

jμ ¼ ϕ1Dμϕ2 − ϕ2Dμϕ1 ð9Þ

is the conserved Noether Uð1Þ current associated with the
local Uð1Þ symmetry (5). The corresponding charge is
given by Q ¼ R

d3x
ffiffiffiffiffiffiffi−gp

j0 and represents the particle
number.

III. SPHERICALLY SYMMETRIC ANSATZ
AND BOUNDARY CONDITIONS

We are interested in stationary spherically symmetric
regular solitonic solutions of the system (6)–(9). To
construct such solutions numerically we employ the line
element [34–36]

ds2¼gμνdxμdxν¼−F0ðrÞdt2þF1ðrÞðdr2þr2dΩ2Þ; ð10Þ

where dΩ2 ¼ dθ2 þ sin2 θdφ2, and the metric functions F0

and F1 depend on the isotropic radial coordinate r only. For
the scalar Oð3Þ field, we adopt the “trigonometric” sta-
tionary ansatz,

ϕa¼½sinfðrÞcosðωtÞ; sinfðrÞsinðωtÞ; cosfðrÞ�: ð11Þ

Further, in the static gauge the gauge potential can be
written as

Aμdxμ ¼ A0ðrÞdt: ð12Þ

The Uð1Þ gauged self-gravitating regular configurations
are characterized by the Arnowitt-Deser-Misner (ADM)
massM and the electric charge Qe. These quantities can be
extracted from the asymptotic behavior of the metric and
the gauge field functions,

g00→−1þα2M
πr

þO
�
1

r2

�
; A0 →

Qe

r
þO

�
1

r2

�
: ð13Þ

These quantities can also be computed as the integrals of
the corresponding densities of the total stress-energy tensor
Tμν ¼ Tϕ

μν þ TEm
μν , yielding the mass M,

M ¼
Z ffiffiffiffiffiffiffi

−g
p

drdθdφðTμ
μ − 2T0

0Þ; ð14Þ

and the Noether current (9) multiplied by the charge,
yielding the electric charge Qe,

Qe¼e
Z

d3x
ffiffiffiffiffiffiffi
−g

p
j0¼8πe

Z
∞

0

drr2
F3=2
1ffiffiffiffiffiffi
F0

p ðω−eA0Þsin2f:

ð15Þ

The regular solutions satisfy the truncated first law of
thermodynamics without the entropy term, dM ¼ ωdQ
(see, e.g., [37,38]). We used these relations as a test of the
numerical accuracy.
The full system of the field equations (6)–(9). can be

solved numerically using the parametrization (10)–(12).
The corresponding boundary conditions are found by
considering the asymptotic expansions of the equations
on the boundary of the domain of integration together with
the assumption of regularity and asymptotic flatness.
Explicitly, we impose

(i) at r ¼ 0∶ ∂rf ¼ ∂rA0 ¼ ∂rF0 ¼ ∂rF1 ¼ 0.
(ii) at r ¼ ∞∶ f ¼ 0; A0 ¼ 0; F0 ¼ F1 ¼ 1.
The solutions are found by using a sixth-order finite

difference scheme. The system of four second-order
coupled ordinary differential equations is discretized on a
grid with a typical size of 230 points in the radial direction.
The emerging system of nonlinear algebraic equations has
been solved using the professional package FIDISOL/CADSOL

[39] which uses a Newton-Raphson method, and with the
Intel MKL PARDISO sparse direct solver [40] and the

1Such solitons should not be confused with the scalarons
introduced by Starobinsky in a cosmological context [33].
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CESDSOL library.2 In all cases, the typical errors are of the
order of 10−6.

IV. SOLUTIONS

A. Ungauged Oð3Þ boson stars

We begin by considering the properties of the ungauged
spherically symmetric self-gravitating localized solutions

of the model (1), fixing at first the rescaled parameter β ¼
0.5 and subsequently considering the variation of it. A
peculiar feature of the model is that, depending on the
coupling constants, it can support two different types of
solitonic solutions.
The solutions of the first type are similar to the usual

mini-boson stars with global Uð1Þ symmetry in the
Einstein-Klein-Gordon theory [7], and to the solitonic
solutions of the Oð3Þ-sigma model with the simple pion
mass potential [19,43], which do not possess a flat space
limit. These type I boson stars arise smoothly as perturba-
tions around the vacuum ϕa ¼ ð0; 0; 1Þ in Minkowski
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FIG. 1. Spherically symmetric ungauged (e ¼ 0) Oð3Þ boson stars: The ADM mass M in units of 8π (upper plot), the central values
of the scalar component ϕ3ð0Þ (bottom left), and the metric component −g00ð0Þ (bottom right) vs the frequency ω are plotted
for some set of values of the gravitational coupling α and β ¼ 0.5. The solid and dashed lines correspond to solutions of types I and II,
respectively.

2Complex Equations-Simple Domain partial differential equa-
tions SOLver, a C++ package developed by I. Perapechka, see,
e.g., Refs. [37,41,42].
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spacetime, when the angular frequency ω is decreased
below its maximal value ωI

max ¼ μ ¼ 1 (in rescaled quan-
tities). This is often referred to as the Newtonian limit.
When decreasing ω below the mass threshold, the ADM

massM of the type I boson stars increases until a maximum
is reached, as seen in Figs. 1 and 2, upper plots. The pattern
of the subsequent evolution depends on the value of the
effective gravitational constant α. As α > αcr ≈ 0.56, the
Oð3Þ boson stars exhibit the typical spiraling and oscillat-
ing pattern with successive backbendings of the usual
boson stars until reaching a singular limiting solution.
Thus, the type I boson stars exist within a restricted interval

of values of the angular frequency ω∈ ½ωðIÞ
min; 1�. At the

minimal value of the frequency ωðIÞ
min, a forward branch

arises, starting the formation of the spiral.
Both the mass and the charge of the Oð3Þ boson stars

tend to finite limiting values at the centers of the spirals.
When following the spirals toward their centers, the Oð3Þ
field ϕa rotates from the vacuum ϕa ¼ ð0; 0; 1Þ toward its
central critical solution with ϕa

ccð0Þ ¼ ðϕcc;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϕ2

cc

p
; 0Þ,

as displayed in Figs. 1 and 2, bottom left plots, for ϕ3ð0Þ.
Similar to the case of the usual boson stars, the metric
function g00 at the center of the configuration approaches
zero in this limit, as seen in Fig. 1, bottom right plot. When
following the spiral, the core of the configuration shrinks.

This suggests that the profile of the central critical solution
might correspond to a very thin wall separating the compact
domain ϕ3 ¼ 0 and the vacuum ϕ3 ¼ 1. However, a
different numerical approach will be necessary to study
this limit.
As seen in Fig. 1, there is a second type of boson star,

residing in the frequency range 0 ¼ ωII
min ≤ ω ≤ ωII

max.
These arise from the flat space static (ω ¼ 0) nontopolog-
ical solitons of the Oð3Þ sigma model with potential (4)
[22,23], when coupled to gravity. These solutions owe their
existence to the partly negative self-interaction potential
[24,25,27,28]. The distinctive new feature of such solutions
is that as ω decreases toward zero, the central value of the
scalar component ϕ3ð0Þ tends to its value at the antivacuum,
where the scalar triplet assumes the values ð0; 0;−1Þ,
corresponding to the negative minimum of the potential.
This can be inferred from Fig. 3, bottom left plot, for
configuration I. Notably, limiting solutions atω ¼ 0 possess
finite mass while their Noether charge is vanishing. This
limit corresponds to the self-gravitating nontopological
soliton of the nonlinear Oð3Þ sigma model, whose proper-
ties in flat space were discussed in [23].
These type II boson stars mimic, to some extent, the

qualitative pattern of the dynamical evolution of the behavior
of the type I boson stars. Thus, they exhibit the typical

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.65  0.7  0.75  0.8  0.85  0.9  0.95  1

M

�

I

II

IV
III

�=0.6

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.01  0.1  1  10

�3

r

I
II
III
IV

 1e-005

 0.0001

 0.001

 0.01

 0.1

 1

 0.0001  0.001  0.01  0.1  1  10

-g00

r

I
II
III
IV

FIG. 2. Spherically symmetric ungauged (e ¼ 0) Oð3Þ boson stars: The ADM mass M of the type I boson stars in units of 8π vs the
frequency ω for α ¼ 0.6 and β ¼ 0.5 (upper plot), and illustrative radial profiles of the scalar component ϕ3 (bottom left), and the metric
component −g00 (bottom right) of the solutions, indicated by dots on the upper plot.
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spiraling pattern seen also in the evolution of the type I
solutions toward a singular limiting configuration. Within
the spiral, the central value of theOð3Þ field ϕa rotates from
the antivacuum ϕa ¼ ð0; 0;−1Þ toward a second central
critical solution with ϕa

ccð0Þ ¼ ðϕcc;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϕ2

cc

p
; 0Þ, as dis-

played in Figs. 1 and 3, bottom left plots. Again, the central
value of the metric function g00 approaches zero in this limit.
We note that the size of the spiral can be very small. Here, a
tiny change of ω can strongly affect the force balance
between the gravitational attraction and the scalar interac-
tion, as illustrated in Fig. 1, upper left zoomed subplot. We
also note that for some maximal value of α, the type II
solutions then cease to exist.
The above picture changes dramatically as α → αcr.

While for larger values of α the type II boson stars are
disconnected from the gravitating solitons of the first type,
as seen in the mass-frequency diagram in Fig. 1, upper plot,

both types start to overlap with decreasing α. Thus, ωðIIÞ
max <

ωðIÞ
min changes to ωðIIÞ

max > ωðIÞ
min, leading to an intersection of

both types of solutions in the mass (charge)-frequency
domain. Focusing on this intersection, we note that it
develops into a bifurcation of both types at a critical value
of the gravitational coupling αcr, as illustrated in Fig. 4.
Indeed, here we see for α > αcr the first branch of the

type I solutions, and the second branch of the type II

solutions intersect in the M − ω diagram. These branches
then also intersect in the g00 − ω diagram at a similar value
of the frequency. Moreover, we note in the ϕ3 − ω diagram
that the minimum of the type I solutions and the local
maximum of the type II solutions approach each other with
decreasing α. Finally, as α ¼ αcr, the solutions of both types
bifurcate at a critical value of the frequency. Subsequently,
the spirals become detached from their previous branches
and reconnect among themselves, forming a double spiral
structure. At the same time, the remaining branches of both
types of solutions reconnect with each other, forming a
connected set of solitonic solutions of the Oð3Þ sigma
model, which exists for the whole range of values of the
frequency ω∈ ½0; 1�.
Focusing further on the evolution of the detached

double spirals in Fig. 5, we note their metamorphosis
to a closed loop that intersects itself as α is decreased
further. This pattern is also highlighted in Fig. 1, right
upper subplot. With further decrease of α, these remnants
of the detached double spirals disappear. On the other
hand, we illustrate the evolution of the solutions along the
remaining connected set of solutions that span the full
frequency range 0 ≤ ω ≤ 1 further in Fig. 6, where we
exhibit several configurations for the connected set of type
I and type II solutions at α ¼ 0.5. Moreover, Fig. 1 shows
that for small α the maximum of the curves increases
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FIG. 3. Spherically symmetric ungauged (e ¼ 0) Oð3Þ boson stars: The ADM mass of the type II boson stars in units of 8π vs the
frequency ω for α ¼ 0.6 and β ¼ 0.5 (upper plot) and illustrative radial profiles of the scalar component ϕ3 (bottom left) and the metric
component −g00 (bottom right) of the solutions, indicated by dots on the upper plot.
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strongly with decreasing α. While this might suggest a
divergence of the mass in the flat space limit for
ω → ωmax, as known from ordinary Q-balls, further
calculations with another numerical method will be
needed to clarify the limit.
It is also of interest to analyze the dependence of the

solutions on the value of the rescaled parameter β. The
limiting case β ¼ 0 corresponds to the type I Oð3Þ boson
stars previously discussed in [19]. The type II boson stars
arise from the flat space (α ¼ 0) nontopological Oð3Þ
solitons discussed in [23]. They exist for β > 1

8
, where

the potential (4) possesses a global minimum at f ¼ π,
where UðϕÞ < 0. Thus, the minimal value of the potential
is negative. This condition is necessary for soliton solutions
to exist.
The parameters α and β control the strength of the

interactions: increasing α leads to more attraction, whereas
an increase of β results in more repulsion. Variation of the
gravitational attraction α and of the potential parameter β
thus changes the pattern of the solutions, as seen in Figs. 7
and 8. Figure 7 displays the ADM mass M of the solutions
versus the Noether chargeQ for two values of α and a set of
values of β. We note that, for a fixed value of α, an increase
of β yields a decrease of the ADM mass of the solutions of

both types. The mass of the type I boson stars depends only
weakly on β, unlike the mass of the type II solutions, which
rapidly increases as β → 1=8 from above. This pattern is
similar to the case of nontopological solitons of the Oð3Þ
sigma model with a symmetry-breaking potential in
Minkowski space [23].
Figure 8 illustrates the dependence of the bifurcations of

the solutions on the parameter β for two values of α,
showing the ADM mass M of the solutions versus the
frequency ω. For α ¼ 0.3 (left plot), the bifurcation
between the MðωÞ branches of the boson stars of both
types occurs at a critical value β ≈ 0.38. For α ¼ 0.6 (right
plot), the gravitational attraction is stronger, and the
bifurcation occurs at the larger value of β ≈ 0.54. We
recall that for β ¼ 0.5 such a bifurcation occurs at α ≈ 0.56.
Interestingly, boson stars of the first type exist also for

negative values of the parameter β, as demonstrated in
Fig. 8. Clearly, the properties of the type I boson stars are
mainly determined by the gravitational interaction, while
for the solutions of the type II the scalar interaction
becomes more important.
Concerning the stability of the boson stars, we note that

the solutions in Fig. 7 above the black curve M ¼ μQ are
unbound. Thus, the boson stars above the curve are
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expected to be unstable. In contrast, boson stars on the
fundamental branch below the curve are bound. At each
spike of the MðQÞ curves, the solutions are expected to
acquire an(other) unstable radial mode.

B. Uð1Þ gauged Oð3Þ boson stars

We now turn to the Uð1Þ-gauged electrically charged
boson stars. Here, three parameters, α, β, and the gauge
coupling e, define the relative strength of the interactions in
the system. An increase in the parameters β and e entails an
increase of the repulsive force while an increase of the
effective gravitational coupling α leads to a stronger
attraction.
The Uð1Þ-gauged electrically charged boson stars can be

constructed by starting from the ungauged solutions con-
sidered above and then increasing the value of the gauge
coupling constant e (from zero), while keeping the other
input parameters fixed. The basic properties of the

gravitating gauged Oð3Þ boson star solutions so con-
structed are analogous in many respects to those of the
ungauged boson stars of the model. They are summarized
in the following paragraphs.
First, an increase of the gauge coupling e at fixed α leads

to an increase of both the minimal frequency of the type I

solutions ωðIÞ
min and the maximal frequency of the type II

solutions ωðIIÞ
max, as seen in Fig. 9. Moreover, an increase of

the gauge coupling e at fixed α leads to an analogous
critical behavior of both types of boson star solutions at a
critical value of the gauge coupling ecr, as seen in the
previous subsection at the critical gravitational coupling
αcr. Clearly, ecr is a function of the gravitational cou-
pling α.
The evolution toward the bifurcation follows basically

the same scenario as described above. Figure 9 clearly
illustrates that the bifurcation is happening between e ¼
0.20 and e ¼ 0.25 for α ¼ 0.6. As in the ungauged case, the
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FIG. 5. Evolution of the detached double spirals of ungauged (e ¼ 0) Oð3Þ boson stars in an isolated domain: The ADM mass M in
units of 8π (upper plot), the central values of the scalar component ϕ3ð0Þ (bottom left), and the metric component −g00ð0Þ (bottom right)
vs the frequency ω are plotted for some set of values of the gravitational coupling α and β ¼ 0.5.
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spirals of both types of solutions here disconnect from their
branches at the bifurcation and reconnect with each other.
The evolution of the detached double spirals is illustrated
further in Fig. 10. As before, the remaining branches
reconnect and form a connected set of boson stars covering
the full ω domain.
Second, given a value of α, there may be a certain value

of the gauge coupling e, for which the competing forces of

the attractive gravitational potential and the long-range
electrostatic interaction are balanced at the mass threshold
ω ¼ 1. This then allows for a new pattern to occur, similar
to the one seen for the usual Q-balls in Minkowski
spacetime [11–13], where both the energy and the charge
of the solutions diverge as ω → 1. In such a case, the limit
ω → 1 is no longer Newtonian. This pattern is indicated by
the e ¼ 0.3 curves in Fig. 9. In contrast to the global
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FIG. 7. Spherically symmetric ungauged (e ¼ 0)Oð3Þ boson stars: The ADMmassM of type I and type II boson stars vs the Noether
charge Q, both in units of 8π, for α ¼ 0.3 (left plot) and for α ¼ 0.6 (right plot) and some set of values of β. The solid and dashed lines
correspond to solutions of types I and II, respectively. The curve M ¼ μQ (black solid line) indicates the mass of Q-free scalar quanta.
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charges, the central values of the electrostatic potential
A0ð0Þ and the metric function g00 remain finite in this limit.
The two bottom plots in Fig. 9 exhibit the MðQÞ curves

of the solutions. Here, we also indicate (with black lines)
the mass of Q-free scalar quanta M ¼ μQ. Configurations
of type I solutions are expected to be stable below the line
and to become quantum mechanically metastable when
crossing the line while retaining classical stability up to the
cusp, assuming the usual stability considerations apply [9].
A final twist is encountered as the electric coupling e is

increased above another critical value. Here, the type I
Oð3Þ boson stars cease to exist. The evolution toward this
critical value of e is also seen in the mass-frequency plot of
Fig. 9. As seen in the figure, this will happen slightly above
e ¼ 0.30. The physical mechanism behind this pattern is
likely analogous to the one seen for the usual Uð1Þ-gauged
boson stars [34,44–48]: the electrostatic repulsion becomes
stronger than the gravitational attraction.
Also for the Uð1Þ-gauged solutions, it is interesting to

consider the evolution with β as shown in Figs. 11 and 12
for e ¼ 0.2. Now the electrostatic repulsion supplements
the scalar interaction in balancing the gravitational attrac-
tion, leading to higher masses of the charged solutions, as
seen by comparing Fig. 11 (left plot) with Fig. 8 (right
plot). While Fig. 12 (right plot) illustrates the dependence
of the mass on the charge for non-negative values of β,
Fig. 11 (left plot) also includes a negative value of β. As
discussed above, for β ¼ 0 and negative values of β type II,
solutions do not form since they need a partly negative
potential.
Figure 12 (left plot) shows the mass versus the charge for

the smaller value of the gravitational coupling α ¼ 0.3. In
this case, there is not enough attraction compared to the
electrostatic repulsion for type I solutions to exist. The type
I solutions then trivialize for any value of the β. In contrast,
the type II solutions exist within the full interval 0 ≤ ω ≤ 1
for β > 1=8, while their mass and charge decrease with
increasing β.
Finally, we compare in Fig. 13 the charged (e ¼ 0.1) and

uncharged (e ¼ 0) type I solutions with (β ¼ −0.5) and

without (β ¼ 0) a scalar self-interaction for two values of
the gravitational coupling. Here, the solid lines indicate the
ungauged boson stars, whereas the dashed lines show the
gauged boson stars. The figure shows the shift of ωmin of
type I solutions to larger values with decreasing β, resulting
in a faster trivialization of the solutions as the gauge
coupling e is increased.

V. CONCLUSIONS AND OUTLOOK

In this work, we have investigated spherically symmet-
ric, stationary boson stars in an Oð3Þ nonlinear sigma
model with a particular symmetry-breaking self-interaction
potential [23], extending the landscape of compact objects
supported by self-gravitating scalar fields. Unlike the
commonly studied boson star models, this framework
allows for boson stars of two types. Type I boson stars
emerge as usual from the vacuum as the boson frequency ω
is decreased below its upper limit, the boson mass μ. In
contrast, type II boson stars emerge from a static scalaron
solution, where the boson frequency vanishes, ω ¼ 0
[23,24,27,28]. At a critical value of the gravitational
coupling α the different types of solutions bifurcate. The
spirals disconnect from their branches and reconnect with
each other, while the remaining branches also reconnect
and form a connected set of boson stars that extends over
the full range of frequencies, 0 ≤ ω < μ. Thus, the model
yields a rich spectrum of field configurations.
We have numerically constructed these spherically

symmetric, stationary boson star solutions in both the
ungauged and the gauged model. As expected, the charged
boson stars show analogous features as the uncharged ones.
The bifurcation of both types of solutions then arises at a
critical value of the gauge coupling ecr, which depends on
the gravitational coupling α. However, at large electric
coupling, type I boson stars cease to exist, and type II boson
stars extend over the full frequency range.
Looking ahead, several promising avenues for further

study emerge. While most studies of boson stars assume
spherical or axial symmetry to simplify the equations of
motion, relaxing these symmetry constraints opens the door
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to a much broader and potentially richer class of solutions
[43,49]. Boson stars without rotational symmetry—such as
those with multipolar structures—could exhibit novel
properties. Exploring such configurations in the above
Oð3Þ model would require fully three-dimensional numeri-
cal simulations. Such objects might possibly occur as
transient states during scalar field collapse.
A natural next step will be to analyze rotating boson

stars in the aboveOð3Þ framework to see how the observed

pattern of solutions generalizes to the rotating case
[10,43]. This then immediately suggests an even more
interesting extension of this work that involves the study
of black hole solutions endowed with bosonic hair in the
context of the above Oð3Þ model [19,50,51]. Such
solutions challenge the classical no-hair theorems by
allowing stationary scalar field configurations to persist
outside the event horizon [52]. Investigating the exis-
tence, stability, and observational signatures of these hairy

FIG. 9. Spherically symmetric Uð1Þ-gauged Oð3Þ boson stars: The ADM mass M in units of 8π (upper left), the central values of the
electrostatic potential A0 (upper right), the scalar component ϕ3 (middle left), and the metric component −g00 (middle right) vs the
frequency ω are plotted for α ¼ 0.6 and β ¼ 0.5 and some set of values of the gauge coupling e. The ADM mass M vs the charge Q,
both in units of 8π, is plotted for α ¼ 0.6 and β ¼ 0.5 and some set of values of the gauge coupling e (bottom left) and for e ¼ 0.1 and
some set of values of the gravitational coupling α and β ¼ 0.5 (bottom right). The solid and dashed lines correspond to solutions of types
I and II, respectively. The line M ¼ μQ (black) indicates the mass of Q-free scalar quanta.
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black holes can, in principle, yield insights for future
observations of gravitational waves or observations within
the electromagnetic spectrum. Indeed, as gravitational
wave and multi-messenger astronomy continue to

advance, boson stars and hairy black holes might repr-
esent interesting candidates in the broader quest for
exotic compact objects beyond the standard black hole
paradigm.
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FIG. 13. Spherically symmetric gauged- and ungauged Oð3Þ boson stars: The ADM mass M of type I boson stars vs the Noether
charge Q, both in units of 8π, for β ¼ 0 and β ¼ −0.5 and for α ¼ 0.3 (upper left), for α ¼ 0.6 (upper right) and the ADM mass M of
type I boson stars in units of 8π vs the frequency ω for α ¼ 0.3 (bottom left), and for α ¼ 0.6 (bottom right). The solid and dashed lines
correspond to ungauged and gauged (e ¼ 0.1) solutions, respectively. The line M ¼ μQ (black) indicates the mass of Q-free scalar
quanta.

FIG. 12. Spherically symmetric Uð1Þ-gauged Oð3Þ boson stars: The ADM mass M of type I and type II boson stars vs the Noether
charge Q, both in units of 8π, for α ¼ 0.3 (left plot) and for α ¼ 0.6 (right plot), e ¼ 0.2, and some set of values of the β. The solid and
dashed lines correspond to solutions of types I and II, respectively. The lineM ¼ μQ (black) indicates the mass of Q-free scalar quanta.
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