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We show that all 5D balanced (ADE-shaped) special unitary quivers with no Chern-Simons level admit a
UV completion which is a 5D conformal matter superconformal field theory (SCFT). We give explicit local
Calabi-Yau threefolds realizing each of these models in M-theory. This unified description enables a
systematic exploration of their physical properties, such as their Higgs branch, as well as connections to

class-S constructions and the affine Grassmannian.
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I. INTRODUCTION

Devising a classification of interacting superconformal
fixed points in more than four spacetime dimensions has
been a highly coveted prize since their discovery in the late
nineties [1-8]. The main strategy laid down to tackle this
problem relies on the geometric engineering of super-
conformal field theories (SCFTs), both via pure geometric
M-theory/F-theory/string theory backgrounds, or via suit-
able brane configurations, or by combinations of the two.
Oftentimes the geometric and the brane picture are related
via a chain of dualities. For 6D N = (2,0) and V' = (1, 0)
SCFTs, this tactic has met tremendous success, respectively
employing the dimensional reduction of type IIB string
theory on Du Val singularities [1,2], and of F-theory on
elliptically fibered singular threefolds [9—11]. Despite some
remaining subtleties due to “frozen singularities” [12], this
framework substantially exhausts the 6D SCFTs that can be
constructed within the realm of geometric engineering.
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On the contrary, in five spacetime dimensions the picture
is murkier, as no general organizing principle has yet been
put forward (in no small part due to the lack of the
organizing logic provided by elliptically fibered threefolds).
On the one hand, it has been proposed that all 5D SCFTs
possess a 6D origin, e.g., via dimensional reduction on a
circle (including possible holonomies along said circle)
[13]. Indeed, a plethora of examples relying on F-theory
constructions has been realized in [14—18]. Alternatively,
one can employ bottom-up constructions of smooth geom-
etries satisfying suitable consistency conditions to engineer
low-rank 5D SCFTs [13].1 The main drawback of this
method is that it quickly grows in complexity once higher-
rank 5D SCFTs are probed, making a concrete classification
scheme impractical. From the type IIB perspective, 5-brane
webs [20-22] have been employed to great effect to inspect
large swaths of the 5D SCFT landscape [23-33]. It is well-
known that some classes of 5D SCFTs engineered from
5-brane webs have a dual description in terms of an
M-theory setup on a singular noncompact Calabi-Yau
threefold (CY3): the duality is explicitly known in brane
webs without orientifold planes, with or without white dots
[34].2 In all cases, the Calabi-Yau threefolds at hand are
either toric or nontoric deformations of toric threefolds. For

'See however [19] for a recent result that questions the
completeness of the rank-one list proposed in [13].

“See, e.g., [35] for recent work on constructing the singular
CY3 corresponding to 5-brane webs with white dots on one
external side of the corresponding generalized toric polygon.
Reference [36] deals with white dots on multiple sides.
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all the remaining 5-brane webs, no explicit dual CY3 is
known. The last and arguably least explored method relies
on a pure geometric background involving the reduction of
M-theory on a noncompact CY3 with canonical singular-
ities. This approach has been first phrased in such terms in
[37] and it naturally encompasses the CY3’s that are dual to
brane-webs. It also comprises a broad set of canonical
threefolds which are not toric singularities (or obvious
deformations thereof) and that hence lack a known 5-brane
web description. A classification of isolated canonical
hypersurface CY3 admitting a quasihomogeneous action
is known thanks to the work of [38],3 as well as a list of
canonical Calabi-Yau threefolds constructed as orbifolds of
type C3/T", with ' € SL(3, C) [39]. Some collections of 5D
SCFTs engineered from hypersurface or complete inter-
section canonical isolated singularities have been further
explored in [40-44], and examples of SD SCFTs engineered
by nontoric, noncomplete intersections have been con-
structed in [19,45,46].

In this work, we aim at employing M-theory geometric
engineering on canonical singularities as our chief tool to
chart a specific class of 5D SCFTs, proposing an “atomic”
classification scheme. Such a program entails identifying a
finite set of indecomposable SCFTs, that act as building
blocks that can be gauged together to form a family (usually
with infinitely many members) of 5D SCFTs that share
some essential features. This is in the same vein as the
exploration of 4D A = 2 theories in terms of class-S
fixtures (that act as indecomposable building blocks) and
their conformal gaugings [47-56].

We wish to apply this philosophy to a class of 5D SCFTs
that are particularly amenable to be organized into an
atomic classification scheme. Namely, we focus on bifun-
damental 5D SCFTs, where “bifundamental” means that
the theory sports at least a g @ g flavor symmetry, with g
among any ADE Lie algebra. These theories are dubbed
“SD conformal matter” SCFTs (5D CM) in analogy with
their 6D parents [10].

We tread our first steps starting from the work [57], that
recently introduced a new class of nontoric canonical CY3
with nonisolated singularities, motivated by the search for
interacting 5D CM theories. In [57], a set of SD SCFTs that
play the role of indecomposable building blocks (“atoms”)
have been identified, along with their fusion rules: via
gauging operations, that correspond to gluings of the
associated CY3, the atoms can be fused to obtain novel
5D CM SCFTs (“molecules”). The Higgs branch of such
5D SCFTs and the connection to class-S constructions
were explored in [58]. All the 5D CM theories considered
in [57,58] admit an IR phase which is a balanced special
unitary quiver of shape g € ADE, with no Chern-Simons
level. Crucially in [57] not all quiver gauge theories with

This set comprises notable subclasses such as quasihomoge-
neous compound Du Val singularities.

such features are obtained as IR phases of the discovered
5D CM theories. It is natural to ask whether these further
quiver theories admit a UV completion in terms of a 5D
SCFT and an associated singular threefold geometry.

In the present work, we answer this question in the
affirmative, showing that all 5D special unitary quiver
gauge theories with trivial Chern-Simons levels and with
balanced nodes, arranged in the shape of the Dynkin
diagram of g, with ¢ € ADE, admit a UV completion in
terms of a 5D CM SCFT, with flavor symmetry at least
g @ g. The UV fixed points can be explicitly engineered
via M-theory on a singular Calabi-Yau threefold.

This result comes with its own unique features:

(i) We show that rigorous Lie-theoretic criteria form the

backbone for the classification of SD CM theories.

(i) We identify the set of “distinguished” CY3 that
systematically reproduce the CY3 geometries needed
to engineer all the 5D CM SCFTs admitting a low-
energy description in terms of a balanced quiver
gauge theory, with gauge nodes arranged like the g
Dynkin diagram, and vanishing Chern-Simons lev-
els. We unveil precise connections of specific classes
of 5D CM theories with class-S constructions.

(iii) As a welcome bonus, we study the deformation
theory of 5D CM theories, and show that they all
descend from 6D CM theories.

In the next section we summarize our results in a self-
contained fashion.

A. Summary of results

5D bifundamental conformal matter theories are SCFTs
with flavor symmetry containing at least a g @ g subalge-
bra, with g € ADE. As such, in order to engineer them it is
reasonable to employ Calabi-Yau threefolds that display two
noncompact lines of singularities of ADE type, also
commonly referred to as Du Val singularities. We denote
Du Val singularities as Yy, where g specifies the ADE type.
The canonical Calabi-Yau threefolds that engineer SD CM
theories of type g @ g are of the form

Yo(x,y,2) =0
uv = P(x,y,2),

(1.1)

where Y4(x,y,z) is the polynomial defining the Du Val
singularity, and P(x,y,z) is an arbitrary polynomial. We
will show how a choice of g and P(x, y, z) uniquely fixes a
dominant coweight ¢ in the Lie algebra g. In turn, each
dominant coweight dictates a special unitary quiver Q,,
which is balanced and with no Chern-Simons levels. The
quiver gauge theory associated to Q, corresponds to a
specific low-energy limit of the SCFT engineered by (1.1).
In this work we construct the SD CM theories associated to
all dominant coweights, i.e., that admit a IR quiver gauge
theory phase Q,,. Geometrically, this phase is reached via an
appropriate partial crepant resolution of (1.1). The theorem
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illustrated in [59] shows that all the quiver gauge theories
Q, flow in the UV to SCFTs with at least ¢ @ g flavor
symmetry, confirming the intuition drawn from the singular
geometry also from the field-theoretic perspective.
Conversely, for every choice of P(x,y,z) in (1.1) we
provide an algorithm to compute the 5D CM theory
corresponding to it: each of these will admit a low-energy
quiver phase encoded by a dominant coweight. Pictorially
we have

Section 4.2

T

Geometry (1.2)

\/

Footnotes 11,24

QFT

We also attach in an ancillary file a Macaulay2 code
reproducing the algorithm corresponding to the right to
left arrow [60].

The chief tools to explore the features of 5D CM SCFTs
are gauging and Higgsing. By gauging we mean the
operation of gauging a diagonal g subalgebra of two 5D
CM theories of g @ g type: this procedure can be repeated
iteratively to fuse SD CM theories to produce arbitrarily
long “molecules,” which are still 5D CM SCFTs. Geo-
metrically, this amounts to gluing the corresponding
Calabi-Yau threefolds along noncompact singular lines,
making sure that the Calabi-Yau condition is upheld.’
Higgsing refers to turning on a dynamical complex
structure deformation in the threefold, that field-theoreti-
cally translates into triggering a RG flow from a given 5D
CM theory to another. Three different types of 5D CM
theories can be identified, employing their properties under
gauging and Higgsing:

(1) 5D CM molecules, which are all the 5D CM theories
that can be obtained via gauging of at least two other
5D CM theories.

(i) 5D CM atoms, that cannot be obtained via gauging
of other 5D CM SCFTs. Higgsing SD CM atoms
exclusively produces further 5D CM atoms.

(iii)) 5D CM hybrids, that cannot be obtained via gauging
of other 5D CM SCFTs. Higgsing SD CM hybrids
produces further 5D CM atoms, and at least a SD
CM molecule. This is the key difference between SD
CM atoms and hybrids. This type of 5D CM SCFT is
a novel addition with respect to [57].

We identify the singular CY3 geometries, of the form (1.1),
corresponding to all 5D CM atoms, hybrids and molecules.
To this end, for each g € ADE, we list a finite set of CY3

*We remark here, as shown in [57], that only bivalent gaugings
(i.e., gaugings of the diagonal subalgebra between at most two
flavor algebras) preserve the Calabi-Yau condition.

geometries, that we term distinguished CY3 geometries,
that are sufficient to retrieve P(x,y, z) for a generic choice
of u in the dominant coweight lattice. This is achieved via
an algorithm that takes as input g and p, relates u to an
appropriate combination of coweights related to distin-
guished geometries, and outputs P(x,y, z) in (1.1), corre-
sponding to Q. The reverse version of the algorithm
associates a dominant coweight to any singular threefold
specified by a choice of P(x, y, z). This shows the power of
the spirit of atomic classifications, as only a handful of
building blocks are needed to characterize a class of 5D
SCFTs with infinitely many elements.

The physical properties of SD CM SCFTs possess a
direct counterpart in Lie-theoretic language:

(i) 5D CM molecules, whose low-energy quiver gauge
theory phases Q,, are in one-to-one correspondence
with decomposable dominant coweights.5 As we
have mentioned, SD CM molecules are obtained
from appropriate gaugings of atoms and hybrids. Lie
theoretically, gauging is interpreted as summing
indecomposable coweights (i.e., atoms and hybrids)
in order to produce decomposable coweights (mol-
ecules).

(i) 5D CM atoms admit low-energy quiver gauge theory
phases Q, that are in one-to-one correspondence
with small dominant coweights of g. In particular,
small dominant coweights are indecomposable (i.e.,
they cannot be obtained as a sum of dominant
coweights).

(iii) 5D CM hybrids, whose low-energy quiver gauge
theory phases Q, are in one-to-one correspondence
with indecomposable dominant coweights which are
not small. 5D CM hybrids can be Higgsed to
molecules via an appropriate deformation. Namely,
indecomposable coweights which are not small are
greater, in the sense of the partial ordering, than at
least one decomposable coweight.

Dominant coweights admit a partial ordering that organizes
them into a Hasse diagram. The Hasse diagram of dominant
coweights encodes a subspace in the (but not the full) Higgs
branch of SD CM theories. Higgsing from a given 5D CM
theory to another is possible if the corresponding coweights
are ordered in the Hasse diagram [61]. This observation is
directly confirmed by the analysis of dynamical complex
structure deformations of the threefolds associated to SD
CM theories, that we explore in detail relying on the
techniques introduced by [62].

For 5D CM atoms, the Hasse diagram has a further
interpretation in terms of class-S theories. Via circle
reduction, 5D CM atoms descend to 4D N = 2 theories
captured by a class-S configuration on a sphere with three
regular punctures: two of the punctures are full, accounting
for the ¢ @ g flavor symmetry; the third puncture is

SWe review Lie-theoretic definitions in more details in Sec. II.
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FIG. 1. A g-type SD CM atom SCFT 7 ,—defined by a small coweight y of g—flows to a g-type class-S fixture (defined by a sphere
with three regular punctures) upon S' compactification. Two punctures are maximal, and the third puncture is determined by y via an
intricate relationship: The 5D atom SCFT can be mass deformed to a Lagrangian g-type Dynkin quiver phase with special unitary gauge
nodes, Q,,, whose gauge and flavor labels are specified by 4. The unitary version of the Dynkin quiver, Q}}, has a 3D Coulomb branch,
C3D(Qﬁ) = Wﬁ, which is a slice in the affine Grassmannian of G (with Lie(G) = g). As shown in [66], and reviewed in Sec. V, if and
only if u is a small coweight of g, there is a map from W} to a nilpotent orbit closure O in the nilpotent cone of G. This map may be an
isomorphism, a discrete quotient, or a normalization map. The nilpotent orbit O specifies the third puncture in the fixture. If y is a
nonsmall coweight on the coroot lattice of g, then the part of the construction circled in green does not exist. The corresponding SD CM
SCFT is either a hybrid or a molecule, which do not flow to a class-S fixture upon circle reduction.

denoted by O,, as it depends on the coweight u that
corresponds to the atom. Higgsing from an atom to another
amounts to a (partial) closure of the puncture O,. It has
been shown in [58] that molecules composed of atoms
admit a mass deformation that descends via circle reduction
to a class-S theory with regular punctures. Here we extend
this result to all 5D CM exclusively composed of atoms.
Any 5D CM hybrid, or any molecule obtained via gauging
of at least one hybrid theory, does not admit a straightfor-
ward class-S interpretation.

The Lie-theoretic structure underpinning the construc-
tion of 5D CM theories bears an additional remarkable
fruit. As we have mentioned, to each SD CM theory there
corresponds a IR special unitary quiver gauge theory phase
encoded by Q,. The unitary version of this quiver, denoted
by QY can be interpreted as a 3D A =4 theory, with
Coulomb branch C3P. As shown in [63-65], C?P is a slice
1/_\/’5 in the affine Grassmannian of g. Strikingly, if and only
if u is a small coweight, i.e., for SD CM atoms, there exists
a map from W, to a nilpotent orbit closure O,, in the
nilpotent cone of g. This map may be an isomorphism, a
discrete quotient, or a normalization map. The nilpotent
orbit O, specifies the third puncture in the class-S setup

which is the circle reduction of the SD atom. This state of
affairs is schematically summarized in Fig. 1.

Finally, we describe the possible Higgs branch (HB) and
extended Coulomb branch (CB) (ECB) renormalization
group (RG) flows connecting the various theories presented
in this work. In particular, this allows us to show that all the
5D theories we list can be obtained from a 6D theory, via a
circle reduction followed by HB RG flow.

B. Outlook

This work opens up several promising avenues for future
research. Among the most direct applications, the study of
dynamical deformations of the class of nontoric threefolds
introduced in this work, explored in Sec. VI, drives us
closer to an understanding of the Higgs branch of 5D
SCFTs lacking a toric description. The 5-brane-web inter-
pretation of some of our singularities, fleshed out in detail
in [58], strongly hints toward a bridge between geometric
engineering of nontoric singularities and type IIB descrip-
tions. Therefore, building on the results for generalized
toric polygons of [35], and the work [67], we anticipate that
a fully geometric understanding of key features of the
Higgs branch, such as magnetic quivers, is within reach.
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Along the same line of thinking, it would be tempting to
achieve a classification of 5D conformal matter bifunda-
mentals for nonsimply laced flavor groups.

On a different note, the technology we present in
Sec. VII clearly encourages the analysis of more general
5D SCFTs, admitting a low-energy phase which is a 5D
quiver with nonvanishing Chern-Simons levels. This sug-
gests that a systematic classification of these theories may
also be viable.

Moreover, given the low-energy quiver phases amply
investigated here, we plan on examining more 5D dualities
among seemingly different IR quiver theories, of the type
studied in [57].

Finally, the approach to the exploration of the landscape
of 5D SCFTs in terms of indecomposable constituents
(“atoms” and ‘“hybrids”), presents new opportunities for
computing topological string partition functions in these
threefold backgrounds, offering a natural generalization to
the frameworks of [68,69].

C. Outline

We start in Sec. II by reviewing key notions of ADE
algebras that serve as the organizing principle for our
construction of 5D CM SCFTs. We proceed in Sec. III by
reviewing the singular Calabi-Yau threefold geometries
that engineer 5D conformal matter theories, recalling how
to compute the IR low-energy quiver phase from the
singular threefold. In Sec. IV we present our main result,
exhibiting the singular CY3 that engineer SD CM theories
encoded by all dominant coweights. We also lay down an
algorithm to produce all 5D CM geometries from a
minimal set of distinguished threefolds. In Sec. V we
discuss the circle reduction of 5D CM theories, showing
the connection with class-S theories and affine Grass-
mannians. Section VI is devoted to the study of the Higgs
branch of 5D CM theories, which is probed by dynamical
complex structure deformations of the corresponding
threefold, that we compute explicitly. In Sec. VII we
discuss extended Coulomb branch RG flows and their
implications for the Chern-Simons levels of the 5D CM
theories. Finally, in Sec. VIII we describe how to connect
the various CM theories presented in this paper by HB and
extended CB RG flows, showing that all 5D CM theories
can be obtained from 6D CM SCFTs. In Appendix A we
include background material concerning the crepant res-
olution of Du Val singularities in toric ambient space. In
Appendix B we prove that our list of distinguished CY3
geometries is complete. In Appendix C we collect
Tables 4—18 that list all the SD CM atoms and hybrids
for the algebras A,, A3, A4, Ds, Dg, Eg, E;, Eg, as well as
the exhaustive list of indecomposable coweights for the D,
algebras. Finally, Appendix D collects Hasse diagrams for
symplectic leaves related to small coweights in the D and
E algebras.

II. ATOMIC, HYBRID, AND DISTINGUISHED
COWEIGHTS

In this section we set up our notations and introduce the
notions of atomic (or small), hybrid and distinguished
coweights.

Coweights and quivers. Let g be a simple complex Lie
algebra of rank r and f) C g be a Cartan subalgebra. We
assume ¢ is of ADE type, or equivalently that the Dynkin
diagram is simply laced. We pick once and for all a basis of
simple roots (aj, ...,a,) in such a way that the labels the
nodes of the Dynkin diagram follow the conventions of
LieART [70]. The Cartan matrix is denoted Cy. We call
I I, C b the coroot and coweight lattices, and A, C
A,, C b* the root and weight lattices.

The coweight lattice I',, is a partially ordered set: we say
that 1 < A’ fori, A €l ifa;(F — 1) > 0foralli =1, ..., 7.
A coweight 4 >0 is called non-negative, and a non-
negative and nonzero coweight is called positive. The set
of non-negative (respectively positive) coweights is called
20 (resp. I';0), with similar notations with T',.

Now we focus on non-negative coweights lying on the
coroot lattice, i.e., elements of I'Z°. Our motivation is that
balanced quivers of the ADE type of g are in one-to-one
correspondence with I'Z%. To any A € T2 one associates the
quiver Q; as follows: the quiver has special unitary gauge
nodes forming the shape of the Dynkin diagram of g, flavor
labels 4 and gauge labels®

r=C;la (2.1)

0

1000l the quiver is

For instance, if ¢ = E¢ and 4 = [

P
POOOO

A coweight A€TZ° which cannot be written as A =
M+ Ay for A, 2, €720 is called indecomposable. The
indecomposable coweights in T2 seen as a semigroup
are its Hilbert basis; this proves that there are finitely many.
Their numbers are given in the second column of Table I.
An indecomposable coweight 4 is either

(i) atomic if every u € I'70 such that u < 1 is indecom-

posable;

(i1) hybrid if it is not atomic.

®The components of the simple roots in the basis of funda-
mental weights are exactly the columns of the Cartan matrix.
Hence, the gauge labels are the coefficients of the expansion of
the coweight on the simple coroots.
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TABLE I. Numbers of indecomposable, atomic, and hybrid
coweights for each ADE algebra. For A,,, we give the On-Line
Encyclopedia of Integer Sequences label [72], and we are not
aware of a counting of the number of small coweights. The
distinguished coweights are listed in Table II.

Algebra Indecomposable Small = Atomic  Hybrid  Distinguished

A, A096337 3
D,, rﬂT?n 2n+1 (n—2)2(n+1) 4
Doy w4 Tnid 2n+2 (TH) 6
Eg 14 7 7 4
E; 10 5 5 4
Eq 8 4 4 3

It turns out that a coweight A€T'ZY is atomic if and only
if A is not larger or equal to twice the longest coroot. In the
math literature, such a coweight is called a small cow-
eight [71].

Poset structure. The partial order in I'Z° can be repre-
sented using a Hasse diagram. Formally, this means there is
a binary relation w such that 4 + u holds if and only if
A > u and there is no v €I'2° such that 1 > v > pu. The
Hasse diagram is a depiction of this relation. An example is
depicted in Fig. 2.

We introduce the set of nonzero coweights having only
one parent

= {uel3Uer:0: 4w u}. (2.3)

This is an infinite subset of I'2%. It admits a finite Hilbert
basis, which we denote (uy, uo, ..., ;). We tabulate these
bases for each g in Table II, and we prove in Appendix B
that these are indeed all the generators of (2.3). We call the
coweights (uy, yo, ..., fi,) the distinguished coweights; they
play a fundamental role in the definition of the threefolds in
Sec. III.

III. M-THEORY GEOMETRIC ENGINEERING
OF 5D CONFORMAL MATTER: REVIEW

In the previous section we have reviewed the classifi-
cation of dominant coweights, which can be decomposable
or indecomposable. Indecomposable coweights are either
atomic or hybrid. To each coweight y there corresponds a
special unitary balanced quiver gauge theory Q,, with
gauge nodes arranged as the Dynkin diagram of g, with
g€ ADE, and no Chern-Simons levels. The coweight
encodes the flavor nodes, and the balancing condition
uniquely fixes the gauge nodes. For a given choice of Lie
algebra, one can then introduce a finite set of quiver gauge
theories, in correspondence with atomic and hybrid cow-
eights. The gauge and flavor labels of all the remaining
quiver gauge theories (i.e., encoded by decomposable
coweights) can be obtained as linear combinations of the

0000
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2104
4004 0131
~

2031
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012
0050 0042 0115

0034 2015 0107
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/

1221 2023

\

FIG. 2. Hasse diagram for dominant coweights of the A,
algebra. We draw all coweights for which the shortest path that
connects them to the trivial weight has length at most 10. For the
sake of visual clarity, we draw only half of the Hasse diagram: the
complete one can be obtained by adding the mirror image along
the vertical axis passing through the left-right symmetric cow-
eights. The boxed coweights are the indecomposable coweights
(we show only 8, the other 6 are obtained by left-right symmetry).
The green ones are atomic, the red ones are hybrid. The
coweights inside ellipses are those which have only one parent.
The set of such coweights is generated by the distinguished
coweights, which are painted in blue (only two are drawn, the
third one is obtained by symmetry).

gauge and flavor labels of atoms and hybrids. We collect all
the atomic and hybrid quivers in Appendix C, for each
g € ADE. The quivers identified in such fashion correspond
to a putative low-energy phase of a 5D conformal matter
SCFT with flavor algebra at least g @ g, thanks to the
argument by [59]. It remains to be checked whether the 5D
fixed points actually exist.

In this section we review the construction of the Calabi-
Yau threefold geometries corresponding to SD CM SCFTs.
The singular geometric phase corresponds to the SCFT
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TABLE II.  Distinguished coweights (which form by definition
a Hilbert basis (g1, ..., u,) of I') for each simple g.

A,

u

[n+1 0 0]
0 .. 0 n+l]
(1 0 1]
D2j

K

- .
10 0

I 1]
- 0
2 0 0

L 0]
- o
0 0 0

L 0]
- 0
0 0 0

I 2]
Dy

u

- =
0 0 0

I i
- 0
20 0

i 0.
- 0
10 0

I 2]
- -
10 0

L 0]
- 0
0 0 0

I 4]
- P
0 0 0

I 0l
E

ut

o O

X
X

—_

0

(=)

(Table continued)

TABLE 1L
(Continued)
Eg
K
0
300 00
0
00 00 3
E,;
I
- 1 -
000 0 O0°1
L 0 d
000 0 O0 2
L 0 J
1 000 0O
L , E
000 O0O0O
Eg
w

—_
=)

o O S o S =
=)
)
=)
(=)

point, whereas performing a (partial) resolution of the
singularity amounts to a motion along the extended
Coulomb branch of the theory: in Sec. III A we introduce
the singular threefolds that engineer SD conformal matter
theories. In Sec. III B we exhibit a preferred choice of
resolution of these threefolds, such that the corresponding
5D SCFT flows precisely to the 5D quivers of the type
reviewed in Sec. II.

A. 5D conformal matter threefolds

All the 5D low-energy quiver phases identified in Sec. 11
flow from a putative 5D SCFT with flavor symmetry at
least g @ g, thanks to the symmetry-enhancement argu-
ment introduced in [73], and recalled in [59]. According to
the well-established M-theoretic dictionary, that translates
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the geometric features of a canonical CY3 geometry7 into
5D SCFT data, manifest flavor symmetry factors arise from
noncompact singular lines, that necessarily support Du Val
singularities. For our purposes, we thus wish to construct a
CY3 geometry that displays at least two noncompact
singular lines, each supporting a Du Val singularity of
type g€ ADE. In this section we review the technique
introduced in [57], and generalize it.

The Du Val singularities Y, are defined as hypersurfaces

in C? by the following polynomials YQS:
Ya (x.y.2) = xy+ 2K,
Yp, (x,y,2) = x> 4+ zy* + K71,

Yi (x.y.2) =x2 +y° + 24,

Yi (x,y.2) =22 + 33 +y22,

)

Yp,(x,y,2) =5 +y* +2°. (3.1)

We call \?g the standard resolution of Y. The preimage of
the origin of Y under the resolution map is a collection of
rank(g)P!’s, arranged as the g Dynkin diagram. In general,
by standard Du Val theory, we have
Hy(Yq.Z) = A, Hy(Yq.0Y,) = A, (3.2)
and since the closed cohomology (resp. cohomology) is the
dual of the homology with compact support (resp. of
relative homology), we have
HZ(YQ’ Z) =T, Hgompact(Ygu Z) =TI (33)
We also have the isomorphism'® H2 (Y4 Z) = Pic(Y,), that
associates to each line bundle its first Chern class. In
particular, to each element of the coroot lattice corresponds

’As first established by [74], we require the threefold to be
canonical, so that the singular phase can be reached from its
smoothing at finite distance in the Kéhler moduli space. Notice
that all Calabi-Yau threefolds are, by definition, also canonical.

Notice that the presentation of the A; singularities in this work
differs from what was employed in [57], i.e., ¥ + 7% = Z5t1. A
linear redefinition of the variables

- Y
takes from the form of [57] to the one in this work.

Other Lie-theoretic quantities are reproduced by the geom-
etry: It is well known that minus the intersection form on the
H,(Y,Z) is the Cartan matrix, hence the Poincaré duality is
identified with the map

A
x—»lx—z,

a‘H,

aEH,(Y,Z) 2\, = 0, = —2—
a

err = H%ompact(Yv Z)

""We recall that, for a given variety X, the Picard group
Pic(X) = Div(X)/Prin(X), with Prin(X) the principal divisors of
X, is the group that captures the isomorphism classes of line
bundles on X.

one line bundle over Y, We will expand on this identi-
fication between line bundles on the Du Val singularity and
the coweights in Sec. VII C.

Consider first the noncompact canonical threefold
C x Y,. The fibration of the exceptional P’s along the
noncompact line spanned by the C factor is a set of
noncompact 4-cycles. Reducing the M-theory 3-form on
the Poincaré duals of these 4-cycles provides the Cartan
subalgebra of the background vector fields corresponding
to a g flavor symmetry factor. These are nondynamical
vector fields since the volume of the 4-cycle is infinite.

We can swiftly obtain a natural candidate for a 5D
bifundamental CM SCFT by transversally intersecting two
noncompact lines supporting a Du Val singularity of type g.
Away from the intersection point, the CY3 locally looks
like C x Yg. The intersection point is a dissident point [75],
where the singularity enhances, and hence the threefold
cannot be locally written as a Cartesian product. The
specific features of the enhanced singularity specifies the
data of the 5D SCFT supported in the directions transverse
to the CY3. Thanks to the presence of the two noncompact
lines of Du Val singularity of type g, we expect to detect at
least a g x g flavor symmetry in the SCFT. This statement
holds provided the resulting singularity is canonical. The
philosophy underlying the construction we have just out-
lined is visualized in Fig. 3.

Concretely, an ansatz for a CY3 with the sought-after
features to realize SD CM SCFTs is

X: {Yg(x’y’z> =0 (3.4)
uv = w(x,y,z)
with w(x,y,z) a polynomial. We wish to prove that the
threefold X is Calabi-Yau.
To show that (3.4) has trivial canonical bundle, one can
proceed as follows: we first consider a partially resolved
phase of (3.4) (that we review in detail in Sec. III B), and

Y, singularity Y, singularity

¢---- dissident point

FIG. 3. Schematic representation of the singular locus of the
threefolds (3.4).

086009-8



FROM QUIVERS TO GEOMETRY: 5D CONFORMAL MATTER

PHYS. REV. D 114, 086009 (2026)

we notice that the complete intersection defining the
threefold is a section of the anticanonical bundle of a toric
ambient space. This, by adjunction, is enough to ensure that
the canonical bundle of the partially resolved threefold is
trivial. Then, we go back to the singular phase, inferring the
triviality of the canonical bundle of (3.4) from the fact that
the blow-down map is crepant.

Having settled this point, notice that (3.4) is singular
along the lines

x:y:z:u:(), x:y:z:’l]:(). (35)

The fibers along the singular lines are Du Val singularities
of type g. Consequently, we expect the singularities (3.4) to
engineer a 5D SCFT with at least g @ g flavor symmetry.
Finally, the intersection between the two lines, x =y =
z=u= v =0, is a point where the singularity enhances.
In the next section we lay down the recipe to perform our
preferred choice of resolution, showing the appropriate
phase in the extended CB that coincides with the balanced
quivers Q,.

B. Special unitary quiver phase of SD CM

We wish to present a preferred choice of crepant
resolution of the singular threefolds (3.4): physically, it
corresponds to turning on mass deformations that produce
an IR Lagrangian 5D gauge theory, with special unitary
gauge nodes.

The resolution consists of two steps

X5X 25X (3.6)
The map 7 is nothing but the usual resolution of a Du Val
singularity. It acts as

n: (x(di), y(di), 2(d), u, v) — (x,y, 2,0, 0), (3.7)

where the d;,i = 1, ..., k are coordinates in a k-dimensional
toric ambient space subjected to k—4 suitable C*-
actions. The partially resolved threefold X hence is

X: Yg(x,y, Z)‘XZX(di)-y:y(di)~z:z(di) =9, (3.8)
w0 = W Y 2) () y=y(d,).c=2(d)):

where we denote by Y 4 the proper transform of ¥ (we refer
to Appendix A for more details on the resolution procedure
of Du Val singularities). Expression (3.8) is a polynomial in
the variables d;, and it engineers a IR Lagrangian quiver
phase with special unitary nodes. This can be seen as
follows: the coordinates (u, v) admit a C*-action of the form

(u,v) = (Au, 2~ 'v), 1eC*. (3.9)
The dimensional reduction on the S' C C* repackages the
M-theory setup into a type ITA description in terms of

|
4---- 0-0-0-0-0
N———

singular

FIG. 4. Partially resolved phase of (3.4), for the case g = Ej.

D6-branes. The D6-branes lie exactly on the locus Apg

where the C*-action degenerates, namely on uv = 0, up to

the first equation of (3.9). Hence we can rewrite (3.8) to

emphasize the brane locus A(d;):

X:{ Yo(x, ¥, 2)limr(dy) y=y(dy) a=(a) = 05 (3.10)
uv = A(d;).

The partially resolved phase X in (3.10) hence describes a
collection of [P’} ’s, j=1,...rank(g), arranged as the g
Dynkin diagram [this is the outcome of the resolution
map z in (3.7)]. Generically, the [P’jl.’s support a singularity
of type A, _;, which means that r; D6-branes wrap said P
The r;’s are given by the vanishing order of A(d;) = 0 on
the curve [P’}, up to the first equation of (3.10). In physical

terms, the phase X is therefore describing a low-energy
special unitary quiver description of the 5D SCFT engi-
neered by M-theory on X. The gauge nodes of the quiver
correspond to the P! and the dimension vectors of the

flavor and gauge symmetries are dictated by the choice of
w(x, y,z) and hence by the brane locus.'' We schematically

"We can rephrase the correspondence between partially
resolved threefold and IR quiver phase in terms of commutative
algebra. Denote by C; the prime ideal corresponding to the curve
IP}, and define the ring R = C[d,, ...d;]/Y. The ideals C; are
explicitly collected in Appendix A, for various ADE algebras. We
wish to evaluate the vanishing order of Apg(d;) on the curves
related to Cj, in the ring R. To this end, one can take the
localization of R on the curve C;, denoted by Rc,. R, possesses a
unique maximal ideal M; = C;R,, which is the extension of C;
to R¢,. We then define the vanishing order of Apg(d;) on the
curve [P’} as the maximum positive integer p; such that
Apg(d;) EM?J. This construction can be neatly translated into
code for a computer algebra software. As a result, one can directly
draw the quiver corresponding to Apg(d;), where the nodes
corresponding to C; are labeled by the integers p;. See the
ancillary Macaulay2 code [60] for an implementation.
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represent the resolved phase X in Fig. 4. The two non-
compact lines of type g have been completely resolved,
except for their intersection point, where a set of P'’s
arranged as the Dynkin diagram of g still supports singu-
larities of the threefold. In a patch that captures the geometry
near the intersection between the jth and j + I1th P'’s, the
threefold looks like

uv = a;'b;", (3.11)
where (u, v, a;, b;) are the coordinates on the patch, and r,
rj41 are the D6-brane multiplicities introduced above. The
map e takes care of resolving these leftover singularities,
giving rise to a set of compact and noncompact divisors, as
dictated by the Lagrangian quiver. This step completely
resolves all the singularities. For further details, we refer the
reader to [57], where this operation is fully spelled out.

IV. M-THEORY GEOMETRIC ENGINEERING
OF 5D CONFORMAL MATTER: NEW RESULTS

In this section we lay down the core new result of this
work, building on the material reviewed in Sec. IIL
Namely, we explicitly construct the singular CY3 corre-
sponding to any given balanced special unitary Lagrangian
quiver Q,, which is specified by a dominant coweight 4 in
the appropriate Lie algebra. Physically, this proves that all
quivers Q, admit a UV completion in terms of a 5D CM
SCFT. We recall that we have collected Q, for atomic and
hybrid coweights in Appendix C.

We start in Sec. IVA by writing down the singular
threefolds associated to the distinguished coweights (for
each g). Then, in Sec. IV B we present the algorithm to
explicitly write down, starting from the geometries related
to distinguished coweights, and without performing any
resolution or blowup, the threefold associated with any
dominant coweight ;. We then show it at work in a concrete
example in Sec. IV B 1.

A. Distinguished coweights and singular CY3

Consider the singular CY3 (3.4). As we have outlined, we
wish to identify the expressions w(x, y, z) that produce the
singular CY3’s corresponding (in an appropriate chamber of
the extended CB of the associated SD SCFT) to the special
unitary quivers encoded by all dominant coweights, that can
be retrieved from Appendix C.

In order to construct such CY3’s, we only need to
identify the singular geometries related to a finite set of
coweights, that we have called distinguished in Sec. II.
These act as elementary generators for all the other singular
geometries.

In Table III we list the singular geometries corresponding
to the distinguished coweights u? for all g € ADE, encoded
by a choice of w(x,y,z) = w?. Employing the preferred
resolution reviewed in Sec. III B, it can be explicitly

checked that the geometries defined by the w? admit a
IR phase which is precisely Qﬂ?.n

Given the finite set of geometries in Table III, our
algorithm predicts w(x,y, z), and therefore the singular
CY3, for all the (infinite) remaining set of dominant
coweights.

As we have illustrated via Lie-theoretic arguments in the
preceding sections, the SD SCFTs corresponding to dom-
inant coweights are organized into three classes

(i) atoms, whose low-energy Lagrangian quiver phase
is encoded by a small dominant coweight;

(i1) hybrids, whose low-energy Lagrangian quiver phase
is encoded by a lattice generating (but not small)
dominant coweight; and

(iii) molecules, whose low-energy Lagrangian quiver
phase is encoded by a dominant coweight that is
not lattice generating.

This structure can be sharply detected also via M-
theory geometric engineering on singular CY3. In
particular13:

(iv) w(x,y,z) in (3.4) has at least one linear monomial,
and it is not factorizable in terms of at least two
nontrivial polynomials — the geometry (3.4) en-
gineers a 5D CM atom.

(v) w(x,y,z) in (3.4) has no linear monomials, and it is
not factorizable in terms of at least two nontrivial
polynomials — the geometry (3.4) engineers a 5D
CM hybrid.

(vi) w(x,y,z) in (3.4) has no linear monomials, but it is
factorizable in terms of at least two nontrivial
polynomials — the geometry (3.4) engineers a
5D CM molecule.

"2A more pictorial rationale underpinning the explicit form of
the singular geometries in Table III can be garnered from the
point of view of the resolution of Du Val singularities. Indeed,
the w$ correspond to monomials (or polynomials) that define the
ideals of the exceptional curves of the corresponding resolved Du
Val singularity. These can be found in (A4), (A10), (A16), (A22),
(A28), (A34), and reproduce the generators w? once appropriately
pulled back to the coordinates on the singular phase via the
blowdown maps (A3), (A9), (A15), (A20), (A27), (A33). Alter-
natively, we can proceed even faster as follows. We first identify
the three weights corresponding to x, y, z. Then we look at the
number of fundamental weights needed to write them. If one
needs two, we look at the ADE equation and ‘factorize”
accordingly. For instance, for Eg, we find the weight associated
to y is the sum of two fundamentals. Since — y> = x*> + z* =
(x 4+ iz%)(x — iz?), we need to add two more weights, corre-
sponding to three times the fundamental weights appearing in y,
and with those polynomials.

BIn the following classification, we assume that w(x, y, z) has
been stripped of all the monomials m;(x, y, z) that do not affect
the D6-brane multiplicities r; introduced in Sec. Il B. Namely,
we define w'(x,y,z) = w(x,y,z) — Y., m;, which has the same
brane multiplicities as w(x, y, z). Of course the set of such m;’s
could be empty. The monomials m; can be interpreted as
irrelevant deformations of a “core” SCFT engineered by

w(x,y,2).
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TABLEIII. Distinguished covyeights (which form by definition TABLE III. (Continued)
a Hilbert basis (yy, ..., ) of I introduced in Sec. II) for each
simple g and the corresponding polynomials (wy, ..., w). Eg
A, I w
n+1 0 .. 0] whi =y 1000 00 )
[0 .. 0 n—}—l} Wg\n:y 0 W3":x+122
1 0 ... 0 1] W?”:Z :3 0 0 0 0:
0 wfé =x—iz
D, 0000 3
I wi
[ 17 W?z’ =X b
10 0 ue w}
: 1 : D, I ] WE7 =X
0 W, 24— 1 1
2 0 ... 0 00 0 0 01
L 0l r 7 E
i 27 Dy 21 0 Wy =Y
0 o 0 wyt =y+iz 000002
- 0. b i 0 ] wy =z
0 wy =y — izl 1 00000
00 0 L - .
_ 2] 2 Wy =+
00 0 0 00
Dy,
l‘? w! =
r 17 WlDz,’fl =y ﬂtg W?
00 0 1 1 Wh — x
- 0 Dot 0000000
W, Z = 3 E
2.0 ... 0 0 wy' =y
. 0] 1000000
- 0- WD2/+1 =x - lZ/ o = E
10 0 ’ 0 wyt =z
L 2] 000 0O0O 01
- 2- sz,‘-] =x + le — 4
1 0 ... 0
L 0l
- 07 WD2/+1 _ 2 _ 2i e
=y iz(x —iz/)
0 0 0 >
. 4] Notice that in the case of molecules, each factor appearing
- 47 WD2/+I 2 2i o . . .
6 =Y iz(x +iz/) n w(x, v, Z) corresponds to an atom (if the factor contains
00 0 0 at least a linear monomial) or a hybrid (if the factor contains
- - no linear monomials). This is the geometric footprint of the
fact that SD CM molecules are obtained as gaugings of 5D
Es CM atoms and hybrids. Namely, given two 5D CM SCFTs
ue w defined as
o001 Y(x,y.2) =0 Y(x,y.2) =0

(Table continued)

. (4.0)

Uv = wy (X,y, Z) ’ uv = WQ(X’ Yy, Z)
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the 5D SCFT produced by gauging a common g flavor
factor is geometrically encoded by the singular threefold

Yo(x,y,2) =0

uv = wi(x,y, 2)wa(x, ., 2). (4.2)
The IR balanced quiver gauge theory phase corresponding
to (4.2) is then obtained by summing the occupation vectors
for the gauge and flavor nodes of the two starting SD CM
SCFTs in (4.1). For more details on the gauging operation
we refer to [57]. Of course this procedure can be iterated
to produce molecules that are gaugings of all possible
combinations of atoms and hybrids: in this way the whole
space of dominant coweights explored in Sec. II is
reproduced from the M-theoretic point of view.

We now turn to illustrating the algorithm to compute the
singular CY3 for all dominant coweights in terms of Lie-
algebraic data.

B. Algorithm relating dominant coweights
and singular threefolds

From the coweight to the threefold. Consider the ring
Clx, y, z]. To each 4} in the Hilbert basis of [ (namely, to
each distinguished coweight) we have associated a poly-
nomial w? € Clx, y, z], as explained in Sec. IV A. From now
on we drop the superscript g, for the sake of visual ease.
Then for each u €T, we associate an ideal 1, of C[x, y, z] as
follows:

L= (W wl) (W) L, (43)
where  p = nypy + -+ ngg = njpg o g =
are all the decompositions of u in terms of the distinguished
coweights. Consider now an arbitrary dominant coweight
A€TZ% The set

M, =min{uel|u > i} (4.4)
is finite—but it can contain several coweights. Consider the
ideal

L=>Y1,

HEM,

(4.5)

then, the threefold associated with the coweight 1 is (3.4),
From the threefold to the coweight. To each polynomial
P €R, one can associate A(P) €20 by'

14- .. . . .
In principle, the maximum might not be unique; however we
have observed that it is unique in all cases considered in this
paper. It would be nice to have a formal proof of this uniqueness.

A(P) =max{AelZ’|Pel,}, with: ], :Zlﬂ‘
Uz

(4.6)

We expect that the ideal 7, can be identified with the
ideal 7, in (4.5) by passing to the appropriate localization of
the ambient space coordinate ring.

Proposition 1. For each P, the geometry

Yq(x,y.2) =0

uv = P(x,y,2), (4.7)
corresponds to the quiver Q;p).

Physically, proposition 4.1 shows that there exists a
canonical CY3 associated to each quiver Q ,(p) encoded by
a dominant coweight. Therefore, all quiver gauge theories
Q;(p) admit a UV completion which is a 5D conformal
matter SCFT, engineered by M-theory on (4.7).

1. Example: Eq conformal matter

We now present an explicit application of the algorithm
reviewed in the previous section. Pick ¢ = Es and
A=, 80 o] In Fig. 5, we organized the root lattice
dominant coweights of E4 according to a Hasse diagram,
with edges indicating that a certain coweight can be reached
from the other by adding a certain positive root. It is
immediate to glean from Fig. 5 that there are two coweights
in the set M, defined in (4.4), given our choice of 1. Such

coweights are

0
H1 =

1
, _ . (48
30000} #a {10001] (48)

The monomials associated to them according to Table II are

N P2 — ey e —
wy, = w3y’ = x +iz%, Wy, = wWi'w,* =yz, (4.9)

where, to construct the second monomial, we used that

0
Mo =

1
]% } (4.10)
10001 00000

— F6,,F6
and hence w,, = wiw,".

"Indeed, an element p of I, can be written as
p=p+te,

with p €1, and € a term that is subleading with respect to p in an
appropriate analytic open neighborhood of all the P! s resolving
Y, This means that if we zoom-in on the exceptional locus, by
including in the ambient space ring all the power-series that are
smooth in such neighborhood, the ratio u = £ is a unit of the
ambient space coordinate ring, and hence any ideal containing p
also contains p.
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FIG.5.

leftmost column.

Then, the threefold associated with =1, 0., is.
employing (4.5)
X4+y +t=0,
uv = cyw, + cw,, = ci(x +iz%) + cayz. (4.11)

with ¢; and ¢, arbitrary coefficients. Notice that other
irrelevant terms can be added to the second equation of
(4.11) keeping the singularity (and the associated 5D
SCFT) unchanged. As an example of what can be added
in such fashion, note that also the monomial associated
with 3 = [, 1, can be added to (4.11) but it is not
necessary to construct the threefold. Indeed, y5 satisfies
U3 > A, and so it can be included in the right-hand side (rhs)
of the second equation of (4.11). However, since it is not
part of the set M (as u, < p3) it is not necessary to include
the associated monomial once w, is present.

In the remainder of this section, we will construct
explicitly the resolution of the considered threefold, we

Lowest portion of the poset of root lattice dominant coweights for the E¢ Lie algebra. We follow the conventions for shapes and
colors of Fig. 2. We are interested in constructing the threefold associated with the coweight |

0

1100 0], that appears at the bottom of the

will reconstruct the low-energy quiver Q,, and we will
prove that adding the monomial of the u3 to the second
equation of (4.11) does not change the theory.

From a IIA perspective, the addition of the other terms,
denoted by the dots in (4.11) just changes the detailed
shape of the noncompact D6 branes appearing in the IIA
limit of M-theory on (4.11), without changing how they
intersect the other curves of the E¢ singularity appearing in
the IIA limit. Changing the shape of the noncompact D6
branes, without changing their intersection properties, can
be seen as the analog of a Hanany-Witten move in the IIA
setup [35]. Consequently, the Dynkin quiver phase, and so
its associated UV 5D SCFT, is exclusively dictated by the
coweights in (4.4)." To visualize this concretely, let us add
the aforementioned monomial

"®Even among the set (4.4) there can appear monomials which
do not affect the geometry. The clarity of the presentation of the
algorithm benefits from ignoring this fact, not affecting our
conclusions.
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|
Wy = ”3_[0 01 0 o]

in the explicit example (4.11)

¥ +y 4+t =0,

_ _ ;2
Uv = Cywy,, + W, +| 3wy, | = ¢ (x +iz°) + vz +| c3xz |,

where we highlighted in a box the new, subleading term (4.12).

(4.12)

(4.13)

We then resolve the first equation of (4.13), by introducing the following maps (shown in full generality in Appendix A):

x = dydy2didS, = dydyB3dt, 7 = dydydsd3dD

that describe the partially resolved threefold (4.13) as the following hypersurface in toric ambient space

dl dz d3 d4 d5 d6 d7 u v
& + dydidsd3 + d3dy =0 r1r 1r-1r 0 0 0 00
L | cl 1 0 1 -1 0 0 0 O
uy = (cl(x—i— iz%) + cyz +| c3xz ) (4.14) L 0 0 1 1 -1 0 0 0
1 0 0 1 O 1 -1 0 o0,
where we are substituting x, y, z with their expressions in (4.14).
Reducing to IIA along the C* acting on u, v with opposite charges
u—&u, v— E,
we see that the D6 brane locus is
) _ g 246 2 )
(Cl(x +iz%) + vz +| e3xz )|(4.14) = dydsdgd; [d3d4d5d6d7 (Czdz +| c3dided; ) + ¢y (d) + 1d3d4)}a

inside the following ambient space

1 1.1 -1 0 0 O
d3 + dydideds + ddy =0 cl 1 0 1 -1 0 O
1 0 0 1 1 -1 0
1 0 0 1 O I -1

that models the resolved E¢ surface singularity [62].
Let us locate the D6 branes that appear in (4.17). The curves of (4.18) are

O-C-O-O-O

ds, dy + idyd3)
= (dg, dy + id,d3)
7)

C=(
Co = (
Cs = (
Cy = (dg, dy — id,d3)
Cs = (
Cs = (

U

ds, dy — idyd3)
= d47d1)
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and one can explicitly check that, for each choice of ¢; €C,
(4.17) has a zero of order

0
=C7!. =(3,5,6,4,2,3). (4.20
;o [1 1 00 0] ( )i (420)

on the respective curve in (4.19) (employing the notation of
Sec. III B). There is also a zero of order one on the zero-
locus of the factor in square brackets in (4.17). This zero
locus intersect just C; and C,, as expected for the coweight
[, 194l Such vanishing orders coincide with the number
of D6 branes wrapped on the corresponding compact17 and
noncompact curves, and reproduce correctly the gauge and
flavor labels of [, | §, ). Since the result we obtained is
independent of the choice of ¢3, we conclude that its value
does not change the physics of M-theory on (4.11).

V. S'-COMPACTIFICATION TO 4D AND CLASS-S

It is argued in [58] that g-type 5SD CM atoms can be
directly compactified to g-type 4D N = 2 class-S fixtures
(with all punctures assumed to be regular), but that 5D CM
molecules cannot. In [58] not all 5D CM atoms were
known, and 5D CM hybrids were not explored.
Nevertheless, the statement that only SD CM atoms can
directly be compactified to 4D N =2 class-S fixtures
seems to hold, as we show in this section.

We make the following claim, summarised in Fig. 1:

(1) A small coweight y of g determining a 5D CM atom

T, via a low-energy Dynkin quiver Q, also deter-
mines a nilpotent orbit O of g, such that the g-type
class-S fixture with two maximal punctures and an

O puncture is the circle compactification of 7.
(2) The nilpotent orbit O is obtained from the small
coweight y via the work of Achar and Henderson
[66], see Figs. 8—12 in Appendix D." The coweight
u (being dominant and lying on the coroot lattice)
defines an affine Grassmannian slice W%, which
incidentally is the 3D Coulomb branch of Q}; [63].
For p a small coweight, there is some nilpotent orbit
O, such that there exists a map [66]
Wh = O (5.1)
which is either an isomorphism, cover, or normali-
zation. In the case of a cover, the nilpotent orbit is

the top one in the special piece.

""We recall that the vanishing orders on the right-hand side of
(4.11) are those associated with compact curves, and reproduce
the gauge labels. The vanishing orders on the noncompact curves
reproduce the flavor labels.

'8These figures are adopted from [66], [Table 6]; supplemented
with elementary slice data computed using [63,65,76] for leaves
in the affine Grassmannian, and taken from [77] for exceptional
nilpotent orbits.

For coweights other than small ones, there is no map from
the associated affine Grassmannian slice to a nilpotent
orbit. Hence our method to produce the class-S fixture from
an atom cannot be extended to hybrids or molecules.

While molecules made purely from atoms have a class-S
description after turning on certain mass deformations in
5D first, as explained in [58], we do not know how to relate
hybrids (and molecules involving hybrids) to class-S at all.
We leave this question for future work.

We conclude this section with a comment. We note that
the conformal matter atoms are exactly those threefolds for
which w, can be chosen as a polynomial containing at least

alinear term in the coordinates of the C3 , _ inside which we
write Yg. In particular, this means that the second equation
of (4.7) can be eliminated, and the threefold is a hypersur-
face of C*. We can formulate this statement in a way that is
coordinate independent, saying that the threefolds corre-
sponding to atoms are the only ones in this work
whose minimal embedding dimension'? is four, while we
observe that for the threefolds of this work that do not
correspond to atoms, the minimal embedding dimension is
five in all checked examples.20 It is interesting to notice that
class-S theories with just regular punctures can be realized
[78] as 1IB string theory on a nonisolated singularity with
minimal embedding dimension four. Consequently, such
minimal embedding dimension seems to be preserved
passing from the M-theory realization of the 5D SCFT to
the IIB construction of its Kaluza—Klein (KK) reduction.

VI. HIGGS BRANCH AND DYNAMICAL
COMPLEX DEFORMATIONS OF 5D
CONFORMAL MATTER

In this section we translate the Hasse diagrams relating
dominant coweights, including the portions shown in detail
in Figs. 8—12, into geometric and physical language. As we
have shown, to each point in the Hasse diagram there
corresponds a singular CY3, specified by (3.4). The Hasse
diagram encodes an ordering “>" of the weights, and if
pio ~ py,>" then we draw an oriented edge from p to p;. An

“Given an affine threefold singularity, the minimal embedding
dimension is the smallest NV such that the threefold can be defined
as the zero-locus of a set of equations in CV.

*’The tangent space to a complete intersection at a point is the
orthogonal space to the span of the gradients of the equations. At
singular points, where the rank of the matrix whose rows are the
gradient of the equations of the variety is nonmaximal, the
dimension of the tangent space (that now becomes the normal
cone of the singular cone) increases, and equals the dimension of
the ambient space minus the rank of such matrix. A necessary
condition to embed a threefold singularity in C* is that the
dimension of the tangent cone is at most four. We have checked
that this holds true for atoms, while for molecules and hybrids the
normal cone at the maximal singular point has dimension 5.

2'We redirect the reader to Sec. II for the definitions of
> and w.

086009-15



ANTOINE BOURGET et al.

PHYS. REV. D 114, 086009 (2026)

oriented edge connecting two nodes corresponds to a RG
flow relating two 5D SCFTs, triggered by a Higgs branch
deformation of the singular geometry dual to the starting
node. Hence, given some parent theory corresponding to
Ug, one can recover all the geometries corresponding to the
descendant theories encoded by y;, with p > p;, by turning
on a suitable deformation in the theory .

Recall that, according to the geometric engineering dic-
tionary, normalizable complex structure deformations of the
threefold are in relation with Higgs branch modes of the
corresponding 5D SCFT. In general, proving that a defor-
mation is normalizable is an intricate task (see, e.g., [79] for
recent progress in some 5D SCFTs), that we do not address
directly in this work. We rather employ an effective
definition of “dynamical” complex structure deformations
of a Calabi-Yau threefold, introduced in [62] and grounded
on a physical argument. We leave a direct proof of their
normalizability for the future.”” We further show that the
“dynamical” deformations studied in this work precisely
correspond to Higgs branch modes, thanks to their relation
with the 5D low-energy quiver phases and the class-S
construction obtained after dimensional reduction. We refer
to [47-56] for the full details concerning the class-S fixtures.

In general, the dynamical deformations we have just
outlined can be written as

Yy(x,y.2) =0

uv = w(x,y,z) +def(x,y,z), (6.1)
where “def” is a polynomial in (x,y,z), with arbitrary
coefficients, each valued in C. “def” depends on ¢ and
w(x,y,z), and we will return to its specific shape momen-
tarily. There are v independent deformations in def(x, y, z)
each contributing one quaternionic dimension to the HB of
the 5D SCFT engineered by (3.4). Note that v, as we will
show in Sec. VIB, does not in general correspond to the
number of monomials appearing on the right-hand side of
(6.1). The total UV dimension of the Higgs branch is
dim(HB)y = v + dim(g). (6.2)
As we have argued in [58], we expect that the deformations
yielding the dim(g) contribution arise as deformations of
the first equation in (6.1). These trigger RG flows that lead
outside the Hasse diagrams explored in this work. For this
reason, we leave their detailed analysis for future explora-
tion. Conversely, the deformations in def(x, y, z) correspond
to the (partial) closure of the puncture O in the class-S
construction reviewed in Sec. V. For the case of atoms,

In general, normalizable means that the corresponding
kinetic term is not infinite, and hence the deformation is
dynamical. This can be seen by thinking about the large volume
limit of the CY, where we can use 11D supergravity to distinguish
dynamical and nondynamical modes.

expression (6.2) precisely coincides with the Higgs branch
dimension predicted from the class-S point of view [49]:
dim(g) is supplied by the two maximal punctures, and v by
the third puncture.

In the remainder of this section, we show how to
explicitly compute the dynamical complex structure defor-
mations def(x, y, z).

As the singularities in the CY3 geometries at hand are
along noncompact complex lines, deformation theory is not
rigorously defined. Nonetheless, heavily relying on the
tools developed in [62], we are able to identify the (finite
number of) genuine Higgs branch deformations, reducing
our setups to a type IIA setting.

Let us summarize the argument of [62], applying it to our
general setting: the procedure kicks off by performing the
resolution (3.7). On top of each exceptional P!, a singu-
larity of type A is still present. This resolution data yields a
low-energy special unitary quiver description of the 5D
SCFT engineered by the singular threefold (3.4). In
accordance to the previous sections, we denote the quiver
by Q,, where p is the coweight related to the singular
threefold. We recall that the partially resolved phase reads

V(Y. ) i) v omn(a) = O
X:{ o (2. 2) () y=y(d) 2=(dy)  (63)

U0 =w(X, ¥, 2) lima(d) y=y(d)e=2(dr) = Ao (d;)

with Ape(d;) the D6-brane locus. We would now like to
define dynamical complex deformations of the second
equation in (6.3). From the perspective of the type ITA
reduction, [62] argues that the correct Higgs branch
deformation counting is produced if one discards deforma-
tions that act on a noncompact stack of D6-branes, as they
require infinite energy and are thus nondynamical. As far as
the brane locus Apg(d;) is concerned, this is reflected in
requiring that one only adds to the second equation of (6.3)

deformations that satisfy the following requirements:
(1) The deformations 4; must be invariant under all the
C*-actions enjoyed by the toric ambient space.23
This can be equivalently restated as restricting the
deformations to be polynomial functions of x, y, z.

Thus

)“k = ﬁk(x, y, Z). (64)
(i1) Inserting the blow-up map into (6.4), the allowed
deformations produce a brane locus which is not
proportional to the brane locus Apg(d;) in (6.3), up
to the first equation of (6.3). Physically, if the
deformation were proportional to the brane locus,
it would be acting on some noncompact stack of

BThis comes from the fact that the combination uv, and hence
the brane locus, must have zero GLSM charge, in the gauged
linear sigma model (GLSM) description of the toric ambient
space.
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D6-branes, and therefore it should not be taken into
account. Hence, this requirement implies that all the
allowed monomial deformations should produce a
low-energy quiver phase where at least one gauge
label is lower than the corresponding gauge label in
Qﬂ. In general, not all monomial deformations
produced in this way are independent, as some of
their polynomial combinations might be propor-
tional to the brane locus. In order to elude such
subtleties altogether, one can compute the indepen-
dent deformations developing the commutative
algebra method introduced in footnote 1.
All in all, one obtains the deformed 5D conformal matter
equation as

Yg(x,y,z) =0

12

UV =w(x,y,z) + Z (%, . 2),
k=1

(6.5)

with the ¢, complex coefficients and k= 1,...,v the
|

{ Yo(x,y.2) =0

UV =w(x,y,2)

with (1,...,0/) a subset (upon possible reordering) of
(1,...,v). The partially resolved phase of the theory at
the end of the RG flow, on the right of (6.7), can be
systematically read off analyzing the new brane locus

24Concretely, the partial resolution defines a ring homomor-
phism ¢:S — R, where S = Clx,y, z]. Moreover, we can pull

back M/p-f back to R, obtaining C;p") = (Cf"ch N R). We employ

C;p 7 in lieu of Cf 7 in order to discard the ideals corresponding to

the intersection points between different curves. Then, the
monomials that specify a quiver with at least one gauge label
greater or equal than the corresponding one dictated by A p4(d;)

on the curve C; are the ones belonging to C;p )

back via the homomorphism ¢, defining

. We can pull them

1/ ~(P))
I; =7 (C}").
The monomials above the bound for all curves C; are then given
by the intersection

Thouna = OI j

Finally, the independent dynamical deformations are obtained
through a choice of basis for the ideal S/Ij,y,nq. There are exactly
v independent elements in the basis. Once again, the software
implementation of this algorithm is straightforward, and it
automatically takes care of discarding combinations of mono-
mials that produce a quiver with labels greater or equal than
Apg(d;). See the ancillary Macaulay2 code [60] for an implemen-
tation.

Higgsing Yg(xa ) Z) =0
oSS )
UV =w(x,y,2) + X Ailx,y,2) = w'(x, 5, 2)

number of allowed dynamical complex deformations.
Therefore, the total Higgs branch dimension in the UV
can be neatly computed according to expression (6.2).
Notice that (6.2) precisely coincides with the UV Higgs
branch dimension expected from the low-energy quiver
description, provided that
v = ny — ny —rank(g). (6.6)
The validity of (6.6) can be explicitly checked for all the SD
conformal matter theories explored in this work. As we
have mentioned, as many deformations as the dimension of
g must be added to v in (6.6) in order to obtain the full UV
Higgs branch dimension, as our procedure has selected a
specific partial resolution that freezes precisely that amount
of wrapped M2-brane modes, as previously argued in [58].
Crucially, tuning one or more of the coefficients c; in the
deformed equation (6.5) to be nonvanishing (with all the
others set to zero) triggers a path along the Higgs branch
RG flow, ending up in a new conformal matter theory

: (6.7)

|
w(x,y,z) = Apg(x,y.z). In Lie-theoretic language, the
RG flow is interpreted as an edge (or a concatenation of
edges) between the weight uq corresponding to w(x, y, z),
and the weight y; related to w'(x,y, 7).

In the next paragraph, we exhibit how the procedure
outlined above to compute Higgs branch deformations
from the geometry of the Calabi-Yau threefold works in an
explicit example.

A. Example 1: Dy conformal matter molecule

We consider the following threefold, which engineers a
5D conformal matter molecule of type Dyg:

¥ 4+2°+22=0
(6.8)

uv =y,
In the previous section we have reviewed that, in order to
count Higgs branch deformations of (6.8), one must
perform a resolution of the Du Val Dy singularity in a
suitably chosen toric ambient space. We have summarized
this class of resolutions for the A,,Ds, Dg, Eg, E7, Eg
singularities in Appendix A. Using these notations, the
type ITA brane locus is
A(dj) = y2|y:y(dj) = (d5d4déd%d3)2- (6-9)

The low-energy quiver phase encoded by the brane-locus
(6.9) reads

086009-17



ANTOINE BOURGET et al.

PHYS. REV. D 114, 086009 (2026)

O-O-0O /@
2\@

422 +22=0

(6.10)

uv = y* + ¢ + X + c3y + €4z + ¢52° + c62° + c7y7 + csxz.

Hence v = 8, which perfectly matches the result that can be
obtained from the low-energy quiver phase (6.10). All in
all, recalling (6.2) and applying it in this specific example,
we obtain that the dimension of the Higgs branch at the UV
fixed point is

dim(HB)yy = v + dim(g) = 8 + dim(Dg) = 74.  (6.12)

B. Example 2: E4 conformal matter molecule

We now briefly present an example involving a con-
formal matter molecule of type E¢, showcasing the care that
should be taken in order to correctly account for the
genuine Higgs branch deformations. The molecule at hand
is

2+ +74=0
uv = y(x +iz%). (6.13)
|

¥4+ +74=0

Let us now show how to explicitly identify the Higgs
branch deformations. Dynamical deformations in the par-
tially resolved phase are those that are not proportional [up
to the first equation of (A13)] to the brane locus. Only
allowing dynamical deformations, one finds that the
deformed threefold is

(6.11)

Proceeding as in the previous example, one completely
resolves the Eg singularity, by means of the maps in
Appendix A, and computes the D6-brane locus. This yields
the following low-energy quiver description:

©
O-O OO«

Following the recipe of [62], the dynamical deformations of
the second equation of (6.13) read

uv = y(x +iz%) + ¢1x2° + 297 + ¢32° + 4zt + csx7% + cyZ? + c7xyz + cgx’z + coy’z

+ €102 + €11X2 + Xy + C13y2 + €148 + €15y 4 €162 + 17X + 15y + €192 + €.

Apparently, there are 20 dynamical deformations. How-
ever, it is easy to check from the quiver description in (6.14)
that we expect v = 14. The crucial point is that not all the
deformations in (6.15) give rise to genuine Higgs branch
degrees of freedom, since some combinations of the
deforming monomials still produce a quiver with entries
greater or equal than (6.14), and hence should be discarded.
This can be seen as follows (here we carefully show how to
discard the excess combinations by hand, but we remark
that this can be automatically implemented via software
based on a commutative algebra approach, as explained in
footnote 24):

(6.15)
|
(i) the terms c;4x” 4 csxz” can be rewritten as
C1ux? + csxz? = —icsx(x + iz%) + (¢4 +ics)x%.
(6.16)

Notice that the first term, which is proportional to
x(x + iz?), produces a brane locus that is propor-
tional to the one of the undeformed threefold
(6.13). Hence, c¢5 does not produce a dynamical
deformation. Only the combination (¢4 + ics)
does. Furthermore, thanks to the £ Du Val equa-
tion, (¢4 + ics)x* can be exchanged with terms
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involving the powers y* and z*. Namely, we can
reabsorb (cy4 +ics)x*> in a redefinition of the
coefficients of c,z* (as y? is proportional to the
brane locus of the undeformed threefold, and hence
irrelevant). All in all, ¢ 4x?> + csxz> does not con-
tribute to the genuine UV Higgs branch dimension.

(i) A similar reasoning can be carried out for the terms
CipXy + céyzz, as

CioXy + c6y22 = Clzy(x + iZz) + (C6 - iClz)yZZ.
(6.17)

The first term in (6.17) is proportional to the
undeformed brane locus of (6.13). Hence only the
combination (c¢g —icj,) is a genuine dynamical
deformation.

(iii) Analogously for the term c;xyz + ¢,yz>, since

c7xyZ + ¢2y73 = c7yz(x +iz%) + (cy —icq)yz.

(6.18)

The first term in (6.18) is proportional to the
undeformed brane locus of (6.13). Therefore only
the combination (¢, — ic7) is a genuine dynamical
deformation. An identical reasoning shows that only
one combination of the coefficients in ¢, xz> + cgx’z
is a dynamical deformation.
(iv) The term cgx?z can be exchanged for cg(y3z + 2°).
Hence it can be discarded via a redefinition of ¢;z°.
Carefully tracking the caveats above, it is easy to convince
oneself that, out of the 20 candidate deformations displayed
in (6.15), only 14 are genuine dynamical deformations.
This precisely coincides with the expectation from the low-
energy quiver (6.14). Hence

dim(HB)yy = v + dim(Eg) = 14+ 78 =92.  (6.19)

The computation of dynamical deformations, and therefore
of the UV Higgs branch dimension, for all other molecules
and hybrids studied in this work proceeds employing
exactly the same techniques as the ones reviewed in the
examples we have presented.

VII. EXTENDED COULOMB BRANCH
RG FLOWS AND CS LEVELS

In this section, we analyze a second type of RG flow that
hierarchically connects the conformal matter theories pre-
sented in this paper. Such an RG flow is triggered by taking
large CB vacuum expectation values (vevs) and large
masses, and corresponds to sending to infinity the volumes
of specific curves and divisors in a resolution of the

threefold. We discuss three aspects of such RG flows.
First, in Sec. VII A, we connect some of the theories we
presented in the previous sections with such extended
Coulomb branch (ECB) RG flows, highlighting the limits
of such procedure with respect to the HB RG flows
presented in Sec. VI. Then, in Sec. VIIB, we discuss
how ECB RG flows can produce threefolds whose asso-
ciated 5D Dynkin quiver phase has nonzero Chern-Simons
(CS) levels. Finally, in Sec. VIIC we present the resolved
Calabi-Yau threefolds that correspond to a 5D quiver with
generic gauge labels r, flavor labels A €T, and CS levels k.
This will give us a glimpse into the 5D physical interpre-
tation of coweights that do not belong to the coroot lattice.

A. Extended Coulomb branch RG flows

We wish to comment on a second possible type of RG
flows: the (extended) CB RG flow. Reaching the Dynkin
shaped Lagrangian phase for the SD CM corresponds to
turning on a diagonal mass vev for the gx @ g flavor
symmetry [58], and hence to moving along the ECB of the
5D SCFT. On the generic point of the ECB of the quiver
phase we have families of resolved A-type singularities
fibered over the compact curves (the exceptional P! s) of a
resolved Y singularity. We now examine SD CB RG-flows
obtained by taking the limit of large CB vevs, first in terms
of the M-theory geometry, then from the (p,q)-web
perspective, and finally at a low-energy field theory level.

From the perspective of the threefold, to reach a Dynkin
quiver with lower rank special unitary nodes, we send to
infinity the volumes of some of the P's resolving the
aforementioned curves of A,, singularities. As the curves of
A, singularity are themselves compact, this operation
amounts to sending to infinity the volumes of some
divisors within the CY3, decoupling the M5 branes
wrapped on them.

In the (p, g) web picture, the aforementioned operation
corresponds to sending to infinity some compact D5 branes
moving just along the xs, x¢-plane, and decoupling the D3
branes that fill the area of the parallelogram that the DS5s
define in the 5-6 directions.

At a level of field theory, these operations translate into
moving toward the boundaries of the ECB, giving large

FIG. 6. Toric diagram for the (7.1) threefold.
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vevs to some CB operators25 (with fixed background masses). This procedure, as a byproduct, gives infinite mass to a
certain number of Bogomol'nyi—Prasad—Sommerfield (BPS) magnetic strings that are realized in M-theory by the
aforementioned M5 branes, and in the (p, q) web by the D3 branes.

Let us now visualize this ECB RG-flow in an explicit example, by considering the Xf;:l singularity
xy = Zn-&-l’ uv = Zm+1’ (71)

whose associated toric diagram is depicted in Fig. 6.
First, we perform the base-change resolution of [57] on the first equation of (7.1), with blow-up map

_ ntl _ +1 _
x=2z{"el. e, y=ej...epzy ., 7=1271€]...€,22, (7.2)

obtaining the following hypersurface in toric ambient space:

71 € e € ... I uU v Z FI
(0% 1 -2 1 O ... 0 0 0 O &
Uy = Zerl7
C (05 0 1 -2 1 ... 0 0 0 O & (7.3)
21€1---€32 = 2, : : : : : : S :
C; 0 0 0 o ... 1 0 0 O g,

Looking at the two equations on the left of (7.3), we see that the partially resolved threefold is again a base-change of, now,
an A,, singularity by the monomial z;e;.. .enzz.26 We can then iterate the base-change resolution procedure, now focusing
on the variables (u, v,z). The second blow-up map reads

a1~ - ~ amametl Y s s
u=7zter. e,, v=2...emztt, 7=7%181...8,,% (7.4)

and automatically satisfies the first equation of (7.3). The second equation of (7.3) instead is not automatically satisfied, and
after (7.4) the threefold is the set of solutions of

21€1...€,2p :Zlél...émzz, (75)
in the following ambient space:
1 € e e ... 2o Z1 e é, €3 ... 7, FH
Ct 1 =2 1 0 .. 0 0 0 0 0 ¢
C3 0 1 -2 1 .. 0 0 0 0 0 0 0 &
C: 0 0 0 0 .. 0 0 0 0 0 0 ¢, (7.6)
C; 0 0 0 0 .. 0 1 =2 1 0 ... 0 §&
(95 0o 0 0 0 .. 0 0o 1 -2 1 .. 0 §&
c;, 0 0 0 0 .. 0 0O 0 0 0 .. 1 g,

Let us describe the geometry of (7.5), (7.6): we have n compact curves of resolved A,, singularities, over the loci e; = 0,
with e = 1, ..., n. The curve, on the generic point, is fully resolved, with the [F"} -bundle of the resolution of the curve over
e; = 0 (that we call D; ;) being described by the following equation:

»Such vevs geometrically coincide with the volumes of the aforementioned P's.
This comes from the fact that the A-type singularities appearing in the resolution, or equivalently the ranks of the nodes of the
Dynkin quiver associated with the phase (7.3), are all the same in this specific threefold.
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J
Furthermore, we have two noncompact curves of resolved
A,, singularities, over z; = 0 and z, = 0. At the intersec-
tion of the various P! bundles, e.g.,

ej=ejy =& =28y =0, (7.8)
we have some unresolved conifold points, that can be
visualized by fixing to one, inside (7.5), all the variables
that do not appear in (7.8).

Let us now describe the ECB RG flow, namely the
decompactification of some of the D; ;-bundles, for all
j=0,...,n+1 (here D;, is the noncompact P! bundle
over z; =0, and D; ,,; the one over z, = 0). First, let us
recall that the volume of D; ; are described by the Fayet—
Hiopoulos (FI) parameters of the GLSM. In particular, we
are interested to the D-terms of the actions C; and C;:

lejal* + e > = 2le; > = &;,

e |? + 2 [P = 2le,* = & (7.9)
Imposing (7.7), we see that the variables [e;_;: ;] (resp.

[6;_1:€;41]) describe respectively the base e¢; = 0 and one
|

while leaving the other ambient space coordinates in (7.6) untouched. The new ambient space,”’

pactification, is

of the fibers €; = 0 of the corresponding D; ;-bundles. The
Kéhler volume of the base curve e¢; = 0 (resp., of the fibral
curve &; = 0) are &; and & j» that can be used as some of the
5D CB coordinates. The various ECB RG flows we are
interested in are obtained for (some of the) &, — oo.

Let us take, e.g.,

& — oo, (7.10)
a limit that sends to infinity the tension of the M5s wrapped
over [FD}J, for all j =0,...,n+ 1, or, equivalently, of the
corresponding BPS strings of the 5D SCFT.

At the level of the geometric invariant theory quotient
underlying the GLSM construction, the decompactification
limit is realized simply by removing the point [7}:&,] =
[0:&,] from all the IP}-’I. This is achieved by gauge fixing

Zy =1, (7.11)
acting with a C with gauge parameter 1, = % This
produces the following new ambient space coordinates:

2, (7.12)
1

after this decom-

1 € e €3 ... o 21 él é3 & ... Zp FI
Ci 1 -2 1 0 ... O 0O 0 O 0 0 ¢
C; 0o 1 -2 1 0 O 0 o0 0 0 0 &
(o 0 0 0 0O 0 0 0 0 0 ¢, (7.13)
(9% 0 0 0 0 -2 1 0 ... 0 &
C;, 0O 0 0 0 .. 0 0 0 0 0 .. 1 ¢,
We can now prove that (7.10), (7.11) realize the following RG flow
X3 > Xy (7.14)
Indeed, after expressing (7.5) in terms of Z;, &,
Zlel...€”Z2:21é1...ém22 (715)
and renaming
21 =75 ey — ey, e — e, & — &, (7.16)

*'The shortcut to see that the charges under the other C* actions are left untouched by the gauge-fixing (7.11) is to note that Z; is

charged just under C.
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FIG. 7.
rightmost toric diagram.

fori =2, ..., m, we see that (7.15) and (7.13) coincide with
(7.5) and (7.6), with m’ = m — 1. Consequently, the new
threefold contracts to

n+1

xy = 7", uy = 7", (7.17)

proving (7.14). We depicted graphically, at the level of the
toric diagram, the RG we just described in Fig. 7.

For the other SCFTs considered in this work, one can
apply a similar procedure. However, the computation is
more cumbersome, as we cannot use anymore the iterated
base-change resolution of (7.2), (7.4). Nevertheless, we can
resolve each line of A-type singularities appearing after
reaching the Dynkin quiver phase. Then, after iteratively
performing a gauge fixing of the form (7.10), (7.11), we
can reach the GLSM associated to a new Dynkin quiver,
realizing in this way the ECB RG-flow between the
corresponding conformal matter theories.

We conclude by noticing that, in contrast with the HB
RG flow described at the beginning of this section, if we
start with the theory associated to a given coweight y, we
cannot reach by ECB RG flow all the theories with y < p,.
Indeed, as explained in Sec. II, the Dynkin labels of a
coweight correspond to the flavor labels of Q,. As the
associated flavor groups correspond to noncompact curves
of A-type singularities, the partial resolution associated
with the ECB RG flow can only lower their rank,
constraining in such a way the set of weights that we
can reach with this kind of flow.

Summing up:

A coweight y < ug can be reached from y, by
ECB RG flow if and only if all the Dynkin labels
of u are smaller or equal to those of yq.

B. ECB RG flow and CS levels

Let us now discuss how ECB RG flows allow us to
obtain ADE special unitary quivers with nonzero CS terms.

We can show the procedure already in the example (7.1).
First, let us perform again the resolution (7.2), (7.3). As we
saw in the previous section, we have two noncompact
curves of A,, singularities over z; = 0 (resp., z, = 0) and n
compact curves of A,, singularities on e¢; = 0. The former

Description of the ECB RG flow at the level of the toric diagram of (7.1). The red dots in the top row are removed in the

curves give special-unitary 8u(m + 1) flavor groups, while
the latter give special unitary 8u(m + 1) gauge groups of a
linear balanced A,-shaped quiver.

Let us perform ECB RG flow by taking a large veyv, say,
for the adjoint scalar of the 8u(m + 1) gauge node
associated with e¢; = 0. We do that in such a way that
the gauge group is Higgsed as

su(m+1) - su(m) ® u(l) - 3u(m), (7.18)
where in the last step we have sent to infinity the vev of the
adjoint scalar of the u(1) group. Such procedure corre-
sponds, in the (p,q) web, to sending to infinity one
compact D5 brane. In geometry, this is equivalent to
performing a partial resolution of the corresponding com-
pact curve of A,, singularities

Am - Am—l @ Pl - Am—l’ (719)
where A,,_; @ P! denote the fact that after a partial
resolution of the A,, curve, we have a residual A,,_;
singularity on the exceptional P!. The last arrow of
(7.19) mimics the corresponding arrow of (7.18).38

Let us realize (7.19) quantitatively: to perform the partial
resolution, we blow up
e; = e, (7.20)
introducing new GLSM variables u’, ¢/, 2 and a new GLSM
action with charges

qu = Qe; =1, q, = -1, (721)
and GLSM D-term
WP+l - 2P =&y >0, (1.22)

*This can be indeed made more precise applying the M-theory
geometric engineering dictionary: a singular A,,_; gives 8u(m)
super Yang-Mills, while a resolved P' with a O(=2) @ O
normal bundle (as in the current example), gives just an 1(1)
IR photon: the M2 branes wrapping the P! that would enhance
1(1) to 81(2) get a large mass, and decouple from the IR theory.
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The action (7.21) has to be added to the row of the GLSM description in (7.3). Plugging in (7.20) into (7.3), we get

2, e ... € ..z u v A FI
(O 1 -2 ... 0 ... O 0 &
(5 0 1 ... 0 ... 0 O O O &
uv = (z1e...eh...z0)"tam < Ci, o 0o .. 1 .. 0 0O0 O Eill (7.23)
C; o o .. -2 .. 0 0 0 O &
C, | 0 0 .. 1 .. 000 0 | &,
C, | 000 0 1 .. 0 10 -1 &,

Let us comment on the singularities of (7.23), we again have the same singularities of (7.3) outside the locus ¢; = 0. On
e, = 0 the space is now smooth, as u’ = ¢} = 0 is excluded by (7.22). Instead, we have a new compact curve of 4,,_,
singularities on 4 = u’ = v = 0. We have then realized the first arrow of the transition (7.19). To fully decouple the branes
wrapped on the P!, and realize the ECB RG flow to a theory with CS terms, we need to send to infinity the volume of the
P!. This can be achieved with a procedure analogous to the one outlined below (7.10), zooming on the region 4 = 0, acting
with C;; as follows®

/
u’—»ﬁEZ/, el -1, A= e =ell (7.24)
€;
7y e ... & ... Zp W w FI
C; 1 =2 0 0 0 3
C; 0 1 0 0O 0 O &
e I T SO VRN )
C: 0 0 .. =2 .. 0 2 0| ¢g
C, | 00 .. 1 .. 0 -10] &,
: ) . . ) SRR :

(7.25) differs from (7.3) by the following aspects:
(i) the hypersurface equation shows A,, singularities for all e; = 0, with e; # &; and for z; = 0 (resp. z, = 0). For
¢; =0, we get an A,,_; singularity.
(ii) Now, it has GLSM charges (C,), ; wr.t C7, and the action Cj; disappeared due to the gauge-fixing.
The GLSM charges of the combination uv can be identified with the CS levels, taking the ITIA limit using the action (3.9),
that we recall here for the reader’s convenience

T v—>%, lecr, (7.26)

with the CS levels of the quiver [80].*° Let us review the proof of this fact, following [80]: M-theory on the threefolds
considered in this work reduces, in IIA, to systems of D6 branes wrapped on the resolved Y, by using the action (7.26).
Such D6 branes stacks correspond to the special unitary groups of the Q,. The CS levels of the gauge theory phase are
related to the slopes of the Kiéhler parameters of Y over a transverse real coordinate

29Again, we note that the transformation is well defined as, by (7.22), 4 and e§ can not be both zero.
OWe can see (7.26) as a new row of the GLSM charge matrix of the threefold.
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2

xo = |u* = |v|?, (7.27)
that is identified with the FI parameter of (7.26).

For xy > 0, we can reduce along (7.26) by fixing u = 1.
Each C; action then becomes

C; = Cj —qu(u)q;(u)Cy = Cj + (Cy);,Cyy. (7.28)

with Cj, the gauge action in (7.26).%' The corresponding FI
parameter then acquires a xo-dependence

& = &+ (Cy)ijxo,

that fibers nontrivially Y, on xo.
On the other hand, if xy < 0, the sign of xy binds us to
gauge fix (7.26) v = 1. Then, we have

C; € — au(v)g;(v)Cs = C;.

&= & —am(v)q;(v)xg =&, (7.29)
where we have used that ¢;(v) = 0 for all j.

Summing up, the Kéhler volumes &; of the jth P!
resolving Y get, after the IIA limit, a piecewise linear
dependence on xy. Then, following [80], we can compute
the 5D CS levels as the average of the slopes of the Kihler
parameter for xg > 0 and x¢ < 0. The result that we get
from the ECB RG flow (7.18) on the ith node of the g
Dynkin diagram is

(7.30)

We observe that the same procedure can be applied to
reduce the rank of a flavor node, increasing by 1/2 the CS
level of the gauge node connected to the flavor node.
Finally, we observe that not all such RG-flows lead to CY3
that can be contracted to a full singular phase. For the toric
case, the criteria amount to the field theory requiring the
corresponding toric diagram to be convex. We leave the
analysis of such criteria for the D, E cases for future work.

C. General coweights and quivers
with CS levels: The A-case

It is tempting to take a quick look at the coweights that
do no belong to the coroot lattice. In what follows, we
briefly conclude the discussion on CS levels by giving a
recipe to compute the partially resolved CY3 geometry for

a 5D A,-shaped special unitary quiver with CS levels l;,

31 A shortcut to see that (7.28) is the correct transformation is to
note that, after the gauge fixing, # — 1, and hence the column of
the GLSM charge matrix corresponding to # must be a column of
ZEr0s.

gauge labels 7, and flavor labels A, with A a generic
coweight of g. In particular, we do not impose (2.1).

It is a well-known fact that the toric GLSM charges
capture the intersection between the cycles of a toric
variety. In the case of the Y, singularity,32 a curve that
intersects just the ith P! of the resolved Y, is given by the
zero-locus of a polynomial® #; in the homogeneous
coordinates (z;, ey, ..., e,,2,), with GLSM charges

ar(n;) = & (7.31)
We can construct these #; using some of the partial GLSM
gauge invariants, obtained “blowing down” all the P! on
the left (resp. right) of the considered P':

i _j=i+1

1
o€y T Qrignt€ig1---€n 2 s

N = aepziel (7.32)
where we take both . and ay,p, different from zero.

Each flavor node connected just with the ith gauge node
of the quiver corresponds to a noncompact two-cycle in the
resolved YAn that intersects just the ith P! [57] and hence
corresponds to zero locus of one of such #;; if the flavor
label is 4;, we take the polynomial 11?".34 Applying this
statement to each flavor node, we can associate to r and A,
the following equation, in the partially resolved phase
analogous to the one presented in Sec. III B

ARV}

uy = e'lr' e2‘2...e?"’Pl(zl,el, ey €4 22)s (7.33)

with P, (21, €1, .... 4. 22) = 1" ...;7k. We take (7.33) inside

the following toric ambient space

71 e e - e, 2o u v FI
I -2 10 0 qi(u) ai(v) | &
0 1 -2 10 0 qu) g:(v) | &

g,(u) q,(v) | &,
(7.34)

0o --- o1 =2 1

We note that to fully specify the threefold, and the ambient
space, we need to give the GLSM charges q(u), q(v); let us
show that this datum corresponds to specify the CS
levels k.

See Section A 1 for an explicit description of the resolution
of the Y, singularity.

Sn ge”neral, these polynomials are not monomial, and the
threefold corresponding to the generic coweight is nontoric also
for the A, case. o

HWe can also  consider [ (ap,zief™ . .e;my +
aright,sei+]"'Zé_l+l’7?+l)’ that correspond to a generic nonzero
vev for a complex-valued background mass parameter supported
on the SU(n + 1) flavor node.
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By construction P, has GLSM charges35

q(P;); = 4 (7.35)

and we have that

rank(g) rank(q

1
qi(elﬂ )7 Qred i l',{,
J=1 j=1

(7.36)

with Q,,,;; being the charge matrix (7.34) with the

columns of zy, z,, u, v removed.
Adding (7.35) and (7.36) we get that

qi(u) +q;(v) = 4 — Z(Cg>ijrj

J

(7.37)

and hence to specify the geometry we just need to specify
q(u) — q(v). In deriving (7.30), we showed that the Kihler
volumes in the IIA limit of [80] are respectively, for xg =
|u|* — |v|? greater than zero or less than zero,

Eiv =& —qi(u)xo, Si-=¢&i+qi(v)xg.  (7.38)
Consequently, the CS levels are [80]
ax i ax i,— —Yi i
k;, = 9§'+ —2|_ "é' = q (u);— 9 (Z)) s (7.39)

fixing the geometry of the threefold (7.33), (7.34) in terms
of the triple (r, 4, k), and viceversa. We notice that taking
g;(u) = 0, we have™®

qi(u”) = /11' - Z(Cg)[jrj,

J

k; =q;(v) = (7.40)

that, for ¢;(v) > 0, reproduces the flavor enhancement
condition [59]. Furthermore, imposing as in the previous
sections q(u) = q(v) = 0, (and hence, in particular, that
k = 0) we see that (7.40) reduces to (2.1).

We notice that not all the CS g-shaped Dynkin quivers
are expected to be UV completed by a SD SCFT. Indeed,
this corresponds to the fact that nothing guarantees that the
threefold specified by (7.33), (7.34) can be crepantly
contracted to a canonical singularity.

We conclude by noticing that the intersection form
coincides with minus the Cartan matrix also for the other
Du Val singularities. Hence, even if in the nontoric Du Val
singularities we do not have a neat GLSM description, one
might expect a similar procedure to be the key to obtain

®We can equivalently say, using the relation between line
bundles and coweights recalled below (3.3), that the polynomial
P,1 1s a section of the line bundle O(1) on the resolved Y, .
An analogous argument holds for ¢;(v) = 0.

systematically quiver with CS levels also for those cases.”’

VIII. 6D ORIGIN OF 5D CM

We can now note an interesting consequence of our
work. A conjecture formulated in [81] asserts that every 5D
SCFT has a 6D origin. Available mechanisms to obtain 5D
SCFTs in such fashion are the circle reduction of 6D
N = (1,0) theories, possibly followed by mass deforma-
tions, as well as integrating out BPS strings [17].% In what
follows, we will obtain all the 5D conformal matter theories
presented in this work as circle reduction of 6D conformal
matter, followed by an Higgs branch RG flow.

HB RG flows and 6D origin of 5D conformal matter. To
understand the 6D origin of 5D conformal matter, we first
show how, for each g, there are 5D CM molecules that
directly descend from circle reduction (without background
for the flavor symmetries on the circle) of 6D CM
molecules. Then, starting from such molecules, we reach
any other kind of 5D CM theory by the HB deformations
followed by an RG flow.

6D conformal matter can be constructed via F-theory on
an elliptically fibered CY3 X

E ——rv Xell

lw (8.1)

B

where [ is the elliptic curve, fibered over a complex surface
B. X4 is typically presented in the form of a Weierstrass
model

(u,v)€B, (x,y)€C>.

(8.2)

2=y + f(u,v)y+g(u.v),

It is important to notice that (8.2) only represents a patch of
E, that covers all of E but a point p; the full E is obtained
by compactifying (8.2) inside [P3;. In the F-theory setup,

n a sense, however, a similar result is reasonably expected
by the following argument: we can always resolve Y, with
blowups in toric ambient spaces, whose C* charges label the line
bundles over the resolved Y. This can be achieved by blowing up
each time a non-Cartier divisor of the Du Val singularity, instead
of a point inside of it. A compact divisor on Y, is uniquely
identified by its intersection with all the other divisors, as the
intersection form is nondegenerate. Consequently, the C* charges
of the sections of a certain line bundle over Y, are again
determined by multiplying by the intersection form (namely,
minus the Cartan matrix). In particular, the analog of the 7; would
be again obtained starting from a full resolution of Y, and
blowing down, passing to the corresponding partial GLSM
invariants, all the P!’s but the jth one.

38Compactiﬁcations of 6D conformal matter were also ex-

ploited to produce 4D theories with 8 [82,83] and 4 supercharges
[84-87].
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the elliptic curve does not represent spacetime directions,
but rather the value of the axio-dilaton of a nonperturbative
IIB background. Reducing the 6D conformal matter theory
on a circle is equivalent to take a decompactification limit
of E, [88], with different kinds of decompactifications
corresponding to different backgrounds, on the circle, for
line operators charged under the global symmetries of the
6D theory. If we do not want to turn on any background for
the flavor symmetries, the decompactification limit simply
amounts to forgetting about p., € E, working in the affine
patch (8.2).

We can see that some of the threefolds that we used to
construct 5D conformal matter are elliptically fibered, and
hence can be thought as the outcome of a decompactifi-
cation of an F-theory model, or equivalently as a circle
reduction without Wilson line backgrounds of a 6D
conformal matter (1, 0) theory. An example of this is X %6:

x2+y +utot =0, (8.3)
that corresponds to a Weierstrass model with f = 0, and, up
to performing the coordinate change x — ix, ¢ = u*v* and
B = C? 3 (u, v). This model, if considered in the F-theory
setup, engineers the 6D conformal matter of type E¢ [10].
We can then conclude that the 5D conformal matter atom
obtained considering M-theory on (8.3) is the circle
reduction of the corresponding 6D conformal matter theory,
as it arises as a special decompactification of the latter. As
pointed out in [57], the same statement applies to
the X%]G X5 ,ngx.

Consider now the threefolds XZDik

(8.4)
|

x>+ 2?2+ 71 =0, 7= uw.

{X2 Y3 —3T4Y 2 + (283 4+ 27 1)T6 = 0,

7 =uv

We now first add a new (irrelevant) term to the first
equation of (8.4)

¥ |+ZFt=0.

tzyr+71=0, — P+t +

(8.5)

The boxed term does not change the leading behavior of the
threefold nearby the locus where the 5D SCFT localizes,
and then preserves the 5D theory. Then, we perform the
following coordinate redefinition:

y=30-2), (5.6

X
X = —=.

3V3
That allows us to rewrite the threefold in the following
form:

R4y =392 422 +27 =0, d=uw. (8.7)

We can explicitly see that, fixing z, u, v in (8.7), we get an
elliptic curve (described by varying x, y), and furthermore
the threefold is globally in the Weierstrass form. In the
notation of (8.1), the base B is the zero locus of z/ — uv in
C3 3 (u,v,z7), and the projection 7 is realized by fixing
(u, v, z) to specific numerical values satisfying the afore-
mentioned equation.

We then conclude that the SD SCFT engineered via
M-theory on (8.7) is the circle reduction of the 6D
conformal matter one. To go back to 6D, we homogenize
the first equation of (8.7) inside P,3, adding in this way the
point at infinity of the elliptic curve

[X:Y:T|€Pyy, (u,v,z)€C. (8.8)

This corresponds to taking the F-theory limit of M-theory on (8.7), making an infinite tower of KK states light, and
producing in this way the 6D (1,0) D; conformal matter molecule obtained by the fusion of j conformal matter atoms. One
can also proceed in the opposite direction, starting from (8.8) and then restricting to the patch 7" # 0, obtaining (8.7) and
circle reducing the 6D (1,0) theory to SD. We will adopt this perspective for the remaining part of this section.

Finally, we briefly mention that the same argument also applies to ijn, simply adding a cubic term as follows:

¥ +y2+7"=0,
—

uv = 7/

and homogenizing the equation within P,3;.

X2 4 yr 4|y

(8.9)

uv = 7/,

To sum up, we have shown that, for each g, the molecule ng descends from circle reduction of the corresponding 6D CM
matter molecule. We can now exploit this fact to describe the 6D origin of any conformal matter theory of g-type in 5D.
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More specifically, let us now show that all the 5D
conformal matter theories of type g can be reached with

HB RG-flows from Xg], for j sufficiently large. We can
prove this as follows: given a SD CM theory of ng type

{%@%@_O, (8.10)

I/H}:Zj

we have shown in Sec. III B a choice of partial resolution of
the threefold (8.10), that produces a low-energy Lagrangian
special unitary quiver phase, with gauge nodes arranged in
the shape of the g Dynkin diagram. As reviewed in Sec. VI,
the dynamical complex structure deformations of this phase
can be characterized via the techniques of [62], relying on a
type ITA setup with D6-branes wrapped on the singular
PD’s of the partially resolved threefold obtained from
(8.10). The dynamical deformations modify the second
equation in (8.10)

{ Y(x,y.2) =0

_ . (8.11)
uv = 7/ +def(x,y,z)
where def(x,y,z) can be explicitly computed and com-
prises a finite number of monomials. With these tools at
hand, it is straightforward to prove that all 5D CM theories

of type g can be obtained via Higgsing from X?, for some
sufficiently large j. Consider a generic 5D CM theory of
type g:

{%“%@_O (8.12)

uv = w(x,y,z)

with w(x, y, z) a combination of the generators of type g in
Table II. Then, there always exists a choice of j such that
(8.10) admits a dynamical deformation that triggers a flow
to (8.12)

{Yg(x,y,.z) 0 . {Yg(x,y,.z) 0 e1)
uy =z’ uv =z +w(x,y,z)
This is possible since, for j large enough, the polynomial
w(x,y,z) is obtained as a tuning of the dynamical defor-
mations def(x,y, z) appearing in (8.11).

Geometrically, this means that any 5D conformal matter
threefold, even the nonelliptically fibered ones, can be
obtained by first performing an appropriate complex
deformation of (8.10), and then by decoupling irrelevant
monomials.

We can therefore conclude what follows:

Each 5D conformal matter theory of g-type can be
obtained from a g-type 6D conformal matter molecule
by circle-reduction and HB RG flow.

It is then an open question to understand whether the
trinions and tetraons predicted in [45], which are engi-
neered by M-theory on CY3 in a similar fashion as the 5D
bifundamental CM studied in this paper, do have a 6D
origin.

ACKNOWLEDGMENTS

We would like to thank Amihay Hanany, Rudolph
Kalveks and Zhenghao Zhong for discussions on small
representations, their associated affine Grassmannian slices
and nilpotent orbits. Furthermore, we would like to thank
Andrés Collinucci, Roberto Valandro, and Shani Meynet for
discussions. J.F.G. is supported by the EPSRC Open
Fellowship No. (Schafer-Nameki) EP/X01276X/1 and the
“Simons Collaboration on Special Holonomy in Geometry,
Analysis and Physics.” J. F. G. is grateful for the hospitality
of the Centre for Geometry and Physics at Uppsala
University, where part of this project was completed. The
research of M.D.M. is funded through an Actions de
recherche concertées (ARC) advanced project, and further
supported by Institut Interuniversitaire des Sciences
Nucléaires-Belgium (convention 4.4503.15). The research
of A.S. is funded by the VR Centre for Geometry and
Physics (VR Grant No. 2022-06593) at Uppsala University.
A.S. wishes to thank the IPhT in Saclay for hospitality
during the initial stage of this work, and the IRN:QFS
network that supported the visit. A. S. also acknowledges the
ERC Grant No. 101171852-HIGH and the VR Project Grant
No. 2023-05590 for partial support. The work of M. D. Z. is
supported by the European Research Council (ERC) under
the European Union’s Horizon Europe Research and
Innovation Program (Grant Agreement No. 101171852)
and by the VR Project Grant No. 2023-05590. M.D.Z.
also acknowledges the VR Centre for Geometry and Physics
(VR Grant No. 2022-06593) and the Simons Foundation
International Grant for the Simons Collaboration on Global
Categorical Symmetries.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: TORIC AMBIENT SPACE
RESOLUTION OF DU VAL SINGULARITIES

In this appendix we schematically collect the data that
encodes the crepant resolution of Du Val singularities in a
suitable toric ambient space. We list:

(i) the Du Val singularity;

(ii) the toric ambient space coordinates and the corre-

sponding C* actions;

(iii) the resolved Du Val singularity and the blow-up

map; and

(iv) the loci of the resolved curves.
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1. A,

The A,, singularities are
xy = " (A1)

One can perform a resolution of (A1) in the toric ambient
space characterized by the weights

Zl el 62 P P en 22
1 -2 1 0 0
o 1 -2 1 0 0 (A2)
0 1 -2 1
The blow-up map is
x=e e .-t
y=ztelei™ e,
7=2z1€1€0" ... €. (A3)

The exceptional curves are given by the ideals

Ci = (e1)
ot OO O,
Cn = (en)

2. Ds
The D5 Du Val singularity reads

X +zyP+24=0. (AS)

The resolution of the Du Val singularity is embedded in a
toric ambient space with coordinates d; and toric action

ds, dvd? + dydad2ds)

do, dy — idyd2d2)

C =
Co =
C3 = (dr,ds)
Ci=
Cs = (dg, dy + id4d§d§)

d dy dy d, ds ds dy
1 1 -1 0 0 0
0 1 -1 0 0
1 1 0 -1 0
o 1 0 0 -1

(A6)

—_—
S O =

The proper transform of the Du Val singularity (AS5) is

did; + d3dyd,dg + dididid; = 0. (A7)

The Stanley-Reisner ideal implies that the following loci
are not part of the resolved variety:

Ly = {dyds, dyds, d\dsded;} =0,
Ly, = {dy,d\d¢d;, dsded;} =0,
L3 = {dld% d4d7’ d3} = O?

Ly ={d,.d}=0. (A8)

The blow-down map acts on the starting coordinates
X, y, Zas

X = d4dldédéd%,
y = d4d3d5déd7’

= d4d2d§d6d7. (A9)

There are rank(Ds) exceptional curves leftover after the
blowup, arranged exactly like the D5 Dynkin diagram. The
exceptional curves are given by the ideals

®
oforof
®

(A10)
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3. Dg
The Dg Du Val singularity reads

¥+ +72=0. (A11)

The resolution of the Du Val singularity is embedded in a
toric ambient space with coordinates d; and toric action

d dy dy d, ds dg dy
1 -1 0 0 O
0 1 -1 0 0
1 1 0 -1 0
0 0 0 1 -1

(A12)

L S sy

1
1
0
0
The proper transform of the Du Val singularity (A11) is

did; + dydidds + d3didSds = 0. (A13)

The Stanley-Reisner ideal implies that the following loci

are not part of the resolved variety
|

Cy = (ds, d7d? + dydgdad3)
Cy = (dy, dy)
C3 = (dr,dy)
Cy = (dr, dg)
Cs = (d7,d3 — id3d,d2)
Co = (dy, d3 + id3d,d3)
4. E,

We perform a resolution of the Eg Du Val singularity

¥y +24=0 (A17)

in a toric ambient space, specified by the weights

d d, dy d, ds ds ds
1 -1 0 0 0
0 1 -1 0 0
0 1 1 -1 0
0o 1 0 1 -1

(A18)

p—
OO = =

The Stanley-Reisner ideal implies that the following loci
are not part of the resolved variety

OO

Ly = {d,ds, dgd3d;, ded,dsd;} = 0,
Ly = {d,,ded,d7, dydsdr} = 0,

Ly ={d,d;,d,, d3} =0,

Ly = {d,.dg} = 0. (Al4)

The blow-down map acts on the starting coordinates
X, y, Z as

x = d2dyd2did,,
y = d5d4d%d%d3,
= d%d4d6d7d2. (AlS)

There are rank(Dg) exceptional curves leftover after the
blowup, arranged exactly like the D Dynkin diagram. The
exceptional curves are given by the ideals

® -
Ly = {dsd,ded,, dy, dsdqdgd, } = 0,
L, = {d,.d7ded,, d7dsdg} = 0,
Ly = {dd,.ddy.ds} =0,
L4 - {d], d4, d()} - 0 (A19)

The blow-down map acts on the starting coordinates
X, y, Z as

x = dydyd3dyds,

y = d2d4f5dgd§,

= d3d4d5déd% (A20)

The proper transform of the Du Val singularity (A17) is
then
&3 + d3dydidg + didi = 0. (A21)

There are rank(Eg) exceptional curves leftover after the
blowup, arranged exactly like the E¢ Dynkin diagram. The
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exceptional curves are given by the ideals

Cy = (ds, dy + idyd?2) @
Coy = (dg, dy + id,d3) |
Cs = (dr, di + dudydod} + didy) @_@_@__@ (A22)
Cy = (ds, dy — idyd3)
Cs = (ds, dy — idyd3)
CG - (d47 dl)
|
5. E7 Ll = {d5d7d2d6d8,d3,d5d7d1d6d8} == O,
We perform a resolution of the £; Du Val singularity L, = {dyds, dyd,dgdy, dyd7dg} = 0,
¥ +y 4y22=0 (A23) Ls = {dqd,dg, d, dsdrdg} = 0,
) ) ) ) ) Ly ={dy, ds,d\dg} =0,
in a toric ambient space, specified by the weights
Ls = {d.ds} = 0. (A26)

1 1. -1 0 O O O

The blow-down map acts on the starting coordinates

1

1 1.0 1 -1 0 0 0 (A24) Ty zas

1 1.0 0 1 -1 0 0

1 0 0 1 1 0 -1 0

1 0 0 0 0 0 1 -l x = Bdy2didid;,

_ Bg 0B
The proper transform of the Du Val singularity (A23) is y = dgdadsdydrdy,
then 2 = dydydsd2d2ds,. (A27)

There are rank(E;) exceptional curves leftover after the
The Stanley-Reisner ideal implies that the following loci ~ blow-up, arranged exactly like the E; Dynkin diagram. The

are not part of the resolved variety exceptional curves are given by the ideals
|
Cy = (dy, dy)
Cy = (dy, dg) @
Cs = (dr,dy) |
Cy = (ds, ds) @_@_@_@_@_@ (A28)
C5 = (d57 dl)
Co = (dg, dadsdrdads + dgd?)
Cr= (dg, d4d§ + dgd5d§)
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6. Eg

We perform a resolution of the Eg Du Val singularity

Y4+ =0 (A29)
in a toric ambient space, specified by the weights
d d, dy dy ds d¢ d; dg dg
1 1.1 -1 06 0 O O O
1 1.0 1 -1 0 O O O
1 0 0 1 1 -1 0 0 O (A30)
$1 0 0 1 0 1 -1 0 O
1 0 0 0 1 1 0 -1 0
1 0 0 0 0 0 0 1 -1

The proper transform of the Du Val singularity (A29) is
then

Bdy + dydsdeds(dsd3 + d3dgd3d3) = 0. (A31)

The Stanley-Reisner ideal implies that the following loci
are not part of the resolved variety

= (d5, dv)
Cy = (ds, dy)
Cs = ( )
Cs = ( )
C5 (d67 dl)

= (dy, dyd2dgdsds + dod?)

= (dy, dy)

= (dy, d3d3dsd5 + dzd3)

&

APPENDIX B: CONSTRUCTION OF THE BASIS
OF DISTINGUISHED WEIGHTS

In this appendix, we show that the distinguished cow-
eights listed in Table II are all the generators, as semigroup,
of the set I defined in (2.3).

To prove this, we first show that any element of (2.3)
must have zero Dynkin labels on the inner nodes of the
Dynkin diagram. Indeed, assume that one of the Dynkin
labels associated with one of the internal nodes of the

O-O-O-D-O-O-O

L, = {dsdsdgdydqdy, dy, dsdsdgd drdg } = 0,
Ly = {ds, d¢dgd,dydy, dsdsdgdqdy} = 0,

Ly = {dgd,ddy, dydy, dsdgdy} = 0,

Ly = {dgd,dy, d,, dsdgdy} = 0,

Ls = {ddy,ds,ds} = 0,

L¢ = {d,.dg} = 0. (A32)

The blow-down map acts on the starting coordinates
X, y, Zas

x = dSdyd3d3dd]d,,
y = ddy 32 dds,

2 = Bdyd3dsd3d3d,. (A33)

There are rank(Eg) exceptional curves leftover after the
blowup, arranged exactly like the Eg Dynkin diagram. The
exceptional curves are given by the ideals

)

(A34)

Dynkin diagram is nonzero. Removing the corresponding
node, we get a regular subalgebra 1t(1) 69]4 g; Cg, with L
the number of links of the node with the rest of the Dynkin
diagram. The highest root 8; of any of the g; is also a root of
g, and it has
(i) Dynkin label minus one on the removed node,
(i) Dynkin labels zero on all the nodes of g;, with j # i,
(iii) as it can be easily seen with a case-by-case analysis,
nonzero Dynkin labels just on the exterior nodes of
the subdiagram associated to g;.
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It follows that we have at least L ways to move a nonzero
internal label to one of the outer nodes of the Dynkin
diagram by adding one of the ;.

In particular, if L > 1 we have at least two ways of doing

so, showing that a weight 4 with a nonzero internal Dynkin
label can not belong to T'. Indeed, one might object that
adding 6; is a nonminimal operation (namely, 6; is not such
that 0; - 1). However, since the g; are orthogonal sub-
algebras, we always have at least L distinct coroots 6; € g;

n

that we can add to 4. Consequently, only the 1 with L =1
can belong to (2.3).

Now that we have proven that the coweights in T must
have zero Dynkin labels on the interior points of the
Dynkin diagram, we can complete the proof by a case-
by-case analysis. We can use that all the coroot lattice
dominant coweights are exactly those associated with
representations for which the center of the simply con-
nected group associated with g acts trivially. The conditions
are (see, e.g., [89])

A, > jk=0 mod (n+1),

J=1

15
2 /12](4_1 + (n — 2)/1,,_1 + I/llln =0 mod (4)
k=0

D,: Ap—1 — 4, =0 mod (2),

E6: 11—12 +/14—/15:0 mod (3),

E7: l4+l6+l720 mod (2),

(B1)

whereas in the Eg case all the coweights are coroots, as the center of Ey is trivial. One can explicitly check that for the
A,. Eq, E;, Eg case the A with nonzero labels only on the exterior points of the Dynkin diagrams (namely, the elements of I')
can all be written as linear combinations of the coweights in Table II with positive coefficients.*” For the D, ; case, the first
equation is minimally solved by

(An—l’in) = (270)7 (’111—1’/171) = (1’ 1>7 (/1,1_1,/1,,) = (0’2)7 (ﬂn—l’ln) = (0’0)’ (BZ)
with (B2) representing the minimal choices. All the other positive solutions can be obtained by taking positive combinations
of (B2). For D,; the second equation of the D-case in (B1) becomes

M+ G-DA+jA, =0 mod (2), n=2j. (B3)
Then, plugging in the minimal choices (B2), we get respectively, as minimal solutions,
/11 - 0, ll - l, Al - 0, /11 = 2, (B4)

where for the last solution we did not take 4, = 0, because in that case the coweight would be zero. These solutions
reproduce exactly the coweights in Table II.
To conclude, let us consider the D,;,; case, for which the equations in (B1) become
Juot =4y =0 mod (2). 204y + j(Zuer +40)) = (Fuey = 4,) =0 mod (4). (BS)
We note that the quantity (4,,_;
in two cases

— 4,) is zero modulo two for the first equation of (B5), and hence we can split the solutions

Apey — 4, = 0mod (4), Ape1 — A, = 2mod (4), (B6)

In the first case the minimal solution are

¥Let us consider for example Egq. We want coweights whose nonzero Dynkin labels are just on the outer nodes, hence 4, = 1, = 0.
We then have, by (B1), 4; = —45 = 0 mod (3). The minimal solution with both the labels nonzero is 4; = 15 = 1, while we can
minimally take (4, = 3,45 = 0), or (4; = 0,45 = 3). Finally, we can take 4, = A5 = 0, while keeping 44 nonzero; the minimal solution
is for A = 1. This reproduces Table II.
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(lrz—l’/ln) = (470)7 (}“n—lvlln) = (l’ 1>7 (ﬁn—lv’ln) = (0’4)7 (ﬂn—laﬂn) = (0’0)7 (B7)

and the second equation of (B5) becomes
Ap—i — 4, =0 mod (2), M+ Jj(A—1 +4,) =0 mod (2), (B8)

that is minimally solved by picking A, = O for the first three solutions in (B7), and A4, = 2 for the last one. To conclude, let
us pass to the second case of (B6). We have, minimally,

(}*n—lv’ln) = (2’ 0)? (ﬁn—lvlln) = (Ov 2)7 (B9)
with the other minimal solutions satisfying the equation mod four. Using that, for (B9), 4,_; — 4, is even, the second
equation of (B5) becomes

A+ J(Anot +4,) =1 =0 mod (2), (B10)

that is minimally solved by 4; = 1. Summing up, for the D,;,; case we have

(ﬂl’ln—lvﬂn) = (0’0’4)’ (Alvﬂn—lvﬂn) = (0’4’0)7
(ﬂl’ﬂn—l’ﬂn) = (0’ 1, 1)’ (ﬂlvﬂn—l’ﬂn) = (2’0’0)

and
(ﬂl’ﬂn—l’in) = (1’0’2)7 (ﬂl’ﬂn—lﬂ/ln) = (1’270)7 (Bll)

that coincide with the coweights in Table II.

APPENDIX C: TABLES OF 5D CONFORMAL MATTER ATOMS AND HYBRIDS

TABLE IV. Indecomposable balanced A, Dynkin quivers constructed from coweights on the coroot lattice of A,.
I, defines the CY3 employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
(1 1] Atom (x,y) [2. 1]
[3 0] Atom ) 3]
[0 3] Atom ) 3]
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TABLE V. Indecomposable balanced A; Dynkin quivers constructed from coweights on the coroot lattice of As. I, defines the CY3
employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
(1 0 1] Atom (2) 2.17]
[0 2 0] Atom () [2?]
2 1 0] Atom (x,2%) (3, 1]
[o 1 2} Atom (y.2%) [3, 1]
[4 0 0] G —2)—0) Atom €y 4]
[0 0 4] (O—@)—0) Atom &) 4]

TABLE VI. Indecomposable balanced A, Dynkin quivers constructed from coweights on the coroot lattice of A,. I, defines the CY3
employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
(1 0 0 1] Atom () 2.13]
[0 1 1 0] Atom (x,y) [22,1]
2 0 1 0] Atom (x.2%) 3, 1°]
[0 1 0 2] Atom (y.2%) 3.12]
(1 2 0 0] Atom (x.y2) (3, 2]

(Table continued)
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TABLE VI. (Continued)

Coweight Dynkin Quiver Type I, Orbit
[0 0 2 1] O—2)—G)>—) Atom (y. x2) 3, 2]
(3 1 0 0] —0E)—2)—0) Atom (x.2%) (4, 1]
[0 0 1 3] O—)—0G)>—0G) Atom (v, 2%) (4. 1]
(5 0 0 0] O—E)—)—0) Atom (€9 [5]
:

[0 0 0 5] O—)—G)—0) Atom ) [5]
Coweight Type I,

[0 3 0 1] Hybrid (xz,y%)
[0 5 0 0] Hybrid (x*.5?)
[1 0 3 0] Hybrid (yz.x?)
[0 0 5 0] Hybrid (2. x%)
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TABLE VII. Indecomposable coweights for D,,,;, with subset of small representations and their corresponding nilpotent
orbits (part 1). For D,,,, there are %(n2 +7n+4) indecomposable coweights, out of which 2rn+2 are small
representations.

Weights Number Orbits
r 0 0 0 n—1 [22’ 1411—2], [24’ 14n—6}’ s
010 ... 0 ol 00010 ..0 01+ 0O ... 010 0 2 16
[22772,1°]
0:| 1 [3.14n—1]
2 0 0
0
0 0 0 n—1 Not small rep
00 2 0 0 ,/0 0 0 0 2 0 0 v |00 002
0 0
0
r n—1 [32’ 1471—4]7 [32.22, 1471—8]7 s [32’22n—4, 14]
1 010 ... 0 0 ,/10 0 01 0 ... 0 0 e 1O L0 01 0
0 0 0
0 0 0
001010 ...0 100 1T 00010 ...0 ;o5 |00 10 0 1
0 0 0
0 0
00001010 ...0 -+ (000 001 0... 01
0 % Not small rep
0
0
0 0101
0

TABLE VIII. Indecomposable coweights for D,, , |, with subset of small representations and their corresponding nilpotent orbits (part
2). For D,, . there are %(n2 + 7n + 4) indecomposable coweights, out of which 2n + 2 are small representations.

Weights Number Orbits
_0 T 1 [227,12]
|
- 2 0 2 [32,22n—2}
1 0 ... O }, [1 0 ... 0 ]
L 0 2
r ) ’ 2 n—1 Not small rep
0010 .. 0 } [0 00010 .. 0 ] [O .. 01 ]
0 0
L 0
r 0 0 0 n—1 Not small rep
0010 .. 0 } [0 00010 .. 0 } [O .. 01 }
2 2
L 2
I 2 Not small re
4 0 p
0 ... 0 0}, [0 ... 0 4}
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TABLE IX. Indecomposable balanced D5 Dynkin quivers constructed from coweights on the coroot lattice of Ds. I; defines the CY3

employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit

r 07 (D Atom (r,2) [22,1°]
01 0

i 0. O——@

®

_ 01 (D Atom () 3.17]
2 00

L 0.

i . Atom ) 2%, 17]
0 0 O

L 1]

- 07 Atom (x +iz%, x —iz?) 32, 14]
1 0 1

L 0.

r 07 Atom (x —iz%) [32,22]
1 00

L 2]

r 27 Atom (x +iz?) [32,2%]
1 0 0

L 0.

Coweight Type I,

- 07 Hybrid (0 z(x = iz?), z(x + iz?))
0 0 2

L 0.

- 01 Hybrid (2, z(x — iz?))
0 0 1

L 2]

I 27 Hybrid (%, z(x + iz%))
0 0 1

L 0.

- 01 Hybrid (y* + 2iz(x — iz?))
0 0 0

L 4

- 41 Hybrid (y? = 2iz(x + iz?))
0 0 0

L 0.
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TABLE X. Indecomposable coweights for D,, with subset of small representations and their corresponding nilpotent orbits (part 1).
For D,, there are %(n2 + 3n) indecomposable coweights, out of which 2n + 1 are small representations.

Weights Number Orbits
- 0 0 0 n—1 [22’ 14n—4], [247 14n—8], . [22n—27 14]
01 0 ... 0 .00 01 0 ... 0 e |00 01
0 0
L 0
r 0 1 3, 14173]
2 0 ... 0 }
L 0
I 0 0 n—2 Not small rep
00 2 0 0 ,/0 0 0 0 2 0 0
0 0
0
[0 02 0 0}
- 0 0 n-=2 [32, 14:1—6]’ [32,22’ 1411—10}, e
1 01 0 0 ol 1 0001 .. 0 o | 32,2216, 16]
0
[1 0 010 0}
0 0 0
001010..0 |[,{00100010..0 |,--s]0010..010
0 0 0
0 0
00001010 ...0 |,s]000010...010 (n=2)(n=3) Not small rep
0 0] 2
0
0...01010

TABLE XI. Indecomposable coweights for D,,,, with subset of small representations and their corresponding nilpotent orbits (part 2).
For D,, there are %(n2 + 3n) indecomposable coweights, out of which 2n 4 1 are small representations.

Weights Number Orbits

- 2 0 2 [22n}
0 ... 0 } , [0 ... 0 }

L 0 2

r 1 1 [327 22n—47 12]
1 0 ... 0 }

L 1

I 1 1 1 n—2 Not small rep
0 0 1 0 0 Ll 0 00 01 O0 0 Ll 0 010 :
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TABLE XII. Indecomposable balanced Dg Dynkin quivers constructed from coweights on the coroot lattice of Dg. I; defines the CY3
employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
- 01 ) Atom (y—iz%,y+iz%z) [22,1%]
01 00
0 O—C—0—]
©
_ 0- 0 Atom (2) 3.1°]
2 0 00
0 O———]
©
- 01 @ Atom (y—iz2y +iz%) 24, 14)
0 0 0 1
0 O——®—]
®
_ 0 Atom (x,2%) 3%, 1]
1 01 0
L 04
- 01 Atom (v —iz?) 2]
00 0O
L 2]
_ o Atom (v +iz?) [2°]
00 0 O
L 0]
_ 17 Atom (x) 32,27, 1]
1 0 0 O
L 1]
Coweight Type L
0 Hybrid (v +i22)%, (v — iz?)% (v + i) (v — i2). 2°)
00 2 0
0
Hybrid (y+i2)2% (y—iz?)% (y +iz?)(y — iz?). x2)

(=)

pero ]
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TABLE XIII. Indecomposable balanced E Dynkin quivers constructed from coweights on the coroot lattice of E4. Both atoms and
hybrids exist for Eq. I; defines the CY3 employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
[ 1 ] Atom (2) A,
0 0 0 0O
) ; ©
O—00—06—0—0

0 ) Atom ) 2A,

1 00 0 1
®

0 Atom (x +iz%,x — iz?) Ay
0 01 0O

0 Atom (x +iz% yz) Ay + Ay
1 1.0 00

0 Atom (x +iz?) 24,
300 00

0 Atom (x — iz, yz) Ay + A
00 0 1 1

0 Atom (x —iz?) 2A,
00 0 0 3
Coweight Type I,

0 Hybrid (=%
01 0 10

0 Hybrid (z(x +iz%).y?)
2 0010

0 Hybrid (z(x —iz?),y?)
01 0 0 2

(Table continued)
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TABLE XIIL. (Continued)

Coweight Dynkin Quiver Type I,

0 Hybrid (y(x —iz?), (x + iz%)?)
1 00 20

0 Hybrid (y(x +iz?), (x — iz%)?)
02 0 01

0 Hybrid ((x +iz%)%,2°)
03 000

0 Hybrid ((x —iz?)%,2°)
000 30
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TABLE XV. Indecomposable balanced E; Dynkin quivers constructed from coweights on the coroot lattice of £;. Both atoms and
hybrids exist for E;. I; defines the CY3 employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
[ 0 ] ©) Atom (2) A,
1 000 0O
) ’ O—C—0—6—0—-0

0 (3) Atom (y,7%) 24,
000 O0T1O0

(0000

0 (3) Atom ) 3(4,)"
00 0 O0O0 2

0 Atom (x,2%) A,
01 00 O0O0

1 Atom (X) A2 +Al
00 0 0 01
Coweight Dynkin Quiver Type I;

0 ® Hybrid (b2 c2)(e # 1)
001 00O

2 Hybrid (> +7%)
000 O0O0OO O

0 Hybrid (ZS, y3)
000200

0 Hybrid (¥, x7)
00 0 1 01

1 Hybrid (xy, z%)
0001 00
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TABLE XVII. Indecomposable balanced Eg Dynkin quivers constructed from coweights on the coroot lattice of E5. Both atoms and
hybrids exist for Eg. I; defines the CY3 employed to engineer the corresponding 5D SCFTs, according to (4.5).

Coweight Dynkin Quiver Type I, Orbit
[ 0 ] ©) Atom (2) A,
000 O0O0O0°1
) : OO0
[1]
0 ] ) Atom ») 24,
1 000 00O
: O—O—(0)—EO—EO—O—0
0 T ©O) Atom (x,7?) Ay
000 O0O0T1O0
| OO ORORORORO
1 1 Atom (x) Ay + A
00 0 O0O0O0TO 0
’ ®
O OROROR0R0R0
Coweight Dynkin Quiver Type I,
0 ® Hybrid (2, 5%)
000 O0T1TO0O0
O OnOROROROR0
0 Hybrid (zx,y?)
{0 1 0 00O 0} @
O~~~
0 Hybrid (z*, xy)
{O 001 0O 0} @
O OaOROROROR0
@ Hybrid (22.y%)
001 0O0O0O0
OaOsOsOROROR0
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APPENDIX D: AFFINE GRASSMANNIAN AND NILPOTENT ORBITS FOR SMALL COWEIGHTS

FIG. 8. Left: Hasse diagram of symplectic leaves corresponding to small coweights in the affine Grassmannian of Ds. Right: Hasse
diagram of related nilpotent orbits in Ds. Black dashed arrows denote isomorphisms. Blue dashed arrows denote normalizations.
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0
2 0 0 0 | mmmmmemmem ooy
0 dy

01 0 0

dg

0 0 0 O

O_

FIG. 9. Left: Hasse diagram of symplectic leaves corresponding to small coweights in the affine Grassmannian of D¢. Right: Hasse
diagram of related nilpotent orbits in Dg. Black dashed arrows denote isomorphisms. Blue dashed arrows denote normalizations.
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FIG. 10. Left: Hasse diagram of symplectic leaves corresponding to small coweights in the affine Grassmannian of Eg. Right: Hasse
diagram of related nilpotent orbits in E¢. Black dashed arrows denote isomorphisms. Red dashed arrows denote Z, covers. Blue dashed
arrows denote normalizations.
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FIG. 11. Left: Hasse diagram of symplectic leaves corresponding to small coweights in the affine Grassmannian of E-. Right: Hasse
diagram of related nilpotent orbits in E;. Black dashed arrows denote isomorphisms. Red dashed arrows denote Z, covers.

€6

dr

0O 0 0 0 0 0 O

FIG. 12. Left: Hasse diagram of symplectic leaves corresponding to small coweights in the affine Grassmannian of Eg. Right: Hasse
diagram of related nilpotent orbits in Eg. Black dashed arrows denote isomorphisms. Red dashed arrows denote Z, covers.
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