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Empirical investigation of nuclear correlation function distributions
in lattice QCD
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Two-point correlation functions of systems with baryon number B € {1,2, 3,4} are investigated using
lattice quantum chromodynamics (QCD). In particular, the empirical distributions of importance-sampling
Monte-Carlo samples of these correlation functions are examined as a function of the spacetime separation
between the two points and the baryon number. While the exact forms of these distributions are not known
for QCD, recent work has determined asymptotic expressions for analogous correlation function
distributions in simpler theories such as scalar field theory and the disordered phase of the O(N) model.
The theoretical O(N) model distributions are found to provide an accurate description of the empirical
QCD distributions at zero momentum over a wide range of temporal separations for each baryon number
when assessed with a range of different statistical tests. In particular, the behavior of the baryon number B
QCD correlation function at large temporal separation is well reproduced by the O(N ~2/B) model

distribution.
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I. INTRODUCTION

A direct understanding of the physics of nuclei from the
underlying Standard Model of particle physics is an open
problem. Nevertheless, it is widely anticipated that the
nuclear physics emerges from the dynamics of quarks and
gluons as governed by the theory of quantum chromody-
namics (QCD). Since nuclei intrinsically depend on strong
interactions at low energies compared to the QCD scale,
Aqcp» such an understanding requires calculations in the
nonperturbative regime of QCD which thus far are only
approachable with lattice field theory methods in the form
of lattice QCD (LQCD). This numerical approach relies on
the Monte-Carlo sampling of configurations of the QCD
degrees of freedom and is beset by a severe signal-to-noise
problem when the quantities in question involve nuclei.
Generalizing heuristic arguments of Parisi [1] and Lepage
[2], Ref. [3] argued that for a nucleus of baryon number B,
the ratio of signal-to-noise in a Euclidean two-point
correlation function at zero three-momentum and at tem-
poral separation ¢ is exponentially small
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S/N ~exp (~B(my — 3/2m,)1). (1)

where my and m, are the nucleon and pion masses,
respectively. This scaling was seen to agree with the large
t behavior of the numerical calculations in that and
subsequent [4-9] work. Finding a computational approach
to problems involving nuclei that does not suffer from such
a degradation of S/N is an important goal of the field as a
solution would allow calculations of a many physically
interesting and phenomenologically important quantities
that are as yet prohibitively difficult.

One avenue to pursue toward this goal is to investigate
the empirical distributions found for QCD correlation
functions. Previous work in this direction appears in
Refs. [3,4,10-16]. Here, this is extended to multibaryon
systems and the statistical distributions of LQCD two-point
correlation functions for operators with the quantum
numbers of the proton, deuteron, triton and the a particle
are analyzed from the perspective of analytic distributions
recently derived in the context of the O(N) model [17,18].
While LQCD involves very different degrees of freedom
and interactions than the O(N) model, remarkable agree-
ment is found between the LQCD correlation functions and
the O(N) distributions at all time separations for each
baryon number. The description by the O(N) model
distribution is considerably more accurate than other
distributions proposed in the literature [13—15].

Intriguingly, the best-fit values of N for the O(N)-model
distributions are noninteger. At large time separations the
fitted values of N asymptote and scale as N ~ 2/B, where B
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is the baryon number of the system under consideration.
The inverse correlation of these quantities is strikingly
well-resolved and it is interesting to ask whether there is an
underlying reason for it. Speculatively, the emergence of
O(N — 0) model dynamics in the limit of B — oo is
related to self-avoiding random walks [19] in the context
of the hopping expansion. The empirical success of the
O(N)-model description of LQCD correlation functions
and the noted scaling of N with 1/B are the key obser-
vations of this work. Absent an analytic derivation of the
corresponding QCD distribution, the result cannot be used
to improve the signal-to-noise ratio of LQCD correlation
functions, but the surprising observation may lead to further
insights into the statistical behavior of LQCD correlation
function distributions.

This work is set out in the following manner. Section II
reviews the probability distributions of correlation func-
tions in the O(N) model that were derived previously.
Section IIT A first introduces the numerical LQCD corre-
lation function used in this work before outlining the fitting
procedures and fit results found in comparing the empirical
LQCD data to the O(N)-model distributions. Finally,
Sec. IV presents a broader perspective on the results and
outlines possible future directions of investigation. The
Appendix presents more details of the fits that are obtained.

II. O(N) CORRELATION FUNCTION
DISTRIBUTIONS

The probability distribution of the simplest zero-momen-
tum, O(N)-invariant two-point correlation function in the
O(N) model, C(1) = (3211, ¢u(1)¢h(0)) [where ¢, (1) is
the (a € {1, ..., N})th spatially averaged component of the
O(N) field], was derived in Ref. [18] based on correlated
mean-field arguments. On average C(t) is real, so the focus
of this work is on the real part of the correlation function.
The distribution of this real part is given by

P()C’ a)+7w—’N) = e%((ﬂ o)

where x = C(t) represents the value of the correlation
function at time 7 on a particular O(N) field-configuration
drawn from the Boltzmann-weighted distribution. The
parameters @® are determined by the interactions of
the theory and K,(x) is a modified Bessel function of
the second kind.

At large times, Ref. [18] argues that in the O(N)-model
context, the two parameters o™ — @ in Eq. (2), so it
follows that the simplified distribution

PO (t;@,N) = tlimP(x; @, @, N)
— 0
250 oK@l ()
= @|X|) 2 Ky-1(W|X
r)va
can describe the correlation function distributions.

In what follows, Eq. (2) will be used to attempt to
describe the empirical distributions of the LQCD correla-
tion functions arising from the Monte-Carlo generation
process. Since QCD is a very different theory to the O(N)
model, one should not necessarily expect such a description
to work well. Nevertheless, as will be discussed below, the
O(N) form is seen to describe LQCD correlation-function
distributions remarkably well.

III. EMPIRICAL INVESTIGATIONS
A. QCD dataset

The data considered here has been previously generated by
the NPLQCD collaboration and is a subset of the data used in
the studies of Refs. [8,20]. In particular the correlation
functions for the proton (p), deuteron (d), triton (¢), and
helium-4 (o) computed on a single ensemble of gluon field
configurations are used. As detailed in Ref. [8], the ensemble
was generated using the hybrid Monte-Carlo algorithm [21]
for tree-level-improved clover Wilson fermions [22] with a
Liischer-Weisz gauge action [23] with one level of stout [24]
smearing. The lattice volume was L3 x T = 32 x 96 and
the bare coupling and light (up and down) and strange
quark mass parameters correspond to a lattice spacing of
a~0.145 fm, a pion mass, m, ~ 450 MeV, and a kaon
mass, mg ~ 596 MeV. In what follows, the lattice spacing is
set to unity for simplicity, so all quantities are reported in their
respective lattice units.

Zero-momentum correlation functions

Cplt) = Y (QUzn(x. 1)1(0,0)[2) (4)

X

were computed for each spin state of the various nuclei and
averaged with appropriate normalizations since the stat-
istical behavior of each spin state was seen to be consistent.
Here, |Q) is the vacuum state and y};(x, 7) and 7§ (x. 1) are
interpolating operators with the quantum numbers of the
state B€ {p,d, t,a} built using the techniques introduced
in Ref. [25]. As discussed in Refs. [8,25], correlation
functions were computed from gauge-covariantly smeared
sources and for either point (SP) or smeared (SS) sink
operators. Since the statistical behavior of the SS and SP
correlation function distributions is found to be similar,
only the SP results are shown in this work, and both the
forward and backward propagating signals are combined
with appropriate parity projection. A total of Ny, = 1847
configurations are studied with an average of N, = 55
randomly chosen source locations per configuration (these
source locations are not averaged over in the analysis).
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FIG. 1. The effective mass functions for the various systems
studied here (colored, only shown when the mean of the
correlation function is positive). The effective mass functions
of the absolute values of the correlation functions are also shown
in gray. The horizontal line in each panel indicates the scale of
3m,B/2, where B is the baryon number of the system under
consideration. The vertical lines indicate the time at which the
effective mass and the effective mass of the absolute value of the
correlation functions begin to deviate [, (B)], and the time
at which the latter effective mass becomes consistent with
3mnB/2 [;noise(B)]'

The effective mass functions

MB,eff(f)Iln[ Calt) } (5)

Cp(t+1)

are shown for B€ {p,d,t,a} in Fig. 1. The uncertainties
on the effective mass functions are computed using boot-
strap resampling. As can be seen, the signal-to-noise ratio

decreases approximately exponentially with ¢. To explore
this, the effective mass functions of the absolute values of
the correlation functions are also shown, following
Ref. [13]. At early times, the correlation function and its
absolute value agree, but eventually at 7, (B), the phase
of the correlation function becomes important and the
uncertainties on the correlation function grow rapidly, as
expected from Eq. (1). Empirically for this dataset,

tnoise(d) ~ 16,
tnoise(a) ~ 10. (6)

Thoise (p) ~23,
tnoise(t) ~ 13,

At large times, t 2 7,4(B), the effective mass of the
absolute value of the correlator is seen to saturate at the
scale 3m,B/2, where B is the baryon number of the system
under consideration. For each system,

B. Fitting methodology

For each system (labeled here as B) and each choice of ¢,
the procedure described in this subsection is used to find
the best-fit O(N)-model parameters and uncertainties.

(1) Forward and backward correlation functions are
concatenated to produce a set of samples {C;} with
i€{1,....2N 4N} indexing both the configura-
tion and source location (appropriately translated)
used for the correlation function. For each time slice,
the data are ordered and truncated by removing the
lowest and highest A_,; = 10% in order to avoid
numerical issues in subsequent analysis. The re-
maining data range between C_ = min;{C;} and
C. = max;{C;}, evaluated on the truncated data.
Using Ny, = 1600 equally spaced bins of size
s = (Cy — C_)/Nypins» a density histogram Ep (x)
is produced for a discrete set x; = C_ + s(j — 1)
where j€ {1, ..., Npjns .

(2) Each empirical distribution Ep,(x) is fit by mini-
mizing the L-norm (total variation)

LB,t(e’ a) = Z|EB,t(xi) —aMpg,(x;,0)], (8)

1

'Variations of the cuts used in data truncation and the number
of bins used to produce the histograms have been investigated.
For variations around the values of A, and Ny, chosen here, the
analysis is robust provided that Ny;,, increases as A, decreases
(since the binning is uniform, this approximately maintains a
constant resolution over the bulk of the distribution). At large
times, using A, < 1% leads to numerical precision issues in
evaluating the model function.

2Using the Li-norm allows the empirical data to determine the
regions of the distribution that most constrain the fit.
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FIG. 2. Representative histograms for each B € {p, d, t, a} (left to right) and for r € {3, 8, 14,22, 30, 43}. The gray regions show the
bootstrap variation of the empirical histograms and the red curves are the best fits in each case.
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where Mp,(x,0) = P(x;0",w™,N) is the asym-
metric O(N)-model distribution in Eq. (2) with
parameters = {N,w", 0~} (since the normaliza-
tion of the histogram changes with the number of
bins and data cut, the normalization « is also
determined in the fit). Fits are performed using
the Nelder-Mead algorithm for each B by sweeping
through the r-values in increasing order, with
parameters from ¢ — 1 used to set the starting search
range for the parameters at ¢. In particular, for each
parameter p € {a, N,w",w™}, the starting search
range is [rp,_;, 7' p,_;] where p,_, is the value of p
from time slice r—1 and r is a random number
drawn from the uniform distribution on [0.7, 1.0].
For t = 1 the initial parameters are chosen randomly.

(3) This procedure is performed for each of the Ny, =
14 bootstrap resamplings of the original data and the
resulting bootstrap distributions are used to estimate
the parameter and distribution uncertainties.” The
bin ranges defined by the original dataset are used
for each bootstrap. In particular, the envelope of the
middle 67% quantile of the bootstrap samplings is
shown as an uncertainty of the fitted function.

(4) Since the loss landscape defined by Eq. (8) is
complicated, the search is repeated N;,, = 10 times,
with the best-fit parameter values for each B, ¢ and
data bootstrap updated if the loss decreases.

The resulting fits are shown for all B and for exemplary
values of ¢ in Fig. 2, with the full set of results shown
in Figs. 9-16 in the Appendix. The extracted best fit
parameters 6 = (N,o",w™) are presented in Tables [I-V
in the Appendix (the best fit normalization, @, is not a free
parameter but is set such that the model and empirical data
are normalized equivalently). The description of the data
for each (B, ) combination has |aMpg,(x,0) — Eg,(x)| <
85.4(x)|Eg,(x)|, with |6,(x)| < 0.3 in most bins." The
fraction of bins with residuals less than 0.3 for a given
(B, t), ®p, is shown in Fig. 3. The average over all bins,
Sps =y 2. |0p,(x;)| is also shown for each B as a
function of ¢ in Fig. 3. Figure 4 shows the normalized fit
residuals, 6 ,(x) for all B and for the same exemplary values
of t as shown in Fig. 2. As can be seen from the figures, the
overall description of the QCD data is remarkably accurate;
the fitted distributions capture both the shape and magnitude
of the empirical distributions, apart from occasionally over-
estimating the strength of the distribution in the zero-bin and

3 Although it is typical to use more than 14 bootstrap samples, a
very large number of numerically difficult fits are performed
below, so a relatively small number of resamplings are used. The
effect of the number of bootstraps on the analysis presented here
has been investigated by doubling the number of bootstrap
ensembles, with differences found to be significantly less than
other sources of uncertainty.

*Because of the integrable singularity in the bin containing
zero, that bin typically has a larger value of dp, than other bins.
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FIG. 3. Upper panel: fraction of bins for which the normalized
fit residual 6p,(x) < 0.3 for each time and B. Lower panel:
normalized fit residuals averaged over bins as a function of ¢ for
each B.

underestimating the tails of the distribution at large 7. The fits
presented here are considerably more faithful in their
representation of the empirical distributions than other model
distributions that have been proposed previously for QCD
correlation functions [13,14].

C. Temporal-separation and baryon-number
dependence of fitted parameters

Having determined the best fit model parameters 6 for
each (B, t) pair, their dependence on B and 1 is investigated.
Figure 5, shows the extracted values of the parameters N
and w,. for the three-parameter distribution in Eq. (2) as a
function of ¢ for each B, defining Ng(¢) and w3(1),
respectively.

The extracted N(¢) is well-constrained in the fits and
approximately saturates to a constant at large ¢ for each
state, B. The time extent at which this saturation occurs
decreases as B increases. At early times, asymmetric fits
with o™ # w™ are preferred, but as ¢ increases, ®* move
toward each other, coinciding within uncertainties for
2 thoise(B). The @™ parameter is numerically difficult
to determine at small ¢ as large values are favored in the
fit and it appears inside exponentially growing functions.
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FIG. 4. Example normalized fit residuals 6p,(x) for different time separations, r€ {3,8,14,22,30,43} and baryon numbers,
Be{p,d,t,a}. Residuals are shown for every 20th bin over the entire data range for each B and .

At late times where ™ ~ w' = @, the determination of @
also becomes numerically challenging as the distributions
become exponentially broader and the empirical data does
not sufficiently sample the tails of the distribution, leading
to the larger fluctuations with ¢ seen in Fig. 5.

For Be{p.d,t}, the O(N)-model parameter Np(z) is
well described by the model

Ng(t) = Ng + Cge™Ms! )

over a large range of ¢ for each B, and by a constant at large
t. To extract the asymptotic value, Nz = Np(r — o0),
fits to the above exponential model and to a constant
[i.e., Eq. (9) with Cz = 0] are performed over time ranges
1 € {tmins tmax } With ., = 48 and varying 7,,;, € {1, ...,40}
using y*-minimization. The envelope of the returned values

of N/ for all fits that have a y° per degree of freedom less
than y2,../d.o.f. = 1.8 are then used to define the extracted
uncertainty on Az and the 50% quantile is used for the
central value. The mass scale Myp, and in particular
the coefficient Cp, are less well determined. For B = «,
the saturation to a constant is less clear and there are
significant fluctuations as ¢ varies.” Consequently, the
confidence interval of a constant fit over 7€ [25,48] is
used for the central value and uncertainties in this case.
Figure 5 shows the extracted ranges of Ny as shaded
bands. Table I reports the fit parameters. Statistical errors

>This behavior is likely due to the choice of J., = 0.1 and
Npins = 1600 in this analysis. A larger number of bins, or a
different binning scheme, may give a better representation of the
highly peaked data distribution the B = a dataset at late times,
but fits become computationally challenging in this case.
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FIG. 5. Parameters extracted from correlation function fits for
nucleon, deuteron, triton and a. The lower panel shows the
extracted values of log,, @™, while the upper panel shows the
extracted values of N in Eq. (2) for each B and ¢. The displayed
uncertainties are determined by the bootstrap procedure. The
extracted ranges of Nz(f — oo) are shown as the horizontal
bands, as discussed in the main text. Additionally, the accepted
exponential fit with the smallest #,,;, is shown as the solid line for
each B € {p,d, t}. In both panels, ;. (B) is indicated for each B
by the vertical lines, increasing in B from right to left.

on the parameters from a given fit are small compared to the
variations between fits.

Some interesting conclusions can be drawn from these
fits. Figure 6 shows the extracted value of N3' (1 > o0) as a

TABLEL Parameters determined by fits to the extracted N (1)
using Eq. (9). The central values are given by the 50% quantile of
the distribution of the parameters for all successful fits
(y*/d.o.f. < yi./d.o.f) and the uncertainties are from the
17% and 83% quantiles. For B = a, only constant fits are used.

B NB CB MB
p 21221007 5507 016943
d 095610020 1.81633 0.1259:8
t 0.588+0.001 1.847200 0.0905
a 0.433100% o

3.0 ————— ——————————————————

2.5F

20fF ]

!(00)

1.0F ]

00 ’//( 1 1 1 1
0

FIG. 6. The asymptotic value of N3' at large ¢ as a function of
baryon number. Fits of the form N3'(co) = ¢( + ¢; B are shown
for ¢y unconstrained (red dashed line and surrounding uncertainty
band) and for ¢y = 0 (blue solid line and surrounding uncertainty
band).

function of the baryon number B. Also shown are fits
to these results using the form Ng!(c0) = ¢y + ¢;B with
co = 0 (linear) and ¢, free (linear plus constant). The linear
fit results in ¢; = 0.551”8"822, while the linear plus constant
fit results in ¢y = —0.14002 and ¢; = 0.6110!, corre-
sponding to a zero-crossing at B ~ 0.24. Qualitatively that
suggests the intriguing scaling, Ng(o0) ~2/B, which will
be discussed further below. A second observation is that the
deviations from the asymptotic behavior for 7 < i (B)
change the value of N in an exponential manner with an
exponent (Mp) that is commensurate with m, or with the
QCD scale Agcp.

D. Phase distributions of correlation functions

In the above analysis, the focus has been on the real part
of the correlation functions. It is also instructive to consider
the distribution of the phase of the various correlation
functions. While in both the O(N) model and LQCD, the
correlation functions investigated here are real on ensemble
average, their expectation values arise from complex-
valued distributions. Previous studies [13] have found that
QCD baryon phase distributions are described by wrapped-
normal (von Mises) distributions

L explecos(x =)
Flcspx) = 271, (x)

, (10)

where x € [—x, 7), p is the mean of the distribution, « is the
concentration parameter, and /y(x) is a modified Bessel
function of the first kind. Similar behavior is seen in the
numerical LQCD data studied here. For each (B, 1), fits to
the von Mises distribution with gy = 0 are performed and
provide a description of the distribution with a goodness-
of-fit R? > 0.99 for all systems for all > 4 (and R> > 0.8
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FIG. 7. The von Mises concentration parameter x from fits to
the phase distributions of the correlation functions to Eq. (10) for
each system.

for all r). Figure 7 shows the concentration parameters
extracted in these fits, showing that for each system the
concentration decreases as f increases, eventually saturating
at a very small value below which there is insufficient
statistical power to cleanly resolve the value. Examples of
the phase distributions are shown in Fig. 8.

IV. DISCUSSION

In this work, the probability distribution of the simplest
zero-momentum, O(N)-invariant two-point correlation
function of the O(N) model has been seen to provide an
accurate description of the empirical distributions of N, =
2 4 1 flavor QCD correlation functions of baryon number
Be{1,2,3,4} at all temporal separations, 7. The QCD
calculations were performed at quark masses correspond-
ing to a pion mass of m, ~450 MeV and kaon mass of

p,t =3 d,t=3

.1=3

- 0 T - 0 n
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§
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FIG. 8.

Phase distributions for different time separations, ¢ € {3, 8, 14,22,30,43} and baryon numbers, B€ {p,d,t,a}. The gray

histogram represents the empirical distribution while the red curve is a fit using Eq. (10).
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mg ~ 596 MeV for one lattice spacing and volume. The
model distribution captures all of the qualitative features of
the QCD data and agrees quantitatively with a normalized
average residual smaller than 0.2 for almost all of the (B, ¢)
combinations.

A key finding of this work is that the values of the
parameter N for which the QCD distributions are best fit are
seen to asymptote at large time separations to a noninteger
value Ng(t — o0) ~ 2/B, scaling inversely with the baryon
number. If this scaling were to extend to larger baryon-
number systems, it would imply the QCD empirical
distributions for large nuclear systems follow those of
the O(N — 0) model. While the origin of such behavior is
unknown and may simply be a coincidence, it is intriguing.
It is possible that there is some sense of universality in
asymptotic correlation function distributions. The methods
used to compute the O(N)-model distributions in Ref. [18]
were relatively theory-agnostic and relied on mean-field
arguments, and similar behavior could potentially be
derived in QCD (although the presence of fermions
significantly complicates this). Such a derivation could
also allow improved estimators for the expectation values
of the path integrals that the LQCD correlation functions
correspond to [18].° This relation would explain the
similarity of the distributions seen empirically in LQCD
to those in O(N) models, but would not explain the
correlation between B and N. One speculative direction
that may provide an explanation of this latter feature is from
the connection of the O(N — 0) model to self-avoiding
random walks [19]. A hopping-parameter expansion of the
QCD B-baryon correlation function involves at least 3B
quark lines connecting the source and sink interpolating
operators. Because of the fermionic nature of these lines,
they avoid occupying the same links of the spacetime
lattice. As B increases, the number of such lines increases,
potentially leading to behavior akin to the self-avoid-
ing walk.

An important extension of the current work would
involve understanding how the results change as the
parameters used in the LQCD calculations change, that
is, the quark masses, lattice spacing and lattice volume. An
investigation of mass dependence could clarify the origin of

(’Using an improved estimator of the mean based on the
distribution in Eq. (3) without a derivation from QCD would
introduce an unknown bias into results.

the scale M found in the fits to the time dependence of
N (1), and an investigation with changing geometry could
shed light on the connection to self-avoiding walks. Given
the intriguing dependence observed for Ng(t — o0) ~ 2/B,
it would also be interesting to analyse distributions of
correlation functions for mesons and for (multi)baryon
systems at other values of the number of colors. It would be
similarly interesting to understand whether connections to
O(N) model distributions occur for other classes of LQCD
correlation functions beyond two-point correlations.
Finally, it is interesting to consider how the observed
descriptions of LQCD correlation function distributions
by O(N)-model distributions can be applied to ratios of
correlation functions, as used to extract energy differences.
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APPENDIX: FITTED DISTRIBUTIONS

TABLE II.  Fit parameters for the proton. TABLE III.  Fit parameters for the deuteron.

t N ot o~ t N ot o

1 88.751% 44.610% (9.25)8) x 10* 1 2.49728 143103, (0.13%5,,) x 10°
2 57.173 28.9103 (8.1754) x 10* 2 2.49%5 143735, (0.13155) x 10°
3 36.8107 18.610" (8. 3*‘ N)x10t 3 105610 5455012 (4.075.) x 103
4 254733 12.8%)7 (8 2*5;) x 10* 4 5. 1j22 2.7+ 0.1513%) x 10°
5 24.579% 12,4194 8OO x 100 5 46j2§7271 1 42537 (c(>.oo9j(§‘;i ) x 103
6 12174919 6.217047 (3 1*3,? )x 1086 361700 1.99+007 (00055512 ) x 10°
7 9.05503 4.661017 (342Hx10t 7 28071003 1.629+0:020 (1.23%02)) x 10
8 70459 3.70+0.00 @55 x10t 8 2347007 13855005 (0.00175132,,) x 103
9 5.701 004 3.04700% (2. 7+4 o) x10* 9 18637007 1.20570%) (1.2%07) % 10*
10 5.587047 2.997008 (3. 0+9 5) x 10* 10 1.68070012 1.14970:01 3147537

11 4.7+ 2.52403 (2. 7+29 4) x 10* 1 17137994 12335058 26521308

12 34081004 1.8727 0028 (121297 x 10° 12 150970013 1.081+9013 11.22594,

13 30057900 Lese o (12209 % 10° 13 13035008 0.93620%! 48770
14 3.137930 1.698702%, (2.5599) x 106 14 128470012 0.762:0013 2.3961 000

15 3114004 1.4691004 8.637010 15 1.2009913 0.579+3:9% 126310017

16 2995100 130170023 4.827005 16 1.1480917 0.40570919, 0.685 0000

17 29281010 11355008 315509 17 11267094 0.28879%07 03987997

18 27737004 0.926:9013 210549008 18 1.13210010 02000100028 0241910005,
19 2.651002 0.762-90% 1.453100)8 19 1.12050008 0.14007300%5 0.15731059%
20 2.53100%¢ 0.61119912 101470078 200 1.097159% 0.087710 508 0.0944 10557
20 247700 049370002 07355000 21 109800 00534570 0055470l
22 247500 0.39410:9%7 0.52910%2 22 1.091991%  0.03154200007, 0.032267 0000
23 2.358°00% 0.297-9:005 0.37210:9% 23 1.08570%8  0.0196010000% 0.019951 955016
24 220508 022770 02715000 24 107000 00163970500 0.01653- 00008
25 2.347000 0.1821 10905 0.2064- 390, 25 10621038 0.00876100001 0.008761 050004
26 2312400, 0.1401%0907, 0154370507 26 1.058100%  0.001533500000  0.0015381050005
27 2.30°00; 0.1051500053 0.11467300:0 27 1.051599%  0.007227 0500, 0.007221956044
28 226510% 0.075910-50%9 0.08101 50078 28 10517092 0.00579 0 on0e 0.00579 0 5000
29 2232000, 0.05191 5015 0.0538%0 6607 29 1.036709%  0.0159470000% 0.015949 0%
30 2.231007 0.03391 0300 0.03515000% 30 1.06070%3  0.019067 550 0.01908 30004
31 225700 0.0234+0:0004 0.02397 0000 31 102250997 0.01265709002 0.01277+9:30016
32 2.2110:9 0.013590:50030 0.013661050032 32 1.027100%  0.000574105500% 0.000580 000015
33 2,120 0.0073310.5002¢ 0.007337 300028 33101470981 0.00528 095016 0.005281 050018
3 209808, 0005620007 00056610 34 LOITIPE  0.000665 00N 0.000665 (02
35 2.20700¢ 0.0045273:500% 0.00457 055007 35 0.9967091  0.0094150 5001 0.009461 050016
36 2.131045% 0.00284 050008 0.00286 1050006 36 1.000610%0928  0.011387050010 0.01146 055033
37 2.15+5% 0.001381700000s.  0.0013991 00000 37 0.99170%7  0.01441+5:00024 0.014577 50005
38 210700 0.004407 055007 0.004417X 00000 38 0.9813099%  0.0025117+9:900028 0.002536 000002
39 2115700 0.00617+5-00011 0.006257 500004 39 0.963570012. 0.0011607 000014 0.001164+355%01
40 20725085, 0.0051719 50507 0.005197 055007 40 096870910 0.00654 100004 0.006549 1000902
41 2.1%0% 0.00075") 50005 0.00077 a0 41 0.951%05¢  0.0082405%6 0.00831 556000
42 2.075008 0.002551 000011+ 0.00256970000%5 42 0.9397006 002217130505 0.02217X9 66078
43 2.09%003 0.00723 00007 0.00723% 00000 43 0.94550007  0.0297750500%, 0.0304410000:°
44 211100 0.00493 1000018 0.00496106001 44 093970912 0.03157599% 0.0327:90%"
45 2.185008 0.00387- 55050 0.0038700000c 45 09631001 0.0173110000)7 0.0174070 (000
46 21361007 0.0038680500%3  0.003878700005> 46 0.96610917  0.00950790902 0.00973 060015
47 2.18500) 0.00562 50011 0.00569 00001 47 1.009109"8  0.001032155500°  0.001046700000'
48 22447005 0.0042555000005  0.004274105005 48 1.053X00%  0.001261100000  0.001268 5000031
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TABLE IV. Fit parameters for the triton.

TABLE V. Fit parameters for the a.

t N o’ N t N @™ on
1 1115793 5871012 (1.77123,) x 10* 1 4.83%% 2.7250% (3.374¢) x 10°
2 7.841007 4197007 (2.8722) x 10* 2 4.631009 2.591048 (4.278.) x 10*
3 5195954 2.80177 (214729 x 100 3 3.199590% 185170072 (1 4+1 ) x 10*
4 3.627004 2.008 0% (1.9798) x 10* 4 2.2347001¢ 1389704013 © 1+4' ) x 10°
5 2562054 1.5097098, (4. 5“ %10t 5 1.56870010 1.07370%21 92484207
6 1.89910:0)3 12155098 (7. 6+§§) x 10* 6 0.9257995% 0.840109% 3.71%3
7 1472208 1.047550%6 (7.5710) x 10* 7 1.01910:9% 0.95980 (2.25)9) x 10*
8 1.262*0017 0.997-0005 (8. 8*33) x 10* 8 0.99710153 117590 11155
9 12175001 10871003 (7.154°) x 10* 9 0.7960013 1.0697002° 17.7458
10 L0705, 1.10020077 30.5i?,2 10 0.68321000% 092975843 5.0950%
I 0.964115507 1.006001a 8.65'01% 11 0.608 00 0.778100% 20707095
12 08415501 0.80870 07 3.371000 12 05460 00¢ 05487000 091310018
13 0778%00¢ 0.638 (007 1.584 15,002 13 0.559%000; 0.360: 007 0.45310 008
140772150 0.48620003 0.830200% 14 0.54670:30¢ 0.149205%, 0.16537090%,
15 074250014 0.32170:0% 0.425- 501 15 0.5176+0911 0045400010 0047400005
16 0.7291001 0.19441000%, 0.22410 504 16 0.529+0:008 0.04520:003 0.0456 0000+
17 0.726105% 0.11261 93016 0.121119:3018 17 0.513210:0024 0.0979 09018 0.09880-50%
18071245000 0.0629 0000 0.0664 ¢ 000 18 04831700%, 0.1329+0001¢ 0.1365300%3
19 0.71373:008 0.0597 30013 0.0611105017 19 0.571+9903 0.23461 00029 0.2403 75003
20 0.705409% 0.0427+3.5008 0.0432:+0:5098 20 0.4747+0010 02070005 021210 ggg
2 ol omgll omelil o el ol oastl
007034 : ~0.009 : 0.487% 007 0.1697 004 0.17127 ) 003%
23 0680105 (4235000) x 107 (4. 233‘;32) x 107 23 0.517+0.303 0.2144+9:%05 0.215550 0055
24 0.69319910 0.002070:90005 0.00207 030008 24 045510005 0.1668-0.9%, 0.1679+0:3%,
25 0.655%5006 0.02198 50054 0.0223%0 0005 25 0.494700% 0.1442300029 0.145419%01
A S T BT BT
28 0.6561%-%;}9 0. 094+0 007 0 096;8‘8(2)2 28 0.437;%.%991 00i265645100m o 631(())(())(())75
29 0.637°007 0. 10221%%%27 0. 1022+%%5027 29 DS 000s 0,344 10000 8'31;81%%?51
30 0 6.6071%%%29 0. 113315+0 000009 0. 1137+0 0028 30 0'4171%%% 0 s R v
66072559 Zo1i 0449610904 0.309020 5% 0.31220507
31 0.63650710%% 0. 057441+° b0t 057441 B )| 0.4430.006 0.394+0016 0.3951 9018
osen i onnm 2 el ool oedd
0215021 D056 506 0655 6034 33 0.4491 0008 0.1979% 065 0.2057 " 00-
3405964145001 0.07192670 0.07192615%°" 34 040170006 027860909, 0278610009,
35 0.6224217095  0.0638107109%8  0.064451509012 35 0.387+0.008 0.33410%7 0.33470597
36 061545000 0.02032%00000  0.02032%G0000s 36 0.391310%07 0.0285-0:0011 0.0285+00013
37 0.582:10000 0.041100" 0.0416 5051 37 0.39010012 0.01394709010 ) (1414700008
38 05781000 0.0591 058" 0.0595200004 38 0.37510010 0.1680009 0.171+0012
390589910000 0.07975000s 0.08025 0007 39 0.36041000 0.24990004. 0.2530700027
40 0.5741990° 0.08789:0033 0.089810:09% 40 0.361+009 0.03460-0011 0035415009
41 0.595709% 0.09540.5011 0.095459 55" 41 0.355+0009 0.0804+0:904 0.081410 555
42 056770002 0.0378:0 0" 0.0382% 505, 42 0463307000027 (1881 F0MI0 () 1g0pg+0.00010
43 0.589145%0917 0,0202925F09%0233 (02030279000 43 0.358.10.003 0.2810.004 0.2810:008
4405935001 0.0517%)5000 0.0535 5005 44 0390310012 0.533+0011 0.5381001¢
45 0.5953?;%1‘l ! o.ogzst(g;(z%?j 0.0827f§_§f£; 45 0.372210.005 0.1554.+0.0026 0.15560.005
46 059700 0.0513%5015 0.053577 o1 46 0428510004 0.0864 100026 0.087609014
47 04261020, 0.00000001°0%  0.01872500%0 47 0.402.10.906 0.1015+0.0025 0.1015+0.0023
48 0.639% 00 0.0389 506 0.0389 06005 48 0427700034 0.0619*0.015 0.0619+0901>
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FIG. 9. Correlation function distributions for r€ {1, ...,6} and B€ {p, d, t, a}. Gray regions correspond to the empirical histograms

and red curves correspond to the best fit using Eq. (2).

074513-12

200



EMPIRICAL INVESTIGATION OF NUCLEAR CORRELATION ...

PHYS. REV. D 113, 074513 (2026)

180
1200 1000
pt=T 150 dt=7 200 tt a,t=17
150 P 400,
200 1000 500
120 200
100
100 0 300 500
100 © 100 100
600
100 o 200 50
50
400
50 50
50 100/
200
20 20 10
0 0 0 0 5
0 1 0 2 2 1 2 2 1 2
1000 1000
500 =
00 tt a,t=38
500
150, 800/
500
0 w00 600 100
100
50
300 o
400
200
50
200
100 10
10 5
5
0 0 0
o 1 2 2 1 2
1000
; a,t=9
1000 1w e
500
150) 500
00
1000/
100 600 100 100
50 o
400
500
50,
200 10
10
0 0 0
o 1 2 2 0 1 20
1000
1500
t,t =10 7 a,t =10 1000
200 500
800 500
150,
600/ 1000/
100
100
50
100/ 100 50
500
50, 200/
10 10
5 5
0 0] 0]
0 1 2 2 0 1 2 0
1000
1000
200 tit=11 a,t
5 1000
00 500 500
150 800
600
100 600 100
100
400 50 50
400
0 200
200
10
10
0 0 0 5
o0 0 1 2 0 2 0 1 2 o 1
" 1000/ 1000
800 tt= a,t =12
00 500
800
150 600 200
w 100
100/ 400 w £y
? 1400
50 200 20
200
10
10
5
0 0 0
o o 1 2 0 -1 1 2 -1 1

FIG. 10.

Correlation function distributions for r € {7, .
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FIG. 11. Correlation function distributions for € {13,...,18} and B€ {p,d,t,a}. Same conventions as in Fig. 9.
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FIG. 12. Correlation function distributions for r€ {19, ...,24} and B€ {p,d,t,a}. Same conventions as in Fig. 9.
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. 14. Correlation function distributions for € {31,
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FIG. 15. Correlation function distributions for € {37, ...,42} and B€{p,d,t,a}. Same conventions as in Fig. 9.
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