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In this work, I consider scalar field theory with negative quartic self-interaction, corresponding to an
upside-down classical potential. Despite not possessing a classically stable ground state, such potentials are
known to behave properly when treated quantum mechanically, leading to stable and unitary time
evolution. Using two different saddle-point expansions for the same theory, I discuss the phase diagram in
terms of bare parameters in Euclidean dimensions one to four, as well as the generalization to finite
temperature. Comparing to other methods where available, I find that negative coupling field theory is a
promising candidate for an interacting scalar field theory in the continuum. In particular, in four dimensions
it exploits a loophole in mathematical proofs of quantum triviality, suggesting that negative coupling scalar
field theory could offer a UV-complete and interacting description of the Higgs.
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I. INTRODUCTION

In classical physics, upside-down potentials do not have
stable ground states, as those who choose to play golf on a
mountain will readily acknowledge. In quantum field
theory, the notion that all “good” potentials must have
stable classical ground states is enshrined as an “obvious”
condition in almost all textbooks, and early ideas to build
quantum field theories with negative coupling [1] were
derided as “nonsense” by some of the most distinguished
members of the community [2].
The same obvious condition could be applied to the

electron in the hydrogen atom, because a charged classical
particle on a circular orbit continually emits electromag-
netic radiation, leading to orbital decay, thus preventing a
stable configuration. Yet the electronic ground state of the
hydrogen atom is quantum mechanically stable, despite
possessing no classically stable ground state.
Further information surfaced in the twilight of the last

millennium [3], where it was found that even non-Hermitian
potentials can lead to real and bounded eigenspectra of
quantum mechanical Hamiltonians if they possess certain
characteristics [4–7]. Using the similarities between
Schrödinger’s wave equation and wave optics and open
quantum systems [8], experimental verification of these
“exotic” theory predictions was possible (cf. Ref. [9]),

creating a new subfield of material physics; see, for instance,
Ref. [10].
Unlike negative coupling quantum mechanics, very little

is known about negative coupling quantum field theory.
Studies of nonclassical quantum field theory were first
conducted for iϕ3 potentials in Refs. [11–14], and more
recently for a broader class of complex potentials in
Refs. [15–17]. Subsequently, non-Hermitian quantum field
theory has been considered for fermionic theories
(cf. Refs. [18–22]), quantum gravity (cf. Refs. [23,24])
and lattice systems (cf. Refs. [25,26]). Studies of negative
coupling quantum field theory are even more recent, (see,
e.g., Refs. [27–33]), but potentially important as descriptions
of the Higgs field; cf. Refs. [34–36].
One of the issues that studies of negative coupling field

theory have faced is that established techniques such asweak
coupling perturbation theory and lattice field theory using
Monte Carlo importance sampling fail, simply because the
classical probabilistic interpretation underlying these estab-
lished techniques is absent. By contrast, nonperturbative
methods such as large N expansions pioneered in the 1970s
[37,38] were found to work well [28,30,39–41], whereas
contour-deformation methods for lattice studies [25,29,42]
work in principle, but are numerically too expensive for
extracting continuum physics in spacetime dimen-
sions d > 2.
In this work, the focus is on uncovering the broad

qualitative features of the phase diagram of negative
coupling scalar field theory, both at zero and finite temper-
ature. The main tool for this survey is the use of two distinct
saddle-point expansions of the theory, which were pre-
sented and cross-checked against other methods for the
case of positive coupling field theory in Ref. [43]. It should
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be emphasized that while the expansions are systematically
improvable, there is no small expansion parameter, and
therefore truncations correspond to uncontrolled approxi-
mations of the theory. However, the truncations made in
Ref. [43] have the advantage that results are analytically
tractable, and can be compared to other nonperturbative
methods whenever available (to date basically only quantum
mechanics, cf. Ref. [44]) to check on the quality of the
approximation.
In this sense, the present work is intended as a survey of

the phase diagram of negative coupling field theory both at
zero and finite temperature, with the aim of identifying the
approximate location of features such as transition lines that
may subsequently be probed by numerical methods, such
as lattice field theory [25].

II. CALCULATION

I consider a scalar field ϕ with Euclidean action

S ¼
Z

ddx
�
1

2
∂μϕ∂μϕþ 1

2
m2

Bϕ
2 − gBϕ4

�
; ð1Þ

where the timelike Euclidean direction is a circle with
radius of inverse temperature, β ¼ 1

T. For further simplicity,
it will be useful to state the results for the propagator and
pressure of a free massive boson in dimension d at finite
temperature:

ΔfreeðM;TÞ ¼ T
X
n

Z
dd−1k
ð2πÞd

1

ω2
n þ k2 þM2

; pfreeðM;TÞ ¼ −
T
2

X
n

Z
dd−1k
ð2πÞd ln½ω

2
n þ k2 þM2�; ð2Þ

where ωn ¼ 2πnT are the bosonic Matsubara frequencies. Some integrations may be performed to give the results

ΔfreeðM;TÞ ¼
Γ
�
1 − d

2

�
ð4πÞd2 Md−2 þ

Z
dd−1k
ð2πÞd−1

nBð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þM2
p ; ð3Þ

pfreeðM;TÞ ¼
Γ
�
− d

2

�
2ð4πÞd2 M

d − T
Z

dd−1k
ð2πÞd−1 ln

�
1 − e−β

ffiffiffiffiffiffiffiffiffiffiffi
k2þM2

p �
; ð4Þ

where nBðxÞ ¼ 1
eβx−1 is the Bose-Einstein distribution function. Yet another form can be given in terms of the high-

temperature expansion [Ref. [45], Eq. (2.90)]:

ΔfreeðM;TÞ ¼
TMd−3Γ

�
3−d
2

�
ð4πÞd−12 þ 2T

ð4πÞd−12 ð2πTÞ3−d
X∞
l¼0

�
−M2

ð2πTÞ2
�
l Γ
�
lþ 3−d

2

�
Γðlþ 1Þ ζð2lþ 3 − dÞ;

pfreeðM;TÞ ¼
TdζðdÞΓ

�
d
2

�
π

d
2

−
TMd−1Γ

�
3−d
2

�
ðd − 1Þð4πÞd−12 þ T

ð4πÞd−12 ð2πTÞ1−d
X∞
l¼0

�
−M2

ð2πTÞ2
�
lþ1 Γ

�
lþ 3−d

2

�
Γðlþ 2Þ ζð2lþ 3 − dÞ; ð5Þ

where pSBðTÞ ¼ TdζðdÞΓðd
2
Þ

π
d
2

can be recognized as the Stefan-
Boltzmann pressure for a free massless boson in d
dimension.
For the interacting theory, I use an analytically

tractable resummation scheme called R1 originally intro-
duced in Ref. [46]. The R1 resummation scheme is very
versatile and can be implemented in all dimensions, both
at zero and finite temperature, and both in continuum and
for spacetime lattice discretizations. For the present
manuscript, the relevant derivations of the R1 formulas
can be found in the appendix of Ref. [43] with the
replacement of λ → −g.

A. Symmetric saddle expansion

Using the mathematical identity

egϕ
4 ¼

Z
∞

−∞

dζffiffiffiffiffiffiffiffiffiffi
16gπ

p e−
ζ2

16gþ1
2
ζϕ2

; ð6Þ

I rewrite the action of the theory into a form that only
contains ϕ quadratically. Using the R1 resummation [46], I
find for the partition function of the theory

Z ¼
Z

∞

−∞
dζ0e

βV

�
pfreeðM;TÞ− ζ2

0
16gB

−2gBΔ2
freeðM;TÞ

�
; ð7Þ
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where βV is the volume of spacetime, and

M2 ≡m2
B þ ζ0 þ ν2; ν2 ¼ −8gBΔfreeðM;TÞ; ð8Þ

is the pole mass of the field ϕ. In the large volume limit, the
partition function may be calculated using the saddle-point
method, finding

lnZ
βV

≡ pðM;TÞ ¼ pfreeðM;TÞ − ζ20
16gB

− 2gBΔ2
freeðM;TÞ;

ð9Þ

with the saddle-point condition

0 ¼ ∂pðM;TÞ
∂M2

¼ −
1

2
ΔfreeðM;TÞ − ζ0

8gB
: ð10Þ

This implies that ζ0 ¼ −4gBΔfreeðM;TÞ, such that ν2 ¼ 2ζ0
and the saddle-point condition can be expressed in terms of
the pole mass [46]. One finds for the symmetric phase that

M2 ¼ m2
B − 12gBΔfreeðM;TÞ;

pðM;TÞ ¼ pfreeðM;TÞ − ðM2 −m2
BÞ2

48gB
: ð11Þ

B. Broken phase saddle expansion

In contrast to the symmetric phase expansion, one can
expand the action using

ϕðxÞ ¼ ϕ0 þ ξðxÞ; ð12Þ

corresponding to an expansion around a phase with
hϕi ≠ 0. Using the R1 resummation [43], one obtains
the pressure in the broken phase as

p̃ðM̃; TÞ ¼ −
m2

Bϕ
2
0

2
þ gBϕ4

0 þ pfreeðM̃; TÞ
− 3gBΔ2

freeðM̃; TÞ; ð13Þ

where the pole mass M̃ of the fluctuation field ξ fulfills

M̃2 ¼ m2
B − 12gBϕ2

0 þ ν̃2; ν̃2 ¼ −12gBΔfreeðM̃; TÞ:
ð14Þ

In the large volume limit, the value of ϕ0 is fixed through
the saddle-point condition

0 ¼ ∂p̃ðM̃; TÞ
∂ϕ2

0

¼ −
m2

B

2
þ 2gBϕ2

0 þ 6gBΔfreeðM̃; TÞ: ð15Þ

Using this condition, the pole mass can be written as

M̃2 ¼ −2m2
B þ 24gBΔfreeðM̃; TÞ; ð16Þ

so that the saddle-point condition and broken phase
pressure simplify to

ϕ2
0 ¼ −

M̃2

8gB
;

p̃ðM̃; TÞ ¼ pfreeðM̃; TÞ þ M̃4

96gB
þ M̃2m2

B

24gB
−

m4
B

48gB
: ð17Þ

C. Transitions between saddles

Both the symmetric and broken phase saddle are
descriptions of the same theory. However, when evaluating
physical observables such as the free energy for the same
theory parameters, results will in general differ between the
two saddle-point expansions.
As outlined in Ref. [43], I interpret this as the presence

of distinct phases for the same theory, describing a stable
phase (with lowest free energy), and others describing a
metastable or unstable phase (with higher or complex free
energy). Which saddle corresponds to which phase can
only be determined after evaluating physical quantities
such as the free energy, but I will use the criterion from
Ref. [43] to define the physical ground state as the phase
with the lowest real part of the free energy. Note that in
principle, the calculation could lead to complex (meta-
stable) solutions as potential ground states, but in
practice, it will be found that no such problematic case
arises.

III. d = 1: PT -SYMMETRIC QUANTUM
MECHANICS

For the case of quantummechanics d ¼ 1, the symmetric
phase and broken phase results simplify to

pðM;TÞ ¼ −
M
2
− T ln ð1 − e−βMÞ − ðM2 −m2

BÞ2
48gB

;

M2 ¼ m2
B −

6gB
M

−
12gBnBðMÞ

M
;

p̃ðM̃; TÞ ¼ −
M̃
2
− T ln ð1 − e−βM̃Þ þ M̃4

96gB
þ M̃2m2

B

24gB

−
m4

B

48gB
;

M̃2 ¼ −2m2
B þ 12gB

M̃
þ 24gBnBðM̃Þ

M̃
: ð18Þ

Let me first discuss the case of zero temperature T ¼ 0,

where one finds solutions M∈Rþ for m2
B ≥ 243

1
3g

2
3

B ≃
6.24g

2
3

B for the symmetric phase, whereas solutions
M̃∈Rþ exist for all m2

B. Using the criterion outlined in
Ref. [43], these solutions correspond to different phases of
the theory, with the phase with the highest pressure (lowest
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free energy) being thermodynamically favored. Comparing
pðM; 0Þ − p̃ðM̃; 0Þ for the solutions outlined above, one
finds that there is a transition from a broken phase for small
m2

B

g
2
3
B

to a symmetric phase at

m2
B ≃ 6.66g

2
3

B: ð19Þ

As discussed in the Supplemental Material of Ref. [43], a
transition from broken to symmetric phase is not taking
place in the quantum mechanical theory, even though the
pressure in the symmetric phase does give an accurate
numerical description of the ground-state energy of the
system. This is verified in Fig. 1 through the numerical
diagonalization of the Hamiltonian

H ¼ p2

2
þ 4gBx4 þ

ffiffiffiffiffiffiffiffi
2gB

p
x − x2m2

B þ m4
B

16gB
; ð20Þ

which is isospectral to the negative coupling (PT -sym-

metric) Hamiltonian H ¼ p2

2
þ 1

2
m2

Bx
2 − gBx4 [6,44].

At finite temperature, real-valued solutions for the
symmetric pole mass M exist only below T < Tcðm2

BÞ,
whereas real-valued solutions exist for M̃ for all m2

B; T.
It is possible to track the solution with the highest
pressure for all m2

B; T, and one obtains the phase
diagram for the preferred thermodynamic saddle shown
in Fig. 1. In the high-temperature limit T ≫ mB, results
(18) simplify to

pðM;TÞ ¼ −
M
2
− T ln ðβMÞ − M4

48gB
; M2 ¼ −

12gBT
M2

;

p̃ðM̃; TÞ ¼ −
M̃
2
− T ln ðβM̃Þ þ M̃4

96gB
; M̃2 ¼ 24gBT

M̃2
:

ð21Þ

In the case of the symmetric saddle, there are no real-
valued solutions M on the principal Riemann sheet, but
instead one has

M2 ¼ �ið12gBTÞ12; ð22Þ

and complex-valued pressure at high temperature. This
matches the well-documented cases of complex-valued
pressure at high temperature for symmetric saddle
expansions in the literature in various dimensions, cf. the
discussions in Refs. [27–29,32,47,48]. For the case of
d ¼ 2, Ref. [32] proposed a resolution of the problem
by using solutions to the saddle-point condition on
nonprincipal Riemann sheets. For d ¼ 1, there are
solutions for the symmetric saddle-point condition
(22) on nonprincipal Riemann sheets, but they are not
real valued.
In this work, I point out a different way from Ref. [32]

that also resolves the issue of complex valued pressures at
high temperature. In particular, the broken saddle-point
condition has real-valued solutions

M̃ ¼ ð24gBTÞ14; ð23Þ
on the principal Riemann sheet, and the resulting pressure
in the high-temperature limit is

p̃ðM̃ ≪ TÞ ¼ −
T
4
ln

�
24gB
e1T3

�
þ…; ð24Þ

which is real valued and positive for high temperatures, as
advertised.
For the case of d ¼ 1, it is possible to test if the broken

saddle solution (24) correctly captures the high-temperature
limit of the theory. This can be done by numerically
obtaining the eigenvalues En of the isospectral
Hamiltonian (20), and from this the finite temperature
pressure of the theory as

FIG. 1. Left: comparison of lowest lying eigenvalues E0, E1 of the Hamiltonian (20) to minus the pressure pðM;T ¼ 0Þ; p̃ðM̃; T ¼ 0Þ
from the symmetric and broken saddles obtained in the R1-level resummation. Right: phase diagram at finite temperature, indicating
which saddle is thermodynamically preferred. Note that there is no actual phase transition here, just a transition from one saddle to
another saddle. See text for details.
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pðTÞ ¼ T ln

�X
n

e−βEn

�
: ð25Þ

One finds that the numerically calculated pðTÞ indeed
approaches Eq. (24) in the high-temperature limit. This
suggests that the real-valued broken phase saddle-point
solution (23) on the principal Riemann sheet rather than

some complex-valued solution on nonprincipal Riemann
sheets captures the high-temperature behavior of the theory.

IV. d = 2: NEGATIVE COUPLING FIELD THEORY

For the case of d ¼ 2 − 2ε, the symmetric phase and
broken phase results lead to

pðM;TÞ ¼ −
M2

8π

�
1

ε
þ ln

μ̄2e1

M2

�
−
ðM2 −m2

BÞ2
48gB

þ TM
π

X∞
n¼1

K1ðnβMÞ
n

;

M2 ¼ m2
B −

3gB
π

�
1

ε
þ ln

μ̄2

M2

�
−
12gB
π

X∞
n¼1

K0ðnβMÞ; ð26Þ

p̃ðM̃; TÞ ¼ −
M̃2

8π

�
1

ε
þ ln

μ̄2e1

M̃2

�
þ M̃4

96gB
þ M̃2m2

B

24gB
−

m4
B

48gB
þ TM̃

π

X∞
n¼1

K1ðnβM̃Þ
n

;

M̃2 ¼ −2m2
B þ 6gB

π

�
1

ε
þ ln

μ̄2

M̃2

�
þ 24gB

π

X∞
n¼1

K0ðnβM̃Þ; ð27Þ

where μ̄2 ¼ 4πμ2e−γE is the MS renormalization scale and I
used

Z
dk
2π

ln ð1 − e−β
ffiffiffiffiffiffiffiffiffiffiffi
k2þM2

p
Þ ¼ −

M
π

X∞
n¼1

K1ðnβMÞ
n

: ð28Þ

The divergencies can be nonperturbatively renormalized
using

m2
B ¼ m2

Rðμ̄Þ þ
3gB
πε

; ð29Þ

which leads to the running renormalized mass in the MS
scheme,

m2
Rðμ̄Þ ¼

3gB
π

ln
μ̄2

Λ2

MS

; ð30Þ

where ΛMS is the MS parameter. Plugging this result form2
B

into the above formulas leads to

pðM;TÞ ¼ −
M2

8π
ln
Λ2

MS
e1

M2
−
M4 þm4

B

48gB
þ
X∞
n¼1

TMK1ðnβMÞ
πn

; −
πM2

3gB
¼ ln

Λ2

MS

M2
þ 4

X∞
n¼1

K0ðnβMÞ;

p̃ðM̃; TÞ ¼ −
M̃2

8π
ln
Λ2

MS
e1

M̃2
þ M̃4 − 2m4

B

96gB
þ
X∞
n¼1

TM̃K1ðnβM̃Þ
πn

;
πM̃2

6gB
¼ ln

Λ2

MS

M̃2
þ 4

X∞
n¼1

K0ðnβM̃Þ:

At zero temperature T ¼ 0, a pair of real-valued sol-
utions for the symmetric phase exist for gB ≥ πe1

3
Λ2

MS
and

are given by

M2 ¼ −
3gB
π

W−1;0

�
−
πΛ2

MS

3gB

�
; ð31Þ

whereWk denotes the LambertW-function of branch k. For
the broken phase, real-valued solutions exist for all values
of gB ≥ 0 and are given by

M̃2 ¼ 6gB
π

W0

�
πΛ2

MS

6gB

�
: ð32Þ

While p; p̃ are divergent, the difference

ΔpðM; M̃; TÞ≡ pðM;TÞ − p̃ðM̃; TÞ; ð33Þ

is finite, and can be calculated to decide which saddle offers
the thermodynamically preferred (higher pressure) phase.
At zero temperature, one finds that starting at small gB, the
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dominant phase is given by the broken phase until a critical
value of

gc ≡ gB
Λ2

MS

≃ 3.2894; ð34Þ

above which the dominant phase is given by the symmetric
phase with solution branch k ¼ −1 in Eq. (31). I note that at
the critical coupling, the symmetric pole mass fulfills

gB
M2

¼ −
π

3W−1

�
− π

3gc

� ≃ 0.64; ð35Þ

which lends itself to comparison to lattice-based
approaches (see, e.g., Ref. [49] for the positive coupling
situation). A plot of the free energies at T ¼ 0 for the

different phases is shown in Fig. 2. This figure shows that at
low values of gB, the lowest free-energy solution is
provided by the broken phase saddle, whereas for suffi-
ciently high values of gB, the symmetric phase saddle-point
solution (31) with index −1 has the lowest free energy. The
symmetric phase saddle-point solution (31) with index 0
never has the lowest free energy, and therefore always
corresponds to a metastable phase that is thermodynami-
cally disfavored.

A. High temperature and dimensional reduction

As temperature T is increased, the critical coupling value
where ΔpðM; M̃; TÞ ¼ 0 increases as well (see Fig. 2). In
the high-temperature limit T ≫ ΛMS, one can use the
expansions (5) to express Eq. (31) after renormalization as

pðM;TÞ ¼ T2π

6
−
TM
2

−
M2

8π
ln
Λ2

MS
e2γE

ð4πTÞ2 −
M4 þm4

B

48gB
; −

πM2

3gB
¼ 2πT

M
þ ln

Λ2

MS
e2γE

ð4πTÞ2 ; ð36Þ

p̃ðM̃; TÞ ¼ T2π

6
−
TM̃
2

−
M̃2

8π
ln
Λ2

MS
e2γE

ð4πTÞ2 þ M̃4 − 2m4
B

96gB
;

πM̃2

6gB
¼ 2πT

M̃
þ ln

Λ2

MS
e2γE

ð4πTÞ2 : ð37Þ

For high temperatures, the action (1) dimensionally
reduces to

Sred ¼
Z

dd−1x

�
1

2
∂iϕ∂iϕþ 1

2
m2

B;ðd−1Þϕ
2 − TgB;ðdÞϕ4

�
;

ð38Þ

where i ¼ 1;…d − 1 and I have rescaled ϕ → ϕ
ffiffiffiffi
T

p
and I

have indicated the original dimension for the coupling gB
by a subscript. Note that the mass term in Eq. (38) need not
coincide with m2

B of the original theory because additional
contributions are typically generated when integrating out

the “static” modes (cf. the discussion in Ref. [45]). In this
form, Sred corresponds to Eq. (1) at zero temperature in one
dimension lower, and one can immediately relate the
coupling constants

gB;ðd−1Þ ¼ TgB;ðdÞ: ð39Þ

In order to relate the mass parameter, one matches
observables in the original d-dimensional theory at high
temperature and the dimensionally reduced theory. For
instance, let us consider the pole mass as an observable,
which is determined by the solution to the saddle-point
condition. Matching the symmetric saddle-point condition

FIG. 2. Left: free energy (negative pressure) from the symmetric and broken phase saddle expansions as a function of the coupling.
Right: phase diagram at finite temperature, indicating which saddle is thermodynamically preferred. Line labeled “high T approx” is
Eq. (43). See text for details.
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at high temperature (36) in d ¼ 2 to the saddle-point
condition at zero temperature (18) in d ¼ 1 with mass
mB;ð1Þ and coupling gB;ð1Þ, one finds

gB;ð1Þ ¼ TgB;ð2Þ; m2
B;ð1Þ ¼ −

3gB;ð2Þ
π

ln
Λ2

MS;ð2Þe
2γE

ð4πTÞ2 ;

ð40Þ

where I stress that T here denotes the temperature in the
d ¼ 2 dimensional theory, whereas the effective d ¼ 1
description is at zero temperature. Also, it is worth pointing
out that the d ¼ 2 renormalization scale ΛMS;ð2Þ in this
matching fulfills

ΛMS;ð2Þ ¼ 4πTe
−γE−

πm2
B;ð1Þ

6gB;ð2Þ ; ð41Þ

e.g., is temperature dependent for fixed m2
B;ð1Þ.

A completely analogous construction can be performed
for the broken phase pole mass M̃, where one finds exactly
the same matching conditions (40) as for the symmetric
saddle.
With the parameters for the effective d ¼ 1 action fixed,

one can directly reuse the results found in the previous
section. One finds that for quantum mechanics (d ¼ 1)
at zero temperature, the system is in the broken phase as
long as

m2
B;ð1Þ

g
B;ð1Þ23

¼ −
3g

1
3

B;ð2Þ
πT

2
3

ln
Λ2

MS;ð2Þe
2γE

ð4πTÞ2 ≲ 6.66; ð42Þ

which is always true in the high-temperature limit. From
this requirement, one can immediately obtain an estimate
for the critical temperature Tc in the d ¼ 2 theory as

gB;ð2Þ
Λ2

MS;ð2Þ
≃

6.663π3T2
c

27 ln ð4πTcÞ2
e2γEΛ2

MS;ð2Þ

; ð43Þ

which is also shown in Fig. 2.
The result at high temperature is also interesting

because the solution to the symmetric phase saddle (36)
becomes

M ¼ ð−3gB;ð2ÞTÞ13; ð44Þ

which is not real valued for the principal branch of
the root. This leads to the well-documented case of
complex-valued pressure functions at high temperature
[27–29,32,47]. In a previous article [32], I argued that
the nonprincipal branch of the root function leads to a
well-behaved high-temperature limit. In this work, the
existence of a real-valued pole mass and pressure from

the principal root of the broken saddle expansion,
specifically

M̃ ¼ ð6gB;ð2ÞTÞ13; ð45Þ

make appeals to higher Riemann sheets unnecessary, and
in my opinion provide a better resolution of the problems
discussed in Refs. [27–29,32,47]. As discussed in the
previous section, for the case of d ¼ 1, one can show
numerically that the real-valued broken phase saddle
solution on the principal Riemann sheet correctly cap-
tures the high-temperature limit of the theory. For the
case of d ¼ 2, it will be possible to test the proposed
broken phase saddle result as soon as numerical data
become available [50].
A representative plot for the pressure for the thermody-

namically dominant phase as a function of temperature is
shown in Fig. 3 for gB ¼ 5ΛMS. As can be seen from this
figure, the symmetric branch is preferred at low temper-
atures, but there is a phase transition at Tc

Λ
MS
≃ 1. For T > Tc,

the broken saddle expansion provides a real-valued pres-
sure that approaches the Stefan-Boltzmann limit in the
high-temperature limit.

V. d = 3: NEGATIVE COUPLING
FIELD THEORY

For the case of d ¼ 3, the symmetric phase and broken
phase results lead to

pðM;TÞ ¼ M3

12π
−
ðM2 −m2

BÞ2
48gB

þ T3

2π
ðLi3ðe−βMÞ þ βMLi2ðe−βMÞÞ;

M2 ¼ m2
B þ 3gBM

π
þ 6gBT

π
ln ð1 − e−βMÞ; ð46Þ

FIG. 3. Pressure for the dominant phase as a function of

temperature for gB ¼ 5Λ2

MS
. Left part of the plot shows pðM;TÞ

Λ2

MS

;

right part shows pðM;TÞ
T2 to indicate approach to the Stefan-

Boltzmann limit pSBðTÞ ¼ πT2

6
(gray line).
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p̃ðM̃; TÞ ¼ M̃3

12π
þ M̃4

96gB
þ M̃2m2

B

24gB
−

m4
B

48gB
þ T3

2π
ðLi3ðe−βM̃Þ þ βM̃Li2ðe−βM̃ÞÞ;

−
M̃2

2
¼ m2

B þ 3gBM̃
π

þ 6gBT
π

ln ð1 − e−βM̃Þ; ð47Þ

where I note that because of the absence of logarithmic divergencies, no nontrivial renormalization is necessary, and I usedZ
d2k
ð2πÞ2 ln

�
1 − e−β

ffiffiffiffiffiffiffiffiffiffiffi
k2þM2

p �
¼ −

T3

ð2πÞLi3ðe
−βMÞ −MT2

ð2πÞ Li2ðe
−βMÞ; ð48Þ

in terms of the polylogarithm functions Lin.
In the zero temperature limit T ¼ 0, the saddle-point equations admit solutions

M ¼ 3gB
2π

 
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4π2m2

B

9g2B

s !
; M̃ ¼ −

3gB
π

 
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m2
Bπ

2

9g2B

s !
; ð49Þ

where M∈Rþ for at least one branch for m2
B ≥ − 9g2B

4π2
and M̃∈Rþ for the minus branch and m2

B < 0. One finds that
ΔpðM; M̃; 0Þ ¼ 0 for a critical value of

m2
B

g2B
≃ −0.21;

g2B
M2

≃ 2.68; ð50Þ

which may lend itself to comparison to lattice-based approaches.

A. Nonzero temperature and high-temperature limit

One can track the transition between the symmetric and broken saddles by following the line defined by
ΔpðM; M̃; TÞ ¼ 0, which is shown in Fig. 4. In the high-temperature limit, one can use the expansions (5) or more
straightforwardly directly expand Eq. (46) to find

pðM;TÞ ¼ ζð3ÞT3

2π
−
M2T
8π

ð1 − 2 lnðβMÞÞ; M2 ¼ 6gBT
π

ln ðβMÞ;

p̃ðM̃; TÞ ¼ ζð3ÞT3

2π
−
M̃2T
8π

ð1 − 2 lnðβM̃ÞÞ; −
M̃2

2
¼ 6gBT

π
ln ðβM̃Þ;

which have solutions

M2 ¼ −
3gBT
π

W0;−1

�
−
πT
3gB

�
; M̃2 ¼ 6gBT

π
W0

�
πT
6gB

�
; ð51Þ

FIG. 4. Left: phase diagram at finite temperature, indicating which saddle is thermodynamically preferred. Right: pressure as a
function of temperature for m2

B ¼ 0.5g2B. Left part of the plot shows
pðM;TÞ

g3B
; right part shows pðM;TÞ

T3 to indicate approach to the Stefan-

Boltzmann limit pSBðTÞ ¼ ζð3ÞT3

2π (gray line). Note that this different normalization leads to a fictitious cusp in the figure at T ¼ ΛMS. For
m2

B ¼ 0.5g2B, the broken saddle pressure exceeds the symmetric saddle branch above Tc ≃ 0.71gB. See text for details.
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for the pole masses of the symmetric and broken saddle
expansions. Using the matching condition (39) and com-
paring the pole masses to the zero-temperature expressions
(31) and (32), one finds

gB;ð2Þ ¼ TgB;ð3Þ; ΛMS;ð2Þ ¼ T: ð52Þ

Note that in particular, the renormalization scale ΛMS for
the two-dimensionally reduced theory takes the value of the
temperature of the three-dimensional theory. As was found
before, the matching conditions are independent of match-
ing the symmetric or broken saddle expansion in the
dimensionally reduced theory.
However, in the high-temperature limit, the symmetric

saddle solution M as well as the corresponding pressure
becomes complex valued; see the discussion for d ¼ 1
around Eq. (22). The solution is indicated in Fig. 4: rather
than tracking the symmetric saddle, at high temperatures a
real-valued solution is provided by the broken saddle
expansion.
A representative example of the pressure as a function of

temperature is shown in Fig. 4 for the case of m2
B ¼ 0.5g2B.

For low temperatures, the dominant phase is given by the
symmetric saddle expansion until a critical temperature of
Tc ≃ 0.71gB, above which the broken phase saddle pro-
vides higher pressure. At high temperatures, the broken
phase saddle pressure approaches the Stefan-Boltzmann
pressure asymptotically from below.

VI. d = 4: NONTRIVIAL INTERACTING SCALAR
FIELD THEORY

Let me now consider the case d ¼ 4. Before present-
ing the results, let me preface the discussion by pointing
out that there is a mathematical proof that scalar field
theory in four dimensions is trivial in the continuum,
ruling out interacting field theory in four dimensions
[51]. The mathematical proof is very specific, and in
particular is only valid for Euclidean actions that are
within the Griffiths-Simon class. Notably, the case of
negative coupling λ ¼ −g with g∈Rþ is not in the
Griffiths-Simon class, providing a loophole for which
the mathematical proof in Ref. [51] does not apply [52],
which has been pointed out before in Ref. [53].
Similarly, lattice-based arguments against an interacting
continuum theory from the 1980s [54,55] suffer from
the same loophole in that positive coupling was implic-
itly assumed as a sine qua non condition. Lattice studies
for the negative coupling theory using contour defor-
mations and brute force numerical integration have only
been performed recently [25], but only for tiny lattices,
preventing the study of the continuum theory using this
method.
Since no known result in the literature prohibits an

interacting continuum scalar field theory in d ¼ 4 − 2ε
with ε → 0 and negative coupling [53], I now proceed to
evaluate precisely this case using the saddle-point expan-
sions from above. I find

pðM;TÞ ¼ M4

64π2

�
1

ε
þ ln

μ̄2e
3
2

M2

�
−
ðM2 −m2

BÞ2
48gB

þM2T2

2π2
X∞
n¼1

K2ðnβMÞ
n2

;

M2 ¼ m2
B þ 3M2gB

4π2

�
1

ε
þ ln

μ̄2e1

M2

�
−
6gBMT

π2
X∞
n¼1

K1ðβMnÞ
n

; ð53Þ

p̃ðM̃; TÞ ¼ M̃4

64π2

�
1

ε
þ ln

μ̄2e
3
2

M̃2

�
þ M̃4

96gB
þ M̃2m2

B

24gB
−

m4
B

48gB
þ M̃2T2

2π2
X∞
n¼1

K2ðnβM̃Þ
n2

;

−
M̃2

2
¼ m2

B þ 3M̃2gB
4π2

�
1

ε
þ ln

μ̄2e1

M̃2

�
−
6gBM̃T

π2
X∞
n¼1

K1ðβM̃nÞ
n

; ð54Þ

where I used

Z
dk
2π2

k2 ln
�
1 − e−β

ffiffiffiffiffiffiffiffiffiffiffi
k2þM2

p �
¼ −

M2T
2π2

X∞
n¼1

K2ðnβMÞ
n2

:

ð55Þ

The symmetric saddle can be nonperturbatively renor-
malized as

1

gB
¼ 1

gRðμ̄Þ
þ 3

4π2ε
;

1

gRðμ̄Þ
¼ 3

4π2
ln

μ̄2

Λ2

MS

; ð56Þ

whereas the broken saddle can be nonperturbatively renor-
malized as

1

gB
¼ 1

gRðμ̄Þ
−

3

2π2ε
;

1

g̃Rðμ̄Þ
¼ 3

2π2
ln
Λ̃2

MS

μ̄2
; ð57Þ
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see the discussions in Ref. [43]. Note that unlike in lower
dimensions, the symmetric and broken saddles cannot be
simultaneously renormalized using the same renormaliza-
tion condition, which introduces the need for two scales:
Λ2

MS
; Λ̃2

MS
. However, after renormalization, Eq. (53)

becomes

pðM;TÞ ¼ M4

64π2
ln
Λ2

MS
e
3
2

M2
þM2m2

B

24gB
þM2T2

2π2
X∞
n¼1

K2ðnβMÞ
n2

;

0¼m2
B

gB
þ 3M2

4π2
ln
Λ2

MS
e1

M2
−
6MT
π2

X∞
n¼1

K1ðβMnÞ
n

;

ð58Þ

p̃ðM̃;TÞ ¼ M̃4

64π2
ln
Λ̃2

MS
e
3
2

M̃2
þ M̃2m2

B

24gB
þ M̃2T2

2π2
X∞
n¼1

K2ðnβM̃Þ
n2

;

0¼m2
B

gB
þ 3M̃2

4π2
ln
Λ̃2

MS
e1

M̃2
−
6M̃T
π2

X∞
n¼1

K1ðβM̃nÞ
n

;

ð59Þ

implying that the free energy and pole masses in the
symmetric and broken saddle expansion would be exactly
identical if ΛMS ¼ Λ̃MS.
However, for ΛMS ¼ Λ̃MS, one has different values of gB

in the broken and symmetric phase, contradicting the
derivation from the same action (1).
A partial resolution is indicated by considering the high-

temperature limit of the theory provided by Eq. (5), which
for the case at hand, becomes after renormalization

pðM;TÞ ¼ π2T4

90
−
M2T2

24
þM3T

12π
þ M4

64π2
ln
Λ2

MS
e2γE

ð4πTÞ2 ;

0 ¼ 3M2

4π2
ln
Λ2

MS
e2γE

ð4πTÞ2 − T2 þ 3MT
π

; ð60Þ

p̃ðM̃; TÞ ¼ π2T4

90
−
M̃2T2

24
þ M̃3T

12π
þ M̃4

64π2
ln
Λ̃2

MS
e2γE

ð4πTÞ2 ;

0 ¼ 3M̃2

4π2
ln
Λ̃2

MS
e2γE

ð4πTÞ2 − T2 þ 3M̃T
π

: ð61Þ

Comparing the saddle-point conditions for M; M̃ with
the effective dimensionally reduced theory (46) leads to

gB;ð3Þ ¼ −
4π2T

3 ln
Λ2

MS
e2γE

ð4πTÞ2
; m2

B;ð3Þ ¼ −TgB;ð3Þ; ð62Þ

g̃B;ð3Þ ¼
2π2T

3 ln
Λ̃2

MS
e2γE

ð4πTÞ2
; m2

B;ð3Þ ¼ −Tg̃B;ð3Þ: ð63Þ

The effective three-dimensional theories for the sym-
metric and broken saddle expansion become identical if
gB;ð3Þ ¼ g̃B;ð3Þ or

Λ̃2

MS
¼ ð4πTÞ3

ΛMSe
3γE

: ð64Þ

Note the similarity to Eq. (41).
With the effective parameters for the three-dimensional

theory fixed, one can use Eq. (50) to determine the
approximate transition temperature Tc from broken to
symmetric saddle as

m2
B;ð3Þ

g2B;ð3Þ
¼

3 ln
Λ2

MS
e2γE

ð4πTcÞ2

4π2
≃ −0.21; ð65Þ

implying Tc ≃ 0.564ΛMS. The saddle-point conditions (60)
in the high-temperature limit have the solutions

M ¼ −
2πT

ln
Λ2

MS
e2γE

ð4πTÞ2

 
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

3
ln
Λ2

MS
e2γE

ð4πTÞ2

s !
;

M̃ ¼ 4πT

ln
Λ2

MS
e2γE

ð4πTÞ2

 
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

6
ln
Λ2

MS
e2γE

ð4πTÞ2

s !
; ð66Þ

where the only solution ∈Rþ is

M̃ ¼ 4πT

ln
Λ2

MS
e2γE

ð4πTÞ2

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

6
ln
Λ2

MS
e2γE

ð4πTÞ2

s !
: ð67Þ

In particular, the solution for the symmetric saddle massM
is complex valued, and the resulting pressure is complex
valued as well, which has created much discussion in the
recent literature [27–29,32,47,48].
The existence of the real-valued broken saddle solution

(67) implies a real-valued pressure for the high-temperature
limit of negative coupling field theory, thereby resolving
the issue of complex-valued pressure for the four-dimen-
sional scalar field theory.
At zero temperature, the solution to the symmetric phase

saddle-point condition (58) is

M2 ¼ 4π2m2
B

3gBW0

�
4m2

Bπ
2

3e1gBΛ2

MS

� ; ð68Þ

which implies M∈Rþ for m2
B

gBΛ2

MS

≥ − 3
4π2
. For the broken

phase, using the renormalization prescription (57) implies
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M̃ ¼ 0; ∀ m2
B

gBΛ2

MS

¼ finite; ð69Þ

and also p̃ðM̃; T ¼ 0Þ ¼ 0. This suggests that at low values

of m2
B

gBΛ2

MS

, the broken phase is dominant, whereas for

sufficiently high m2
B

gB
, the symmetric phase is dominant.

Increasing m2
B from m2

B
gBΛ2

MS

¼ − 3
4π2

, one finds indeed that

ΔpðM; M̃; T ¼ 0Þ ¼ 0 at

m2
B

gBΛ2

MS

≃ −0.06264; ð70Þ

suggesting a phase transition from the broken to symmetric
saddle for this value of parameters.
At finite temperature andm2

B ¼ 0, using Eq. (64) directly
in Eq. (53) leads to two solutions for M̃, the smaller one of
which reproduces Eq. (67) in the high-temperature limit. A
plot for the pressure in the symmetric phase and broken
phase tracking the smaller solution for M̃ is shown
in Fig. 5.
As can be seen in Fig. 5, the pressure is well

defined for all temperatures and approaches the Stefan-
Boltzmann limit asymptotically from below. One finds
ΔpðM; M̃; TcÞ ¼ 0 for Tc ≃ 0.543ΛMS, which is well
below the temperature T ≃ 0.616ΛMS where the symmetric
pole mass M becomes complex valued [28].

VII. SHORTCOMINGS AND POTENTIAL
FUTURE DIRECTIONS

Since this work is intended as a survey of negative
coupling field theory, it invariable falls short of providing a
fully mature understanding of the subject. In particular,

interesting questions that are not addressed here include
(but are not limited to):

(i) Are the saddle-point approximations used in this
survey sufficient, especially near phase transitions
and in the high-temperature limit?

(ii) Are the complex-valued saddle points an artifact of
the approximation; i.e., will more sophisticated
approximations result in real-valued saddle points
for the same parameters?

(iii) Which Riemann sheet is preferred for negative
couplings, and on what basis should complex-valued
saddle points be disregarded?

(iv) For nonrelativistic bosons, cold-atom experiments
find unstable behavior for negative quartic couplings
[56]. Would the present analysis correctly describe
the unstable behavior if adapted to the nonrelativ-
istic case?

These questions go much beyond the survey character of
the present study, and provide excellent starting points for
follow-up work in future studies. However, incomplete
answers to some of the above questions can already be
gleaned from existing and ongoing work.
For instance, positive coupling field theory provides a

good testing case for the reliability of the saddle-point
approximations used in the present survey. A dedicated
study on saddle-point approximations in d ¼ 2 positive
coupling field theory [57] found that the saddle-point
approximations are quantitatively reliable for quantities
such as the ground-state energy of the system, but become
inaccurate at the 25% level on the location of the phase
transition. Because of this study, it is reasonable to assume
a similar performance of the saddle-point approximations
for negative coupling field theory, which is indeed the
case [50].
Perhaps surprisingly, compared to other approaches, the

saddle-point approximations used in this work perform
surprisingly well in the high-temperature limit, as is—for
instance—evidenced by direct comparison with correlators
from lattice Monte Carlo [58] obtained for positive cou-
pling scalar field theory in d ¼ 4; cf. Fig. 2 in Ref. [43].
Systematic improvements over the saddle-point approx-

imations are possible within the framework of N-component
scalar field theory. For positive coupling in d ¼ 4 dimen-
sions, the renormalizability and stability of the saddle-point
approximation for the symmetric saddle has been established
to next-to-next-to leading order in the large N expansion
[41]. For d ¼ 3, higher-order corrections in the large N
expansion have been compared to critical exponents
obtained through bootstrap methods [59]. For d ¼ 1 (quan-
tum mechanics), higher-order corrections have been com-
pared to the ground-state energy obtained from Hamiltonian
diagonalization [40]. These comparisons are in line with the
expectation that the large N series is asymptotic, in complete
analogy to the weak coupling expansions.
Carrying this program forward to include finite temper-

ature properties and the broken phase saddle, as well as the

FIG. 5. Pressure as a function of temperature for m2
B ¼ 0. Left

part of the plot shows pðM;TÞ
Λ4

MS

; right part shows pðM;TÞ
T4 to indicate

approach to the Stefan-Boltzmann limit pSBðTÞ ¼ π2T4

90
(gray

line). Note that this different normalization leads to a fictitious
cusp in the figure at T ¼ ΛMS. See text for details.
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case of negative coupling field theory, is an exciting future
research direction which warrants individual in-depth study.
There is no a priori reason why complex-valued saddle

points should be discarded. However, in the present study,
it was found in all cases that whenever complex-valued
saddle points were present, there was a different phase
saddle point that was real valued and had a lower free
energy than the real part of the complex-valued saddle. This
suggests the interpretation that complex-valued saddle
points indicate the presence of a metastable phase in the
system, whereas the true ground state is characterized by a
real-valued lower free energy saddle.
The answer to which saddle points on which Riemann

sheet are preferred can in principle be answered by
constructing the respective Lefshetz thimbles and their
intersection numbers. For the case of low-dimensional
negative coupling field theory, this has been carried through
in Ref. [29], where it was found that only the real-valued
saddle points on the principal Riemann sheet gave a
contribution. For the case of higher-dimensional quantum
field theory with negative coupling, the corresponding
construction of the thimbles and study of their intersection
numbers is an interesting future research project. However,
it should be pointed out that an upcoming study finds that
the real-valued saddle points on the principal Riemann
sheet used in this survey correctly capture the ground-state
energy of d ¼ 2 negative coupling field theory calculated
via direct Hamiltonian diagonalization [50].
The reason for the burst of atoms observed in experiments

conducted for nonrelativistic bosonic atoms in Ref. [56], in
particular the role of three-body losses, has been debated
extensively in the past; see, e.g., Refs. [60,61]. These
experiments are very interesting, because they allow chang-
ing the sign of the coupling (in this case scattering length) by
varying the magnetic field across a Feshbach resonance; see,
e.g., Ref. [62]. For nonrelativistic fermionic atoms, it has
been known for some time that saddle-point expansions very
similar to those for the relativistic case can beused todescribe
the experimental findings; see, e.g., Refs. [40,63]. Whether
or not saddle-point expansions for nonrelativistic bosonic
atoms are able to correctly describe the burst of atoms found
in the experimental setup of Ref. [56] is a question that
requires a dedicated study in the future.

VIII. SUMMARY AND CONCLUSIONS

In this work, I have considered scalar field theory with
negative quartic coupling using saddle-point expansions in
various dimensions. It was found that the analytic saddle-
point expansions predict an interesting phase diagram
structure for the continuum theory, which persists at finite
temperature. For the case of quantummechanics at negative
coupling, which is alternatively accessible through its
isospectral Hermitian equivalent [44], the saddle-point
expansions were found to be quantitatively reliable, agree-
ing with the numerically diagonalized Hamiltonian on the
level of 15%. In two dimensions, the saddle-point expan-
sions point to a phase transition at zero temperature that
may be probed by numerical methods in the near future,
such as brute-force numerical integration on the lattice [25].
At finite temperature, the issue of complex-valued pressure
reported previously for negative coupling field theory [32]
is resolved through a phase transition to the broken phase
saddle, leading to a well-defined phase structure of the
theory for all temperatures.
For three dimensions, the saddle-point expansions like-

wise suggest a phase transition at zero temperature located

near bare parameter values m2
B

gB
≃ −0.21, and similarly a

well-defined phase structure for the theory at finite
temperature.
The case of four dimensions is considerably more

complex, but the dimensionally reduced theory at high
temperatures points to a well-defined real-valued pressure
function described by the broken phase saddle, while at
zero temperature and positive m2

B, the dominant thermo-
dynamic configuration is described by the symmetric phase
saddle. Nevertheless, the fact that negative coupling
exploits a known loophole in quantum triviality proofs
[51–53] and suggests asymptotic freedom for scalars [1,39]
makes further study of this case particularly interesting for
the future.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the author.

[1] K. Symanzik, A field theory with computable large-mo-
menta behavior, Lett. Nuovo Cimento 6S2, 77 (1973).

[2] S. R. Coleman and D. J. Gross, Price of asymptotic freedom,
Phys. Rev. Lett. 31, 851 (1973).

[3] C. M. Bender and S. Boettcher, Real spectra in nonHermi-
tian Hamiltonians having PT symmetry, Phys. Rev. Lett. 80,
5243 (1998).

[4] C. M. Bender, S. Boettcher, and P. N. Meisinger, PT-
symmetric quantum mechanics, J. Math. Phys. (N.Y.) 40,
2201 (1999).

[5] P. Dorey, C. Dunning, and R. Tateo, Spectral equi-
valences, Bethe Ansatz equations, and reality properties
in PT-symmetric quantum mechanics, J. Phys. A 34, 5679
(2001).

PAUL ROMATSCHKE PHYS. REV. D 114, 056011 (2026)

056011-12

https://doi.org/https://doi.org/10.1007/BF02788323
https://doi.org/10.1103/PhysRevLett.31.851
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1063/1.532860
https://doi.org/10.1063/1.532860
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305


[6] C. M. Bender, Making sense of non-Hermitian Hamilto-
nians, Rep. Prog. Phys. 70, 947 (2007).

[7] P. Dorey, C. Dunning, and R. Tateo, The ODE/IM corre-
spondence, J. Phys. A 40, R205 (2007).

[8] R. El-Ganainy, K. G. Makris, M. Khajavikhan, Z. H.
Musslimani, S. Rotter, and D. N. Christodoulides, Non-
Hermitian physics and PT symmetry, Nat. Phys. 14, 11
(2018).

[9] C. E. Rüter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Observation of
parity-time symmetry in optics, Nat. Phys. 6, 192 (2010).

[10] S. Droulias, I. Katsantonis, M. Kafesaki, C. M. Soukoulis,
and E. N. Economou, Chiral metamaterials with PT sym-
metry and beyond, Phys. Rev. Lett. 122, 213201 (2019).

[11] M. E. Fisher, Yang-Lee edge singularity and ϕ3 field theory,
Phys. Rev. Lett. 40, 1610 (1978).

[12] J. L. Cardy, Conformal invariance and the Yang-Lee edge
singularity in two dimensions, Phys. Rev. Lett. 54, 1354
(1985).

[13] Y.-D. Li and Q. Wang, Isospectral local Hermitian theory for
the PT-symmetric iϕ3 quantum field theory, Phys. Rev. D
111, 025016 (2025).

[14] E. Arguello Cruz, I. R. Klebanov, G. Tarnopolsky, and Y.
Xin, Yang-Lee quantum criticality in various dimensions,
Phys. Rev. X 16, 011022 (2026).

[15] C. M. Bender, N. Hassanpour, S. P. Klevansky, and S.
Sarkar, PT-symmetric quantum field theory in D dimen-
sions, Phys. Rev. D 98, 125003 (2018).

[16] A. Felski, C. M. Bender, S. P. Klevansky, and S. Sarkar,
Towards perturbative renormalization of ϕ2ðiϕÞϵ quantum
field theory, Phys. Rev. D 104, 085011 (2021).

[17] V. Branchina, A. Chiavetta, and F. Contino, Study of the
non-Hermitian PT-symmetric gϕ2ðiϕÞε theory: Analysis of
all orders in ε and resummations, Phys. Rev. D 104, 085010
(2021).

[18] A. Beygi, S. P. Klevansky, and C. M. Bender, Relativistic
PT-symmetric fermionic theories in 1þ 1 and 3þ 1 di-
mensions, Phys. Rev. A 99, 062117 (2019).

[19] A. Felski, A. Beygi, and S. P. Klevansky, Non-Hermitian
extension of the Nambu–Jona-Lasinio model in 3þ 1 and
1þ 1 dimensions, Phys. Rev. D 101, 116001 (2020).

[20] N. E. Mavromatos and A. Soto, Dynamical Majorana
neutrino masses and axions II: Inclusion of anomaly terms
and axial background, Nucl. Phys. B962, 115275 (2021).

[21] A. Felski and S. P. Klevansky, Fermion and meson mass
generation in non-Hermitian Nambu–Jona-Lasinio models,
Phys. Rev. D 103, 056007 (2021).

[22] N. E. Mavromatos, S. Sarkar, and A. Soto, PT symmetric
fermionic field theories with axions: Renormalization and
dynamical mass generation, Phys. Rev. D 106, 015009
(2022).

[23] N. E. Mavromatos and S. Sarkar, Chern-Simons gravity and
PT symmetry, Phys. Rev. D 110, 045004 (2024).

[24] J. Kuntz, Unitarity through PT symmetry in quantum
quadratic gravity, Classical Quantum Gravity 42, 175003
(2025).

[25] P. Romatschke, Negative coupling ϕ4 on the lattice, Proc.
Sci. LATTICE2023 (2024) 367 [arXiv:2310.03815].

[26] M. C. Ogilvie, M. A. Schindler, and S. T. Schindler, Exotic
phases in finite-densityZ3 theories, J. High Energy Phys. 03
(2025) 077.

[27] W.-Y. Ai, C. M. Bender, and S. Sarkar, PT-symmetric −gφ4
theory, Phys. Rev. D 106, 125016 (2022).

[28] P. Romatschke, A solvable quantum field theory with
asymptotic freedom in (3þ 1) dimensions, Int. J. Mod.
Phys. A 38, 2350157 (2023).

[29] S. Lawrence, R. Weller, C. Peterson, and P. Romatschke,
Instantons, analytic continuation, and PT-symmetric field
theory, Phys. Rev. D 108, 085013 (2023).

[30] R. D. Weller, Can negative bare couplings make sense? The

ϕ⃗4 theory at large N, arXiv:2310.02516.
[31] L. Chen and S. Sarkar, Phases of quartic scalar theories and

PT symmetry, Phys. Rev. D 111, 025001 (2025).
[32] P. Romatschke, On the negative coupling O(N) model in 2D

at high temperature, J. High Energy Phys. 04 (2025) 012.
[33] D. Barberena, Large N vector models in the Hamiltonian

framework, arXiv:2502.08031.
[34] A. Fring and T. Taira, Goldstone bosons in different PT-

regimes of non-Hermitian scalar quantum field theories,
Nucl. Phys. B950, 114834 (2020).

[35] A. Fring and T. Taira, Massive gauge particles versus
Goldstone bosons in non-Hermitian non-Abelian gauge
theory, Eur. Phys. J. Plus 137, 716 (2022).

[36] P. Romatschke, C.-W. Su, and R. Weller, Mass generation in
an Abelian gauge theory with multiple scalar fields and no
tree-level dimensionful couplings, Phys. Rev. D 110,
113006 (2024).

[37] L. F. Abbott, J. S. Kang, and H. J. Schnitzer, Bound states,
tachyons, and restoration of symmetry in the 1/N expansion,
Phys. Rev. D 13, 2212 (1976).

[38] A. D. Linde, 1/N-expansion, vacuum stability and quark
confinement, Nucl. Phys. B125, 369 (1977).

[39] P. Romatschke, What if ϕ4 theory in 4 dimensions is non-
trivial in the continuum?, Phys. Lett. B 847, 138270 (2023).

[40] P. Romatschke, Quantum field theory in large-N wonder-
land: Three lectures, Acta Phys. Pol. B 55, 4 (2024).

[41] P. Romatschke, Alternative to perturbative renormalization
in (3þ 1)-dimensional field theories, Phys. Rev. D 109,
116020 (2024).

[42] S. Lawrence, H. Oh, and Y. Yamauchi, Lattice scalar field
theory at complex coupling, Phys. Rev. D 106, 114503
(2022).

[43] P. Romatschke, On self-dualities for scalar ϕ4 theory,
arXiv:2602.18286.

[44] H. F. Jones and J. Mateo, An equivalent Hermitian Ham-
iltonian for the non-Hermitian -x4 potential, Phys. Rev. D
73, 085002 (2006).

[45] M. Laine and A. Vuorinen, Basics of thermal field theory—
A tutorial on perturbative computations, Lect. Notes Phys.
925, 1 (2016).

[46] P. Romatschke, Simple non-perturbative resummation
schemes beyond mean-field: Case study for scalar ϕ4 theory
in 1þ 1 dimensions, J. High Energy Phys. 03 (2019) 149.

[47] S. Kamata, Exact WKB analysis for PT-symmetric quantum
mechanics: Study of the Ai-Bender-Sarkar conjecture, Phys.
Rev. D 109, 085023 (2024).

PHASE DIAGRAM AND FINITE TEMPERATURE PROPERTIES … PHYS. REV. D 114, 056011 (2026)

056011-13

https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/1751-8113/40/32/R01
https://doi.org/10.1038/nphys4323
https://doi.org/10.1038/nphys4323
https://doi.org/10.1038/nphys1515
https://doi.org/10.1103/PhysRevLett.122.213201
https://doi.org/10.1103/PhysRevLett.40.1610
https://doi.org/10.1103/PhysRevLett.54.1354
https://doi.org/10.1103/PhysRevLett.54.1354
https://doi.org/10.1103/PhysRevD.111.025016
https://doi.org/10.1103/PhysRevD.111.025016
https://doi.org/10.1103/w4qg-2xwn
https://doi.org/10.1103/PhysRevD.98.125003
https://doi.org/10.1103/PhysRevD.104.085011
https://doi.org/10.1103/PhysRevD.104.085010
https://doi.org/10.1103/PhysRevD.104.085010
https://doi.org/10.1103/PhysRevA.99.062117
https://doi.org/10.1103/PhysRevD.101.116001
https://doi.org/10.1016/j.nuclphysb.2020.115275
https://doi.org/10.1103/PhysRevD.103.056007
https://doi.org/10.1103/PhysRevD.106.015009
https://doi.org/10.1103/PhysRevD.106.015009
https://doi.org/10.1103/PhysRevD.110.045004
https://doi.org/10.1088/1361-6382/adf606
https://doi.org/10.1088/1361-6382/adf606
https://doi.org/10.22323/1.453.0367
https://doi.org/10.22323/1.453.0367
https://arXiv.org/abs/2310.03815
https://doi.org/10.1007/JHEP03(2025)077
https://doi.org/10.1007/JHEP03(2025)077
https://doi.org/10.1103/PhysRevD.106.125016
https://doi.org/10.1142/S0217751X23501579
https://doi.org/10.1142/S0217751X23501579
https://doi.org/10.1103/PhysRevD.108.085013
https://arXiv.org/abs/2310.02516
https://doi.org/10.1103/PhysRevD.111.025001
https://doi.org/10.1007/JHEP04(2025)012
https://arXiv.org/abs/2502.08031
https://doi.org/10.1016/j.nuclphysb.2019.114834
https://doi.org/10.1140/epjp/s13360-022-02889-z
https://doi.org/10.1103/PhysRevD.110.113006
https://doi.org/10.1103/PhysRevD.110.113006
https://doi.org/10.1103/PhysRevD.13.2212
https://doi.org/10.1016/0550-3213(77)90112-2
https://doi.org/10.1016/j.physletb.2023.138270
https://doi.org/10.1103/PhysRevD.109.116020
https://doi.org/10.1103/PhysRevD.109.116020
https://doi.org/10.1103/PhysRevD.106.114503
https://doi.org/10.1103/PhysRevD.106.114503
https://arXiv.org/abs/2602.18286
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1007/978-3-319-31933-9
https://doi.org/10.1007/978-3-319-31933-9
https://doi.org/10.1007/JHEP03(2019)149
https://doi.org/10.1103/PhysRevD.109.085023
https://doi.org/10.1103/PhysRevD.109.085023


[48] S. Kamata, Exact quantization conditions and full transs-
eries structures for PT symmetric anharmonic oscillators,
Phys. Rev. D 110, 045022 (2024).

[49] D. Schaich and W. Loinaz, An Improved lattice measure-
ment of the critical coupling in ϕ4

2 theory, Phys. Rev. D 79,
056008 (2009).

[50] P. Romatschke and U. Romatschke, Critical properties
of d ¼ 2 negative coupling scalar field theory.

[51] M. Aizenman and H. Duminil-Copin, Marginal triviality of
the scaling limits of critical 4D Ising and ϕ4

4 models, Ann.
Math. 194, 163 (2021).

[52] P. Romatschke, A loophole in the proofs of asymptotic
freedom and quantum triviality, Proc. Sci. EPS-HEP2023
(2024) 500 [arXiv:2310.18414].

[53] M. Aizenman and R. Graham, On the renormalized cou-
pling constant and the susceptibility in φ44 field theory and
the Ising model in four dimensions, Nucl. Phys. B225, 261
(1983).

[54] J. Fröhlich, On the triviality of lambda (ϕ4) in D-dimensions
theories and the approach to the critical point in D ≥ four-
dimensions, Nucl. Phys. B200, 281 (1982).

[55] K. G. Wilson, The renormalization group and critical
phenomena, Rev. Mod. Phys. 55, 583 (1983).

[56] E. A. Donley, N. R. Claussen, S. L. Cornish, J. L. Roberts,
E. A. Cornell, and C. E. Wieman, Dynamics of collapsing
and exploding Bose–Einstein condensates, Nature (London)
412, 295 (2001).

[57] P. Romatschke and U. Romatschke, Testing scalar field self-
dualities in d ¼ 2 using a variational method, Phys. Rev. D
114, 014521 (2026).

[58] P. Lowdon and O. Philipsen, On the (in)consistency of
perturbation theory at finite temperature, J. High Energy
Phys. 08 (2024) 167.

[59] F. Kos, D. Poland, and D. Simmons-Duffin, Bootstrapping
the OðNÞ vector models, J. High Energy Phys. 06 (2014)
091.

[60] M. Ueda and H. Saito, A consistent picture of a collapsing
Bose–Einstein condensate, J. Phys. Soc. Jpn. 72, 127
(2003).

[61] W. Bao, D. Jaksch, and P. Markowich, Three-dimensional
simulation of jet formation in collapsing condensates,
J. Phys. B 37, 329 (2004).

[62] G. Baym, Cold quantum gases: Coherent quantum phenom-
ena from Bose-Einstein condensation to BCS pairing of
fermions, Nucl. Phys. A751, 373 (2005).

[63] V. Gurarie and L. Radzihovsky, Resonantly paired fermionic
superfluids, Ann. Phys. (Amsterdam) 322, 2 (2007).

PAUL ROMATSCHKE PHYS. REV. D 114, 056011 (2026)

056011-14

https://doi.org/10.1103/PhysRevD.110.045022
https://doi.org/10.1103/PhysRevD.79.056008
https://doi.org/10.1103/PhysRevD.79.056008
https://doi.org/10.4007/annals.2021.194.1.3
https://doi.org/10.4007/annals.2021.194.1.3
https://doi.org/10.22323/1.449.0500
https://doi.org/10.22323/1.449.0500
https://arXiv.org/abs/2310.18414
https://doi.org/10.1016/0550-3213(83)90053-6
https://doi.org/10.1016/0550-3213(83)90053-6
https://doi.org/10.1016/0550-3213(82)90088-8
https://doi.org/10.1103/RevModPhys.55.583
https://doi.org/10.1038/35085500
https://doi.org/10.1038/35085500
https://doi.org/10.1103/25zd-4r9z
https://doi.org/10.1103/25zd-4r9z
https://doi.org/10.1007/JHEP08(2024)167
https://doi.org/10.1007/JHEP08(2024)167
https://doi.org/10.1007/JHEP06(2014)091
https://doi.org/10.1007/JHEP06(2014)091
https://doi.org/10.1143/JPSJS.72SC.127
https://doi.org/10.1143/JPSJS.72SC.127
https://doi.org/10.1088/0953-4075/37/2/003
https://doi.org/10.1016/j.nuclphysa.2005.02.112
https://doi.org/10.1016/j.aop.2006.10.009

	Phase diagram and finite temperature properties of negative coupling scalar field theory
	I. INTRODUCTION
	II. CALCULATION
	A. Symmetric saddle expansion
	B. Broken phase saddle expansion
	C. Transitions between saddles

	III. d&ThinSpace;=1: PT-SYMMETRIC QUANTUM MECHANICS
	IV. d&ThinSpace;=2: NEGATIVE COUPLING FIELD THEORY
	A. High temperature and dimensional reduction

	V. d&ThinSpace;=3: NEGATIVE COUPLING FIELD THEORY
	A. Nonzero temperature and high-temperature limit

	VI. d&ThinSpace;=4: NONTRIVIAL INTERACTING SCALAR FIELD THEORY
	VII. SHORTCOMINGS AND POTENTIAL FUTURE DIRECTIONS
	VIII. SUMMARY AND CONCLUSIONS
	DATA AVAILABILITY
	References


