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We perform an improved perturbative QCD study of the decays Bþ
c → ηcLþ, where L denotes the light

ground-state pseudoscalar, vector mesons and the corresponding p-wave scalar, axial-vector, and tensor
ones, and predict their branching ratios (BRs) associated with relative ratios at leading order in the
strong coupling αs. Our results BRðBþ

c → ηcπ
þÞ ¼ ð2.03þ0.53

−0.41 Þ × 10−3 and BRðBþ
c → ηcπ

þÞ=BRðBþ
c →

J=ψπþÞ ¼ 1.74þ0.66
−0.50 are consistent with several available predictions in different approaches within

uncertainties. Inputting the measured ηc → pp̄ and ηc → πþπ−ðπþπ−; KþK−; pp̄ÞBRs with p here being a
proton, we derive the multibody Bþ

c → ηcðπ; ρÞþ BRs through secondary decay chains via resonance ηc
under the narrow-width approximation, which might facilitate the (near-)future tests of Bc → ηc decays.
Under the qq̄ assignment for light scalars, different to Bc decaying into J=ψ plus a scalar meson and other
Bþ
c → ηcLþ modes, surprisingly small ΔS ¼ 0 BRs around Oð10−7 − 10−9Þ and highly large ratios near

Oð102Þ between the ΔS ¼ 1 and ΔS ¼ 0 BRs are found in the Bc decays to ηc plus light scalars, with S
being strange number. Many large BRs and interesting ratios presented in this work could be tested by the
Large Hadron Collider experiments, which would help us to examine the reliability of this improved
perturbative QCD formalism for Bc-meson decays and further understand the QCD dynamics in the
considered decay modes as well as in the related hadrons.

DOI: 10.1103/8l7c-mj4m

I. INTRODUCTION

It is well known that, disparate from the bb̄ and cc̄ states,
the Bc meson is flavor antisymmetric while unique since it
is the only ground state containing two different heavy
quarks b and c simultaneously [1,2]. Peculiar to the more
extensively studied Bu, Bd, and Bs mesons, both constitu-
ents in a Bc meson can decay separately, which offers a
precious opportunity to expand our understanding of heavy
B-meson physics through thoroughly exploring the more
rich and complicated QCD in the perturbative and non-
perturbative regimes. Thus, the weak decays of the Bc
meson have prompted significant theoretical and exper-
imental interest since its first discovery at the Tevatron in
1998 [3,4].
On the experimental side, the LHC experiments that

started running in 2009 have observed many Bc-meson
decay channels of interest, such as Bþ

c → J=ψðπ; 2π; 3πÞþ,
even Bþ

c → χcJπ
þðJ ¼ 0; 1; 2Þ, etc. [5,6]. The ηc meson,

the lowest-lying cc̄ pseudoscalar state, has attracted con-
siderable theoretical and experimental attention since its

discovery [7]. It decays primarily via cc̄ annihilation into
two gluons and is expected to have numerous hadronic
decay modes into two- or three-body hadronic charged
and/or neutral final states, which, unfortunately, seems not
friendly for experimental studies at LHC experiments.
Hence, though struggling against the large background
and the small efficiency at LHC for these problems, the
Bþ
c → ηcπ

þ decay is not yet observed presently. However,
along with the successful upgrade and resumed running of
Large Hadron Collier-beauty (LHCb) detector since 2022,
the ensuingly exciting results are forthcoming [8]. The
continuously collected data from the upgraded LHCb
detector will offer a precious opportunity to advance
Bc-meson physics into a precision era. It is therefore expec-
ted that a huge amount of data with superior quality can
facilitate a promising measurement of Bþ

c → ηcπ
þ, for

example, via ηc → pp̄ decay chain. Here, p denotes a proton.
On the theoretical side, the Bþ

c → ηcπ
þ decay, as well as

Bþ
c → ηcρ

þ, has been investigated in different approaches
[9–24], while the branching ratios (BRs) differ with a wide
range of magnitude, notably, BRðBþ

c → ηcπ
þÞ∈

½0.25; 4.22� × 10−3 and BRðBþ
c →ηcρ

þÞ∈½0.67;13.16�×
10−3, respectively. These numerical results imply different
understanding of QCD dynamics in the Bc → ηc decays.
The remarkable discrepancies suggest that our understand-
ing of the involved dynamics is far from complete and
more investigations need to be carried out in alternative
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approaches necessarily. Motivated by the general consis-
tency between the LHC measurements [25–28] and the
improved perturbative QCD (iPQCD) predictions [29,30]
about the ratios among the BRs of Bþ

c → J=ψπþ,
Bþ
c →J=ψρþð→πþπ0Þ, Bþ

c → J=ψa1ð1260Þð→ πþπ−πþÞ,
Bþ
c → χc1ð1PÞπþ, and Bþ

c → χc2ð1PÞπþ, the present work
will concentrate on the decays Bþ

c → ηcLþ, where L
denotes the light mesons such as pseudoscalars (P)−π
and K; vectors (V)−ρ and K�; axial vectors (A)−a1ð1260Þ,
b1ð1235Þ and K1ð1270; 1400Þ; scalars (S)−a0ð980; 1450Þ
and K�

0ð700; 1430Þ [K�
0ð700Þ also known as κ]; and tensors

(T)−a2ð1320Þ and K�
2ð1430Þ, respectively.

To the best of our knowledge, the nature of light scalars,
especially those under or near 1 GeV, remains a long-
standing puzzle in hadron physics. Recently, the CMS
Collaboration found strong evidence of f0ð980Þ being a
normal quark-antiquark state [31], even though the ALICE
Collaboration supported the K�

0ð700Þ being a four-quark
state [32]. Undoubtedly, more endeavors need to be
devoted to this field. The useful clues about the nature
of light scalars could be collected indirectly through
probing their productions in the heavy hadron decays, just
like the B → f0ð980ÞK decays observed in the B-factory
experiments [33,34]. So far, there are two different scenar-
ios to describe these scalar mesons a0ð980; 1450Þ and
K�

0ð700; 1430Þ under the qq̄ assignment [35]. In scenario 1
(S1), the scalar mesons a0ð980Þ and K�

0ð700Þ are treated as
the lowest-lying states, and those a0ð1450Þ and K�

0ð1430Þ
are the first excited states correspondingly. And, in scenario
2 (S2), the scalar mesons a0ð1450Þ and K�

0ð1430Þ are
viewed as the ground states, while those a0ð980Þ and
K�

0ð700Þ might be the four-quark states. However, as
stressed in Ref. [35], it is difficult in practice to make
quantitative predictions based on the four-quark or tetra-
quark picture for light scalars because the calculations of
decay constant and form factors of light scalars are beyond
the conventional quark model and the involved nonfactor-
izable contributions cannot be calculated in the available
QCD-based factorization framework. Moreover, the pro-
ductions of light scalars from the vacuum in the Bþ

c →ηcSþ
decays are expected to be highly suppressed originating
from the nearly zero vector decay constants fS [actually, the
vector decay constants fS ¼ 0 in the SUð3Þ limit] [35]. It
means that investigations on these decays must go beyond
naive factorization. Therefore, the predictions in this work
are made on the basis of two-quark model for light scalars
within the iPQCD framework.
The p-wave light axial vectors have been investigated at

both experimental and theoretical aspects. However, our
understanding about their nature is still far from complete
[36]. In the spectroscopy study [5], a1ð1260Þ and b1ð1235Þ
are the 13P1 and 11P1 axial-vector states, respectively,
carrying quantum numbers JPC ¼ 1þþ and JPC ¼ 1þ−

correspondingly. Although it is very interesting that the
strange K1ð1270Þ and K1ð1400Þ mesons are generally

regarded as the mixtures of 13P1 state K1A and 11P1 state
K1B due to the SUð3Þ flavor broken symmetry [37],

� jK1ð1270Þi
jK1ð1400Þi

�
¼

�
sin θK cos θK
cos θK − sin θK

�� jK1Ai
jK1Bi

�
; ð1Þ

with mixing angle θK. The value of θK can be related to
the masses of the K1ð1270Þ and K1ð1400Þ, to the strong
decays of the K1ð1270Þ and K1ð1400Þ, and to rates of
weak decays to final states involving the K1ð1270Þ and
K1ð1400Þ [38,39]. Thus, the decays such as Bþ

c →
ðcc̄ÞK1ð1270; 1400Þþ would be of great interest for
exploring the information of θK . However, presently, there
is no consensus on the value of the mixing angle θK, and
the results from various approaches are still quite con-
troversial; e.g., see a short overview in Ref. [40] (and
references therein). We therefore take both referenced
values, i.e., θK1

≈ 33° and 58° [37,41] into account in the
related numerical calculations of this work.
By incorporating the finite charm quark mass effects into

Sudakov resummation of the large logarithmic corrections
to wave functions through kT resummation at the next-to-
leading-logarithm accuracy [42], besides including them in
the hard kernel, the iPQCD formalism is now self-con-
sistent for systematically studying the Bc-meson decays
and B-meson decaying into charmonia. So far, facilitated
by the newly proposed transverse-momentum-dependent
Bc-meson wave function [43], we have studied the Bþ

c →
J=ψMþ [29] and Bþ

c → χcJðP;VÞþ [30] decays, in which,
the BRs predicted in the iPQCD formalism are generally
consistent with several available predictions in other
approaches. Furthermore, the resultant relative ratios such
as BRðBþ

c → J=ψa1ð1260Þþð→ πþπ−πþÞÞ=BRðBþ
c →

J=ψπþÞ, BRðBþ
c →J=ψρþð→πþπ0ÞÞ=BRðBþ

c →J=ψπþÞ,
BRðBþ

c → χc2π
þÞ=BRðBþ

c → J=ψπþÞ, etc. agree well with
the current data reported by the LHC experiments within
theoretical uncertainties. In light of these successful out-
puts, we shall analyze the decays Bþ

c → ηcLþ in the iPQCD
formalism at leading order in the strong coupling αs
[42,43]. Inputting the BRs [5] of strong decays ηc → pp̄
and ηc→πþπ−ðπþπ−;KþK−;pp̄Þ, we additionally present
the BRs of multibody modes arising from Bþ

c → ηcðπ; ρÞþ
via resonance ηc under the narrow-width approximation.
The (near-)future tests of our iPQCD predictions at
experimental facilities are expected to help us to further
understand the QCD dynamics involved in these Bc-meson
decays, and even explore the inner structure of ηc and
related light hadrons.
The rest of this paper is organized as follows. In Sec. II,

the formalism and the perturbative calculations in associ-
ation with factorization formulas of Bþ

c → ηcLþ are pre-
sented. The numerical results and phenomenological
analyses are given in Sec. III. Section IV summarizes
our main conclusions.
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II. FORMALISM AND PERTURBATIVE
CALCULATIONS

For the Bþ
c → ηcLþ decays, the related weak effective

Hamiltonian Heff at the quark level can be written as [44]

Heff ¼
GFffiffiffi
2

p fV�
cbVuq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�g þ H:c:;

ð2Þ

with the Fermi constant GF ¼ 1.16639 × 10−5 GeV−2, the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements V,
and the Wilson coefficients CiðμÞ at the renormalization
scale μ. The local four-quark tree operators O1 and O2 are
read as

O1 ¼ q̄αγμð1 − γ5Þuβc̄βγμð1 − γ5Þbα;
O2 ¼ q̄αγμð1 − γ5Þuαc̄βγμð1 − γ5Þbβ; ð3Þ

where q denotes the light down quark dðsÞ for the
CKM-favored (-suppressed) ΔS ¼ 0ðΔS ¼ 1Þ processes
with S being strange number.
Similar to Bþ

c → J=ψMþ decays [29], the kinematics of
Bþ
c → ηcLþ could be defined in the light-cone coordinates as

P1 ¼
mBcffiffiffi
2

p ð1; 1; 0TÞ; P2 ¼
mBcffiffiffi
2

p ð1 − r23; r
2
2; 0TÞ;

P3 ¼
mBcffiffiffi
2

p ðr23; 1 − r22; 0TÞ; ð4Þ

where the ratios r2 ¼ mL=mBc
and r3 ¼ mηc=mBc

with
mLðmηcÞ being the light (ηc) meson mass, P1 denotes the
momentum carried by Bc meson in its rest frame, and P2 and
P3 denotes the momenta carried by L and ηc mesons moving
along the plus and minus z directions, respectively. Thanks to
conservation of the angular momentum, the possible polari-
zation vectors ϵ2L (here, the subscript L stands for the
longitudinal polarization, not to be confused with the
abbreviation L of light mesons) could be easily derived
through the constraints P2 · ϵ2L ¼ 0 and ϵ22L ¼ −1. Notice
that, if L is a tensor meson, then a new longitudinal
polarization vector could be constructed similarly relative
to those of vectors and axial vectors but with an additional
factor

ffiffiffiffiffiffiffiffi
2=3

p
[29,45–47]. Then, specifically, ϵ2L ¼

1ffiffiffiffiffiffiffiffiffiffiffiffi
2ð1−r2

3
Þ

p
r2
ð1 − r23;−r22; 0TÞ for vectors and axial vectors,

while ϵ2L ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
3ð1−r2

3
Þ

p
r2
ð1 − r23;−r22; 0TÞ for tensors in this

work. Themomenta of valence quarks in the initial- and final-
state mesons are parametrized as

k1 ¼ ðx1Pþ
1 ; x1P

−
1 ;k1TÞ; k2 ¼ ðx2Pþ

2 ; x2P
−
2 ;k2TÞ;

k3 ¼ ðx3Pþ
3 ; x3P

−
3 ;k3TÞ; ð5Þ

where xi (i ¼ 1, 2, 3) is the corresponding momentum
fraction.
The Bþ

c → ηcLþ decay amplitude in the iPQCD formal-
ism can therefore be conceptually written as

AðBþ
c → ηcLþÞ ∼

Z
dx1dx2dx3b1db1b2db2b3db3

· Tr½CðtÞΦBc
ðx1; b1ÞΦLðx2; b2Þ

×Φηcðx3; b3ÞHðxi; bi; tÞe−SðtÞ�; ð6Þ

where bi is the conjugate space coordinate of transverse
momentum kiT , t is the largest running energy scale in hard
kernel Hðxi; bi; tÞ, Tr denotes the trace over Dirac and
SUð3Þ color indices, CðtÞ stands for the Wilson coefficients
including the large logarithms lnðmW=tÞ [48], and Φ is the
wave function describing the hadronization of quark and
antiquark to the meson. The Sudakov factor e−SðtÞ arises
from kT resummation, which provides a strong suppression
on the long distance contributions in the small kT (or large
b) region [49]. The detailed discussions for e−SðtÞ can be
easily found in the original Refs. [42,43,49]. Thus, with
Eq. (6), we can give the convoluted amplitudes of the
decays Bþ

c → ηcLþ explicitly through the evaluations of
hard kernel Hðxi; bi; tÞ at leading order in the αs expansion
within the iPQCD formalism.
The wave function for Bc meson with a “heavy-light”

structure can generally be defined as [43,48,50]

ΦBc
ðx;kTÞ ¼

iffiffiffiffiffiffiffiffi
2Nc

p fð=PþmBc
Þγ5ϕBc

ðx;kTÞg; ð7Þ

where P is the momentum of Bc meson,Nc ¼ 3 is the color
factor, and x and kT are the momentum fraction and
intrinsic transverse momentum of charm quark in the Bc
meson. Here, ϕBc

ðx;kTÞ is the Bc-meson leading-twist
distribution amplitude, whose explicit form in the impact b
space is [43]

ϕBc
ðx;bÞ ¼ fBc

2
ffiffiffiffiffiffiffiffi
2Nc

p NBc
xð1− xÞ exp

�
−
ð1− xÞm2

c þ xm2
b

8β2Bc
xð1− xÞ

�

× exp ½−2β2Bc
xð1− xÞb2�; ð8Þ

with the decay constant fBc
¼ 0.489� 0.005 GeV [51],

the shape parameter βBc
¼ 1.0� 0.1 GeV [43], andmc and

mb being the charm and bottom quark masses. Moreover,
the normalization constant NBc

is fixed by the following
relation:

Z
1

0

ϕBc
ðx;b ¼ 0Þdx≡

Z
1

0

ϕBc
ðxÞdx ¼ fBc

2
ffiffiffiffiffiffiffiffi
2Nc

p : ð9Þ

For the ηc meson, its wave function has been studied
within the nonrelativistic QCD approach [52] and
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derived as

ΦηcðxÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p γ5f=Pϕv
ηcðxÞ þmηcϕ

s
ηcðxÞg; ð10Þ

with P and m being the momentum and mass of ηc and x
describing the charm-quark momentum fraction in ϕv

ηcðxÞ
and ϕs

ηcðxÞ the twist-2 and twist-3 distribution amplitudes,

ϕv
ηcðxÞ ¼ 9.58

fηc
2

ffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞCðxÞ;

ϕs
ηcðxÞ ¼ 1.97

fηc
2

ffiffiffiffiffiffiffiffi
2Nc

p CðxÞ; ð11Þ

where fηc ¼ 0.387� 0.007 [53] is the decay constant and
the function CðxÞ reads

CðxÞ ¼ ½ðxð1 − xÞÞ=ð1 − 4xð1 − xÞð1 − v2ÞÞ�1−v2 ; ð12Þ

with v2 ¼ 0.3 standing for small relativistic corrections to
the Coulomb wave functions.

The light-cone wave functions including distribution
amplitudes for light pseudoscalars, scalars, vectors, axial
vectors, and tensors calculated in the QCD sum rules up to
twist 3 have been collected in Ref. [29] (and references
therein). For simplicity, their explicit expressions would no
longer be presented in this work. The readers could refer to
Ref. [29] for detail.
The leading-order Feynman diagrams for the decays

Bþ
c → ηcLþ in the iPQCD formalism are shown in Fig. 1.

Similar to those in Ref. [29], we use Fe andMe to describe
the factorizable emission and the nonfactorizable emission
amplitudes induced by the ðV − AÞðV − AÞ operators. The
Bþ
c → ηcLþ decay amplitude can thus be decomposed into

AðBþ
c → ηcLþÞ ¼ V�

cbVuqðFe · fL þMeÞ; ð13Þ

in which the related factorization formulas are given
explicitly as follows:

(i) For Bþ
c → ηcðP; SÞþ decays,

FeðPÞ ¼ −8πCFm4
Bc

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þðr23 − 1Þ

× f½r3ðrb þ 2x3 − 2Þϕs
ηcðx3Þ − ð2rb þ x3 − 1Þϕv

ηcðx3Þ�haðx1; x3; b1; b3ÞEfðtaÞ
− ½2r3ð1þ rc − x1Þϕs

ηcðx3Þ þ ðr23ðx1 − 1Þ − rcÞϕv
ηcðx3Þ�hbðx1; x3; b1; b3ÞEfðtbÞg; ð14Þ

where the ratios rb ¼ mb=mBc
and rc ¼ mc=mBc

. The hard function hiðxi; biÞ and the evolution function EfðtiÞ could refer
to those expressions in Ref. [29],

MeðPÞ ¼ −
32ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1; b1ÞϕA

Pðx2Þðr23 − 1Þ

× f½r3ðx3 − x1Þϕs
ηcðx3Þ þ ðx1 þ x2 − 1Þϕv

ηcðx3Þ þ r23ðx1 − x2 − 2x3 þ 1Þϕv
ηcðx3Þ�

× EfðtcÞhcðx1; x2; x3; b1; b2Þ þ ½ðx2 þ x3 − 2x1 þ r23ðx3 − x2ÞÞϕv
ηcðx3Þ

þ r3ðx1 − x3Þϕs
ηcðx3Þ�hdðx1; x2; x3; b1; b2ÞEfðtdÞg; ð15Þ

and

FeðSÞ ¼ −FeðPÞ; MeðSÞ ¼ −MeðPÞ; ð16Þ

but with the corresponding replacement of ϕA
PðxÞ → ϕSðxÞ in Eq. (16).

(ii) For Bþ
c → ηcðV;A; TÞþ decays,

FeðVÞ ¼ 8πCFm4
Bc

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r23

q
× f½r3ðrb þ 2x3 − 2Þϕs

ηcðx3Þ − ð2rb þ x3 − 1Þϕv
ηcðx3Þ�haðx1; x3; b1; b3ÞEfðtaÞ

− ½2r3ð1þ rc − x1Þϕs
ηcðx3Þ þ ðr23ðx1 − 1Þ − rcÞϕv

ηcðx3Þ�hbðx1; x3; b1; b3ÞEfðtbÞg; ð17Þ
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MeðVÞ ¼
32ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1; b1ÞϕVðx2Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r23

q
× f½ðx1 þ x2 − 1Þϕv

ηcðx3Þ þ r23ðx1 − x2 − 2x3 þ 1Þϕv
ηcðx3Þ þ r3ðx3 − x1Þϕs

ηcðx3Þ�
× EfðtcÞhcðx1; x2; x3; b1; b2Þ þ ½ðx2 þ x3 − 2x1 þ r23ðx3 − x2ÞÞϕv

ηcðx3Þ
þ r3ðx1 − x3Þϕs

ηcðx3Þ�hdðx1; x2; x3; b1; b2ÞEfðtdÞg; ð18Þ

and

FeðAÞ ¼ −FeðVÞ; FeðTÞ ¼ 0;

MeðAÞ ¼ −MeðVÞ; MeðTÞ ¼
ffiffiffi
2

3

r
MeðVÞ: ð19Þ

associated with the replacements of ϕVðxÞ →
ϕA;TðxÞ in (19) correspondingly.

The corresponding BR is then given, in the rest frame of
a heavy Bc meson, by

BRðBþ
c → ηcLþÞ≡ τBc

· ΓðBþ
c → ηcLþÞ

¼ τBc
·
G2

FjPcj
16πm2

Bc

jAðBþ
c → ηcLþÞj2; ð20Þ

with the Bc-meson lifetime τBc
and the decay width Γ. Note

that jPcj≡ jPLj ¼ jPηc j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

Bc
; m2

L;m
2
ηcÞ

q
=ð2mBc

Þ is

the momentum of either L or ηc meson in the final states,
with the Källén function λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy −
2xz − 2yz [5].

III. NUMERICAL RESULTS AND DISCUSSIONS

In numerical calculations, central values of the input
parameters will be used implicitly unless otherwise stated.
We adopt the relevant QCD scale (GeV), masses (GeV),
and Bc-meson lifetime (ps) [5,48],

Λðf¼4Þ
MS

¼ 0.250; mW ¼ 80.41;

mBc
¼ 6.275; mηc ¼ 2.98;

τBc
¼ 0.507; mb ¼ 4.8; mc ¼ 1.5: ð21Þ

and the CKM matrix elements [5],

jVcbj ¼ 0.04182þ0.00085
−0.00074 ; jVudj ¼ 0.97435� 0.00016;

jVusj ¼ 0.22500� 0.00067: ð22Þ

In the following context, we will classify the consid-
ered decays into two different groups conventionally,
that is, the decays Bþ

c → ηcðP;VÞþ and the decays
Bþ
c → ηcðA; S; TÞþ, respectively, to present the related

iPQCD predictions and phenomenological insights.

A. B+
c → ηcðP;VÞ+

The CP-averaged Bþ
c → ηcðπ; KÞþ BRs in the iPQCD

formalism are presented as

BRðBþ
c → ηcπ

þÞ ¼ 2.03þ0.51
−0.40ðβBc

Þþ0.09
−0.08ðfMÞþ0.00

−0.00

× ðaπÞþ0.09
−0.07ðVcbÞ × 10−3; ð23Þ

BRðBþ
c → ηcKþÞ ¼ 1.52þ0.39

−0.29ðβBc
Þþ0.07
−0.06ðfMÞþ0.11

−0.10

× ðaKÞþ0.07
−0.05ðVcbÞ × 10−4; ð24Þ

where the uncertainties are dominated by the shape param-
eter βBc

from the Bc-meson distribution amplitude. Note
that, though having a smaller decay constant fηc ∼ 0.387
than fJ=ψ ∼ 0.405 and the same leading-twist distribution
amplitudes in both ηc and J=ψ , the Bþ

c → ηcπ
þ BR is still

larger than the Bþ
c → J=ψπþ one in the iPQCD formalism.

In fact, from the numerical results of decay amplitudes
shown in Table I, it is found that BRðBþ

c → ηcπ
þÞ and

BRðBþ
c → J=ψπþÞ are governed by highly different QCD

dynamics, that is, the former (latter) determined by the
contributions arising from the distribution amplitude of
twist-3 ϕs

ηcðxÞ [twist-2 ϕL
J=ψðxÞ] of ηcðJ=ψÞ, even with

enhancement (reduction) by that of twist-2 ϕv
ηcðxÞ [twist-3

ϕt
J=ψ ðxÞ]. Any precise measurements in various experiments

to help understand the QCD behavior of these cc̄-mesons in
depth are urgently demanded.

(a) (b) (c) (d)

FIG. 1. Leading-order Feynman diagrams for the decays Bþ
c → ηcLþ in the iPQCD formalism: (a) and (b) [(c) and (d)] contributing to

the (non)factorizable-emission amplitudes.
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The ratio between BRðBþ
c → ηcπ

þÞ and BRðBþ
c →

J=ψπþÞ in the iPQCD framework could help measure
the mode Bþ

c → ηcπ
þ experimentally,

Rπ
ηc=J=ψ

≡ BRðBþ
c → ηcπ

þÞ
BRðBþ

c → J=ψπþÞ ¼ 1.74þ0.66
−0.50 ; ð25Þ

According to the LHCb data [54], that is, σðB
þ
c Þ

σðBþÞ × BRðBþ
c →

J=ψπþÞ ¼ ð6.97� 0.13Þ × 10−6 [30] in the fiducial region
corresponding to the transverse momentum 0 < pT <
20 GeV and the rapidity 2.0 < y < 4.5, and the assumption
BRðBþ

c → J=ψπþÞ ∼Oð10−3Þ, then the forthcoming mea-
surements of BRðBþ

c → ηcπ
þÞ in the LHCb experiment

might be

σðBþ
c Þ

σðBþÞ × BRðBþ
c → ηcπ

þÞ ∼ ð1.41þ0.37
−0.29Þ × 10−5: ð26Þ

Based on the data for ηc strong decays to stable hadrons
[5], one can derive the multibody Bc-meson decays via ηc
resonance under the narrow-width approximation:
(1) ηc → pp̄ and pp̄πþπ−. The inputs of ηc → pp̄ and

pp̄πþπ− decays with

Bðηc → pp̄Þ ¼ ð1.33� 0.11Þ × 10−3;

Bðηc → pp̄πþπ−Þ ¼ ð3.7� 0.5Þ × 10−3 ð27Þ

lead to the three-body Bþ
c → πþηcð→ pp̄Þ and five-

body Bþ
c → πþηcð→ pp̄πþπ−Þ BRs as

BRðBþ
c → πþηcð→ pp̄ÞÞ

≡ BRðBþ
c → ηcπ

þÞ · Bðηc → pp̄Þ
¼ ð2.70þ0.74

−0.59Þ × 10−6; ð28Þ

BRðBþ
c → πþηcð→ pp̄πþπ−ÞÞ

≡ BRðBþ
c → ηcπ

þÞ · Bðηc → pp̄πþπ−Þ
¼ ð7.51þ2.21

−1.83Þ × 10−6: ð29Þ

(2) ηc → 2ðπþπ−Þ; 2ðKþK−Þ and πþπ−KþK−. The in-
puts of ηc → 2ðπþπ−Þ, πþπ−KþK− and 2ðKþK−Þ
decays with

Bðηc → 2ðπþπ−ÞÞ ¼ ð9.6� 1.5Þ × 10−3;

Bðηc → 2ðKþK−ÞÞ ¼ ð1.4� 0.4Þ × 10−3;

Bðηc → πþπ−KþK−Þ ¼ ð8.3� 1.8Þ × 10−3 ð30Þ
result in the five-body Bþ

c → πþηcð→ 2ðπþπ−Þ;
ðπþπ−KþK−Þ; 2ðKþK−ÞÞ BRs as
BRðBþ

c → πþηcð→ πþπ−πþπ−ÞÞ
≡ BRðBþ

c → ηcπ
þÞ · Bðηc → πþπ−πþπ−Þ

¼ ð1.95þ0.59
−0.50Þ × 10−5; ð31Þ

BRðBþ
c → πþηcð→ πþπ−KþK−ÞÞ

≡ BRðBþ
c → ηcπ

þÞ · Bðηc → πþπ−KþK−Þ
¼ ð1.68þ0.57

−0.50Þ × 10−5; ð32Þ

BRðBþ
c → πþηcð→ KþK−KþK−ÞÞ

≡ BRðBþ
c → ηcπ

þÞ · Bðηc → KþK−KþK−Þ
¼ ð2.84þ1.10

−0.99Þ × 10−6: ð33Þ

In principle, the related measurements are previously
difficult due to the large background and the small
efficiency at LHC. However, these BRs around Oð10−6Þ
and above with fully charged final states are expected to be
probed in the near future, since the LHCb detector has
accomplished a successful upgrade in 2022.
The ratio between theBRsofBþ

c → ηcKþ andBþ
c → ηcπ

þ
is given theoretically in the iPQCD formalism as

Rηc
K=π ≡ BRðBþ

c → ηcKþÞ
BRðBþ

c → ηcπ
þÞ ¼ ð7.49þ0.54

−0.49Þ × 10−2; ð34Þ

which agreeswellwith the naive anticipation ð7.95� 0.04Þ ×
10−2 within uncertainties. That is, the decays Bþ

c →
ηcðπ; KÞþ are indeed predominated by the factorizable decay
amplitudes. Meanwhile, the aK1 -term induced SUð3Þ flavor
symmetry-breaking effects arising from leading-twist kaon
distribution amplitude in thenonfactorizable decayamplitudes
lead to a slight deviation to the naive expectation, as stated in
Refs. [29,30].
The Bþ

c → ηcVþ BRs in the iPQCD formalism can be
read as

TABLE I. Decay amplitudes (in units of 10−3 GeV−3) of Bþ
c → ηcπ

þ and Bþ
c → J=ψπþ from different twists in

the iPQCD formalism. For simplicity, only the central values are quoted for clarifications.

Modes Decay amplitudes (Fe) Decay amplitudes (Me)

Bþ
c → ηcπ

þ ϕv
ηcðxÞ ϕs

ηcðxÞ ϕv
ηcðxÞ ϕs

ηcðxÞ
8.43 − i8.56 −26.42 − i113.08 1.00 − i2.61 0.01 − i0.01

Bþ
c → J=ψπþ ϕL

J=ψ ðxÞ ϕt
J=ψ ðxÞ ϕL

J=ψ ðxÞ ϕt
J=ψ ðxÞ

30.76þ i101.07 −12.83 − i9.09 −1.85þ i4.21 −0.24 − i0.92
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BRðBþ
c → ηcρ

þÞ ¼ 5.37þ1.42
−1.08ðβBc

Þþ0.24
−0.24ðfMÞþ0.00

−0.00

× ðaρÞþ0.22
−0.19ðVcbÞ × 10−3; ð35Þ

BRðBþ
c → ηcK�þÞ ¼ 3.05þ0.81

−0.62ðβBc
Þþ0.19
−0.19ðfMÞþ0.02

−0.02

× ðaK� Þþ0.12
−0.11ðVcbÞ × 10−4; ð36Þ

where the theoretical errors are also dominated mainly by
the Bc-meson shape parameter βBc

. By employing Eqs. (27)
and (30), the measurable BRs of multibody Bþ

c → ηcρ
þ

decays through resonance state ηc could be derived under
the narrow-width approximation as follows:

BRðBþ
c → ηcð→ pp̄ÞρþÞ

≡ BRðBþ
c → ηcρ

þÞ · Bðηc → pp̄Þ
¼ ð7.14þ2.03

−1.60Þ × 10−6; ð37Þ

BRðBþ
c → ηcð→ pp̄πþπ−ÞρþÞ

≡ BRðBþ
c → ηcρ

þÞ · Bðηc → pp̄πþπ−Þ
¼ ð1.99þ0.60

−0.49Þ × 10−5; ð38Þ

BRðBþ
c → ηcð→ πþπ−πþπ−ÞρþÞ

≡ BRðBþ
c → ηcρ

þÞ · Bðηc → πþπ−πþπ−Þ
¼ ð5.16þ1.62

−1.34Þ × 10−5; ð39Þ

BRðBþ
c → ηcð→ πþπ−KþK−ÞρþÞ

≡ BRðBþ
c → ηcρ

þÞ · Bðηc → πþπ−KþK−Þ
¼ ð4.46þ1.55

−1.34Þ × 10−5; ð40Þ

BRðBþ
c → ηcð→ KþK−KþK−ÞρþÞ

≡ BRðBþ
c → ηcρ

þÞ · Bðηc → KþK−KþK−Þ
¼ ð7.52þ2.97

−2.66Þ × 10−6: ð41Þ

The ratio between the Bþ
c → ηcρ

þ and Bþ
c →

ðJ=ψ ; ηcÞπþ BRs could be deduced as

BRðBþ
c → ηcρ

þÞ
BRðBþ

c → J=ψπþÞ ¼ 4.59þ1.77
−1.34 ; ð42Þ

and

Rηc
ρ=π ≡ BRðBþ

c → ηcρ
þÞ

BRðBþ
c → ηcπ

þÞ ¼ 2.65þ0.02
−0.03 : ð43Þ

Here, the latter ratio Rηc
ρ=π is close to that obtained from

the Bþ
c → J=ψðπ; ρÞþ decays [29]. Moreover, the ratio

between the Bþ
c → ηcK�þ and Bþ

c → ηcρ
þ BRs is

Rηc
K�=ρ ≡ BRðBþ

c → ηcK�þÞ
BRðBþ

c → ηcρ
þÞ ¼ ð5.68þ0.11

−0.11Þ × 10−2; ð44Þ

which matches well with the value ð5.75� 0.03Þ × 10−2

anticipated by naive factorization within errors.
Finally, as aforementioned in the Introduction, the decays

Bþ
c → ηcðP;VÞþ have been studied extensively with various

Bc → ηc form factors in different approaches [9–24]. How-
ever, the obtained values of BRs and relative ratios have a
wide spread, as explicitly presented in Tables II and III.
Based on the numerical results in the literature and this work,
some remarks are in order: (a) For the absolute BRs of
Bþ
c → ηcðπ; ρÞþ, as seen in the first line of Tables II and III,

it is clear that, within 1σ errors, our iPQCD predictions
are consistent with those in Refs. [9,15,20,21,23,24] for
BRðBþ

c → ηcπ
þÞ and with those in Refs. [9,15,21,24] for

BRðBþ
c → ηcρ

þÞ, respectively. We can also easily find that
the results of BRs for both Bþ

c → ηcπ
þ and Bþ

c → ηcρ
þ

decays given in Refs. [11,13,14,16,18,22] are inconsistent
with ours, even within 2σ errors. Needless to say, there are
significant discrepancies in the understanding of the tran-
sition Bc → ηc across different frameworks. (b) For the
relative ratios BRðBþ

c → ηcðπ; ρÞþÞ=BRðBþ
c → J=ψπþÞ,

as collected in the second line of Tables II and III, it is
found that, within 1σ errors, our iPQCD predictions are
consistent with those in Refs. [10,12–14,16,19–21,24] for
BRðBþ

c → ηcπ
þÞ=BRðBþ

c → J=ψπþÞ and with those in
Refs. [10,14,19–21,24] for BRðBþ

c → ηcρ
þÞ=BRðBþ

c →
J=ψπþÞ, respectively. (c) As shown in the third line of

TABLE II. Various predictions for BRðBþ
c → ηcπ

þÞ, BRðBþ
c → ηcπ

þÞ=BRðBþ
c → J=ψπþÞ and BRðBþ

c → ηcKþÞ=BRðBþ
c → ηcπ

þÞ
in this work and in the literature, respectively.

Observables This work [9] [10] [11] [12] [13] [14] [15] [16] [17]a [18] [19]b [20] [21] [22] [23] [24]c

103 · BRðBþ
c → ηcπ

þÞ 2.03þ0.53
−0.41 1.80 1.30 0.26 1.40 9.30 0.85 1.90 0.94 0.91(1.16) 0.34 2.95 2.98þ1.24

−1.05 1.89þ0.37
−0.37 0.397 1.40þ0.40

−0.40 0.79þ0.86
−0.55

BRðBþ
c →ηcπ

þÞ
BRðBþ

c →J=ψπþÞ 1.74þ0.66
−0.50 1.00 1.78 0.19 1.27 2.07 1.39 1.12 1.24 … 1.00 1.33 1.28þ0.69

−0.56 1.87þ0.52
−0.52 1.02 0.56þ0.21

−0.21 0.95þ1.04
−0.68

102 · Rηc
K=π 7.49þ0.54

−0.49 7.78 10.00 8.00 7.86 5.05 8.24 7.89 7.98 8.13(8.10) 8.82 7.12 8.05þ0.68
−0.99 7.94þ0.02

−0.05 7.81 7.86þ0.14
−0.08 7.51þ0.02

−0.00

aThe results are calculated on the basis of Coulomb plus linear confining and harmonic oscillator (in the parentheses) potentials.
bThese results are calculated with the non-relativistic QCD approach at leading order in the strong coupling αs. And the

corresponding next-to-leading-order BR in α2s is ð5.19þ0.70
−1.07 Þ × 10−3.

cThese results are calculated with the QCD factorization approach in αs. And the corresponding next-to-next-to-leading-order BR in
α2s is ð0.81þ0.88

−0.56 Þ × 10−3.
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Tables II and III, within 1σ errors, our predictions for Rηc
K=π

are consistent with most literature results except those in
Refs. [10,13,14,18], while for Rηc

K�=ρ they agree only with
those in Refs. [12,15,18,20,21,23].
It is worth noting that all our numerical results, such as

individual BRs and various relative ratios, for the decays
Bþ
c → ηcðP;VÞþ in the iPQCD formalism agree well with

those calculated in covariant confined quark model [21]
within 1σ uncertainties. To evaluate the reliability of the
available theoretical calculations across different models,
future precise measurements are highly essential.

B. B+
c → ηcðA; S;TÞ+

In this subsection, we present the predictions of the
decays Bþ

c → ηcðA; S; TÞþ for the first time within the
QCD-based factorization framework, which could provide
references for understanding the structure of these consid-
ered light hadrons in the future.
First of all, for the Bþ

c → ηca1ð1260Þþ channel, its BR in
the iPQCD formalism is read as

BRðBþ
c → ηca1ð1260ÞþÞ ¼ 6.91þ1.84

−1.41ðβBc
Þþ0.66
−0.64ðfMÞþ0.00

−0.00

× ðaa1Þþ0.29
−0.24ðVcbÞ × 10−3;

ð45Þ

associated with the relevant ratios,

BRðBþ
c → ηca1ð1260ÞþÞ

BRðBþ
c → J=ψπþÞ ¼ 5.91þ2.33

−1.81 ; ð46Þ

and

Rηc
a1=ρ

≡ BRðBþ
c → ηca1ð1260ÞþÞ

BRðBþ
c → ηcρ

þÞ ¼ 1.29þ0.51
−0.40 ;

Rηc
a1=π

≡ BRðBþ
c → ηca1ð1260ÞþÞ

BRðBþ
c → ηcπ

þÞ ¼ 3.40þ1.32
−1.03 : ð47Þ

In the above results, the uncertainties are mainly dominated
by the variations of shape parameter βBc

in the Bc-meson
distribution amplitude. Future precise measurements will
provide valuable information to aid in the study of QCD
dynamics among the states pion, ρ, and a1ð1260Þ, which
involve the same quark components.

For the decay Bþ
c → ηcb1ð1235Þþ, in principle, different

from the Bþ
c → ηcðP; VÞþ modes, its factorizable-emission

contributions are generally suppressed due to the tiny

zeroth Gegenbauer moment ak0;b1 in the longitudinal lead-
ing-twist b1ð1235Þþ distribution amplitude [55], while its
iPQCD BR is read as

BRðBþ
c → ηcb1ð1235ÞþÞ ¼ 7.88þ2.52

−1.86ðβBc
Þþ0.80
−0.75ðfMÞþ3.07

−2.57

× ðab1Þþ0.32
−0.28ðVcbÞ × 10−4;

ð48Þ
accompanied by the two ratios

BRðBþ
c → ηcb1ð1235ÞþÞ

BRðBþ
c → J=ψπþÞ ¼ 0.67þ0.39

−0.31 ;

Rηc
b1=π

≡ BRðBþ
c → ηcb1ð1235ÞþÞ

BRðBþ
c → ηcπ

þÞ ¼ 0.39þ0.22
−0.18 ; ð49Þ

inwhich theoretical uncertainties of these numerical results are
dominantly induced by the variations of shape parameter βBc

and Gegenbauer moment ab1 in the leading-twist distribution
amplitudes of Bc and b1ð1235Þ, respectively. Notice that, the
BRs ofBþ

c → ηcb1ð1235Þþ andBþ
c → J=ψb1ð1235Þþ in the

iPQCD formalism indicate an interesting relation, namely,
BRðBþ

c → ηcb1ð1235ÞþÞ ≃ BRðBþ
c → J=ψb1ð1235ÞþÞ∼

Oð10−3Þ within uncertainties, even though the latter BR
includes three kinds of polarization contributions [29].
These values could be tested in the near-future experiments
to help understand theQCDdynamics in the related decays, as
well as in b1ð1235Þ.
The Bþ

c → ηcK1ð1270; 1400Þþ BRs predicted in the
iPQCD formalism with different θK are

BRðBþ
c → ηcK1ð1270ÞþÞ

¼
(
2.57þ0.63

−0.50ðβBc
Þþ0.23
−0.22ðfMÞþ0.71

−0.63ðBK1
Þþ0.11
−0.09ðVcbÞ × 10−4

4.00þ1.01
−0.78ðβBc

Þþ0.40
−0.38ðfMÞþ0.58

−0.54ðBK1
Þþ0.16
−0.14ðVcbÞ × 10−4

;

ð50Þ

BRðBþ
c → ηcK1ð1400ÞþÞ

¼
(
2.10þ0.63

−0.45ðβBc
Þþ0.27
−0.26ðfMÞþ0.37

−0.35ðBK1
Þþ0.08
−0.08ðVcbÞ × 10−4

6.70þ2.48
−1.68ðβBc

Þþ0.78
−0.73ðfMÞþ2.92

−2.12ðBK1
Þþ0.27
−0.24ðVcbÞ × 10−5

;

ð51Þ

TABLE III. Same as Table II but for Bþ
c → ηcðρ; K�Þþ.

Observables This work [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24]

103 · BRðBþ
c → ηcρ

þÞ 5.37þ1.46
−1.12 4.90 3.00 0.67 3.30 370.0 2.10 4.50 2.40 2.57(3.24) 1.06 7.89 9.83þ3.33

−2.59 5.18þ1.04
−1.04 1.24 3.80þ0.10

−0.10 2.15þ2.23
−1.46

BRðBþ
c →ηcρ

þÞ
BRðBþ

c →J=ψπþÞ 4.59þ1.77
−1.34 2.72 4.11 0.52 3.0 82.2 3.44 2.65 3.16 … 3.12 3.55 4.22þ2.05

−1.57 5.13þ1.45
−1.45 3.18 1.52þ0.37

−0.37 2.60þ2.71
−1.80

102 · Rηc
K�=ρ 5.68þ0.11

−0.11 5.10 7.00 5.97 5.45 3.70 5.24 5.56 5.42 5.06(5.25) 5.66 5.20 5.80þ0.52
−0.45 5.60þ0.03

−0.04 5.24 5.53þ1.14
−1.48 5.12þ0.15

−0.06
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where the first (second) entry in Eqs. (50) and (51)
corresponds to θK ¼ 33°ð58°Þ. The similar patterns to the
BRs also appear in the following observables for related
modes trivially:

BRðBþ
c → ηcK1ð1270ÞþÞ

BRðBþ
c → J=ψπþÞ ¼

(
0.22þ0.10

−0.08

0.34þ0.14
−0.11

;

BRðBþ
c → ηcK1ð1400ÞþÞ

BRðBþ
c → J=ψπþÞ ¼

(
0.18þ0.08

−0.07

0.06þ0.04
−0.03

: ð52Þ

In the above numerical results, the dominant errors arise from
the uncertainties of shape parameter βBc

and Gegenbauer
moments in the distribution amplitudes of Bc, and K1A and
K1B states, respectively. The Bþ

c → ηcK1ð1270; 1400Þþ BRs
indicate that BRðBþ

c → ηcK1ð1270ÞþÞ is very consistent
with BRðBþ

c → ηcK1ð1400ÞþÞ at θK ∼ 33° within uncer-
tainties, while BRðBþ

c → ηcK1ð1270ÞþÞ is significantly
larger than BRðBþ

c → ηcK1ð1400ÞþÞ at θK ∼ 58° with a
factor around 6. It means that a destructive interference
between Bþ

c → ηcK
þ
1A and Bþ

c → ηcK
þ
1B occurs significantly

in Bþ
c → ηcK1ð1400Þþ at θK ∼ 58°. In other words, future

measurements testing these Bþ
c → ηcK1ð1270; 1400Þþ BRs

with clearly different results would lead to a better determi-
nation of θK . A verified θK value is key to further guide the
theoretical predictions with good precision.
It is worth emphasizing that the determination of θK

with definite value is highly important because, if θK
could be determined unambiguously, it could further help
constrain the mixing between f1ð1285Þðh1ð1170ÞÞ and
f1ð1420Þðh1ð1450ÞÞ promisingly [37]. The ratios between
the Bþ

c → ηcK1ð1270Þþ and Bþ
c → ηcK1ð1400Þþ BRs are

then derived to provide necessary reference for con-
straining the magnitude of θK ,

BRðBþ
c → ηcK1ð1400ÞþÞ

BRðBþ
c → ηcK1ð1270ÞþÞ

¼
(
0.82þ0.09

−0.08

0.17þ0.04
−0.04

: ð53Þ

The above BRs and the associated ratios predicted in the
iPQCD formalism would be helpful to explore the QCD
dynamics in the considered axial vectors, especially
in K1ð1270; 1400Þ.
Next, we turn to the Bþ

c → ηcSþ decays. As stressed in
the Introduction, relative to the above Bþ

c → ηcðP; VÞþ
decays, the nearly zero vector decay constant fS for light
scalars will lead to the significantly suppressed factoriz-
able-emission contributions in the Bþ

c → ηcSþ channels.
According to the categorization of light scalar mesons in
two scenarios, the CP-averaged Bþ

c → ηcSþ BRs in the
iPQCD formalism are given as

BRðBþ
c → ηca0ð980ÞþÞ ¼ 1.02þ0.44

−0.30ðβBc
Þþ0.24
−0.21ðfMÞþ0.04

−0.05

× ðBiÞþ0.04
−0.04ðVcbÞ × 10−7; ð54Þ

BRðBþ
c → ηcκ

þÞ ¼ 7.20þ3.16
−2.07ðβBc

Þþ1.82
−1.52ðfMÞþ0.49

−0.46

× ðBiÞþ0.30
−0.25ðVcbÞ × 10−6; ð55Þ

and

BRðBþ
c → ηca0ð1450ÞþÞ

¼
(
6.79þ1.61

−1.39ðβBc
Þþ4.53
−1.40ðfMÞþ1.13

−0.65ðBiÞþ0.27
−0.24ðVcbÞ × 10−9

2.15þ0.83
−0.57ðβBc

Þþ1.00
−1.00ðfMÞþ0.05

−0.04ðBiÞþ0.09
−0.07ðVcbÞ × 10−7

;

ð56Þ

BRðBþ
c → ηcK�

0ð1430ÞþÞ

¼
(
6.68þ1.70

−1.38ðβBc
Þþ3.39
−2.06ðfMÞþ0.21

−0.16ðBiÞþ0.28
−0.23ðVcbÞ × 10−7

1.29þ0.50
−0.34ðβBc

Þþ0.75
−0.47ðfMÞþ0.04

−0.04ðBiÞþ0.06
−0.04ðVcbÞ × 10−5

;

ð57Þ

where the first (second) entry in Eqs. (56) and (57)
corresponds to S1ðS2Þ and the dominant errors come
mainly from the Bc-meson shape parameter βBc

and from
the scalar decay constant f̄S and the Gegenbauer moments
Bi (i ¼ 1, 3) of scalar mesons, respectively. The future
precise constraints from experimental measurements and
Lattice QCD calculations on these hadronic parameters are
urgently demanded for theoretical predictions with good
precision. Nevertheless, since the LHC experiments can
measure the Bc decays with a branching ratio at 10−6 level
[56], then the BRs ð7.20þ3.69

−2.62Þ × 10−6 for Bþ
c → ηcκ

þ

and ð6.68þ3.81
−2.50Þ × 10−7½ð1.29þ0.91

−0.58Þ × 10−5� for Bþ
c →

ηcK�
0ð1430Þþ are expected to be probed in the newly

upgraded LHCb experiment. Furthermore, the experimen-
tal confirmations on the evident order difference of mag-
nitudes in the predicted BRs of Bþ

c → ηcK�
0ð1430Þþ could

potentially provide important clues to ascertain the pre-
ferred scenario for understanding the scalar K�

0ð1430Þ.
In principle, the above-mentioned large uncertainties

from nonperturbative inputs tend to be greatly cancelled by
relative ratios between the relevant BRs. Then, the ratios
between the ΔS ¼ 1 and ΔS ¼ 0 BRs in Bþ

c → ηcSþ are
easily given as

BRðBþ
c → ηcκ

þÞ
BRðBþ

c → ηca0ð980ÞþÞ
¼ ð0.71þ0.02

−0.01Þ × 102;

BRðBþ
c → ηcK�

0ð1430ÞþÞ
BRðBþ

c → ηca0ð1450ÞþÞ
¼

(
ð0.98þ0.08

−0.16Þ × 102

ð0.60þ0.11
−0.01Þ × 102

: ð58Þ

It seems that the errors in these results induced by the
hadronic parameters are indeed canceled to a great extent.
However, it is surprisingly noted that, drastically different
from the values presented in Eqs. (34) and (44), the above
two ratios are significantly large near Oð102Þ within
uncertainties, even though already with a known factor
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of jVus=Vudj2 ∼ 0.05. Moreover, they are also remarkably
larger than those in the Bþ

c → J=ψSþ decays correspond-
ingly within the iPQCD framework; for detail, see Eq. (61)
in Ref. [29].
To understand this peculiar feature in the Bþ

c → ηcSþ
decays, the related decay amplitudes calculated in the
iPQCD formalism are presented explicitly in Table IV.
For effective and clear clarifications, we also quote the
available Bþ

c → J=ψSþ decay amplitudes [29] and present
them in Table IV simultaneously. Evidently, the originally
constructive interferences to the Bþ

c → J=ψSþ BRs
between the nonfactorizable-emission diagrams in
Figs. 1(c) and 1(d) with antisymmetric leading-twist dis-
tribution amplitude of light scalars do not appear in the
Bþ
c → ηcSþ modes. In contrast, the sharply destructive

interferences result in much smaller decay amplitudes as
exhibited in the third column of Table IV. Furthermore,
the destructions in S1 are heavier than those in S2 for the
Bþ
c → ηcða0ð1450Þ; K�

0ð1430ÞÞþ decays. The situation is
very contrary to that in the Bþ

c → J=ψSþ decays [29]. Due
to allowed SUð3Þ symmetry-breaking effects, the compa-
rably large factorizable-emission contributions, although
evidently suppressed relative to those of Bþ

c → ηcðP;VÞþ,
lead to further significant destructions between the decay
amplitudes of factorizable-emission and nonfactorizable-
emission topologies in these Bþ

c → ηcSþ decays. However,
it should be stressed that, due to the light quark masses
objectively satisfying the relation, that is, ms ≫ md ∼mu,
the apparently larger factorizable-emission contributions
induced by the vector decay constants fκþ ; fK�

0
ð1430Þþ ∝

ðms −muÞ [35] are therefore produced in Bþ
c →

ηcðκ; K�
0ð1430ÞÞþ channels, relative to the factorizable-

emission amplitudes in Bþ
c → ηca0ð980; 1450Þþ modes

proportional to the value of ðmd −muÞ, namely, tiny broken
isospin symmetry. The above iPQCD results predicted for
the Bþ

c → ηcSþ decays await the future experimental tests,
which could help us to further explore the complicated
QCD dynamics potentially.
Lastly, we come to the discussions of Bc decays to ηc

plus a light tensor state. For the Bþ
c → ηcTþ modes, to our

best understanding, tensor states cannot be produced via the
vector current and the conventionally factorizable-emission

contributions at leading order are thus vanished naturally.
Therefore, their studies must go beyond naive factorization.
Then, the Bþ

c → ηcTþ BRs calculated in the iPQCD
formalism are

BRðBþ
c → ηca2ð1320ÞþÞ ¼ 1.33þ0.41

−0.32ðβBc
Þþ0.16
−0.16ðfMÞþ0.05

−0.05

× ðVcbÞ × 10−4; ð59Þ

BRðBþ
c → ηcK�

2ð1430ÞþÞ ¼ 8.21þ2.56
−2.00ðβBc

Þþ0.79
−0.76ðfMÞþ0.33

−0.29

× ðVcbÞ × 10−6; ð60Þ

associated with the ratios

BRðBþ
c → ηca2ð1320ÞþÞ

BRðBþ
c → J=ψπþÞ ¼ 0.11þ0.05

−0.04 ;

Rηc
a2=π

≡ BRðBþ
c → ηca2ð1320ÞþÞ

BRðBþ
c → ηcπ

þÞ ¼ 0.07þ0.00
−0.01 ; ð61Þ

where the dominant errors come from the Bc-meson
distribution amplitude shape parameter βBc

. Future tests
of these values, which are solely from nonfactorizable-
emission contributions, would help us examine the reli-
ability of this iPQCD formalism.
Similar to Rηc

K�=ρ in the Bþ
c → ηcVþ sector, another ratio

Rηc
K2=a2

in the Bþ
c → ηcTþ decays is also defined by utilizing

the Bþ
c → ηca2ð1320Þþ and Bþ

c → ηcK�
2ð1430Þþ BRs in

the iPQCD framework, and its value is then read as

Rηc
K2=a2

≡ BRðBþ
c → ηcK�

2ð1430ÞþÞ
BRðBþ

c → ηca2ð1320ÞþÞ
¼ ð6.17þ0.20

−0.13Þ × 10−2:

ð62Þ

This result is induced by only nonfactorizable-emission
contributions and is very close to the value presented in
Eq. (44), as well as that naively anticipated in factorization
ansatz for factorizable-emission predominated Bþ

c →
ηcðρ; K�Þþ modes within errors.
Analogous to Bþ

c → ηcb1ð1235Þþ but different from
Bþ
c → ηca0ð980; 1450Þþ, the considerably constructive

interferences due to the antisymmetric leading-twist

TABLE IV. Decay amplitudes (in units of 10−3 GeV−3) of Bþ
c → ηcðJ=ψÞSþ in the iPQCD formalism. The upper

(lower) entry corresponds to the scalars a0ð1450Þþ and K�
0ð1430Þþ in scenario 1 (2) at every line. For simplicity,

only the central values are quoted for clarifications.

Modes Decay amplitudes (Fe) Decay amplitudes (Me)

Bþ
c → ηcðJ=ψÞa0ð980Þþ −0.32 − i1.88ð−0.11 − i0.73Þ 0.59þ i2.76ð−48.13þ i52.70Þ

Bþ
c → ηcðJ=ψÞκþ 0.46þ i10.09ð−1.17 − i7.60Þ 1.51 − i2.63ð−7.87þ i12.70Þ

Bþ
c → ηcðJ=ψÞa0ð1450Þþ 0.02þ i0.13ð0.09þ i0.63Þ0.09

þi1.41ð−0.15 − i0.97Þ
−0.14þ i0.08ð−68.32þ i33.43Þ0.17

−i0.05ð−44.16þ i7.08Þ
Bþ
c → ηcðJ=ψÞK�

0ð1430Þþ 0.21þ i1.60ð1.07þ i7.06Þ0.71
þi11.01ð−1.60 − i10.60Þ

−1.04þ i0.68ð−11.39þ i6.47Þ1.41
−i0.53ð−10.30þ i2.90Þ
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distribution amplitude between the two nonfactorizable-
emission diagrams in Figs. 1(c) and 1(d) work in the Bþ

c →
ηca2ð1320Þþ mode indeed. The future measurements on
the iPQCD predictions of Bþ

c → ηcLþ in this work could
help test, even differentiate, the reliability of the adopted
approaches in the literature, which might help us to further
understand the rich QCD dynamics in Bc-meson decays
through pulling together disparate ideas.

IV. CONCLUSIONS

In summary, we have studied the Bc-meson decays into ηc
plus a light charged meson in the self-consistent iPQCD for-
malism at leading order of strong coupling αs. The numerical
results and phenomenological insights on CP-averaged
BRs in association with relative ratios are presented explicitly.
The Bþ

c → ηcðπ; ρÞþ and Bþ
c → ηca1ð1260Þþ BRs are gen-

erally larger than those Bc → J=ψ decay ones correspond-
ingly in the iPQCD formalism, which reveal the remarkably
different QCD dynamics between these two kinds of Bc-
meson decays. For (near-)future tests at experiments, the BRs
of multibody modes of Bþ

c → ηcðπ; ρÞþ via ηc resonance
through ηc → pp̄ and ηc → πþπ−ðπþπ−; KþK−; pp̄Þ are
also predicted under the narrow-width approximation. The
experimental searchperformedwith the successfullyupgraded
LHCb detector for the BRs around Oð10−6Þ and above, for
example, BRðBþ

c → ηcð→ pp̄ÞπþÞ ¼ ð2.70þ0.74
−0.59Þ × 10−6,

BRðBþ
c → ηcð→ pp̄ÞρþÞ ¼ ð7.14þ2.03

−1.60Þ × 10−6, BRðBþ
c →

ηc½→ 2ðπþπ−Þ�πþÞ ¼ ð1.95þ0.59
−0.50Þ × 10−5, BRðBþ

c → ηc½→
2ðπþπ−Þ�ρþÞ ¼ ð5.16þ1.62

−1.34Þ × 10−5, � � �, are expected to
help probe the relevant decay channels and explore the

nature of charmonium ηc. The almost equal BRs of
Bþ
c → ðJ=ψ ; ηcÞb1ð1235Þþ, while the surprisingly smaller

ones of Bþ
c → ηca0ð980; 1450Þþ compared to those of

Bþ
c → J=ψa0ð980; 1450Þþ need further explorations in

both aspects of theory and experiment. Moreover, the
predicted ratios Rηc

K=π and Rηc
K�=ρ matching the anticipations

based on the naive ansatz means that the Bþ
c → ηcðP; VÞþ

decays are predominated by factorizable-emission contri-
butions. The experimental tests on the iPQCD ratios
Rπ
ηc=J=ψ

¼ 1.74þ0.66
−0.50 and BRðBþ

c → ηcSþÞΔS¼0=BRðBþ
c →

ηcSþÞΔS¼1 ∼Oð0.01Þ might be urgently demanded, which
could help decipher the QCD dynamics involved in the
considered Bc-meson decays as well as in the related
charmonia ηc and J=ψ greatly.
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