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We consider black hole scattering up to the fifth post-Minkowskian (G5) order and compare the
predictions of the tutti frutti formalism to the results obtained within two different versions of worldline
effective field theory. At the G4 order we highlight the complete agreement between tutti frutti results and
the results of [C. Dlapa et al., [Phys. Rev. Lett. 130, 101401 (2023)] ], and show how the tutti frutti
approach allows one to extract the OðG3Þ angular momentum loss from the OðG4Þ impulse. We compare
the sixth post-Newtonian (6PN) accurate tutti frutti predictions to the recent results of [M. Driesse et al.,
[Nature 641, 603 (2025)] ], which are at the G5 order, and at the leading order in the two mass ratios,
finding complete agreement. We highlight that this agreement involves the presence at the 5.5PN level of a
nonlocal tail-of-tail contribution to the scattering (first computed in [D. Bini et al., [Phys. Rev. D 102,
084047 (2020)] ]), and involves, at the 6PN level, the presence of a OðG4Þ contribution to the angular
momentum loss [C. Heissenberg, [Phys. Rev. D 111, 126012 (2025)] ]. At the second order in the mass
ratios of the OðG5Þ order we predict two independent gauge-invariant observables to high-PN accuracy.

DOI: 10.1103/8ks7-2blq

I. INTRODUCTION

Gravitational scattering has been the focus of an intense
activity in recent years, both for conservative and dissipa-
tive (i.e., gravitational radiation related) effects. A number
of approximation methods have been applied to this
problem: post-Newtonian (PN), see [1,2], multipolar
post-Minkowskian (MPM) [3–5], nonrelativistic general
relativity (NRGR) [6–10], gravitational self-force (GSF)
[11], tutti frutti (TF) [12–16], and various avatars of post-
Minkowskian (PM) perturbation theory, including ampli-
tude-based effective field theory approaches and worldline
effective field theory (WEFT), see, e.g., [17–42].
The aim of the present work is to relate several recent and

ongoing WEFT developments in the radiation reacted
scattering of binary systems [41,43] to state-of-the-art TF
results [12–16]. Namely, we consider the radiatively cor-
rected OðG4Þ scattering computations of Ref. [41] and the
recentOðG5Þ radiation reacted scattering results of Ref. [43]
and compare them to the results obtained in the TF approach
[44,45]. The comparison between these results will be done
at the level of the observablesΔpμ

a (where a ¼ 1; 2 is a body
label and μ ¼ 0; 1; 2; 3 a spacetime index)

Δpμ
a¼pðoutÞμ

a −pðinÞμ
a

¼ΔpG1μ
a þΔpG2μ

a þ���þΔpG5μ
a þOðG6Þ; ð1:1Þ

measuring the change in four momentum of each body
during scattering.Δpμ

a is also known as the impulse of body
a. In the second line of Eq. (1.1) we have indicated the PM
expansion ofΔpμ

a, i.e., its expansion in powers ofG at fixed

impact parameter b. The initial four momentum pðinÞμ
a of

each body takes the form pðinÞμ
a ¼ mau

μ
a, where ma is the

mass of body a and uμa (satisfying ua · ua ¼ −1) its initial
four velocity. Each impulse admits a decomposition along
the three 4-vectors: uμ1, u

μ
2 and

b̂μ ≡ bμ12
b

≡ bμ1 − bμ2
b

: ð1:2Þ

The vectorial impact parameter bμ12 is orthogonal to uμ1 and
uμ2 and the scalar impact parameter b denotes its magnitude
(so b̂ · b̂ ¼ 1 in our mostly plus signature). Denoting by γ ≡
−u1 · u2 the relative Lorentz factor of the two incoming
worldlines, the decomposition of the impulse Δpμ

a reads

Δpμ
a ¼ C

a

b

�
G
b
; γ; m1; m2

�
b̂μ þ C

a

u1

�
G
b
; γ; m1; m2

�
uμ1

þ C
a

u2

�
G
b
; γ; m1; m2

�
uμ2; ð1:3Þ
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or, equivalently,

Δpμ
a ¼ C

a

b

�
G
b
; γ; m1; m2

�
b̂μ þ C

a

ǔ1

�
G
b
; γ; m1; m2

�
ǔμ1

þ C
a

ǔ2

�
G
b
; γ; m1; m2

�
ǔμ2; ð1:4Þ

where we introduced the dual four velocities ǔμa defined as

ǔ1 ¼
u1 − γu2
γ2 − 1

; ǔ2 ¼
u2 − γu1
γ2 − 1

; ð1:5Þ

and such that ua · ǔb ¼ þδab (a; b ¼ 1; 2). The various

coefficients C
a

bðGb ; γ; m1; m2Þ;…; C
a

ǔ2ðGb ; γ; m1; m2Þ admit
an expansion in powers of G

b (PM-expansion), and, at each
order in ðGbÞn (n ≥ 1), are polynomials of order nþ 1 in the
two masses m1 and m2 of the form

CGn

X

a

ðγ;m1;m2Þ∼
�
G
b

�
n
m1m2

×ðmn−1
1 þmn−2

1 m2þ���þmn−1
2 Þ: ð1:6Þ

Each coefficient in the latter polynomial in masses is only a
function of γ. The PN expansion of the impulse at any given
PMorderGn is obtained by expanding the latter functions of
γ in a small velocity expansion around γ ¼ 1. When
combining the structures indicated in Eqs. (1.4) and (1.6)
the impulses read (where ǩ will be defined below)

Δpμ
a ¼ m1m2

X∞
n¼1

Xn
k¼0

Gnmn−k
2 mk

1Δp
ðnÞμ
aǩSF

¼ C
a

bb̂
μ þ C

a

ǔ1 ǔ
μ
1 þ C

a

ǔ2 ǔ
μ
2: ð1:7Þ

In the following we will generally use as small velocity
parameter the quantity

p∞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
¼ vffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p ; ð1:8Þ

where v is the relative velocity between the two incoming
bodies.1 By contrast to the WEFT computations which
directly derive the total impulse in the above indicated
polynomial form, the TF approach obtains the impulse in
the form

Δpμ
a ¼ Δpconsμ

a þ Δprrtotμ
a ; ð1:9Þ

where Δpconsμ
a is a conservative contribution (which starts

at order G1), while Δprrtotμ
a denotes a radiation-reaction

contribution (which starts at order G3 and contains squared

of radiation reaction effects starting at order G4). In the TF
formalism both the conservative contribution and the
radiation reaction one are separately polynomial in masses
at each order in G.
At the first two orders in G we have (when considering

body 1)2

Δpð1Þμ
1 ¼ −

Gm1m2

b
2χ1b̂

μ

¼ −
Gm1m2

b
2ð2γ2 − 1ÞÞffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p b̂μ;

Δpð2Þμ
1 ¼ −

G2m1m2

b2
½2ðm1 þm2Þχ̃2b̂μ

− 2χ21ðm1ǔ2 −m2ǔ1Þ�

¼ −
G2m1m2

b2

�
ðm1 þm2Þ

3πð5γ2 − 1Þ
4

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p b̂μ

−
2ð2γ2 − 1Þ2

γ2 − 1
ðm1ǔ

μ
2 −m2ǔ

μ
1Þ
�
: ð1:10Þ

Here

χ1 ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; χ̃2 ¼
3πð5γ2 − 1Þ
8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð1:11Þ

are related to the PM expansion coefficients of the
conservative scattering angles as

χ ¼
X
n≥1

2χn
jn

¼ h
X
n≥1

2χ̃n

�
GM
p∞b

�
n
; ð1:12Þ

where M ¼ m1 þm2,

j ¼ J
Gm1m2

¼ p∞b
GMh

; χ̃n ¼ hn−1χn: ð1:13Þ

Here

h ¼ E
M

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
; ν ¼ m1m2

ðm1 þm2Þ2
; ð1:14Þ

where E denotes the (incoming) center-of-mass (c.m.)
energy. Note that χ̃1 ≡ χ1. See Appendix A for a summary
of our notation.
These impulses are conservative in the sense that they are

symmetric (or better, equivariant) under time-reversal.
Here, T-symmetry can be technically defined by consid-
ering the velocity-parity properties of the ratio Δpμ

1=p∞.

Indeed, under velocity-reversal such that uμa → −uμa, p∞ ¼ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
→ −p∞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
[corresponding to v → −v

1We mainly use units such that c ¼ 1.

2We denote the contribution of order Gn to some quantity Q
either as QGn

or QðnÞ.
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in Eq. (1.8)], the ratios Δpð1Þμ
1 =p∞ and Δpð2Þμ

1 =p∞ are
invariant.
Starting at order G3, where (using the notation of

Ref. [43])

Δpð3Þμ
1 ¼ m1m2ðm2

2Δp
ð3Þμ
0SF ½γ; b̂μ; ǔμ1; ǔμ2�

þm1m2Δp
ð3Þμ
1SF ½γ; b̂μ; ǔμ1; ǔμ2�

þm2
1Δp

ð3Þμ
0SF

½γ; b̂μ; ǔμ1; ǔμ2�Þ; ð1:15Þ

the dynamics is no longer T-symmetric, but can be
uniquely decomposed in a T-even, conservative part (as

measured by Δpð3Þcons μ
1 =p∞) and a T-odd radiation reac-

tion part (as measured by Δpð3Þrr μ
1 =p∞) with opposite time

reversal (and velocity reversal) properties. The TF approach

decomposes Δpð3Þμ
1 as follows,

Δpð3Þ μ
1 ¼ Δpð3Þcons μ

1 þ Δpð3Þrr μ
1 ; ð1:16Þ

where

Δpð3Þcons μ
1 ¼ −

G3m1m2ðm1 þm2Þ
b3

×

�ðm1 þm2Þ
γ2 − 1

½2χ̃cons3 −
4

3
h2ðχcons1 Þ3�b̂μ

þ 4χcons1 χ̃cons2ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðm2ǔ1 −m1ǔ2Þ
�
; ð1:17Þ

and

Δpð3Þrr μ
1 ¼ G3m2

1m
2
2

b3

�
−
χ̃cons1 Ĵ2ðγÞ
ðγ2 − 1Þ b̂μ þ Ê3ðγÞ

ðγ2 − 1Þ3=2 ǔ2
�
:

ð1:18Þ

Here Ĵ2 measures theOðG2Þ angular momentum loss [46,47]

Ĵ2ðγÞ≡ h2J2ðγ; νÞ≡ 2ð2γ2 − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
IðvÞ; ð1:19Þ

where (see Eqs. (4.7) and (4.8) of Ref. [46])

IðvÞ≡ −
16

3
þ 2

v2
þ 2ð3v2 − 1Þ

v3
arctanhðvÞ; ð1:20Þ

while Ê3 measures the OðG3Þ energy loss [39,48]

Ê3ðγÞ≡ h4E3ðγ; νÞ≡ ðγ2 − 1Þ3=2EðγÞ: ð1:21Þ

Here, Jnðγ; νÞ and Enðγ; νÞ are defined so that

Jrad
Jc:m:

¼ þν1
X∞
n¼2

Jn
jn

;

Erad

m1 þm2

¼ þν2
X∞
n¼3

En

jn
: ð1:22Þ

At order G4, where the impulse has the general mass
structure

Δpð4Þμ
1 ¼ m1m2ðm3

2Δp
ð4Þμ
0SF ½γ; b̂μ; ǔμ1; ǔμ2�

þm1m2
2Δp

ð4Þμ
1SF ½γ; b̂μ; ǔμ1; ǔμ2�

þm2
1m2Δp

ð4Þμ
1SF

½γ; b̂μ; ǔμ1; ǔμ2�
þm3

1Δp
ð4Þμ
0SF

½γ; b̂μ; ǔμ1; ǔμ2�Þ; ð1:23Þ

the (TF-defined) conservative part of the dynamics (as

measured by Δpð4Þcons μ
1 =p∞, see the first of Eq. (3.2)

below) is still T-even (and velocity-even), while the
radiation reaction part is no longer purely T-odd (nor
velocity-odd) but can be uniquely decomposed in a
velocity-odd part (linear in radiation reaction) and a
velocity-even part (quadratic in radiation reaction). See
detailed discussion in Sec. III.
As will be discussed in Sec. IV below, the situation

at order G5 becomes more involved because, though the
(TF-defined) conservative part of the dynamics is
physically time-symmetric, the conservative impulse

Δpð4Þcons μ
1 =p∞, starting at order 5.5 PN, also contains

odd powers of p∞. The latter odd powers of p∞ (which
are, in fact, odd powers of jp∞j ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
, and do not

correspond to a time-reversal antisymmetry) come from the
conservative part of the tail-of-tail nonlocal interaction (see
below). This progressive loss of velocity-parity properties
as the PM order increases is displayed in Table I where the
words even and odd refer to the parity under p∞ → −p∞.
A companion supplemental material file gives explicit

electronic forms of our main results (e.g., impulses at
order G5).

II. REMINDERS OF THE STRUCTURE OF THE
IMPULSE IN THE TF APPROACH

In this section we summarize some results from the TF
approach, and rewrite them in a new form which will clarify

TABLE I. Progressive loss of velocity-parity properties as the
PM order increases.

Gn cons rr
G1 even …
G2 even …
G3 even odd
G4 even oddþ even
G5 evenþ odd oddþ even
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both the comparison with recent EFT results, and the ability
of the TF formalism to predict to high-PN-accuracy some
observables that have not yet been computed in a PM-
accurate way.
In the TF formalism the impulse is decomposed in a

conservative part and a radiation reaction one (which
includes terms linear and, starting at G4, also quadratic
in radiation reaction)

Δpμ
a ¼ Δpcons μ

a þ Δprr tot μ
a : ð2:1Þ

The conservative part of the impulse of body 1 reads
(see [44])

Δpcons μ
1 ¼ −Pcm sinðχconsÞb̂μ

þ ðcosðχconsÞ − 1Þm1m2

E2
½ðm2 þm1γÞuμ1

− ðm1 þm2γÞuμ2�: ð2:2Þ

We recall the general expression of the PM expansion of the
(TF-defined) conservative angle χcons, namely

χcons ¼
X
n≥1

2χconsn

jn
¼

X
n≥1

2χ̃consn ðγ; νÞ
hn−1jn

¼ h
X
n≥1

2χ̃consn ðγ; νÞ
�
Gðm1 þm2Þ

p∞b

�
n
; ð2:3Þ

where χ̃consn ðγ; νÞ ¼ hn−1χconsn ðγ; νÞ is a polynomial in ν of
order ½n−1

2
�. Explicitly, χ̃cons1 ≡ χ1 and χ̃cons2 are only func-

tions of γ while

χ̃cons3 ðγ; νÞ ¼ χ̃0 cons3 ðγÞ þ νχ̃1 cons3 ðγÞ;
χ̃cons4 ðγ; νÞ ¼ χ̃0 cons4 ðγÞ þ νχ̃1 cons4 ðγÞ;
χ̃cons5 ðγ; νÞ ¼ χ̃0 cons5 ðγÞ þ νχ̃1 cons5 ðγÞ þ ν2χ̃2 cons5 ðγÞ: ð2:4Þ

Here the Oðν0Þ terms, namely χ̃cons1 , χ̃cons2 and all the
χ̃0consn ðγÞ (n ≥ 3) are known from the probe limit of a test
mass in a Schwarzschild background. See, e.g., Eq. (8.1) of
Ref. [16]. For convenience they are reproduced in
Table IV below.
The ν-polynomiality structure of Eq. (2.4) ensures that

the corresponding impulse defined by Eq. (2.2) is a
polynomial in the two masses [as indicated in
Eqs. (1.10), (1.15) and (1.23)]. More precisely, we can
rewrite the conservative impulse as

Δpcons μ
1 ¼ −2Pc:m: sin

�
χcons

2

�
eμx

¼ −2m1m2p∞
sinðχcons

2
Þ

E
eμx; ð2:5Þ

with the unit vector

eμx ≡ b̂μeik ≡ cos
χcons
2

b̂μ þ sin
χcons
2

nμ; ð2:6Þ

where

nμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
E

ðm2ǔ
μ
1 −m1ǔ

μ
2Þ: ð2:7Þ

eμx can be identified with the vectorial eikonal impact
parameter used in Refs. [49,50].

In this decomposition both sinðχcons
2

Þ
E and eμx are polynomial

in the masses (see Eq. (11.21) of Ref. [45]), as shown in
Appendix C.
The total radiative contribution to the impulses is

obtained in the TF approach as a sum of various contri-
butions, namely (see Sec. XIII of [45])

Δprr tot
aμ ¼ χrr rel

d
dχcons

Δpcons
aμ þ ΔPc:m:

Pc:m:
pout
aμ −

m2
a

Ea

ΔPc:m:

Pc:m:
Uμ

−
Ea

E
Prad
μ −

ðpout
aν Pν

radÞ
E

Uμ þ Δprr remain
aμ ; ð2:8Þ

where the first contribution is the usual linear-response
contribution with [51]

χrr rel ≡ −
�
1

2

∂χcons

∂E
Erad þ

1

2

∂χcons

∂J
Jrad

�
; ð2:9Þ

where the next four contributions are linked to recoil
effects [44,45],

ΔPc:m: ¼ −
E1E2

EPc:m:
Erad; ð2:10Þ

and where Δprr remain
a (which starts at order G4=c10) was

introduced in Eq. (12.21) of Ref. [45]. As shown there, the
latter “remain” contribution is constrained by three differ-
ent requirements: (i) the antisymmetric constraint (12.23)
of Ref. [45]; (ii) its second-gravitational-self-force3 (2GSF)
character, i.e., the fact that it contains a factor m3

a; and
(iii) the property of canceling the non polynomiality in
masses of several terms entering Eq. (2.8). [Indeed,
Eq. (2.8) contains denominators such that Ea, Pc:m:, and
E which, considered by themselves, violate the mass
polynomiality of Δpa.]
It was shown in Sec. XII of Ref. [45] that the require-

ments (i), (ii), (iii) determine most of the structure of
Δprr remain μ

1 at orders G4 and G5, modulo a supplementary
OðG5Þ term denoted Δprr remain sup μ

1 below. In other words,
we have

3As shown below, there is a distinction (as well as a relation)
between the usual concept of 2GSF (linked to the square of
radiation-reaction on a particle of mass m1) and the notation
1SF=1SF=2SF introduced by [43] and used already in Eq. (1.15)
above, and Eq. (4.7) below.
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Δprr remain μ
1 ¼ Δprr remainPrad μ

1 þ Δprr remain sup μ
1 ; ð2:11Þ

where Δprr; remainPμ
rad

1 ∼ G4 þ G5 is fully determined by the
TF approach, and is linear in Pμ

rad, and where

Δprr remain sup μ
1 ¼ G5

b5
m3

1m
3
2f

G5 remain
b b̂μ þOðG6Þ: ð2:12Þ

In view of the decomposition (2.11) it is convenient to
gather all the contributions linear in Pμ

rad, and to define

Δprr linPrad
a μ ≡ −

1

2

∂χcons

∂E
Erad

d
dχcons

Δpcons
aμ

þ ΔPc:m:

Pc:m:
pout
aμ −

m2
a

Ea

ΔPc:m:

Pc:m:
Uμ

−
Ea

E
Prad
μ −

ðpout
aν Pν

radÞ
E

Uμ

þ Δprr remainPrad
aμ : ð2:13Þ

The total impulse is then naturally decomposed in the TF
formalism as follows:

Δpμ
a ¼ Δpcons μ

a þ Δprr linJradμ
a

þ Δprr linPradμ
a þ Δprr remain sup μ

1 : ð2:14Þ

Here Δprr linJradμ
a is the part of the linear response formula

that is linear in Jrad, namely,4

Δprr linJrad
a ≡ −

1

2

∂χcons

∂J
Jrad

d
dχcons

Δpcons
aμ ; ð2:15Þ

while Δprr linPradμ
a , defined in Eq. (2.13), is linear in the

radiated four momentum Pμ
rad. We recall that the last term

Δprr remain sup μ
1 in Eq. (2.14) starts at G5 [see Eq. (2.12)].

The decomposition (2.14) generalizes the structure that was
already present at G3, see Eq. (1.16), where the radiation
reaction part given in Eq. (1.18) is linear in Ĵ2 and Ê3.
Each part in the decomposition (2.14) has the property of

being polynomial in the two masses.

The mass polynomiality of Δpcons μ
a follows from the

ν-structure of the conservative scattering angle displayed in
Eq. (2.4) above. The mass polynomiality of Δprr linJrad

a

follows from the ν-structure of Jrad enunciated in
Refs. [44,45], see Eqs. (7.18) and (7.19) in Ref. [44]
and Eq. (10.3) in Ref. [45] namely,

Ĵnðγ; νÞ≡ hnJn þ hn−1νEn

¼ Ĵ0nðγÞ þ νĴ1nðγÞ þ � � � þ ĴdðnÞn ðγÞνdðnÞ; ð2:16Þ

where dðnÞ is the integer part of ðn − 2Þ=2: dðnÞ ¼ ½n−2
2
�,

and where the coefficients En and Jn denote the PM
expansion coefficients of Jrad and Erad defined in
Eq. (1.22). In particular, the latter polynomiality rule yields

h2J2 ¼ Ĵ2ðγÞ;
h3J3 þ h2νE3 ¼ Ĵ3ðγÞ;
h4J4 þ h3νE4 ¼ Ĵ04ðγÞ þ νĴ14ðγÞ: ð2:17Þ

Finally, the mass polynomiality of Δprr linPrad
a follows from

the structure of Δprr remainPrad
a together with the mass

polynomiality structure of Pμ
rad, which also implies ν-

polynomiality rules of the x and y components of Pμ
rad,

as discussed in Secs. X and XI of Ref. [45]. Let us, in
particular, recall the ν-polynomiality rule (which follows
from Eq. (11.18) of Ref. [45])

Ên ¼ hnþ1En ¼ P½n−2
2
�ðνÞ: ð2:18Þ

III. COMPARISON BETWEEN THE OðG4Þ TF
IMPULSE AND WEFT

At order G4, the three contributions (conservative, linear
in Jrad, linear in Prad) of the TF-predicted impulse, namely

ΔpG4 μ
a ¼ ½Δpcons μ

a þ Δprr linJrad
a þ Δprr linPrad

a �G4 ; ð3:1Þ

read

ΔpG4cons μ
1 ¼ −2Pc:m: sin

χcons

2
eμxjG4 ;

ΔpG4rr linJradμ
1 ¼ G4m2

1m
2
2

b4

�ðm1 þm2Þχcons1

ðγ2 − 1Þ3=2 Ĵ3b̂
μ − 2

Ĵ2
ðγ2 − 1Þ

�
ðχcons1 Þ2ðm2ǔ

μ
1 −m1ǔ

μ
2Þ þ

ðm1 þm2Þχ̃cons2ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p b̂μ
��

;

ΔpG4rr linPradμ
1 ¼ G4m2

1m
2
2

b4

�
m1P̂

4
bb̂

μ − ðγ − 1Þðm1 −m2ÞP̂4
1−2ǔ2 þ ðγ þ 1Þðm1 þm2ÞP̂4

1þ2ǔ2 þ
ðm1 þm2Þ

γ − 1
P̂3
1þ2½2γχ1

þ ðγ2 − 1Þχ01�b̂μ
�
: ð3:2Þ

4As discussed below, contributions nonlinear in Jrad start at order G6.
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Here,Δpμ
1 at orderG

4, has been expressed in terms of Ĵ2,
Ĵ3, and of the form factors P̂1þ2ðγÞ, P̂1−2ðγÞ, and P̂bðγÞ of
Prad
μ defined as

Pμ
rad ¼ Pbb̂

μ þ P1þ2ðuμ1 þ uμ2Þ þ P1−2ðuμ1 − uμ2Þ; ð3:3Þ

with mass-factorized expressions at orders G3 and G4. At
order G3 only one function of γ enters. Indeed, PG3

b ¼ 0,
PG3

1−2 ¼ 0 and

PG3

1þ2 ¼
G3m2

1m
2
2

b3
P̂3
1þ2ðγÞ: ð3:4Þ

At order G4 the various components of Pμ
rad involve (after

factoring the masses) three functions of γ, namely

PG4

b ¼ G4m2
1m

2
2

b4
ðm2 −m1ÞP̂4

bðγÞ;

PG4

1−2 ¼
G4m2

1m
2
2

b4
ðm2 −m1ÞP̂4

1−2ðγÞ;

PG4

1þ2 ¼
G4m2

1m
2
2

b4
ðm1 þm2ÞP̂4

1þ2ðγÞ: ð3:5Þ

The form factor P̂3
1þ2ðγÞ is related to Ê3 ¼ h4E3 ¼ ðγ2 −

1Þ3=2EðγÞ by

P̂3
1þ2ðγÞ ¼

EðγÞ
γ þ 1

; ð3:6Þ

while at order G4 we have Ê4 ¼ h5E4 ¼ Ẽ0
4 þ νẼ1

4, with
the relations

P̂4
1−2ðγÞ ¼ −

1

4ðγ − 1Þ
Ẽ1
4

ðγ2 − 1Þ2 ;

P̂4
1þ2ðγÞ ¼

1

4ðγ þ 1Þ
4Ẽ0

4 þ Ẽ1
4

ðγ2 − 1Þ2 : ð3:7Þ

It is convenient in the following to decompose the
various contributions to Δpa according to the mass poly-
nomiality as in Eq. (1.23). Each Δpμ

nSF½γ; b̂μ; ǔμ1; ǔμ2� will be
decomposed along b̂μ, ǔμ1, ǔ

μ
2 according to the following

notation

Δpμ
nSF½γ; b̂μ; ǔμ1; ǔμ2� ¼ b̂μfnSFb ðγÞ þ ǔμ1f

nSF
ǔ1

ðγÞ þ ǔμ2f
nSF
ǔ2

ðγÞ;
ð3:8Þ

where, the index n takes the values n ¼ 0; 1; 1̄; 0̄ at G4, and
the values n ¼ 0; 1; 1̄; 2; 0̄ at G5. [Here, the notation 1̄SF
refers to 1SF.]
The G4 contributions to the various fnSFX ðγÞ (suppressing

an overall factor Gn=bn to ease notation) predicted by the
TF formalism have the following structure (in which the

general notation K refers to contributions known from

lower PM orders, e.g., in fG
4TF;1SF

b K stands for a function
involving χ1, χ̃cons2 , χ̃0cons4 , and Ĵ2),

fG
4TF;1SF

b ¼ −
2

ðγ2 − 1Þ3=2 χ̃
1cons
4 −

1

ðγ2 − 1Þ3=2 χ̃
1cons
1 Ĵ3 þ K;

fG
4TF;1SF

ǔ1
¼ K;

fG
4TF;1SF

ǔ2
¼ ðγ − 1ÞP̂4

1−2 þ ðγ þ 1ÞP̂4
1þ2 þ K; ð3:9Þ

while the 1SF contributions read

fG
4TF;1SF

b ¼ P̂4
b −

2

b4ðγ2 − 1Þ3=2 χ̃
1cons
4

−
1

ðγ2 − 1Þ3=2 χ̃
1cons
1 Ĵ3 þ K;

fG
4TF;1SF

ǔ1
¼ K;

fG
4TF;1SF

ǔ2
¼ −ðγ − 1ÞP̂4

1−2 þ ðγ þ 1ÞP̂4
1þ2 þ K: ð3:10Þ

One can recognize on the rhs of Eqs. (3.9) and (3.10)
above the origin of the various contributions. For instance:
(1) the terms ∝ χ̃1cons4 come from the conservative
impulse Δpcons

1 ; (2) the terms Ĵ3 come from Δprr linJrad ,
while (3) the terms ∝ P̂4

1þ2, ∝ P̂4
1−2 or ∝ P̂4

b all come
from Δprr linPrad

a .
At the G4 order, the conservative contribution to the

impulse Δpcons
a has the same meaning in TF and in WEFT.

The exact value of ΔpG4;cons
a has been computed in

Refs. [27,30,31,52]. The corresponding conservative TF
impulse (which was computed earlier at the 6PN accuracy
[44]) was found to be in full agreement with the WEFT
results, up to the 6PN accuracy.
At thisG4 order, the radiation reaction contribution to the

impulse ΔpG4rr
a can be defined both in TF and WEFT as

being

ΔpG4rr μ
a ≡ ΔpG4μ

a − ΔpG4cons μ
a : ð3:11Þ

The exact value of ΔpG4rr
a has been computed by

Refs. [41,53].
Reference [41] used a decomposition of ΔpG4rr

a in terms
of dissipative-1 rad and dissipative-2 rad contributions,
which are defined by their character under velocity-
reversal: the 1 rad part being T-odd and the 2 rad part being
T-even. A similar decomposition makes sense in the TF
approach and was used in Ref. [45]. In particular,
Eq. (12.34) of Ref. [45] at the G4 level has shown that
the radiation-reaction part of the b-projection of Δp1,
namely ΔpG4rr

1b ¼ Δp1bG4 − Δpcons
1bG4 was given in the TF

approach by
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ΔpG4rr
1b ¼ Δprr; lin-odd

1bG4 þ m1

m2 −m1

Prad
xG4 ; ð3:12Þ

where Δprr; lin-odd
1bG4 is T-odd while m1

m2−m1
Prad
xG4 is T-even. In

terms of the decomposition in Eqs. (3.1) and (3.2), the TF
T-odd part is equal to

Δprr; lin-odd
1bG4 ¼ b̂ · Δprr linJrad

1 þ b̂ · Δprr linPrad
1

���
T−odd

; ð3:13Þ

where the T-odd part of b̂ · Δprr linPrad
1 is obtained

from the third Eq. (3.2) in the following two-step way.
First, one replaces P̂4

b on the right-hand side of
Eq. (3.2) by

P̂4
b ¼ −

h4

ðγ2 − 1Þ2 ð−P̌
4
x þ χcons1 P̌3

yÞ; ð3:14Þ

where P̌4
x and P̌3

y are related to the 1=j expansion of

Px ≡ Pradμe
μ
x; Py ≡ Pradμe

μ
y; ð3:15Þ

in the following way

Px ¼ ðm2 −m1Þν2
X
n≥4

P̌n
x

jn
;

Py ¼ ðm2 −m1Þν2
X
n≥3

P̌n
y

jn
: ð3:16Þ

We recall that the unit vector eμx is defined as

eμx ≡ b̂μeik ≡ cos
χcons
2

b̂μ þ sin
χcons
2

nμ; ð3:17Þ

see Eq. (3.49) in Ref. [44]. As a consequence eμx has a
nontrivial PM expansion so that

eμx ¼ b̂μ þGeG
1μ

x þ…; ð3:18Þ

which implies, in particular, that ½Px�G4

is the sum of a
term proportional to PG4

b and a term linear in PG3

rad [as was
already exhibited in Eq. (3.14)].
In addition, P̌3

y in Eq. (3.14) is given by (see Eq. (7.15)
of Ref. [44])

P̌3
y¼

ffiffiffiffiffiffiffiffiffiffi
γ−1

γþ1

s
E3; h4E3¼ Ê3¼ðγ2−1Þ3=2EðγÞ: ð3:19Þ

In the second step of the definition of the T-odd part of
b̂ · Δprr linPrad

1 one sets to zero the term proportional to P̌4
x

(which is T-even, contrary to the P̌3
y term which is

T-odd).

This leads us to the following identifications between
WEFT and TF quantities

c4 diss1b;1 rad ¼ Δprr; lin-odd
1bG4 ;

c4 diss1b;2 rad ¼
m1

m2 −m1

Prad
xG4 : ð3:20Þ

In the latter equation [as well as in Eq. (3.12)] the notation
Prad
xG4 ≡ ½Px�G4

denotes the G4 contribution to Px ≡ Prad μe
μ
x

(without factoring masses or symmetric mass ratio),
so that

Prad
xG4 ≡ ½Px�G4 ¼ G4m2

1m
2
2

b4
ðm2 −m1Þ

h4

ðγ2 − 1Þ2 P̌
4
x: ð3:21Þ

Using the explicit expression for Δprr; lin-odd
1bG4 given in

Eqs. (12.37) and (12.38) of Ref. [45] we get from the first
equation above the following TF-predictions for c4 diss1b;1 rad

c4 diss1b;1 rad ¼
G4

b4
m2

1m
2
2

�
ðm1 þm2Þ

�
EðγÞ γð6γ

2 − 5Þ
ðγ2 − 1Þ3=2

− π
3

4
Ĵ2ðγÞ

ð5γ2 − 1Þ
ðγ2 − 1Þ3=2 − Ĵ3ðγÞ

ð2γ2 − 1Þ
ðγ2 − 1Þ2

�

−m1EðγÞ
2γ2 − 1

ðγ þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p 	
: ð3:22Þ

In this relation we see that the TF formalism points out the
presence of angular momentum losses of G2 and G3 orders
in c4 diss1b;1 rad. In particular, focusing on the 1GSF projection,
i.e., the coefficient of m2

1m
3
2 of this equation, we can obtain

an expression of Ĵ3 in terms of c4 diss1b;1 rad
1SF together with the

G2 angular momentum loss and the G3 energy loss

(E ¼ Ê3

ðγ2−1Þ3=2). This yields

Ĵ3 ¼ CacarccoshðγÞ þ Cat at

� ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
γ

�

þ Cln ln

�
γ þ 1

2

�
; ð3:23Þ

with

Cac¼−π
γð2γ2−3Þ
8ðγ2−1Þ3=2 ð35γ

5−240γ4

−70γ3þ288γ2þ19γ−48Þ;

Cat¼−π
3γð10γ6−27γ4þ20γ2−3Þ

ðγ2−1Þ3=2 ;

Cln¼1

4
πð35γ5−90γ4−70γ3þ16γ2þ155γ−62Þ; ð3:24Þ

which indeed coincides with the result obtained
in Ref. [40].
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Finally, the second line in Eq. (3.20) points out
the existence of a simple proportionality relation
between c4 diss1b;2 rad and Prad

xG4 . This TF-predicted relation is
indeed satisfied by the WEFT result for c4 diss1b;2 rad

of Ref. [41].

IV. TF-PREDICTED STRUCTURE
OF THE OðG5Þ IMPULSE

At order G5 the TF formalism predicts that the
impulse contains again three main contributions: a
conservative one, a term linear in Jrad and a term linear
in Prad. However, at order G5 we have to take into account
the presence of a supplementary contribution
Δprr remain sup μ

1 , namely

Δpμ
a ¼ Δpcons μ

a þ Δprr linJrad μ
a

þ Δprr linPrad μ
a þ Δprr remain sup μ

a : ð4:1Þ

Separating out the supplementary contribution

Δprr remain sup μ
1 ¼ G5

b5
m3

1m
3
2f

G5remain
b b̂μ þOðG6Þ; ð4:2Þ

the linear-in-Prad contribution at order G5 is given by the
right-hand side (rhs) of Eq. (2.13) where the last term,
Δprr remainPrad μ

a , was given in Ref. [45] as the sum of four
contributions given in Eqs. (12.53), (12.62), (12.67) and
(12.78) of Ref. [45], describing its components along the
basis b̂μ, ðuμ1 þ uμ2Þ and ðuμ1 − uμ2Þ. Explicitly (using
Eq. (A8) below),

ΔpG5rr remainPrad μ
1 ¼ cG

5rr remainPrad
1b b̂μ þ cG

5rr remain
1þ2 ðuμ1 þ uμ2Þ

þ cG
5rr remain

1−2 ðuμ1 − uμ2Þ; ð4:3Þ

where

cG
5rr remainPrad

1b ¼G5

b5
m3

1m
3
2ðm1þm2Þ2

ðγþ1Þ
E2

pxG5ðγÞ;

cG
5rr remain

1þ2 ¼G5

b5
m3

1m
3
2ðm1−m2Þðm1þm2Þ

×
ð2γ2−1Þ
E2

ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p pxG4ðγÞ;

cG
5rr remain

1−2 ¼−2
G5

b5
m4

1m
4
2

ð2γ2−1Þðγþ1Þ
E2

ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p pxG4ðγÞ

þG5

b5
m3

1m
3
2

ð2γ2−1Þðγþ1Þ
ðγ−1Þ

ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p pxG4ðγÞ: ð4:4Þ

Here we introduced the notation

½Px�G4 ≡G4m2
1m

2
2

b4
ðm2 −m1ÞpxG4ðγÞ;

½Px�G5 ≡G5m2
1m

2
2ðm1 þm2Þ
b5

ðm2 −m1ÞpxG5ðγÞ: ð4:5Þ

Let us note that, when gathering both the G4 and G5

contributions, the remain-Prad contribution to the impulse
lies in the direction of the eμx vector and can be written in the
simple form

Δprr remainPrad
1x ¼ m3

1m
3
2ðm1 þm2Þ

γ þ 1

E2

�
G4

b4
pxG4ðγÞ

þG5

b5
ðm1 þm2ÞpxG5ðγÞ

�

¼ m1m2ðm1 þm2Þ
γ þ 1

E2

PG4

x þ PG5

x

m2 −m1

: ð4:6Þ

We have explicitly checked that the TF predicted impulse,
which in its original definition given by Eq. (2.8), for Δp1

at 5PM contains 1=E2 ¼ 1=ðm2
1 þm2

2 þ 2γm1m2Þ denom-
inators [as well as 1=ðm1 þm2Þ2n coming from the powers
of ν in χ̃cons, Eq. (2.4)] simplifies (because of the additional
ΔpG5rr remain

1 terms) to a purely polynomial-in-masses
expression of the type

Δpð5Þμ
1 ¼ m1m2ðm4

2Δp
ð5Þμ
0SF ½γ; b̂μ; ǔμ1; ǔμ2� þm1m3

2Δp
ð5Þμ
1SF ½γ; b̂μ; ǔμ1; ǔμ2� þm2

1m
2
2Δp

ð5Þμ
2SF ½γ; b̂μ; ǔμ1; ǔμ2�

þm3
1m2Δp

ð5Þμ
1SF

½γ; b̂μ; ǔμ1; ǔμ2� þm4
1Δp

ð5Þμ
0SF

½γ; b̂μ; ǔμ1; ǔμ2�Þ;
Δpð5Þμ

2 ¼ m1m2ðm4
1Δp

ð5Þμ
0SF ½γ;−b̂μ; ǔμ2; ǔμ1� þm2m3

1Δp
ð5Þμ
1SF ½γ;−b̂μ; ǔμ2; ǔμ1� þm2

1m
2
2Δp

ð5Þμ
2SF ½γ;−b̂μ; ǔμ2; ǔμ1�

þm3
2m1Δp

ð5Þμ
1SF

½γ;−b̂μ; ǔμ2; ǔμ1� þm4
2Δp

ð5Þμ
0SF

½γ;−b̂μ; ǔμ2; ǔμ1�Þ: ð4:7Þ

Each Δpð5Þμ
nSF ½γ; b̂μ; ǔμ1; ǔμ2� is then decomposed along b̂μ, ǔμ1, ǔ

μ
2 according to the following notation

Δpð5Þμ
nSF ½γ; b̂μ; ǔμ1; ǔμ2� ¼ b̂μfG

5;nSF
b ðγÞ þ ǔμ1f

G5;nSF
ǔ1

ðγÞ þ ǔμ2f
G5;nSF
ǔ2

ðγÞ; ð4:8Þ
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where n ¼ 0; 1; 2; 1̄; 0̄.
The 0SF and 0SF contributions are defined by the probe

limit and must satisfy the constraints

fG
5;0SF

b ¼ fG
5;0SF

b ; f0SFǔ1
¼ −f0SFǔ2

;

f0SF
G5;ǔ2

¼ 0 ¼ f0SF
G5;ǔ1

: ð4:9Þ

They are explicitly given in Table V of Appendix C.
In other words, the TF approach predicts explicit forms

for all the γ-dependent coefficients, say f0SFb ;…f2SFb ;…
entering the 5PM impulse, Eq. (4.7), in terms of the basic
TF ingredients χcons, Prad

μ and the center-of-mass angular
momentum loss Jrad. The new ingredients entering at the
OðG5Þ level are the following nine functions of γ: χ̃1 cons5 ðγÞ,
χ̃2 cons5 ðγÞ, Ĵ04ðγÞ, Ĵ14ðγÞ, P̂5;0

1þ2ðγÞ, P̂5;1
1þ2ðγÞ, P̂5

bðγÞ, P̂5
1−2ðγÞ,

and fG
5 remain

b ðγÞ. As discussed later, the latter quantity
[which was defined in Eq. (2.12)] is degenerate with an
additional term in the OðG5Þ conservative scattering angle,
χ̃cons5 . The four, Pμ

rad-related, functions of γ, namely P̂5
bðγÞ,

P̂5
1−2ðγÞ, P5;0

1þ2ðγÞ, and P5;1
1þ2ðγÞ are defined such that (see,

e.g., Eq. (11.8) in Ref. [45])

PG5

b ¼G5m2
1m

2
2

b5
ðm2−m1Þðm1þm2ÞP̂5

bðγÞ;

PG5

1−2¼
G5m2

1m
2
2

b5
ðm2−m1Þðm1þm2ÞP̂5

1−2ðγÞ;

PG5

1þ2¼
G5m2

1m
2
2

b5
ðm1þm2Þ2½P̂5;0

1þ2ðγÞþνP̂5;1
1þ2ðγÞ�: ð4:10Þ

Denoting generically with K “known terms,” we find at
1SF, 1SF, and 2SF levels the following results:

fG
5;1SF

b ¼ −
2χ̃1 cons5

ðγ2 − 1Þ2 −
χ1Ĵ

0
4

b5ðγ2 − 1Þ2 þ K;

fG
5;1SF

ǔ1
¼ K;

fG
5;1SF

ǔ2
¼ ðγ − 1ÞP̂5

1−2 þ ðγ þ 1ÞP̂5;0
1þ2 þ K; ð4:11Þ

fG
5;1SF

b ¼ P̂5
b −

2χ̃1 cons5

ðγ2 − 1Þ2 −
Ĵ04χ1

ðγ2 − 1Þ2 þ K;

fG
5;1SF

ǔ1
¼ K;

fG
5;1SF

ǔ2
¼ −ðγ − 1ÞP̂5

1−2 þ ðγ þ 1ÞP̂5;0
1þ2 þ K; ð4:12Þ

and

fG
5;2SF

b ¼ fG
5 remain

b þ P5
b −

4

ðγ2 − 1Þ2 χ̃
1 cons
5

þ 2

ðγ2 − 1Þ2 χ̃
2 cons
5

−
2χ1

ðγ2 − 1Þ2 Ĵ
0
4 −

χ1
ðγ2 − 1Þ2 Ĵ

1
4 þ K;

fG
5;2SF

ǔ1
¼ K;

fG
5;2SF

ǔ2
¼ ðγ þ 1Þð2P̂5;0

1þ2 þ P̂5;1
1þ2Þ þ K: ð4:13Þ

These TF-predicted results satisfy the constraints coming
from the linear momentum balance, namely

Pμ
rad ¼ −Δpμ

1 − Δpμ
2: ð4:14Þ

This linear momentum balance implies the following
constraints between the expansion coefficients of the
impulse and those of the linear momentum loss

P̂5
bðγÞ¼fG

5;1SF
b −fG

5;1SF
b ;

P̂5
1−2ðγÞ¼

1

2ðγ−1Þ½f
G5;1SF
ǔ1

−fG
5;1SF

ǔ1
−ðfG5;1SF

ǔ2
−fG

5;1SF
ǔ2

Þ�;

P̂5;0
1þ2ðγÞ¼

1

2ðγþ1Þ½f
G5;1SF
ǔ1

þfG
5;1SF

ǔ1
þfG

5;1SF
ǔ2

þfG
5;1SF

ǔ2
�;

P̂5;1
1þ2ðγÞ¼

1

γþ1
½ðfG5;2SF

ǔ1
þfG

5;2SF
ǔ2

Þ

−ðfG5;1SF
ǔ1

þfG
5;1SF

ǔ1
þfG

5;1SF
ǔ2

þfG
5;1SF

ǔ2
Þ�:

ð4:15Þ

Remembering that at any given PM order the mass-shell
constraint

0 ¼ ðpout
1 Þ2 − ðpin

1 Þ2 ¼ 2p1 · Δp1 þ ðΔp1Þ2; ð4:16Þ

determines the ǔ1 component of Δp1 in terms of lower G
contributions (i.e., fnSFǔ1

¼ K at any PM order) we see that

the relations (4.15) uniquely determine f1SFǔ2
and f1SFǔ2

in

terms of Prad, namely at G5,

fG
51SF

ǔ2
∼ P̂5;0

1−2 þ P̂5;0
1þ2 þ K;

fG
51SF

ǔ2
∼ P̂5

1−2 þ P̂5;0
1þ2 þ K;

fG
52SF

ǔ2
∼ P̂5;0

1−2 þ P̂5;0
1þ2 þ P̂5;1

1þ2 þ K; ð4:17Þ

while they only determine the difference between fG
51SF

b

and fG
51SF

b :

fG
51SF

b − fG
51SF

b ∼ P̂b þ K: ð4:18Þ
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On the other hand the balance equation (4.14) gives no
constraints on fG

52SF
b .

It is easily seen that the TF derived results (4.11), (4.12),
and (4.13) are compatible with all those constraints. Note
for instance how the same combination

−
2χ̃1 cons5

ðγ2 − 1Þ2 −
χ1Ĵ

0
4

ðγ2 − 1Þ2 ð4:19Þ

enters both fG
51SF

b and fG
51SF

b .

V. TAIL-OF-TAIL EFFECTS AND THE
APPEARANCE OF p∞-ODD CONTRIBUTIONS IN

THE CONSERVATIVE ACTION AT G5

As mentioned at the end of the introduction and
summarized in Table I, there is a progressive loss of
p∞-parity property of the impulse as the PM order
increases. In the previous section we showed how at order
G4 it was still possible to identify the conservative (and p∞-
even) part of the dynamics in various formalisms, TF and
WEFT, and to uniquely separate the radiation reaction part
in p∞-odd and p∞-even parts.
A new feature happens at order G5 (see Fig. 1) because

of the arising of nonlinear hereditary (tail) effects. We recall
that the presence of tail-transported hereditary (nonlocal in
time) effects in binary dynamics was first pointed out in
Ref. [54]. Such effects are included in the MPM formalism
when solving for the metric at higher PM orders [55]. Tail
effects, related to the scattering of gravitational waves by
the total energy E of the binary system, arise at various
orders in GE. Linear tail effects include only one power of
GE (and first arise in the binary dynamics at the G4=c8

level, i.e., 4PM and 4PN, see [54,56,57]). Quadratically
nonlinear tail effects [55,58] (henceforth called tail-of-tail,
tail-squared or quadratic-tail) involve two powers of ðGEÞ.
They first arise in the binary dynamics at the G5=c11 level,

i.e., 5PM and 5.5 PN as was progressively understood in
Refs. [59–62]. The conservative part of the binary dynam-
ics mediated by quadratic-tail hereditary effects was
described at 5.5PN order by an action involving “split”
bilinear expressions in the (even parity) quadrupole
moment of the binary system [14,63], see Eq. (9.19) in
Ref. [63] and Eq. (12.2) in Ref. [14] and Eq. (12.2) in
Ref. [14]. See also Refs. [64,65] for a derivation of the
corresponding quadrupolar tail-of-tail, Schwinger-Keldysh
(doubled-variable) nonconservative action.
Generalizing the derivation of the quadratic-tail, even-

quadrupole conservative action of Refs. [14,63] to general-l
(even-parity and odd-parity) multipoles, we get the follow-
ing conservative quadratic-tail, or “tail-of-tail,” nonlocal
action. This action can be written (modulo integration by
parts) in two forms: a manifestly time-symmetric form

involving the logarithmic kernel ln cjt−t0j
2r0

(where r0 is an
arbitrary scale which actually does not contribute to the
nonlocal part of the action), namely

Stail−of−tailtime−sym ¼ 1

2

�
GM
c3

�
2

G
X
l≥2

al
c2lþ1

βevenl

Z
dt

×
Z

∞

−∞
dt0Iðlþ2Þ

L ðtÞIðlþ2Þ
L ðt0Þ ln cjt − t0j

2r0

þ 1

2

�
GM
c3

�
2

G
X
l≥2

bl
c2lþ3

βoddl

Z
dt

×
Z

∞

−∞
dt0Jðlþ2Þ

L ðtÞJðlþ2Þ
L ðt0Þ ln cjt − t0j

2r0
; ð5:1Þ

or a nonmanifestly time-symmetric (“time-split”) form
involving a scale-free principal-value integral, namely

Stail−of−tailtime−split ¼ 1

4

�
GM
c3

�
2

G
Z

dt
Z

∞

−∞

dτ
τ
Gsplitðt; τÞ; ð5:2Þ

(a) (b) (c)

FIG. 1. Sketch of the various quadratic-tail [panels (a) and (b)] and tail-of-tail [panel (c)] diagrammatic contributions to the nonlocal
(radiation-zone-mediated) effective action of a binary system. They start at order G5 and get contributions from all multipole couplings
(here indicated as Q).
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with

Gsplitðt; τÞ ¼
X
l ≥ 2

ð al
c2lþ1

βðevenÞl Gl
Iðt; τÞ

þ bl
c2lþ3

βðoddÞl Gl
Jðt; τÞÞ; ð5:3Þ

where

Gl
Iðt; τÞ≡ Iðlþ1Þ

L ðtÞ½Iðlþ2Þ
L ðtþ τÞ − Iðlþ2Þ

L ðt − τÞ�;
Gl
Jðt; τÞ≡ Jðlþ1Þ

L ðtÞ½Jðlþ2Þ
L ðtþ τÞ − Jðlþ2Þ

L ðt − τÞ�: ð5:4Þ

Here, M≡ E=c2, IL and JL are the even- and odd-parity
source multipole moments (as defined in the multipolar
post-Minkowskian formalism), and al and bl denote the
coefficients entering the even and odd multipolar parts of
the energy flux [1]

al ¼
ðlþ 1Þðlþ 2Þ

lðl − 1Þl!ð2lþ 1Þ!! ;

bl ¼
4lðlþ 2Þ

ðl − 1Þðlþ 1Þ!ð2lþ 1Þ!! : ð5:5Þ

In addition βðeven;oddÞl are the beta function coefficients
describing the scale dependence of the multipole moments.

βðevenÞl was first computed in the Appendix of Ref. [54]; its
meaning as a coefficient related to scale-dependence was
then pointed out in Ref. [58] and understood as a renorm-
alization-group β coefficient in Ref. [10]. According to

recent works [66,67] the odd-parity βðoddÞl ’s are equal to
their even-parity counterparts.
We recall that linear-tail conservative (time-symmetric)

nonlocal actions are logarithmically UV-divergent and must
be completed by corresponding nonlocal, time-antisym-
metric radiation-reaction terms which are UV-finite (see
Sec. VI of [56]). By contrast, the quadratic-tail conservative
nonlocal actions, Eqs. (5.1) and (5.2), are UV-finite at
t0 − t ¼ τ ¼ 0, and must be completed by corresponding
(in-out) multipolar radiation-reaction terms which are
logarithmically divergent.5

The leading PN order value of the action (5.3) in
Refs. [14,63] is obtained by using β2 ¼ − 214

105
and a2 ¼ 1

5

and reads, with B ¼ − 107
105

¼ β2
2
,

Stail−of−tailquadrupolar ¼ −
B
10

G
c5

�
GM
c3

�
2
Z

dt

× Ið3Þij ðtÞ
Z

∞

−∞

dτ
τ
½Ið4Þij ðtþ τÞ − Ið4Þij ðt − τÞÞ�

¼ −
B
10

G
c5

�
GM
c3

�
2
Z

dt
Z

∞

−∞

dτ
τ
G2
I ðt; τÞ: ð5:6Þ

The 5.5PN and OðG5Þ level contribution to the
conservative scattering angle induced by Eq. (5.6) was
computed in Ref. [13], see Eq. (5.10) there, and found to be

χ5.5 ¼ −ν
95872

675

p6
∞

j5
þOðG6Þ: ð5:7Þ

Compared to the leading, Newtonian-order scattering
angle χN ≈ 2

p∞j ≈
2GM
p2
∞b , the latter, leading tail-of-tail contri-

bution is ∼jp∞jðGMb Þ5, i.e., it is smaller by a factor

ðjp∞j
c Þ3ðGMc2bÞ4. As emphasized by our notation, it is the

absolute value of p∞ which enters when expressing χ5.5 in
terms of the impact parameter. This can be clearly seen
when starting from the manifestly time-symmetric version,
Eq. (5.1), of the leading-order tail-of-tail action,

∝
R R

dtdt0Ið4Þij ðtÞIð4Þij ðt0Þ ln cjt−t0j
2r0

. We will prove below that
the term χ5.5, Eq. (5.7), together with several other TF-
computed terms, is included in the recent G5 1SF result
of Ref. [43].

VI. COMPARISON BETWEEN THE OðG5Þ TF
IMPULSE AND THE 1SF WEFT RESULTS

We have presented in Sec. IV above the TF ingredients
entering the 1SF OðG5Þ impulse. Namely, from Eqs. (4.11)
and (4.12),
(1) The Oðν1Þ contribution to the 5PM conservative

scattering angle: χ̃1 cons5 ðγÞ;
(2) The Oðν0Þ contribution to the 4PM angular momen-

tum loss: Ĵ04ðγÞ;
(3) The OðG5Þ (mass-factorized) component of Pμ

rad
along uμ1 − uμ2: P̂

5
1−2ðγÞ;

(4) The OðG5Þ (mass-factorized) component of Pμ
rad

along b̂μ: P̂5
bðγÞ;

(5) The Oðν0Þ, OðG5Þ (mass-factorized) component of
Pμ
rad along uμ1 þ uμ2: P̂

5;0
1þ2ðγÞ.

In other words, a PN-exact comparison between TF and
WEFT at 1SF would require the knowledge of five
independent functions of γ. However, the TF formalism
gives only access to the PN expansion of those five
functions. The current PN knowledge of these functions
in the TF formalism is the following:
(1) χ̃1 cons5 ðγÞ has been computed in Refs. [13–16] up to

the absolute 6PN accuracy (including the tail-of-tail
5.5PN contribution highlighted in the previous
section),

5The latter, external-zone, logarithmic UV-divergences will be
compensated by corresponding IR-divergences in the matched
source multipole moments.
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χ̃1 cons5TF ¼ 2

5p3
∞
−

121

10p∞
þ
�
−
19457

60
þ 41

8
π2
�
p∞ þ

�
−
5211479

4320
þ 5069

144
π2 −

6272

45
lnð2p∞

��
p3
∞

þ
�
−
782142451

504000
þ 111049

960
π2 −

74432

525
lnð2p∞Þ

�
p5
∞ −

1

2

95872

675
p6
∞

þ
�
57623004613

98784000
−
184881

4480
π2 −

881392

11025
lnð2p∞Þ

�
p7
∞ þOðp8

∞Þ; ð6:1Þ

where the extra factor 1=2 in the 5.5PN tail-of-tail contribution comes from the definition of χ̃n, Eq. (2.3).
(2) Ĵ04ðγÞ was computed in Ref. [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

Ĵ04TFðγÞ ¼
176

5
p∞ þ 8144

105
p3
∞ þ 448

5
p4
∞ −

93664

1575
p5
∞ þ 1184

21
p6
∞ −

4955072

121275
p7
∞ þOðp8

∞Þ: ð6:2Þ

In addition, Ref. [68] recently computed the even-in-p∞ part of Ĵ04 to all PN orders, with a result whose PN expansion
reads

Ĵ04 even ¼
448

5
p4
∞ þ

�
1184

21
−
431936

1575
ν

�
p6
∞ þ

�
−
13736

315
−
126736ν

1575
þ 857152

1575
ν2
�
p8
∞

þ
�
724868

17325
þ 3100472

121275
νþ 4544

315
ν2 −

472256

525
ν3
�
p10
∞ þOðp12

∞Þ: ð6:3Þ

Therefore, we can combine the two results to reach the (absolute) 6PN accuracy in the knowledge of Ĵ04TFðγÞ, namely

Ĵ04combinedðγÞ ¼
176

5
p∞ þ 8144

105
p3
∞ þ 448

5
p4
∞ −

93664

1575
p5
∞ þ 1184

21
p6
∞ −

4955072

121275
p7
∞ −

13736

315
p8
∞ þOðp9

∞Þ: ð6:4Þ

(3) P̂5
1−2ðγÞ was computed in Ref. [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

P̂5
1−2ðγÞ ¼

82π

15p3
∞
−

5207π

630p∞
þ 939π3

280
−
1491π

400
−
963239π

40320
p∞ −

�
13603π3

4480
−
902743π

33600

�
p2
∞

−
�
1591π

980
log

�
p∞

2

�
−
313π3

140
þ 4809573323π

434649600

�
p3
∞ þOðp4

∞Þ: ð6:5Þ

(4) P̂5
bðγÞ was computed in [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

P̂5
bðγÞ ¼ −

64

3p2
∞
−
37π2

20
−
27392

525
−
30208

225
p∞ þ

�
−
856768

33075
−
3429π2

1120

�
p2
∞ þ 462592

7875
p3
∞

þ
�
−
74417152

363825
−
7915π2

2688

�
p4
∞ þOðp5

∞Þ: ð6:6Þ

(5) P̂5;0
1þ2ðγÞ was computed in [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

P̂5;0
1þ2ðγÞ ¼

61π

5p3
∞
þ 34073π

1680

1

p∞
þ 297π3

40
−
23923π

2880
p∞ þ

�
−
31029π3

2240
þ 1484997π

11200

�
p2
∞

þ
�
−
10593π

700
log

�
p∞

2

�
þ 99π3

20
þ 34695068413π

620928000

�
p3
∞ þOðp4

∞Þ: ð6:7Þ

Injecting the 6PN accurate results for χ̃TF5 and for Ĵ04combinedðγÞ in Eq. (4.11) we found perfect agreement for fG
51SF

b with
the (1SF, WEFT) results of Ref. [43].
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This agreement is remarkable in view of the presence of
both T-even and T-odd contributions in χ1 cons5 and
Ĵ04combinedðγÞ. The T-odd contribution in χ1 cons5 is linked
to the tail-of-tail effects discussed above, while the T-odd
terms in Ĵ04 come from time-asymmetric contributions to
the angular momentum loss.
Reference [43] has computed the all PN order values of

P̂5
1−2, P̂

5
b, P̂

5;0
1þ2. The latter three observables are respectively

denoted in [43] r1, r2 and r3. The TF-computed high-PN
expansion values of P̂5

1−2, P̂
5
b, P̂

5;0
1þ2 displayed above nicely

agree, within their accuracy, with the results of [43].
Evidently, one can use the latter results to complete the
TF-computed results for those three observables to any
needed accuracy. For instance, Ref. [43] allows us to get the
next 6PN level terms in

P̂5
bj6PN ¼ −

99136

2625
p5
∞;

P̂5
1−2j6PN ¼

�
4118497π

44800
−
40459π3

3584

�
p4
∞;

P̂5;0
1þ2j6PN ¼

�
100349π3

17920
−
1815089π

26880

�
p4
∞: ð6:8Þ

Let us finally emphasize that the TF formalism predicts
the hidden presence of the angular momentum loss Ĵ04 and
Ĵ14 in the b-component of the impulse, see Eqs. (4.11)–
(4.13). However, it comes together with the G5

conservative scattering angle χ̃1 cons5 . At order G4 we could

explicitly check the hidden presence of Jrad because χ̃cons4

was separately known, see Sec. III above.
As soon as the WEFT formalism will compute the all-

PN-order value of Ĵ04ðγÞ then one will be able to read off the
exact value χ̃1cons5 from the current 1SF G5 results
of Ref. [43].

VII. PREDICTIONS FOR THE 2SF-LEVEL
IMPULSE

We have presented in Sec. IV above the TF ingredients
entering the 2SF OðG5Þ impulse. Namely, from Eq. (4.13)
(1) The Oðν1Þ and Oðν2Þ contributions to the 5PM

conservative scattering angle: χ̃1 cons5 ðγÞ, χ̃2 cons5 ðγÞ;
(2) The Oðν0Þ and Oðν1Þ contributions to the 4PM

angular momentum loss: Ĵ04ðγÞ and Ĵ14ðγÞ;
(3) The OðG5Þ component of Pμ

rad along b̂μ: P̂5
bðγÞ;

(4) The Oðν0Þ and Oðν1Þ, OðG5Þ component of Pμ
rad

along uμ1 þ uμ2: P̂
5;0
1þ2ðγÞ and P̂5;1

1þ2ðγÞ;
(5) The supplementary contribution to Δpremain

1 :
fG

5 remain
b ðγÞ.

In other words, a PN-exact comparison between TF and
WEFT at 2SF would require (beyond what was needed at
1SF) the knowledge of three independent functions of γ,
namely Ĵ14ðγÞ, P̂5;1

1þ2ðγÞ, χ̃2 cons5 ðγÞ. However, the TF formal-
ism gives only access to the PN expansion of those three
functions. Namely, the current PN knowledge of these
functions in the TF formalism is the following:
(1) χ̃2 cons5 ðγÞ has been computed in Refs. [13–16] up to

the absolute 6PN accuracy and reads

χ̃2 cons5 ðγÞ ¼ 1

5

1

p∞
þ 59

10
p∞ þ

�
10681

144
−
41

24
π2
�
p3
∞ þ

�
1408

45
lnð2p∞Þ −

4

15
d̄ν

2

5 −
365555

6048
þ 23407

5760
π2
�
p5
∞

þ
�
−

4

35
qν

2

4;5 −
2273170241

2352000
þ 1219303

20160
π2 −

6944

225
lnð2p∞Þ

�
p7
∞ þOðp8

∞Þ: ð7:1Þ

(2) Ĵ14ðγÞ was computed in Ref. [45] up to the 5.5PN
absolute accuracy Oðp7

∞Þ (fractional 3PN), and its
knowledge can be raised to the 6PN (Oðp8

∞Þ) level
by using the results of Ref. [68]. This yields the
combined result

Ĵ14ðγÞ ¼ −
208

15
p3
∞ þ 988

63
p5
∞ −

13312

525
p6
∞

þ 5458

1575
p7
∞ −

208

225
p8
∞ þOðp9

∞Þ: ð7:2Þ

(3) P̂5;1
1þ2ðγÞ was computed in Ref. [45] up to the 5.5PN

absolute accuracy (fractional 3PN), see below.
Concerning the supplementary remain contribution,
fG

5 remain
b ðγÞ, it was pointed out in Ref. [45] that it could

start at the 5PN level, i.e., its PN expansion would a priori
read

fG
5 remain

b ðγÞ ¼ fG
5;sup

1 p∞ þ fG
5;sup

2 p2
∞

þ fG
5;sup

3 p3
∞ þOðp4

∞Þ: ð7:3Þ
We see from Eq. (4.13) that the supplementary fG

5 remain
b ðγÞ

term is degenerate with χ̃2 cons5 ðγÞ and can formally be
absorbed in a redefinition of the χ̃2 cons5 ðγÞ as follows

χ̃2 cons05 ðγÞ ¼ χ̃2 cons5 ðγÞ þ 1

2
p4
∞fG

5

b ðγÞ: ð7:4Þ

However, from the TF point of view, the p∞ structure of
χ̃2 cons5 ðγÞ is not arbitrary but is predicted by the structure of
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the local-in-time and nonlocal-in-time contributions to the
dynamics. On the one hand, one expects the local-in-time
dynamics to be T-even (and leading to a p∞-even
conservative scattering angle). On the other hand, the
nonlocal-in-time contribution to the conservative dynamics
has a p∞-character dictated by the structure of the tail-
mediated interactions. We saw above that tail-squared
effects, connected with the action (5.6), lead to p∞-odd
contributions to the scattering angle. However, at the 5.5PN

level [corresponding to the term fG
5;sup

2 p2
∞ in Eq. (7.3)] we

have seen above that the conservative scattering angle is
linear in ν and therefore does not contribute to the presently
considered 2SF level in fG

5

b .
Finally, at the 2SF-level, the TF approach makes

predictions for the beginning of the PN expansion of
two independent functions of γ: fG

5;2SF
b and P̂5;1

1þ2ðγÞ (the
latter corresponding to the quantity denoted as r4 in [43]).
The value of P̂5;1

1þ2ðγÞ has been computed to the absolute
5.5PN level in Ref. [45] and reads

P̂5;1
1þ2ðγÞ ¼ −

55π

12

1

p∞
þ 6427π

10080
p∞ þ

�
−
939π3

560
þ 877π

400

�
p2
∞ þ

�
−
4059π3

1280
þ 255491π

10080

�
p3
∞

þ
�
πE1

5;9

2
−
190387π3

4480
þ 14186677π

33600

�
p4
∞ þOðp5

∞Þ: ð7:5Þ

The presently known 5.5PN level knowledge of P̂5;1
1þ2ðγÞ

corresponds to the first four terms in the latter equation, up
to the term ∝ p3

∞. For information, we parametrized the
next, 6PN-level term, ∝ p4

∞ in the latter equation, by the
(currently unknown) coefficient E1

5;9 entering theOðνÞ term
in E5 ¼ E5ðγ; νÞ defined from

Erad ¼ Mν2
�
G3E3

j3
þ G4E4

j4
þG5E5

j5
þ…

�
; ð7:6Þ

with (denoting below the fractional PN accuracy such that
nPNabs ¼ nPNfracþ 2.5PN)

E5 ¼ E≤3PNfrac
5 þ ðE0

5;9 þ E1
5;9νþ E2

5;9ν
2Þp9

∞ þOðp10
∞Þ;
ð7:7Þ

where

E≤3PNfrac
5 ¼ π

�
122

5
p2
∞ þ

�
13831

280
−
933ν

10

�
p4
∞ þ 297π2

20
p5
∞ þ

�
2067ν2

10
−
187559ν

1680
−
64579

5040

�
p6
∞

þ
��

−
15291π2

280
þ 296

25

�
ν −

24993π2

1120
þ 9216

35

�
p7
∞ þ

�
−
1823ν3

5
þ 12269ν2

80
þ
�
−
4059π2

640
þ 76897

480

�
ν

−
10593

350
log

�
p∞

2

�
þ 99π2

10
þ 29573617463

310464000

�
p8
∞

	
; ð7:8Þ

as can be read from Eqs. (C10)–(C13) of Ref. [44] up to the
2PNfrac level, and from Eqs. (6.5) and (6.6) of Ref. [45] for
the contributions to 2.5PNfrac and 3PNfrac, respectively.
The first (ν0) and the last (ν2) contributions to the next,
3.5PNfrac, Oðp9

∞Þ term [as written in parametric form in
Eq. (7.7)] are given by

E0
5;9 ¼

�
1577π2

1120
−
384

7

�
;

E2
5;9 ¼

�
33399π2

280
−
888

25

�
: ð7:9Þ

Here E0
5;9 is known from Ref. [43], while E2

5;9 follows by
using the ν-polynomiality property (2.18)

E5 ¼
Ê5

h6
¼ Ê0

5 þ νÊ1
5

ð1þ 2νðγ − 1ÞÞ3 ; ð7:10Þ

which implies that all the powers of ν starting at ν2 in E5

come from PN-expanding the denominator in Eq. (7.10).
See also the Appendices B and D below.

The value of fG
5;2SF

b is predicted up to the absolute 6PN
level and reads (using the corresponding PN expressions
for Ĵ2, Ĵ3, Ĵ

0
4, Ĵ

1
4, P̂

3
1þ2, P̂

4
1þ2,P̂

4
1−2, P̂

5
b, χ1, χ̃

cons
2 , χ̃0 cons3 ,

χ̃1 cons3 , χ̃0 cons5 ,χ̃1 cons5 , χ̃2 cons5 )
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fG
5;2SF

bTF ¼ fG
5;2SF;4.5PNabd

b þ Cb1ðdν25 ; fG
5;sup

1 Þp∞ þ Cb2ðfG
5;sup

2 Þp2
∞ þ Cb3ðqν24;5; fG

5;sup
3 Þp3

∞ þOðp4
∞Þ: ð7:11Þ

The 4.5PNabs-accurate TF contribution to fG
5;2SF

b is fully predicted to have the following value

fG
5;2SF;4.5PNabs

bTF ¼ −
12

p9
∞
þ 64

p7
∞
þ 496þ 54π2

p5
∞

þ 832

45p4
∞
þ
�
1552

3
þ 481π2

2

�
1

p3
∞
þ
�
409888

1575
−
94π2

5

�
1

p2
∞

þ
�
25088

45
logð2p∞Þ þ

21131π2

72
þ 190576

135

�
1

p∞
−
1489π2

35
þ 2283544

11025
: ð7:12Þ

Beyond the Oðp0
∞Þ level there enter several dimensionless

parameters that are left undetermined by the TF formalism.

On the one hand, the parameters fG
5;sup

1 , fG
5;sup

2 , fG
5;sup

3

parametrizing fG
5remain

b ðγÞ, Eq. (7.3), enter at the absolute
5PN, 5.5PN and 6PN levels, respectively. On the other
hand, the parameters d̄ν

2

5 and qν
2

4;5, which respectively
belong to the absolute 5PN and 6PN levels, enter the
above expression in the form

∼ðd̄ν25 þ � � �Þp∞ þ ðqν24;5 þ � � �Þp3
∞: ð7:13Þ

Though the full value of d̄ν
2

5 has not been yet determined,
the work of Refs. [69,70] (see also Eq. (9.42) in [44]) has
determined its transcendental contribution (which comes
from the exchange of potential gravitons), namely

d̄ν
2

5 ¼ 306545

512
π2 þ drat5 ; ð7:14Þ

where drat5 is a rational number. Inserting the latter result in
Eq. (7.11) above leads to the following TF-based prediction
for the Oðp1

∞Þ (5PNabs) coefficient Cb1 entering the
Oðp1

∞Þ contribution to fG
5 2SF

b ðγÞ

Cb1 ¼
8

15
drat5 þ fG

5;sup
1 þ 112221208

23625

þ 4225π2

36
þ 794624

1575
logð2p∞Þ: ð7:15Þ

We note in passing that the coefficient of π2 in the
combined result (7.15) is significantly simpler than the
one appearing in the original (not combined) expression.
Though only the p∞ lnð2p∞Þ term is uniquely predicted by
this result, it will be interesting to see whether the π2 term in
the latter result agrees with future 2SF-level G5 scattering

results. If it is the case, we are entitled to absorb fG
5;sup

1 in a
redefinition of the rational part, drat5 of d̄ν

2

5 , say

8

15
drat05 ¼ 8

15
drat5 þ fG

5;sup
1 : ð7:16Þ

At the Oðp2
∞Þ level (5.5PNabs), the corresponding term in

fG
5 2SF

b ðγÞ reads

Cb2 ¼
67876972

363825
þ fG

5;sup
2 þ 23783

3360
π2: ð7:17Þ

As in the discussion of the Oðp1
∞Þ term, we expect our

undetermined parameter fG
5;sup

2 to be, similarly to the
presently undetermined rational (nonlocal-related) contri-

bution to d̄ν
2

5 , to be rational. In view of the fact that fG
5;sup

2

was an addition to the algebraically simplest solution to the
constraints (i), (ii), (iii) above (see Eq. (12.51) in Ref. [45])
that have to be satisfied by Δpremain

1 , it is even reasonable to

expect that fG
5;sup

2 may simply vanish. An additional

argument suggesting that fG
5;sup

2 might vanish is the fact
that the direct impact of the G2 radiation-reaction force on
scattering proceeds via theOðG3ÞχJrad term whose square is
OðG6Þ and not OðG5Þ, see discussion in the Concluding
Remarks below. Indeed, the latter fact indicates that there is
no ambiguity at OðG5Þ linked to radiation-reaction squared
effects. In this case both the π2 contribution and the rational
contribution in Eq. (7.17) should agree with future
2SF-level G5 scattering results.
At Oðp3

∞Þ the contribution to fG
52SF

b ðγÞ reads

Cb3 ¼
8

35
qν

2

4;5 þ fG
5;sup

3 þ 64192021

308700

þ 28637

360
π2 þ 841216

2205
lnð2p∞Þ: ð7:18Þ

Again it will be interesting to compare this TF-based
result with future 2SF G5 results (contrary to the 5PNabs
level parameter d̄ν

2

5 the transcendental part of 6PN-level one
qν

2

4;5 has not been determined).
Let us finally emphasize that one of the defining

characteristics of the TF approach is to point out the
presence of the angular momentum loss in the radiation
reacted impulse. It would be interesting to understand this
occurrence within the WEFT formalism. Furthermore,
when the OðG4Þ angular momentum loss is computed it

HIGH PRECISION BLACK HOLE SCATTERING: TUTTI … PHYS. REV. D 112, 044002 (2025)

044002-15



will be interesting to compare the 2SF-level TF prediction
to the corresponding 2SF EFT impulse result.

VIII. CONCLUDING REMARKS

In the present work we summarized the results of the TF
formalism concerning black hole scattering that were
disseminated in the series of papers that developed the
tutti frutti formalism (starting with Ref. [12] and including
[13–16]). We found a way to simplify the structure of the
TF-obtained radiation-reacted impulse by rewriting it in the
following form [see Eq. (2.14)]:

Δpμ
a ¼ Δpcons μ

a þ Δprr linJradμ
a

þ Δprr linPradμ
a þ Δprr remain sup μ

1 : ð8:1Þ

Here Δpcons μ
a was defined in Eq. (2.2) above, Δprr linJradμ

a

was defined in Eq. (2.15), Δprr linPradμ
a was defined in

Eq. (2.13) and Δprr remain sup μ
1 was defined in Eq. (2.12).

This form is a 4-vectorial generalization of the original
linear-response formula of Ref. [51] in that it decomposes
the total impulse Δpμ

a in: (1) a conservative contribution;
(2) a radiative contribution linear in the c.m.-radiated
angular momentum, Jrad; (3) a radiative contribution linear
in the radiated four momentum Pμ

rad; and (4) a supple-
mentary contribution which starts only at the G5 order.
Both Δprr linJradμ

a and Δprr linPradμ
a start at order G3,

Δprr linJradμ
a ∼ G3 þ G4 þ G5 þ…

Δprr linPradμ
a ∼G3 þ G4 þ G5 þ…: ð8:2Þ

By definition of the TF formalism, each term in the
decomposition (8.1) is polynomial in the two masses. In
addition, defining

0 ¼ pcons μ
a out ¼ mau

μ
a þ Δpcons μ

a ; ð8:3Þ

taking into account that pcons μ
a out separately satisfies the mass-

shell condition ðpcons
a outÞ2 ¼ ðpcons

a in Þ2 ¼ −m2
a and remember-

ing that Δprr linJradμ
a and Δprr linPradμ

a both start at order G3,
Eq. (8.2), the mass-shell constraint on the total, radiation-
reacted impulse reads

0 ¼ ðpcons
a out þ Δprr linJrad

a þ Δprr linPrad
a Þ − p2

a in

¼ 2pcons
a out · Δp

rr linJrad
a þ 2pcons

a out · Δp
rr linPrad
a

þOðG6Þ: ð8:4Þ

Each term on right-hand-side of the latter equation (which
starts at order G3) vanishes separately. We note that if one
extends the definition of the Jrad part of the impulse by
defining it as being the all-order G-expansion of, for
example, Δpconsμ

1 ðχconsðJ − 1
2
JradÞÞ, the so defined

radiation-reacted nonlinear-in-Jrad impulse, Δpnonlin;Jrad
1 ,

would exactly satisfy the mass-shell condition. Any such
definition involving nonlinear-in-Jrad extensions of J dif-
fers anyway from Δpnonlin;Jrad

1 at OðG6Þ.
At orderG4 we compared the TF predicted result (8.1) to

the state-of-the-art post-Minkowskian results. We high-
lighted the agreement between the results of Ref. [41] and
two structural features predicted by the TF formalism:

(i) the simple proportionality relation between the
“2 rad” dissipative component along b computed
in [41] and the projection of theOðG4Þ radiated four
momentum along the vector eμx

c4diss1b;2 rad ¼
m1

m2 −m2

Prad
xG4 ; ð8:5Þ

(ii) the possibility to extract the exact value of theOðG3Þ
radiated angular momentum from the “1 rad” dis-
sipative component along b computed in [41]. As
exhibited in Eqs. (3.23) and (3.24), the so extracted
value of Ĵ3 coincides with the results obtained
in Ref. [40]. In addition we recalled that the
PN-accurate expansion of the radiation reacted
impulse which was computed in TF at the absolute
6PN accuracy agreed with the PN expansion of the
exact G4 result of [41].

At order G5, we compared the TF predicted result (4.1)
to the state-of-the-art post-Minkowskian results [43], which
are currently limited to the 1SF level in the sense of the
mass decomposition (4.7) and (4.8) (i.e., terms with first-
order in either m1=m2 or m2=m1). The TF predictions for
the structure of the 1SF G5 impulse were given in
Eqs. (4.11) and (4.12), where we recall that the notation
“K” denotes terms known from previous orders. The full
expressions of the TF-predicted impulse coefficients are
given in the Appendix. We highlighted the presence of the
ν2-rescaled OðG4Þ angular momentum loss Ĵ04ðγÞ, as
defined in the third of Eq. (2.17) (see Eq. (6.4) for its
PN evaluation). When the WEFT formalism will compute
the exact value of Ĵ04ðγÞ one will be able to read-off the
exact value of χcons15 from [43]. At the time being we know
from the TF formalism high-PN accuracy values for all the
ingredients entering the TF-predicted impulse, see
Eqs. (6.4)–(6.8) displayed in Sec. VI. In particular, we
highlight again that a subtle nonlocal 5.5PN tail-squared
contribution to χ̃cons5 enters fG

51SF
b and agrees with the

corresponding recent results of [43]. We presented in
Eqs. (5.1) and (5.2) the all-multipole generalization of
the quadrupolar-level action of Refs. [14,63] describing the
OðG5Þ nonlocal-in-time conservative dynamics, mediated
by time-symmetrized tail-squared interactions. We leave to
future works a corresponding PN-extension of the tail-of-
tail contributions to scattering, Eq. (5.10) in Ref. [14]
where it was first derived (see Eq. (5.7) here). It would be

DONATO BINI and THIBAULT DAMOUR PHYS. REV. D 112, 044002 (2025)

044002-16



interesting to have an independent derivation of
the nonlocal tail-of-tail action within the NRGR approach.
We also found agreement between TF and WEFT

at the next, 6PN level. This agreement was obtained by
combining TF results with a recent, partial, computation of
Ĵ04 [68].
The TF-predicted PN expansion of three more indepen-

dent functions of γ related to radiated linear momentum,
P̂G5

1−2, P̂b, P̂
5;0
102 have been found to be in perfect agreement

with corresponding results in Ref. [43].
We highlighted in Eq. (4.15) the extent to which the

linear momentum balance, Δpμ
1 þ Δpμ

2 þ Pμ
rad ¼ 0 deter-

mines the expansion coefficients of the individual impulses
Δp1 and Δp2. When combining these constraints with the
mass-shell constraint, Eq. (4.16), the main conclusion is
that, at order G5, all the separate impulse components are

determined except for the average 1
2
ðfG5;1SF

b þ fG
5;1SF

b Þ and
fG

5;2SF
b . Concerning the 1SF level, only the difference

fG
5;1SF

b − fG
5;1SF

b is determined from the b component of
Pμ
rad (together with known lower-order results). At the 1SF

level, the resulting ambiguity in the separate determination

of fG
5;1SF

b and fG
5;1SF

b is completely lifted in the TF

formalism which expresses both fG
5;1SF

b and fG
5;1SF

b in
terms of the three TF-meaningful observables: χ̃1 cons5 , Ĵ04
and P5

b. We note in particular that the fact that P̂5
b

contributes only to fG
5;1SF

b and not to fG
5;1SF

b is related
to the constraint stated in [45] that terms in Δp1 which are
nonlinear in the radiation reaction force acting on body 1,
should contain a factor m3

1. [At G
4 the same argument

allowed the TF formalism to predict the full structure of
Δprr

1 in terms of Pμ
rad and Jμrad.]

However, at the 2SF level there exists a remaining
ambiguity in the TF determination of Δp2SF

1b , as displayed
in the first Eq. (4.13). The TF formalism expresses fG

52SF
b

in terms of six ingredients, namely fG
5

b , P̂5
b, χ̃

1 cons
5 , χ̃2 cons5 ,

Ĵ04 and Ĵ14. Among these ingredients, the last five of them
are TF-predicted at the current 6PN accuracy as displayed
in Sec. VII.
On the other hand, the function fG

5remain
b ðγÞ entering

the supplementary impulse contribution Δprr remain sup
1 ,

Eq. (2.12), is only constrained by the TF formalism to
start at the 5PN order. As a consequence, the TF predictions
for the value of fG

5 remain
b ðγÞ is only fully predicted at the

4.5PNabs accuracy, as displayed in Eq. (7.12). Beyond this
order, as discussed in Sec. VII, the TF formalism can
however predict the value of the logarithmic coefficient at
5PN order. Moreover, if one assumes that the supplemen-
tary contribution has rational PN-expansion coefficients,
Eq. (7.15) predicts the π2 term in the 5PN contribu-

tion fG
5;2SF

b;TF ðγÞ.
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APPENDIX A: NOTATION AND USEFUL
RELATIONS

We collect here some definitions and relations which are
often used. We use the mostly positive signature.
The masses of the two bodies are denoted as m1 and m2,

with the convention m1 ≤ m2. The symmetric mass ratio
ν≡ ðm1m2Þ=ðm1 þm2Þ2 is the ratio of the reduced mass
μ≡ ðm1m2Þ=ðm1 þm2Þ to the total mass M ¼ m1 þm2.
The 4-momenta in the asymptotic future (t → þ∞,

outcoming) are denoted by pout
a ¼ mauouta , with a ¼ 1, 2,

and the asymptotic energies by Eout
a . To simplify notation,

in the asymptotic past (t → −∞, incoming) we will often
omit the corresponding “in” label for all these quantities.
We often work within the incoming c.m. frame of the
system, with time axis

U≡ p1 þ p2

jp1 þ p2j
¼ m1u1 þm2u2

E
; ðA1Þ

where E ¼ E1 þ E2 is the incoming c.m. energy, which is
related to the incoming value of the momentum by

Pc:m: ¼
m1m2

E

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
¼ m1m2

E
p∞; ðA2Þ

with

γ ≡ −u1 · u2 ¼ −
p1 · p2

m1m2

; p∞ ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
; ðA3Þ

so that EPc:m: ¼ m1m2p∞. The total incoming energy can
also be written as

E
Mc2

≡ hðγ; νÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
; ðA4Þ

implying that Pc:m: ¼ μp∞=h and
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GE
b

≡GMh
b

¼ p∞

j
; ðA5Þ

where b is the impact parameter and

j≡ cJc:m:

Gm1m2

¼ cJc:m:

GMμ
; ðA6Þ

is a dimensionless rescaled version of the total center-of-
mass angular momentum Jc:m: at t → −∞. The individual
incoming energies (see Eq. (A9) of Ref. [44]) read

E1

m1

¼ m1 þ γm2

E
;

E2

m2

¼ m2 þ γm1

E
; ðA7Þ

so that, for example,

m1E2 þm2E1

E
¼ m1m2ðm1 þm2Þ

ðγ þ 1Þ
E2

: ðA8Þ

The vectorial impact parameter (orthogonal to u1 and u2)
b12 ¼ b1 − b2 ¼ bb̂12 together with the conservative scat-
tering angle χcons enters the definition of the Cartesianlike
basis vectors ex and ey as follows (see Eq. (3.49) of
Ref. [44]):

ex ¼ cos
χcons
2

b̂þ sin
χcons
2

n;

ey ¼ − sin
χcons
2

b̂þ cos
χcons
2

n; ðA9Þ

where n is the direction of the incoming momenta
(orthogonal to the c.m. four velocity, n ·U ¼ 0),

n ¼ m1m2

Pc:m:E

�
E2

m2

u1 −
E1

m1

u2

�
¼ ðu2 ∧ u1Þ ·Uffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p : ðA10Þ

Here the wedge product of two vectors A and B is
standardly defined as A ∧ B ¼ A ⊗ B − B ⊗ A.

Boldface vectors denote spatial vectors in the c.m. frame
with time axis U: pa ¼ maua ¼ EaU þ pa (where pa is
orthogonal to U, and p1 ¼ −p2 ¼ Pc:m:). When describing
the conservative scattering it is useful to introduce the c.m.
direction of the (conservative) outgoing momenta, ncons

out , as
well as its associated orthogonal direction B̂, namely

B̂ ¼ cosðχconsÞb̂þ sinðχconsÞn;
ncons
out ¼ − sinðχconsÞb̂þ cosðχconsÞn: ðA11Þ

Note the relation

B̂ ¼ −
d

dχcons
ncons
out : ðA12Þ

The dyad ðB̂;ncons
out ; Þ differs from the incoming dyad ðb̂;nÞ

by a rotation of angle χcons. The dyad ðex; eyÞ is midway
between the latter two dyads, being obtained from the
incoming dyad by a rotation of angle 1

2
χcons.

APPENDIX B: PN-EXPANDED FORMS OF
VARIOUS QUANTITIES

We list in Table II, and Table IV the PN-expanded forms
of various quantities at OðG3Þ, OðG4Þ, and OðG5Þ.
Table III instead contains the exact expressions for the
scattering angle in the Schwarzschild spacetime at PM
orders 1 to 7.

1. Pb and Pn vs P1�2 at all orders in G

Starting from the relations (valid at all orders in G)

2P1þ2 ¼
Erad

h
þ Pnffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p �

E2

m2

−
E1

m1

�
;

2P1−2 ¼
ðm1 −m2Þ

Mh
Erad þ Pnffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p �

E2

m2

þ E1

m1

�
; ðB1Þ

TABLE II. PN-expanded forms of the various quantities at OðG3Þ, OðG4Þ and OðG5Þ.

P̂3
1þ2 π½37

30
p∞ þ 839

1680
p3
∞ þ 2699

2016
p5
∞ − 1531643

1182720
p7
∞ þ 70348799

61501440
p9
∞ − 30685679

30750720
p11
∞ þOðp13

∞Þ�
Ĵ2

16
5
p3
∞ þ 176

35
p5
∞ − 608

315
p7
∞ þ 3712

3465
p9
∞ − 10496

15015
p11
∞ þOðp13

∞Þ
Ĵ3 π½28

5
p2
∞ þ 739

84
p4
∞ − 5777

2520
p6
∞ þ 115769

126720
p8
∞ − 16548173

23063040
p10
∞ þ 3912731

6589440
p12
∞ þOðp13

∞ Þ�
Ĵ04

176
5
p∞ þ 8144

105
p3
∞ þ 448

5
p4
∞ − 93664

1575
p5
∞ þ 1184

21
p6
∞ − 4955072

121275
p7
∞ − 13736

315
p8
∞ þOðp9

∞Þ
Ĵ14 − 208

15
p3
∞ þ 988

63
p5
∞ − 13312

525
p6
∞ þ 5458

1575
p7
∞ − 208

225
p8
∞ þOðp9

∞Þ
Ẽ0
4ðγÞ 1568

45
p3
∞ þ 18608

525
p5
∞ þ 3136

45
p6
∞ þ 220348

11025
p7
∞ þ 1216

105
p8
∞ − 151854

13475
p9
∞ þ 117248

1575
p10
∞ − 405087523

9909900
p11
∞ − 224512

3465
p12
∞ þOðp13

∞ Þ
Ẽ1
4ðγÞ − 352

45
p5
∞ þ 1736

225
p7
∞ − 704

45
p8
∞ þ 8068

4725
p9
∞ − 1808

225
p10
∞ þ 1967239

103950
p11
∞ − 47176

4725
p12
∞ þOðp13

∞Þ
P̂4
b −π½37

30
þ 1661

560
p2
∞ þ 1491

400
p3
∞ þ 23563

10080
p4
∞ − 26757

5600
p5
∞ þ 700793

506880
p6
∞ þ 4046561

451584
p7
∞ − 8085643

5591040
p8
∞ − 628523873

41395200
p9
∞

þ 23609
18304

p10
∞ þ 3709460060017

154983628800
p11
∞ − 56351596657

50185175040
p12
∞ þOðp13

∞Þ�
P̂4
1þ2

784
45p∞

þ 2168
175

p∞ þ 1568
45

p2
∞ þ 98666

11025
− 512

105
p4
∞ − 2702747

363825
p5
∞ þ 62392

1575
p6
∞ − 2178650927

138738600
p7
∞ − 2335876

51975
p8
∞

þ 11696625509
327927600

p9
∞ þ 140685967

3153150
p10
∞ − 128153894712407

2207608603200
p11
∞ − 266660131

6306300
p12
∞ þOðp13

∞ Þ
P̂4
1−2

176
45p∞

− 72
25
p∞ þ 352

45
p2
∞ − 9746

4725
p3
∞ þ 448

75
p4
∞ − 484019

51975
p5
∞ þ 26024

4725
p6
∞ þ 157355621

46246200
p7
∞ − 79612

14553
p8
∞

− 1100898451
1545944400

p9
∞ þ 46101421

9459450
p10
∞ − 87328389299

43286443200
p11
∞ − 629179

147420
p12
∞ þOðp13

∞Þ
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where

E2

m2

−
E1

m1

¼ ðγ − 1Þðm1 −m2Þ
Mh

;

E2

m2

þ E1

m1

¼ ðγ þ 1Þðm1 þm2Þ
Mh

; ðB2Þ

we find

P1þ2 ¼
1

2h

�
Erad þ ðm1 −m2Þ

M

ffiffiffiffiffiffiffiffiffiffiffi
γ − 1

γ þ 1

s
Pn

�
;

P1−2 ¼
1

2h

�ðm1 −m2Þ
M

Erad þ
ffiffiffiffiffiffiffiffiffiffiffi
γ þ 1

γ − 1

s
Pn

�
: ðB3Þ

2. Pb, Pn vs Px, Py and their expressions in powers
of 1=j and 1=b

The PM expansions of Pb and Pn in powers of GM=b
read

Pb ¼ ðm2 −m1Þν2P̂ðbÞ
b ; Pn ¼ ðm2 −m1Þν2P̂ðbÞ

n ; ðB4Þ

where

P̂ðbÞ
b ¼ P̂3;ðbÞ

b

�
GM
b

�
3

þ P̂4;ðbÞ
b

�
GM
b

�
4

þ P̂5;ðbÞ
b

�
GM
b

�
5

þOðG6Þ;

P̂ðbÞ
n ¼ P̂3;ðbÞ

n

�
GM
b

�
3

þ P̂4;ðbÞ
n

�
GM
b

�
4

þ P̂5;ðbÞ
n

�
GM
b

�
5

þOðG6Þ: ðB5Þ

Let us also recall the relations between j-expanded quan-
tities [referred to the frame ðex; eyÞ] and b-expanded
quantities [referred to the frame ðb̂;nÞ], namely

P̂3;ðbÞ
b ¼ 0;

P̂4;ðbÞ
b ¼ −

h4

ðγ2 − 1Þ2 ð−P̌
4
x þ χcons1 P̌3

yÞ;

P̂5;ðbÞ
b ¼ −

h5

ðγ2 − 1Þ5=2 ðχ
cons
1 P̌4

y þ χcons2 P̌3
y − P̌5

xÞ;

P̂3;ðbÞ
n ¼ P̌3

y;

P̂4;ðbÞ
n ¼ P̌4

y;

P̂5;ðbÞ
n ¼ P̌5

y −
1

2
ðχcons1 Þ2P̌3

y þ χcons1 P̌4
x; ðB6Þ

where P̌n
x and P̌n

y and P̂n;ðbÞ
b are defined such that

TABLE III. Exact expressions for the scattering angle in the Schwarzschild spacetime.

χSchw1 ðp∞Þ 1
p∞

þ 2p∞

χSchw2 ðp∞Þ πð3
2
þ 15

8
p2
∞Þ

χSchw3 ðp∞Þ − 1
3p3

∞
þ 4

p∞
þ 24p∞ þ 64

3
p3
∞

χSchw4 ðp∞Þ πð105
8
þ 315

8
p2
∞ þ 3465

128
p4
∞Þ

χSchw5 ðp∞Þ 1
5p5

∞
− 2

p3
∞
þ 32

p∞
þ 320p∞ þ 640p3

∞ þ 1792
5

p5
∞

χSchw6 ðp∞Þ πð1155
8

þ 45045
64

p2
∞ þ 135135

128
p4
∞ þ 255255

512
p6
∞Þ

χSchw7 ðp∞Þ − 1
7p7

∞
þ 8

5p5
∞
− 16

p3
∞
þ 320

p∞
þ 4480p∞ þ 14336p3

∞ þ 86016
5

p5
∞ þ 49152

7
p7
∞

TABLE IV. First terms in the PN expansion of P̂4;ðbÞ
b , P̂5;ðbÞ

b , P̂3;ðbÞ
n , P̂4;ðbÞ

n , and P̂5;ðbÞ
n .

P̂4;ðbÞ
b

π½− 37
30
− 1661

560
p2
∞ − 1491

400
p3
∞ − 23563

10080
p4
∞ þ 26757

5600
p5
∞ − 700793

506880
p6
∞ − 238033

26564
p7
∞ þOðp8

∞Þ�
P̂5;ðbÞ
b

− 64
3p2

∞
− 27392

525
− 37

20
π2 − 30208

225
p∞ þ ð− 856768

33075
− 3429

1120
π2Þp2

∞ þ 462592
7875

p3
∞ð− 7915

2688
π2 − 74417152

363825
Þp4

∞ − 99136
2625

p5
∞ þOðp6

∞Þ
P̂3;ðbÞ
n π½37

30
p2
∞ þ ð− 37

60
νþ 839

1680
Þp4

∞ þ ð− 107
1120

νþ 37
80
ν2 þ 2699

2016
Þp6

∞ þ ð− 27581
40320

ν − 197
4480

ν2 − 37
96
ν3 − 1531643

1182720
Þp8

∞ þOðp10
∞ Þ�

P̂4;ðbÞ
n

64
3
þ ð− 32

3
νþ 1664

175
Þp2

∞ þ 128
3
p3
∞ þ ð8ν2 − 1096
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νþ 227776

33075
Þp4

∞ þ ð− 64
3
νþ 192

175
Þp5

∞

þð− 118676
33075

ν − 76
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ν2 − 20
3
ν3 − 1218176

72765
Þp6

∞ þ ð8528
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þ 2512
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νþ 16ν2Þp7
∞ þOðp8

∞Þ
P̂5;ðbÞ
n π½ 53

3p2
∞
þ 60563

5040
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νþ ð− 1491

400
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π2Þp∞ þ ð− 1298161

40320
− 7969

2520
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12
ν2Þp2

∞

þð2678867
16800

− 218867
67200

ν − 75661
4480

π2 þ 491447
67200

ν − 3957
560

π2νÞp3
∞

þð2435
8064

ν2 − 695
96

ν3 − 41053
2450

lnðp∞Þ þ 32135
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νþ 194769745661
4346496000

− 4059
1280

π2νþ 503
70

π2 þ 41053
2450

lnð2ÞÞp4
∞
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67200

ν − 7981
3200
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Pi ¼ ðm2 −m1Þν2
X
n≥3

P̌n
i

jn
; i ¼ x; y

Pb ¼ ðm2 −m1Þν2
X
n≥4

P̂n;ðbÞ
b

�
GM
b

�
n
: ðB7Þ

APPENDIX C: POLYNOMIALITY STRUCTURE OF VARIOUS QUANTITIES

From the expansions

sin

�
χcons

2

�
¼ GMh

b

�
χcons1

p∞
þ χ̃cons2

p2
∞

�
GM
b

�
1

þ
�
χ̃cons3

p3
∞

−
ðχcons1 Þ3h2

6p3
∞

��
GM
b

�
2

þ…

�
;

cos

�
χcons

2

�
¼ 1 −

ðχcons1 Þ2h2
2p2

∞

�
GM
b

�
2

−
χ̃cons2 h2χcons1

p3
∞

�
GM
b

�
3

þ…; ðC1Þ

we recognize that E−1 sinðχcons
2
Þ ¼ 1

Mh sinðχ
cons

2
Þ and cosðχcons

2
Þ

are two polynomial function of m1 and m2. For the vector

n ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p �
E2

m2

u1 −
E1

m1

u2

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
E

ðm2ǔ1 −m1ǔ2Þ; ðC2Þ

we see that the product En is linear in the masses m1 and
m2. Consequently, recalling

ex ¼ cos
χcons

2
b̂þ sin

χcons

2
n

¼ cos
χcons

2
b̂þ E−1 sin

χcons

2
ðEnÞ

Eey ¼ −E sin
χcons

2
b̂þ cos

χcons

2
En

¼ −E2
sin χcons

2

E
b̂þ cos

χcons

2
En; ðC3Þ

where E2 ¼ m2
1 þm2

2 þ 2γm1m2, we have that e
μ
x and Eeμy

are both polynomial in masses.

APPENDIX D: RELATIONS AMONG
Ê5 AND P̂5;0

1�2, P̂
5;1
1�2

We have

P̂5;0
1þ2 ¼

Ê0SF
5

ðγ þ 1Þðγ2 − 1Þ5=2 −
γ − 1

γ þ 1
P̂5
1−2;

P̂5;1
1þ2 ¼

Ê1SF
5

ðγ þ 1Þðγ2 − 1Þ5=2 þ 4
γ − 1

γ þ 1
P̂5
1−2; ðD1Þ

so that, for example,

4P̂5;0
1þ2 þ P̂5;1

1þ2 ¼
4Ê0SF

5 þ Ê1SF
5

ðγ þ 1Þðγ2 − 1Þ5=2 : ðD2Þ

TABLE V. PN expansion of all the structure functions at OðG5Þ.
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ǔ1
π½ 18

p6
∞
− 114

p4
∞
− 56

5p3
∞
þ ð− 3409

4
− 123π2

64
Þ 1
p2
∞
− 15007

210p∞
− 49345π2

4096
− 115753

96
þ 148

5
logðp∞

2
Þ − 235867

1260
p∞

þð5501
70

logðp∞
2
Þ − 227435π2

8192
− 920693

4800
Þp2

∞ − 11646937
63360

p3
∞ þ ð60521

840
logðp∞

2
Þ − 219729011π2

8388608
þ 20028103

58800
Þp4

∞ þOðp5
∞Þ�

fG
5 1SF

b − 8
p9
∞
þ 44

p7
∞
þ 329þ36π2

p5
∞

þ 416
45p4

∞
þ ð889

6
þ 643π2

4
Þ 1
p3
∞
þ ð203264

1575
− 47π2

5
Þ 1
p2
∞

þð12544
45

logð2p∞Þ þ 14695π2

72
þ 575123

2160
Þ 1
p∞

þ 116992
1225

− 5697π2

280
þ ð148864

525
logð2p∞Þ − 33019π2

480
þ 534248951

252000
Þp∞

þð3407π2
672

− 9728
275

Þp2
∞ þ ð1762784

11025
logð2p∞Þ þ 224571π2

2240
− 12181731011

16464000
Þp3

∞ þOðp4
∞Þ

fG
5 1SF

ǔ2
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(Table continued)
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ǔ1
6π
p6
∞
− 45π

p4
∞
− 5385πp2

∞
16

− 717π
2p2

∞
− 20457π

32

fG
5 0SF

b − 2
p9
∞
þ 12

p7
∞
þ 80þ9π2

p5
∞

þ 81π2

2
−128
p3
∞

þ ð225π2
8

− 384Þp∞ þ 945π2

16
−576

p∞

fG
5 0SF

ǔ2
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