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We consider black hole scattering up to the fifth post-Minkowskian (G’) order and compare the
predictions of the tutti frutti formalism to the results obtained within two different versions of worldline
effective field theory. At the G* order we highlight the complete agreement between tutti frutti results and
the results of [C. Dlapa et al., [Phys. Rev. Lett. 130, 101401 (2023)] ], and show how the tutti frutti
approach allows one to extract the O(G>) angular momentum loss from the O(G*) impulse. We compare
the sixth post-Newtonian (6PN) accurate tutti frutti predictions to the recent results of [M. Driesse et al.,
[Nature 641, 603 (2025)] ], which are at the G° order, and at the leading order in the two mass ratios,
finding complete agreement. We highlight that this agreement involves the presence at the 5.5PN level of a
nonlocal tail-of-tail contribution to the scattering (first computed in [D. Bini et al., [Phys. Rev. D 102,
084047 (2020)] 1), and involves, at the 6PN level, the presence of a O(G*) contribution to the angular
momentum loss [C. Heissenberg, [Phys. Rev. D 111, 126012 (2025)] ]. At the second order in the mass
ratios of the O(G>) order we predict two independent gauge-invariant observables to high-PN accuracy.
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I. INTRODUCTION

Gravitational scattering has been the focus of an intense
activity in recent years, both for conservative and dissipa-
tive (i.e., gravitational radiation related) effects. A number
of approximation methods have been applied to this
problem: post-Newtonian (PN), see [1,2], multipolar
post-Minkowskian (MPM) [3-5], nonrelativistic general
relativity (NRGR) [6-10], gravitational self-force (GSF)
[11], tutti frutti (TF) [12-16], and various avatars of post-
Minkowskian (PM) perturbation theory, including ampli-
tude-based effective field theory approaches and worldline
effective field theory (WEFT), see, e.g., [17-42].

The aim of the present work is to relate several recent and
ongoing WEFT developments in the radiation reacted
scattering of binary systems [41,43] to state-of-the-art TF
results [12—-16]. Namely, we consider the radiatively cor-
rected O(G*) scattering computations of Ref. [41] and the
recent 0(G5) radiation reacted scattering results of Ref. [43]
and compare them to the results obtained in the TF approach
[44,45]. The comparison between these results will be done
at the level of the observables A p%; (where a = 1,2 is abody
label and y = 0, 1,2, 3 a spacetime index)
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—ApSH 4+ ApSH 4 AP 0(GS),  (1.1)
measuring the change in four momentum of each body
during scattering. A pY is also known as the impulse of body
a. In the second line of Eq. (1.1) we have indicated the PM
expansion of A p, i.e., its expansion in powers of G at fixed

impact parameter b. The initial four momentum pSn)" of

each body takes the form pS“)” = m,uly, where m, is the
mass of body a and u}; (satisfying u, - u, = —1) its initial

four velocity. Each impulse admits a decomposition along
the three 4-vectors: u/, ub and

Vo Db

=12
b b

(1.2)

The vectorial impact parameter b, is orthogonal to u} and
ub and the scalar impact parameter b denotes its magnitude
(s0 b - b = 1 in our mostly plus signature). Denoting by y =
—u, - u, the relative Lorentz factor of the two incoming
worldlines, the decomposition of the impulse A ph reads

a |G N a G
Apﬁ = Cb |:E,}/,m1,m2:|bﬂ+cul {Z,y,ml,mz} M’ll

. [G
+Cu2 |:_,},7m1’m2:| ug’ (13)

b
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or, equivalently,

a |G N a G
Apz = Cb {E,y,m],mz] b +CL7] |:—

~H
b ,}/,ml,mz} Ml

(1.4)

a |G
+ Cﬁz |:Z

~H
7}/’ ml’ m2:| u27

where we introduced the dual four velocities 7%, defined as

Uy —yup . U=y

y2—] s U = }/2—] s (15)

N

and such that u, - it, = +6,, (a,b =1,2). The various

a a
coefficients C,(§,7,my,my), ..., Cy,($.y,my, m,) admit
an expansion in powers of ¢ 7 (PM-expansion), and, at each
order in ( )" (n > 1), are polynomlals of order n + 1 in the
two masses m; and m, of the form

a” G n
Cg (y.my,my) ~ <Z> mpnmy

X (mi 4 mi=2my+---+mi7Y). (1.6)
Each coefficient in the latter polynomial in masses is only a
function of y. The PN expansion of the impulse at any given
PM order G" is obtained by expanding the latter functions of
y in a small velocity expansion around y = 1. When
combining the structures indicated in Eqgs. (1.4) and (1.6)

the impulses read (where k will be defined below)

Apa — mlmzzI;Gnmn k k (k)sﬂF
n

A

In the following we will generally use as small velocity
parameter the quantity

v
Po=\r'—1= =,

1—-vw

(1.8)

where v is the relative velocity between the two incoming
bodies.' By contrast to the WEFT computations which
directly derive the total impulse in the above indicated
polynomial form, the TF approach obtains the impulse in
the form

Aplh = Api™ + Apl*, (1.9)

consy

where Ap,
at order G! ), while A pfftm” denotes a radiation-reaction
contribution (which starts at order G* and contains squared

is a conservative contribution (which starts

'We mainly use units such that ¢ = 1.

of radiation reaction effects starting at order G*). In the TF
formalism both the conservative contribution and the
radiation reaction one are separately polynomial in masses
at each order in G.

At the first two orders in G we have (when considering
body 1)

ap{ = =G o,
__Gmm, 2(2y% - 1)) HH
b ViA-1 7
G mym oA
AP(12)” = b21 - [2(my 4 my)j,b"
—2)(1(’"1”2 —mzﬁ])]
G*mym, 3x(5p2 = 1) »
— 271 it SV N
b2 |:(m1 + my) w1
2277 = 1)?
— ( "1 (mluz—mzul)] (1.10)
14
Here
277 —1 3z(577 =1

Zl:\/ﬁ’ }(zzﬁ’

are related to the PM expansion coefficients of the
conservative scattering angles as

2)(,, GM
=y ()
n>1 n>1 °°
where M = my + m,,
J Pl
| — == 7, = h"! 1.13
= Gy = GMI T In (1.13)
Here
E miymy
h=—=+/14+2v(y-1), vr=———"—, (1.14
M (y ) (m1+m2)2 ( )

where E denotes the (incoming) center-of-mass (c.m.)
energy. Note that 7; = y;. See Appendix A for a summary
of our notation.

These impulses are conservative in the sense that they are
symmetric (or better, equivariant) under time-reversal.
Here, T-symmetry can be technically defined by consid-
ering the velocity-parity properties of the ratio Ap//p.,.

Indeed, under velocity-reversal such that uf, — —uf, p, =

ViP=1-—py = —\/yT:T [corresponding to v — —v

*We denote the contribution of order G” to some quantity Q
either as Q%" or Q)
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in Eq. (1.8)], the ratios Apgl)”/poo and Ap<12)”/poo are
invariant.

Starting at order G°, where (using the notation of
Ref. [43])

3 Nur Py vH v
AP = mymy (m3ApSyLly. B, 1, ity

3 A v
+mymyAp\oLly, B, i)

3 VT
+mi APy B il ). (1.15)
the dynamics is no longer T-symmetric, but can be
uniquely decomposed in a T-even, conservative part (as

measured by A p(ls)consﬂ /Po) and a T-odd radiation reac-
tion part (as measured by A p(13)n” / P) With opposite time
reversal (and velocity reversal) properties. The TF approach

decomposes A p(l3>” as follows,

ApH = Apemt AT, (1.16)

where
A pBeonsu _ _G3m1m2(m1 +my)
1 - b3
<ml +m2) ~cons 4 2(.cons\31 4
) g - Sl
41(1)01'15230[15 . .
+ 5= (mpilty — myiiy) |, (1.17)
v —
and
322 ~cons T n
Gup _ GCmimy [ 71N () » Es(y)
A = — H .
p] b3 |: (}/2_ 1) +(}/2_ 1)3/2 M2

(1.18)

Here J, measures the O(G?) angular momentum loss [46,47]

D(r) =W Iy(r.v) =227 = ) /r* = 1Z(v). (1.19)
where (see Egs. (4.7) and (4.8) of Ref. [46])
I(v)= —13—6 % %arctanh(v), (1.20)
while £5 measures the O(G?) energy loss [39.48]
Ey(y) =W'Es(y.v) = (/" = 1)PE(r).  (1.21)

Here, J,,(y,v) and E,(y,v) are defined so that

n=2
E = E
— = 2y (1.22)
my + my pa

At order G*, where the impulse has the general mass
structure

4 DNur Sy vl v
AP\ = mymy (m3Apletly, B, W, ]
Nur Py vU v
+mym3Ap Gy, B i)

4 NI I
+ mimyApSly, b, i, i)

DNur Py vl v
+ mApEH [y, bt ih)).

o (1.23)

the (TF-defined) conservative part of the dynamics (as

measured by Api“cons" /P> see the first of Eq. (3.2)
below) is still T-even (and velocity-even), while the
radiation reaction part is no longer purely 7-odd (nor
velocity-odd) but can be uniquely decomposed in a
velocity-odd part (linear in radiation reaction) and a
velocity-even part (quadratic in radiation reaction). See
detailed discussion in Sec. IIL

As will be discussed in Sec. IV below, the situation
at order G° becomes more involved because, though the
(TF-defined) conservative part of the dynamics is
physically time-symmetric, the conservative impulse

Ap@comﬂ /Poo, Starting at order 5.5 PN, also contains
odd powers of p.. The latter odd powers of p. (which

are, in fact, odd powers of |p.| = ++/7* — 1, and do not
correspond to a time-reversal antisymmetry) come from the
conservative part of the tail-of-tail nonlocal interaction (see
below). This progressive loss of velocity-parity properties
as the PM order increases is displayed in Table I where the
words even and odd refer to the parity under p, — —p.

A companion supplemental material file gives explicit
electronic forms of our main results (e.g., impulses at
order G°).

II. REMINDERS OF THE STRUCTURE OF THE
IMPULSE IN THE TF APPROACH

In this section we summarize some results from the TF
approach, and rewrite them in a new form which will clarify

TABLE 1. Progressive loss of velocity-parity properties as the
PM order increases.

G" cons I

G! even

G? even

G? even odd

G* even odd + even
G3 even + odd odd + even
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both the comparison with recent EFT results, and the ability
of the TF formalism to predict to high-PN-accuracy some
observables that have not yet been computed in a PM-
accurate way.

In the TF formalism the impulse is decomposed in a
conservative part and a radiation reaction one (which
includes terms linear and, starting at G*, also quadratic
in radiation reaction)

Aplh = Ape™" + Apy . (2.1)
The conservative part of the impulse of body 1 reads
(see [44])

Ap"™Ht = =P, sin(;(cons)l;”

mpm
+ (cos(yem) — 1) —=

EZ

[(my + myy)uy
= (my + myy)ub]. (2.2)

We recall the general expression of the PM expansion of the
(TF-defined) conservative angle y°°", namely

)(cons — Z 2)(00% ZICOHS(% l/)
n>1 j’l n>1 hn_ljn
- G(m1+m2) n
=32z @3
; Pob

where 75 (y,v) = A"~y (y,v) is a polynomial in v of
order [%51]. Explicitly, y gons are only func-
tions of y while

COIN —

=y, and 7§

T (r,v) = 23 (y) + vy on(y),
)?ions ( ) )(0 cons (},) + y)?l cons (7/)
=X

)Zgons( ) Ocons(},) +U}(lcons(y) + 1/2){2“’“5( ) (24)
Here the O(1°) terms, namely 7", 75°* and all the
708 (y) (n > 3) are known from the probe limit of a test
mass in a Schwarzschild background. See, e.g., Eq. (8.1) of
Ref. [16]. For convenience they are reproduced in
Table IV below.

The v-polynomiality structure of Eq. (2.4) ensures that
the corresponding impulse defined by Eq. (2.2) is a
polynomial in the two masses [as indicated in
Egs. (1.10), (1.15) and (1.23)]. More precisely, we can
rewrite the conservative impulse as

XCOHS
Ap{™™Ht = =2P_ .. sm( 3 ) ek

cons

2@, (2.5)

sin(%
E

= =2mymypg,

with the unit vector

){COH%

= b, = cos)(Com b + sinZe2 S (2.6)
where
2
vy -1, . .
n = (mylt| — myith). (2.7)

E

¢ can be identified with the vectorial eikonal impact
parameter used in Refs. [49,50].

In this decomposition both L and €y are polynomial
in the masses (see Eq. (11.21) of Ref. [45]), as shown in
Appendix C.

The total radiative contribution to the impulses is
obtained in the TF approach as a sum of various contri-

butions, namely (see Sec. XIII of [45])

2
Aprrtot )(rrrel Apzons 4 —= AP pgut a APCJﬂ. U
d)(cons g Pcm g Ea Pc.mA :
_f ;ad (pggtEP’rjad) U + Apnremam’ (28)

where the first contribution is the usual linear-response
contribution with [51]

1 a)(cons
rrrel — _ [
“ _QaEm

1 a)l,COHQ
2 oJ

——J rad)’ (29)
where the next four contributions are linked to recoil
effects [44,45],

E\Ey
EPcm.

AP, =— E.q, (2.10)

and where ApTTman (which starts at order G*/c'%) was
introduced in Eq. (12.21) of Ref. [45]. As shown there, the
latter “remain” contribution is constrained by three differ-
ent requirements: (i) the antisymmetric constraint (12.23)
of Ref. [45]; (ii) its second—gravitational—self—force3 (2GSF)
character, i.e., the fact that it contains a factor m; and
(iii) the property of canceling the non polynomiality in
masses of several terms entering Eq. (2.8). [Indeed,
Eq. (2.8) contains denominators such that E£,, P_,,, and
E which, considered by themselves, violate the mass
polynomiality of Ap,.]

It was shown in Sec. XII of Ref. [45] that the require-

ments (1), (ii), (iii) determine most of the structure of

Aprfremain” at orders G* and G°, modulo a supplementary

0(G®) term denoted ApT™™ " **? ¥ below. In other words,
we have

3As shown below, there is a distinction (as well as a relation)
between the usual concept of 2GSF (linked to the square of
radiation-reaction on a particle of mass m;) and the notation
1SF/1SF/2SF introduced by [43] and used already in Eq. (1.15)
above, and Eq. (4.7) below.
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Aprr remain p _ Aprr remain P pt + Aplir remain sup /4’

1 1 (2.11)

rr, remainP*
rad

where Ap,
TF approach, and is linear in P

~ G* + G is fully determined by the

* 4> and where
A pirremain sup u _ G 5o remain j1 (GO 2.12
D1 _ﬁmlmeb +0(G°).  (2.12)

In view of the decomposition (2.11) it is convenient to

gather all the contributions linear in P¥ , and to define

rad’
) 1 gyeons d
A mlinPrg  — _ Z E A peons
Pa " 2 OF rad d)(cons Pau
+ AP, out _ m_ZAPc.m. U
P o E, P.n. g
u Jr
E E
+ Aplemain P (2.13)

The total impulse is then naturally decomposed in the TF
formalism as follows:

APZ _ Apzonsu + Aprarlinjmdy

+ Aprt'lrliandy + Aplirremain sup ’ (214)

Here Apj™# s the part of the linear response formula
that is linear in J,q, namely,’

1 a)(cons d '
————Jpa———APLY™ 2.15
2 o) rad p ( )

rrlind g
Ap rad — an s

a =
d cons

while Ap§™n#  defined in Eq. (2.13), is linear in the
radiated four momentum P% ;. We recall that the last term
Ap P M in Eq. (2.14) starts at GO [see Eq. (2.12)].
The decomposition (2.14) generalizes the structure that was
already present at G, see Eq. (1.16), where the radiation

The mass polynomiality of Apg™* follows from the

v-structure of the conservative scattering angle displayed in
rrlind g

Eq. (2.4) above. The mass polynomiality of Ap,
follows from the v-structure of J,q enunciated in
Refs. [44,45], see Eqgs. (7.18) and (7.19) in Ref. [44]
and Eq. (10.3) in Ref. [45] namely,

Ju(y.v) = h"J, + h""'VE,

= () +udh(p) + -+ TP A, (2.16)
where d(n) is the integer part of (n —2)/2: d(n) = [%5%],
and where the coefficients E, and J, denote the PM
expansion coefficients of J,4 and E_4 defined in
Eq. (1.22). In particular, the latter polynomiality rule yields

"y = Js(y),
WJ5 4 WPvEy = J5(y),

Iy 4 BvEy = 1(y) + vJi(y). (2.17)

rr linP,

Finally, the mass polynomiality of Ap,

the structure of Aph ™" m together with the mass
polynomiality structure of P, which also implies v-
polynomiality rules of the x and y components of P .
as discussed in Secs. X and XI of Ref. [45]. Let us, in
particular, recall the v-polynomiality rule (which follows

from Eq. (11.18) of Ref. [45])

nd follows from

E, = "E, = Ppy(v). (2.18)

III. COMPARISON BETWEEN THE 0O(G*) TF
IMPULSE AND WEFT

At order G*, the three contributions (conservative, linear
in J 4, linear in P 4) of the TF-predicted impulse, namely

reaction part given in Eq. (1.18) is linear in J, and Ej. ApSHH = [ApLmst 4 Apiina 4 A pTlinFua) (3 1)
Each part in the decomposition (2.14) has the property of
being polynomial in the two masses. read
A G*consp P X 1
P — T4l em. SlnTex|G4’
422 cons 7 ~cons
Ghrrlindygu G MiM5 (my + my)y 5 . fu Jy CONS\2 (1 (my 4 my)7$ u
Apl - b4 |: (}/2_ 1)3/2 ‘]3b 2(},2_ 1) 1 ) (m2u1 m1u2)+ \/m b P
Grrlinpogu _ Gmim; B4 bl st -, (mitm) s
ApST inProa _ b—412 m Pyb" — (y — 1) (my — my) Pt it + (y + 1) (my + my) P51, + flP%H[Zy)(l
+ (- 1);/1}13"] : (3.2)

*As discussed below, contributions nonlinear in J g start at order GO.
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Here, Ap/ at order G*, has been expressed in terms of Js,
J3, and of the form factors Py, (y), P,_,(y), and P,(y) of
P4 defined as

Plhy=P,b" + Pyl + 1) + Py (i — i), (3.3)

with mass-factorized expressions at orders G and G*. At
order G* only one function of y enters. Indeed, P$’ = 0,
P, =0 and

2

3,2
G’mim; 45

2 =73 1+2(7’)~ (3.4)

At order G* the various components of P’ ; involve (after

factoring the masses) three functions of y, namely

G*m?m? N
Py = sz(mz —my)Py(y).
G*m?m? N
PY, = 7174: 2 (my —my) Pl 5 (y),
G*m?m? N
P1G<:2 = # (ml + mz)P?+2<7)- (3-5)

The form factor P3_,(y) is related to E5 = h*Ey = (> —
1)*/2E(y) by

p?ﬂ(?’) = ﬂ

, 3.6
y+1 (3.6)

while at order G* we have E, = i’E, = E} + vE}, with
the relations

_ 1 Ej
4y=1)(*-1)*

< 1 4E+E]
p _ 4 4
AR e

It is convenient in the following to decompose the
various contributions to Ap, according to the mass poly-
nomiality as in Eq. (1.23). Each Aph .y, b, iy, 1) will be
decomposed along b*, it", ity according to the following

notation

(3.7)

Aphsgly. D, i8] 1] = B 357 (y) + it 357 (v) + 1t f35F (7).
(3.8)

where, the index n takes the values n = 0, 1, 1, 0 at G*, and
the values n = 0,1,1,2,0 at G°. [Here, the notation 1SF
refers to 1SF.]

The G* contributions to the various f°F (y) (suppressing
an overall factor G"/b" to ease notation) predicted by the
TF formalism have the following structure (in which the

general notation K refers to contributions known from
. 4 .
lower PM orders, e.g., in ff TEISE g stands for a function

involving yy, 75, )(2“’“5, and J,),

G*TF,1SF 2 _ 1 TN
- _ Icons __ 1cons‘]3 + K,

=TT 5 X X
b (72 _ 1)3/2 4 (y2 _ 1)3/2

4
fG TF,1SF —K

iy ’

ngFlSF =@y-DPl,+ @+ 1P, +K, (3.9)
while the TSF contributions read
G*TFISF __ pa4 2 ~ Leons
b — Pb —_ ml4€0n§
1 R
~1 o
e 15 + K,
G*TF,1SF
fi, =K,
FOEE = —( = DL+ (r+ DR, + K. (310)

One can recognize on the rhs of Egs. (3.9) and (3.10)
above the origin of the various contributions. For instance:

(1) the terms o 7i°" come from the conservative

impulse Ap{°™; (2) the terms j3 come from Ap”ﬁn]md,

while (3) Fhe terms o P} 100 X P!, or « P} all come
from Apj "Fra
At the G* order, the conservative contribution to the

impulse A pS°™ has the same meaning in TF and in WEFT.

The exact value of A p?’com has been computed in
Refs. [27,30,31,52]. The corresponding conservative TF
impulse (which was computed earlier at the 6PN accuracy
[44]) was found to be in full agreement with the WEFT
results, up to the 6PN accuracy.

At this G* order, the radiation reaction contribution to the

impulse A paG4rr can be defined both in TF and WEFT as
being

Ap?”" = Ap?” - Ap?”“s”.

(3.11)
The exact value of Ap¢'™ has been computed by
Refs. [41,53].

Reference [41] used a decomposition of A p?‘" in terms
of dissipative-1 rad and dissipative-2 rad contributions,
which are defined by their character under velocity-
reversal: the 1 rad part being T-odd and the 2 rad part being
T-even. A similar decomposition makes sense in the TF
approach and was used in Ref. [45]. In particular,
Eq. (12.34) of Ref. [45] at the G* level has shown that
the radiation-reaction part of the b-projection of Ap;,
namely Ap%™ = Ap ¢ — Apso%, was given in the TF
approach by

044002-6
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Ap?;rr _ Aprr,lin—odd + Prad

1bG* "y — e (312)

where A p‘fbgﬂ} ©odd js T-odd while P“‘G4 is T-even. In
terms of the decomposition in Eqs (3 1) and (3.2), the TF

T-odd part is equal to

A rr, lin-odd b" . Aprrlinjmd + l’]‘ . Apll‘rliand
- 1

Py T—odd’ (3.13)

rrlinP g

where the T-odd part of bh-A 2 is obtained
from the third Eq. (3.2) in the following two-step way.

First, one replaces 13}‘; on the right-hand side of
Eq. (3.2) by

h4
(r*—1)

where P* and IV’)3, are related to the 1/ expansion of

Py =~ (=PY+29mF),  (3.14)

P, = Pyg,eh, Py = Pyg,el, (3.15)
in the following way
}’l
Px:(m2_ml)2 —:
n>4
Pn
Py = (my—m)?y = (3.16)
n>3 J
We recall that the unit vector ¢4 is defined as
i =b =co )(com ACoNS pk t sin Icgm nt,  (3.17)

see BEq. (3.49) in Ref. [44]. As a consequence €; has a
nontrivial PM expansion so that

=0+ Gl ., (3.18)
which implies, in particular, that [P,]¢" is the sum of a
term proportional to P,]G4 and a term linear in PrGafj [as was
already exhibited in Eq. (3.14)].

In addition, Iv’i in Eq. (3.14) is given by (see Eq. (7.15)
of Ref. [44])

Y y—1
Pi=|—E;, IE
y }’+1 3 3

In the second step of the definition of the 7-odd part of
b - Ap""™ = one sets to zero the term proportional to P

=Ey=(r?=1)/%E(y). (3.19)

(which is T-even, contrary to the IV’; term which is
T-odd).

This leads us to the following identifications between
WEFT and TF quantities

4diss rr, lin-odd
Clbirad = AP Pipgt
m
4 diss 1 rad
lora = P (3.20)

In the latter equation [as well as in Eq. (3.12)] the notation
P, =[P P,]%" denotes the G* contribution to P, = Py,q €k
(without factoring masses or symmetric mass ratio),

so that

r . Gt "
ang4 = [Px]G — X (my — m1)mf’x. (3.21)
Using the explicit expression for Ap(; i lin-0dd oiven in

Egs. (12.37) and (12.38) of Ref. [45] we get from the first

equation above the following TF-predictions for ¢S

4 2
et = G { my -+ ) £0) 0
3. . (5r2=1) 2rr -1
—717412(7/)(3/2_1)3/2—13(7)(},2_1)2]

—mE(y) (3.22)

2y —1 }
r+ vy -1
In this relation we see that the TF formalism points out the

presence of angular momentum losses of G> and G* orders
in ¢ . In particular, focusing on the 1GSF projection,
i.e., the coefficient of m?m3 of this equation, we can obtain
an expression of J3 in terms of ¢, 157 together with the

G? angular momentum loss and the G energy loss

€= = 13/2) This yields
= 1>
4

J3 = C*arccosh(y) + C*  at (

1

+Cn (%) , (3.23)

with
o 7(27/2 3) 52405
—70y° +288y> +19y —48),
ey 3y(10y° —27y* +20y% -3)
-0
1

Chn :Zﬂ(35y5 —90y* =70y +16y% + 155y-62), (3.24)
which indeed coincides with the result obtained
in Ref. [40].
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Finally, the second line in Eq. (3.20) points out
the existence of a simple proportionality relation
between c{s% ; and P™,. This TF-predicted relation is
indeed satisfied by the WEFT result for c}dss

of Ref. [41].

IV. TF-PREDICTED STRUCTURE
OF THE 0O(G®) IMPULSE

At order G° the TF formalism predicts that the
impulse contains again three main contributions: a
conservative one, a term linear in J,q and a term linear
in P,,4. However, at order G° we have to take into account

the presence of a supplementary  contribution

Apﬁrremaln sup ,Ll’ namely

APZ _ Ap;onsy —{—Apg]injradﬂ

+ Apl('lrliandy + Apl;remain sup y‘ (41)
Separating out the supplementary contribution
IT remain su GS 5 inf
ApyT R = T i 4 0(G9). (4.2)

bS

the linear-in-P,,q contribution at order G° is given by the
right-hand side (rhs) of Eq. (2.13) where the last term,
ApimainPuak wag given in Ref. [45] as the sum of four
contributions given in Egs. (12.53), (12.62), (12.67) and
(12.78) of Ref. [45], describing its components along the
basis 5, (u+uf) and (u} —u). Explicitly (using
Eq. (A8) below),

Gorrremain Prgp _Gorrremain Pryg fiu Gorrremain [, ¥ u

Ap, =Cp b+t (uf + u5)
G°rr remain (1 Iz

+crs () — u5),

(4.3)

where

(S)u p

5 A
AP = mymy(m3Apltly, B, it i) + mym3Ap

5 NI I 5
+mimyApSy B i ily) + miApSr

,(r+1)

G rrremainP G 3.3

Cip ﬁ"’ﬁmz(’“l‘f‘mz) Tpr5(}/),
G’ i G 3.3
cgremin s (= my) ()
(2r*-1)
X—————=Dxc*\V),
Ez\/ﬁ G( )
- G 2r=1)+1)
G rrremain __ 4 4
c =2—mims———"
1-2 po 1 i y2—1 PxG4(}’)
G 2r-D(r+1)
Fosmim =P (r). (44)
(r=Dvr-1
Here we introduced the notation
G*m?m?
{PX]G4 = TJZ (my —my)p (7).
s Gmim3i(my +m,)
{Px]G = ! zbs (my—my)p,es(y). (4.5)

Let us note that, when gathering both the G* and G’
contributions, the remain-P,,4 contribution to the impulse
lies in the direction of the €% vector and can be written in the
simple form

T remainp J/+1 G4
Ap|™ Fra — m%m%(ml + mz)iEz <b4 P (7)
GS
+ﬁ<m1 +my) s (7))

y+1P¢ +PY
E2

= mymy(m; + my) (4.6)

my—my
We have explicitly checked that the TF predicted impulse,
which in its original definition given by Eq. (2.8), for Ap,
at 5SPM contains 1/E? = 1/(m?} + m3 + 2ym;m,) denom-
inators [as well as 1/(m; + m,)*" coming from the powers
of vin 7™, Eq. (2.4)] simplifies (because of the additional
Ap@'mremain termg) to a purely polynomial-in-masses
expression of the type

Ty (S)u VU v

5 A A
(15)15 [y, b*, i1y, 5] + m%m%Apst [y, b*, i1y, 1))

iy, i),

7, b, uy, Uy

5 5 Ay v . 5 Ay v v 5 Al v .
ApS = mymy(mi Aputly, —B" i, )] + mom3 Ap\yr [y, —b", i, it!] + mAm3ApSyy, — b, s, i)

(S)u

+ m3my ApO¥ ly, —b i, i) + mi AL

SF

SF

[, 0" ith. ity). (4.7)

Each Ap{J¥[y. B 1" "] is then decomposed along B, ii", it* according to the following notation

5 NIRRT n 5 . 5 . 5
APl B i) = 55 () S () + i (),

(4.8)

uy U
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where n =0,1,2,1,0.
The OSF and OSF contributions are defined by the probe
limit and must satisfy the constraints

G5,0SF __ ,G°0SF 0SF __ _ rOSF
b —Jb ’ [T iy °

OSF __ ) _ £OSF

GS,th2 - - Gs,ﬁl . (4'9)

They are explicitly given in Table V of Appendix C.

In other words, the TF approach predicts explicit forms
for all the y-dependent coefficients, say f9F, ... f25F, .
entering the 5PM impulse, Eq. (4.7), in terms of the basic
TF ingredients ", P,rf‘d and the center-of-mass angular
momentum loss /4. The new ingredients entering at the
O(G?) level are the following nine functions of y: 71" (y),

7). B0, Tir). B ). PYL (). BY(r). PLa(),
and ffs remain (1) - As discussed later, the latter quantity
[which was defined in Eq. (2.12)] is degenerate with an
additional term in the O(G?) conservative scattering angle,
7. The four, P% -related, functions of y, namely P3(y),
P 5(y), Py (y), and P! '1»(y) are defined such that (see,

1427
e.g., Eq. (11.8) in Ref. [45])

GO m2m? o
=—12(my—m,)(m; +my) P} (y),

—my)(my+my) P35 (y),

3 (- m) [P (n) + PG () (4.10)

Denoting generically with K “known terms,” we find at

1SF, 1SF, and 2SF levels the following results:

5 2~1cons jO
= ;(5 27 5)(214 7 H K,
(=10 -1

f€}5.]SF =K,

FOSE = (=P, + (r+ VP, + K, (411)

1 cons

Tox:
(-1

G3ISF __ $5 2)(
v
FONISE _ g

uy

2+K?

G, 1SF
fuz

=—(r-DPL,+ @+ )P, +K, (412

and

gs ,2SF beS remain + PZ _ (yz i 1)25@ cons
2
~2cons
TS
2 %0
- Ji— JL+K,
-1 (P 1)2 )
G’ 2SF
fu] K’
FOPF =+ 1DRPY, + L) + K. (4.13)

These TF-predicted results satisfy the constraints coming
from the linear momentum balance, namely

PL = —Ap| — Aph. (4.14)
This linear momentum balance implies the following

constraints between the expansion coefficients of the
impulse and those of the linear momentum loss

( ) fG‘ ISF fG5 lSF’

A 1 5 5 1QR 5 5 1QF
s _ GS.ISF_ (GSTSF _ ( +GSISF _ G5 ISF
—2(7)—2(7_1)[fu1 _f,;] _(fgz _f,;2 )]s
A 1 5 5 1QF 5 5 1QF
P50 GS.ISF | (GSTSF | (GS.ISF | (G5 ISF
Pyis(y) = 3 +0) Ay A o MR Al I
A 1 5 5
SN G5 2SF | (G5 2SF
P1+2(7’)——y+1[(fr4, +fa, ")

5 5 1SE 5 5 1SE
_(fg ,ISF_|_f€} ,ISF+f€} ,ISF+f€} ,ISF)].

uy Uy u U

(4.15)

Remembering that at any given PM order the mass-shell
constraint

0=(p")? = (P1)* =2p1 - Api + (Ap))%.  (4.16)

determines the iz; component of Ap; in terms of lower G
contributions (i.e., f“SF K at any PM order) we see that

the relations (4.15) uniquely determine f}°F and f}ifF in
terms of P4, namely at G°,

fGSISF P502—|—P 2+K
P By 4 PR, 4 K.

FESE~ P+ PYYL, + P+ K (417)
while they only determine the difference between f§’'SF
and fGSISF

fEISE _ fGISE L p, 4 K. (4.18)
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On the other hand the balance equation (4.14) gives no
constraints on G 2SF,

It is easily seen that the TF derived results (4.11), (4.12),
and (4.13) are compatible with all those constraints. Note

for instance how the same combination

~1 cons

2¥s

(r*—1)?

enters both fG'1SF and fG°ISF,

lezot
(-1

(4.19)

V. TAIL-OF-TAIL EFFECTS AND THE
APPEARANCE OF p_,-ODD CONTRIBUTIONS IN
THE CONSERVATIVE ACTION AT G°

As mentioned at the end of the introduction and
summarized in Table I, there is a progressive loss of
Poo-parity property of the impulse as the PM order
increases. In the previous section we showed how at order
G* it was still possible to identify the conservative (and p, -
even) part of the dynamics in various formalisms, TF and
WEFT, and to uniquely separate the radiation reaction part
in p-odd and p-even parts.

A new feature happens at order G° (see Fig. 1) because
of the arising of nonlinear hereditary (tail) effects. We recall
that the presence of tail-transported hereditary (nonlocal in
time) effects in binary dynamics was first pointed out in
Ref. [54]. Such effects are included in the MPM formalism
when solving for the metric at higher PM orders [55]. Tail
effects, related to the scattering of gravitational waves by
the total energy E of the binary system, arise at various
orders in GE. Linear tail effects include only one power of
GE (and first arise in the binary dynamics at the G*/c®
level, i.e., 4PM and 4PN, see [54,56,57]). Quadratically
nonlinear tail effects [55,58] (henceforth called tail-of-tail,
tail-squared or quadratic-tail) involve two powers of (GE).
They first arise in the binary dynamics at the G°/c'! level,

o a |-
_—
ol o) |
(a) (b)

i.e., SPM and 5.5 PN as was progressively understood in
Refs. [59—62]. The conservative part of the binary dynam-
ics mediated by quadratic-tail hereditary effects was
described at 5.5PN order by an action involving “split”
bilinear expressions in the (even parity) quadrupole
moment of the binary system [14,63], see Eq. (9.19) in
Ref. [63] and Eq. (12.2) in Ref. [14] and Eq. (12.2) in
Ref. [14]. See also Refs. [64,65] for a derivation of the
corresponding quadrupolar tail-of-tail, Schwinger-Keldysh
(doubled-variable) nonconservative action.

Generalizing the derivation of the quadratic-tail, even-
quadrupole conservative action of Refs. [14,63] to general-/
(even-parity and odd-parity) multipoles, we get the follow-
ing conservative quadratic-tail, or “tail-of-tail,” nonlocal
action. This action can be written (modulo integration by
parts) in two forms: a manifestly time-symmetric form

involving the logarithmic kernel ln# (where r( is an
o

arbitrary scale which actually does not contribute to the
nonlocal part of the action), namely

. . 1 /G 2
Stail—of—tail _ — ( M) GZ CZ-IH peven / dt

time—sym 2 3
C
>2

O 42) o 142) g L= T
X ar'ly, ()1, 7 () In
—o0 27’0

1 /GM\2 b
+§(7) Gzczmﬁldd/df

>2

O (142) N S (142) M
X drJ, " (t)J;. (7)) In , (5.1)

o 2}’0

or a nonmanifestly time-symmetric (“time-split”) form
involving a scale-free principal-value integral, namely

ail—of —tai 1 (GM 2 © dt spli
Eeotpt :1<7> G/df/_ 79"“(& 7), (5.2

~
\ E """"""" L]
AY A}
\ \
- \ \
N v \
St )
\:‘ 1
'
e 1
- i '
] 1
I 7
‘ ’
’ 4
/2 70 [ S,
E »
.
L

(©)

FIG. 1. Sketch of the various quadratic-tail [panels (a) and (b)] and tail-of-tail [panel (c)] diagrammatic contributions to the nonlocal
(radiation-zone-mediated) effective action of a binary system. They start at order G° and get contributions from all multipole couplings
(here indicated as Q).
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with
GP(1.%) = 3 A9 9)
mw“?(» (53)
where
G(e7) =100 e+ 1) - 1P (- 1)),
G(t.o) =1V O P+ 1P -0 (54)

Here, M = E/c?, I, and J, are the even- and odd-parity
source multipole moments (as defined in the multipolar
post-Minkowskian formalism), and a; and b; denote the
coefficients entering the even and odd multipolar parts of
the energy flux [1]

I+ D(+2)
STV SIS SITR
41(1 + 2)
EDEDICE I

bl:

(5.5)

In addition ﬂgeven'(’dd) are the beta function coefficients
describing the scale dependence of the multipole moments.

ﬁ;even) was first computed in the Appendix of Ref. [54]; its
meaning as a coefficient related to scale-dependence was
then pointed out in Ref. [58] and understood as a renorm-
alization-group f coefficient in Ref. [10]. According to

recent works [66,67] the odd-parity /JIOdd
their even-parity counterparts.

We recall that linear-tail conservative (time-symmetric)
nonlocal actions are logarithmically UV-divergent and must
be completed by corresponding nonlocal, time-antisym-
metric radiation-reaction terms which are UV-finite (see
Sec. VI of [56]). By contrast, the quadratic-tail conservative
nonlocal actions, Egs. (5.1) and (5.2), are UV-finite at
# —t=1=0, and must be completed by corresponding
(in-out) multipolar radiation-reaction terms which are
logarithmically divergent.5

The leading PN order value of the action (5.3) in
Refs. [14,63] is obtained by using f, = — 3¢ and a, =1

i _ _107 _p
and reads, with B = 05 = 2

s are equal to

>The latter, external-zone, logarithmic UV-divergences will be
compensated by corresponding IR-divergences in the matched
source multipole moments.

Stall—of —tail _
quadrupolar —

_1oc (G/;/l) /d[

<1t )/W[l( t+2) -1 (1-7))]

- 1oc (GM)/ /—g2m (5.6)

The 5.5PN and O(G®) level contribution to the
conservative scattering angle induced by Eq. (5.6) was
computed in Ref. [13], see Eq. (5.10) there, and found to be

95872 pS,
X55 = —V—/—— ]5

6
675 +0(@).

(5.7)

Compared to the leading, Newtonian-order scattering

angle yy ~ é ~ 2,7(2}:‘!{ , the latter, leading tail-of-tail contri-
G_M)S

bution is ~|pel(

i.e., it is smaller by a factor

(@) (GM)4  As emphasized by our notation, it is the
b

absolute value of p,, which enters when expressing ys s in

terms of the impact parameter. This can be clearly seen

when starting from the manifestly time-symmetric version,

Eq. (5.1), of the leading-order tail-of-tail action,

8 ffdtdtl o1 )( ) In< Cl’ t‘ . We will prove below that

the term yss, Eq. (5.7), together with several other TF-
computed terms, is included in the recent G° 1SF result
of Ref. [43].

VI. COMPARISON BETWEEN THE O(G®) TF
IMPULSE AND THE 1SF WEFT RESULTS

We have presented in Sec. IV above the TF ingredients
entering the 1SF O(G?) impulse. Namely, from Egs. (4.11)
and (4.12),

(1) The O(v') contribution to the 5SPM conservative

scattering angle: 71" (y);

(2) The O(2°) contribution to the 4PM angular momen-
tum loss: J9(y);

(3) The O(G?) (mass—factorized) component of Pk,
along u{ — u5: P}, (y);

(4) The O(G®) (mass-factorized) component of Pk,
along b*: P3(y);

(5) The O(¢°), O(G®) (mass-factorized) component of

Py along 1 + sz P05 ().

In other words, a PN-exact comparison between TF and
WEFT at ISF would require the knowledge of five
independent functions of y. However, the TF formalism
gives only access to the PN expansion of those five
functions. The current PN knowledge of these functions
in the TF formalism is the following:

(1) jieons(y) has been computed in Refs. [13-16] up to
the absolute 6PN accuracy (including the tail-of-tail
5.5PN contribution highlighted in the previous
section),
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STE T 5p3 10p. 60 8 4320 1447 " 45
( 782142451 111049 , 74432 195872

1 I
502000 T 960 * 525 M pw))pw 2 675 P

57623004613 184881 , 881392 ; ¢

e 2121 19457 41 5211479 5069 , 6272 X
= T\~ tg 7 )Pot |- -—=In(2py | | P&

where the extra factor 1/2 in the 5.5PN tail-of-tail contribution comes from the definition of },, Eq. (2.3).
(2) J9(y) was computed in Ref. [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

0 176 8144 448 , 93664

J 4TF(7’) = .

= Poo t o Pl T Do — me P T

1184 4955072
6 7 8

5 1575 21 P> " 21275 P

In addition, Ref. [68] recently computed the even-in-p, part of J9 to all PN orders, with a result whose PN expansion
reads

jo 448 . (1184 431936 \ . ( 13736 1267360 8S7IS2 )
deven = "5~ Poo 21 1575 7)) P 315 1575 1575 © )P

(724868 3100472 4544 , 472256
- v

10 12
17325 T 12125 Y T 315 Y T 505 >P<>o +0(p). (6.3)

Therefore, we can combine the two results to reach the (absolute) 6PN accuracy in the knowledge of J9;(7), namely

176 8144 , 448 , 93664 o 1184 (4955072 , 13736

jo _ — - 8 +0(pY). (6.4
dcombined (7) 5 P05 Poo T 5 P~ a7 P T o1 P~ oyp5 Po 35 Pt (Ps).  (6.4)

(3) P7_,(y) was computed in Ref. [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

2
o

5 ) 82z 52077 9397° 1491z 9632397z <136O371’3 9027437t>
1—2Y - - 0

:15p20_630p00+ 280 400 40320 7 B

4480 33600
15917 (po) 3137 48095733237

- log( 2= - 3+ 0(ph). 6.5
<980 Og(z) 120 " 434649600 >p°°+ (Pe) (65)

“4) Isf,(y) was computed in [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

. 64 3772 27392 30208 856768 342972 462592
By =-—15-5+- - p - - & 2
3p2 20 525 225 P 33075 1120 )P T 7875 P

( 74417152 7915ﬂ2>

_ _ 4 5
363825~ 2688 ) P= T OWP=)- (6.6)

®)) 13? fz (y) was computed in [45] up to the 5.5PN absolute accuracy (fractional 3PN), namely

p50 )= 61z 34073z 1 2977% 23923z ( 310297° 148499771)

2 =55 T 680 pn | 40 2880 2240 11200 )P
105937 (pe) 9973  34695068413x
- log( 2= 3 4. .
( 700 °g< 2) 20 620928000 )p =+ 0(rs) (6.7)

Injecting the 6PN accurate results for 7I™ and for J9, i) in Eq. (4.11) we found perfect agreement for £G'SF with
the (1SF, WEFT) results of Ref. [43].
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This agreement is remarkable in view of the presence of
both T-even and T-odd contributions in )(1 consand
J9 ombined (7). The T-odd contribution in y1¢" is linked
to the tail-of-tail effects discussed above, while the T-odd
terms in J$ come from time-asymmetric contributions to
the angular momentum loss.

Reference [43] has computed the all PN order values of
P, PP fz- The latter three observables are respectively
denoted in [43] r, r, and r3. The TF-computed high-PN
expansion values of 13? —2s P3, ﬁifz displayed above nicely
agree, within their accuracy, with the results of [43].
Evidently, one can use the latter results to complete the
TF-computed results for those three observables to any
needed accuracy. For instance, Ref. [43] allows us to get the
next 6PN level terms in

. 99136
Pl57|6PN = _—2625 Pgo,

B o — 4118497z 4045977\ |,
1-216PN =\ 44800 3584 )P

P 1003497° 18150897 (68)
Piialeen = 17920 26880 oo :

Let us finally emphasize that the TF formalism predicts
the hidden presence of the angular momentum loss .72 and
JA}‘ in the b-component of the impulse, see Eqs. (4.11)—
(4.13). However, it comes together with the G’
conservative scattering angle 71", At order G* we could
|

explicitly check the hidden presence of J,,4 because 7g°"
was separately known, see Sec. III above.

As soon as the WEFT formalism will compute the all-
PN-order value of J9(y) then one will be able to read off the
exact value i from the current 1SF G° results
of Ref. [43].

VII. PREDICTIONS FOR THE 2SF-LEVEL
IMPULSE

We have presented in Sec. IV above the TF ingredients
entering the 2SF O(G?) impulse. Namely, from Eq. (4.13)
(1) The O(v') and O(v?) contributions to the 5PM
conservative scattenng angle: 71 (y), 72 (y);
(2) The O(°) and O(v') contributions to the 4PM
angular momentum loss: j4( ) and J4( );
(3) The O(GS) component of P along b*: P3(y);
(4) The 0( 0) and o), O(GS) component of Pey
along | + u} P?fz( ) and ﬁ?iz(y)'
(5) The supplementary contribution
f}?s remain (7) )
In other words, a PN-exact comparison between TF and
WEFT at 2SF would require (beyond what was needed at
ISF) the knowledge of three independent functions of y,

namely J}(y), P71, (r), 72°™(y). However, the TF formal-
ism gives only access to the PN expansion of those three
functions. Namely, the current PN knowledge of these
functions in the TF formalism is the following:

(1) 72°°™(y) has been computed in Refs. [13-16] up to

the absolute 6PN accuracy and reads

tO Apremam

11 59 10681 41 1408 365555 23407
~2cons _ 22 3 n(2 _ 2 2 5
ZE m+ 107 ( 124 24”)”°°+(45 n(2p) 15d 6043 5760”)poo
2 2273170241 1219303 , 6944
v — In(2 7 8). 7.1

J}(y) was computed in Ref. [45] up to the 5.5PN
absolute accuracy O(pl,) (fractional 3PN), and its
knowledge can be raised to the 6PN (O(p%,)) level
by using the results of Ref. [68]. This yields the
combined result

(@)

. 208 988 13312
1 _ 3 5 _ 6
Jalr) = =5 Pet 3 Pa = 555 P

5458 o 208

SARL 72

1575 /% ~ 355 P %+ 0(p)- (7.2)

(3) P}!,(y) was computed in Ref. [45] up to the 5.5PN
absolute accuracy (fractional 3PN), see below.
Concerning the supplementary remain contribution,

fG remain (1) it was pointed out in Ref. [45] that it could

start at the SPN level, i.e., its PN expansion would a priori
read

G,
7) = ¢ suppoo_’_f2 ,sup

+ T3 4 0(phy).

2

00

fg}S remain(
(7.3)

We see from Eq. (4.13) that the supplementary f§ *main (y)
term is degenerate with 72°"(y) and can formally be

absorbed in a redefinition of the 72°°™(y) as follows
A 4 cons 1 -
B0 =m0 + 5 (). (14)

However, from the TF point of view, the p structure of
729" (y) is not arbitrary but is predicted by the structure of
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the local-in-time and nonlocal-in-time contributions to the
dynamics. On the one hand, one expects the local-in-time
dynamics to be T-even (and leading to a p.-even
conservative scattering angle). On the other hand, the
nonlocal-in-time contribution to the conservative dynamics
has a p-character dictated by the structure of the tail-
mediated interactions. We saw above that tail-squared
effects, connected with the action (5.6), lead to p.-odd
contributions to the scattering angle However, at the 5.5PN

level [corresponding to the term f5 NP2 in Eq. (7.3)] we
|

+8777r 2
400 )=

Pl S L 6427 9397
2 T, T 0080 P 560
| (b 190387x° 14186677

2 4480 33600

The presently known 5.5PN level knowledge of P? +2( )
corresponds to the first four terms in the latter equation, up
to the term o p2,. For information, we parametrized the
next, 6PN-level term,  p% in the latter equation, by the
(currently unknown) coefficient Eé’g entering the O(v) term

in Es = Es5(y,v) defined from
GE;, G*E, GE
Erad_Mvz( Sy ,55+...>, (7.6)
j J j
|
122 13831 933 29772

ESSPNfrac _ ) _ 4 5
5 5 P\ 280 " 10 )P 20 P

)pi§,+

have seen above that the conservative scattering angle is
linear in v and therefore does not contribute to the presently
considered 2SF level in f¢.

Finally, at the 2SF-level, the TF approach makes
predictions for the beginning of the PN expansion of
two independent functions of y: fG 25F and P? +12( ) (the
latter corresponding to the quantity denoted as 7, in [43]).
The value of P!, (y) has been computed to the absolute
5.5PN level in Ref. [45] and reads

405973
1280

2554917\
10080

0(p%)- (7.5)

with (denoting below the fractional PN accuracy such that
nPNabs = nPNfrac + 2.5PN)

Es = ESSSPNMC + (E(s).9 + E§,9V + E%,gyz)l’go + O(Pclx?)7

L[(1500e 296\ 249932 9216] , 122692 | 76897
280 25 )Y 7 1120 35 |Pe 5 80 640 ' 480 )"

10593 10593, Poo 9972
350 °g< 2 ) 0 T 310464000

as can be read from Egs. (C10)—(C13) of Ref. [44] up to the
2PNfrac level, and from Egs. (6.5) and (6.6) of Ref. [45] for
the contributions to 2.5PNfrac and 3PNfrac, respectively.
The first (2°) and the last (z*) contributions to the next,

3.5PNfrac, O(p2,) term [as written in parametric form in
Eq. (7.7)] are given by

o 15777:2_@
3.9 1120 7 )

o 333997 888 '
39 280 25

29573617463] 8 }

(7.7)
where
206712 3 187559y 3 64579\
10 1680 5040 )
1823v 4059
(7.8)

I
Here EY, is known from Ref. [43], while E3 , follows by
using the v-polynomiality property (2.18)

ES Eg -+ IJEA%

Es = = Tl =T (7.10)

which implies that all the powers of v starting at 2> in Ej
come from PN-expanding the denominator in Eq. (7.10).
See also the Appendices B and D below.

The value of f, G*2SF i predicted up to the absolute 6PN
level and reads (usmg the corresponding PN expressions
for Jo, J3, J9, T4, PYo. PLo.PYo, P, oy, 250, 2300,

~lcons ~0cons

X3 X5 ks

~1 cons ~2 cons)
5
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G 2SF __ G 2SF,4.5PNabd

bTF  — Jb + Gy (db G gup)Poo + Cpa(f ¢ mp)Poo + Cb3(‘]45’ ¢ wp)Poo + O(Pio)- (7.11)
The 4.5PNabs-accurate TF contribution to f, G*2SF i fully predicted to have the following value
GS2SFasPNabs 12 64496 + 547> 832 1552 4812%\ 1 409888 9477\ 1
i =——+— — + —+ =) >
Po  Poo P 45pc 3 2 % 1575 5 ) P
25088 211312 190576\ 1  1489x% 2283544
——log(2 —— . 7.12
( 25 1082Pe) + == 135 > e 35 11025 (7.12)

Beyond the O(pY%,) level there enter several dimensionless
parameters that are left undetermined by the TF formalism.

On the one hand, the parameters f' sup fg Sup fG Sup

parametrizing f fsremai“ (7), Eq. (7.3), enter at the absolute
5PN, 5.5PN and 6PN levels, respectively. On the other
hand, the parameters c_l’gz and qf5, which respectively
belong to the absolute SPN and 6PN levels, enter the
above expression in the form

~(d§ )P+ (s )Pk (7113)
Though the full value of c_lg2 has not been yet determined,
the work of Refs. [69,70] (see also Eq. (9.42) in [44]) has
determined its transcendental contribution (which comes
from the exchange of potential gravitons), namely

-, 306545
dl/‘ —

2 at
5 =50 T T

(7.14)
where d2" is a rational number. Inserting the latter result in
Eq. (7.11) above leads to the following TF-based prediction
for the O(pl,) (5PNabs) coefficient C,; entering the
O(pls) contribution to £§" 25F(y)

8 112221208
C., = drat sup
TS Y 23625
42257 794624
log(2py)- 7.15
+t 3¢ T 1575 108(2ps) (7.15)
We note in passing that the coefficient of z* in the

combined result (7.15) is significantly simpler than the
one appearing in the original (not combined) expression.
Though only the p, In(2p,) term is uniquely predicted by
this result, it will be interesting to see whether the z2 term in
the latter result agrees with future 2SF-level G scatten'ng

results. If it is the case, we are entitled to absorb f U *ina
redefinition of the rational part, d£ of d’g ,

drdt/ drdt G Sup. 7.16

15 +/i (7.16)

|
At the O(p2,) level (5.5PNabs), the corresponding term in
F§°5F(7) reads

67876972

o 23783
b2 363825

+ fg» T 360 3360

2. (1.17)

As in the discussion of the O(pL,) term, we expect our

S . .
undetermined parameter fZG P to be, similarly to the

presently undetermined rational (nonlocal-related) contri-

bution to @4, to be rational. In view of the fact that f G sup

was an addition to the algebraically simplest solution to the
constraints (i), (i), (iii) above (see Eq. (12.51) in Ref. [45])
that have to be satisfied by A prf'mai“, it is even reasonable to

G ,sup

expect that f7 may simply vanish. An additional

5
argument suggesting that £ *"> might vanish is the fact

that the direct impact of the G? radiation-reaction force on
scattering proceeds via the O(G?*)y’= term whose square is
O(G") and not O(G®), see discussion in the Concluding
Remarks below. Indeed, the latter fact indicates that there is
no ambiguity at O(G?) linked to radiation-reaction squared
effects. In this case both the z° contribution and the rational
contribution in Eq. (7.17) should agree with future
2SF-level G° scattering results.
At O(p3,) the contribution to 25 (y) reads

8 ap | 64192021
Cr3 = 35q45+f 3 308700
28637 , 841216
n(2p.). (7.18
360 7 T 2005 MCPw)- (718)

Again it will be interesting to compare this TF-based
result with future 2SF G° results (contrary to the SPNabs
level parameter c_lgz the transcendental part of 6PN-level one
q’;fs has not been determined).

Let us finally emphasize that one of the defining
characteristics of the TF approach is to point out the
presence of the angular momentum loss in the radiation
reacted impulse. It would be interesting to understand this
occurrence within the WEFT formalism. Furthermore,
when the O(G*) angular momentum loss is computed it
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will be interesting to compare the 2SF-level TF prediction
to the corresponding 2SF EFT impulse result.

VIII. CONCLUDING REMARKS

In the present work we summarized the results of the TF
formalism concerning black hole scattering that were
disseminated in the series of papers that developed the
tutti frutti formalism (starting with Ref. [12] and including
[13-16]). We found a way to simplify the structure of the
TF-obtained radiation-reacted impulse by rewriting it in the
following form [see Eq. (2.14)]:

APZ _ Apzonsu + Ap;rlinlmdy

+ Apzrliandy + Aplirremain sup ’ (81)

cons jt rrling qp

Here Ap, was defined in Eq. (2.2) above, Ap,
was defined in Eq. (2.15), Apl™m# was defined in

Eq. (2.13) and Ap| "™ ™ # was defined in Eq. (2.12).
This form is a 4-vectorial generalization of the original
linear-response formula of Ref. [51] in that it decomposes
the total impulse Apl in: (1) a conservative contribution;
(2) a radiative contribution linear in the c.m.-radiated
angular momentum, J,,4; (3) a radiative contribution linear
in the radiated four momentum P% ;; and (4) a supple-
mentary contribution which starts only at the G° order.

Both ApT'™ei# and ApTinFrt gtart at order G2,

ApTiveit LGB 4 GH G5+ .

Apget G4 G+ GO (8.2)
By definition of the TF formalism, each term in the
decomposition (8.1) is polynomial in the two masses. In
addition, defining

cons u

0= Paout = mault; + APZODS”9 (83)

taking into account that p; o/ separately satisfies the mass-

1t cons \2 _ cons\2 __ 2
shell condition (pSy)” = (pS9)* = —my and remember-
rr linJ,

ing that Apl™# and Apl ™™= poth start at order G5,
Eq. (8.2), the mass-shell constraint on the total, radiation-
reacted impulse reads

0 = (piim + Apa ™™ + Apg ") = pl,
= 2 peons . Apra”infmd + 2 peons . Apg]inprad
aoul aou

+ O(G"). (8.4)
Each term on right-hand-side of the latter equation (which
starts at order G°) vanishes separately. We note that if one
extends the definition of the J,4 part of the impulse by
defining it as being the all-order G-expansion of, for

example, Ap[™™(y*"(J —1J4)), the so defined

. . . . lin.J,
radiation-reacted nonlinear-in-J,,q impulse, Ap|*""=,

would exactly satisfy the mass-shell condition. Any such
definition involving nonlinear-in-J,4 extensions of J dif-

fers anyway from Ap|°"™/= at O(GO).

At order G* we compared the TF predicted result (8.1) to
the state-of-the-art post-Minkowskian results. We high-
lighted the agreement between the results of Ref. [41] and
two structural features predicted by the TF formalism:

(i) the simple proportionality relation between the
“2 rad” dissipative component along b computed
in [41] and the projection of the O(G*) radiated four
momentum along the vector et

4diss _ nm Prad .

C ad — 4
1b,2 rad My — My xG*’

(8.5)
(i) the possibility to extract the exact value of the O(G?)
radiated angular momentum from the “1 rad” dis-
sipative component along b computed in [41]. As
exhibited in Egs. (3.23) and (3.24), the so extracted
value of J; coincides with the results obtained
in Ref. [40]. In addition we recalled that the
PN-accurate expansion of the radiation reacted
impulse which was computed in TF at the absolute
6PN accuracy agreed with the PN expansion of the
exact G* result of [41].

At order G°, we compared the TF predicted result (4.1)
to the state-of-the-art post-Minkowskian results [43], which
are currently limited to the 1SF level in the sense of the
mass decomposition (4.7) and (4.8) (i.e., terms with first-
order in either m,/m, or m,/m,). The TF predictions for
the structure of the 1SF G° impulse were given in
Egs. (4.11) and (4.12), where we recall that the notation
“K” denotes terms known from previous orders. The full
expressions of the TF-predicted impulse coefficients are
given in the Appendix. We highlighted the presence of the
v?-rescaled O(G*) angular momentum loss J{(y), as
defined in the third of Eq. (2.17) (see Eq. (6.4) for its
PN evaluation). When the WEFT formalism will compute
the exact value of J9(y) one will be able to read-off the
exact value of ;(g"““ from [43]. At the time being we know
from the TF formalism high-PN accuracy values for all the
ingredients entering the TF-predicted impulse, see
Egs. (6.4)—(6.8) displayed in Sec. VI. In particular, we
highlight again that a subtle nonlocal 5.5PN tail-squared
contribution to 7™ enters fG''SF and agrees with the
corresponding recent results of [43]. We presented in
Eqgs. (5.1) and (5.2) the all-multipole generalization of
the quadrupolar-level action of Refs. [14,63] describing the
O(G®) nonlocal-in-time conservative dynamics, mediated
by time-symmetrized tail-squared interactions. We leave to
future works a corresponding PN-extension of the tail-of-
tail contributions to scattering, Eq. (5.10) in Ref. [14]
where it was first derived (see Eq. (5.7) here). It would be
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interesting to have an independent derivation of
the nonlocal tail-of-tail action within the NRGR approach.

We also found agreement between TF and WEFT
at the next, 6PN level. This agreement was obtained by
combining TF results with a recent, partial, computation of
J9 [68].

The TF-predicted PN expansion of three more indepen-
dent functions of y related to radiated linear momentum,

%, Py, P P39, have been found to be in perfect agreement
with corresponding results in Ref. [43].

We highlighted in Eq. (4.15) the extent to which the
linear momentum balance, Apy + Aph + Pi =0 deter-
mines the expansion coefficients of the 1nd1V1dua1 impulses
Ap; and Ap,. When combining these constraints with the
mass-shell constraint, Eq. (4.16), the main conclusion is
that, at order G, all the separate impulse components are

G, ISF+fG ISF)

determined except for the average 5 ( and

gs 25F " Concerning the 1SF level, only the difference

5 S1SF - .
GLISE _ fG7ISE s determined from the b component of

P~ , (together with known lower-order results). At the 1SF
level, the resulting ambiguity in the separate determination

of fG ISF - and fG ISF g completely lifted in the TF

formalism which expresses both fG SF - and fG ISF
terms of the three TF-meaningful observables: . JO

and Pj. We note in particular that the fact that P}

contributes only to fG IS and not to fG I5F s related

to the constraint stated in [45] that terms in Ap; which are
nonlinear in the radiation reaction force acting on body 1,
should contain a factor m3. [At G* the same argument
allowed the TF formalism to predict the full structure of
Ap' in terms of P, and J% ,.]

However, at the 2SF level there exists a remaining

ambiguity in the TF determination of Ap?3F, as displayed

in the first Eq. (4.13). The TF formalism expresses f§ 2SF

in terms of six ingredients, namely f P Z, ;”(; cons ;?2“’“5

JO and J4. Among these ingredients, the last five of them
are TF-predicted at the current 6PN accuracy as displayed
in Sec. VIL

On the other hand, the function f§’™™"(y) entering

the supplementary impulse contribution Ap[ ™" %,

Eq. (2.12), is only constrained by the TF formalism to
start at the SPN order. As a consequence, the TF predictions
for the value of be5 remain (y) i only fully predicted at the
4.5PNabs accuracy, as displayed in Eq. (7.12). Beyond this
order, as discussed in Sec. VII, the TF formalism can
however predict the value of the logarithmic coefficient at
5PN order. Moreover, if one assumes that the supplemen-
tary contribution has rational PN-expansion coefficients,
Eq. (7.15) predicts the z?> term in the 5PN contribu-

tion f3 TZSF( )
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APPENDIX A: NOTATION AND USEFUL
RELATIONS

We collect here some definitions and relations which are
often used. We use the mostly positive signature.

The masses of the two bodies are denoted as m; and m,,
with the convention m; < m,. The symmetric mass ratio
v=(mym,)/(m; + m,)?* is the ratio of the reduced mass
u=(mymy)/(m; + m,) to the total mass M = m; + m,.

The 4-momenta in the asymptotic future (f — +o0,
outcoming) are denoted by pS*" = m,ud", with a =1, 2,
and the asymptotic energies by EJ". To simplify notation,
in the asymptotic past (+ - —oo, incoming) we will often
omit the corresponding “in” label for all these quantities.
We often work within the incoming c.m. frame of the
system, with time axis

prLtpr
|p1 + P2

B miyuy + moly

U 9
E

(A1)

where E = E| + E, is the incoming c.m. energy, which is
related to the incoming value of the momentum by

nmimy > mpymy
=—= -1l=— A2
m=—f \7 £ P (A2)
with
]/E—M]’Mzz_pl‘pzs E\/V_l, (A3)
nmini,

so that EP_,, = m;m,p. The total incoming energy can
also be written as

E

ek =h(y,v) =1+2u(y—1), (A4)

implying that P,, = up/h and
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GE_ GMh _ pe

, AS
b b j (A3)
where b is the impact parameter and
J J
j= e Sem (A6)

Gmym, GMu’

is a dimensionless rescaled version of the total center-of-
mass angular momentum J,, at t — —oo. The individual
incoming energies (see Eq. (A9) of Ref. [44]) read

Ey _mytym Ey _mytym (A7)
my E ’ my E ’
so that, for example,
miE, +myE +1
% — mymy(my + mZ)WT)' (A8)

The vectorial impact parameter (orthogonal to u; and u,)
b, =b;—-b, = bﬁlz together with the conservative scat-
tering angle y..,, enters the definition of the Cartesianlike
basis vectors e, and e, as follows (see Eq. (3.49) of
Ref. [44]):

Xecons . Xcons
e, = cos™——b + sin“——n,
* 2 + 2
. X ~ X cons
e, = —sin“>=b + cos%n, (A9)

where n is the direction of the incoming momenta
(orthogonal to the c.m. four velocity, n - U = 0),

Boldface vectors denote spatial vectors in the c.m. frame
with time axis U: p, = m,u, = E,U + p, (where p, is
orthogonal to U, and p; = —p, = P.,). When describing
the conservative scattering it is useful to introduce the c.m.
direction of the (conservative) outgoing momenta, ng°, as

well as its associated orthogonal direction B, namely

B= COS()(CO“S)B + Sin(){cons)n’

ng?lltls = = Sin()(cons)bA + COS()(cons)n' (Al 1)
Note the relation
B = neons, (A12)

d){COI’IS

The dyad (B, n¢™,) differs from the incoming dyad (b, n)
by a rotation of angle y .. The dyad (e,,e,) is midway
between the latter two dyads, being obtained from the
incoming dyad by a rotation of angle % X cons-

APPENDIX B: PN-EXPANDED FORMS OF
VARIOUS QUANTITIES

We list in Table II, and Table IV the PN-expanded forms
of various quantities at O(G*), O(G*), and O(G’).
Table III instead contains the exact expressions for the
scattering angle in the Schwarzschild spacetime at PM
orders 1 to 7.

1. P, and P, vs P, at all orders in G
Starting from the relations (valid at all orders in G)

Pc.m.E my : nm g \/}/2——1 ' 2 h \/1/2——1 my Ny ’
Here the wedge product of two vectors A and B is 2P, = (rmy = mo) E™d + z (ﬂ + ﬂ) (B1)
standardly defined as AAB=AQ® B— B ® A. Mh yP—=1\m m
TABLE II. PN-expanded forms of the various quantities at O(G>), O(G*) and O(G).
. B o+ 5% + B 0% [ 01 + BB o~ R 01 + 0o
I 2P + 55 p% — S Pk + 355 Pl — 15018 P + O(pR)
i w8 %+ B2t~ + 8 oL — S L0+ L + 0(p)
7 4 81 el i T o)
7 ~2 5L+ 903, I 0 437, Y 1 O(p)
) sl %+ S+ R L, o — o+ M 2~ SR L - 02+ 0o
Ey(y) — 3 p% + el — T P + FR 0% — B pl + N & — TR pis + 0(p8)
7 o+ %+ i + gt AR oE + B+ B L — B o~ TR 2
e )
. B4 o+ 107+ 98— 4 s~ SRR L + 080, ~ SR L -
+ Shp 2, + SR ot~ SRR o\ - g 2 + OD)
e "o + 5555~ B0 + $rk ~ 350 0% + 8 + SRR L - B
- lpnig o2 + S5 1 - BREIER ol — S8R o+ 002)
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TABLE III. Exact expressions for the scattering angle in the Schwarzschild spacetime.

1 (Poo) =+ 2P

1™ (Poo) ( +% poo)

15 (poo) —5r s T 24ps + 50k

23 (Peo) n(*§ + *Sf Pa + 358 P)

2™ (Poo) 557~ 5 T e +320pe + 640p%, + 152 pl

25 (p.) (1155 + 45045 P+ 131521835 A+ 255512255 pgo)

){?Chw(poo) _ ﬁ 4 F 16 + 320 + 4480poo 14336[700 1 86016 86016 poo 4 49152 49152 poo

TABLE IV. First terms in the PN expansion of Pg‘(b), 132'(17), 2y Py and B

7 |5 - 61 0%~ % Rl oL + 30 %~ T o B L 1 0L
Ao R P M A e R
P i+ (- + L + (o + 32 + 20t + (e~ el - ot + o)
P 4 2 U 413 (8- 0 0k + (8t B
H- 8~ 0700 B 1 5+ BB+ 1670 + O/
P ol + 05 -+ (- TR e + (- - B+ 02
(T - T+ Y~ )
HalE -8 (o) T, hemge e g B0
RO L ERE0 TR T - W+ G 1 UL+ 0(p0)
where sb)  a3.b) (GM? 4 (GM
P =P, 5 + Pb 5
Ey E_(r=1(m—m) 55.00) (GM\?
£ _EB1_ , + 0 + 0(GY),
my my Mh b b
e B i () g (M)
mp b b
s ) (GM?
we find +#9(5) + o) (B5)
(my —m,) -1 Let us also recall the relations between j-expanded quan-
P — | Erad 1 2 4 P ..
142 = 5y i 1 tities [referred to the frame (e,.e,)] and b-expanded
quantities [referred to the frame (b, n)], namely
L [(my —mj) r+1
P, =— E 4 [——P,|. B3
1-2 Zh[ i 1" (B3) 132,(17):0’
54.(0) A ;
P ’ — P + CO[ISP ,
b (" = 1)? AERE S
. . . p5.(b) h cons p4 cons p3 p5
2. Py, P, vs P,, P, and their expressions in powers P = _W (5™ Py + x5 P - P3),
of 1/j and 1/b " v
$»3.(b) _ $H3
The PM expansions of P, and P, in powers of GM/b Py =Py,
;\47 h v
read P — va,
~(b) A () P‘S,(b) _ _lo(cons)Zpii + consp4 (B6)
P, = (my —m)L?P P, = (my—m)V*P,”’, (B4) no= o Ui y AL Fxe

b

where

where P7 and Pﬁ and PZ’(b) are defined such that
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Pi:<m2_ml)y ~_,ll.’ i:x’y
nx3
A~ GM\"
Pb = (I’I’lz - ml)l/zzpb,(b) <T> . (B7)
n>4

APPENDIX C: POLYNOMIALITY STRUCTURE OF VARIOUS QUANTITIES

From the expansions

cons GMh cons zeons /M 1 ~cons cons 3h2 GM 2
sin 4 = 4 +X22 — ] + )(33 - v 3 — ] + ...,
2 b |po P\ D P 6P% b

)(cons ()ﬁons)2h2 GM 2 )?EonshZ)(ions GM 3
L) =1 T () A2 DAL () Cl1
cos( 2 > 2% b Fa A + (C1)

cons cons

we recognize that E~' sin(4-) = ;L-sin(45-) and cos(45-)  where E2 = m? + m3 + 2ym,m,, we have that ¢/ and Ee"
are two polynomial function of m; and m,. For the vector  are both polynomial in masses.

1 E, E
"o <m_2”1 T, APPENDIX D: RELATIONS AMONG
; 550 5.1
T Es AND Pi:tZ’ Piiz
T E (malty — myity), (C2) We have
we see that the product En is linear in the masses m; and PS50 _ ESF -1 5
m,. Consequently, recalling 2T+ D =12 41
£ 1SF
B ){cons R ) )(cons ﬁj‘l _ E5 + 4}/ -1 P\S D1
e, = CoS 5 b + sin 5 n 142 (y+1)(y2—1)5/2 v+ 1 1. (DI)
cons N cons
= cos b+ E~'sin (En) so that, for example,
XCOHS R cons N N
Eey = —FE'sin 3 b + cos > En 4}35’0 + ﬁ5’1 o 4EgSF + EéSF (DZ)
142 1+2 — 2 5/2°
e r+D0-1)
sin N Cons
= -E? E2 b + cos En, (C3)
TABLE V. PN expansion of all the structure functions at O(G).
S 2 Do 7 533
o e B S0 (S0 ) T b iog(tp) + S ST 4 180
5501 o) _ 9656092 | 24412151\ 2 10593 o) 1 86132 | 69307802563 3
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