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Using the Zubarev’s nonequilibrium statistical operator formalism, we derive the second-order
expression for the dissipative tensors in relativistic spin hydrodynamics, viz. rotational stress tensor
(z,,), boost heat vector (g,,), shear stress tensor (r,, ), and bulk viscous pressure (IT). The first two (z,,, and
q,) emerge due to the inclusion of the antisymmetric part in the energy-momentum tensor, which, in turn,
governs the conservation of spin angular momentum (Z%%). As a result, new thermodynamic forces,
generated due to the antisymmetric part of 7, contain the spin chemical potential. In this work, we have
also taken the spin density ($#) as an independent thermodynamic variable, in addition to the energy
density and particle density, thereby resulting in two novel transport coefficients given by the correlation
between spin density tensor and rotational stress tensor and vice versa. Additionally, the newly found terms

in x,,

and IT are the artifacts of the new thermodynamic forces that arise due to the antisymmetric part of

7. Finally, we have derived the evolution equations for the aforesaid tensors: 7,,, q,, 7,,, and II.

DOI: 10.1103/8jw8-9w1x

I. INTRODUCTION

Ever since the experiments [1-3] measuring the spin
polarization of A hyperons, there has been a growing
interest in studying spin-dependent observables (see [4,5]
for a recent review on spin polarization). Also, the study of
spin transport phenomena in condensed matter systems,
known as spintronics [6], has become a prominent research
area. In addition to this, despite the success of relativistic
hydrodynamics in various areas, it has been unable to
provide a comprehensive explanation for the experimental
data on the differential spin polarization of A hyperons.
This problem is known as the “spin sign problem” [2,3]
(see [7,8] for review). An effective way to address these
findings is by incorporating the spin degree of freedom.
Significant efforts have been made to explain the spin
polarization in heavy ion collisions [9-25] and to develop
relativistic hydrodynamics that includes spin, known as
spin hydrodynamics (see [26] for a recent review on spin
hydrodynamics).

The intriguing feature of spin hydrodynamics is cap-
tured in recent studies [27,28], where two new transport
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coefficients arise, reflecting the physical effect of spin.
These new transport coefficients namely boost heat con-
ductivity and rotational viscosity, originate at first-order,
and tell the slow dynamics of spinful fluid systems [27].
These transport coefficients emerge due to the inclusion of
new dissipative tensors via the antisymmetric part of the
energy-momentum tensor.

Transport coefficients are crucial, as they govern the
evolution of dissipative tensors present in the medium.
Each dissipative tensor evolves over time, capturing par-
ticular physical aspects of the medium. At the second order,
new transport coefficients arise, and the effect of spin can
be seen in the traditional dissipative tensors, such as bulk
viscous pressure and shear stress tensor. Moreover, the
first-order theory is acausal, and in order to restore
causality, a second-order theory is needed. Also, a numeri-
cal implementation of causal spin hydrodynamic theory
may give information about the spin sign problem in heavy-
ion collisions. These results strongly motivate the develop-
ment of a theoretical framework that describes spin trans-
port in relativistic plasma.

Various approaches have been proposed to incorpo-
rate spin into hydrodynamics, including the quantum
kinetic theory approach [29-37], approaches based on the
second law of thermodynamics [27,28,38-40], the effective
Lagrangian approach [41-44], the equilibrium partition
function approach [45-47], entropy current analysis
[48,49], and the quantum statistical density operator [S0-54].

This paper employs Zubarev’s nonequilibrium statistical
operator (NESO) [55,56] to develop a framework for
second-order spin hydrodynamics. Zubarev’s NESO
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method describes nonequilibrium processes and incorpo-
rates irreversibility in the description. The introduction of
irreversibility is achieved by incorporating an infinitesimal
source term into the Liouville equation. The NESO is an
extension of the Gibbs canonical ensemble, i.e. the Gibbs
relation remains locally valid. By utilizing this formalism,
we can distinctly separate the equilibrium and nonequili-
brium components. We have derived the second-order
expression for rotational stress tensor (z,,), boost heat
vector (g,), shear stress tensor (7,,), and bulk viscous
pressure (IT) by incorporating the antisymmetric part in the
energy-momentum tensor, in addition to the symmetric
part. Moreover, using this method, the transport coefficients
of the system can be naturally obtained in the form of a
Kubo-type formula.

This paper is structured as follows: Section II deals with
the equation of motions for the energy-momentum tensor,
charge, and angular momentum. We also discuss the
entropy production using the extended thermodynamic
relation involving the spin chemical potential and spin
density, in addition to the conventional thermodynamic
variables. In Sec. III, we introduce the nonequilibrium
statistical operator and calculate the nonequilibrium part of
the nonequilibrium statistical operator in terms of hydro-
dynamic gradient expansion. In Sec. IV, we revisit the first-
order spin hydrodynamics and derived the transport coef-
ficients that emerge in first-order spin hydrodynamics. In
Sec. V, we derive the second-order expressions and the
evolution equations for the rotational stress tensor (z,,),
boost heat vector (g,), shear stress tensor (z,,), and bulk
viscous pressure (I1). Finally, we conclude with a summary
and discussion in Sec. VI.

II. REVIEW OF RELATIVISTIC SPIN
HYDRODYNAMICS

Throughout this paper, we employ the metric tensor
g = diag(1,—1,—1,~1). The projection operator is
defined as A,, = g,, — u,u,, with the normalization con-
dition for the fluid velocity given by u,u* = 1. Given our
focus on investigating the spin effect, we adopt the Landau
frame where i, = 0. In addition, the projectors and other
shorthand notations used in this paper are

1 1
Aﬁ;ﬂMM+MQy§MMW
1
A = 3 (ARAD — AJAS), (1)
1 1
lwwzimW+Awy Mﬂzimw—Am,(m
AW = ARSAS AT = ARYAR (3)

A. Equation of motions

To start with the derivation of hydrodynamic equations
of motion, we assume that the energy-momentum tensor
T, charge current N*, and total angular momentum JHap
are conserved for the system of interest [27,39]. The
conservation laws are given by

9,T" =0, (4)
9,N# =0, (5)
9,4 = 0. (6)

The orbital and the spin part contribute to the total angular
momentum. Microscopically, it is known that

JHab — xaTup _ xPTHa 4 spaf (7)

where 3% is the intrinsic spin degree of freedom. J*** and
YHP  are antisymmetric in the last two indices. The
conservation law for J*% restrict #* to follow

9,510 = (T — Tha), (8)

The next step involves writing a systematic gradient
expansion for 7%, N*, and X% A general tensor decom-
position is given by

™ = eutu’ — (p + I A™ + Wu? + Wu? + ot

F g — g o, )
Nt = nu* + j*, (10)
b = yr§oP, (11)

where ¢ is the energy density, 7 is the particle density, S* is
the spin density, and p is the equilibrium pressure. We have
adopted the phenomenological form of the spin tensor,
given by X% = y#S%  This choice is motivated by its
intuitive physical interpretation: it represents the flow of
spin density, where the spin density S% is defined in the
local rest frame of the fluid. Moreover, this form is
consistent with the structure of the global equilibrium
solution of thermal vorticity [8,57]. Furthermore, it is
important to note that u”, €, p, n, A, are zeroth order
term (’)(60) in gradient expansion, whereas, the dissipative
terms I1, A*, g, j*, ©**, 7" in general, contain the gradient
correction up to all orders, and they satisfy the conditions
u, =0, w,q" =0, wj =0, wnxs=0, us" =0,
o =", 7y =0, and T = -7

To calculate the equations of motion, first, we substitute
the gradient expansion (9) in conservation equation (4) and
take the projection of (4) along u, and AY. We obtain
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De + (p + 11+ )0 + 0,0 + u,Dh* + u,0,#" + d,q" — u,Dg" 4 u,0,7* = 0, (12)

hDu® +TIDu® = V(p + 1) + h*0 + h*9,u” + AZDR + A%9,n" — q°0 + ¢"d,u® — AZDg” + Ald,v* =0.  (13)

Here, we defined 0 = d,u” and D = u”9,. Further, we use
(10) and (11) in (5) and (8), respectively. Thus we obtain

Dn+nf+9,j* =0, (14)

DS + 80 + 2(q"uP — g'u* + %) = 0. (15)

B. Entropy production

In order to incorporate the spin into the description, we
treat #% to be an independent hydrodynamic field, and the
thermodynamic relations near local thermodynamics equi-
librium get modified as [27]

1
Tds = de — pdn — za)ﬂ,,dS"” (first law),  (16)

1
dp = sdT + ndu + ES””da),w (Gibbs-Duhem), (17)

e+p=Ts+un+ %a)ﬂ,,S’”’ (Euler’s relation). (18)
Here, s is the entropy density, 7 is the temperature, and y is
the chemical potential conjugate to the particle density n.
Similarly, @, is the spin chemical potential conjugate to
spin density S*.

The above thermodynamic relations are essential to write
the entropy current. However, it has been shown that the
form of entropy current can be derived from the first
principle, using the quantum statistical density operator
[58,59]. The form of entropy current, treating spin tensor
>+ as an independent hydrodynamic field, is given by

1
§' = pp' BT~ aN! 2 Q3 (19)

The parameters f#, @, and €4 are defined by

ﬂ” = ﬂl/t”, Qaﬁ = ﬂwaﬁ’ (20)

where, £ is the inverse temperature, and u* is the fluid four
velocity.

According to the second law of thermodynamics, the
divergence of entropy current, i.e., the entropy production
rate, should be positive for a dissipative system; therefore,

a = pu,

9,5 > 0. (21)

Using the gradient expansions for T#, N, and % from
(9), (10), and (11), respectively, the divergence of entropy
current is given by

[
9,8 = —11p6 + ph* (ﬂ_laﬂﬂ + Du,) — j*d,a + pg'M,

+ prto,, + P, (22)

Here, M, = (™', — Du, + 27'Q,u"), 6,, = Aj20,u;,
and &, = A% (0,us + p7'Q,5). The A%0us term in &, is
known as the vorticity tensor (@, ).

We would like to emphasize that the hydrodynamic
gradient orderings assigned to €,; and the spin density
S% vary across the literature. For instance, in [39], both
Qs and S% are treated as leading-order quantities, i.e.,
O(d°). In contrast, other works such as [40,60] adopt the
convention that both are of order O(d). In the present
work, we assign Q5 ~ O(0") and §% ~ O(d°) within the
framework of the hydrodynamic gradient expansion. The
choice of S# as a zeroth-order quantity is motivated by
analogy with the energy density ¢ and particle density n,
both of which are considered to be of O(d°). On the
other hand, it is well established that in global equilib-
rium, the spin chemical potential w,; can be expressed in
terms of the thermal vorticity, which is of O(9).
Consequently, the natural ordering for both w,; or Q.
is O(d). This physically motivated ordering scheme is
widely employed in the literature [27,28,49,54]. A natural
question that arises is how to relate S* and Q% when
they are assigned different orders. An illustrative example
is provided in [61]. However, if one aims to describe a
system with strong vorticity, the ordering scheme Q5 ~
0(0") and S¥ ~O(d°) becomes inadequate. In such
cases, it is necessary to treat the vorticity as a lead-
ing-order term [26].

Having clarified that point, we now return to the
calculations. Employing the ordering scheme €,5~
O(0") and S% ~ O(d") and enforcing the condition (21)
on (22), we obtain the relation between the dissipative
tensors and hydrodynamic forces up to first order:

IT=-¢6,
" = 2not”,
q" = —AM",
T = Dy, (23)

The transport coefficients ¢ and x are known as bulk
viscosity and shear viscosity, respectively. The other
two transport coefficients, A and y, are new in spin hydro-
dynamics. They are known as boost heat conductivity and
rotational viscosity, respectively [27].
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III. NONEQUILIBRIUM STATISTICAL
OPERATOR

This method starts by defining a nonequilibrium stat-
istical operator p(t) for a system that is in a hydrodynamic
regime [55,56]. For a system containing spin degrees of
freedom, the operator p(¢) is defined as [54,62]

p(t) = 07 'exp {—/d%?()?, t)} with

Q = Trexp {— / dxZ(%, t)} , (24)
where

A t A
Z()_C', t) = 6'/ dtlee(tl_t)[ﬂy()_é, tl)TOy()_é’ t1>

[Se]

Here, € is the small infinitesimal parameter and ™, NH,
and 3#% are operator-valued functions. Their statistical
averages give the corresponding hydrodynamic fields (9)—
(11). Zubarev’s prescription for taking the statistical aver-
age is given by

(O(%,1)) = lim lim Tr[p(r)O(X, 1)]. (26)

e—=0t Voo

The main advantage of the NESO is that it can be
decomposed into equilibrium and nonequilibrium parts.
This can be achieved by integrating Z (%, ¢) by parts, which
gives

R 1 . (1) = O ' exp (-A + B), 27
—alE RO 1) = 5 Qup(F 1) EE 1) e Al 7
(25) where
|

N N ~ 1 ~

Ar) = / dPx [ﬂ”()?, OTo (X, 1) — alX, 1)NO(%, t)—EQa,,(?c, NEY(x,1)], (28)
A t A

B(1) = /d3x/ dt e "=IC(X, 1y), (29)

1

. o N B
C(x, 1) = Tﬂ,,(x, 1)o* B (X, 1) — N*(X, t)aﬂa(x, 1) — 52” ﬁ(x, t)aﬂQaﬂ(x, 1) — 5

Qup(E. 1) (TFe(%, 1) = TP (%,1)).  (30)

Here we used the conservation laws to write the nonequilibrium part in a covariant form. If we consider the nonequilibrium

part B as a perturbation, the density matrix () can be expanded around the local equilibrium. This expansion allows us to
systematically account for deviations from local equilibrium through higher-order terms. Thus, the statistical average of any
operator, when expanded up to the second order around local equilibrium, can be expressed as follows [62]:

(O(x)) = <O(x)>l+/d4x1(0(x)’é(xl))+/d4xld4x2(0(x)vé(xl)’é(x2))v (31)

where [d*x; = [d®x; [* dt,e“"=") and the statistical averaging in local equilibrium is denoted by the subscript /. The
two-point and three-point correlation functions are defined by

(0(x). X(x1)) = /)1 dr(0(x)[X:(x1) = (Xe(x1))])» (32)

- Xﬁ(ﬂ)(ﬁ(xz»l - <TX/1(X1)?T(X2)>1 + 2<X/1(x1)>1<?r(x2)>1]}>1, (33)

respectively. Here, X, = e~ Xe™ and T{X,Y,} is the antichronological time-ordering operator with respect to variables
and A.
Next, we calculate the statistical average of various dissipative terms (%, g, #, IT) up to second order in gradient expansion

using the NESO. We proceed by writing a tensor decomposition of operators 7#*, N*, and 3% The straightforward
decomposition is given by

" = tubu? — PA* + W'u’ + WPu? + 77 + §'u? — GPut + B, (34)
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N* = A + (35)

SHab — 18P, (36)

where p is the actual isotropic pressure. All the operators, except the pressure (p), can be directly matched with the
corresponding hydrodynamic quantities by taking the statistical average using the full nonequilibrium statistical operator.

That means ¢ = (&), h* = (I"), ¥ = (), ¢* = ("), = #), n= (a), j* = (J*), S* = (§"). Whereas, the
statistical average of p, (p) = p + I1. The operators can be written in terms of the projections of T and N,

A 1 A ~ A ~ A
e=uu T, p=—cA, T Rt = AT R =g,
= AT = AT A=u, N = AN, 8 = (37)

The crucial quantity to evaluate for the statistical average is C. To calculate C (x, 1), we use the gradient decomposition of
7, N*, and 3 from (34)—(36), respectively. Neglecting the third-order gradient terms, we can rewrite (30) as

~ 1. ~ N
C = éDp — iDa — 55“/’1)9(1,,, — ppo + (0, + pDu,) — j*o,a + ¢*(9,8 — pDu, + 2Q,,u")

+ pato,u, + T (fo,u, + ), (38)

The terms Df, Da, and D€, can be eliminated using the equations of motion. To achieve this, we choose the independent
variables to be &, n, and S%. Consequently, any thermodynamic quantity, such as /3, can be written as a function of these
variables, i.e., f = (e, n, S), and any change in that thermodynamic quantity can be given as

0, 9
:_ﬂ Dn + a
de

op
D
€ + S.Saﬁ aSaﬁ

n.Sa/} al’l

DS (39)

n,e

Dp

The values of De, Dn, and DS up to second order are substituted from the equations of motion (12), (14), and (15), in
which we fix that the terms I1, h*, ¢#, j*, n**, and ¥ only contain (’)(01) corrections. Thus, the full expression of Df,
keeping the terms up to second order in gradient expansion, is given by

ap op op op . ap op
—— - - aff - - aff a,fy 2 w
Dp =—-0|(e+ p) % +n an + S asaﬁ} 5 o,J" 357 (2% + 4¢°uwP) % (116 + 0, h* + u,Dh* - u, 0,7
+ 0ﬂq" —u,Dg" + uyaﬂr’“’), (40)

It is important to note that by excluding the third-order and higher-order terms, we posit that the gradient ordering of the

a(;ljﬁ is O(a'). This assertion can be understood by deriving the Maxwell relations from (16). The first step involves

rewriting (16) in terms of S, a, and Q

term

,w» Utilizing the connection provided by (20). Thus, we can write

1
ds = pde — adn — EQWdS/‘”. (41)
Using (41), we can find the relations
ap _ Oa ap o 10Q da ~ 10Q (42)
onl,sw  Oe|,sw oS|,, 2 Oe |, gu 0S|, 2 on |.gu

Given that Q,; ~ O(d"), it follows that the partial derivative M;—;’” is also of the order O(d").
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Similarly, we can also calculate Da and D€,; given by

oa oa oa oa oa
Da = —0 - - Sa/i _ > 2 af 4q“ V]
¢ [(Hp)aﬁ”an* asaﬁ] on 0" = ogen (277 + 447
a
- a—a (116 + 0, h* + u,Dh* 4 u,0,7" + 9,q" — u,Dg" + u,0,7"), (43)
e
and
aQa/; aga/i agaﬂ ag(lﬂ . agaﬂ
DQ , = —0 SHY _ O 1 — % (D L Aokt
ab {(Hp) G " on T Gsm | T on O g (37 A4
0Q,p
v (I16 + o, + u,Dh* + u, 0,7 + 9,¢" — u,Dq" + uydﬂff‘”). (44)

Using the values of Df3, Da, and DQ,; together with the relations (42), and extracting the value of Du,, from (13), we can
express the nonequilibrium part (C) of the nonequilibrium statistical operator in the Landau frame. Thus, we obtain

C=-P"po - j#o,a+ ¢ (3,p - ="'V, p +2Q,,u") + pi**0,u, + #(po,u, + Q,,)
+ @aﬂh_l {HDua - VaH —+ Aaua/tﬂlw - Qag + q#aﬂu(l - Am/qu + Am/aﬂ’l'/w}
-p (116 + u,0, 7" + 9,¢" — u,Dg" + u,0,7") 4+ &*d, j* + Q;D(T”D +2q*u”). (45)

Here, we set h, = 0 for the Landau frame, and we have defined
Pt = (p—el—id) = 8UKyy = p* — 8Ky, (46)
and the new parameters as

. ) B eup O
ﬂ*:é—ﬁ+ﬁ—ﬁ+saﬁ P

oe on S’
oJa Jda ., Oa
A p A~ S(l[)’ ,
‘o T Mon T° 5w
A 0Q 0Q ~ o 08
O, =t p— g S 47
w = e Ty TR e (47)
We have also defined
op Jp op
= — s (s = — d, ’Ca — . 48
de n,S* on e,5" o / aSaﬂ en ( )

Next, we separate C into two parts, C = Cp + Cs, containing first-order and second-order gradient terms, respectively. Cj
and C ¢ are

CF = _i)*ﬂe - .}ﬂvﬂa + ﬂéﬂMy + ﬂﬁ-ﬂyayv + ﬁ;ﬂwgyw (49)
éS = 'BZ [(élalenﬁ)‘)( + (‘C‘;A)lafena)y + (ﬁ)iaéngﬂb)zﬂy] +ﬂana + Sﬂblc/wﬁg' (50)

=12
Here, ®,; = (2,7) and 9}, = (2.2) and we defined

Q, = h™'MDu, — V I+ Ay 0,7 — q,0 + ¢"0,uy — Ay, DG* + Ay, 0,7, (51)

X =—p~' (16 + u,0,7" + 9,4" — u,Dg" + u,0,7), (52)
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Y= ﬂ_laﬂjﬂv (53)
Zm = BN (o + 2 uY). (54)

Employing (49) and (50), we can rewrite the statistical
average of any operator in terms of gradient expansion as

A

(0(x)) = (0(x)); + (O(x)); + (0(x)y.  (55)

where (O(x)), and (O(x)), are the first-order and second-
order gradient terms, respectively. The first-order contri-
bution is calculated assuming that the thermodynamic
forces remain constant within the correlation length.
This yields the local contribution from the two-point
correlation function. The resulting expression is given by

(O(x)), = / 5 (000, 1) oea. (56)

Whereas, the second-order contribution to the statistical
average can originate from three possible ways, given by

(0(x)), = (0 + (0 + (0. (57)

where
(OGN = / d, (0(x). Crxy) — (O, (58)
(O = / 5, (000). Cs(x1) e (59)

()Y = / ey dx(0(x), Co(1). Cr(x2)) et

(60)

here, (O(x)) ga'NL is the nonlocal (NL) correction from the

two-point correlation function, (O(x))éz)’ET is the local

correction from the two-point correlation function using

external thermodynamic forces (ET), and (0(x)>§3> is the
local correction from the three-point correlation function.
The meaning of local and nonlocal are explained in the next
section.

IV. FIRST-ORDER SPIN HYDRODYNAMICS

The transport coefficients emerging from first-order spin
hydrodynamics have been calculated using the density
operator formalism [54]. In this section, we provide a
concise overview of the calculations pertinent to first-order
spin hydrodynamics. We begin by calculating the average
value for the rotational stress tensor 7,,, the antisymmetric
counterpart of the z,,. Using (56), the first-order gradient

correction to (Z,,(x)) is given by

(B () = / 51 (2 (). Cr () oear- (61

Now, we take the help of Curie’s principle, that the
correlation between the operators of different ranks van-
ishes in an isotropic media. Hence, the only nonzero
correlation for the (7,,(x)); is

() = / 01 (£,(6). 20 ())B ) E (1) hoen

+ / 51 (2, (6). 2y (61))B(61)07 (1) o
(62)

Also, in an isotropic medium, we can write [see
Appendix C Eq. (C4)]

(A/u/(x)’ %pa(xl)) = % A;wpo‘(%ﬁn(x% %ln(xl»’ (63)

(Auy(x)7ﬁpa(xl)) =0. (64)

Further, we wuse the Taylor expansion to expand
P(x1)EP°(x,) around x; = x. We have

Bx)E (1) = )& () + (x —x>“a—j? Bl ()],

T (65)

Here, we like to emphasize the gradient ordering in the

second term. In this context, (x; —x)* represents the

correlation length, which is comparable to the microscopic

length, i.e., the mean free path of the particles (A).
2

Consequently, the term (x; —x)”ﬁN%, where L is the

macroscopic scale. The ratio % known as Knudsen number.
Therefore, the second term in (65) is of the second order in
hydrodynamic gradient expansion. This term is neglected
in first-order hydrodynamics calculation. The first term in
(65), evaluated at x; = x is the local term. All the higher-
order terms are called nonlocal terms. Substituting (63)-
(65) in (62), and keeping only the first-order gradient terms,
we obtain

. 1 R R
) = (£ = 3P0 ) [ @0 (E(3). ).
(66)
By employing Curie’s principle, a similar approach is

applied to the remaining dissipative quantities. Thus, we
can write
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%@ozwgmx:—mmMAm/ﬁ%mwu»%wn»
(67)

. 1 . .
”/,w(x) = <7[m/(x)>1 _gﬁ(x)duy(x)/d4xl (ﬂﬂn(x)vﬂﬂn(xl))'
(68)
However, the bulk viscous pressure (IT) is defined by
1= (p) - p(e.n.S7), (69)

and up to the first order in gradient expansion, we obtain
[see Appendix D Eq. (D4)]

= (p*(x))1. (70)

which is given by

n:@%mf:ﬁwww/fm@wmﬁum.wn

Here, we followed a procedure similar to the one outlined
while calculating (66). Comparing the equations (66)—(68),
and (71) with (23), we can deduce the first-order transport
coefficients, given by

=t [n@eam). 0
1=-% [ex@wam).  03)
=1 d*xy (7 (x), 2 (x1)), (74)
c=p [ Enpopw). 09

V. SECOND-ORDER SPIN HYDRODYNAMICS

Relativistic hydrodynamics, which considers only the
symmetric canonical energy-momentum tensor and
excludes the spin degree of freedom, has been extensively
studied up to the second-order using the density operator
formalism [62]. We extend this formalism to include the
antisymmetric part of the energy-momentum tensor and
derive the second-order spin hydrodynamics. We start by
calculating the second-order corrections to the rotational
stress tensor.

A. Rotational stress tensor (z,,)

A

The second-order correction to (%,,(x)) can be decom-

posed into three parts [see (56)], given by

N N 2).NL | /A 2).ET | /4 3

(B ()2 = (E ()™ + (Fu ()T + (E0 ()5,
(76)

The general definition of these three terms is defined in

(58)—(60). Since we are interested in the correlation in

isotropic media, these terms can be further simplified using
Curie’s principle. Thus,

<mw@“—/mmmwﬁwmwmwm>

~ (M, ()
b = [ (2 (). Suplo) I 1)
X B0 b 78
() = [ @100 6 0. ). 03] s
(19)

where C r 1s given by Eq. (49).

1. Nonlocal correction from two-point
correlation function: (%,,(x) y PN

To calculate the nonlocal correction from the two-point
correlation function, we first generalize Eq. (63), which can
be given by

1

(%;w(x)’ %/)O'(XI )) = g A;w/m(x1 X1 ) (%M(x)’ %lr/(xl )) (80)

This is the nonlocal generalization of two-point correlators,
with the nonlocal projector defined as (see A 2)

A/wpa(x7x1) = Aﬂvaﬁ(x) Agg(xl)' (81)

In order to extract nonlocal terms from (77), we have to
express 7% and 7,, in terms of the energy-momentum
tensor, and then we expand all the hydrodynamic quantities
around x; = x. From (37), we can write

(x) = AT(x)T7(x), (82)

%/ln(xl) = Air/aﬁ(xl)faﬂ(xl)' (83)

Substituting (82) and (83) together with (80) and (81) in
(77), we obtain

() =3 Bupol) [ s (17502, 19(x)

X Aysap (2, 1) B(x1)EP7 (1) = (£, (X))
(84)
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Furthermore, the Taylor’s expansion of A,;,(x, x;)f(x1)&(x;) around x; = x is given by

9 B)E ()} e

Ayﬁaﬂ(x?xl)ﬂ(xl)flm(xl) = Ayﬁ(lﬁ(x)ﬂ(x)flm(x) + (xl - x)/1 [Ayﬁrlﬂ(x) 6x’11

0
+PO) 7 (Bglx Mo (55)
1
where the first-order derivative of A, s,4(x,x,) is given by [see Eq. (A17) in A 2]
ou (x;)
ox}

A/wpa(x7 xl)lxlzx - _[Am/pr(x)uv(x) + A/ww(x)up<x)] (86)

ox}

X| =X

Substituting (85) in (84), we find that the leading-order term in (85) cancels (7, (x)), in (84), with the help of (66). Thus, we
obtain

(0" = |5 0 g 0) 5 B2 ) [ (7500, 7900 o =
- 309600 255 an)a) + A0} [ (7500, 15 =1 (8

Next, we approximate ug(x) =~ ug(x;) using the leading-order approximation, because the terms in (87) are already
multiplied with the second-order terms. Thus, using (37) in the Landau frame, we find that the second part of Eq. (87) gives
the two types of correlation,

/ (e (x). 4°(x1)).  and / 3, (B (). £ )™ (1)), (8)

which can be safely set to zero, by revoking Curie’s principle and using the property u®z,, = 0. Also, in the first-order
gradient approximation, we can write

i) [ 0 (192). 70 (0)) = [ (@00, 1) (59)
Substituting (89) in (87) and using (88), we get
A 2), - J c
(B ()57 = 2B Ao (W)L () = A& (61) (90)
1
|
Here, we defined Here y;;(w) is the frequency-dependent transport coeffi-
cient, given by (see Appendix B)
1) =28 [ 490 ) -2 1)

ﬁ iw(t— A A
re:(@) =56 d*x, e U (2 (x), Bgp(x1)). (94)
which can be further simplified in the following form [see
Eq. (B22) in Appendix B]
Combining (90)—(92), and using the first-order approxi-

LY =y u, (92) mation Df ~ 136, we obtain
where A ' -
<T/Au>§2) M = Zyw[A/prD.fp + erf/w]? (95)
d
Yo = ilim——y;:(w). (93) iy
w=0dw where we removed the argument x from all quantities.
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2. Local correction from two-point correlation fulgcltii;m
using extended thermodynamic forces: (%,,(x)), )

Since C contains an antisymmetric tensor operator S‘a/;,
the term (78) is nonzero for a rotational stress tensor. To
solve this term, we can expand K% (x;)B(x,)0(x,) around
x| = x, in a manner similar to how we solved for (7, (x));.
From (78), we have

(@)D = / 1 (2,0 (0). Sup (1)K (1)

X ﬁ(xl )Q(XI) |local7
= Ves(X) K (x)0(x). (96)

where we defined

ris) =2 [ a0, 8700). 00
Also, we have used (see Appendix C),
N 1 o
(A/w(x)’ Saﬁ(xl)) = g Aﬂvaﬂ(%id(x)’ Sig(xl))' (98)

) = POPE) [ @0100 G (3] 1), (52)
Aa0) = P (0P (3) [ A1 (5 (5) e (5. ap(02)
Ayul0) = PRI ) [ 010030 (). 1), (52
Ag0) = PP D) [ Etd (00, (5. g (22)
A0 = PR W06) [ dxides(b 3). (1) 5 (1)
Aqul) = =PWE06) [ dxidbes(h (). 5 (31) gl
A0 = POM M) [ @010 (6 (3). 2 (31). G5 32).
Agul0) = Vo) Val) [ it 3. Julx).Jp(aa).
Aopul0) = POV QM (3) [ @10 (1), o). ).

A () = =B M*(x)VPa(x) / 13y (5, (5). 301 Jp(32)-

3. Local correction from three-point correlation
Sfunction: <i'”,,(x))§3)

Using (60), this correction term is given by

(B (x)5) = / dxyd*x (2, (%), Cr(x1), Cr (%)) locars
(99)
where

A

Cr(x) = =p*pO — j,V'a + pg,M" + B, o" + B,
(100)

and M¥ = B0 — h™'VHp + 25710y,

In order to calculate the local contribution from (99),
we expand the thermodynamic forces around x; = x and
X, = x and collect only the leading-order terms, which is
equivalent to replacing the argument of thermodynamic

forces with x. Thus, substituting the value of C rin (99), we
get ten types of nonzero correlations, given by

(101)
(102)
(103)
(104)
(105)
(106)
(107)
(108)

(109)

A

(110)
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Now, we write the correlation functions in the form of projectors and traces. We start by writing the most general expression
for the three-point correlation function, involving three second-rank tensors and satisfying the orthogonality condition
u,#" and u, ", given by

A

( /w(x)? ?pu(xl)’ erﬁ(x2)) - alA/wApaAaﬁ + aZA;wApﬂAaa + blApaA/mAvﬂ + bZApoAﬂ/jAua

+ Cq AaﬁAﬂpAUU + CQA(X[fA/AO'ADp + dA/.wApGAaﬁ

+ elAﬂpAuaAﬂ/} + ezAﬂpAyﬁAaa + e3A/AGAU(1Apﬁ + e4Aﬂ0'Al//pra

+ 5B, A + e6Aua Ay ys + e7A A Ay + egA AL GA L, (111)
where X, ¥, and Z can either be # or %. The coefficients a,, a,, by, bs, ¢, ¢», d, €, — eg are obtained by imposing the

symmetric and antisymmetric properties of 7, and 7,,, respectively (see Appendix C). Thus, we find that the three-point
correlation functions among different two-rank tensors can be written as

. . . 1 . . .
(T/w<x)’ Tpo (xl)’ Taﬁ<x2)) = g [Apa _A/waﬂ - Apﬂ _A;wo-a - Aaa _A;wpﬂ + Aaﬂ _A/wpa] (Tg(x)’ Tz (X1>, T% <x2))’ (1 12)

. . . -1 . . .
(T;w(x)a ﬂ/){)’('xl)’ ﬂ(l/}(-XZ)) = E [A/)(l _Auwf/} + A/)[)’ _A/ll/()'(l + Ao‘a _Auw)ﬂ + Aﬁ[)’ _Ayy/)a](rj(x)’ ”g(xl )7 ”ﬁ] (XZ))’ (1 13)

R . R 1 4
(Tﬂy(x)’ Tpo (x1)7 Tap (XZ)) = g |:_Apa _Ayvaﬂ + Apﬂ _Ayyaa - Aaa _Am/pﬂ + Aaﬁ _A/wpa + gApo' _A/waﬂ:|

x (8(x), 23(x1). 25 (x2)), (114)
N N . -1 4
( uv (X), Tpa(xl)’ Top (Xz)) = ? _Apa _A/waﬂ - Apﬂ _A;wmx + Ao-a _A/wpﬁ + Aaﬂ _A;wpa - g Aaﬂ _A;wpo
x (85(x), 75(x1), 23 (x2))- (115)

The other correlations including two second-rank tensors are given by (see Appendix C)

(B (%) 2pa(x1), P7(x2)) = % BAypo (25 (%), 27(x1). P* (x2)). (116)
(B (%), P (1), Eap(x2)) = % Ay (2 (x). P (x1). 271(x2)), (117)
(B (), Ga(x1), §p(x2)) = % Byap (T (%), 8 (x1). 4" (x2)). (118)
(2 (%). Ja(x1). Jp(x2)) = % By (B3 (%), 7 (x1). ' (x2)) (119)
(£ (). Ja(31), G5 (x2)) = % By (B (%), 1 (x1). 4" (x2)), (120)
(B (%), Gal1). J(x2)) = % By (2 (%), 3 (x1), ] (x2)) (121)

The symmetry property of the three-point correlation function indicates that A5, (x) = Ay, (x), As,, (x) = Ag,,(x), and
Agm/(x) = .Am/w (x). Substituting the correlation functions from (112)—~(121) in (101)—(110), we obtain the second-order
gradient correction from the three-point correlation function to the rotational stress tensor, given by

N 3 o a o -
<TMI/ (.Xf) >(2 ) = yTTTf(l%ﬂfy% + y‘mn'o-a{»ﬂalh} + 2},17[10_(1{»/45,,«) + 27/11[)5;41/9 + yquM\LﬂMlh} + yr/}ﬂ lv{ﬂavu%a + Zy‘rqu{w vv<>a’
(122)
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where we used the shorthand notations (3) and the new
transport coefficients are defined by

—4 R R .
o= 3 [ (). 8n). ),

—4 N . .
Foon = T2 [ dondnaE0) 2. ),

4 . . .
Vere _gﬂz/d4xld4x2(fg(x)7ﬂg(xl)’ T;;(.Xz))’

—1 R N ~

ren =3 1 / dx s (2 (2), 27 (x1). " (x2)).
1 . A A

Yeqq = §ﬁ2 / d4x1d4x2(7611(x)’ qé(xl)’ q"(x2)),
1 A 4 4

Vejj :§ﬁ/d4x1d4Xz(Tﬁn(x)7Jﬁ(xl)’l"(’%))’

—1 n N A
Yeqi :3ﬂ/d4x1d4Xz(Tan(X),qﬁ(xl)’l"(xz))-

4. Final expression

Using (66) and (72) for the first-order correction and
(95), (96), and (122) for the second-order corrections, the
complete expression for the rotational stress tensor i.e.
antisymmetric counterpart of the shear stress tensor, up to
second order, is given by

<%ﬂIJ ()C)> = 27/£;w + 270 %juupdDéM + eré;w] + yrSICﬂue
+ yffrga{y 5;1_) + VeraCaiu 0:,19. + 23/1'71160:%/4 5,(5%
+ 2},71175”1/9 + y‘rqu{»yMlﬁ}

+ 7PV aVya + 2 ;M V. (123)

Following [62,63], the evolution equation for the rotational
stress tensor can be obtained by replacing &7 ~ 2% 77° in the
term DEP°, by employing (23), the first-order Navier-
Stokes relation. Thus, we obtain

2}/40 A;w/nglm = _T‘ri—uu + 7797;411’ (124)
where
T, = —yw}/_], (125)
. dy Oy
=7y 'p(M==-6-"). 126
7o =1y /( o 5a> (126)

Therefore, the evolution equation for the rotational stress
tensor is given by

T + Tt = 278 + 7070 + 270160 + 7:5K,,0
2V eepu0 + VeeelatuSyy T VYernOatuOyy
2V encOatuSyy + VeggM 4uMyy
+ 7BV 40V g + 27 ;M 4,V .
(127)

B. Boost heat vector (g,)

1. Nonlocal correction from two-point correlation

function: (g, (x) )gz)M‘

Invoking the Curie’s principle for the isotropic medium
and using (58) and (49), we have

(128)
In an isotropic medium, the correlator can be written as

(3,(). ,(1)) = 3 A @7(2). ().

(129)
Similar to the calculation of a nonlocal correction to
(,,(x)),, we have to first express g in terms of the
energy-momentum tensor, and then we expand all the
hydrodynamic quantities around x; = x. From (37), in
the Landau frame, we can write

Qo (x1) = Aga(xy)ug(x)) T (xy). (130)
Using the Taylor expansion, we expand all the hydro-
dynamic quantities A,,(x;) and ug(x;) (not operators)
around x; = x, and keeping terms only up to first-order in
gradient expansion, we have

4u(01) = [ ()]s + (1 = 2 {"—“] SNTES

where

G = Ay (). (132)
OQ(;(xl) = 5% u(x a”a(xl) — 2(x a”a(xl)
{ax{ L— o) 2o o) o)

- o) 5 4 )

+ b 20 (133)

1 X

defining M'* = pM*, using the Taylor expansion for
M'*(x,), given by
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TaMM(Xl)

M) = M) + (g =)
1

+oe o (134)

X

Substituting (129), (131), and (134) in (128) and, collecting
all the terms up to second-order in gradient expansion, we
obtain

<mm9“=§mm/wmwwmmmwa>

1A X
+ (é*]a(x)’ [QU(M)]X)()CI —x)fa]wa—)cgil)
+ {47 (x). [Mé;i?)]) (x) — x)*M"*(x)]

(135)

With the help of (67), the first term in the bracket cancels
<c?”(x)>1, Thus, we obtain

(@, ()P

=380 ) [ @ @7, o)) =)

#340) [ (0700, |2 Y

T
ox{

(136)

Observing (133), we can conclude that the second term in
(136) vanishes, on account of Curie’s principle and the
orthogonal property §°u, = 0. Thus, (136) can be simpli-
fied to

(0 ()N =[BT A () RT (x)9, M (x),

where we have approximated [§(x;)], =~ g(x;), because
(137) already contains a second-order term. We also
defined

(137)

R =22 [ @4, -0 (139)

which can be simplified in the following form [see
Eq. (B22) in Appendix B]
R = A u", (139)

where
|

By, (x) ——ﬂZ(X)M”(X)G(X)/d“xld“Xz(flﬂ(X),éy(XI),f?*(Xz)),

Bﬁw=—ﬁ@mmmwm/fmf@@wmﬁ@m%um,

o d

(140)

Here 4;,(w) is defined by (see Appendix B)

i) =5 [ Ene0 @@ g, k). (140

Finally, solving (137) using (139), and using the first-order
approximation Df ~ 16, we obtain

= A,[M, L0 + A, DM*]. (142)

2. Local correction from two-point correlation function
using extended thermodynamic forces: (g, (x)><22) £

From (59), we can write

<@m@”—/¢mawfmmmw (143)

where Cy is given by (50). C has only one vector term,
then by the help of Curie’s principle, and expanding all
hydrodynamic quantities around x; = x, we can extract the
local terms in (143), given by

(2, ()T = —2(x) Q, (). (144)

where

10 =7 [ Ex@w.a). 149)

3. Local correction from three-point correlation

function: (g, (x)) <23)

From (60), we can write
A 3 N - -
@I = [ @@, Crn). Cr(22) ha:
(146)

where C’F is given by (49). Substituting (49) in (146) and
employing Curie’s principle, the nonvanishing correlations
are given by

(147)

(148)

036014-13



ABHISHEK TIWARI and BINOY KRISHNA PATRA PHYS. REV. D 112, 036014 (2025)

Bu(x) = POMWEN) [ a0 (0,3 8, Fupv2). (149)
By(x) = PLOMWEW) [ @085 0,0 (1), 8, 02). ). (150)
Buy(x) = PLOM(W0?() [ i@y, 0,0). up(x2), (151)
Bou(x) = LM W)0(0) [ @0,y (1), 32). ). (152)
Bry(x) = )Vl (x) [ ddas(,(x).Ju (0. B 2). (153)
By (1) = () V() (x) [ (1), (0. 1), (154)
By () = P T alx)o(5) [ i@, 3u(x1) g 12). (155)
Bux) = =0V a()a(x) [ i@y, pl).u52) (156)

Again the symmetric property of the three-point function leads to By, (x) = By, (x), By, (x) = By, (x), Bs,(x) = Bg,(x),
B, (x) = Bg,(x), and By, (x) = Bjo,(x). In the isotopic medium, the three-point correlation functions can be written as

(@3)- 2, 000) 5 (32)) = 5 Ay (3,00, 2 (31). () (157)
(3,00 0u(0). Fup(2)) = 3 Ay (@031, 871 (). (158)
(3,0, 0u(01). g (42)) = Ay (@ (), 8 (1) (), (159)
(3,00, o 000)- 20 (02) = 5 Ay @), P (). a(02), (160)
(303).30). g (32)) = § By (), P ). ). (161)

Substituting (157)—-(161) in (147)—(156), we get the final expression for the second-order correction from the three-point
correlation function in (g,), given by

(@) = AggpM 0 + 2y by MY + 2 n 0, MY + 21 E VY + 126, V", (162)

where the new transport coefficients are defined by

-2

iy =5 [ Exid(@00.0w). 5 (1) (163
2

Aggr = gﬁz/d4x1d4x2(@ﬂ(x)»‘?5(x1)v%za(x2)), (164)
2

Aggr = gﬁz/d4x1d4x2(@l(x)y@E(xl)’f%(xz))’ (165)
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2 A
Agje = —gﬂ/d4x1d4x2(€1’1(x),j5(x1),%,lg(xz)), (166)

2 A
e = =38 [ Endl@ 0.7, 2is(x2). (167)

4. Final expression

Combining (67), (73), (142), (144), and (162), the complete second-order expression for boost heat vector, i.e., the
antisymmetric counterpart of the heat flow vector, is given by

<¢}ﬂ> = =AM, + A, M L0+ A, ,DM*| — AQy, + AggpM 0 + AggibpuM¥ + Aggr 0, MY + 226,V A+ A0, V. (168)

Approximating, M* ~ 17! ¢*, by using the first-order Navier-Stokes relation (23), in the term DM?*. We get the evolution
equation for the boost heat vector,

Gy + 744, = =AM, + /Laq,, + A, IM 0 = 2Q,, + Ay pM 0 + Agge MY + 2ggr 0, M"Y + qufg,wV”a + /lqj,,aWV”a, (169)

qqp™M p
where
Ty =A™ (170)
- oA oA
A=t A1 T—=—-6—]. 171
=i tp(r 5 0% ) (1)

C. Shear stress tensor ()

1. Nonlocal correction from two-point correlation function: (%, (x)><22)’NL

Invoking Curie’s principle and using (58) with (49), we can write

(R (X)) = / A0, (R, (X), R (31))B(x1) 0% (x1) = (A (). (172)

In this case, the nonlocal generalization of the two-point correlation function is given by

() g (51)) = 5 Ay 30) 1 (2), g ). (173)

Next, we write 77 and 7y, in terms of energy-momentum tensor. Using (37), we have
A(x) = A (x)T7(x), (174)
Fag(x1) = Bap(x1) T (x1). (175)

Substituting (173) with (174) and (175) in (172), we obtain

()5 = 5 B 5) [ (720, 7 00)) Ay 5 00)B1 )0 (1) = (i () (176)

The procedure for the calculation of nonlocal correction from two-point correlation function to (7, (x)), is similar to that of
(2,,(x)),, with the antisymmetric fourth-rank projector replaced by the symmetric fourth-rank projector. Hence, as
discussed in Sec. VA 1, expanding all the hydrodynamic quantities around x; = x in (176), then collecting all the second-
order terms, we obtain

(R ()P = 28,0 () [B(s)] T KA (x) ai Bx1)o? ()], - (177)
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Here we defined

p(x)

K =5

/ 4y (o (0). 2% 0)) (1 — 0. (178)

which can be written as [see Eq. (B22) in Appendix B]

K* = n,u*, (179)
where
lim d () (180)
= ilim —#, ().
’1(1) ﬂ)—)oda)ﬂ””

The frequency-dependent transport coefficient 7; (@) is
given by (see Appendix B)

p

n:#(@) = 15 dhxi U (R (x), g (1)) (181)

Solving (177) with (179) and using Df ~1'0, we obtain

(2).NL
2

A

<”/4v> =21, [A Do + QFO' ]

UUpO

(182)

(ﬁ'ﬂu(x) pa(xl ) a/i(XZ))

2. Local correction from two-point correlation function

()

using extended thermodynamic forces: (% s

W
With the help of (59), we can write

(R ()5 = / d*x (7 (), Cs(¥1)) hocars~ (183)

where C ¢ is given by (50). Since (50) does not contain any
term involving a symmetric second-rank operator, all the
correlations vanish by employing Curie’s principle. Therefore,

(# (%))

(2).ET

PHET g (184)

3. Local correction from three-point correlation

3)

function: (#,,(x)),

From (60), we can write
:/d4x1d4x2(ﬁuv(x)’CF(XI)76F(x2))|local’
(185)

where Cp. is given by (49). Here, we follow the procedure
given in Sec. VA 3. Substituting (49) in (185), the non-
vanishing correlations, involving three second-rank tensor
operators are given by (see Appendix C)

1
[3(Ap(xA/w0ﬂ + ApﬂA/ﬂ/O'a + AaaA;wpﬁ + AaﬂA/Aupa)

35
— 8By + Ao (). 2 (31). 24 (32)) (156)
(s (3). 250 00) 2 (32)) = 2 Bbsiop = By = BBy + Bophpel (B(0). 240). (), (187)
(o 3). (1), £ (52)) = T8 =By + By = Baayags + Doyl (5(2). 24(30). Ex2)). (188)
(B (%), Ty (X1), gp(X2)) = 115 (=8B op = DpsBDoa + Doa s + Do nl (75(x), 20(x1), #h(x2)),  (189)
whereas, other nonvanishing correlations are given by
(o (3)s e (51), 5 (352)) = 5 By (), 271(30), (), (190)
(o (3), D (60) g (52)) = § Dy (2). 5 (1) #71(22)), (191)
(o (30 81). 8 (32)) = 5 By iy (), 8 (). () (192)
(o 30, Ja(0). T3 52)) = § Ay (), 7). 72, (193)
(o (3).Jal00):85(52)) = 5 Dy (2), (1), 1(22)) (194)
(o 01+ 8u1). 3y (62)) = 5 By iy (3), 7). J1(32). (195)
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Finally, with the help of correlation functions given in (186)—(195), approximating all the thermodynamics forces at x, we

obtain

A

3
<”ﬂl/('x)>é ) = rlmmoa(

Ga + ﬂﬂTTéa ﬂéa + 2’77rm'6a ﬂfa + Znimpdmze

+ NaggM M,y + 1,57V ,aV o + 2n,,M Y a, (196)
I
where the various transport coefficients are defined by { on on
=7 pl|I——-6— 200
N fle = Tan ﬁ( 5% (200)
e =35 [ dxidnalil). #n). #5(x2),
4 , o 5 D. Bulk viscous pressure
_ = - AN A
Nree = 5/} /d xydixy (75 (x). 75 (x1). 7(x2)). From Appendix D Eq. (D4), we have
—4
e = 12 [ i), 1), 8x) @ 1 0
15 1 I = (p* H* (V)2 E L (py 2L
s B0+ (5 5 (€02 S5+ () 25
e =5 P [ dnidns (g (). 350, (32). o Fp
3 - v 201
1 (0 (D L~ K (8) o1)
os = =P | d*xid*xy (75, (x), 8%(x)), §(xy)),
flngq 5 / / 122 (B (). 4°(x1). 4 (x2)) The first-order corrections to energy density, particle

1 ~ 2 A
Mxjj = gﬂ/d4x1d4x2(ﬂ5,7(x),]5(x1),]’7(x2)),

-1 R A -
Nzqj :5ﬁ/d4x1d4x2(”5r/(x)7qg(xl)’]n()@))'

4. Final expression

Combining (68) and (74) with (182), (184), and (196),
we get the full expression of the shear stress tensor up to
second order in gradient expansion, given by

<ﬁ-;w(x)> = 2’16/41/ + 2’1(0 [A Do.pa + GFO' }

uvpo
+ ’1mm¢7a<;45,,> + 777[1150!(#5,,) + 27]717:150:(#5,7)
+ 20,0 + MggM My + i~V 0V

+ 277,[qu<ny>&. (197)
Using (23), and approximating ¢”° ~ %7” in the term Do”°,
we get the evolution equation for the shear stress tensor,
given by
Ty + Tﬂﬁm/ = 2’76;”/ + ﬁreﬂyy + 21,10
+ nmm'da(ﬂ(;:j) + 777r11§a<ﬂ'§y> + 2’1ﬂ7[16a<ﬂ§y>
+ NrgeM (WM. + ”ﬂjjﬂ_lvwavv)a

w0 + 205,0,,0

density, and spin density are given by

<§>1 = _Cepea (202)
<ﬁ>1 = _élnpg’ (203)
(81 = s, (204)

Here we used (58) and (49) and applied the Curie’s
principle to simplify Eqs. (202)-(204). The transport
coefficients ,, {,,p, and Cg, are defined by

ﬂ/d4x1 (&(x), p*(x1)), (205)
—p / da (). (). (206)
— 3 [ W e o)

Using (202), (203), and (204), we can rewrite (201) as

’p 1 ’p ’p
H:_€9+|: Csp 02+ Cnp 62+Cspé:npana£9

+ 20 M, (og)  ~EKud (P (208)
where where we used (p*), = —-CH, by empl(?ying (75) and (71).
To complete the calculation of bulk viscous pressure, we

P (199) need to evaluate (p*),.
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1. Nonlocal correction from the two-point correlation function: (ﬁ*(x)>;2) NE

Invoking Curie’s principle and using (58) and (49), we have

(P ()N =~ / &y (P (x), P (x1)B(x1)0(x)) = (P (). (209)

As we have calculated the other nonlocal correction terms, we write p* in terms of the energy-momentum tensor and the
particle current vector, then proceed by expanding all the hydrodynamic quantities around x; = x. From (46) and (37), we
have

A

pr(xi) = —%A;w(xl)jw(xl) _F(x])uu(xl)uu(xl)fwv(xl) - 5(x1)”u(xl)N”(x1)' (210)

Expanding all the hydrodynamic quantities (not operators) around x; = x, and neglecting the second-order and higher-
order terms, we have

) = (5ol + = 22050 @)

where
97 (0)], = 5 Ay (OT(31) = T8t () ()77 (1) = ), () (1), 212)
] — a2 - 22 ) B0 @13)

Since we are working in Landau frame, we have set h* = 0 while calculating (211). We can see that there is no contribution
from the antisymmetric counterpart of heat flow vector, i.e. boost heat vector ¢*. Substituting (211) in (209) and expanding
p0 around x; = x, we get

ap*(x;)
6x/11

(NP == [t (0. [l + ( —x){
a(p9)

]
0x}

D 003 + 31 =

R R O e (e e ORI

o)
|

| -,

X

where the leading-order term cancels (p*(x)), using (71). Further, we approximate the first term in (214) with
[p*(x1)], = p*(x;), because it already has a second-order term. Also, we use (213) to solve the second term in (214).
Thus, we obtain

(P )N = —0,(BO)F KD + 0(0,T) K2 + 0(0,8)K7, (215)

where, we have omitted the argument x from all quantities. Also, we defined

K% = () / oy (5 (). 5 (1)) (31 = x)t = 0, (216)
K% = B(x) / oy (5 (). 6(x)) o1 = 2! = Lo 217)
K = () / (P (), A()) (1 = ) = o, (218)

where {7, {7, and, {7, are related to the frequency-dependent transport coefficients [see Eq. (B22) in Appendix B].

Substituting, (216), (217), and (218) in (215), we find
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<13*>§2)*NL — —D(O)B'¢2, + O(DT)L%, + 0(DS)ES,. where I" and § are defined as
(219) or  or oar
F h a— a— + S ()Saﬁ and
We have three independent thermodynamic variables, 6:35 95 95
hence, we can calculate the comoving derivatives, DI’ S=h—4n Sab 7 (221)
and D¢, in a similar way as we calculated Df in (39). Oe on S
Further, we use the value of De, Dn, and, DS from the
equations of motion, up to the first order in gradient. Thus, 2. Local correction from two-point correlation function
btain . . e (2).ET
we 0 using extended thermodynamic forces: (p*(x)),
Using the definition (59) with (50) and employing
2k (2)'NL P (0] @ (1) (0}
(P*)s = —(ppD0 - 0* 85, + LCpe+6 puls (220) Curie’s principle, we can write
J
P 2).ET P N i N i N i v
GNP = [ (0000 (DA + (D00 + (D002)2 Ve 22
=12

Since we have to extract the local terms from (222), which can be achieved by expanding all the hydrodynamic quantities
around x; = x, we get

(p* = o, (0)[(01,8), X (x) + (05,2) V(x) + (01, Q) 2 (x)], (223)
i=1,2
where we defined
Lo (1) = B) / ey (5 (), B, (x1)). (224)

3. Local correction from three-point correlation function: (ﬁ*(x)>§3)

From (60), we can write
(P () = / d*x 1 d* % (P (x), Cr(x1), Cr(x2)) hocars (225)

where Cp is given by the Eq. (49). The nonvanishing correlators are

(5" (0. 5" (o). 5 (32)) = (5 (2). B (). (). (220

(5" (9. 500 Jo(02)) = 5 8 (5 (). 7 (51). ) 27)
(5" (). (). 2)) = 53 Ay (0" (). (1), ). (228)
(5" () (60 g (52)) = 5 By (" (), 790 s 1), (229)
(6" (9): s (00) () = 3 By (P (). £7(30), By ). (230)

All other correlators vanish in an isotropic medium. Substituting (49) in (225) and using (226)—(230), we obtain

(DN = pp0® + CpggMuMP + & 126,00 + C penlns @ + 1,1V VM, (231)
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where the transport coefficients are defined by

Conp = [ s (57 (). (1), (), (232)
o =5 [ @070 370). 2,02 23)
Cone =" [ a0, 77(0). A 2), (234)
Core =25 [ a0 870, £ ), (239)

i =5 [ dnidina(pt (). 3. Jule) (236)

4. Final expression
Combining (220), (223), and (231), we get

<p*>2 == ;)pDe - 92 [FC;JP + fg;)s + 8C(;?Jn] + ngQ,[(aémB)X + (()2,,(1)32 + (aéng/w)zm/]

i=12
=+ Z.:pppe2 =+ Z:pqu/,tM” =+ Cprma/,wo-”u + Cp‘rrgyvgﬂy + ﬂ_lz:pjjvuavﬂa' (237)
Substituting (237) in (208), we obtain
’p 1 ’p ’p

1
M= _Cg =+ E{spz :|02 - Z:S‘L'K:/,wgﬂy

062 onoe

= 8,00 — 0*[TC8, + Tl + 8001 + > Lo, [(008) X + (0L,2)Y + (95,2,,) 2]
i=1,2

+ Ez:npzﬁ + Csanp

+ Cpppez + é.:pquyMﬂ + szma;waﬂy + g]:n’iﬂyézﬂy + ﬂ_lé‘pjjvyavﬂa' (238)
To get the evolution equation for the bulk viscous pressure, we approximate & ~ —¢~'T1, in the term ¢ »pDO. Thus, we obtain
. - 1 *p 1 *p ’p],,
I+ 7l = =0 + ¢, 110 + {Egepzy + ECnpzﬁ + Ceplnp noe 0° — {5, 8"

- 92 [FC(;;’p + fCZ)s + SC(;))n] + ZCp@l[(afenﬁ)X + (aéna)y + (aéngpu)zlw]

i=1,2

+ élpppez + CpquuMﬂ + élpmrapwalw + é,prrgyuglw + ﬁ_lgpj_jvuavﬂa7 (239)
where
™ = —(9,¢7! (240)
2 _ of o
= p(r= -2 241
t= s (155 - 05 (41)

VI. DISCUSSION

The evolution equations for the rotational stress tensor (z,,), shear stress tensor (z,,), boost heat vector (g, ), and bulk
viscous pressure (IT) are given in (127), (198), (169), and (239), respectively, which get reduced for the chargeless case,

T'ri-;w + Ty = 27/5;41/ + }777;41/9 + 27/u)ré;w9 + Vis ’C;wg + 27/1117 g;we + y‘nf&a{ﬂfﬁ} + Yflmaa{ﬂog«}
+ 2717[76(1%;451&} + yrqu{yM%)’ (242)
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Tlrjr;w + Ty = Z’I%u + 7]7977:#” + zﬂ(ura,uug + 2777571170/41/9 + 77;m0a<y0'f> + ’77[115(1(;45; + 2777:7[10(101&:) + nﬂqu(yMzz> s (243)

Ty + Gy = =AM, + 2,00, + A, TM,0 = 2Q,, + AyypM,0 + AyyeEy MY + 2020, M,

) - . 1 @
Il 4+ I = =0 + £ 110 — [T, +T¢%.] + 5@,2@

+ Cpppe2 + CpagMuM* + £ rz0,,0" + £y &

The second and third terms on the right-hand side in the first
line of each evolution equation arise due to the nonlocal
correction. That is why they contain a finite relaxation time.
All the terms written in the last line of each evolution
equation originate from the second-order corrections due to
the local contribution from the three-point correlation func-
tion. They represent all possible combinations of different
thermodynamic forces (o,,, £,,, @ and M) present in the
system. Transport coefficients coupled to these terms are
given by the three-point correlation function. Comparing
to the previous study [62], the extra terms, r],méa@é;,
2;1ﬂ,”60,<”<§z’> and 1,,,M ,M,, appearing in the evolution
of the shear stress tensor (243) are the artifacts of the new
thermodynamic forces (£, and M) that arise due to the
addition of antisymmetric terms in the energy-momentum
tensor.

Additionally, we find that the structure of the evolution
equations for the shear stress tensor and the rotational stress
tensor are similar, except for an extra term, 4K, 6, which
appears in the evolution equation of the rotational stress
tensor. This term arises from corrections due to the
extended thermodynamic forces via the two-point correla-
tion function. Since we consider the spin density as an
independent thermodynamic variable, which is an anti-
symmetric tensor of rank two, it generates the possibility of
a two-point correlation in the presence of the rotational
stress tensor—something that is absent in the case of the
shear stress tensor.

Moreover, we identify a term, {s.AC,, &, involving the
transport coefficient, given by the correlation of spin
density with the rotational stress tensor, in the evolution
of bulk viscous pressure. The origin of this term can be
traced to the fact that the system now includes an additional
independent thermodynamic variable, namely the spin
density. Consequently, the equilibrium pressure depends
on the spin density. Therefore, any deviation from equi-
librium, which is nothing but the bulk viscous pressure,
must also depend on the spin density.

Apart from that, within the framework of our current
ordering scheme, we observe that the spin density operator
(S””’) correlates only with the rotational stress tensor (7#)
through the two-point correlation function. This correlation
gives rise to two novel transport coefficients, y.¢ and {g;.
These coefficients, which emerge at the second order,
encapsulate the interplay between the antisymmetric

(244)

6> — CSrICﬂpg/w + Cpi)l [(a‘lnﬁ)x + (aéng/w)zﬂy]
(245)

|

component of the energy-momentum tensor and the spin
density tensor. Their existence can be attributed to the
inclusion of spin density as an independent thermodynamic
variable in the system. The introduction of these transport
coefficients is significant, as they provide critical insights
into the role and influence of spin density on the medium.
Their study is essential for understanding the spin-induced
transport properties of the system.

Further, we compare our results for the shear-stress
tensor and the bulk viscous pressure with the results
obtained for nonconformal fluids in [64]. The most general
second-order expressions for the shear-stress tensor and
bulk viscous pressure of a nonconformal fluid at zero
particle chemical potential (u = 0) and zero spin chemical
potential (w,; = 0) in flat space-time are given by

0 0
Ty = 210, — 207, | D osDo™ +~0,, | — 2;71;550,,”

3"

+ /1160<”63> + /1260<”67)Z> + /1367)a<”67)3>

+ 4V, InsV, Ins, (246)
1= —CQ + CTHDQ + 5292 + 510',“,6”” + §3d)ﬂyd)ﬂy
+ &V, InsV¥ins, (247)

respectively. Here, @, :A,Z’fdauﬁ is the vorticity tensor.

Next, we rewrite our results for the shear stress tensor
(197) and the bulk viscous pressure (238) for the case of a
chargeless and spinless fluid with particle chemical poten-
tial 4 = 0 and spin chemical potential w,, = 0. Thus we
obtain

Ty = 2’70-/41/ + 2’7(0 [AMWng/’U + gra/w] + 2’77:;1176/41/6

+ ']ﬂﬂﬂaa(/AGZ) + 2’771:711605(/4&)3) + nnrrd)a(ﬂd)z>

+ l’]ﬂqu<”MU> (248)
IT= —CG - (;))pDe + [ge + gppp]ez + épnﬂayvgﬂy
9)
+ Cpec,, @ + é'pquﬂM” + Cpea;f/f, (249)

where we defined ¢, = %Cgp‘;%’ —I¢e, —T¢9,.. Also, we

want to emphasize on the point that, for a chargeless and
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spinless case, M 4 can be written as M u= W% Vﬂ Ins,

by employing the ideal hydrodynamic equation (e +
p)Du, =V, p together with the thermodynamics relations,
Tds = de, dp = sdT, and € + p = Ts.

Now, It can be seen that Eq. (248) produces all the terms
contained in (246), and the corresponding transport coef-
ficients in each equation can be compared. However, for the
case of bulk viscous pressure (249), there is an additional

term ¢ pg%)( which originates from the two-point corre-
lation function using the extended thermodynamic forces.

VII. SUMMARY AND OUTLOOK

We have derived the second-order expressions for the
dissipative currents 7,,, ¢,, 7, and Il using Zubarev’s
nonequilibrium statistical operator formalism, incorporat-
ing the full energy-momentum tensor up to the first order,
including both symmetric and antisymmetric terms.
Previously, the second-order expressions for r,, and II
were obtained using only the symmetric energy-momentum
tensor [62]. Our calculations extend these second-order
expressions for 7, and I, introducing additional terms that
account for the effects of spin degrees of freedom present in
the system. Additionally, we have treated the spin density
as an independent thermodynamic variable in our analysis.
Our findings indicate that the spin density primarily
influences 7, and II. This influence manifests only in
the second order, which is attributed to the gradient scheme
of the spin chemical potential, which is considered first-
order in the gradient expansion in this work. Furthermore,
new transport coefficients arise in the second order, and
each transport coefficient is related to a particular corre-
lation function. We have presented a formula for each
transport coefficient in terms of a correlation function.
Finally, the second-order expressions of each dissipative
tensor are used to find the evolution equation of the
respective tensors.

As an outlook, there are a few research directions along
the lines of this work. One can calculate the transport
coefficients using quantum field theory with the help of
Kubo formulas. Recently, work has been performed to
calculate the Kubo formulas, taking the spin chemical

|

utA 0, A A

uvaf = uvaf =

Aﬂ

p_ _
AﬂvaﬂAzﬁ = Duwpos naf 0,

ut A;wa/} = 0, A_ya/} =—A

1
A waf A% =4 A_ﬂ

# Uvpe> uaff 0,

vuaf —

vuafp —

potential as a leading order term [65]. Also, one can
rederive the second-order spin hydrodynamics using the
full antisymmetric spin tensor that naturally includes the
pseudogauge freedom. Recently, we came across [66],
where a second-order spin hydrodynamics theory was
investigated using a generalized form of the spin tensor.
Furthermore, it would be interesting to see the cross-effect
in second order by enforcing a more general positivity
condition on entropy production [67]. Studying the second-
order spin hydrodynamics and the evolution of dissipative
tensors, combined with the numerical simulation, can give
a better understanding of the evolution of the relativistic
medium containing spin degrees of freedom.
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APPENDIX A: PROJECTION TENSORS

1. Fourth rank projection tensors

The two fourth-rank projection tensor used in this work
are the symmetric traceless projector (A,,,;) and the
antisymmetric projector (4&,,45). They both are orthogonal
to fluid velocity, and defined by

1 1
Am/aﬁ = E (A/mAvﬂ + AyﬁAya> - gA;wAaﬂ’ (Al)
1
Auzxa/} = 5 (AﬂaAy/} - Aﬂ/}Al/(l)' (AZ)
Their properties are
Aaﬁ/w’ AzA/wa/i = Apuaﬁ s
5
Moy =28y =S
Bapur D Ayuap = Bpuap,
A=Ay =3, (A3)
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2. Nonlocal projectors

The nonlocal projectors are defined by

By (x.y) = B(X)AL(Y), (A4)
A,uua/} ()C, y) = A;w/)(r ()C) AZ; (y) ’ (AS)
A;waﬂ (X, y) = A/uzpa (x) AZZ (y) ’ (A6)

with some straightforward orthogonal properties, given by

W (x) Ay, (x,y) = Ay, (x, y)u*(y) =0, (A7)
u (x)Am/a/} (X, y) =u" (.X) A;wa/)’ (x’ y) = A/wa/i (X, y)ua (y) = A/wa/i (X, y)l/t/} (y) =0, (AS)
u”('x) Aﬂuaﬁ(x’ y) - ub(x> A/w(xﬁ(x’y) = A,ul/aﬂ(x’y)ua(y) = A/Auaﬁ('x? y)uﬁ(y) =0. (A9)

In order to write a hydrodynamic gradient expansion for the projectors, we expand the projectors around a fixed point. We
start by the Taylor expansion for the fluid velocity and the second-rank projection tensor, given by

u, (y) :uﬂ(x)—i—(y—x)"alg’;(ay) . 4o, (A10)
Bu0) = 8u(0) = =iy ) 02 (A1)

As discussed in Sec. IV, the second term in (A10) and (A11) are of first order in hydrodynamic gradient expansion. We can
conclude that up to first order u,, (y)u* (x) ~ 1. With the help of (A10) and using the definition of A (y), we can rewrite (A4) as

£ 0 (y)
ay*

A;w(x7 y) = Apu/(x) - uv<x>(y - x) T (AIZ)

y=x

Now, we can derive some useful properties of nonlocal projectors which are approximated up to the first order in gradient
correction. Using (A12), we obtain

A,uu(x’ Y)Aﬁ(x) ~ A;M(x)’ Aa/i(x)Aaﬂ(y) ~ 3. (A]3)

Here, these properties are only valid in the first-order gradient approximation. In the same approximation, the nonlocal fourth
rank symmetric traceless projector (AS5), can be written as

1

By (05:) 5 (A1) Bup (5:3) By (5, 9) B3] = 3 B (A0, (A14)

whereas, the nonlocal fourth-rank antisymmetric projector (A6) can be rewritten as

[Aua(x’y)Auﬂ(xvy) - Aﬂ/}’(x’y)Aua(x’y)]° (AIS)

| =

A;wa[)’ (.X, y) =

Here, this equation is valid up to all orders in gradient expansion.
Using (A12) in (A14) and (A15), we obtain

A (o) = e out(y)
uvap\Xs y) - Auuaﬂ(x) (y x)p[A/wal(x)uﬁ(x) + Auy/lﬂ(x)ua(xﬂ ayp _ + (A16)
_ Y out(y)
A?wa/)’(xv y) _A74u(1[)’(x) (y )C) %—”DM(X)M/}(X) +A_ﬂuﬂ/i(x)ua(x)] ()yp _ (A17)
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APPENDIX B: CORRELATION FUNCTION

The derivation given in this section is similar as the one
presented in [62,68,69]. Starting from the (32), we have

~ ~ 1 ~ NN N
KRG 1), P(F. 1)) = / de(R(E )[e V(G 1))l
0

— (e V(%) 1)) ) (B1)
Inferring to (28), we can conclude that A= /}I:I , where H is
the Hamiltonian of a rotating system in a grand canonical
ensemble. Therefore, we obtain the time evolution of any
operator in the Heisenberg picture in imaginary time as

/

YR 1+ i) = e BV (E 1) el (B2)

which leads to the Kubo-Martin-Schwinger relations,
given by

(YE1+i7), = (VE1),. (B3)

(XENYGrn +ip), = (Y(E . 0)XE ). (B4)

Using (B3) and (B4), in (B1) and assuming that the
correlations vanish at t — oo, we can establish the relation

~ ~ 1 h
(X0, V(% 1)) = _B/_m dr'Gh (X=X, =), (BS)

where

=i0(1 = 1) {([X(3.0). ¥ (3,.7)]),.
(B6)

S yF =X t-1) =

Now we consider a general form of frequency-dependent
transport coefficient, involving a two-point correlation
function, given by

Zyy(w ﬂ/d3x1/ dt e ="

X.0). Y (%, 1))

x glo(t= t1

(B7)
The retarded Green’s function obtained in (B6) is transi-
tionally invariant both in space as well as in time. We can

exploit this property to rewrite the integral (B7) by setting
(X,7) = (0,0). Substituting (B5) in (B7), we obtain

0 . t
Iw(w)z—/ dtle“‘"“’”'/ldt’/d3xlg§y(—il,—t’).

(B8)

Considering the Fourier transformation

—i(a' ! —k-X) gR (k 0))

- &Pk do’
gg?(xl”):/(zn) / 27 ¢

and using the definition of the Dirac delta function, we can
write

(B9)

. . [ede .,
/d3xg)’§?(—x,—t’)zl1m 5 ”‘”ggy(k o). (B10)

k—0J—-00 &7

Substituting (B10) in (B8) and solving the integral over ¢
by shifting @' — @' — i8, where 5 — 0", we obtain

i do’

Too =1 —
s7(@) 5i1?)1+a)+i€ 2ri

(B11)

1 1
X [a)’—(w-l-ie-i-ié)_a)’—i

Here, g;‘id( o') =limg_, QA A(k @'). In order to solve
(B11), we first complexify @', and use Cauchy’s integral
formula together with the residue theorem. Inferring (B11),
we obtain two poles at ' = @ + ie + id and @' = 8. Also,
we close the contour in the upper half plane and assume
that, at infinity, Gf ,(@') vanishes sufficiently faster than

the denominator (m). Thus, we have

Ij( y(a)) = lim

R
Jim - G} 5 (0 + ie +i6) —

g8 1i3)).
(B12)

Now we can take the limits § — 0" and € — 0T, with e
being the irreversibility parameter, and which must be set to
zero at the end of the calculations. Thus, we obtain

Tis() = L 08,(0) - G5, 0. (B13)

For @ — 0, (B13) can be simplified to

d 0 -
ZAy(o)_z[}}%%g’? (@ )—zg_r{(l)}(mé%QR o (k, w).

(B14)
Now, since the operators X and ¥ are Hermitian, we have

(XX 0). Y& 0))i = —(XE.0).Y(X.0)]).  (B1S)

which indicates that ([X(X,7),¥(X,.#,)]), is a purely
imaginary quantity, and by (B6), we can conclude that
the retarded Green’s function Gf , and (X(Z.0),Y(%. 1))
are purely real quantities. Therefore from (B7), we get the
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conclusion that Z 4 ;(0) should be a purely real quantity.
Thus we can rewrite (B14) as

+(0) :ﬂ/d“xl(f((x),f/(xl)) :—hmilmg ( )

w—0 da)

0
= —lim lim—ImG§ , (k o).
o—07_0 dw

(B16)

The other type of dissipative current obtained in this work
is of the form

Tip@) = [ dxie D@0, ) w1 = 2
(B17)
The temporal component is given by
- d .
T () = g, [ e (k). T (1)
. d
= l%l}(?(w). (B18)

The spatial component of 7 ’;( Y(a)) vanishes in the local rest
frame, since the correlator (X(x), ¥(x,)) evaluated in the
local rest frame depends on |¥ — X, |, which makes 7% , ()
an odd function of X —X,. Furthermore, considering a
Taylor expansion of gfid(a)) around @ = 0, we have

d
g% (@) = G£,(0) + w%gﬁy(w)lw:o
o* d?
+?da) g ( )|w:0+"'7 (B19)

which leads to

i
Tyy(w) = (G54 (@) = G3,(0)] = l—gR #(@)]0=0
iow d*
+2—!ng?(@)|0]=0+-~. (B20)
Substituting (B20) in (B18) and taking the limit ® — 0, we
have

7040 =~ £ G p(@ )= -2l £ ReG{ (@)
S A Y Y T T 2esbda? ¢
1
=——limlim—; ReQR ( o). (B21)

(0 (%): Bpo

Now, we assume J ?{

ﬁ/d4x1 Xv

APPENDIX C: CORRELATION FUNCTION
IN TERMS OF PROJECTORS AND TRACES

The most general decomposition for a two-point
correlation function involving two second-rank tensors is
given by

?(0) = J, then we can write

(6)(x1 = X = T (0) = Jur.

(B22)

A

(X/w(x>’ ?aﬂ(xl)) = alA;wAaﬁ + QZA/mAvﬁ + a3AﬂﬂAva'
(C1)

A similar decomposition can also be given for a three-point
correlation function involving one second-rank tensor and
two vectors,

A

(X/w(x>’ ?a(xl)’ Zﬂ(x2>) = blAyuAaﬂ + bZAy A

+ b3A A . (C2)
Here, we present the derivation of (63). All the other
relations, similar to (C1) and (C2), can be derived in a
similar way. Substituting X =% and ¥ =% in (C1), we
demand that (C1) should be antisymmetric in the exchange
of u <> v and a <> . We obtain

a, = O,

(C3)

a, =—a3=a (say).

Thus, we have

(Aﬂv('x>’ %aﬂ(xl)) - a[Aﬂ(zAuﬂ - AﬂﬂAua] =2a A uvafs (C4)
where a can be obtained by taking the trace of (C4),

1

a:6

(B (x), 27 (x1)). (C5)

Furthermore, we present the derivation for (112). All the
other three-point correlation functions involving three
second-rank tensors, given in (112)—(115) and (186)-
(189), can be calculated in a similar way. Using (111),
we can write

(xl),’?'aﬂ(xz)) = alA A A off + aZAMDA ﬂAo‘a + b A A A up + bzA GAﬂﬂAya

+ ClAaﬁAﬂpAvo‘ + CZAaﬂA/lUAL/p + dAﬂIJApO'A(Xﬁ

+ elA AyaA off + ezA A ﬂAO'a + €3A AbaA P + €4A AyﬁA

+ 5B, A + €6 g Ay p + e7A A A Gy + egA A LA, (Co6)
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This expression should be antisymmetric in the exchange ¢, = —e,, e3=—¢;, e5=—eg, e5=—e;. (C8)
of u < v, p< o, and a < f. This concludes that the
coefficients of projectors with indices uv, po, and aff must  Similarly, exchanging p <> 6, we have
vanish. Thus, we have
€ = —é3, €5 = —¢, (€9)
a1:a2:b]:b2201262:d=0. (C7)
and exchanging y <> v, we have

Furthermore, exchanging a <> f in (C6) and then com-

paring the coefficients of similar projector terms in e, = —es = e (say). (C10)
(%Ml/ (x) s %/)(;(xl ) ’ %/ia (x2)) with _(%/w (x) s %/m(xl ) ’ %a/} (XZ))’
we deduce that Thus, we obtain

(%Mv ()C), %ﬂﬂ(xl )7 %aﬁ (XZ)) = e(AupAbaAo/} - Am)AuﬁAoa - A;mAvaApﬂ + A;mAuﬂApa
- A;mAU/)A(H + AﬂaAurfA/)/} + Au/}Ay/)Aaa - AyﬁAbﬁA/)a)

= Ze[A/)n' A;um’ﬁ - A/)/)’ Aﬂl/{i{l - Arm A;w/)/} + Ao’ﬂ A;wp(l]' (Cl 1)

In order to calculate the value of e, we take the trace and use the properties (A3). Thus, we obtain

(2(x). 75 (x1). 75(x2))- (C12)

AN =

e =

APPENDIX D: BULK VISCOUS PRESSURE
The nonequilibrium correction to the pressure is given by
(p) — p(e,n, "),
=(p); + (D)1 + (D), — p(e.n,S"). (D1)

Here, p(e, n, S*) is the equilibrium pressure given by the equation of the state. The average of the pressure operator over
the local equilibrium can be expanded around the equilibrium pressure; mathematically, it can be given by

I1

*p 1 d ap
An)? == + = ASWAS?
(Am) 52 3 957 (asw>

N 1 aZP
()1 = ple.n.§") ~TAe = 6An — K, AS" + 5 (Ag)? ~at

1
2
Tr Ly 2(Ae)(As) 2 ( Ip ) o anyasm) 2 < op > T (D2)

|
% 2(Ae)(A
Ty x2Ae)(an) 3+ de \as* ) "2 on \os#

The corrections Ae, An, and AS* are taken up to the second order. Thus,

A

Az = (&), + (&), An = (i), + (i), and, AS™ = ("), + (§"),. (D3)
Using these in (D2) and neglecting all the third and higher order terms, we have

~ A N A A 1 ~ azp 1 ~ azp A ~ Quv
(P)1 = ple.n,$") =T(@)y = T(#)y = 6(A); = (s + 5 ((8)1)* 55 +5 (@) )? 55 4 (&)1 {)y 5o = Ky (5)1
Finally, the expression for the bulk viscous pressure, up to second order in hydrodynamic gradient expansion, is given by

()2

(3155 + (8), )

1 ’p 1 ’p
H: Ak Ax - A 2 - _
B+ (a5 (@2 S h 4+ s

2 K/w <§My> 1 (D4)
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