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Using the Zubarev’s nonequilibrium statistical operator formalism, we derive the second-order
expression for the dissipative tensors in relativistic spin hydrodynamics, viz. rotational stress tensor
(τμν), boost heat vector (qμ), shear stress tensor (πμν), and bulk viscous pressure (Π). The first two (τμν and
qμ) emerge due to the inclusion of the antisymmetric part in the energy-momentum tensor, which, in turn,
governs the conservation of spin angular momentum (Σαμν). As a result, new thermodynamic forces,
generated due to the antisymmetric part of Tμν, contain the spin chemical potential. In this work, we have
also taken the spin density (Sμν) as an independent thermodynamic variable, in addition to the energy
density and particle density, thereby resulting in two novel transport coefficients given by the correlation
between spin density tensor and rotational stress tensor and vice versa. Additionally, the newly found terms
in πμν and Π are the artifacts of the new thermodynamic forces that arise due to the antisymmetric part of
Tμν. Finally, we have derived the evolution equations for the aforesaid tensors: τμν, qμ, πμν, and Π.
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I. INTRODUCTION

Ever since the experiments [1–3] measuring the spin
polarization of Λ hyperons, there has been a growing
interest in studying spin-dependent observables (see [4,5]
for a recent review on spin polarization). Also, the study of
spin transport phenomena in condensed matter systems,
known as spintronics [6], has become a prominent research
area. In addition to this, despite the success of relativistic
hydrodynamics in various areas, it has been unable to
provide a comprehensive explanation for the experimental
data on the differential spin polarization of Λ hyperons.
This problem is known as the “spin sign problem” [2,3]
(see [7,8] for review). An effective way to address these
findings is by incorporating the spin degree of freedom.
Significant efforts have been made to explain the spin
polarization in heavy ion collisions [9–25] and to develop
relativistic hydrodynamics that includes spin, known as
spin hydrodynamics (see [26] for a recent review on spin
hydrodynamics).
The intriguing feature of spin hydrodynamics is cap-

tured in recent studies [27,28], where two new transport

coefficients arise, reflecting the physical effect of spin.
These new transport coefficients namely boost heat con-
ductivity and rotational viscosity, originate at first-order,
and tell the slow dynamics of spinful fluid systems [27].
These transport coefficients emerge due to the inclusion of
new dissipative tensors via the antisymmetric part of the
energy-momentum tensor.
Transport coefficients are crucial, as they govern the

evolution of dissipative tensors present in the medium.
Each dissipative tensor evolves over time, capturing par-
ticular physical aspects of the medium. At the second order,
new transport coefficients arise, and the effect of spin can
be seen in the traditional dissipative tensors, such as bulk
viscous pressure and shear stress tensor. Moreover, the
first-order theory is acausal, and in order to restore
causality, a second-order theory is needed. Also, a numeri-
cal implementation of causal spin hydrodynamic theory
may give information about the spin sign problem in heavy-
ion collisions. These results strongly motivate the develop-
ment of a theoretical framework that describes spin trans-
port in relativistic plasma.
Various approaches have been proposed to incorpo-

rate spin into hydrodynamics, including the quantum
kinetic theory approach [29–37], approaches based on the
second law of thermodynamics [27,28,38–40], the effective
Lagrangian approach [41–44], the equilibrium partition
function approach [45–47], entropy current analysis
[48,49], and the quantumstatistical density operator [50–54].
This paper employs Zubarev’s nonequilibrium statistical

operator (NESO) [55,56] to develop a framework for
second-order spin hydrodynamics. Zubarev’s NESO
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method describes nonequilibrium processes and incorpo-
rates irreversibility in the description. The introduction of
irreversibility is achieved by incorporating an infinitesimal
source term into the Liouville equation. The NESO is an
extension of the Gibbs canonical ensemble, i.e. the Gibbs
relation remains locally valid. By utilizing this formalism,
we can distinctly separate the equilibrium and nonequili-
brium components. We have derived the second-order
expression for rotational stress tensor (τμν), boost heat
vector (qμ), shear stress tensor (πμν), and bulk viscous
pressure (Π) by incorporating the antisymmetric part in the
energy-momentum tensor, in addition to the symmetric
part. Moreover, using this method, the transport coefficients
of the system can be naturally obtained in the form of a
Kubo-type formula.
This paper is structured as follows: Section II deals with

the equation of motions for the energy-momentum tensor,
charge, and angular momentum. We also discuss the
entropy production using the extended thermodynamic
relation involving the spin chemical potential and spin
density, in addition to the conventional thermodynamic
variables. In Sec. III, we introduce the nonequilibrium
statistical operator and calculate the nonequilibrium part of
the nonequilibrium statistical operator in terms of hydro-
dynamic gradient expansion. In Sec. IV, we revisit the first-
order spin hydrodynamics and derived the transport coef-
ficients that emerge in first-order spin hydrodynamics. In
Sec. V, we derive the second-order expressions and the
evolution equations for the rotational stress tensor (τμν),
boost heat vector (qμ), shear stress tensor (πμν), and bulk
viscous pressure (Π). Finally, we conclude with a summary
and discussion in Sec. VI.

II. REVIEW OF RELATIVISTIC SPIN
HYDRODYNAMICS

Throughout this paper, we employ the metric tensor
gμν ¼ diagð1;−1;−1;−1Þ. The projection operator is
defined as Δμν ¼ gμν − uμuν, with the normalization con-
dition for the fluid velocity given by uμuμ ¼ 1. Given our
focus on investigating the spin effect, we adopt the Landau
frame where hμ ¼ 0. In addition, the projectors and other
shorthand notations used in this paper are

Δλδ
μν ¼

1

2
ðΔλ

μΔδ
ν þ Δλ

νΔδ
μÞ −

1

3
ΔλδΔμν;

�Δλδ
μν ¼

1

2
ðΔλ

μΔδ
ν − Δλ

νΔδ
μÞ; ð1Þ

AðμνÞ ¼ 1

2
ðAμν þ AνμÞ; A½μν� ¼ 1

2
ðAμν − AνμÞ; ð2Þ

Ahμνi ¼ Δμν
λδA

λδ; A�hμν�i ¼ �Δμν
λδA

λδ: ð3Þ

A. Equation of motions

To start with the derivation of hydrodynamic equations
of motion, we assume that the energy-momentum tensor
Tμν, charge current Nμ, and total angular momentum Jμαβ

are conserved for the system of interest [27,39]. The
conservation laws are given by

∂μTμν ¼ 0; ð4Þ

∂μNμ ¼ 0; ð5Þ

∂μJμαβ ¼ 0: ð6Þ

The orbital and the spin part contribute to the total angular
momentum. Microscopically, it is known that

Jμαβ ¼ xαTμβ − xβTμα þ Σμαβ; ð7Þ

where Σμαβ is the intrinsic spin degree of freedom. Jμαβ and
Σμαβ are antisymmetric in the last two indices. The
conservation law for Jμαβ restrict Σμαβ to follow

∂μΣμαβ ¼ −ðTαβ − TβαÞ: ð8Þ

The next step involves writing a systematic gradient
expansion for Tμν, Nμ, and Σμαβ. A general tensor decom-
position is given by

Tμν ¼ εuμuν − ðpþ ΠÞΔμν þ hμuν þ hνuμ þ πμν

þ qμuν − qνuμ þ τμν; ð9Þ

Nμ ¼ nuμ þ jμ; ð10Þ

Σμαβ ¼ uμSαβ; ð11Þ

where ε is the energy density, n is the particle density, Sαβ is
the spin density, and p is the equilibrium pressure. We have
adopted the phenomenological form of the spin tensor,
given by Σμαβ ¼ uμSαβ. This choice is motivated by its
intuitive physical interpretation: it represents the flow of
spin density, where the spin density Sαβ is defined in the
local rest frame of the fluid. Moreover, this form is
consistent with the structure of the global equilibrium
solution of thermal vorticity [8,57]. Furthermore, it is
important to note that uμ, ε, p, n, Δμν are zeroth order
term Oð∂0Þ in gradient expansion, whereas, the dissipative
terms Π, hμ, qμ, jμ, πμν, τμν in general, contain the gradient
correction up to all orders, and they satisfy the conditions
uμhμ ¼ 0, uμqμ ¼ 0, uμjμ ¼ 0, uμπμν ¼ 0, uμτμν ¼ 0,
πμν ¼ πνμ, πμμ ¼ 0, and τμν ¼ −τνμ.
To calculate the equations of motion, first, we substitute

the gradient expansion (9) in conservation equation (4) and
take the projection of (4) along uν and Δα

ν . We obtain
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Dεþ ðpþ Πþ εÞθ þ ∂μhμ þ uμDhμ þ uν∂μπμν þ ∂μqμ − uμDqμ þ uν∂μτμν ¼ 0; ð12Þ

hDuα þ ΠDuα −∇αðpþ ΠÞ þ hαθ þ hμ∂μuα þ Δα
νDhν þ Δα

ν∂μπ
μν − qαθ þ qμ∂μuα − Δα

νDqν þ Δα
ν∂μτ

μν ¼ 0: ð13Þ

Here, we defined θ≡ ∂μuμ and D≡ uμ∂μ. Further, we use
(10) and (11) in (5) and (8), respectively. Thus we obtain

Dnþ nθ þ ∂μjμ ¼ 0; ð14Þ
DSαβ þ Sαβθ þ 2ðqαuβ − qβuα þ ταβÞ ¼ 0: ð15Þ

B. Entropy production

In order to incorporate the spin into the description, we
treat Σμαβ to be an independent hydrodynamic field, and the
thermodynamic relations near local thermodynamics equi-
librium get modified as [27]

Tds ¼ dε − μdn −
1

2
ωμνdSμν ðfirst lawÞ; ð16Þ

dp ¼ sdT þ ndμþ 1

2
Sμνdωμν ðGibbs-DuhemÞ; ð17Þ

εþ p ¼ Tsþ μnþ 1

2
ωμνSμν ðEuler’s relationÞ: ð18Þ

Here, s is the entropy density, T is the temperature, and μ is
the chemical potential conjugate to the particle density n.
Similarly, ωμν is the spin chemical potential conjugate to
spin density Sμν.
The above thermodynamic relations are essential to write

the entropy current. However, it has been shown that the
form of entropy current can be derived from the first
principle, using the quantum statistical density operator
[58,59]. The form of entropy current, treating spin tensor
Σμαβ as an independent hydrodynamic field, is given by

Sμ ¼ pβμ þ βνTμν − αNμ −
1

2
ΩαβΣμαβ: ð19Þ

The parameters βμ, α, and Ωαβ are defined by

βμ ¼ βuμ; α ¼ βμ; Ωαβ ¼ βωαβ; ð20Þ
where, β is the inverse temperature, and uμ is the fluid four
velocity.
According to the second law of thermodynamics, the

divergence of entropy current, i.e., the entropy production
rate, should be positive for a dissipative system; therefore,

∂μSμ ≥ 0: ð21Þ

Using the gradient expansions for Tμν, Nμ, and Σμαβ from
(9), (10), and (11), respectively, the divergence of entropy
current is given by

∂μSμ ¼ −Πβθ þ βhμðβ−1∂μβ þDuμÞ − jμ∂μαþ βqμMμ

þ βπμνσμν þ βτμνξμν; ð22Þ

Here,Mμ ≡ ðβ−1∂μβ −Duμ þ 2β−1ΩμνuνÞ, σμν ≡ Δλδ
μν∂λuδ,

and ξμν ≡�Δλδ
μνð∂λuδ þ β−1ΩλδÞ. The �Δλδ

μν∂λuδ term in ξμν is
known as the vorticity tensor (ω̄μν).
We would like to emphasize that the hydrodynamic

gradient orderings assigned to Ωαβ and the spin density
Sαβ vary across the literature. For instance, in [39], both
Ωαβ and Sαβ are treated as leading-order quantities, i.e.,
Oð∂0Þ. In contrast, other works such as [40,60] adopt the
convention that both are of order Oð∂Þ. In the present
work, we assign Ωαβ ∼Oð∂1Þ and Sαβ ∼Oð∂0Þ within the
framework of the hydrodynamic gradient expansion. The
choice of Sαβ as a zeroth-order quantity is motivated by
analogy with the energy density ε and particle density n,
both of which are considered to be of Oð∂0Þ. On the
other hand, it is well established that in global equilib-
rium, the spin chemical potential ωαβ can be expressed in
terms of the thermal vorticity, which is of Oð∂Þ.
Consequently, the natural ordering for both ωαβ or Ωαβ

is Oð∂Þ. This physically motivated ordering scheme is
widely employed in the literature [27,28,49,54]. A natural
question that arises is how to relate Sαβ and Ωαβ when
they are assigned different orders. An illustrative example
is provided in [61]. However, if one aims to describe a
system with strong vorticity, the ordering scheme Ωαβ ∼
Oð∂1Þ and Sαβ ∼Oð∂0Þ becomes inadequate. In such
cases, it is necessary to treat the vorticity as a lead-
ing-order term [26].
Having clarified that point, we now return to the

calculations. Employing the ordering scheme Ωαβ ∼
Oð∂1Þ and Sαβ ∼Oð∂0Þ and enforcing the condition (21)
on (22), we obtain the relation between the dissipative
tensors and hydrodynamic forces up to first order:

Π ¼ −ζθ;

πμν ¼ 2ησμν;

qμ ¼ −λMμ;

τμν ¼ 2γξμν: ð23Þ

The transport coefficients ζ and η are known as bulk
viscosity and shear viscosity, respectively. The other
two transport coefficients, λ and γ, are new in spin hydro-
dynamics. They are known as boost heat conductivity and
rotational viscosity, respectively [27].
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III. NONEQUILIBRIUM STATISTICAL
OPERATOR

This method starts by defining a nonequilibrium stat-
istical operator ρ̂ðtÞ for a system that is in a hydrodynamic
regime [55,56]. For a system containing spin degrees of
freedom, the operator ρ̂ðtÞ is defined as [54,62]

ρ̂ðtÞ ¼ Q−1 exp

�
−
Z

d3xẐðx⃗; tÞ
�
; with

Q ¼ Tr exp

�
−
Z

d3xẐðx⃗; tÞ
�
; ð24Þ

where

Ẑðx⃗; tÞ ¼ ϵ

Z
t

−∞
dt1eϵðt1−tÞ½βνðx⃗; t1ÞT̂0νðx⃗; t1Þ

− αðx⃗; t1ÞN̂0ðx⃗; t1Þ −
1

2
Ωαβðx⃗; t1ÞΣ̂0αβðx⃗; t1Þ�:

ð25Þ

Here, ϵ is the small infinitesimal parameter and T̂μν, N̂μ,
and Σ̂μαβ are operator-valued functions. Their statistical
averages give the corresponding hydrodynamic fields (9)–
(11). Zubarev’s prescription for taking the statistical aver-
age is given by

hÔðx⃗; tÞi ¼ lim
ϵ→0þ

lim
V→∞

Tr½ρ̂ðtÞÔðx⃗; tÞ�: ð26Þ

The main advantage of the NESO is that it can be
decomposed into equilibrium and nonequilibrium parts.
This can be achieved by integrating Ẑðx⃗; tÞ by parts, which
gives

ρ̂ðtÞ ¼ Q−1 exp ð−Âþ B̂Þ; ð27Þ

where

ÂðtÞ ¼
Z

d3x

�
βνðx⃗; tÞT̂0νðx⃗; tÞ − αðx⃗; tÞN̂0ðx⃗; tÞ − 1

2
Ωαβðx⃗; tÞΣ̂0αβðx⃗; tÞ

�
; ð28Þ

B̂ðtÞ ¼
Z

d3x
Z

t

−∞
dt1eϵðt1−tÞĈðx⃗; t1Þ; ð29Þ

Ĉðx⃗; tÞ ¼ T̂μνðx⃗; tÞ∂μβνðx⃗; tÞ − N̂μðx⃗; tÞ∂μαðx⃗; tÞ −
1

2
Σ̂μαβðx⃗; tÞ∂μΩαβðx⃗; tÞ −

1

2
Ωαβðx⃗; tÞðT̂βαðx⃗; tÞ − T̂αβðx⃗; tÞÞ: ð30Þ

Here we used the conservation laws to write the nonequilibrium part in a covariant form. If we consider the nonequilibrium
part B̂ as a perturbation, the density matrix ρ̂ðtÞ can be expanded around the local equilibrium. This expansion allows us to
systematically account for deviations from local equilibrium through higher-order terms. Thus, the statistical average of any
operator, when expanded up to the second order around local equilibrium, can be expressed as follows [62]:

hÔðxÞi ¼ hÔðxÞil þ
Z

d4x1ðÔðxÞ; Ĉðx1ÞÞ þ
Z

d4x1d4x2ðÔðxÞ; Ĉðx1Þ; Ĉðx2ÞÞ; ð31Þ

where
R
d4x1 ¼

R
d3x1

R
t
−∞ dt1eϵðt1−tÞ and the statistical averaging in local equilibrium is denoted by the subscript l. The

two-point and three-point correlation functions are defined by

ðÔðxÞ; X̂ðx1ÞÞ ¼
Z

1

0

dτhOðxÞ½Xτðx1Þ − hXτðx1Þil�il; ð32Þ

ðÔðxÞ; X̂ðx1Þ; Ŷðx2ÞÞ ¼
1

2

Z
1

0

dτ
Z

1

0

dλhT̃fÔðxÞ½X̂λðx1ÞŶτðx2Þ − hX̂λðx1ÞilŶτðx2Þ

− X̂λðx1ÞhŶτðx2Þil − hT̃X̂λðx1ÞŶτðx2Þil þ 2hX̂λðx1ÞilhŶτðx2Þil�gil; ð33Þ
respectively. Here, Xτ ¼ e−τAXeτA and T̃fXλYτg is the antichronological time-ordering operator with respect to variables τ
and λ.
Next, we calculate the statistical average of various dissipative terms ðτ̂; q̂; π̂;ΠÞ up to second order in gradient expansion

using the NESO. We proceed by writing a tensor decomposition of operators T̂μν, N̂μ, and Σ̂μαβ. The straightforward
decomposition is given by

T̂μν ¼ ε̂uμuν − p̂Δμν þ ĥμuν þ ĥνuμ þ π̂μν þ q̂μuν − q̂νuμ þ τ̂μν; ð34Þ
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N̂μ ¼ n̂uμ þ ĵμ; ð35Þ

Σ̂μαβ ¼ uμŜαβ; ð36Þ

where p̂ is the actual isotropic pressure. All the operators, except the pressure (p̂), can be directly matched with the
corresponding hydrodynamic quantities by taking the statistical average using the full nonequilibrium statistical operator.
That means ε≡ hε̂i, hμ ≡ hĥμi, πμν ≡ hπ̂μνi, qμ ≡ hq̂μi, τμν ≡ hτ̂μνi, n≡ hn̂i, jμ ≡ hĵμi, Sμν ≡ hŜμνi. Whereas, the
statistical average of p̂, hp̂i≡ pþ Π. The operators can be written in terms of the projections of T̂μν and N̂μ,

ε̂ ¼ uμuνT̂
μν; p̂ ¼ −

1

3
ΔμνT̂

μν; ĥα þ q̂α ¼ Δα
μuνT̂

μν; ĥα − q̂α ¼ uμΔα
ν T̂

μν;

π̂μν ¼ Δμν
αβT̂

αβ; τ̂μν ¼ �Δμν
αβT̂

αβ; n̂ ¼ uμN̂
μ; ĵμ ¼ Δμ

νN̂ν; Ŝαβ ¼ uμΣ̂μαβ: ð37Þ

The crucial quantity to evaluate for the statistical average is Ĉ. To calculate Ĉðx; tÞ, we use the gradient decomposition of
T̂μν, N̂μ, and Σ̂μαβ from (34)–(36), respectively. Neglecting the third-order gradient terms, we can rewrite (30) as

Ĉ ¼ ε̂Dβ − n̂Dα −
1

2
ŜαβDΩαβ − p̂βθ þ ĥμð∂μβ þ βDuμÞ − ĵμ∂μαþ q̂μð∂μβ − βDuμ þ 2ΩμνuνÞ

þ βπ̂μν∂μuν þ τ̂μνðβ∂μuν þΩμνÞ; ð38Þ

The terms Dβ,Dα, and DΩαβ can be eliminated using the equations of motion. To achieve this, we choose the independent
variables to be ε, n, and Sαβ. Consequently, any thermodynamic quantity, such as β, can be written as a function of these
variables, i.e., β≡ βðε; n; SαβÞ, and any change in that thermodynamic quantity can be given as

Dβ ¼ ∂β

∂ε

����
n;Sαβ

Dεþ ∂β

∂n

����
ε;Sαβ

Dnþ ∂β

∂Sαβ

����
n;ε
DSαβ: ð39Þ

The values of Dε, Dn, and DSαβ up to second order are substituted from the equations of motion (12), (14), and (15), in
which we fix that the terms Π, hμ, qμ, jμ, πμν, and τμν only contain Oð∂1Þ corrections. Thus, the full expression of Dβ,
keeping the terms up to second order in gradient expansion, is given by

Dβ ¼ −θ
�
ðεþ pÞ ∂β

∂ε
þ n

∂β

∂n
þ Sαβ

∂β

∂Sαβ

�
−
∂β

∂n
∂μjμ −

∂β

∂Sαβ
ð2ταβ þ 4qαuβÞ − ∂β

∂ε
ðΠθ þ ∂μhμ þ uμDhμ þ uν∂μπμν

þ ∂μqμ − uμDqμ þ uν∂μτμνÞ; ð40Þ

It is important to note that by excluding the third-order and higher-order terms, we posit that the gradient ordering of the
term ∂β

∂Sαβ
is Oð∂1Þ. This assertion can be understood by deriving the Maxwell relations from (16). The first step involves

rewriting (16) in terms of β, α, and Ωμν, utilizing the connection provided by (20). Thus, we can write

ds ¼ βdε − αdn −
1

2
ΩμνdSμν: ð41Þ

Using (41), we can find the relations

∂β

∂n

����
ε;Sαβ

¼ −
∂α

∂ε

����
n;Sαβ

;
∂β

∂Sαβ

����
ε;n

¼ −
1

2

∂Ωαβ

∂ε

����
n;Sαβ

;
∂α

∂Sαβ

����
ε;n

¼ 1

2

∂Ωαβ

∂n

����
ε;Sαβ

: ð42Þ

Given that Ωαβ ∼Oð∂1Þ, it follows that the partial derivative ∂Ωαβ

∂ε is also of the order Oð∂1Þ.
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Similarly, we can also calculate Dα and DΩαβ given by

Dα ¼ −θ
�
ðεþ pÞ ∂α

∂ε
þ n

∂α

∂n
þ Sαβ

∂α

∂Sαβ

�
−
∂α

∂n
∂μjμ −

∂α

∂Sαβ
ð2ταβ þ 4qαuβÞ

−
∂α

∂ε
ðΠθ þ ∂μhμ þ uμDhμ þ uν∂μπμν þ ∂μqμ − uμDqμ þ uν∂μτμνÞ; ð43Þ

and

DΩαβ ¼ −θ
�
ðεþ pÞ ∂Ωαβ

∂ε
þ n

∂Ωαβ

∂n
þ Sμν

∂Ωαβ

∂Sμν

�
−
∂Ωαβ

∂n
∂μjμ −

∂Ωαβ

∂Sμν
ð2τμν þ 4qμuνÞ

−
∂Ωαβ

∂ε
ðΠθ þ ∂μhμ þ uμDhμ þ uν∂μπμν þ ∂μqμ − uμDqμ þ uν∂μτμνÞ: ð44Þ

Using the values of Dβ, Dα, and DΩαβ together with the relations (42), and extracting the value of Duα from (13), we can
express the nonequilibrium part ðĈÞ of the nonequilibrium statistical operator in the Landau frame. Thus, we obtain

Ĉ ¼ −P̂�βθ − ĵμ∂μαþ q̂μð∂μβ − βh−1∇μpþ 2ΩμνuνÞ þ βπ̂μν∂μuν þ τ̂μνðβ∂μuν þ ΩμνÞ
þ q̂αβh−1½ΠDuα −∇αΠþ Δαν∂μπ

μν − qαθ þ qμ∂μuα − ΔανDqν þ Δαν∂μτ
μν�

− β̂�ðΠθ þ uν∂μπμν þ ∂μqμ − uμDqμ þ uν∂μτμνÞ þ α̂�∂μjμ þ Ω̂�
μνðτμν þ 2qμuνÞ: ð45Þ

Here, we set hμ ¼ 0 for the Landau frame, and we have defined

P̂� ¼ ðp̂ − ε̂Γ − n̂δÞ − ŜαβKαβ ¼ p̂� − ŜαβKαβ; ð46Þ

and the new parameters as

β̂� ¼ ε̂
∂β

∂ε
þ n̂

∂β

∂n
þ Ŝαβ

∂β

∂Sαβ
;

α̂� ¼ ε̂
∂α

∂ε
þ n̂

∂α

∂n
þ Ŝαβ

∂α

∂Sαβ
;

Ω̂�
μν ¼ ε̂

∂Ωμν

∂ε
þ n̂

∂Ωμν

∂n
þ Ŝαβ

∂Ωαβ

∂Sμν
: ð47Þ

We have also defined

Γ ¼ ∂p
∂ε

����
n;Sμν

; δ ¼ ∂p
∂n

����
ε;Sμν

and; Kαβ ¼
∂p
∂Sαβ

����
ε;n
: ð48Þ

Next, we separate Ĉ into two parts, Ĉ ¼ ĈF þ ĈS, containing first-order and second-order gradient terms, respectively. ĈF

and ĈS are

ĈF ¼ −p̂�βθ − ĵμ∇μαþ βq̂μMμ þ βπ̂μνσμν þ βτ̂μνξμν; ð49Þ

ĈS ¼ β
X
i¼1;2

½ðD̂i∂
i
εnβÞX þ ðD̂i∂

i
εnαÞY þ ðD̂i∂

i
εnΩμνÞZμν� þ βq̂αQα þ ŜμνKμνβθ: ð50Þ

Here, D̂i ≡ ðε̂; n̂Þ and ∂
i
εn ≡ ð ∂

∂ε ;
∂

∂nÞ and we defined

Qα ¼ h−1½ΠDuα −∇αΠþ Δαν∂μπ
μν − qαθ þ qμ∂μuα − ΔανDqν þ Δαν∂μτ

μν�; ð51Þ

X ¼ −β−1ðΠθ þ uν∂μπμν þ ∂μqμ − uμDqμ þ uν∂μτμνÞ; ð52Þ
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Y ¼ β−1∂μjμ; ð53Þ

Zμν ¼ β−1ðτμν þ 2qμuνÞ: ð54Þ

Employing (49) and (50), we can rewrite the statistical
average of any operator in terms of gradient expansion as

hÔðxÞi ¼ hÔðxÞil þ hÔðxÞi1 þ hÔðxÞi2; ð55Þ

where hÔðxÞi1 and hÔðxÞi2 are the first-order and second-
order gradient terms, respectively. The first-order contri-
bution is calculated assuming that the thermodynamic
forces remain constant within the correlation length.
This yields the local contribution from the two-point
correlation function. The resulting expression is given by

hÔðxÞi1 ¼
Z

d4x1ðÔðxÞ; ĈFðx1ÞÞjlocal: ð56Þ

Whereas, the second-order contribution to the statistical
average can originate from three possible ways, given by

hÔðxÞi2 ¼ hÔðxÞið2Þ;NL
2 þ hÔðxÞið2Þ;ET2 þ hÔðxÞið3Þ2 ; ð57Þ

where

hÔðxÞið2Þ;NL
2 ¼

Z
d4x1ðÔðxÞ; ĈFðx1ÞÞ − hÔðxÞi1; ð58Þ

hÔðxÞið2Þ;ET2 ¼
Z

d4x1ðÔðxÞ; ĈSðx1ÞÞjlocal; ð59Þ

hÔðxÞið3Þ2 ¼
Z

d4x1d4x2ðÔðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal;

ð60Þ

here, hÔðxÞið2Þ;NL
2 is the nonlocal (NL) correction from the

two-point correlation function, hÔðxÞið2Þ;ET2 is the local
correction from the two-point correlation function using

external thermodynamic forces (ET), and hÔðxÞið3Þ2 is the
local correction from the three-point correlation function.
The meaning of local and nonlocal are explained in the next
section.

IV. FIRST-ORDER SPIN HYDRODYNAMICS

The transport coefficients emerging from first-order spin
hydrodynamics have been calculated using the density
operator formalism [54]. In this section, we provide a
concise overview of the calculations pertinent to first-order
spin hydrodynamics. We begin by calculating the average
value for the rotational stress tensor τμν, the antisymmetric
counterpart of the πμν. Using (56), the first-order gradient
correction to hτ̂μνðxÞi is given by

hτ̂μνðxÞi1 ¼
Z

d4x1ðτ̂μνðxÞ; ĈFðx1ÞÞjlocal: ð61Þ

Now, we take the help of Curie’s principle, that the
correlation between the operators of different ranks van-
ishes in an isotropic media. Hence, the only nonzero
correlation for the hτ̂μνðxÞi1 is

hτ̂μνðxÞi1 ¼
Z

d4x1ðτ̂μνðxÞ; τ̂ρσðx1ÞÞβðx1Þξρσðx1Þjlocal

þ
Z

d4x1ðτ̂μνðxÞ; π̂ρσðx1ÞÞβðx1Þσρσðx1Þjlocal:

ð62Þ

Also, in an isotropic medium, we can write [see
Appendix C Eq. (C4)]

ðτ̂μνðxÞ; τ̂ρσðx1ÞÞ ¼
1

3
�Δμνρσðτ̂ληðxÞ; τ̂ληðx1ÞÞ; ð63Þ

ðτ̂μνðxÞ; π̂ρσðx1ÞÞ ¼ 0: ð64Þ

Further, we use the Taylor expansion to expand
βðx1Þξρσðx1Þ around x1 ¼ x. We have

βðx1Þξρσðx1Þ ¼ βðxÞξρσðxÞþ ðx1− xÞα ∂

∂xα1
½βðx1Þξρσðx1Þ�jx

þ� � � : ð65Þ

Here, we like to emphasize the gradient ordering in the
second term. In this context, ðx1 − xÞα represents the
correlation length, which is comparable to the microscopic
length, i.e., the mean free path of the particles (λ).
Consequently, the term ðx1 − xÞα ∂

∂xα
1

∼ λ
L, where L is the

macroscopic scale. The ratio λ
L known as Knudsen number.

Therefore, the second term in (65) is of the second order in
hydrodynamic gradient expansion. This term is neglected
in first-order hydrodynamics calculation. The first term in
(65), evaluated at x1 ¼ x is the local term. All the higher-
order terms are called nonlocal terms. Substituting (63)–
(65) in (62), and keeping only the first-order gradient terms,
we obtain

τμνðxÞ≡ hτ̂μνðxÞi1 ¼
1

3
βðxÞξμνðxÞ

Z
d4x1ðτ̂ληðxÞ; τ̂ληðx1ÞÞ:

ð66Þ

By employing Curie’s principle, a similar approach is
applied to the remaining dissipative quantities. Thus, we
can write
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qμðxÞ≡ hq̂μðxÞi1 ¼
1

3
βðxÞMμðxÞ

Z
d4x1ðq̂λðxÞ; q̂λðx1ÞÞ;

ð67Þ

πμνðxÞ≡ hπ̂μνðxÞi1 ¼
1

5
βðxÞσμνðxÞ

Z
d4x1ðπ̂ληðxÞ; π̂ληðx1ÞÞ:

ð68Þ

However, the bulk viscous pressure (Π) is defined by

Π ¼ hp̂i − pðε; n; SαβÞ; ð69Þ

and up to the first order in gradient expansion, we obtain
[see Appendix D Eq. (D4)]

Π ¼ hp̂�ðxÞi1; ð70Þ

which is given by

Π ¼ hp̂�ðxÞi1 ¼ −βðxÞθðxÞ
Z

d4x1ðp̂�ðxÞ; p̂�ðx1ÞÞ: ð71Þ

Here, we followed a procedure similar to the one outlined
while calculating (66). Comparing the equations (66)–(68),
and (71) with (23), we can deduce the first-order transport
coefficients, given by

γ ¼ β

6

Z
d4x1ðτ̂ληðxÞ; τ̂ληðx1ÞÞ; ð72Þ

λ ¼ −
β

3

Z
d4x1ðq̂λðxÞ; q̂λðx1ÞÞ; ð73Þ

η ¼ β

10

Z
d4x1ðπ̂ληðxÞ; π̂ληðx1ÞÞ; ð74Þ

ζ ¼ β

Z
d4x1ðp̂�ðxÞ; p̂�ðx1ÞÞ: ð75Þ

V. SECOND-ORDER SPIN HYDRODYNAMICS

Relativistic hydrodynamics, which considers only the
symmetric canonical energy-momentum tensor and
excludes the spin degree of freedom, has been extensively
studied up to the second-order using the density operator
formalism [62]. We extend this formalism to include the
antisymmetric part of the energy-momentum tensor and
derive the second-order spin hydrodynamics. We start by
calculating the second-order corrections to the rotational
stress tensor.

A. Rotational stress tensor (τμν)

The second-order correction to hτ̂μνðxÞi can be decom-
posed into three parts [see (56)], given by

hτ̂μνðxÞi2 ¼ hτ̂μνðxÞið2Þ;NL
2 þ hτ̂μνðxÞið2Þ;ET2 þ hτ̂μνðxÞið3Þ2 :

ð76Þ

The general definition of these three terms is defined in
(58)–(60). Since we are interested in the correlation in
isotropic media, these terms can be further simplified using
Curie’s principle. Thus,

hτ̂μνðxÞið2Þ;NL
2 ¼

Z
d4x1ðτ̂μνðxÞ; τ̂αβðx1ÞÞβðx1Þξαβðx1Þ

− hτ̂μνðxÞi1; ð77Þ

hτ̂μνðxÞið2Þ;ET2 ¼
Z

d4x1ðτ̂μνðxÞ; Ŝαβðx1ÞÞKαβðx1Þ

× βðx1Þθðx1Þjlocal; ð78Þ

hτ̂μνðxÞið3Þ2 ¼
Z

d4x1d4x2ðτ̂μνðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal;

ð79Þ
where ĈF is given by Eq. (49).

1. Nonlocal correction from two-point

correlation function: hτ̂μνðxÞið2Þ;NL2

To calculate the nonlocal correction from the two-point
correlation function, we first generalize Eq. (63), which can
be given by

ðτ̂μνðxÞ; τ̂ρσðx1ÞÞ ¼
1

3
�Δμνρσðx; x1Þðτ̂ληðxÞ; τ̂ληðx1ÞÞ: ð80Þ

This is the nonlocal generalization of two-point correlators,
with the nonlocal projector defined as (see A 2)

�Δμνρσðx; x1Þ ¼ �ΔμναβðxÞ �Δαβ
ρσðx1Þ: ð81Þ

In order to extract nonlocal terms from (77), we have to
express τ̂λσ and τ̂λσ in terms of the energy-momentum
tensor, and then we expand all the hydrodynamic quantities
around x1 ¼ x. From (37), we can write

τ̂ληðxÞ ¼ �Δλη
γδðxÞT̂γδðxÞ; ð82Þ

τ̂ληðx1Þ ¼ �Δληαβðx1ÞT̂αβðx1Þ: ð83Þ

Substituting (82) and (83) together with (80) and (81) in
(77), we obtain

hτ̂μνðxÞið2Þ;NL
2 ¼ 1

3
�ΔμνρσðxÞ

Z
d4x1ðT̂γδðxÞ; T̂αβðx1ÞÞ

×�Δγδαβðx; x1Þβðx1Þξρσðx1Þ − hτ̂μνðxÞi1:
ð84Þ
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Furthermore, the Taylor’s expansion of �Δγδαβðx; x1Þβðx1Þξρσðx1Þ around x1 ¼ x is given by

�Δγδαβðx; x1Þβðx1Þξρσðx1Þ ¼ �ΔγδαβðxÞβðxÞξρσðxÞ þ ðx1 − xÞλ
�
�ΔγδαβðxÞ

∂

∂xλ1
fβðx1Þξρσðx1Þgjx1¼x

þ βðxÞξρσðxÞ ∂

∂xλ1
f�Δγδαβðx; x1Þgjx1¼x

�
; ð85Þ

where the first-order derivative of �Δγδαβðx; x1Þ is given by [see Eq. (A17) in A 2]

∂

∂xλ1
�Δμνρσðx; x1Þjx1¼x ¼ −½�ΔμνρτðxÞuσðxÞ þ �ΔμντσðxÞuρðxÞ�

∂uτðx1Þ
∂xλ1

����
x1¼x

: ð86Þ

Substituting (85) in (84), we find that the leading-order term in (85) cancels hτ̂μνðxÞi1 in (84), with the help of (66). Thus, we
obtain

hτ̂μνðxÞið2Þ;NL
2 ¼

�
1

3
�ΔμνρσðxÞ �ΔγδαβðxÞ

∂

∂xλ1
fβðx1Þξρσðx1Þgx1¼x

Z
d4x1ðT̂γδðxÞ; T̂αβðx1ÞÞðx1 − xÞλ

�

−
�
1

3
βðxÞξμνðxÞ

∂uτðx1Þ
∂xλ1

����
x1¼x

f�ΔγδατðxÞuβðxÞ þ �ΔγδτβðxÞuαðxÞg
Z

d4x1ðT̂γδðxÞ; T̂αβðx1ÞÞðx1 − xÞλ
�
: ð87Þ

Next, we approximate uβðxÞ ≃ uβðx1Þ using the leading-order approximation, because the terms in (87) are already
multiplied with the second-order terms. Thus, using (37) in the Landau frame, we find that the second part of Eq. (87) gives
the two types of correlation,

Z
d4x1ðτ̂ατðxÞ; q̂αðx1ÞÞ; and

Z
d4x1ðτ̂ατðxÞ; ε̂ðx1Þuαðx1ÞÞ; ð88Þ

which can be safely set to zero, by revoking Curie’s principle and using the property uατ̂ατ ¼ 0. Also, in the first-order
gradient approximation, we can write

�ΔγδαβðxÞ
Z

d4x1ðT̂γδðxÞ; T̂αβðx1ÞÞ ¼
Z

d4x1ðτ̂λσðxÞ; τ̂λσðx1ÞÞ: ð89Þ

Substituting (89) in (87) and using (88), we get

hτ̂μνðxÞið2Þ;NL
2 ¼ 2½βðxÞ�−1 �ΔμνρσðxÞLλðxÞ ∂

∂xλ1
fβðx1Þξρσðx1Þgjx1¼x: ð90Þ

Here, we defined

LλðxÞ ¼ βðxÞ
6

Z
d4x1ðτ̂αβðxÞ; τ̂αβðx1ÞÞðx1 − xÞλ; ð91Þ

which can be further simplified in the following form [see
Eq. (B22) in Appendix B]

Lλ ¼ γωuλ; ð92Þ

where

γω ¼ ilim
ω→0

d
dω

γτ̂ τ̂ðωÞ: ð93Þ

Here γτ̂ τ̂ðωÞ is the frequency-dependent transport coeffi-
cient, given by (see Appendix B)

γτ̂ τ̂ðωÞ ¼
β

6

Z
d4x1eiωðt−t1Þðτ̂αβðxÞ; τ̂αβðx1ÞÞ: ð94Þ

Combining (90)–(92), and using the first-order approxi-
mation Dβ ≃ Γβθ, we obtain

hτ̂μνið2Þ;NL
2 ¼ 2γω½�ΔμνρσDξρσ þ θΓξμν�; ð95Þ

where we removed the argument x from all quantities.
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2. Local correction from two-point correlation function
using extended thermodynamic forces: hτ̂μνðxÞið2Þ;ET2

Since ĈS contains an antisymmetric tensor operator Ŝαβ,
the term (78) is nonzero for a rotational stress tensor. To
solve this term, we can expand Kαβðx1Þβðx1Þθðx1Þ around
x1 ¼ x, in a manner similar to how we solved for hτ̂μνðxÞi1.
From (78), we have

hτ̂μνðxÞið2Þ;ET2 ¼
Z

d4x1ðτ̂μνðxÞ; Ŝαβðx1ÞÞKαβðx1Þ

× βðx1Þθðx1Þjlocal;
¼ γτSðxÞKμνðxÞθðxÞ; ð96Þ

where we defined

γτSðxÞ ¼
βðxÞ
3

Z
d4x1ðτ̂λσðxÞ; Ŝλσðx1ÞÞ: ð97Þ

Also, we have used (see Appendix C),

ðτ̂μνðxÞ; Ŝαβðx1ÞÞ ¼
1

3
�Δμναβðτ̂λσðxÞ; Ŝλσðx1ÞÞ: ð98Þ

3. Local correction from three-point correlation

function: hτ̂μνðxÞið3Þ2

Using (60), this correction term is given by

hτ̂μνðxÞið3Þ2 ¼
Z

d4x1d4x2ðτ̂μνðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal;

ð99Þ

where

ĈFðxÞ ¼ −p̂�βθ − ĵμ∇μαþ βq̂μMμ þ βπ̂μνσ
μν þ βτ̂μνξ

μν;

ð100Þ

and Mμ ¼ β−1∂μβ − h−1∇μpþ 2β−1Ωμνuν.
In order to calculate the local contribution from (99),

we expand the thermodynamic forces around x1 ¼ x and
x2 ¼ x and collect only the leading-order terms, which is
equivalent to replacing the argument of thermodynamic
forces with x. Thus, substituting the value of ĈF in (99), we
get ten types of nonzero correlations, given by

A1μνðxÞ ¼ β2ðxÞξρσðxÞξαβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ; ð101Þ

A2μνðxÞ ¼ β2ðxÞσρσðxÞσαβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; π̂ρσðx1Þ; π̂αβðx2ÞÞ; ð102Þ

A3μνðxÞ ¼ β2ðxÞσρσðxÞξαβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; π̂ρσðx1Þ; τ̂αβðx2ÞÞ; ð103Þ

A4μνðxÞ ¼ β2ðxÞξρσðxÞσαβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; τ̂ρσðx1Þ; π̂αβðx2ÞÞ; ð104Þ

A5μνðxÞ ¼ −β2ðxÞξρσðxÞθðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; τ̂ρσðx1Þ; p̂�ðx2ÞÞ; ð105Þ

A6μνðxÞ ¼ −β2ðxÞξαβðxÞθðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; p̂�ðx1Þ; τ̂αβðx2ÞÞ; ð106Þ

A7μνðxÞ ¼ β2ðxÞMαðxÞMβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; q̂αðx1Þ; q̂βðx2ÞÞ; ð107Þ

A8μνðxÞ ¼ ∇ααðxÞ∇βαðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; ĵαðx1Þ; ĵβðx2ÞÞ; ð108Þ

A9μνðxÞ ¼ −βðxÞ∇ααðxÞMβðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; ĵαðx1Þ; q̂βðx2ÞÞ; ð109Þ

A10μνðxÞ ¼ −βðxÞMαðxÞ∇βαðxÞ
Z

d4x1d4x2ðτ̂μνðxÞ; q̂αðx1Þ; ĵβðx2ÞÞ: ð110Þ
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Now, we write the correlation functions in the form of projectors and traces. We start by writing the most general expression
for the three-point correlation function, involving three second-rank tensors and satisfying the orthogonality condition
uμπ̂μν and uμτ̂μν, given by

ðX̂μνðxÞ; Ŷρσðx1Þ; Ẑαβðx2ÞÞ ¼ a1ΔμνΔραΔσβ þ a2ΔμνΔρβΔσα þ b1ΔρσΔμαΔνβ þ b2ΔρσΔμβΔνα

þ c1ΔαβΔμρΔνσ þ c2ΔαβΔμσΔνρ þ dΔμνΔρσΔαβ

þ e1ΔμρΔναΔσβ þ e2ΔμρΔνβΔσα þ e3ΔμσΔναΔρβ þ e4ΔμσΔνβΔρα

þ e5ΔμαΔνρΔσβ þ e6ΔμαΔνσΔρβ þ e7ΔμβΔνρΔσα þ e8ΔμβΔνσΔρα; ð111Þ

where X̂, Ŷ, and Ẑ can either be π̂ or τ̂. The coefficients a1, a2, b1, b2, c1, c2, d, e1 − e8 are obtained by imposing the
symmetric and antisymmetric properties of π̂μν and τ̂μν, respectively (see Appendix C). Thus, we find that the three-point
correlation functions among different two-rank tensors can be written as

ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼
1

3
½Δρα �Δμνσβ − Δρβ �Δμνσα − Δσα �Δμνρβ þ Δσβ �Δμνρα�ðτ̂δλðxÞ; τ̂ηδðx1Þ; τ̂ληðx2ÞÞ; ð112Þ

ðτ̂μνðxÞ; π̂ρσðx1Þ; π̂αβðx2ÞÞ ¼
−1
15

½Δρα �Δμνσβ þ Δρβ �Δμνσα þ Δσα �Δμνρβ þ Δσβ �Δμνρα�ðτ̂δλðxÞ; π̂ηδðx1Þ; π̂ληðx2ÞÞ; ð113Þ

ðτ̂μνðxÞ; π̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼
1

5

�
−Δρα �Δμνσβ þ Δρβ �Δμνσα − Δσα �Δμνρβ þ Δσβ �Δμνρα þ

4

3
Δρσ �Δμναβ

�

× ðτ̂δλðxÞ; π̂ηδðx1Þ; τ̂ληðx2ÞÞ; ð114Þ

ðτ̂μνðxÞ; τ̂ρσðx1Þ; π̂αβðx2ÞÞ ¼
−1
5

�
−Δρα �Δμνσβ − Δρβ �Δμνσα þ Δσα �Δμνρβ þ Δσβ �Δμνρα −

4

3
Δαβ �Δμνρσ

�

× ðτ̂δλðxÞ; τ̂ηδðx1Þ; π̂ληðx2ÞÞ: ð115Þ

The other correlations including two second-rank tensors are given by (see Appendix C)

ðτ̂μνðxÞ; τ̂ρσðx1Þ; p̂�ðx2ÞÞ ¼
1

3
�Δμνρσðτ̂δηðxÞ; τ̂δηðx1Þ; p̂�ðx2ÞÞ; ð116Þ

ðτ̂μνðxÞ; p̂�ðx1Þ; τ̂αβðx2ÞÞ ¼
1

3
�Δμναβðτ̂δηðxÞ; p̂�ðx1Þ; τ̂δηðx2ÞÞ; ð117Þ

ðτ̂μνðxÞ; q̂αðx1Þ; q̂βðx2ÞÞ ¼
1

3
�Δμναβðτ̂δηðxÞ; q̂δðx1Þ; q̂ηðx2ÞÞ; ð118Þ

ðτ̂μνðxÞ; ĵαðx1Þ; ĵβðx2ÞÞ ¼
1

3
�Δμναβðτ̂δηðxÞ; ĵδðx1Þ; ĵηðx2ÞÞ ð119Þ

ðτ̂μνðxÞ; ĵαðx1Þ; q̂βðx2ÞÞ ¼
1

3
�Δμναβðτ̂δηðxÞ; ĵδðx1Þ; q̂ηðx2ÞÞ; ð120Þ

ðτ̂μνðxÞ; q̂αðx1Þ; ĵβðx2ÞÞ ¼
1

3
�Δμναβðτ̂δηðxÞ; q̂δðx1Þ; ĵηðx2ÞÞ: ð121Þ

The symmetry property of the three-point correlation function indicates that A3μνðxÞ ¼ A4μνðxÞ, A5μνðxÞ ¼ A6μνðxÞ, and
A9μνðxÞ ¼ A10μνðxÞ. Substituting the correlation functions from (112)–(121) in (101)–(110), we obtain the second-order
gradient correction from the three-point correlation function to the rotational stress tensor, given by

hτ̂μνðxÞið3Þ2 ¼ γτττξα�hμξαν�i þ γτππσα�hμσαν�i þ 2γτπτσα�hμξαν�i þ 2γττpξμνθþ γτqqM�hμMν�i þ γτjjβ
−1∇�hμα∇ν�iαþ 2γτqjM�hμ∇ν�iα;

ð122Þ
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where we used the shorthand notations (3) and the new
transport coefficients are defined by

γτττ ¼
−4
3

β2
Z

d4x1d4x2ðτ̂δλðxÞ; τ̂ηδðx1Þ; τ̂ληðx2ÞÞ;

γτππ ¼
−4
15

β2
Z

d4x1d4x2ðτ̂δλðxÞ; π̂ηδðx1Þ; π̂ληðx2ÞÞ;

γτπτ ¼
4

5
β2

Z
d4x1d4x2ðτ̂δλðxÞ; π̂ηδðx1Þ; τ̂ληðx2ÞÞ;

γττp ¼ −1
3

β2
Z

d4x1d4x2ðτ̂δηðxÞ; τ̂δηðx1Þ; p̂�ðx2ÞÞ;

γτqq ¼
1

3
β2

Z
d4x1d4x2ðτ̂δηðxÞ; q̂δðx1Þ; q̂ηðx2ÞÞ;

γτjj ¼
1

3
β

Z
d4x1d4x2ðτ̂δηðxÞ; ĵδðx1Þ; ĵηðx2ÞÞ;

γτqj ¼
−1
3

β

Z
d4x1d4x2ðτ̂δηðxÞ; q̂δðx1Þ; ĵηðx2ÞÞ:

4. Final expression

Using (66) and (72) for the first-order correction and
(95), (96), and (122) for the second-order corrections, the
complete expression for the rotational stress tensor i.e.
antisymmetric counterpart of the shear stress tensor, up to
second order, is given by

hτ̂μνðxÞi ¼ 2γξμν þ 2γω½�ΔμνρσDξρσ þ θΓξμν� þ γτSKμνθ

þ γτττξα�hμξαν�i þ γτππσα�hμσαν�i þ 2γτπτσα�hμξαν�i
þ 2γττpξμνθ þ γτqqM�hμMν�i
þ γτjjβ

−1∇�hμα∇ν�iαþ 2γτqjM�hμ∇ν�iα: ð123Þ

Following [62,63], the evolution equation for the rotational
stress tensor can be obtained by replacing ξρσ ∼ 1

2γ τ
ρσ in the

term Dξρσ , by employing (23), the first-order Navier-
Stokes relation. Thus, we obtain

2γω �ΔμνρσDξρσ ≃ −τττ̇μν þ γ̃τθτμν; ð124Þ

where

ττ ¼ −γωγ−1; ð125Þ

γ̃τ ¼ ττγ
−1β

�
Γ
∂γ

∂β
− δ

∂γ

∂α

�
: ð126Þ

Therefore, the evolution equation for the rotational stress
tensor is given by

τμν þ τττ̇μν ¼ 2γξμν þ γ̃ττμνθ þ 2γωΓξμνθ þ γτSKμνθ

þ 2γττpξμνθ þ γτττξα�hμξαν�i þ γτππσα�hμσαν�i
þ 2γτπτσα�hμξαν�i þ γτqqM�hμMν�i

þ γτjjβ
−1∇�hμα∇ν�iαþ 2γτqjM�hμ∇ν�iα:

ð127Þ

B. Boost heat vector (qμ)

1. Nonlocal correction from two-point correlation

function: hq̂μðxÞið2Þ;NL2

Invoking the Curie’s principle for the isotropic medium
and using (58) and (49), we have

hq̂μðxÞið2Þ;NL
2 ¼

Z
d4x1ðq̂μðxÞ; q̂νðx1ÞÞβðx1ÞMνðx1Þ

− hq̂μðxÞi1: ð128Þ

In an isotropic medium, the correlator can be written as

ðq̂μðxÞ; q̂νðx1ÞÞ ¼
1

3
Δμνðq̂σðxÞ; q̂σðx1ÞÞ: ð129Þ

Similar to the calculation of a nonlocal correction to
hτ̂μνðxÞi2, we have to first express q̂μ in terms of the
energy-momentum tensor, and then we expand all the
hydrodynamic quantities around x1 ¼ x. From (37), in
the Landau frame, we can write

q̂σðx1Þ ¼ Δσαðx1Þuβðx1ÞT̂αβðx1Þ: ð130Þ

Using the Taylor expansion, we expand all the hydro-
dynamic quantities Δσαðx1Þ and uβðx1Þ (not operators)
around x1 ¼ x, and keeping terms only up to first-order in
gradient expansion, we have

q̂σðx1Þ ¼ ½q̂σðx1Þ�x þ ðx1 − xÞτ
�
∂q̂σðx1Þ
∂xτ1

�
x
; ð131Þ

where

½q̂ðx1Þ�x ¼ ΔσαðxÞuβðxÞT̂αβðx1Þ; ð132Þ
�
∂q̂σðx1Þ
∂xτ1

�
x
¼ −q̂αðx1ÞuσðxÞ

∂uαðx1Þ
∂xτ1

����
x
− ε̂ðx1Þ

∂uσðx1Þ
∂xτ1

����
x

− p̂ðx1Þ
∂uσðx1Þ
∂xτ1

����
x
þ ½π̂βσðx1Þ

þ τ̂βσðx1Þ�
∂uβðx1Þ
∂xτ1

����
x
; ð133Þ

defining M0λ ¼ βMλ, using the Taylor expansion for
M0λðx1Þ, given by
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M0λðx1Þ ¼ M0λðxÞ þ ðx1 − xÞτ ∂M
0λðx1Þ
∂xτ1

����
x
þ � � � : ð134Þ

Substituting (129), (131), and (134) in (128) and, collecting
all the terms up to second-order in gradient expansion, we
obtain

hq̂μðxÞið2Þ;NL
2 ¼ 1

3
ΔμλðxÞ

Z
d4x1½ðq̂σðxÞ; ½q̂σðx1Þ�xÞM0λðxÞ

þ ðq̂σðxÞ; ½q̂σðx1Þ�xÞðx1 − xÞτ ∂M
0λðx1Þ
∂xτ1

����
x

þ
�
q̂σðxÞ;

�
∂qσðx1Þ
∂xτ1

�
x

�
ðx1 − xÞτM0λðxÞ�

− hq̂μðxÞi1: ð135Þ

With the help of (67), the first term in the bracket cancels
hq̂μðxÞi1. Thus, we obtain

hq̂μðxÞið2Þ;NL
2

¼ 1

3
ΔμλðxÞ∂τM0λðxÞ

Z
d4x1ðq̂σðxÞ; ½q̂σðx1Þ�xÞðx1 − xÞτ

þ 1

3
M0

μðxÞ
Z

d4x1

�
q̂σðxÞ;

�
∂qσðx1Þ
∂xτ1

�
x

�
ðx1 − xÞτ:

ð136Þ

Observing (133), we can conclude that the second term in
(136) vanishes, on account of Curie’s principle and the
orthogonal property q̂σuσ ¼ 0. Thus, (136) can be simpli-
fied to

hq̂μðxÞið2Þ;NL
2 ¼ ½βðxÞ�−1ΔμλðxÞRτðxÞ∂τM0λðxÞ; ð137Þ

where we have approximated ½q̂ðx1Þ�x ≃ q̂ðx1Þ, because
(137) already contains a second-order term. We also
defined

RτðxÞ ¼ βðxÞ
3

Z
d4x1ðq̂σðxÞ; q̂σðx1ÞÞðx1 − xÞτ; ð138Þ

which can be simplified in the following form [see
Eq. (B22) in Appendix B]

Rτ ¼ λωuτ; ð139Þ

where

λω ¼ ilim
ω→0

d
dω

λq̂ q̂ðωÞ: ð140Þ

Here λq̂ q̂ðωÞ is defined by (see Appendix B)

λq̂ q̂ðωÞ ¼
β

3

Z
d4x1eiωðt−t1Þðq̂σðxÞ; q̂σðx1ÞÞ: ð141Þ

Finally, solving (137) using (139), and using the first-order
approximation Dβ ≃ Γβθ, we obtain

hq̂μið2Þ;NL
2 ¼ λω½MμΓθ þ ΔμλDMλ�: ð142Þ

2. Local correction from two-point correlation function

using extended thermodynamic forces: hq̂μðxÞið2Þ;ET2

From (59), we can write

hq̂μðxÞið2Þ;ET2 ¼
Z

d4x1ðq̂μðxÞ; ĈSðx1ÞÞjlocal; ð143Þ

where ĈS is given by (50). ĈS has only one vector term,
then by the help of Curie’s principle, and expanding all
hydrodynamic quantities around x1 ¼ x, we can extract the
local terms in (143), given by

hq̂μðxÞið2Þ;ET2 ¼ −λðxÞQμðxÞ; ð144Þ

where

λðxÞ ¼ −β
3

Z
d4x1ðq̂αðxÞ; q̂αðx1ÞÞ: ð145Þ

3. Local correction from three-point correlation

function: hq̂μðxÞið3Þ2

From (60), we can write

hq̂μðxÞið3Þ2 ¼
Z

d4x1d4x2ðq̂μðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal;

ð146Þ

where ĈF is given by (49). Substituting (49) in (146) and
employing Curie’s principle, the nonvanishing correlations
are given by

B1μðxÞ ¼ −β2ðxÞMνðxÞθðxÞ
Z

d4x1d4x2ðq̂μðxÞ; q̂νðx1Þ; p̂�ðx2ÞÞ; ð147Þ

B2μðxÞ ¼ −β2ðxÞMνðxÞθðxÞ
Z

d4x1d4x2ðq̂μðxÞ; p̂�ðx1Þ; q̂νðx2ÞÞ; ð148Þ
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B3μðxÞ ¼ β2ðxÞMνðxÞξαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; q̂νðx1Þ; τ̂αβðx2ÞÞ; ð149Þ

B4μðxÞ ¼ β2ðxÞMνðxÞξρσðxÞ
Z

d4x1d4x2ðq̂μðxÞ; τ̂ρσðx1Þ; q̂νðx2Þ; Þ; ð150Þ

B5μðxÞ ¼ β2ðxÞMνðxÞσαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; q̂νðx1Þ; π̂αβðx2ÞÞ; ð151Þ

B6μðxÞ ¼ β2ðxÞMνðxÞσρσðxÞ
Z

d4x1d4x2ðq̂μðxÞ; π̂ρσðx1Þ; q̂νðx2Þ; Þ; ð152Þ

B7μðxÞ ¼ −βðxÞ∇ναðxÞξαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; ĵνðx1Þ; τ̂αβðx2ÞÞ; ð153Þ

B8μðxÞ ¼ −βðxÞ∇ναðxÞξαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; τ̂αβðx1Þ; ĵνðx2ÞÞ; ð154Þ

B9μðxÞ ¼ −βðxÞ∇ναðxÞσαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; ĵνðx1Þ; π̂αβðx2ÞÞ; ð155Þ

B10μðxÞ ¼ −βðxÞ∇ναðxÞσαβðxÞ
Z

d4x1d4x2ðq̂μðxÞ; π̂αβðx1Þ; ĵνðx2ÞÞ: ð156Þ

Again the symmetric property of the three-point function leads to B1μðxÞ ¼ B2μðxÞ, B3μðxÞ ¼ B4μðxÞ, B5μðxÞ ¼ B6μðxÞ,
B7μðxÞ ¼ B8μðxÞ, and B9μðxÞ ¼ B10μðxÞ. In the isotopic medium, the three-point correlation functions can be written as

ðq̂μðxÞ; q̂νðx1Þ; p̂�ðx2ÞÞ ¼
1

3
Δμνðq̂λðxÞ; q̂λðx1Þ; p̂�ðx2ÞÞ; ð157Þ

ðq̂μðxÞ; q̂νðx1Þ; τ̂αβðx2ÞÞ ¼
1

3
�Δμναβðq̂λðxÞ; q̂δðx1Þ; τ̂λδðx2ÞÞ; ð158Þ

ðq̂μðxÞ; q̂νðx1Þ; π̂αβðx2ÞÞ ¼
1

5
Δμναβðq̂λðxÞ; q̂δðx1Þ; π̂λδðx2ÞÞ; ð159Þ

ðq̂μðxÞ; ĵνðx1Þ; τ̂αβðx2ÞÞ ¼
1

3
�Δμναβðq̂λðxÞ; ĵδðx1Þ; τ̂λδðx2ÞÞ; ð160Þ

ðq̂μðxÞ; ĵνðx1Þ; π̂αβðx2ÞÞ ¼
1

5
Δμναβðq̂λðxÞ; ĵδðx1Þ; π̂λδðx2ÞÞ: ð161Þ

Substituting (157)–(161) in (147)–(156), we get the final expression for the second-order correction from the three-point
correlation function in hq̂μi, given by

hq̂μið3Þ2 ¼ λqqpMμθ þ λqqτξμνMν þ λqqπσμνMν þ λqjτξμν∇ναþ λqjπσμν∇να; ð162Þ

where the new transport coefficients are defined by

λqqp ¼ −2
3

β2
Z

d4x1d4x2ðq̂λðxÞ; q̂λðx1Þ; p̂�ðx2ÞÞ; ð163Þ

λqqτ ¼
2

3
β2

Z
d4x1d4x2ðq̂λðxÞ; q̂δðx1Þ; τ̂λδðx2ÞÞ; ð164Þ

λqqπ ¼
2

5
β2

Z
d4x1d4x2ðq̂λðxÞ; q̂δðx1Þ; π̂λδðx2ÞÞ; ð165Þ
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λqjτ ¼ −
2

3
β

Z
d4x1d4x2ðq̂λðxÞ; ĵδðx1Þ; τ̂λδðx2ÞÞ; ð166Þ

λqjπ ¼ −
2

5
β

Z
d4x1d4x2ðq̂λðxÞ; ĵδðx1Þ; π̂λδðx2ÞÞ: ð167Þ

4. Final expression

Combining (67), (73), (142), (144), and (162), the complete second-order expression for boost heat vector, i.e., the
antisymmetric counterpart of the heat flow vector, is given by

hq̂μi ¼ −λMμ þ λω½MμΓθ þ ΔμλDMλ� − λQμ þ λqqpMμθ þ λqqτξμνMν þ λqqπσμνMν þ λqjτξμν∇ναþ λqjπσμν∇να: ð168Þ

Approximating, Mλ ∼ λ−1qλ, by using the first-order Navier-Stokes relation (23), in the term DMλ. We get the evolution
equation for the boost heat vector,

qμ þ τqq̇μ ¼ −λMμ þ λ̃τθqμ þ λωΓMμθ − λQμ þ λqqpMμθ þ λqqτξμνMν þ λqqπσμνMν þ λqjτξμν∇ναþ λqjπσμν∇να; ð169Þ

where

τq ¼ λωλ
−1 ð170Þ

λ̃τ ¼ τqλ
−1β

�
Γ
∂λ

∂β
− δ

∂λ

∂α

�
: ð171Þ

C. Shear stress tensor (πμν)

1. Nonlocal correction from two-point correlation function: hπ̂μνðxÞið2Þ;NL2

Invoking Curie’s principle and using (58) with (49), we can write

hπ̂μνðxÞið2Þ;NL
2 ¼

Z
d4x1ðπ̂μνðxÞ; π̂αβðx1ÞÞβðx1Þσαβðx1Þ − hπ̂μνðxÞi1: ð172Þ

In this case, the nonlocal generalization of the two-point correlation function is given by

ðπ̂μνðxÞ; π̂αβðx1ÞÞ ¼
1

5
Δμναβðx; x1Þðπ̂ληðxÞ; π̂ληðx1ÞÞ: ð173Þ

Next, we write π̂λη and π̂λη in terms of energy-momentum tensor. Using (37), we have

π̂ληðxÞ ¼ Δλη
γδðxÞT̂γδðxÞ; ð174Þ

π̂ληðx1Þ ¼ Δληαβðx1ÞT̂αβðx1Þ: ð175Þ

Substituting (173) with (174) and (175) in (172), we obtain

hπ̂μνðxÞið2Þ;NL
2 ¼ 1

5
ΔμνρσðxÞ

Z
d4x1ðT̂γδðxÞ; T̂αβðx1ÞÞΔγδαβðx; x1Þβðx1Þσρσðx1Þ − hπ̂μνðxÞi1: ð176Þ

The procedure for the calculation of nonlocal correction from two-point correlation function to hπ̂μνðxÞi2 is similar to that of
hτ̂μνðxÞi2, with the antisymmetric fourth-rank projector replaced by the symmetric fourth-rank projector. Hence, as
discussed in Sec. VA 1, expanding all the hydrodynamic quantities around x1 ¼ x in (176), then collecting all the second-
order terms, we obtain

hπ̂μνðxÞið2Þ;NL
2 ¼ 2ΔμνρσðxÞ½βðsÞ�−1KλðxÞ ∂

∂xλ1
½βðx1Þσρσðx1Þ�jx1¼x: ð177Þ
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Here we defined

KλðxÞ ¼ βðxÞ
10

Z
d4x1ðπ̂αβðxÞ; π̂αβðx1ÞÞðx1 − xÞλ; ð178Þ

which can be written as [see Eq. (B22) in Appendix B]

Kλ ¼ ηωuλ; ð179Þ

where

ηω ¼ ilim
ω→0

d
dω

ηπ̂ π̂ðωÞ: ð180Þ

The frequency-dependent transport coefficient ηπ̂ π̂ðωÞ is
given by (see Appendix B)

ηπ̂ π̂ðωÞ ¼
β

10

Z
d4x1eiωðt−t1Þðπ̂αβðxÞ; π̂αβðx1ÞÞ: ð181Þ

Solving (177) with (179) and using Dβ ≃ Γβθ, we obtain

hπ̂μνið2Þ;NL
2 ¼ 2ηω½ΔμνρσDσρσ þ θΓσμν�: ð182Þ

2. Local correction from two-point correlation function

using extended thermodynamic forces: hπ̂μνðxÞið2Þ;ET2

With the help of (59), we can write

hπ̂μνðxÞið2Þ;ET2 ¼
Z

d4x1ðπ̂μνðxÞ; ĈSðx1ÞÞjlocal; ð183Þ

where ĈS is given by (50). Since (50) does not contain any
term involving a symmetric second-rank operator, all the
correlations vanish by employingCurie’s principle. Therefore,

hπ̂μνðxÞið2Þ;ET2 ¼ 0: ð184Þ

3. Local correction from three-point correlation

function: hπ̂μνðxÞið3Þ2

From (60), we can write

hπ̂μνðxÞið3Þ2 ¼
Z

d4x1d4x2ðπ̂μνðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal;

ð185Þ
where ĈF is given by (49). Here, we follow the procedure
given in Sec. VA 3. Substituting (49) in (185), the non-
vanishing correlations, involving three second-rank tensor
operators are given by (see Appendix C)

ðπ̂μνðxÞ; π̂ρσðx1Þ; π̂αβðx2ÞÞ ¼
1

35
½3ðΔραΔμνσβ þ ΔρβΔμνσα þ ΔσαΔμνρβ þ ΔσβΔμνραÞ

− 4ðΔρσΔμναβ þ ΔαβΔμνρσÞ�ðπ̂δλðxÞ; π̂ηδðx1Þ; π̂ληðx2ÞÞ; ð186Þ

ðπ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼
−1
5

½ΔραΔμνσβ − ΔρβΔμνσα − ΔσαΔμνρβ þ ΔσβΔμνρα�ðπ̂δλðxÞ; τ̂ηδðx1Þ; τ̂ληðx2ÞÞ; ð187Þ

ðπ̂μνðxÞ; π̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼
−1
15

½−ΔραΔμνσβ þ ΔρβΔμνσα − ΔσαΔμνρβ þ ΔσβΔμνρα�ðπ̂δλðxÞ; π̂ηδðx1Þ; τ̂ληðx2ÞÞ; ð188Þ

ðπ̂μνðxÞ; τ̂ρσðx1Þ; π̂αβðx2ÞÞ ¼
1

15
½−ΔραΔμνσβ − ΔρβΔμνσα þ ΔσαΔμνρβ þ ΔσβΔμνρα�ðπ̂δλðxÞ; τ̂ηδðx1Þ; π̂ληðx2ÞÞ; ð189Þ

whereas, other nonvanishing correlations are given by

ðπ̂μνðxÞ; π̂ρσðx1Þ; p̂�ðx2ÞÞ ¼
1

5
Δμνρσðπ̂δηðxÞ; π̂δηðx1Þ; p̂�ðx2ÞÞ; ð190Þ

ðπ̂μνðxÞ; p̂�ðx1Þ; π̂αβðx2ÞÞ ¼
1

5
Δμναβðπ̂δηðxÞ; p̂�ðx1Þ; π̂δηðx2ÞÞ; ð191Þ

ðπ̂μνðxÞ; q̂αðx1Þ; q̂βðx2ÞÞ ¼
1

5
Δμναβðπ̂δηðxÞ; q̂δðx1Þ; q̂ηðx2ÞÞ; ð192Þ

ðπ̂μνðxÞ; ĵαðx1Þ; ĵβðx2ÞÞ ¼
1

5
Δμναβðπ̂δηðxÞ; ĵδðx1Þ; ĵηðx2ÞÞ; ð193Þ

ðπ̂μνðxÞ; ĵαðx1Þ; q̂βðx2ÞÞ ¼
1

5
Δμναβðπ̂δηðxÞ; ĵδðx1Þ; q̂ηðx2ÞÞ; ð194Þ

ðπ̂μνðxÞ; q̂αðx1Þ; ĵβðx2ÞÞ ¼
1

5
Δμναβðπ̂δηðxÞ; q̂δðx1Þ; ĵηðx2ÞÞ: ð195Þ
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Finally, with the help of correlation functions given in (186)–(195), approximating all the thermodynamics forces at x, we
obtain

hπ̂μνðxÞið3Þ2 ¼ ηπππσαhμσανi þ ηπττξαhμξανi þ 2ηππτσαhμξανi þ 2ηππpσμνθ

þ ηπqqMhμMνi þ ηπjjβ
−1∇hμα∇νiαþ 2ηπqjMhμ∇νiα; ð196Þ

where the various transport coefficients are defined by

ηπππ ¼
12

35
β2

Z
d4x1d4x2ðπ̂δλðxÞ; π̂ηδðx1Þ; π̂ληðx2ÞÞ;

ηπττ ¼
4

5
β2

Z
d4x1d4x2ðπ̂δλðxÞ; τ̂ηδðx1Þ; τ̂ληðx2ÞÞ;

ηππτ ¼
−4
15

β2
Z

d4x1d4x2ðπ̂δλðxÞ; π̂ηδðx1Þ; τ̂ληðx2ÞÞ;

ηππp ¼ −1
5

β2
Z

d4x1d4x2ðπ̂δηðxÞ; π̂δηðx1Þ; p̂�ðx2ÞÞ;

ηπqq ¼
1

5
β2

Z
d4x1d4x2ðπ̂δηðxÞ; q̂δðx1Þ; q̂ηðx2ÞÞ;

ηπjj ¼
1

5
β

Z
d4x1d4x2ðπ̂δηðxÞ; ĵδðx1Þ; ĵηðx2ÞÞ;

ηπqj ¼
−1
5

β

Z
d4x1d4x2ðπ̂δηðxÞ; q̂δðx1Þ; ĵηðx2ÞÞ:

4. Final expression

Combining (68) and (74) with (182), (184), and (196),
we get the full expression of the shear stress tensor up to
second order in gradient expansion, given by

hπ̂μνðxÞi ¼ 2ησμν þ 2ηω½ΔμνρσDσρσ þ θΓσμν�
þ ηπππσαhμσανi þ ηπττξαhμξανi þ 2ηππτσαhμξανi
þ 2ηππpσμνθþ ηπqqMhμMνi þ ηπjjβ

−1∇hμα∇νiα

þ 2ηπqjMhμ∇νiα: ð197Þ

Using (23), and approximating σρσ ∼ πρσ

2η in the term Dσρσ,
we get the evolution equation for the shear stress tensor,
given by

πμν þ τππ̇μν ¼ 2ησμν þ η̃τθπμν þ 2ηωΓσμνθ þ 2ηππpσμνθ

þ ηπππσαhμσανi þ ηπττξαhμξανi þ 2ηππτσαhμξανi
þ ηπqqMhμMνi þ ηπjjβ

−1∇hμα∇νiα

þ 2ηπqjMhμ∇νiα; ð198Þ

where

τπ ¼ −ηωη−1; ð199Þ

η̃τ ¼ τπη
−1β

�
Γ
∂η

∂β
− δ

∂η

∂α

�
: ð200Þ

D. Bulk viscous pressure

From Appendix D Eq. (D4), we have

Π ¼ hp̂�i1 þ hp̂�i2 þ
1

2
ðhε̂i1Þ2

∂
2p
∂ε2

þ 1

2
ðhn̂i1Þ2

∂
2p
∂n2

þ hε̂i1hn̂i1
∂
2p

∂n∂ε
−KμνhŜμνi1: ð201Þ

The first-order corrections to energy density, particle
density, and spin density are given by

hε̂i1 ¼ −ζεpθ; ð202Þ

hn̂i1 ¼ −ζnpθ; ð203Þ

hŜμνi1 ¼ ζSτξ
μν: ð204Þ

Here we used (58) and (49) and applied the Curie’s
principle to simplify Eqs. (202)–(204). The transport
coefficients ζεp, ζnp, and ζSτ are defined by

ζεp ¼ β

Z
d4x1ðε̂ðxÞ; p̂�ðx1ÞÞ; ð205Þ

ζnp ¼ β

Z
d4x1ðn̂ðxÞ; p̂�ðx1ÞÞ; ð206Þ

ζSτ ¼
1

3
β

Z
d4x1ðŜλσðxÞ; τ̂λσðx1ÞÞ: ð207Þ

Using (202), (203), and (204), we can rewrite (201) as

Π ¼ −ζθ þ
�
1

2
ζεp2

∂
2p
∂ε2

þ 1

2
ζnp2

∂
2p
∂n2

þ ζεpζnp
∂
2p

∂n∂ε

�
θ2

− ζSτKμνξ
μν þ hp̂�i2; ð208Þ

where we used hp̂�i1 ¼ −ζθ, by employing (75) and (71).
To complete the calculation of bulk viscous pressure, we
need to evaluate hp̂�i2.
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1. Nonlocal correction from the two-point correlation function: hp̂�ðxÞið2Þ;NL2

Invoking Curie’s principle and using (58) and (49), we have

hp̂�ðxÞið2Þ;NL
2 ¼ −

Z
d4x1ðp̂�ðxÞ; p̂�ðx1ÞÞβðx1Þθðx1Þ − hp̂�ðxÞi1: ð209Þ

As we have calculated the other nonlocal correction terms, we write p̂� in terms of the energy-momentum tensor and the
particle current vector, then proceed by expanding all the hydrodynamic quantities around x1 ¼ x. From (46) and (37), we
have

p̂�ðx1Þ ¼ −
1

3
Δμνðx1ÞT̂μνðx1Þ − Γðx1Þuμðx1Þuνðx1ÞT̂μνðx1Þ − δðx1Þuμðx1ÞN̂μðx1Þ: ð210Þ

Expanding all the hydrodynamic quantities (not operators) around x1 ¼ x, and neglecting the second-order and higher-
order terms, we have

p̂�ðx1Þ ¼ ½p̂�ðx1Þ�x þ ðx1 − xÞλ
�
∂p̂�ðx1Þ
∂xλ1

�
x

; ð211Þ

where

½p̂�ðx1Þ�x ¼ −
1

3
ΔμνðxÞT̂μνðx1Þ − ΓðxÞuμðxÞuνðxÞT̂μνðx1Þ − δðxÞuμðxÞN̂μðx1Þ; ð212Þ

�
∂p̂�ðx1Þ
∂xλ1

�
x

¼ −ĵμðx1ÞδðxÞ
∂uμðx1Þ
∂xλ1

����
x
− ε̂ðx1Þ

∂Γðx1Þ
∂xλ1

����
x
− n̂ðx1Þ

∂δðx1Þ
∂xλ1

����
x
: ð213Þ

Since we are working in Landau frame, we have set ĥμ ¼ 0 while calculating (211). We can see that there is no contribution
from the antisymmetric counterpart of heat flow vector, i.e. boost heat vector q̂μ. Substituting (211) in (209) and expanding
βθ around x1 ¼ x, we get

hp̂�ðxÞið2Þ;NL
2 ¼ −

Z
d4x1ðp̂�ðxÞ; ½p̂�ðx1Þ�x þ

�
x1 − xÞλ

�
∂p̂�ðx1Þ
∂xλ1

�
x

��
βðxÞθðxÞ þ ðx1 − xÞλ ∂ðβθÞ

∂xλ1

����
x

�
− hp̂�ðxÞi1

¼ −
∂ðβθÞ
∂xλ1

����
x

Z
d4x1ðp̂�ðxÞ; ½p̂�ðx1Þ�xÞðx1 − xÞλ − βðxÞθðxÞ

Z
d4x1

�
p̂�ðxÞ;

�
∂p̂�ðx1Þ
∂xλ1

�
x

�
ðx1 − xÞλ; ð214Þ

where the leading-order term cancels hp̂�ðxÞi1 using (71). Further, we approximate the first term in (214) with
½p̂�ðx1Þ�x ¼ p̂�ðx1Þ, because it already has a second-order term. Also, we use (213) to solve the second term in (214).
Thus, we obtain

hp̂�ið2Þ;NL
2 ¼ −∂λðβθÞβ−1Kλ

p þ θð∂λΓÞKλ
ε þ θð∂λδÞKλ

n; ð215Þ

where, we have omitted the argument x from all quantities. Also, we defined

Kλ
p ¼ βðxÞ

Z
d4x1ðp̂�ðxÞ; p̂�ðx1ÞÞðx1 − xÞλ ¼ ζωppuλ; ð216Þ

Kλ
ε ¼ βðxÞ

Z
d4x1ðp̂�ðxÞ; ε̂ðx1ÞÞðx1 − xÞλ ¼ ζωpεuλ; ð217Þ

Kλ
n ¼ βðxÞ

Z
d4x1ðp̂�ðxÞ; n̂ðx1ÞÞðx1 − xÞλ ¼ ζωpnuλ; ð218Þ

where ζωpp, ζωpε, and, ζωpn are related to the frequency-dependent transport coefficients [see Eq. (B22) in Appendix B].
Substituting, (216), (217), and (218) in (215), we find
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hp̂�ið2Þ;NL
2 ¼ −DðβθÞβ−1ζωpp þ θðDΓÞζωpε þ θðDδÞζωpn:

ð219Þ

We have three independent thermodynamic variables,
hence, we can calculate the comoving derivatives, DΓ
and Dδ, in a similar way as we calculated Dβ in (39).
Further, we use the value of Dε, Dn, and, DSαβ from the
equations of motion, up to the first order in gradient. Thus,
we obtain

hp̂�ið2Þ;NL
2 ¼ −ζωppDθ − θ2½Γζωpp þ Γ̃ζωpε þ δ̃ζωpn�; ð220Þ

where Γ̃ and δ̃ are defined as

Γ̃ ¼ h
∂Γ
∂ε

þ n
∂Γ
∂n

þ Sαβ
∂Γ
∂Sαβ

and

δ̃ ¼ h
∂δ

∂ε
þ n

∂δ

∂n
þ Sαβ

∂δ

∂Sαβ
: ð221Þ

2. Local correction from two-point correlation function
using extended thermodynamic forces: hp̂�ðxÞið2Þ;ET2

Using the definition (59) with (50) and employing
Curie’s principle, we can write

hp̂�ðxÞið2Þ;ET2 ¼
Z

d4x1

�
p̂�ðxÞ; βðx1Þ

X
i¼1;2

½ðD̂i∂
i
εnβÞX þ ðD̂i∂

i
εnαÞY þ ðD̂i∂

i
εnΩμνÞZμν�

�
jlocal: ð222Þ

Since we have to extract the local terms from (222), which can be achieved by expanding all the hydrodynamic quantities
around x1 ¼ x, we get

hp̂�ðxÞið2Þ;ET2 ¼
X
i¼1;2

ζpDi
ðxÞ½ð∂iεnβÞxXðxÞ þ ð∂iεnαÞxYðxÞ þ ð∂iεnΩμνÞxZμνðxÞ�; ð223Þ

where we defined

ζpDi
ðxÞ ¼ βðxÞ

Z
d4x1ðp̂�ðxÞ; D̂iðx1ÞÞ: ð224Þ

3. Local correction from three-point correlation function: hp̂�ðxÞið3Þ2

From (60), we can write

hp̂�ðxÞið3Þ2 ¼
Z

d4x1d4x2ðp̂�ðxÞ; ĈFðx1Þ; ĈFðx2ÞÞjlocal; ð225Þ

where ĈF is given by the Eq. (49). The nonvanishing correlators are

ðp̂�ðxÞ; p̂�ðx1Þ; p̂�ðx2ÞÞ ¼ ðp̂�ðxÞ; p̂�ðx1Þ; p̂�ðx2ÞÞ; ð226Þ

ðp̂�ðxÞ; ĵμðx1Þ; ĵνðx2ÞÞ ¼
1

3
Δμνðp̂�ðxÞ; ĵαðx1Þ; ĵαðx2ÞÞ; ð227Þ

ðp̂�ðxÞ; q̂μðx1Þ; q̂νðx2ÞÞ ¼
1

3
Δμνðp̂�ðxÞ; q̂αðx1Þ; q̂αðx2ÞÞ; ð228Þ

ðp̂�ðxÞ; π̂μνðx1Þ; π̂αβðx2ÞÞ ¼
1

5
Δμναβðp̂�ðxÞ; π̂λσðx1Þ; π̂λσðx2ÞÞ; ð229Þ

ðp̂�ðxÞ; τ̂μνðx1Þ; τ̂αβðx2ÞÞ ¼
1

3
�Δμναβðp̂�ðxÞ; τ̂λσðx1Þ; τ̂λσðx2ÞÞ: ð230Þ

All other correlators vanish in an isotropic medium. Substituting (49) in (225) and using (226)–(230), we obtain

hp̂�ið3Þ2 ¼ ζpppθ
2 þ ζpqqMμMμ þ ζpππσμνσ

μν þ ζpττξμνξ
μν þ β−1ζpjj∇μα∇μα; ð231Þ
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where the transport coefficients are defined by

ζppp ¼ β2
Z

d4x1d4x2ðp̂�ðxÞ; p̂�ðx1Þ; p̂�ðx2ÞÞ; ð232Þ

ζpqq ¼
β2

3

Z
d4x1d4x2ðp̂�ðxÞ; q̂αðx1Þ; q̂αðx2ÞÞ; ð233Þ

ζpππ ¼
β2

5

Z
d4x1d4x2ðp̂�ðxÞ; π̂λσðx1Þ; π̂λσðx2ÞÞ; ð234Þ

ζpττ ¼
β2

3

Z
d4x1d4x2ðp̂�ðxÞ; τ̂λσðx1Þ; τ̂λσðx2ÞÞ; ð235Þ

ζpjj ¼
β

3

Z
d4x1d4x2ðp̂�ðxÞ; ĵαðx1Þ; ĵαðx2ÞÞ: ð236Þ

4. Final expression

Combining (220), (223), and (231), we get

hp̂�i2 ¼ −ζωppDθ − θ2½Γζωpp þ Γ̃ζωpε þ δ̃ζωpn� þ
X
i¼1;2

ζpDi
½ð∂iεnβÞX þ ð∂iεnαÞY þ ð∂iεnΩμνÞZμν�

þ ζpppθ
2 þ ζpqqMμMμ þ ζpππσμνσ

μν þ ζpττξμνξ
μν þ β−1ζpjj∇μα∇μα: ð237Þ

Substituting (237) in (208), we obtain

Π ¼ −ζθ þ
�
1

2
ζεp2

∂
2p
∂ε2

þ 1

2
ζnp2

∂
2p
∂n2

þ ζεpζnp
∂
2p

∂n∂ε

�
θ2 − ζSτKμνξ

μν

− ζωppDθ − θ2½Γζωpp þ Γ̃ζωpε þ δ̃ζωpn� þ
X
i¼1;2

ζpDi
½ð∂iεnβÞX þ ð∂iεnαÞY þ ð∂iεnΩμνÞZμν�

þ ζpppθ
2 þ ζpqqMμMμ þ ζpππσμνσ

μν þ ζpττξμνξ
μν þ β−1ζpjj∇μα∇μα: ð238Þ

To get the evolution equation for the bulk viscous pressure, we approximate θ ∼ −ζ−1Π, in the term ζωppDθ. Thus, we obtain

Πþ τΠΠ̇ ¼ −ζθ þ ζ̃τΠθ þ
�
1

2
ζεp2

∂
2p
∂ε2

þ 1

2
ζnp2

∂
2p
∂n2

þ ζεpζnp
∂
2p

∂n∂ε

�
θ2 − ζSτKμνξ

μν

− θ2½Γζωpp þ Γ̃ζωpε þ δ̃ζωpn� þ
X
i¼1;2

ζpDi
½ð∂iεnβÞX þ ð∂iεnαÞY þ ð∂iεnΩμνÞZμν�

þ ζpppθ
2 þ ζpqqMμMμ þ ζpππσμνσ

μν þ ζpττξμνξ
μν þ β−1ζpjj∇μα∇μα; ð239Þ

where

τΠ ¼ −ζωppζ−1 ð240Þ

ζ̃τ ¼ τΠζ
−1β

�
Γ
∂ζ

∂β
− δ

∂ζ

∂α

�
ð241Þ

VI. DISCUSSION

The evolution equations for the rotational stress tensor (τμν), shear stress tensor (πμν), boost heat vector (qμ), and bulk
viscous pressure (Π) are given in (127), (198), (169), and (239), respectively, which get reduced for the chargeless case,

τττ̇μν þ τμν ¼ 2γξμν þ γ̃ττμνθ þ 2γωΓξμνθ þ γτSKμνθ þ 2γττpξμνθ þ γτττξα�hμξαν�i þ γτππσα�hμσαν�i
þ 2γτπτσα�hμξαν�i þ γτqqM�hμMν�i; ð242Þ
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τππ̇μν þ πμν ¼ 2ησμν þ η̃τθπμν þ 2ηωΓσμνθ þ 2ηππpσμνθ þ ηπππσαhμσανi þ ηπττξαhμξανi þ 2ηππτσαhμξανi þ ηπqqMhμMνi; ð243Þ

τqq̇μ þ qμ ¼ −λMμ þ λ̃τθqμ þ λωΓMμθ − λQμ þ λqqpMμθ þ λqqτξμνMν þ λqqπσμνMν; ð244Þ

τΠΠ̇þ Π ¼ −ζθ þ ζ̃τΠθ − θ2½Γζωpp þ Γ̃ζωpε� þ
1

2
ζεp2

∂
2p
∂ε2

θ2 − ζSτKμνξ
μν þ ζpD1

½ð∂1εnβÞX þ ð∂1εnΩμνÞZμν�
þ ζpppθ

2 þ ζpqqMμMμ þ ζpππσμνσ
μν þ ζpττξμνξ

μν: ð245Þ

The second and third terms on the right-hand side in the first
line of each evolution equation arise due to the nonlocal
correction. That is why they contain a finite relaxation time.
All the terms written in the last line of each evolution
equation originate from the second-order corrections due to
the local contribution from the three-point correlation func-
tion. They represent all possible combinations of different
thermodynamic forces (σμν, ξμν, θ and Mμ) present in the
system. Transport coefficients coupled to these terms are
given by the three-point correlation function. Comparing
to the previous study [62], the extra terms, ηπττξαhμξανi,
2ηππτσαhμξανi and ηπqqMhμMνi, appearing in the evolution
of the shear stress tensor (243) are the artifacts of the new
thermodynamic forces (ξμν and Mμ) that arise due to the
addition of antisymmetric terms in the energy-momentum
tensor.
Additionally, we find that the structure of the evolution

equations for the shear stress tensor and the rotational stress
tensor are similar, except for an extra term, γτSKμνθ, which
appears in the evolution equation of the rotational stress
tensor. This term arises from corrections due to the
extended thermodynamic forces via the two-point correla-
tion function. Since we consider the spin density as an
independent thermodynamic variable, which is an anti-
symmetric tensor of rank two, it generates the possibility of
a two-point correlation in the presence of the rotational
stress tensor—something that is absent in the case of the
shear stress tensor.
Moreover, we identify a term, ζSτKμνξ

μν, involving the
transport coefficient, given by the correlation of spin
density with the rotational stress tensor, in the evolution
of bulk viscous pressure. The origin of this term can be
traced to the fact that the system now includes an additional
independent thermodynamic variable, namely the spin
density. Consequently, the equilibrium pressure depends
on the spin density. Therefore, any deviation from equi-
librium, which is nothing but the bulk viscous pressure,
must also depend on the spin density.
Apart from that, within the framework of our current

ordering scheme, we observe that the spin density operator
(Ŝμν) correlates only with the rotational stress tensor (τ̂μν)
through the two-point correlation function. This correlation
gives rise to two novel transport coefficients, γτS and ζSτ.
These coefficients, which emerge at the second order,
encapsulate the interplay between the antisymmetric

component of the energy-momentum tensor and the spin
density tensor. Their existence can be attributed to the
inclusion of spin density as an independent thermodynamic
variable in the system. The introduction of these transport
coefficients is significant, as they provide critical insights
into the role and influence of spin density on the medium.
Their study is essential for understanding the spin-induced
transport properties of the system.
Further, we compare our results for the shear-stress

tensor and the bulk viscous pressure with the results
obtained for nonconformal fluids in [64]. The most general
second-order expressions for the shear-stress tensor and
bulk viscous pressure of a nonconformal fluid at zero
particle chemical potential (μ ¼ 0) and zero spin chemical
potential (ωαβ ¼ 0) in flat space-time are given by

πμν ¼ 2ησμν − 2ητπ

�
ΔμναβDσαβ þ θ

3
σμν

�
− 2ητ�π

θ

3
σμν

þ λ1σαhμσανi þ λ2σαhμω̄α
νi þ λ3ω̄αhμω̄α

νi
þ λ4∇hμ ln s∇νi ln s; ð246Þ

Π ¼ −ζθ þ ζτΠDθ þ ξ2θ
2 þ ξ1σμνσ

μν þ ξ3ω̄μνω̄
μν

þ ξ4∇μ ln s∇μ ln s; ð247Þ

respectively. Here, ω̄μν ¼ �Δαβ
μν∂αuβ is the vorticity tensor.

Next, we rewrite our results for the shear stress tensor
(197) and the bulk viscous pressure (238) for the case of a
chargeless and spinless fluid with particle chemical poten-
tial μ ¼ 0 and spin chemical potential ωμν ¼ 0. Thus we
obtain

πμν ¼ 2ησμν þ 2ηω½ΔμνρσDσρσ þ θΓσμν� þ 2ηππpσμνθ

þ ηπππσαhμσανi þ 2ηππτσαhμω̄α
νi þ ηπττω̄αhμω̄α

νi
þ ηπqqMhμMνi ð248Þ

Π ¼ −ζθ − ζωppDθ þ ½ζθ þ ζppp�θ2 þ ζpππσμνσ
μν

þ ζpττω̄μνω̄
μν þ ζpqqMμMμ þ ζpε

∂β

∂ε
X ; ð249Þ

where we defined ζθ ¼ 1
2
ζ2εp

∂
2p
∂ε2

− Γζωpp − Γ̃ζωpε. Also, we
want to emphasize on the point that, for a chargeless and
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spinless case, Mμ can be written as Mμ ¼ 2ðεþpÞ
β

∂β
∂ε∇μ ln s,

by employing the ideal hydrodynamic equation ðεþ
pÞDuμ ¼ ∇μp together with the thermodynamics relations,
Tds ¼ dε, dp ¼ sdT, and εþ p ¼ Ts.
Now, It can be seen that Eq. (248) produces all the terms

contained in (246), and the corresponding transport coef-
ficients in each equation can be compared. However, for the
case of bulk viscous pressure (249), there is an additional
term ζpε

∂β
∂εX which originates from the two-point corre-

lation function using the extended thermodynamic forces.

VII. SUMMARY AND OUTLOOK

We have derived the second-order expressions for the
dissipative currents τμν, qμ, πμν, and Π using Zubarev’s
nonequilibrium statistical operator formalism, incorporat-
ing the full energy-momentum tensor up to the first order,
including both symmetric and antisymmetric terms.
Previously, the second-order expressions for πμν and Π
were obtained using only the symmetric energy-momentum
tensor [62]. Our calculations extend these second-order
expressions for πμν andΠ, introducing additional terms that
account for the effects of spin degrees of freedom present in
the system. Additionally, we have treated the spin density
as an independent thermodynamic variable in our analysis.
Our findings indicate that the spin density primarily
influences τμν and Π. This influence manifests only in
the second order, which is attributed to the gradient scheme
of the spin chemical potential, which is considered first-
order in the gradient expansion in this work. Furthermore,
new transport coefficients arise in the second order, and
each transport coefficient is related to a particular corre-
lation function. We have presented a formula for each
transport coefficient in terms of a correlation function.
Finally, the second-order expressions of each dissipative
tensor are used to find the evolution equation of the
respective tensors.
As an outlook, there are a few research directions along

the lines of this work. One can calculate the transport
coefficients using quantum field theory with the help of
Kubo formulas. Recently, work has been performed to
calculate the Kubo formulas, taking the spin chemical

potential as a leading order term [65]. Also, one can
rederive the second-order spin hydrodynamics using the
full antisymmetric spin tensor that naturally includes the
pseudogauge freedom. Recently, we came across [66],
where a second-order spin hydrodynamics theory was
investigated using a generalized form of the spin tensor.
Furthermore, it would be interesting to see the cross-effect
in second order by enforcing a more general positivity
condition on entropy production [67]. Studying the second-
order spin hydrodynamics and the evolution of dissipative
tensors, combined with the numerical simulation, can give
a better understanding of the evolution of the relativistic
medium containing spin degrees of freedom.
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APPENDIX A: PROJECTION TENSORS

1. Fourth rank projection tensors

The two fourth-rank projection tensor used in this work
are the symmetric traceless projector (Δμναβ) and the
antisymmetric projector (�Δμναβ). They both are orthogonal
to fluid velocity, and defined by

Δμναβ ¼
1

2
ðΔμαΔνβ þ ΔμβΔναÞ −

1

3
ΔμνΔαβ; ðA1Þ

�Δμναβ ¼
1

2
ðΔμαΔνβ − ΔμβΔναÞ: ðA2Þ

Their properties are

uμΔμναβ ¼ 0; Δμναβ ¼ Δνμαβ ¼ Δαβμν; Δμ
ρΔμναβ ¼ Δρναβ;

ΔμναβΔ
αβ
ρσ ¼ Δμνρσ; Δμ

μαβ ¼ 0; Δν
μνβ ¼

5

3
Δμβ; Δμν

μν ¼ 5;

uμ �Δμναβ ¼ 0; �Δμναβ ¼ −�Δνμαβ ¼ �Δαβμν; Δμ
ρ �Δμναβ ¼ �Δρναβ;

�Δμναβ �Δαβ
ρσ ¼ �Δμνρσ; �Δμ

μαβ ¼ 0; �Δν
μνβ ¼ −Δμβ; �Δμν

μν ¼ 3: ðA3Þ
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2. Nonlocal projectors

The nonlocal projectors are defined by

Δμνðx; yÞ ¼ ΔμλðxÞΔλ
νðyÞ; ðA4Þ

Δμναβðx; yÞ ¼ ΔμνρσðxÞΔρσ
αβðyÞ; ðA5Þ

�Δμναβðx; yÞ ¼ �ΔμνρσðxÞ �Δρσ
αβðyÞ; ðA6Þ

with some straightforward orthogonal properties, given by

uμðxÞΔμνðx; yÞ ¼ Δμνðx; yÞuνðyÞ ¼ 0; ðA7Þ
uμðxÞΔμναβðx; yÞ ¼ uνðxÞΔμναβðx; yÞ ¼ Δμναβðx; yÞuαðyÞ ¼ Δμναβðx; yÞuβðyÞ ¼ 0; ðA8Þ
uμðxÞ �Δμναβðx; yÞ ¼ uνðxÞ �Δμναβðx; yÞ ¼ �Δμναβðx; yÞuαðyÞ ¼ �Δμναβðx; yÞuβðyÞ ¼ 0: ðA9Þ

In order to write a hydrodynamic gradient expansion for the projectors, we expand the projectors around a fixed point. We
start by the Taylor expansion for the fluid velocity and the second-rank projection tensor, given by

uμðyÞ ¼ uμðxÞ þ ðy − xÞα ∂uμðyÞ
∂yα

����
y¼x

þ � � � ; ðA10Þ

ΔμνðyÞ ¼ ΔμνðxÞ − ðy − xÞα
�
uμðxÞ

∂uνðyÞ
∂yα

����
y¼x

þ uνðxÞ
∂uμðyÞ
∂yα

����
y¼x

�
þ � � � : ðA11Þ

As discussed in Sec. IV, the second term in (A10) and (A11) are of first order in hydrodynamic gradient expansion. We can
conclude that up to first order uμðyÞuμðxÞ ≈ 1. With the help of (A10) and using the definition ofΔλ

νðyÞ, we can rewrite (A4) as

Δμνðx; yÞ ¼ ΔμνðxÞ − uνðxÞðy − xÞα ∂uμðyÞ
∂yα

����
y¼x

þ � � � : ðA12Þ

Now, we can derive some useful properties of nonlocal projectors which are approximated up to the first order in gradient
correction. Using (A12), we obtain

Δμνðx; yÞΔν
λðxÞ ≈ ΔμλðxÞ;ΔαβðxÞΔαβðyÞ ≈ 3: ðA13Þ

Here, these properties are only valid in the first-order gradient approximation. In the same approximation, the nonlocal fourth
rank symmetric traceless projector (A5), can be written as

Δμναβðx; yÞ ≈
1

2
½Δμαðx; yÞΔνβðx; yÞ þ Δμβðx; yÞΔναðx; yÞ� −

1

3
ΔμνðxÞΔαβðyÞ; ðA14Þ

whereas, the nonlocal fourth-rank antisymmetric projector (A6) can be rewritten as

�Δμναβðx; yÞ ¼
1

2
½Δμαðx; yÞΔνβðx; yÞ − Δμβðx; yÞΔναðx; yÞ�: ðA15Þ

Here, this equation is valid up to all orders in gradient expansion.
Using (A12) in (A14) and (A15), we obtain

Δμναβðx; yÞ ¼ ΔμναβðxÞ − ðy − xÞρ½ΔμναλðxÞuβðxÞ þ ΔμνλβðxÞuαðxÞ�
∂uλðyÞ
∂yρ

����
y¼x

þ � � � ; ðA16Þ

�Δμναβðx; yÞ ¼ �ΔμναβðxÞ − ðy − xÞρ½�ΔμναλðxÞuβðxÞ þ �ΔμνλβðxÞuαðxÞ�
∂uλðyÞ
∂yρ

����
y¼x

þ � � � : ðA17Þ
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APPENDIX B: CORRELATION FUNCTION

The derivation given in this section is similar as the one
presented in [62,68,69]. Starting from the (32), we have

ðX̂ðx⃗; tÞ; Ŷðx⃗1; t1ÞÞ ¼
Z

1

0

dτhX̂ðx⃗; tÞ½e−ÂτŶðx⃗1; t1ÞeÂτ

− he−ÂτŶðx⃗1; t1ÞeÂτil�il: ðB1Þ

Inferring to (28), we can conclude that Â ¼ βĤ, where Ĥ is
the Hamiltonian of a rotating system in a grand canonical
ensemble. Therefore, we obtain the time evolution of any
operator in the Heisenberg picture in imaginary time as

Ŷðx⃗; tþ iτ0Þ ¼ e−Ĥτ0 Ŷðx⃗; tÞeĤτ0 ; ðB2Þ

which leads to the Kubo-Martin-Schwinger relations,
given by

hŶðx⃗; tþ iτ0Þil ¼ hŶðx⃗; tÞil; ðB3Þ

hX̂ðx⃗; tÞŶðx⃗1; t1 þ iβÞil ¼ hŶðx⃗1; t1ÞX̂ðx⃗; tÞil: ðB4Þ

Using (B3) and (B4), in (B1) and assuming that the
correlations vanish at t → ∞, we can establish the relation

ðX̂ðx⃗; tÞ; Ŷðx⃗1; t1ÞÞ ¼ −
1

β

Z
t1

−∞
dt0GR

X̂ Ŷ
ðx⃗ − x⃗1; t − t0Þ; ðB5Þ

where

GR
X̂ Ŷ

ðx⃗ − x⃗1; t − t0Þ ¼ −iθðt − t0Þh½X̂ðx⃗; tÞ; Ŷðx⃗1; t0Þ�il:
ðB6Þ

Now we consider a general form of frequency-dependent
transport coefficient, involving a two-point correlation
function, given by

I X̂ ŶðωÞ ¼ β

Z
d3x1

Z
t

−∞
dt1eϵðt1−tÞ

× eiωðt−t1ÞðX̂ðx⃗; tÞ; Ŷðx⃗1; t1ÞÞ: ðB7Þ

The retarded Green’s function obtained in (B6) is transi-
tionally invariant both in space as well as in time. We can
exploit this property to rewrite the integral (B7) by setting
ðx⃗; tÞ ¼ ð0; 0Þ. Substituting (B5) in (B7), we obtain

I X̂ ŶðωÞ ¼−
Z

0

−∞
dt1eðϵ−iωÞt1

Z
t1

−∞
dt0

Z
d3x1GR

X̂ Ŷ
ð−x⃗1;−t0Þ:

ðB8Þ

Considering the Fourier transformation

GR
X̂ Ŷ

ðx⃗1; t0Þ ¼
Z

d3k
ð2πÞ3

Z
∞

−∞

dω0

2π
e−iðω0t0−k⃗·x⃗ÞGR

X̂ Ŷ
ðk⃗;ω0Þ;

ðB9Þ

and using the definition of the Dirac delta function, we can
write

Z
d3xGR

X̂ Ŷ
ð−x⃗;−t0Þ ¼ lim

k⃗→0

Z
∞

−∞

dω0

2π
eiω

0t0GR
X̂ Ŷ

ðk⃗;ω0Þ: ðB10Þ

Substituting (B10) in (B8) and solving the integral over t0

by shifting ω0 → ω0 − iδ, where δ → 0þ, we obtain

I X̂ ŶðωÞ ¼ lim
δ→0þ

i
ωþ iϵ

I
dω0

2πi

×

�
1

ω0 − ðωþ iϵþ iδÞ −
1

ω0 − iδ

�
GR
X̂ Ŷ

ðω0Þ:

ðB11Þ

Here, GR
X̂ Ŷ

ðω0Þ≡ limk⃗→0
GR
X̂ Ŷ

ðk⃗;ω0Þ. In order to solve
(B11), we first complexify ω0, and use Cauchy’s integral
formula together with the residue theorem. Inferring (B11),
we obtain two poles at ω0 ¼ ωþ iϵþ iδ and ω0 ¼ iδ. Also,
we close the contour in the upper half plane and assume
that, at infinity, GR

X̂ Ŷ
ðω0Þ vanishes sufficiently faster than

the denominator ( 1ω0). Thus, we have

I X̂ ŶðωÞ ¼ lim
δ→0þ

i
ωþ iϵ

½GR
X̂ Ŷ

ðωþ iϵþ iδÞ − GR
X̂ Ŷ

ðiδÞ�:
ðB12Þ

Now we can take the limits δ → 0þ and ϵ → 0þ, with ϵ
being the irreversibility parameter, and which must be set to
zero at the end of the calculations. Thus, we obtain

I X̂ ŶðωÞ ¼
i
ω
½GR

X̂ Ŷ
ðωÞ − GR

X̂ Ŷ
ð0Þ�: ðB13Þ

For ω → 0, (B13) can be simplified to

I X̂ Ŷð0Þ ¼ i lim
ω→0

d
dω

GR
X̂ Ŷ

ðωÞ ¼ i lim
ω→0

lim
k⃗→0

∂

∂ω
GR
X̂ Ŷ

ðk⃗;ωÞ:

ðB14Þ

Now, since the operators X̂ and Ŷ are Hermitian, we have

h½X̂ðx⃗; tÞ; Ŷðx⃗1; t1Þ�i�l ¼ −h½X̂ðx⃗; tÞ; Ŷðx⃗1; t1Þ�il; ðB15Þ

which indicates that h½X̂ðx⃗; tÞ; Ŷðx⃗1; t1Þ�il is a purely
imaginary quantity, and by (B6), we can conclude that
the retarded Green’s function GR

X̂ Ŷ
and ðX̂ðx⃗; tÞ; Ŷðx⃗1; t1ÞÞ

are purely real quantities. Therefore, from (B7), we get the
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conclusion that I X̂ Ŷð0Þ should be a purely real quantity.
Thus we can rewrite (B14) as

I X̂ Ŷð0Þ ¼ β

Z
d4x1ðX̂ðxÞ; Ŷðx1ÞÞ ¼ −lim

ω→0

d
dω

ImGR
X̂ Ŷ

ðωÞ

¼ −lim
ω→0

lim
k⃗→0

∂

∂ω
ImGR

X̂ Ŷ
ðk⃗;ωÞ: ðB16Þ

The other type of dissipative current obtained in this work
is of the form

J μ
X̂ Ŷ

ðωÞ ¼ β

Z
d4x1eiωðt−t1ÞðX̂ðxÞ; Ŷðx1ÞÞðx1 − xÞμ:

ðB17Þ
The temporal component is given by

J 0
X̂ Ŷ

ðωÞ ¼ iβ
d
dω

Z
d4x1eiωðt−t1ÞðX̂ðxÞ; Ŷðx1ÞÞ

¼ i
d
dω

I X̂ ŶðωÞ: ðB18Þ

The spatial component of J μ
X̂ Ŷ

ðωÞ vanishes in the local rest
frame, since the correlator ðX̂ðxÞ; Ŷðx1ÞÞ evaluated in the
local rest frame depends on jx⃗ − x⃗1j, which makes J i

X̂ Ŷ
ðωÞ

an odd function of x⃗ − x⃗1. Furthermore, considering a
Taylor expansion of GR

X̂ Ŷ
ðωÞ around ω ¼ 0, we have

GR
X̂ Ŷ

ðωÞ ¼ GR
X̂ Ŷ

ð0Þ þ ω
d
dω

GR
X̂ Ŷ

ðωÞjω¼0

þ ω2

2!

d2

dω2
GR
X̂ Ŷ

ðωÞjω¼0 þ � � � ; ðB19Þ

which leads to

I X̂ ŶðωÞ ¼
i
ω
½GR

X̂ Ŷ
ðωÞ − GR

X̂ Ŷ
ð0Þ� ¼ i

d
dω

GR
X̂ Ŷ

ðωÞjω¼0

þ iω
2!

d2

dω2
GR
X̂ Ŷ

ðωÞjω¼0 þ � � � : ðB20Þ

Substituting (B20) in (B18) and taking the limit ω → 0, we
have

J 0
X̂ Ŷ

ð0Þ ¼ −
1

2
lim
ω→0

d2

dω2
GR
X̂ Ŷ

ðωÞ ¼ −
1

2
lim
ω→0

d2

dω2
ReGR

X̂ Ŷ
ðωÞ

¼ −
1

2
lim
ω→0

lim
k⃗→0

∂
2

∂ω2
ReGR

X̂ Ŷ
ðk⃗;ωÞ: ðB21Þ

Now, we assume J 0
X̂ Ŷ

ð0Þ ¼ J, then we can write

β

Z
d4x1ðX̂ðxÞ; Ŷðx1ÞÞðx1 − xÞμ ¼ J μ

X̂ Ŷ
ð0Þ ¼ Juμ:

ðB22Þ

APPENDIX C: CORRELATION FUNCTION
IN TERMS OF PROJECTORS AND TRACES

The most general decomposition for a two-point
correlation function involving two second-rank tensors is
given by

ðX̂μνðxÞ; Ŷαβðx1ÞÞ ¼ a1ΔμνΔαβ þ a2ΔμαΔνβ þ a3ΔμβΔνα:

ðC1Þ

A similar decomposition can also be given for a three-point
correlation function involving one second-rank tensor and
two vectors,

ðX̂μνðxÞ; Ŷαðx1Þ; Ẑβðx2ÞÞ ¼ b1ΔμνΔαβ þ b2ΔμαΔνβ

þ b3ΔμβΔνα: ðC2Þ

Here, we present the derivation of (63). All the other
relations, similar to (C1) and (C2), can be derived in a
similar way. Substituting X̂ ¼ τ̂ and Ŷ ¼ τ̂ in (C1), we
demand that (C1) should be antisymmetric in the exchange
of μ ↔ ν and α ↔ β. We obtain

a1 ¼ 0; a2 ¼ −a3 ¼ a ðsayÞ: ðC3Þ

Thus, we have

ðτ̂μνðxÞ; τ̂αβðx1ÞÞ ¼ a½ΔμαΔνβ − ΔμβΔνα� ¼ 2a�Δμναβ; ðC4Þ

where a can be obtained by taking the trace of (C4),

a ¼ 1

6
ðτ̂ληðxÞ; τ̂ληðx1ÞÞ: ðC5Þ

Furthermore, we present the derivation for (112). All the
other three-point correlation functions involving three
second-rank tensors, given in (112)–(115) and (186)–
(189), can be calculated in a similar way. Using (111),
we can write

ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼ a1ΔμνΔραΔσβ þ a2ΔμνΔρβΔσα þ b1ΔρσΔμαΔνβ þ b2ΔρσΔμβΔνα

þ c1ΔαβΔμρΔνσ þ c2ΔαβΔμσΔνρ þ dΔμνΔρσΔαβ

þ e1ΔμρΔναΔσβ þ e2ΔμρΔνβΔσα þ e3ΔμσΔναΔρβ þ e4ΔμσΔνβΔρα

þ e5ΔμαΔνρΔσβ þ e6ΔμαΔνσΔρβ þ e7ΔμβΔνρΔσα þ e8ΔμβΔνσΔρα: ðC6Þ
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This expression should be antisymmetric in the exchange
of μ ↔ ν, ρ ↔ σ, and α ↔ β. This concludes that the
coefficients of projectors with indices μν, ρσ, and αβ must
vanish. Thus, we have

a1 ¼ a2 ¼ b1 ¼ b2 ¼ c1 ¼ c2 ¼ d ¼ 0: ðC7Þ

Furthermore, exchanging α ↔ β in (C6) and then com-
paring the coefficients of similar projector terms in
ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂βαðx2ÞÞ with −ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ,
we deduce that

e1 ¼ −e2; e3 ¼ −e4; e6 ¼ −e8; e5 ¼ −e7: ðC8Þ

Similarly, exchanging ρ ↔ σ, we have

e1 ¼ −e3; e5 ¼ −e6; ðC9Þ

and exchanging μ ↔ ν, we have

e1 ¼ −e5 ¼ e ðsayÞ: ðC10Þ

Thus, we obtain

ðτ̂μνðxÞ; τ̂ρσðx1Þ; τ̂αβðx2ÞÞ ¼ eðΔμρΔναΔσβ − ΔμρΔνβΔσα − ΔμσΔναΔρβ þ ΔμσΔνβΔρα

− ΔμαΔνρΔσβ þ ΔμαΔνσΔρβ þ ΔμβΔνρΔσα − ΔμβΔνσΔραÞ
¼ 2e½Δρσ �Δμνσβ − Δρβ �Δμνσα − Δσα �Δμνρβ þ Δσβ �Δμνρα�: ðC11Þ

In order to calculate the value of e, we take the trace and use the properties (A3). Thus, we obtain

e ¼ 1

6
ðτ̂δλðxÞ; τ̂ηδðx1Þ; τ̂ληðx2ÞÞ: ðC12Þ

APPENDIX D: BULK VISCOUS PRESSURE

The nonequilibrium correction to the pressure is given by

Π ¼ hp̂i − pðε; n; SμνÞ;
¼ hp̂il þ hp̂i1 þ hp̂i2 − pðε; n; SμνÞ: ðD1Þ

Here, pðε; n; SμνÞ is the equilibrium pressure given by the equation of the state. The average of the pressure operator over
the local equilibrium can be expanded around the equilibrium pressure; mathematically, it can be given by

hp̂il ¼ pðε; n; SμνÞ − ΓΔε − δΔn −KμνΔSμν þ
1

2
ðΔεÞ2 ∂

2p
∂ε2

þ 1

2
ðΔnÞ2 ∂

2p
∂n2

þ 1

2
ΔSμνΔSαβ

∂

∂Sαβ

�
∂p
∂Sμν

�

þ 1

2
× 2ðΔεÞðΔnÞ ∂

2p
∂n∂ε

þ 1

2
× 2ðΔεÞðΔSμνÞ ∂

∂ε

�
∂p
∂Sμν

�
þ 1

2
× 2ðΔnÞðΔSμνÞ ∂

∂n

�
∂p
∂Sμν

�
þ � � � : ðD2Þ

The corrections Δε, Δn, and ΔSμν are taken up to the second order. Thus,

Δε ¼ hε̂i1 þ hε̂i2; Δn ¼ hn̂i1 þ hn̂i2 and; ΔSμν ¼ hŜμνi1 þ hŜμνi2: ðD3Þ
Using these in (D2) and neglecting all the third and higher order terms, we have

hp̂il ¼ pðε; n; SμνÞ − Γhε̂i1 − Γhε̂i2 − δhn̂i1 − δhn̂i2 þ
1

2
ðhε̂i1Þ2

∂
2p
∂ε2

þ 1

2
ðhn̂i1Þ2

∂
2p
∂n2

þ hε̂i1hn̂i1
∂
2p

∂n∂ε
−KμνhŜμνi1:

Finally, the expression for the bulk viscous pressure, up to second order in hydrodynamic gradient expansion, is given by

Π ¼ hp̂�i1 þ hp̂�i2 þ
1

2
ðhε̂i1Þ2

∂
2p
∂ε2

þ 1

2
ðhn̂i1Þ2

∂
2p
∂n2

þ hε̂i1hn̂i1
∂
2p

∂n∂ε
−KμνhŜμνi1: ðD4Þ
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