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We study the entanglement entropy of a massive scalar field in the background of the Einstein universe.
We determine numerically the structure of the UV-divergent terms. We study analytically the IR term that
originates in the long-range correlations arising from the field zero mode on the sphere. We compare with
previous results for a scalar field in a de Sitter or an anti–de Sitter background.
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I. INTRODUCTION

The calculation of entanglement entropy from first
principles is a challenging task in 3þ 1 dimensions, where
techniques such as the replica method cannot be imple-
mented straightforwardly. There are also conceptual prob-
lems associated with the ubiquitous ultraviolet (UV)
divergences. Infrared (IR) divergences may appear as well,
often linked to the existence of normalizable zero modes of
the relevant Hamiltonian. On the other hand, the entangle-
ment entropy displays features of profound significance,
such as the scaling with the area of the entangling surface
for a system in its ground state [1–3], or the link with the
a-theorem [4], which extends a similar link with the c- and
F-theorems in lower dimensions [5].
Most of the studies of entanglement entropy have been

carried out in flat space. In recent years, however, the
interest has shifted toward curved backgrounds.1 A case of
interest is that of de Sitter (dS) space, which is relevant for
the inflationary scenario and includes a horizon [7–9].
Remarkably, the link with the a-theorem can be extended to
this background [10]. Another case of high interest is that
of anti–de Sitter (AdS) space, for which a calculation from
first principles has been performed recently by some of the

current authors [11]. That analysis considers spherical
regions around the origin of AdS. Therefore, it is not
related to the Ryu-Takayanagi conjecture [12,13] for the
holographic entanglement entropy in the context of the
AdS/CFT correspondence, for which the entangling surface
is located on the AdS boundary.
For the maximally symmetric spaces in 3þ 1 dimen-

sions, the general structure of the entanglement entropy of a
free, massive, scalar field in its vacuum state, and a
spherical entangling surface of proper area A, assumes
the form

SEE ¼ c1
A

4πϵ2
þ
�
c2 þ c3

A
4π

μ2 þ c4
A

4πa2

�
ln
a
ϵ

þ cIR
A

4πa2
ln
L
a
þ finite; ð1Þ

where a is a length scale linked to the curvature of the
background, ϵ is the UV cutoff, L is the size of the overall
system, and μ is the mass of the field. For dS space
a ¼ 1=H, withH the Hubble constant, while for AdS space
a is the AdS length aAdS. The first term quantifies the
leading UV divergence, which has the same form in all
backgrounds. The exact value of c1 depends on the choice
of the UV regulator ϵ. This term displays the typical
dependence of the entropy on the area of the entangling
surface for a theory in its ground state. The coefficients c2,
c3, and c4 in the subleading UV-divergent terms are
independent of the choice of regulator. The value of c2
is linked to the conformal anomaly and is known to be
equal to −1=90 [14–17]. The coefficient c3 was computed
in [11] for AdS space, where it was found to take the value
−1=6, in agreement with the expectation from [18]. The
coefficient c4 was found to take the value 1=3 in dS space
[9] and −1=3 in AdS space [11]. These two values are
related through the analytic continuationH2 → −1=a2AdS. It
is also noteworthy that the values of c3 and c4 are such that
the corresponding contributions to the logarithmically
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divergent term cancel for a conformally coupled scalar.
This is in agreement with the result of [14] for the
entanglement entropy of a conformal theory in a general
gravitational background.
The UV-finite terms are more difficult to compute with

the method we employ, which is based on the original
approach of Srednicki [3], because of the dominance of the
divergent terms. Deducing the general structure of the finite
part requires precision in the numerical part of the calcu-
lation beyond our current capability. It has been possible,
however, to identify the presence of an interesting IR term
with an unexpected structure, displayed in (1). This term
appears only for a massless field in dS space in the Bunch-
Davies vacuum. It exhibits a dependence on the size L of
the overall system and not on the subsystem under
consideration. It was shown, both numerically [9] and
analytically [8], that cIR ¼ 1=3. In that calculation, the
extent of the overall system was limited by imposing
Dirichlet boundary conditions with a vanishing field at a
radius L. It must be noted that this term is always
subleading to the dominant UV-divergent term within
the range of validity of the analysis of [8,9]. As a result,
it does not affect the scaling properties of the entanglement
entropy, which is bounded by the number of degrees of
freedom of the smaller subsystem [19]. However, it
indicates a dependence on the overall system size, even
when L exceeds the Hubble radius 1=H. This behavior is
linked to the appearance of an IR divergence in the
massless scalar theory in the Bunch-Davies state [20,21],
in which the theory was assumed to be lying [8,9]. The IR
term in the entanglement entropy results from the extreme
squeezing of the wave functions of the IR modes of the
theory. Such a term is absent in flat or AdS spaces.
In the current work, we apply our method to a simpler

case, i.e., the Einstein universe. We consider a free,
massive, scalar field in the R × Sd background2

ds2 ¼ −dt2 þ dw2 þ a2sin2
w
a
dΩd−1; ð2Þ

where 0 ≤ w ≤ aπ. Apart from testing the validity of our
approach in a different background, we have two specific
points in mind:

(i) In the limit of vanishing field mass, the spectrum
includes a normalizable zero mode. We expect the
appearance of an entropy term analogous to the one
proportional to cIR in (1), similar to the dS case in
planar coordinates studied in [8,9], but for different
reasons. We want to apply our regularization pro-
cedure to this new background and compare the
results with Eq. (1). This will confirm the connection
of the IR term in the entropy with the presence of

long-range correlations resulting from the IR sector
of the theory.

(ii) The metric of AdS space in global coordinates
differs from (2) by a conformal factor 1= cos2 w

a.
The metric can also be expressed in terms of a radial
coordinate r related to w through r ¼ a tan w

a. The
UV-regularization can be implemented through the
discretization of either coordinate. However, the
choice drastically affects the leading divergence,
which is regulator dependent. The numerical analy-
sis through the discretization of w shows that the
dominant divergent term is of the form [11]

Sð2Þ ¼ c1 sin2
wR

a
a2

ϵ2
; ð3Þ

with wR corresponding to the radius of the entan-
gling surface. At first sight, there seems to be a
disagreement with (1), as the proper area of the
entangling surface is A ¼ 4πa2 tan2 wR

a for AdS
space. This point was discussed in detail in [11],
where it was argued that there is a relative factor of
1= cos2 w

a for the number of degrees of freedom in the
discretization of r relative to the discretization of w.
When this is taken into account, agreement with (1)
is achieved. Moreover, the correct dependence on
the proper area is reproduced automatically by the
analysis of the coefficient of the term proportional to
ln a

ϵ, which is independent of the choice of the
regulator. We want to revisit this point in the context
of the background (2) to confirm the above con-
clusions through the computation of the terms
proportional to c1 and c2.

The structure of the paper is as follows: In Sec. II, we
formulate the theory of a free scalar on the R × Sd back-
ground and discuss the mode functions. In Sec. III we
introduce the discretized version of the theory and sum-
marize the procedure for computing the entanglement
entropy in the ground state. In Sec. IV, we describe the
numerical method and present the result for the UV-
divergent terms in the entropy. In Sec. V, we present a
detailed analytical calculation of the infrared term in
the entropy. In Sec. VI, we summarize our findings and
compare them with previous results for a scalar field in a dS
or AdS background. In the two appendixes, we present
some details that are relevant for the analytical calculation.

II. FREE SCALAR FIELD IN R × Sd GEOMETRY

In this section, we summarize the basic features of the
theory of a free scalar field in the R × Sd background (2).
We discuss the action, the admissible boundary conditions,
and the eigenfunctions of the corresponding Laplace
operator. The parameter a is the radius of the d-dimensional
sphere. In the decompactification limit a → ∞ with every

2In this work we consider the case d ¼ 3. Entanglement on a
2-sphere is relevant for observations of the cosmic microwave
background [22,23].
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other scale kept fixed, w becomes the radial coordinate in
the spherical coordinate system that foliates the resulting
flat space. The action of a scalar field in this background
reads

S ¼ 1

2

Z
dt
Z

aπ
2

0

dw
Z
Sd−1

dΩd−1

�
a sin

w
a

�
d−1

×

�
ϕ̇2 − ð∂wϕÞ2 þ

ϕΔd−1ϕ

a2sin2 w
a

− μ2ϕ2

�
; ð4Þ

where Δd−1 is the Laplacian on the (d − 1)-dimensional
sphere of unit radius. The dot denotes the derivative with
respect to time, and μ is the mass of the field.
We are interested in calculating the entanglement

entropy when the entangling surface lies at a fixed value
of w. Therefore, we exploit the residual spherical symmetry
to expand the field into modes as

ϕðt; w; ŵÞ ¼ 1

a
d−1
2 sin

d−1
2

w
a

X
l;m⃗

ϕlm⃗ðt; wÞYlm⃗ðŵÞ; ð5Þ

where m⃗ ¼ ðm1;…; md−2Þ and ŵ is a unit vector. The real
hyperspherical harmonics Ylm⃗ðŵÞ obey

Δd−1Ylm⃗ðŵÞ ¼ −lðlþ d − 2ÞYlm⃗ðŵÞ ð6Þ

and the orthogonality conditionZ
Sd−1

dΩd−1Ylm⃗ðŵÞYlm⃗0 ðŵÞ ¼ δll0δm⃗m⃗0 : ð7Þ

The action assumes the form

S ¼
X
l;m⃗

Slm⃗; ð8Þ

where the action describing the degrees of freedom of each
angular-momentum sector reads

Slm⃗ ¼ 1

2

Z
dt
Z

aπ

0

dw

�
ϕ̇2
lm⃗ − ð∂wϕlm⃗Þ2

−
ν2 − 1

4

a2sin2 w
a

ϕ2
lm⃗ − μ̃2ϕ2

lm⃗

�

þ d − 1

4a

Z
dt
Z

aπ

0

dw∂w

�
cot

w
a
ϕ2
lm⃗

�
; ð9Þ

with the parameters μ̃2 and ν given by

μ̃2 ¼ μ2 −
ðd − 1Þ2
4a2

; ν ¼ lþ d
2
− 1: ð10Þ

A field that is coupled nonminimally with the background
via a term − 1

2
ξRϕ2 develops an effective mass term

μ2eff ¼ μ̃2 þ ξ
dðd − 1Þ

a2
: ð11Þ

Thus, for ξ ¼ d−1
4d we have μ2eff ¼ μ2. For μ2 ¼ 0, the theory

is Weyl invariant.
To specify the admissible boundary conditions, we vary

the action with respect to ϕlm⃗ obtaining

δSlm⃗ ¼
Z

dt
Z

aπ

0

dw

�
−ϕ̈lm⃗ þ ∂

2
wϕlm⃗

−
ν2 − 1

4

a2sin2 w
a

ϕlm⃗ − μ̃2ϕlm⃗

�
δϕlm⃗

−
Z

dt
Z

aπ

0

dw∂w

�
δϕlm⃗sin

d−1
2
w
a
∂w

ϕlm⃗

sin
d−1
2

w
a

�
: ð12Þ

The mode functions are calculated using the solutions of
the eigensystem

−∂2wΦþ ν2 − 1
4

a2sin2 w
a

Φ ¼ ðω2 − μ̃2ÞΦ; ð13Þ

which can also be written in the form

−∂2θΦþ ν2 − 1
4

sin2θ
Φ ¼ EΦ; ð14Þ

where θ ¼ w
a and E ¼ a2ðω2 − μ̃2Þ. For Dirichlet boundary

conditions the solution reads

ΦnlðθÞ ¼ cn
ffiffiffiffiffiffiffiffiffiffi
sin θ

p
P−ν
nþνðcos θÞ;

En ¼
�
nþ νþ 1

2

�
2

; ð15Þ

where P−ν
nþν are associated Legendre functions of the first

kind and n∈N. The appropriate normalization factor
equals

cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ νþ 1

2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 2νÞ!

n!

r
: ð16Þ

The eigenfrequencies ωn read

ωn ¼
1

a

�
μ̃2a2 þ

�
nþ νþ 1

2

�
2
�
1=2

: ð17Þ

The eigenfunctions are orthonormal

Z
π

0

dθΦnlðθÞΦmlðθÞ ¼ δnm ð18Þ
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and satisfy the completeness relation3

X∞
n¼0

ΦnlðθÞΦnlðθ0Þ ¼ δðθ − θ0Þ: ð21Þ

Strictly speaking, since the potential of the effective
Schrödinger equation (14) is divergent at θ ¼ 0 and θ ¼ π,
we have imposed regularity conditions at the end points,
rather than boundary ones. Moreover, the conditions
imposed on each (1þ 1)-dimensional problem with integer
l should enforce the consistency of the original (dþ 1)-
dimensional theory with d ≥ 2. The expansion (5) of the
original field includes a factor sin

1−d
2 θ that diverges at

θ ¼ 0 and π. Even though a general solution of Eq. (14) can
scale as θ

1
2
�ν and ðπ − θÞ12�ν near the end points, only the

exponent 1
2
þ ν corresponds to regular, normalizable

modes. These are given by (15) with n∈N, for which

ΦnlðθÞ
sin

d−1
2 θ

∝ θl ð22Þ

for θ → 0, and correspondingly for θ → π. As a result, the
eigenfunctions (15) are the only ones that lead to field
configurations that do not diverge. All contributions to the
original field ϕðt; w; ŵÞ from angular-momentum sectors
with l ≥ 1 obey Dirichlet conditions, whereas the l ¼ 0
sector leads to Neumann conditions. These regularity
conditions guarantee that the original field is smooth all
over the sphere Sd and no conical singularity is introduced.
Before proceeding to the main part of the calculation, let

us examine the lowest mode of the spectrum of each l-
sector. For n ¼ 0, using the specific form of the Legendre
function, namely P−ν

ν ðzÞ ¼ 2−νð1 − z2Þν=2=Γðνþ 1Þ, we
obtain

Φ0lðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðνþ 3

2
Þffiffiffi

π
p

Γðνþ 1Þ

s
sinνþ1

2θ;

ω0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ d − 1Þ

a2

r
: ð23Þ

For l ¼ 0 and μ ¼ 0, the spectrum contains a zero mode in
any number of dimensions. This mode corresponds to a
configuration of the original field that is constant and obeys
Neumann conditions at both end points θ ¼ 0 and θ ¼ π.

III. GROUND STATE ENTANGLEMENT ENTROPY

A. Discretization

The calculation of entanglement entropy is performed
through the discretization of the system [1–3]. For this
purpose, we utilize the Hamiltonian that corresponds to the
action (9), which reads

Hlm⃗ ¼ 1

2

Z
aπ

0

dw

�
ϕ̇2
lm⃗ þ ð∂wϕlm⃗Þ2

þ ν2 − 1
4

a2sin2 w
a

ϕ2
lm⃗ þ μ̃2ϕ2

lm⃗

�
: ð24Þ

For a ≫ w, the Hamiltonian reduces to that of a massive
field in flat space.
We employ the discretization scheme introduced in [11],

namely

w¼ ϵi; a¼ 1

π
ϵðNþ1Þ;

Z
aπ

0

dw→ ϵ
XNþ1

i¼0

; ð25Þ

with the discrete degrees of freedom given by

ϕlm⃗ðt; wÞ →
ϕlm⃗;iðtÞffiffiffi

ϵ
p ; πlm⃗ðt; wÞ →

πlm⃗;iðtÞffiffiffi
ϵ

p : ð26Þ

The Hamiltonian of the discrete system reads

Hlm⃗ ¼ 1

2

X
i

�
π2lm⃗;i þ

ðϕlm⃗;iþ1 − ϕlm⃗;iÞ2
ϵ2

þ
�

ν2 − 1
4

a2sin2 πi
Nþ1

þ μ̃2
�
ϕ2
lm⃗;i

�
; ð27Þ

where a is given by (25). We implement Dirichlet boundary
conditions by imposing ϕlm⃗;0ðtÞ ¼ ϕlm⃗;Nþ1ðtÞ ¼ 0 and
πlm⃗;0ðtÞ ¼ πlm⃗;Nþ1ðtÞ ¼ 0. Thus, we obtain a system of
N coupled harmonic oscillators, whose dynamics is gov-
erned by the Hamiltonian

Hlm⃗ ¼ 1

2

XN
i¼1

π2lm⃗;i þ
1

2

XN
i;j¼1

ϕlm⃗;iKijϕlm⃗;j; ð28Þ

3The eigenfunctions can also be written in terms of the
Gegenbauer polynomials Cν

nðzÞ as

ΦnlðθÞ ¼ c0n sinνþ
1
2θC

νþ1
2

n ðcos θÞ;

c0n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ νþ 1

2

q
ffiffiffi
π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!
ðnþ 2νÞ!

s
2νΓ
�
νþ 1

2

�
: ð19Þ

The completeness relation follows from the summation formula

22λ−1ΓðλÞ2
ð1 − x2Þ14ð1−2λÞð1 − y2Þ14ð1−2λÞ

×
X∞
n¼0

n!ðλþ nÞCðλÞ
n ðxÞCðλÞ

n ðyÞ
Γðnþ 2λÞ ¼ πδðx − yÞ; ð20Þ

which holds for Reλ > − 1
2
, λ ≠ 0, −1 < x < 1, and −1 < y < 1.
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with the elements of the coupling matrix K given by

Kij ¼
1

ϵ2

��
2þ π2

ðN þ 1Þ2
ν2 − 1

4

sin2 πi
Nþ1

þ μ̃2ϵ2
�
δi;j

− δiþ1;j − δi;jþ1

�
: ð29Þ

We note that μ̃ depends on a; see Eq. (10).
The above form of K is suitable for calculations in which

dimensionful quantities are measured in units of ϵ, which is
equivalent to setting ϵ ¼ 1. For our calculation it is more
convenient to express dimensionful quantities in terms of
the curvature scale a. Thus, we write the coupling matrix in
the form

Kij ¼
1

a2

�ðN þ 1Þ2
π2

ð2δi;j − δiþ1;j − δi;jþ1Þ

þ
�

ν2 − 1
4

sin2 πi
Nþ1

þ μ̃2a2
�
δi;j

�
ð30Þ

and set a ¼ 1. For growing N, with x ¼ i=ðN þ 1Þ and
y ¼ j=ðN þ 1Þ kept fixed, we approach the continuous
theory. We have confirmed that the eigenvalues and
eigenfunctions of the above matrix for large N agree with
the solutions (15) of the continuous theory.

B. The entropy

the hamiltonian (28) describes a system of N coupled
harmonic oscillators. Hence, one can implement methods
of quantum mechanics to calculate the entanglement
entropy [1–3]. The calculation is practically identical to
the pioneering calculation of [3]. The only difference is that
the coupling matrix corresponds to a field in R × Sd and
not in flat space.
The wave function that describes the modes of each

ðl; m⃗Þ sector is given by

Ψðϕlm⃗Þ ¼
�
det

Ω
π

�
1=4

e−
1
2
ϕT
lm⃗

Ωϕlm⃗ ; ð31Þ

where Ω stands for the positive square root of the matrix K
and ϕlm⃗ is the column vector that contains ϕlm⃗;j, the values
of the field at the various lattice points. Oscillators 1 to n
comprise the subsystem A, while oscillators nþ 1 to N
comprise the complementary subsystem C. By tracing out
the subsystem C, we can calculate the entanglement
entropy of the subsystem A, which reads

SEElm⃗ ¼
Xn
i¼1

� ffiffiffiffi
λi

p þ 1

2
ln

ffiffiffiffi
λi

p þ 1

2

−
ffiffiffiffi
λi

p
− 1

2
ln

ffiffiffiffi
λi

p
− 1

2

�
; ð32Þ

where λi are the eigenvalues of the matrix

M ¼ ðΩ−1ÞAðΩÞA: ð33Þ

Here the matrix ðΩÞA is the n × n top-left block of Ω and
similarly ðΩ−1ÞA is the n × n top-left block of Ω−1. This
formula relates the entanglement entropy of a subsystem to
the two-point correlation functions of the field and the
conjugate momentum restricted to the particular subsystem.
This approach was introduced in [24] and is equivalent to
that of [3]. A review of the method is provided in [16]; see
also [25,26] for more details about the equivalence men-
tioned above. We obtain the total entanglement entropy by
summing the contributions of all angular-momentum sec-
tors. More specifically, for d ¼ 3, i.e., for R × S3, we have

SEE ¼
X∞
l¼0

ð2lþ 1ÞSEEl : ð34Þ

In analogy with [11], we must address a technical issue.
The indices 0; 1;…; N; N þ 1 label the locations of the
degrees of freedom of the discretized system. As a result,
the last degree of freedom of the subsystem A is associated
with the index n. Similarly, the first degree of freedom of
the subsystem C is associated with the index nþ 1. The
entangling surface is located between these nodes.
Therefore, we can take

wR

a
¼ π

nþ 1
2

N þ 1
; ð35Þ

where wR is the location of the entangling surface in the
continuous theory. As wework with a fixed sphere radius a,
incorporating this shift at the level of the coupling matrix
improves the convergence to the continuous result. Thus,
instead of using the coupling matrix (29), we use the
coupling matrix resulting from the shift i → iþ 1

2
in the

argument of the sine. Without this trick, a series of spurious
terms would have emerged, which would have to be
recombined to express the final result as a function of
nþ 1

2
. The results of the numerical calculation verify that

this particular coupling matrix indeed facilitates the con-
vergence to the continuum limit.

IV. NUMERICAL ANALYSIS AND RESULTS

A. Methodology

We perform the numerical computation for a field
defined on the background R × S3, corresponding to
d ¼ 3. Following the approach of [11], we aim to inves-
tigate how the entanglement entropy depends not only on
the radius of the entangling surface and the curvature scale
of the background but also on the field’s mass μ.
The foundational study [3], which analyzes a massless

scalar field in flat space, focuses on the continuum theory in
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the infinite-size limit. In that framework, fixing the lattice
spacing for numerical computations is natural. Formally,
this limit is approached by taking ϵ → 0, n → ∞, and
N → ∞, while keeping R ¼ nϵ finite and fixed, and
allowing L ¼ Nϵ → ∞. To numerically access this regime,
one typically fixes the value of n and varies the total
number of degrees of freedom N. By extrapolating the
results to N → ∞, one isolates the entanglement entropy in
the infinite-size limit, where the relevant dimensionless
ratio is N ≃ L=ϵ. In this limit, the entanglement entropy
becomes a function solely of n, the only remaining
dimensionless parameter. Since n ≃ R=ϵ, the continuum
result for the entanglement entropy corresponds to the same
functional dependence, with n effectively replaced by R=ϵ.
As a result, when this function is expanded in powers of n,
only non-negative powers contribute to the continuum
limit. Further details are provided in [17].
In contrast to the calculation of [3], in the present work,

the overall system has finite size—specifically, the interval
½0; aπ�. Consequently, fixing the curvature scale a rather
than the lattice spacing is more natural. With this choice,
Eq. (25) establishes a relationship between the UV cutoff
and the number of lattice sites. The continuum limit is then
approached by taking N → ∞.
The numerical computations are carried out using

custom C++ code built upon the Eigen library for linear
algebra. The implementation supports 128-bit arithmetic,
enabling a precision of approximately 33 to 35 significant
digits.
We briefly outline the setup of the numerical calculation.

The discretization scheme specified in Eqs. (25) and (26)
places the degrees of freedom at radii w ¼ wi, given by

wi

a
¼ π

i
N þ 1

; i ¼ 1;…; N: ð36Þ

We consider a series of lattices composed of spherical
shells with N ¼ 49þ 50k, for k ¼ 0;…; 8. For each value
of N, the entanglement entropy is computed for entangling
surfaces located at radii wn, with n ¼ ðkþ 1Þj and
j ¼ 1;…; 48, thereby ensuring consistent physical radii
across all lattice configurations. This allows for meaningful
comparisons of entanglement entropies at different lattice
spacings. The computation is repeated for several values of
μ2a2, specifically,

μ2a2 ∈ f0.05; 0.10; 0.15; 0.30; 0.40; 0.50;
1.00; 1.50; 2.00; 5.00g: ð37Þ

The case μ2a2 ¼ 1 corresponds to the conformally coupled
scalar field.
Recall that the total entanglement entropy is given by the

sum in Eq. (34). Since it is unfeasible to compute con-
tributions from infinitely many values of l, we restrict our
calculation to angular-momentum sectors ranging from

l ¼ 0 to l ¼ 4 × 104 and then extrapolate to estimate
the value of the full sum.
To build intuition about the numerical results, we briefly

discuss some qualitative expectations. Since we study the
ground state, the leading divergence is expected to scale as
1=ϵ2. For fixed a in the discrete theory, this implies a
leading term proportional to ðN þ 1Þ2, according to
Eq. (25). Furthermore, the entanglement entropy reaches
its maximum when wR=a ¼ π=2 because it is an increasing
function of the area of the entangling surface.
Following the methodology of [9], we estimate the

entanglement entropy by summing the contributions from
all angular-momentum sectors in Eq. (34). To do this, we
consider the truncated sum

SEEðn;N;μ2a2;lmaxÞ¼
Xlmax

l¼0

ð2lþ1ÞSEEl ðn;N;μ2a2Þ ð38Þ

as a function of lmax. This sum is found to obey the
expansion

SEEðn;N; μ2a2;lmaxÞ ¼ S∞ðn;N; μ2a2Þ

þ
Ximax

i¼1

1

l2i
max

½aiðn;N; μ2a2Þ

þ biðn;N; μ2a2Þ lnlmax�; ð39Þ
in agreementwith the behavior observed in [3]. By including
a sufficiently large number of subleading terms,we obtain an
accurate estimate of the full entanglement entropy,

S∞ðn;N; μ2a2Þ ¼ lim
lmax→∞

SEEðn;N; μ2a2;lmaxÞ: ð40Þ

The analysis proceeds by examining the dependence
of S∞ðn;N; μ2a2Þ on the ratio a

ϵ ¼ Nþ1
π . We find that

S∞ðn;N; μ2a2Þ admits the decomposition

S∞ðn;N; μ2a2Þ ¼ a2

ϵ2
Sð2Þðn; μ2a2Þ

þ Sð0Þln ðn; μ2a2Þ ln a
ϵ
þ Sð0Þðn; μ2a2Þ

þ Rðn;N; μ2a2Þ; ð41Þ

where the remainder term Rðn;N; μ2a2Þ is given by

Rðn;N; μ2a2Þ ¼
Ximax

i¼1

ϵi

ai
Sð−iÞðn; μ2a2Þ

þ ln
a
ϵ

Xjmax

j¼1

ϵj

aj
Sð−jÞln ðn; μ2a2Þ: ð42Þ

In the continuous theory, the remainder R vanishes.
However, it plays an important role in the discrete analysis,
where isolating finite cutoff effects is essential for accurately
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determining the coefficients Sð2Þðn;μ2a2Þ, Sð0Þln ðn;μ2a2Þ,
and Sð0Þðn; μ2a2Þ. We emphasize that the first two terms,
which are associated with the UV-divergent part of the
entanglement entropy, are computed with high precision.
In contrast, the coefficient Sð0Þðn; μ2a2Þ, representing the
UV-finite contribution, is more sensitive to numerical error,
both from the accumulation of fitting uncertainties and from
the limits of numerical precision.
In the next section, we analyze the dependence of the

first two terms on the entangling surface radius wR.

B. Results

The numerical analysis reveals that Sð2ÞðnÞ, the coef-
ficient of the leading divergence, takes the form

Sð2ÞðnÞ ¼ c1 sin2
wR

a
; ð43Þ

where the constant c1 is determined through numerical
fitting to be

c1 ≃ 0.29543145: ð44Þ

This functional form appears to be a universal feature
independent of the mass parameter. Figure 1 illustrates the

excellent agreement between the data and the expression in
Eq. (43) for μ2a2 ¼ 0. Repeating the comparison for other
mass values shows no appreciable deviation from this
behavior.
It is worth emphasizing that for wR ≪ a, Eq. (43) and the

value of c1 correctly reproduce the leading UV divergence
in flat space, as obtained in [3]. While this term is regulator
dependent, the agreement in the value of c1 arises because
the leading divergence is a consequence of local effects,
and the curved space is locally flat. A similar agreement has
also been observed for de Sitter [9] and anti–de Sitter
backgrounds [11]. For finite wR=a, the product ða2=ϵ2ÞSð2Þ
corresponds to the first term of (1) with the proper area
given by A ¼ 4πa2 sin2 wR

a .
The result (43) is identical to the one obtained in [11]

for the entanglement entropy in AdS space described in
terms of global coordinates, even though the proper area is
A ¼ 4πa2 tan2 wR

a in the AdS case. As we discussed in
the Introduction, this is a consequence of the strong
dependence of this term on the choice of the discretized
radial coordinate, which drastically affects the density of
degrees of freedom of the system. On the other hand,

the regulator-independent term Sð0Þln displays the correct
dependence on the proper area. The form of this term
provides a crucial test for the consistency of our approach

FIG. 1. Numerical fit for the determination of Sð2Þ as a function of wR=a for μ2a2 ¼ 0. The data indicate that Sð2Þ ¼ c1 sin2
wR
a , with

c1 ≃ 0.29543145 for all values of μ2a2.
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for the current case, in which the proper area is given
by A ¼ 4πa2 sin2 wR

a .
Regarding the coefficient of ln ϵ, the numerical analysis

indicates that it has the form

Sð0Þln ðn; μ2a2Þ ¼ alnðμ2a2Þ þ blnðμ2a2Þ sin2
wR

a
: ð45Þ

Figure 2 shows excellent agreement between the ansatz and
the data across various values of μ2a2. Notably, the
dependence on wR appears exclusively through the factor
sin2 wR

a , which is closely related to the proper area of the
entangling surface. This confirms that the functional form

of the coefficient of the logarithmic term is the expected
one in R × S3, similar to the AdS case [11].
The functions alnðμ2a2Þ and blnðμ2a2Þ can both be fitted

using simple expressions. Specifically, we find

alnðμ2a2Þ ¼ c2 ¼ const; ð46Þ

blnðμ2a2Þ ¼ c3μ2a2 þ c4: ð47Þ

Figure 3 illustrates the fits to the data for these expressions.
The fit parameters are determined with an accuracy of 0.1%
and are given by

FIG. 2. Numerical fits for the determination of Sð0Þln as a function of wR=a for various values of μ2a2. The data indicate with high

precision that Sð0Þln ¼ alnðμ2a2Þ þ blnðμ2a2Þ sin2 wR
a .

FIG. 3. The coefficients aln and bln for various values of μ2a2. The left plot demonstrates that aln ¼ −1=90, independently of μ2a2,
with high precision. The right plot demonstrates that bln has a linear dependence on μ2a2 with a slope equal to −1=5.9998 and
y-intercept equal to 1=6.0009. We can confidently deduce that bln ¼ −μ2a2=6þ 1=6.
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c2¼−
1

90
; c3¼−

1

6
; c4 ¼

1

6
: ð48Þ

In conclusion, the results confirm that the UV-divergent
part of the entanglement entropy has the form displayed
in Eq. (1).

V. ANALYTICAL RESULTS

We next turn to the last term in Eq. (1) that arises from
the IR sector of the theory. This term was derived for a
massless scalar field in a dS background in planar coor-
dinates [8,9]. The size of the system is the only available IR
cutoff in that case. In the more general case of a massive
field, the mass can also act as a cutoff for the long-range
correlations. The IR cutoff will be a combination of the
correlation length of the field and the size of the system so
that the UV-finite part of the entanglement entropy will
have a more complicated structure. As we have already
mentioned, the dominance of the UV-divergent terms
makes it difficult to extract the structure of the UV-finite
terms through the numerical approach. We analyzed our
data for the UV-finite part of the entanglement entropy and
identified the mass as the effective IR cutoff when the
overall system corresponds to the entire spatial sphere.
However, extracting the functional dependence of the
entropy on the mass has not been possible.
It is important to note that the role of the mass term is

rather different in the current case than in the dS back-
ground expressed in planar coordinates. Each constant-time
slice in the latter case is noncompact. This means that the
field mass acts as an IR cutoff by determining the range
over which field fluctuations are substantial. In the current
case, the constant-time slice is compact and the role of
the mass is to cut off the IR divergence generated by the
vanishing energy of the normalizable zero mode in the
l ¼ 0 sector; see Eq. (23).
To bypass the numerical difficulties and also be as close

as possible to the setup of [8,9], in the following, we
approach the IR issue analytically by considering an overall
system that does not cover the entire sphere. Thus, we are
able to obtain a term analogous to the last one in Eq. (1).

A. The kernels

As we discussed in Sec. III B, the entanglement entropy
can be calculated using the eigenvalues of the matrix M,
defined in Eq. (33). Given a coupling matrix K, one has
to calculate the matrices Ω—the positive square root of
matrix K—and Ω−1, obtain the kernels that correspond to
their continuum limit, and then form the combination
ðΩ−1ÞA � ðΩÞA. Here, the index A indicates that only the
corresponding blocks are used, and � stands for integration
over the appropriate domain, which is the continuum
counterpart of matrix multiplication. We will provide

explicit formulas in the following. More details on this
approach can be found in [25].
To perform the calculation, we first have to obtain the

spectral decomposition of the kernel Kðw; w0Þ, which is the
continuous expression corresponding to the coupling
matrix K. In the continuum limit, the eigenvalue problem
for the matrix K assumes the form of (13), accompanied by
Dirichlet boundary conditions. As a result, for d ¼ 3 and
l ¼ 0, we have

Kðw;w0Þ ¼ 2

πa

X∞
k¼1

�
k2

a2
þ μ̃2

�
sin

kw
a

sin
kw0

a
; ð49Þ

where μ̃2 ¼ μ2 − 1
a2. Since the massless (μ ¼ 0) theory has

a zero mode in its spectrum, we introduce a cutoff θM and
define the theory in the interval ½0; aθM�. Effectively, we
impose a Dirichlet boundary condition at θ ¼ θM instead of
θ ¼ π. In this way, μ can be set to zero without affecting the
consistency of the calculation. The kernel now assumes the
form

Kðw;w0Þ ¼ 2

aθM

X∞
k¼1

�
k2π2

a2θ2M
þ μ̃2

�

× sin
kπw
aθM

sin
kπw0

aθM
: ð50Þ

Obviously, at any point of the calculation, we can set θM
equal to π and recover the original form of the kernel. We
point out that the kernel is normalized correctly for a theory
in ½0; aθM�. Moreover, as a consistency check, the kernel
can also be written in closed form as

Kðw;w0Þ ¼ 2

aθM

X∞
k¼1

�
−

∂
2

∂w2
þ μ̃2

�
sin

kπw
aθM

sin
kπw0

aθM

¼
�
−

∂
2

∂w2
þ μ̃2

�
δðw − w0Þ; ð51Þ

where the δ-distribution acts on fields that obey Dirichlet
conditions in the aforementioned interval.
Writing the spectral decomposition of Ωðw;w0Þ and

Ω−1ðw;w0Þ is rather straightforward. We have

Ωðw;w0Þ ¼ 2

aθM

X∞
k¼1

�
k2π2

a2θ2M
þ μ̃2

�
1=2

× sin
kπw
aθM

sin
kπw0

aθM
; ð52Þ

Ω−1ðw;w0Þ ¼ 2

aθM

X∞
k¼1

�
k2π2

a2θ2M
þ μ̃2

�−1=2

× sin
kπw
aθM

sin
kπw0

aθM
: ð53Þ
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The kernels can also be written in a form that is more
convenient for an expansion around flat space, namely

Ωðw;w0Þ ¼ 2

π

π2

a2θ2M

X∞
k¼1

ðk2 − δÞ1=2

× sin
kπw
aθM

sin
kπw0

aθM
; ð54Þ

Ω−1ðw;w0Þ ¼ 2

π

X∞
k¼1

ðk2 − δÞ−1=2

× sin
kπw
aθM

sin
kπw0

aθM
; ð55Þ

where the parameter δ is defined as

δ ¼ −
a2θ2M
π2

μ̃2 ¼ θ2M
π2

ð1 − μ2a2Þ: ð56Þ

Notice that δ is positive between the conformal point
μ ¼ 1=a and the massless limit. Using the expansions

1ffiffiffiffiffiffiffiffiffiffiffiffi
k2 − δ

p ¼
X∞
i¼0

ð2iÞ!
ð2ii!Þ2

δi

k2iþ1
; ð57Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
k2 − δ

p
¼
X∞
i¼0

ð2iÞ!
ð1 − 2iÞð2ii!Þ2

δi

k2i−1
; ð58Þ

which are convergent for jδj < k2 and jδj ≤ k2, respec-
tively, we obtain

Ωðw;w0Þ ¼ 2

π

π2

a2θ2M

X∞
k¼1

X∞
i¼0

ð2iÞ!
ð1 − 2iÞð2ii!Þ2

×
δi

k2i−1
sin

kπw
aθM

sin
kπw0

aθM
; ð59Þ

Ω−1ðw;w0Þ ¼ 2

π

X∞
k¼1

X∞
i¼0

ð2iÞ!
ð2ii!Þ2

×
δi

k2iþ1
sin

kπw
aθM

sin
kπw0

aθM
: ð60Þ

Since we make use of the expansions for any k∈Z�, we
must assume that jδj < 1. This allows us to set θM ¼ π in
the vicinity of the conformal point where μ ≃ 1=a. On the
other hand, setting μ ¼ 0 is possible if the theory is defined
only on a portion of the sphere, with θM acting as an IR
regulator. In this way the IR regulator can be identified
either with the effective mass of the field, or with the size of
the overall system.
Interchanging the order of the two summations and

identifying the summations over k with polylogarithms, we
obtain

Ωðw; w0Þ ¼ π

aθM

X∞
i¼0

ð2iÞ!δiω−2iþ1ðw;w0Þ
ð1 − 2iÞð2ii!Þ2 ; ð61Þ

Ω−1ðw;w0Þ ¼ aθM
π

X∞
i¼0

ð2iÞ!δiω−2i−1ðw; w0Þ
ð2ii!Þ2 ; ð62Þ

where

ω−nðw;w0Þ ¼ 2

aθM

X∞
k¼1

1

kn
sin

kπw
aθM

sin
kπw0

aθM

¼ 1

2aθM

h
Lin
�
e
iπðw−w0Þ
aθM

�

− Lin
�
e
iπðwþw0Þ

aθM

�
þ c:c:

i
: ð63Þ

The polylogarithms that appear in these expressions are
given by

Li−1ðzÞ ¼
z

ð1 − zÞ2 ; ð64Þ

Li1ðzÞ ¼ − lnð1 − zÞ; ð65Þ

Linðexp zÞ ¼
Xn−2
k¼0

ζðn − kÞzk
k!

−
ðlnð−zÞ −Hn−1Þzn−1

ðn − 1Þ! þ ζð0Þzn
n!

þ
X∞
k¼1

ζð1 − 2kÞz2kþn−1

ð2kþ n − 1Þ! ; n ≥ 2; ð66Þ

where the last series is convergent for jzj < 2π. Here, Hn
stands for the n-th harmonic number and ζ for Riemann’s
zeta function. Notice that equation (63) implies that the
kernels ω−nðw;w0Þ are symmetric and obey the recursion
relation

∂
2

∂w2
ω−nðw;w0Þ ¼ −

π2

a2θ2M
ω2−nðw;w0Þ: ð67Þ

Keeping only the leading and next-to-leading order
terms, we obtain

Ω−1ðw; yÞΩðy; w0Þ ¼ ω−1ðw; yÞω1ðy; w0Þ

þ 1

2
δ½ω−3ðw; yÞω1ðy; w0Þ

− ω−1ðw; yÞω−1ðy; w0Þ� þOðδ2Þ;
ð68Þ

which can also be written as
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Ω−1ðw;yÞΩðy;w0Þ ¼ω−1ðw;yÞω1ðy;w0Þ

−
1

2
δ
a2θ2M
π2

∂

∂y

�
ω−3ðw;yÞ

∂

∂y
ω−1ðy;w0Þ

−ω−1ðy;w0Þ ∂
∂y

ω−3ðw;yÞ
�
þOðδ2Þ:

ð69Þ

Thus, the curved-spaceΩ−1ðw; yÞΩðy; w0Þ can be written as
its flat-space counterpart ω−1ðw; yÞω1ðy; w0Þ plus correc-
tions that can be expressed as a total derivative. This
behavior persists to all orders in δ; see Appendix A.

B. Calculation of the entropy

The calculation of entanglement entropy uses the eigen-
values of the matrix M, defined in Eq. (33). In the
continuum limit, this matrix becomes the kernel

Mðw;w0Þ ¼
Z

aθR

0

dyΩ−1ðw; yÞΩðy; w0Þ; ð70Þ

where we assumed that the subsystem A consists of the
degrees of freedom in the interval ½0; aθRÞ. Besides y, both
w and w0 take values in this interval. It is advantageous to
extend the range of integration to aθM in order to isolate
a δ-function contribution.4For this reason, we write

Mðw;w0Þ ¼ δðw − w0Þ − M̃ðw;w0Þ; ð71Þ

where

M̃ðw;w0Þ ¼
Z

aθM

aθR

dyΩ−1ðw; yÞΩðy; w0Þ: ð72Þ

Obviously, M and M̃ share the same eigenfunctions, and
their eigenvalues are related via λ̃ ¼ 1 − λ. Thus, Eq. (32)
assumes the form

SEE ¼
X
i

 ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃i

p
þ 1

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃i

p
þ 1

2

−

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃i

p
− 1

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃i

p
− 1

2

!
; ð73Þ

where λ̃i are the eigenvalues of M̃. In this equation, we
dropped the subscript lm⃗ since this section concerns only
the vanishing angular momentum sector of the (3þ 1)-
dimensional theory. Notice that, unless we impose

boundary conditions on the eigenfunctions, the spectrum
is continuous and the summation must be replaced by
integration.
We can now proceed to the main part of the calculation.

Within the framework of Sec. VA, we introduce a
perturbative expansion for M̃ in powers of δ that reads

M̃ðw; w0Þ ¼
X∞
i¼0

δiM̃ðiÞðw;w0Þ: ð74Þ

We have

M̃ð0Þðw;w0Þ ¼
Z

aθM

aθR

dyω−1ðw; yÞω1ðy; w0Þ ð75Þ

and

M̃ð1Þðw;w0Þ ¼ −
a2θ2M
2π2

�
ω−1ðy; w0Þ ∂

∂y
ω−3ðw; yÞ

−ω−3ðw; yÞ
∂

∂y
ω−1ðy; w0Þ

�				
y¼aθR

: ð76Þ

By the same token, the entanglement entropy, given by
Eq. (73), is expanded as

SEE ¼
X∞
i¼0

δiSðiÞEE: ð77Þ

It is straightforward to show that

Sð0ÞEE ¼
X
i

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q
þ 1

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q
þ 1

2

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q
− 1

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q
− 1

2

1
A ð78Þ

and

Sð1ÞEE ¼ −
X
i

λð1Þi

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q arccoth
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ̃ð0Þi

q
; ð79Þ

where λ̃ð0Þi are the eigenvalues of M̃ at zeroth order in δ,

i.e., the eigenvalues of M̃ð0Þ, and λ̃ð1Þi δ are their leading

order corrections. Obviously, Sð0ÞEE is the entanglement

entropy of a massless theory in flat space, whereas Sð1ÞEEδ
is the leading correction due to the curvature of the
background.
The flat-space eigenvalue problem was solved in [25];

see also [27]. Adapting the notation to match the one of our
calculation, the right eigenfunctions fðx;ωÞ, the left

4By definition the kernels Ω and Ω−1 obey

Z
aθM

0

dyΩ−1ðw; yÞΩðy; w0Þ ¼ δðw − w0Þ:
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eigenfunctions gðx;ωÞ, and the eigenvalues λ̃ð0ÞðωÞ of
M̃ð0Þðw;w0Þ read
fðw;ωÞ ¼ sin ðωuðwÞÞ; ð80Þ

gðw;ωÞ ¼ π

2aθM

cosh uðwÞ þ cos πθRθM

sin πθR
θM

sin ðωuðwÞÞ; ð81Þ

λ̃ð0ÞðωÞ ¼ −
1

sinh2ðπωÞ ; ð82Þ

where

uðwÞ ¼ ln
sin πðaθRþwÞ

2aθM

sin πðaθR−wÞ
2aθM

; ð83Þ

wðuÞ ¼ 2aθM
π

arctan
�
tanh

u
2
tan

πθR
2θM

�
: ð84Þ

The eigenfunctions are normalized according toZ
aθR

0

dwfðw;ωÞgðw;ω0Þ ¼ π

4
δðω − ω0Þ: ð85Þ

Making further analytical progress is possible if we
assume that the subsystem A is much smaller than the total
system, so that πθR

2θM
≪ 1. In this limit, we have

fðw;ωÞ ¼ sin ðωuðwÞÞ; ð86Þ

gðw;ωÞ ¼ 1

aθR
cosh2

uðwÞ
2

sin ðωuðwÞÞ; ð87Þ

λ̃ð0ÞðωÞ ¼ −
1

sinh2ðπωÞ ; ð88Þ

where

uðwÞ ¼ ln
aθR þ w
aθR − w

; wðuÞ ¼ aθR tanh
u
2
: ð89Þ

The kernels ω1, ω−1, and ω−3 assume the form

ω1ðw;w0Þ ¼ aθM
π2

�
1

ðw − w0Þ2 −
1

ðwþ w0Þ2
�
; ð90Þ

ω−1ðw;w0Þ ¼ 1

aθM
ln

wþ w0

jw − w0j ; ð91Þ

ω−3ðw;w0Þ ¼ 1

aθM

π2θ2R
θ2M

��
3 − 2 ln

πθR
θM

�
ww0

a2θ2R

þ ðw − w0Þ2
2a2θ2R

ln
jw − w0j
aθR

−
ðwþ w0Þ2
2a2θ2R

ln
ðwþ w0Þ

aθR

�
: ð92Þ

The leading order corrections to the eigenvalues, λ̃ð1ÞðωÞ,
are given by

λ̃ð1ÞðωÞ ¼
R aθR
0 dw

R aθR
0 dw0M̃ð1Þðw;w0Þfðw0;ωÞgðw;ωÞR aθR

0 dwfðw;ωÞgðw;ωÞ :

ð93Þ
The denominator is divergent, and we have to regularize the
integral. This is why this factor could not be absorbed by
redefining the eigenfunctions f and g. In particular, using
the change of variable (89), we obtainZ

aθR

0

dwfðw;ωÞgðw;ωÞ ¼ 1

2

Z
∞

0

du sin2ðωuÞ: ð94Þ

One natural way to regularize the integral is to restrict the
upper bound of the integration over w to aθR − ϵ, where ϵ is
a UV regulator. Thus, we do not integrate all the way up
to the entangling surface, but we stop infinitesimally before
it. This regularization scheme is appropriate for dealing
with the strong entanglement between adjacent degrees
of freedom separated by the entangling surface. With
respect to the coordinate u, this procedure is equivalent
to introducing an upper limit of integration umax. In this
way, we obtainZ

aθR−ϵ

0

dwfðw;ωÞgðw;ωÞ ¼ 1

4
umax: ð95Þ

Equation (89) implies that the two regulators ϵ and umax are
related by

umax ¼ ln
2aθR
ϵ

: ð96Þ

Moreover, the UV scale can be utilized to discretize the
spectrum according to

ωk ¼
kπ
umax

; k∈N�: ð97Þ

Making use of Eq. (76), the numerator of Eq. (93)
consists of four integrals

I1ðωÞ ¼
Z

aθR−ϵ

0

dw0ω−1ðaθR; w0Þfðw0;ωÞ; ð98Þ

I2ðωÞ ¼
Z

aθR−ϵ

0

dw0fðw0;ωÞ ∂
∂y

ω−1ðy; w0Þ
				
y¼aθR

; ð99Þ

I3ðωÞ ¼
Z

aθR−ϵ

0

dwω−3ðw; aθRÞgðw;ωÞ; ð100Þ

I4ðωÞ ¼
Z

aθR−ϵ

0

dw
∂

∂y
ω−3ðw; yÞ

				
y¼aθR

gðw;ωÞ; ð101Þ
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where we used the same regularization scheme. Using the
change of variables (89), it is evident that the integral I1 is
convergent, and it assumes the form

lim
ϵ→0

I1ðωÞ ¼
θR
2θM

lim
umax→∞

Z
umax

0

du0
u0 sinðωu0Þ
cosh2 u0

2

¼
π θR

θM

tanhðπωÞ
�

πω

sinhðπωÞ −
1

coshðπωÞ
�
; ð102Þ

where we used the Fourier transform (B1) in the calcu-
lation.5 Similarly, the integral I2 becomes

lim
ϵ→0

I2ðωÞ ¼ −
1

aθM
lim

umax→∞

Z
umax

0

du0 tanh
u0

2
sinðωu0Þ

¼ −
1

aθM

π

sinhðπωÞ ; ð103Þ

where we used the Fourier transform (B2). Regarding the
integrals I3 and I4, we have

I3ðωÞ ¼
1

2

Z
umax

0

duω−3ðwðuÞ; aθRÞ sinðωuÞ; ð104Þ

I4ðωÞ ¼
1

2

Z
umax

0

du
∂

∂y
ω−3ðwðuÞ; yÞ

				
y¼aθR

sinðωuÞ: ð105Þ

Putting everything together, Eq. (79) assumes the form

Sð1ÞEE ¼ a2θ2M
π2

π

umax

X
i

ωi

coth ðπωiÞ
× ½I1ðωiÞI4ðωiÞ − I3ðωiÞI2ðωiÞ�: ð106Þ

At the limit umax → ∞, the eigenvalues ωi become dense
and the sum π

umax

P
i turns to an integral

R∞
0 dω; see [27].

Thus, Sð1ÞEE is given by

Sð1ÞEE ¼ a2θ2M
π2

Z
∞

0

dω
ω

cothðπωÞ ½I1ðωÞI4ðωÞ

− I3ðωÞI2ðωÞ�: ð107Þ

Substituting I1 and I2 using Eqs. (102) and (103), we
have

Sð1ÞEE ¼ aθM
π

Z
∞

0

dωω

�
1

coshðπωÞ I3ðωÞ

þ aθR

�
πω

sinhðπωÞ −
1

coshðπωÞ
�
I4ðωÞ

�
: ð108Þ

Then, Eqs. (104) and (105) imply that Sð1ÞEE is given by

Sð1ÞEE ¼ aθM
2π

Z
∞

0

du
Z

∞

0

dω
ω sinðωuÞ
cosh ðπωÞ

×

�
ω−3ðwðuÞ; aθRÞ þ aθR

�
πω

tanh ðπωÞ − 1

�

×
∂

∂y
ω−3ðwðuÞ; yÞ

				
y¼aθR

�
; ð109Þ

where we interchanged the order of the integrations. The
integrals over ω can be performed using Eqs. (B1) and
(B3), resulting in

Sð1ÞEE ¼ −
aθM
4π

Z
∞

0

du

�
ω−3ðwðuÞ; aθRÞ

∂

∂u
1

cosh u
2

þ aθR
∂

∂y
ω−3ðwðuÞ; yÞ

				
y¼aθR

∂

∂u

π
2
− cosh u

2

cosh2 u
2

�
: ð110Þ

We integrate by parts. There is no boundary term,6and we
obtain

Sð1ÞEE ¼ IA þ IB; ð114Þ

where the integrals IA and IB are given by

IA ¼ aθM
4π

Z
∞

0

du
1

cosh u
2

∂

∂u
ω−3ðwðuÞ; aθRÞ; ð115Þ

IB ¼ a2θ2M
4π

θR
θM

Z
∞

0

du
π
2
− cosh u

2

cosh2 u
2

×
∂
2

∂y∂u
ω−3ðwðuÞ; yÞ

				
y¼aθR

: ð116Þ

Substituting Eq. (92), we obtain

5The Fourier transformations are typically calculated as
principal values. Therefore, the regulator umax fits nicely in this
derivation.

6Given that wð0Þ ¼ 0, we have

ω−3ð0; aθRÞ ¼
∂

∂y
ω−3ð0; yÞ

				
y¼aθR

¼ 0: ð111Þ

Moreover, since limu→∞ wðuÞ ¼ aθR, we also have

lim
u→∞

ω−3ðwðuÞ; aθRÞ ¼
1

aθM

π2θ2R
θ2M

×

�
3 − 2 ln

2πθR
θM

�
; ð112Þ

lim
u→∞

∂

∂y
ω−3ðwðuÞ; yÞ

				
y¼aθR

¼ 1

aθM

π2

a2θ2M

2θR
θR

×

�
1 − ln

2πθR
θM

�
: ð113Þ
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IA ¼ π

4

θ2R
θ2M

Z
∞

0

du
1

cosh3 u
2

�
ln

θM
2πθR

þ lnð1þ e−uÞ þ 1þ u
eu þ 1

�
; ð117Þ

IB ¼ π

4

θ2R
θ2M

Z
∞

0

du
π
2
− cosh u

2

cosh4 u
2

�
ln

θM
2πθR

þ ln ð1þ e−uÞ þ u
2

�
: ð118Þ

Performing the integrations, we find

Sð1ÞEE ¼ 1

6

π2θ2R
θ2M

�
ln

θM
2πθR

þ 4

3

�
: ð119Þ

In total, the entanglement entropy, defined in Eq. (77),
becomes

SEE ¼ Sð0ÞEE þ 1

6
θ2Rð1 − μ2a2Þ

�
ln

θM
2πθR

þ 4

3

�

þOðδ2Þ þO
�
δπ3

θ3R
θ3M

�
: ð120Þ

The leading term corresponds to the flat-space entangle-
ment entropy of a massless scalar field in 1þ 1 dimensions,
given by the well-known formula [28,29]

Sð0ÞEE ¼ 1

6
ln
2aθR
ϵ

: ð121Þ

For the (3þ 1)-dimensional theory, the additional UV-
divergent contributions from the sectors with l > 0 result
in the UV structure of Eq. (1). Also, it has been found
numerically in the dS case that the analog of the term
∼θ2R log θR has a very small—probably vanishing—
coefficient in the full (3þ 1)-dimensional theory [9].
However, the term ∼θ2R log θM exists in the full theory,
with the coefficient given by the analytical treatment of the
l ¼ 0 sector [8,9]. For the dS background this coefficient is
cIR ¼ 1

3
, to be compared with the value cIR ¼ 1

6
we obtained

for the R × S3 geometry.
We emphasize that, despite the absence of an obvious

obstruction, one cannot set μ ¼ 0 and θM ¼ π at the same
time in Eq. (120). This result was obtained under the

assumption δ ¼ θ2M
π2
ð1 − μ2a2Þ < 1, which excludes this

parameter choice. The structure of the entanglement
entropy when the overall system is the entire sphere and
the field mass approaches zero is more complicated than
our result, which applies either to a theory on the entire
sphere near the conformal point μa ∼ 1, or to the massless
theory on a portion of the sphere.

VI. DISCUSSION

In previous works, we applied our method for calculating
entanglement entropy to a scalar theory in several interest-
ing backgrounds, including Minkowski, dS, and AdS
space. In the current work, we considered another case,
that of the Einstein universe with an R × S3 geometry.
Apart from establishing the validity of our approach for yet
another space, we had certain specific points in mind that
arose in our previous studies.
The first point concerns the form of the leading UV-

divergent term and its dependence on the regularization
implemented through the discretization of the theory.
The metric (2) that we considered differs from the AdS
metric in global coordinates by an overall conformal
factor. The radial variable w, appearing in both metrics,
is discretized in both cases according to (25). The
leading UV-divergent term was found with high preci-
sion to have exactly the same form ∼ sin2 wR

a in both
cases. In the current case, this reproduces correctly the
proper area of the entangling surface, and the area law is
satisfied as in flat space. Moreover, a similar factor
appears in the UV-divergent logarithmic term, in accor-
dance with Eq. (1). In the AdS case, there seems to be a
discrepancy in the leading divergence, as the proper area
scales ∼ tan2 wR

a . However, the correct factor, propor-
tional to the proper area, appears in the logarithmic
divergence [11].
The comparison of the two cases confirms the conclu-

sions reached in [11]. The coefficient of the logarithmic
term is independent of the particular regulator. This is well
established in flat space but also in curved backgrounds,
where additional terms proportional to the proper area
appear. The leading UV divergence scales with the inverse
square of the cutoff, but the coefficient may vary depending
on the regularization. In extreme cases, such as the
discretized version of the scalar theory in AdS in terms
of the global coordinate w, the dependence on the area of
the entangling surface may be masked. Accounting care-
fully for the density of degrees of freedom in the radial
direction restores the correct dependence, as discussed in
the Introduction.
For spherical configurations in the spaces we considered,

the logarithmic UV divergence can be parametrized as in
Eq. (1). The coefficients have been determined numerically
to be the following rational numbers with an accuracy of
0.1%:

c2¼−
1

90
; c3¼−

1

6
; c4 ¼

1

6
ð122Þ

for the Einstein universe,

c2¼−
1

90
; c3¼−

1

6
; c4 ¼

1

3
ð123Þ
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for a dS background [9],7 and

c2 ¼ −
1

90
; c3 ¼ −

1

6
; c4 ¼ −

1

3
ð124Þ

for an AdS background [11]. In all three cases, the values of
c3 and c4 are such that the corresponding contributions
cancel for a field whose mass arises from a nonminimal
coupling to gravity through a term 1

6
Rϕ2. The coefficient of

the logarithmic term for the resulting Weyl-invariant theory
is given by c2 and is related to the A-type conformal
anomaly [14].
The second point we considered in this work is the effect

on the entanglement entropy of long-range correlations
present in theories where IR divergences may appear. The
motivation was the derivation in [8] of the last term in
Eq. (1) for a massless scalar field in dS space in planar
coordinates in the Bunch-Davies vacuum. In the R × S3

geometry that we considered, IR divergences appear
because of the presence of a normalizable zero mode in
the spectrum of the scalar field. We performed an explicit
analytical calculation along the lines of [8]. The final result,
given by Eq. (120), confirms that such a term arises from
the l ¼ 0 sector of the theory that is dominated by the zero
mode. If an IR cutoff is implemented by restricting the
overall theory to a portion of the spatial sphere so that the
field mass can be set to zero, the structure of the IR term
will be given by Eq. (1), similar to the dS space. The only
difference lies in the value of the coefficient, which is
cIR ¼ 1

6
, as compared to cIR ¼ 1

3
in dS.

The combination of the results summarized above
generates a consistent picture in which the UV and IR
contributions seem to be well understood. This provides
the necessary framework to shift the focus toward the
finite part of the entropy, which is related to fundamental
issues, such as the relation between the entanglement
entropy and the a-theorem [4,10]. One obstacle in this
direction is the extreme accuracy required for a numerical
calculation that could isolate the finite part of the entropy.
The current work has used 33–35 significant digits of
precision for the numerical calculation on a radial lattice
with up to 450 points. Much larger lattices will be required
for the study of the finite part. Moreover, some intuition is
necessary on the functional form of entropy and its
dependence on parameters such as the field mass and
the length scale of the background. Despite these diffi-
culties, a calculation seems feasible and will be the subject
of future work.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: ALL-ORDER RESULTS

In this appendix we calculate Ω−1ðw; yÞΩðy; w0Þ to all
orders in δ. The final formula is suitable for integration
over y.
Implementing the Cauchy product of the series appear-

ing in Eqs. (61) and (62) we have

Ω−1ðw; yÞΩðy; w0Þ

¼
X∞
i¼0

X∞
j¼0

ð2iÞ!ð2jÞ!δiþj

ð2ii!Þ2ð1 − 2jÞð2jj!Þ2

× ω−2i−1ðw; yÞω−2jþ1ðy; w0Þ

¼
X∞
j¼0

δj
Xj
i¼0

ð2iÞ!ð2ðj − iÞÞ!
ð2ii!Þ2ð1 − 2ðj − iÞÞð2ðj−iÞðj − iÞ!Þ2

× ω−2i−1ðw; yÞω−2ðj−iÞþ1ðy; w0Þ: ðA1Þ

Even though this expression looks cumbersome, a signifi-
cant simplification can be achieved because, for j ≥ 1, the
sum over i obeys the identity

Xj
i¼0

ð2iÞ!ð2ðj − iÞÞ!
ð2ii!Þ2ð2ðj − iÞ − 1Þð2ðj−iÞðj − iÞ!Þ2

× ω−2i−1ðw; yÞω−2ðj−iÞþ1ðy; w0Þ

¼ 1

jπ

Xj−1
i¼0

Γðiþ 3
2
Þ

i!

Γðj − i − 1
2
Þ

ðj − 1 − iÞ!
× ½ω−2i−1ðw; yÞω−2ðj−iÞþ1ðy; w0Þ
− ω−2i−3ðw; yÞω−2ðj−iÞþ3ðy; w0Þ�: ðA2Þ

Then, Eq. (67) implies that the square bracket is a total
derivative with respect to y. Indeed, we have

ω−2i−1ðw; yÞω−2ðj−iÞþ1ðy; w0Þ

− ω−2i−3ðw; yÞω−2ðj−iÞþ3ðy; w0Þ ¼ −
a2θ2M
π2

×
∂

∂y

�
ω−2ðj−iÞþ1ðy; w0Þ ∂

∂y
ω−2i−3ðw; yÞ

−ω−2i−3ðw; yÞ
∂

∂y
ω−2ðj−iÞþ1ðy; w0Þ

�
: ðA3Þ

Putting everything together, Ω−1ðw; yÞΩðy; w0Þ reads

7The value of c3 is a conjecture, based on the requirement
that the coefficient of the logarithmic term match that on a
flat background for the conformal theory. It is also expected
that the value of c3 is independent of the curvature of the
background.
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Ω−1ðw; yÞΩðy; w0Þ
¼ ω−1ðw; yÞω1ðy; w0Þ

þ a2θ2M
π2

∂

∂y

X∞
j¼1

δj

jπ

Xj−1
i¼0

Γðiþ 3
2
Þ

i!

Γðj − i − 1
2
Þ

ðj − 1 − iÞ!

×

�
ω−2ðj−iÞþ1ðy; w0Þ ∂

∂y
ω−2i−3ðw; yÞ

− ω−2i−3ðw; yÞ
∂

∂y
ω−2ðj−iÞþ1ðy; w0Þ

�
: ðA4Þ

APPENDIX B: FOURIER TRANSFORMS

This appendix lists a family of Fourier transforms used in
the derivation of Sec. V. They can be found in the standard

reference [30]. For jaj < jbj, we have

Z
∞

−∞
dω

sinhðaωÞ
sinhðbωÞ e

iωu0 ¼ π

b

sin πa
b

cos πab þ cosh πu0
b

; ðB1Þ

Z
∞

−∞
dω

coshðaωÞ
sinhðbωÞ e

iωu0 ¼ i
π

b

sinh πu0
b

cos πab þ cosh πu0
b

; ðB2Þ

Z
∞

−∞
dω

coshðaωÞ
coshðbωÞ e

iωu0 ¼ 2π

b

cos πa
2b cosh

πu0
2b

cos πab þ cosh πu0
b

; ðB3Þ

Z
∞

−∞
dω

sinhðaωÞ
coshðbωÞ e

iωu0 ¼ i
2π

b

sin πa
2b sinh

πu0
2b

cos πab þ cosh πu0
b

: ðB4Þ
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