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We identify new families of duality-invariant theories of electrodynamics. We achieve this in two
different ways. On the one hand, we present an algorithm to construct a one-parameter family of exactly
duality-invariant theories from a single seed duality-invariant theory. If the seed theory is causal, the
theories constructed from this method will also be causal when the parameter is non-negative. On the other
hand, we find two additional novel families of duality-invariant theories which include a nonzero term
independent of the electromagnetic field. The first of them generalizes Bialynicki-Birula electrodynamics,
while the second family of theories features a well-defined Maxwell limit as the term independent of the

gauge field strength is sent to zero.
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Introduction. Symmetries arguably conform the most
powerful tool toward the construction of physically mean-
ingful theories. They provide the fundamental building
blocks with which to write the subsequent Lagrangians.
This is remarkably illustrative in electrodynamics: demand-
ing Lorentz and gauge invariance, one finds that a theory for
a vector field A, must be entirely expressed in terms of
Lorentz scalars built from the gauge-invariant field strength
Fu, = 20,Ap. The simplest theory of electrodynamics
corresponds to Maxwell theory, which has been extremely
successful in the description of electromagnetic interactions.
But one could consider other models of electrodynamics
fulfilling Lorentz and gauge invariance beyond Maxwell
theory. These are called theories of nonlinear electrody-
namics (NED) and have been extensively studied for a long
time. Some prominent models include Born-Infeld theory
[1]—introduced to provide a finite self-energy for the
electric field of a charged point particle—or the Euler-
Heisenberg Lagrangian [2], incorporating one-loop quan-
tum corrections—for other NED models and additional
background on the topic, we refer the reader to, e.g.,
[3-30]. Nonetheless, if one really takes symmetries as the
true guiding principle for the construction of physical
theories, nothing prevents us from considering other theories
of NED which do not violate other fundamental principles
of physics (such as the absence of ghosts or causality).
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In fact, Maxwell theory is not only Lorentz- and gauge-
invariant: it is also invariant under electromagnetic duality
rotations. As a result, the literature has extensively studied
duality-invariant NEDs, the most renowned examples being
Born-Infeld theory and the celebrated ModMax electrody-
namics [14]. However, as the duality-invariance condition
adopts the form of a quadratic partial differential equation,
the finding of further explicit solutions [31] has been a quite
elusive task, with some notable exceptions [6,32].

The present manuscript contributes in this direction in a
two-fold way. On one side, we identify a novel solution-
generating technique that allows one to construct a one-
parameter family of duality-invariant NEDs from a seed
duality-invariant one. This algorithm relies crucially on the
properties of the ModMax Lagrangian and preserves the
causality of the seed theory—in case it features this property
—when the parameter associated with the construction is
nonnegative. On the other side, we also find two novel
instances of duality-invariant theories featuring an additional
term y independent of F,;, with intriguing properties: the
first conforms the most general fixed point of the solution-
generating method described above, while the second family
of theories has a well-defined Maxwell limit as y — 0.

Setup. Consider a generic NED L = L(F;,, xF ;) on four-
dimensional flat space-time 77,,, where (% F) ,;, = 1 £,3,.4F?
and e,,., denotes the components of the totally antisym-
metric tensor (with 1,3 = 1). As it is well known, the most
general such a theory may be expressed as a function of the
invariants

1 1
=——F, Fb, =——F_ (%xF), 1
s 4 ab P 4 ab( ) ( )
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In terms of these variables, the condition for £ = L(s, p) to
be duality-invariant was found in [5,6]. Since it will be
important for us, let us briefly sketch its derivation. Define
the two-form field strength H ;, as follows:

oL

Hab :2*W

(2)

In terms of H, the (generalized) Maxwell equation and
Bianchi identity read dH =0 and dF = 0. Consider a
electromagnetic duality rotation into new fields (F’, H')

F' cosa sina F 3)
H' ) \-sina cosa/)\H)"
Clearly, dH' = dF’ = 0. However, to enjoy duality-invariance,
we must demand the invariance of (2). In particular, if we

rewrite (2) as H = f(F), we must require that H' = f(F").
Infinitesimally, this translates into

1 d d d
S*Fy, = b = * E.d . (4)
2 OF® \oF.,  oF

This equation may be readily integrated to yield

1 oL o
P xFe = 22y O
4" oF,, oF® V"

(5)

where i is independent of F ;. This term is commonly set
to zero to ensure a Maxwell weak-field limit [6]. However,
we will not set it systematically to zero, as it will be
justified afterward. This term w may be equivalently
obtained from the Hamiltonian formalism—we refer the
interested reader to the Supplemental Material [33].

Using the invariants (s, p) defined in (1), one may
rewrite the condition for duality invariance as

0L\ 2
p <g> —2s

There are several well-known instances of solutions to (6)
in the literature in the case v = 0. The simplest example is
provided by Maxwell theory £ =s. Other prominent
instances are given by Born-Infeld electrodynamics [1]

LB =T —/T? - 2Ts — p?,

or the celebrated ModMax electrodynamics [14]

MM _ : /2 2
LY = coshys + sinhyy/s° + p~,

which represents the most general theory of nonlinear
electrodynamics which is also conformally invariant.

It turns out that there is a method to generate an
infinite family of duality-invariant theories of nonlinear

oL oL L\ 2
<$> +w=p. (6

TeR, (7)

reR, (8)

electrodynamics from a given solution of (6). Indeed, let
Ly(s, p) an arbitrary such solution. Define

M, (Lo)(s. p) = Lo(LYM(s, p). p).

Observe that M, (L,) is obtained by replacing every
appearance of s in Ly by £)™. The map M, picks a
given theory and generates a one-parameter family of NEDs.
We will refer to M, as the ModMax map. As the following
theorem shows, if the ModMax map is applied on a duality-
invariant theory, the resulting family of theories for any y is
also duality-invariant.

Theorem 1. Let Ly(s, p) be a given duality-invariant
theory. Then the one-parameter family of theories
M, (Lo)(s, p) = Lo(LYM(s, p), p) is duality-invariant.

Proof. If z = LY™ and M, (L) = 2y

yeR. (9)

oL, dL,d oL, dL,0z oL
i o o o o BT,
as 0z 0s op dz dp  Odp

where L, is viewed as a function of (z,p). Direct
computation shows that

A\ 2 Y A\ 2
(L' _pg0k0L, _ (ok,

as ds dp ap

0Ly 2 0z\2 5 0z 02 0z\?
= _— _ — 25— — _—

oz ) \P\os asop  P\op

2
_26_£0<3_£O<S%+ az>_p<a_£0> . (11)

oz ap Cos Pap op

Using that z = £)™ is conformally and duality-invariant,
so that it satisfies (6) with y = 0 and

0z 0z
sas+pap—z, (12)
one directly learns that ﬁy satisfies (6) with the same y as
L, and we conclude.

Theorem 1 allows to construct families of exactly
duality-invariant theories from a given duality-invariant
theory, generalizing some known perturbative results in the
literature in the context of T7-flows [37].

The iterative application of the ModMax map does not
produce further families of duality-invariant theories. This
can be seen from the following property of the ModMax
Lagrangian (8)

M, (LMM) = LM, (13)

Let us now present some nontrivial families of theories
obtained from the application of the ModMax map on some
well-known theories of electrodynamics.

Example 1. Under (9), the Born-Infeld Lagrangian
produces
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M (L) =T~ \JT2 = 21M = p2. (14)
This theory corresponds to generalized Born-Infeld theory
[14,15]. From this new perspective, duality invariance of

(14) is a direct consequence of Theorem 1.
Example 2. Take the duality-invariant theories

LR = \/a F 2uvk £ 2, (15)

2u=/s*+p>—s, 2v=1/s*+p*+s.  (16)

where {a, k} are constants. Applying the ModMax map

M, (LR) = \/a F 2e7uvk £ 2¢"v. (17)

This family coincides [38] with the class of duality-

invariant theories found by Gibbons and Rasheed in [6].
Example 3. Take the following duality-invariant theory

considered by Hatsuda, Kamimura, and Sekiya [32]

0+ bs)\/1— (0 — bs)> — arcsin [0 — bs|

HKS_(
£ = 2b ’

(18)

with 0 = \/b2s2 +2b+/s*> + p* and b E€R. Applying (9)

(6, + bLIM), /1= (6, — LM
2b
arcsin [0, — bLYM]

B 2b ’ (19)

M},([:HKS) —

where 0, = \/bz(ﬁly\’”\’[)2 + 2by/(LMM)? 4 p?. This new

family of theories is manifestly different from the original
one LYK since their weak-field expansion reads [39]

2V2b
My(ﬁHKS) — E}MM _ 3

((LYM)* + p?)r
+ O(s%, p?). (20)

Example 4. Take the family of duality-invariant theories
obtained in [6] and given by [40]

LY = (Vi + /1,0 + fx (v = v/, sign(p)w),

fx(b,c) = 2(K? —¢) — b? (21)

N

+(K? = ¢) arcsin (ﬁ) , (22)

where (b, c) are some ancillary variables to define fg,
KeR and (u,v) were defined in (15). The theory (21)

solves (6) for arbitrary y and for both sign choices +.
Applying (9), one gets a novel family of duality-invariant
theories given by

M(LSRY) = (e 7\ /u + €7/2\/5,0)
*+ fr(e772Vu—e'>\/v,sign(p)y).  (23)

Causality and ModMax map. Consider a duality-invariant
theory £ satisfying (6) with y = 0. In terms of the variables
(u, v) introduced in (15), Eq. (6) reads

oo _

- 1. 24
ou ov (24)

As explained in [41], this equation may be implicitly solved
as follows:

2u u
—, =v+—>5. (25

T f('l')z ( )
where #(z) is an arbitrary function of 7>0 and # =
dZ/drx. Indeed, if the Lagrangian may be expressed as (25),
then

dL = —du/? + ¢dv, (26)

so that (24) is trivially satisfied. Let us explore how the
ModMax map acts when the original theory is expressed
implicitly as in (25). In terms of the (u, v) variables, one has
that

M, (L)(u,v) = L(e"u, e'v). (27)

Since M, (L) is duality-invariant by Theoreml, the para-
metrization (25) applies and

M(D)la(@) = glo) = 5. o=+

for a certain function g. Now, note that

(28)

d(M, (L)) = —e7"/¢du + e’¢dv = —du/g + gdv, (29)

where 7 is evaluated at 7(e 7u, e’v) and ¢ at 6(u, v). As a
consequence, we conclude that

g(o(u,v)) = e’(z(e"u, e'v)). (30)

Using this result in (25), we infer that z(e7u,e’v) =
e’o(u, v). Substituting in (30), we learn that [42]

q(0) = £(e’0). (31)

Therefore, in terms of the implicit representation (25), the
ModMax map amounts to replacing £(z) by £(e’z), which
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is entirely consistent with existing examples in the liter-
ature, such as in generalized Born-Infeld [43].

This result has strong implications for the subsequent
family of duality-invariant theories obtained by the appli-
cation of the ModMax map on a seed theory L. Indeed,
parametrizing £ as in (25), it was shown in [27] that L is
causal if and only if

£>1, ¢£>0. (32)
Equation (31) implies the following result.

Theorem 2. Let £ be a given duality-invariant causal
theory. Take y > 0. Then M, (L) is causal too.

Proof. As proven above, M, (L) can be expressed
implicitly as in (28) with g(o) = £(e’0), cf., Eq. (31).
Hence

g(6) = e'?(e’0), G(o) = e¥f(e’c).  (33)
Therefore, if y >0 and the seed theory satisfies the
causality constraints (32), the new family of duality-
invariant theories M, (L) will satisfy ¢ > 1 and ¢ >0
and we conclude.

Note that we can refine a bit more Theorem 2. Indeed,
assume a theory L that is expressed as in (25) and consider
that £ > £, for a real number 7, > 0. Then, M, (L) with
y > —log(#,) will be causal. If #, > 1, negative values of
y are allowed. If 7, < 1—what implies that the starting
theory was not causal—the ModMax map allows one to
construct causal generalizations of the seed theory
for y > —log(#y).

Novel duality-invariant theories with y # 0. Instances of
duality-invariant theories with nontrivial y were already
known—just consider Example 4, extracted from [6]. It is
the purpose of this section to present novel duality-invariant
theories with nonzero y. The justification for this is two-
fold: there are popular NEDs with no Maxwell limit for
weak fields (e.g., ModMax) and some NEDs with y # 0
have a Maxwell limit as y — O—see theory (40) below.

Let us briefly comment about the possible interpretation
of yw. As commented above, the term y in the duality-
invariance condition (6) is only required to be independent
of F,;,. Therefore, the most simple choice for y is to take it
as a pure integration constant—just a real number—with
the same units as s and p.

However, there are other possibilities a priori. In fact, y
could be built from other fields with nontrivial dynamics, as
long as these are independent of F,,. Nevertheless,
promoting y to be dynamical will generically bring about
an important hindrance: the equations of motion for the
fields composing y will not generically be invariant under
duality rotations—so it is not clear if one could even speak
of duality invariance in these cases. To see this, take a
theory £ = L(s, p,y) satisfying (6). Under rotations (3) of

small angle « between F;, and H,

5, <%> =a, (34)

so that the equations for the additional fields conforming y

will not transform in general covariantly. A possible

resolution of this problem would be to impose that y is

given by a total derivative term. In such a case, the relevant
oL

dangerous terms o will always be affected by derivatives in

the equations for the fields composing . As a result, (34)
will guarantee the invariance of the equations. Various
possible choices for y that correspond to total derivatives
and provide equations for the fields composing y that are
invariant under duality transformations are presented in the
Supplemental Material [33].

Let us now study solutions of (6) with nontrivial . Its
direct resolution conforms a daunting task, so it is con-
venient to look for special solutions with additional proper-
ties. Particularly, we will restrict to theories £ = L(s, p,w)
which are homogeneous functions of degree one, i.e.,
L(0s,0p,0y) = OL for any function O, so that

oL oL oL
S—+p—+y—=
oy

5t L. (35)

We will be interested in finding NEDs that satisfy the
duality-invariance condition (6) and (35). Clearly, this way
we will not be able to find the most general solution of (6),
but instead we will find valuable instances of novel duality-
invariant theories with a nontrivial . Amusingly, note that
(35) would represent the condition for conformal invariance
of the theory if y transforms under a conformal trans-
formation 7,, — Q%n,, as y — Q4.

In first place, one could resort to a perturbative approach
and identify instances of duality-invariant NEDs up to a
certain perturbative order in y which additionally fulfill
(35). We show in the Supplemental Material [33] that this
approach is indeed useful, describing the algorithm to
produce duality-invariant theories up to any finite order in
., as well as the explicit form of the most general solution
to (6) and (35) up to sixth order in .

But it is possible to go beyond a perturbative analysis
and find exact solutions of (6) with nontrivial y and
satisfying (35). A first family of solutions, as well as its
one-parameter generalization provided by the ModMax
map, was provided in Example 4. Next we will present two
additional novel families of theories fulfilling (6) and (35):
the first example will conform the most general duality-
invariant theory that remains invariant under the action of
the ModMax map (9), while the second family of theories
represents, to the best of our knowledge, the first theories
with nontrivial y that have a well-defined Maxwell limit
as y — 0.

Example 5. Let us look for duality-invariant theories
which do not depend on one of the invariants s or p. The
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duality invariance condition (6) with nontrivial y is incon-
sistent with a theory independent of p, so we may only hope
to find theories which are independent of s. In such a case,
Eq. (6) dramatically simplifies into

oL\ 2
-p <£) +y = p, (36)

whose most general solution is

Lypp = \/(l//—P)erwarctan[,/wp%p +5h(w), (37)

where } is an arbitrary function of y and where we require
p(y — p) >0 for reality of L,pp. Observe that (35) is
satisfied automatically if § is a linear function. Up to a trivial
overall sign, the theory (37) represents the most general
duality-invariant NED which is independent of s. As a
result, it conforms the most general fixed point of the
ModMax map (preserving duality invariance). It is to be
interpreted as a generalization of Bialynicki-Birula electro-
dynamics [5], whose Lagrangian £ = i|p| is obtained as
yw — 01n (37) (it corresponds to a topological term). Clearly,
(37) does not have a Maxwell limit.

Define y = Z. In the weak-field limit 1>y > 0 and
disregarding the term §(y), L, pp reduces to

2
Lops = 21/1\5[1 S A 0(y3)], w>0, (38)

6 40
2yy*? 3y 9y?
=77 |1 4+=24 20 3 0. (3
Lopp 3 +10+56+O()’)7 y < (39)

Example 6. Consider now the following theory:

5 p W
Lom(s,py)=—14t, +—=t_—=t,, 40
y/M( pW) \/z + \/j 2 72 ( )
2 N2
b |1 21//17 i s +2(w 219)’ (1)
s“+p s°+p
UL 1 I 7 SR il Ul (42)
Ty s2+ p? 52+ p? '

s t
t, = arctan| — ) + 2 arctan <—_> 43
v <p> V2 +1t, (43)

The theory £, may be seen to satisfy (6) for nonzero y
after noting the following identities:
oL, ty LMt oLy,

e e _v 44
Os V2 op ’ oy 2’ (44)

N

2yp Vs
2 =12 +2- ", tt.=—1—5. (45
+ s>+ p? N s>+ p? (45)

Consequently, Eq. (40) represents an instance of a novel
duality-invariant theory of electrodynamics. As y — 0, the
theory (40) reduces naturally to Maxwell theory

}yig(l)ﬁwm =s. (46)
In addition, £,y is always real for all real values of s, p,
and y. This can be seen from the fact that

2 Ry 2.2 2
s +2(w 2P) _ 2ws2 i (1_ zW 2) @
sT+p (s*+p?) sT+p

In another vein, observe that LV,M is not analytic for null
fields s = p = 0. Nevertheless, this is already a well-
known feature of some celebrated duality-invariant theo-
ries, including ModMax electrodynamics [19].

In the weak-field limit w2 > s*> + p?> > 0, we get the
following approximation [44] for L,,\:

arctan(¥) wt
+ sign(x) arctan—
2 w

ﬁy/M =~y
WO+ Ve )t o] gy e, )

+
V2(x + %) *sign(x)

(48)

where ywy = p as above and

wi:\/xz—i—yz:ty\/xz—l—yz, x=2. (49)
W

We explicitly see that no Maxwell limit is obtained in this
regime. One may derive an additional one-parameter family
of duality-invariant theories of electrodynamics from (40)
by direct application of the ModMax map (9)

M, (L) = Lym(LYM(s. p). p.w). (50)

Note that lim,,_o M, (L,n) = LY™.

Discussion. In this work we have found various novel
duality-invariant theories of electrodynamics. We have
achieved this through two different approaches. On the
one hand, we have identified a general method to construct
one-parameter families of duality-invariant theories starting
from any given one. Strongly rooted in the properties of the
ModMax Lagrangian, we have called such an algorithm the
ModMax map and obtained new families of duality-
invariant theories by direct application of this map to
various well-known examples in the literature. For those
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theories satisfying (6) with yw = 0, we have also showed
that the ModMax map also respects the causality properties
of the starting theory if the parameter introduced by the
ModMax map is non-negative.

On the other hand, we have also identified novel duality-
invariant theories that satisfy (6) for nontrivial y. One of
these new theories represents a generalization of Bialynicki-
Birula electrodynamics, while the second family of theories
features a well-defined Maxwell limit as y — O—corre-
spondingly, a ModMax limit if one considers the one-
parameter generalization constructed from the ModMax
map. We were able to find these new solutions to (6) by
requiring them to be a homogeneous function of degree one
in the variables s, p and y, which imposes the differential
constraint (35). Interestingly enough, this condition is tant-
amount to the conformal invariance of the subsequent
Lagrangian if y transforms appropriately under conformal
transformations. However, if y is assumed to be composed
by dynamical fields, the corresponding equations for the
fields making up y would not be covariant under duality
rotations, thus hampering the duality invariance of the
theory—unless for very special choices for y, such as
taking it to be a total derivative. In any event, one may
regard the additional constraint (35) as a computational trick
to identify novel duality-invariant theories for nontrivial
w—conceiving it is a pure integration constant if necessary.

The present manuscript poses the scrutiny of various
research directions in the near future. On the one hand, it
would be interesting to examine which physical properties
of a given duality-invariant theory (beyond causality) will

be preserved by the ModMax map if y > 0. Among these
potential properties, birefringence [3—5] will not be one of
them: while Born-Infeld is nonbirefringent, its ModMax
generalization does feature birefringence [25].

On the other hand, the study of duality-invariant theories
with nontrivial y represents an intriguing avenue. One could
explore the Hamiltonian formalism of such theories, ana-
lyzing whether a simple map relating the Lagrangian and
Hamiltonian pictures of duality-invariant theories may exist,
just like in theories of pure electrodynamics [27,29]. Also,
among the novel theories with nonzero y that we have
identified, the theory (40) conforms a particularly interesting
one, as it possesses a well-defined Maxwell limit. It is
natural to wonder what further unique physical properties
may possess this theory. More generally, it is tantalizing to
investigate whether there are other duality-invariant theories
having Maxwell theory as weak-field limit and which are
analytic for all possible values of the invariants s and p,
including null fields. What physical properties would these
theories have? This work only represents the first step
toward the exploration of these questions.
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