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Pulsar timing arrays have reported a compelling evidence of a nanohertz stochastic gravitational wave
background. However, the origin of the signal remains undetermined, largely because its spectrum is bluer
for an astrophysical source and can be explained by cosmological models. In this letter, we revisit the
frequency- and Fourier-domain analysis of the signal by deriving theoretically accurate expressions for
the Fourier bin variances and correlation of pulsar timing residuals, and demonstrate their outstanding
agreement with point source astrophysical simulations. In contrast, we show that a common power law
(or a diagonal covariance approximation) traditionally used to interpret a stochastic gravitational wave
background signal is generally faced with systematic errors, one of which is the illusion of a bluer signal.
This hints at a conservative solution, supportive of an astrophysical source, to the observed correlated
common spectrum process in pulsar timing arrays.
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Pulsar timing array (PTA) collaborations have provided
evidence of a correlated common spectrum process across
Galactic millisecond pulsars, consistent with a stochastic
gravitational wave background (SGWB) in the nanohertz
regime [1–4]. This signal is characterized by a quadrupolar
correlation matching the long-sought Hellings and Downs
(HD) curve [5]. However, the constrained spectrum appears
bluer than expected compared with the conservative super-
massive black hole binaries (SMBHB) model, sparking a
tantalizing debate about the origin of the signal [6–16].
This situation has propelled the field in several direc-

tions. One possibility is that current PTA data may be
insufficient to definitively distinguish between various
potential astrophysical and cosmological sources, sug-
gesting that stronger constraints might emerge only with
future data [17,18]. Alternatively, we can explore new
theoretical aspects, such as cosmic variance [19,20], or
observational techniques like analyzing the cumulants of
the spectrum [21] and correlation [22], to fully leverage the
capability of PTAs in constraining physical models.

Now is also an opportune time to revisit the foundational
elements of both theory and PTA data analysis, addressing
any systematic errors that could obscure or exaggerate the
detection of a SGWB signal [23–27]. This letter is geared
toward this direction—reexamining the interpretation of a
SGWB signal in the frequency- and Fourier-domain [28]
of the PTA timing residuals, leading to new accurate
expressions for the residuals’ bin variances and correlation
(8)–(11). The new expressions turn out to be remarkably
consistent with astrophysical simulations [29]. Most impor-
tantly, this reexamination has brought to light facets of the
standard analysis built on a diagonal covariance approxi-
mation that reflect as systematic errors on an inferred
SGWB spectrum, such as biasing a spectrum to the blue
side (Table I).
This letter proceeds with a derivation of theoretically

accurate PTA residual variances and correlation due to a
SGWB, followed by a rigorous comparison with simula-
tions. We use units G ¼ c ¼ 1, subscripts a, b to denote
pulsars, and j, k for frequency bins.
In practice, the pulsar timing residual is expanded as a

Fourier series [30],

rðt; êÞ ¼ α0ðêÞ
2

þ
X∞
k¼1

αkðêÞ sinðωktÞ þ
X∞
k¼1

βkðêÞ cosðωktÞ;

ð1Þ
whereωk ¼ 2πfk, fk ¼ k=T, k is a positive integer, T is the
total observation time, and ê is a pulsar direction unit
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vector.1 For brevity, we write down hXajYbki≡
hXjðêaÞYkðêbÞi where XjðêaÞ and YkðêbÞ represent either
one of the timing residual’s Fourier components αjðêaÞ and
βkðêbÞ. Then, for the GWB part, it is taken that [31,32]

hαajαbki ∝ IðfkÞγHDðêa · êbÞδjk;
hβajβbki ∝ IðfkÞγHDðêa · êbÞδjk;
hαajβbki ¼ 0; ð2Þ

where γHDðêa · êbÞ is the HD curve, IðfÞ is the SGWB
power spectrum, and h� � �i denote ensemble averaging.
This follows by using a diagonal approximation to the
covariance function [26]. If T ∼ 1 yr, then the frequency is
f1 ∼ 31.8 nHz; if T ∼ 15 yr, then f1 ∼ 2.1 nHz. Following
this logic, PTAs are able to measure the power spectrum at
lower frequencies, ∼Ið1=TÞ, through longer observing
periods and increasing sky coverage. The Kronecker delta,
δkj, can be read as an extremely localized filter at
frequencies ∼fk, giving PTAs source information at infini-
tesimally narrow bins [23].
In the following, we shall derive accurate PTA residual

variances and correlation, as opposed to the highly
idealized (2).
Consider an isotropic and Gaussian SGWB. In symbols,

we write down

hhAðf; k̂Þh�A0 ðf0; k̂0Þi ¼ δAA0δðf − f0Þδðk̂ − k̂0ÞIðfÞ; ð3Þ

where hAðf; k̂Þ are GW amplitudes. For simplicity, we
consider equidistant pulsars relative to Earth, Da ∼Db ∼
D ∼ 1 kpc. Then, the timing residual cross correlation can
be written as [33–35]

hrðt1; êaÞrðt2; êbÞi

¼
Z

∞

0

2df
ð2πfÞ2 IðfÞγðfD; êa · êbÞCðf; t1; t2Þ; ð4Þ

where γðfD; êa · êbÞ is the spatial correlation, and

Cðf; t1; t2Þ ¼ 1 − cosð2πft1Þ − cosð2πft2Þ
þ cos½2πfðt2 − t1Þ� ð5Þ

is a temporal correlation owed to wave propagation in time.
The spatial correlation can be written as

γðfD; êa · êbÞ ¼
X
l≥2

2lþ 1

4π
ClðfDÞPlðêa · êbÞ; ð6Þ

where the angular power spectrum, ClðyÞ’s, is given by

ClðyÞ ¼ 2π3=2
ðlþ 2Þ!
ðl − 2Þ!

����
Z

2πy

0

dx eix
jlðxÞ
x2

����
2

: ð7Þ

The finite upper limit to the integral corresponds to the
pulsar term. When dropped, fD ≫ 1, as in Galactic
millisecond pulsars and nanohertz frequencies, the
ClðyÞ’s reduce to the HD correlation power spectrum,
Clð∞Þ ∼ CHD

l ¼ 8π3=2=ððl − 1Þlðlþ 1Þðlþ 2ÞÞ; in real
space, the sum (6) can be analytically closed to give rise
to the HD curve, γHDðêa · êbÞ ¼ γð∞; êa · êbÞ. The terms 1,
cosð2πft1Þ, and cosð2fπt2Þ in (5) are a result of arbitrarily
fixing the initial phase of the pulsar timing residuals; such
that rðt ¼ 0; êÞ ¼ 0. In this light, (4) and (5) could be
recognized as a statement of the Wiener-Khinchin theorem
for the SGWB signal.
In fact, using (4), it can be shown that all the correlation

components across frequency bins can be compactly
expressed as [27,36]

hXajYbki ¼ F ½IðfÞ; γðfD; êa · êbÞ; CðXYÞjk ðfÞ�; ð8Þ
where the functional F is given by

F ½IðfÞ; γðfD; xÞ; CðfÞ� ¼
Z

∞

0

2df
ð2πfÞ2 IðfÞγðfD; xÞCðfÞ;

ð9Þ

and CðXYÞjk ðfÞ are transfer functions specific to every
component of the correlation.2 For us, the relevant ones

TABLE I. Constraints on the power spectrum IðfÞ using the
standard analysis [Eq. (2)+cpl] and this work [Eqs. (8)–(11)+M1]
given TEMPO2 simulated 15-yr Meerkat PTA data with input
GWs at frequencies f∈ ð1; 100Þ nHz from Oð103Þ SMBHBs,
Agw ¼ 2.4 × 10−15, and γgw ¼ 13=3. The results are obtained
using 103 independent mock data realizations, each one turning in
estimates for ðIgw; γgwÞ. The numbers presented are the ensemble
averages for the 103 mock data realizations.

Model
Noise
(μs2) log10ðIrefÞ γ

Equation (2)+cpl 0 −10.33þ0.06
−0.07 4.22þ0.08

−0.09

10−3 −10.5þ0.1
−2.2 3.9þ0.4

−3.9
10−2 −10.6þ0.2

−0.7 3.0þ0.9
−2.2

Equations (8)–(11)+M1 0 −10.42� 0.04 4.31þ0.08
−0.07

10−3 −10.42þ0.04
−0.05 4.2� 0.2

10−2 −10.4� 0.1 4.5þ0.9
−0.5

1The Fourier components of the timing residual are given by
α0ðêÞ ¼ ð2=TÞ R T

0 dtrðt; êÞ, αiðêÞ ¼ ð2=TÞ R T
0 dtrðt; êÞ sinðωitÞ,

and βiðêÞ ¼ ð2=TÞ R T
0 dtrðt; êÞ cosðωitÞ.

2The timing residual correlation and its Fourier components
can be read as a convolution between the power spectrum, the
spatial correlation, and a transfer function.
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can be teased out analytically,

CαjkðfÞ ¼
4fkfj sin2ðπfTÞ

π2T2ðf2 − f2kÞðf2 − f2jÞ
; ð10Þ

and

CβjkðfÞ ¼
4f2 sin2ðπfTÞ

π2T2ðf2 − f2kÞðf2 − f2jÞ
; ð11Þ

which are the transfer functions for hαajαbki and hβajβbki,
respectively [27,36]. The relation CαkjðfÞ=CβkjðfÞ ∼ f−2

motivates us to refer to CαkjðfÞ and CβkjðfÞ as low-pass
and high-pass transfer functions, respectively. These are
equivalent to the sinc-sinc function obtained in [23] and
are shown in Fig. 1. The above expressions can be used
to similarly show that the α and β bins, hαajβbki, are
uncorrelated and different frequency bins (k ≠ j) are very
weakly correlated, but not insignificant [26]. The quantities
hαajαbki and hβajβbki are the frequency- and Fourier-
domain representation of the covariance function.
The transfer functions (10) and (11) provide physical

insight into the nature of the observed signal. If a stochastic
signal had support at and only at the set of frequencies
ffk ¼ k=Tg, then the Fourier modes would be uncorrelated
and the diagonal approximation to the covariance function
would be exact. However, the SGWB is expected to have a
coherence timescale Tgw ¼ Oð106Þ years. This means the

SGWB is effectively continuous in the nanohertz band and
the observed signal is but a short snapshot of a longer
process [23]. The windowing of the signal partially breaks
stationarity and consequently distinguishes sines and
cosines by their phase difference. The transfer functions
account for interfrequency and off-diagonal corrections
induced by the act of observation [23,26,27].3

To show that the above formalism and physical inter-
pretation is robust, we turn to SGWB simulations in PTA
using the standard TEMPO2 [29,37] timing software and
its Python wrapper LIBSTEMPO.4 We take the Meerkat PTA’s
78 millisecond pulsars [38] as reference positions on the
sphere (Fig. 2), and simulate 15-year PTA mock data with
input GWs at frequencies f∈ ð1; 100Þ nHz from Oð103Þ
SMBHBs, a strain amplitude Agw ¼ 2.4 × 10−15, and a
spectral index γgw ¼ 13=3. We emphasize that our results
hold irrespective of the arbitrary reference to Meerkat PTA
pulsars. The sample variances of the α and β bins are
measured, and the ensemble statistics/cosmic variance is
accounted for by repeating the simulation numerous times;
in this case, the ensemble composed of 103 TEMPO2 mock
data realizations, each generated with the signal parameters
ðAgw; γgwÞ [27]. We then use a Markov chain Monte Carlo
approach to compare the bin variances of the mock data,
hα2kisims and hβ2kisims, to models based on (8)–(11) with
power spectrum models IM0

ðfÞ ¼ Iref f̄−7=3 and IM1
ðfÞ ¼

Iref f̄2−γ where f̄ ¼ f=ð1 nHzÞ.5 Leaving out the off-
diagonal terms, we consider a likelihood L given
by logL ∼ −0.5

P
k ððWk;M − W̄k;simsÞ=ΔWk;simsÞ2 where

Wk;M and Wk;sims are timing residual bin variances of the
model and the mock data, respectively.

FIG. 1. Low-pass and high-pass transfer functions (10) and (11)
in the first and tenth frequency bins with T ¼ 15 yr; f1 ∼ 2 nHz,
f10 ¼ 10f1 ∼ 20 nHz.

FIG. 2. Sky positions of the Meerkat PTA pulsars (red stars)
[38] with a smoothed projection/map of a SGWB.

3Mathematically, a stationary random process has decoupled
Fourier modes, equal probability distribution functions, and
frequency dependence between sines and cosines. An observation
in the Fourier-domain with a period T ∼ Ts (coherence time) will
resolve these signal properties, because the signal covariance is
approximately diagonalized in the basis B⃗0 ¼ fsinð2πkt=TÞ;
cosð2πkt=TÞg. But, the basis that exactly diagonalizes the signal
covariance is B⃗ ¼ fsinð2πkt=TsÞ; cosð2πkt=TsÞg; B⃗ ≠ B⃗0.

4https://github.com/vallis/libstempo.
5Iref is the power spectrum at a frequency ∼1 nHz.
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The constraints are shown in Fig. 3, and the correspond-
ing best fits to the bin variances are shown in Fig. 4,
demonstrating excellent performance by the model. The
takeaway is that the accurate (8)–(11) with a power law
spectrum is naturally able to recover the precise spectral tilt,
γ ∼ γgw ¼ 13=3, expected of a SGWB from myriad
SMBHBs. Notably, both one- and two-parameter models,
M0 and M1, are consistent with inferencing the power
spectrum’s reference value, Iref . This consistency between
the two models can also be seen in the best fit bin variances,
as shown in Fig. 4. The correlation is consistent with the
HD curve, indicative of a GW signal [27]. It is worth
highlighting that the choice of reference frequency is
immaterial, i.e., any choice gives the same posterior, with
appropriately shifted amplitude.6

However, a main point of this Letter emerges illustratively
through the bin variances inferred by a common power law
(cpl), IcplðfÞ ¼ Iref f̄2−γ, anchored on (2) that is fitted to both
α- and β-bin variances; in the language of this letter, cpl
refers to the diagonal approximation to the covariance
function. This is shown in Fig. 4, when the cpl spectral
index γ is varied in γ ∈ ð2.3; 4.3Þ. A cpl based on (2) fitted to
both α- and β-bin variances always infers a bluer spectrum

contrary to the expectation; for the SMBHB spectrum, cpl
turns in 7=3≲ γ ≲ 13=3. In addition to the spectral index, a
cpl based on (2) is likely to output a systematic error to the
inferred amplitude of the spectrum because of the power
difference between the α- and β-bins. This turns out to be
less of an issue after fitting the timing model and considering
one-point noise, roughly equalizing the power between bins.
A systematic error and dependence on the reference fre-
quency will persist when the data is sufficiently precise.
Elaborating on the pitfalls of associating the bin var-

iances with (2) and a cpl, we consider different levels of
one-point noise, emphasizing that the bin variances are one-
point measures of the signal. The constraints are shown in
Table I. In the noise-free case, depicted by the red and green
points in Fig. 4, a cpl turns out to be able to infer the
SMBHB spectrum, but only by happenstance since the β
bins have more weight in the likelihood due to their smaller
uncertainty compared to the α bins.7 It is notable that the

FIG. 3. Constraints on the power spectrum models IM0
ðfÞ ¼

Iref f̄−7=3 and IM1
ðfÞ ¼ Iref f̄2−γ with accurate bin variances

(8)–(11) using 15-yr Meerkat PTA mock data with input
GWs at frequencies f∈ ð1; 100Þ nHz from Oð103Þ SMBHBs,
Agw ¼ 2.4 × 10−15, and γgw ¼ 13=3.

FIG. 4. Simulated bin variances in 15-yr Meerkat PTA mock
data (red and blue points/error bars) with input GWs at frequencies
f∈ ð1; 100Þ nHz fromOð103Þ SMBHBs, Agw ¼ 2.4 × 10−15, and
γgw ¼ 13=3. Black stars and green pentagons are best fits from
models M�

1ðI�ref ; η�Þ and M�
0ðI�refÞ, respectively, and (8)–(11).

Violet “×” and green “þ” are bin variances corresponding to a
common power law model saturated to fit both α- and β-bin
variances of the mock data. Shaded regions below thresholds
∼10−3 μs2 and ∼10−2 μs2 depict typical one-point noise levels.

6If fref → f0ref , then I0ref ¼ Irefðf0ref=frefÞ2−γ . This changes the
covariance between Iref and γ, but this is due to statistics and not a
physical effect.

7In terms of simulated pulsar timing residuals, “noise-free”
would correspond to the highly idealistic limit when white
(measurement), chromatic and achromatic noises in pulsars reduce
to zero, leaving the HD-correlated GWB signal as the only relevant
component.
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noise-free case hints at a systematically bluer spectrum at
68% confidence compared to the expected SMBHB spec-
trum. This systematic error is exacerbated by any level of
one-point noise. At ∼ 10−3 μs2, disabling the sensitivity to
β bins for f ≳ 10 nHz, a cpl infers log10ðIrefÞ ¼ −10.5þ0.1

−2.2
and γ ¼ 3.9þ0.4

−3.9 . With noise at ∼10−2 μs2, the inferred
parameters are log10ðIrefÞ ¼ −10.6þ0.2

−0.7 and γ ¼ 3.0þ0.9
−2.2 .

Accordingly, the posterior of the amplitude and the spectral
index becomes bimodal, reaching local maxima at the α and
β bins because (2) and cpl is saturated to fit two different
power laws. Undesirably, a blue-tilted spectrum compared
to SMBHB is always inferred by the analysis with a cpl.
In contrast, the same typical one-point noise levels do not

lead to analogous systematic error contamination when
using (8)–(11) (Table I). The inferred parameter posteriors
are consistent with each other and the expected values, only
statistically wider depending on the amount of noise present.
We emphasize that our analysis does not use the

variances as a direct estimator of the power spectrum.
Instead, we compute the covariance function in the fre-
quency- and Fourier-domain, evaluating integrals of the
form (9). Our analysis could also be extended to postfit
residuals, in which case the power spectrum in (8)–(11)
must be changed to IðfÞT ðfÞ where T ðfÞ is the trans-
mission function [39]. This will be pursued elsewhere.
Lastly, while our letter focused on the SGWB signal, the

formalism accommodates general stationary correlated
random process, such as white and red noises in PTA
analysis. Table II gives the relation between the time-
domain covariance function, the power spectral density,
and the Fourier bin variances. White noise is a special case,
uncorrelated in time and frequency. Pulsar red noise can be
understood either with infinitesimally narrow or finite
width power spectrum at the observational frequencies,
corresponding to whether the Fourier coefficients will have
equal or unequal bin variances. The transfer functions (10)
and (11) give an extra layer of information for character-
izing the SGWB signal and colored noises in PTA data.

We highlight the roles of the temporal correlation (5),
and the corresponding transfer functions (10) and (11), in
our analysis, which we deem are as profound as the HD
curve for recognizing a SGWB signal. In this letter, we
have shown that PTA residual variances and correlation
based on (8)–(11) align perfectly with simulated signal
from SMBHBs. Naturally, the accuracy of the expressions
used for interpretation must meet the precision of the data
in order to extract meaningful insights. Our results have
shown that (2) or a diagonal approximation of the covari-
ance function used to interpret a SGWB signal inevitably
introduces systematic errors in the inferred spectrum
(Table I). More sophisticated models may be able to get
away with a better fit, but this would not help out in the
physical interpretation of the signal. Ultimately, the SGWB
piece of the covariance of the PTA likelihood must be
updated according to (8)–(11) to properly account for these
systematic biases when analyzing the data in the frequency-
and Fourier-domain [26,28]. This shows that an inferred
bluer signal can be a byproduct of such systematics [23,26]
and potentially hints at a conservative solution to the
debated source of the PTA signal, tracing it to astrophysics.
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TABLE II. Stationary correlated random processes in PTA data, their covariance function (CF), power spectral
density (PSD), and bin variances.WN and RN stand for white and red noise, respectively. SðfÞ is an arbitrary function,
δðxÞ is Dirac’s delta function, T is the observation period, j; k; q∈N, ffqg is a set of signal mode frequencies, and
DΔðfÞ is a peak spectrum of widthΔ≲ 1=T. The corrections correspond to interfrequency and off-diagonal terms [see
Eq. (34) of [27] ]. The last column is a statement on the bin variances; “True” implies hα2ki ¼ hβ2ki.
Process CF ðτ ¼ t − t0Þ PSD α ¼ β

WN δðτÞ=2 1 True

RN
P

k SðfkÞ cosð2πkτT Þ P
k SðfÞδðf − k

TÞ True

∼
P

j SðfjÞ cosð2πjτT Þ P
q SðfÞDΔðf − fqÞjΔ≲1

T;fq∼
j
T

True

∼
P

q SðfqÞ cos ð2πfqτÞ
P

q SðfÞDΔðf − fqÞjΔ>1
T

False

SGWBa R
df SðfÞ cosð2πfτÞ SðfÞ False

aIt denotes that the signal is correlated across pulsars.
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