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The recent developments in the study of topological multiboundary entanglement in the context of 3D
Chern-Simons theory (with gauge group G and level k) suggest a strong interplay between entanglement
measures and number theory. The purpose of this note is twofold. First, we introduce a q-deformed version
of the Witten zeta function using the Chern-Simons theory at level k. We analyze the large k limit of this
function and show that it converges to an integer multiple of the classical Witten zeta function of G, where
the integer multiple is precisely the order of the center of the group. This analysis provides an alternative
way to compute the classical zeta functions, and we present some examples. Next, we study the quantum
state associated with the S3 complement of torus links of type Tp;p and show that we can write the Rényi
entropies at finite k in terms of q-deformed Witten zeta functions. Using our first result, we obtain the
k → ∞ limit of the Rényi entropies and find that the entropies converge to finite values, which can be
written in terms of the classical Witten zeta functions evaluated at positive integers. Since Witten zeta
functions naturally appear in the symplectic volumes of moduli spaces of flat connections on
Riemann surfaces, we give a geometric interpretation of the k → ∞ limit of the Rényi and entanglement
entropies in terms of these volumes. The results of this paper reveal an intriguing connection between
topological entanglement, number-theoretic structures arising fromWitten zeta functions, and the geometry
of moduli spaces.
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I. INTRODUCTION

Quantum entanglement [1] is an important fundamental
aspect of the quantum system and is at the core of many
revolutionary advances in fields of science and technology,
including a wide range of applications in quantum infor-
mation science. Analyzing and classifying the possible
patterns of entanglement that can emerge in quantum field
theory (QFT) is an important question in quantum mechan-
ics and quantum information theory. Though the study of
entanglement in a generic QFT is difficult, a simple case
where this could be done is for “topological quantum field
theories” (TQFTs). A TQFT is a class of field theory in
which the physical observables and the correlation func-
tions do not depend on the spacetime metric. Such theories
do not have local dynamics; therefore, all of the entangle-
ment arises from the topological properties of the under-
lying manifolds. For example, consider the manifold shown

in Fig. 1(a) having a torus boundary. The boundary is
bipartitioned into spatially connected sections A and its
complement Ac. When we trace out the region Ac, we are
essentially calculating the “topological entanglement
entropy,” which is independent of the length or area of
the region A or Ac. Such entropies have been studied in
[2–4] in the context of 2þ 1 dimensional Chern-Simons
theory, the best understood TQFT [5]. Another approach
was used in [6], where the authors study the entanglement
entropy of the states obtained by the path integral in Chern-
Simons theory performed on a link complement1 S3nL. In
this case, we have two or more disjoint torus boundaries
similar to the one shown in Fig. 1(b). The topological
entanglement structure, in this case, can be obtained by
tracing out one of the boundary components, which is
termed “multiboundary entanglement.” We refer the inter-
ested readers to [6–17] for the recent developments in
this study.
An important aspect of any topological field theory,

which is the motivation behind the study of multiboundary
entanglement, is the following decomposition of the Hilbert
space associated with a boundary with multiple disjoint
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1If a linkL is embedded inS3, then the link complement is a three-
dimensional manifold which is obtained by removing a tubular
neighborhood around L from S3, i.e., S3nL≡ S3 − interiorðLtubÞ.

PHYSICAL REVIEW D 113, 086009 (2026)

2470-0010=2026=113(8)=086009(23) 086009-1 Published by the American Physical Society

https://orcid.org/0000-0002-4451-7787
https://ror.org/056y7zx62
https://crossmark.crossref.org/dialog/?doi=10.1103/8cnf-4b3z&domain=pdf&date_stamp=2026-04-17
https://doi.org/10.1103/8cnf-4b3z
https://doi.org/10.1103/8cnf-4b3z
https://www.curaj.ac.in/faculty/siddharth-dwivedi
https://www.curaj.ac.in/faculty/siddharth-dwivedi
https://www.curaj.ac.in/faculty/siddharth-dwivedi
https://www.curaj.ac.in/faculty/siddharth-dwivedi
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


components:

H∂M ¼ HΣ1
⊗ HΣ2

⊗ … ⊗ HΣn
; ð1Þ

where the boundary of the manifold M consists of disjoint
components: ∂M ¼ Σ1 ⊔ Σ2 ⊔ … ⊔ Σn and HΣi

denotes
the Hilbert space associated with the ith component. The
Chern-Simons path integral on such a manifold associates a
quantum state jΨi to M which lives in the Hilbert space
H∂M. The entanglement structure of jΨi can be studied by
tracing out a subset of the Hilbert spaces. It was shown
in [6] that when M ¼ S3nL, the probability amplitudes of
the associated state jLi are the partition functions of S3 in
the presence of link L which are also the quantum link
invariants of jLi (see Ref. [5]).
Apart from the connection with knot theory, topological

entanglement also has interesting number-theoretic proper-
ties, which can be seen in [16]. This motivation brings us to
the present work, where we will study the Rényi entropies
associated with torus link complements S3nTp;p for various
simple and semisimple Lie groups. The manifold S3nTp;p

has p number of disjoint torus boundaries, and the
associated quantum state jTp;pi lives in the tensor product
of p copies of HT2 . In particular, we investigate the
number-theoretic properties of the entanglement measures
associated with jTp;pi. Given the Chern-Simons theory
with gauge group G and level k, we show that the spectrum
of the reduced density matrix in this case is given by the
quantum dimensions of the integrable highest-weight
representations associated with the affine group Gk. The
important aspect of this paper is establishing a profound
connection between the Rényi entropies of jTp;pi and
number theory. We show that the k → ∞ limit of these
Rényi entropies can be written in terms of the Witten zeta
functions associated with the group G evaluated at positive
even integers. We make this connection by proposing a
q-deformed version of Witten zeta functions using the
Chern-Simons theory at level k and studying its large
k limit.
It is well known that the Witten zeta functions appear in

the calculation of the symplectic volume of the moduli
spaces of flat connections on Riemann surfaces of genus g,

as given in Ref. [18]. Since we can write the semiclassical
limit of the Rényi entropies of jTp;pi in terms of classical
Witten zeta functions, we can provide a geometric inter-
pretation of the k → ∞ limit of the Rényi and entanglement
entropies in terms of these volumes. More broadly, our
results point to an intriguing connection between topologi-
cal entanglement, number-theoretic structures arising from
Witten zeta functions, and the geometry of moduli spaces
of flat connections.
The paper is organized as follows. In Sec. II, we discuss

the preliminaries related to our setup, which includes giving
a brief review of the study of entanglement using the
topological machinery, along with a brief discussion on
Witten zeta functions. In Sec. III, we introduce the
q-deformed version of the Witten zeta function using the
Chern-Simons theory at level k and obtain its large k limit.
Using this result, we discuss an alternate route of comput-
ing the classical Witten zeta functions for any compact
group G. We provide the SUðNÞ group as a concrete
example supporting our result and showing detailed steps
on how to obtain the Witten zeta functions for the SUðNÞ
group using this route. We defer the examples for other
classical and exceptional Lie groups to Appendix B. In
Sec. IV, we show that the Rényi entropies for the quantum
states jTp;pi for the group G at finite k can be cast in terms
of the q-deformed Witten zeta functions. We then use the
result of Sec. III to obtain the large k limits of these Rényi
entropies and show that these entropies converge to finite
values in the k → ∞ limit such that the limit can be written
in terms of the classical Witten zeta function ofG evaluated
at positive even integers. We also give a geometric
interpretation to the limiting values of entropies by
expressing them in terms of the volumes of moduli spaces.
We conclude in Sec. V. For the sake of completeness, we
have also analyzed our q-deformed Witten zeta function
when q is not a root of unity by analytically continuing it to
generic complex values of q. This analytic continuation for
the SU(2) group is presented in Appendix A.

II. PRELIMINARIES: THE TOPOLOGICAL SETUP

A. Chern-Simons theory and multiboundary states

The 2þ 1 dimensional Chern-Simons theory with gauge
group G and level k∈Z is defined on a three manifold M
with action given by

SðAÞ ¼ k
4π

Z
M
Tr

�
A ∧ dAþ 2

3
A ∧ A ∧ A

�
; ð2Þ

where A ¼ Aμdxμ is a gauge field, which, in this case, is a
connection on the trivial G bundle over M. The gauge
invariant operators in the theory are Wilson lines. Given an
oriented knot K embedded inM, the Wilson line is defined
by taking the trace of the holonomy of A around K:

FIG. 1. Two different setups to study topological entanglement:
the manifold in (a) has a single T2 boundary, which is biparti-
tioned into spatially connected regions A and Ac. The manifold in
(b) has two disjoint T2 boundaries.
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WRðKÞ ¼ TrR P exp

�
i
I
K
A

�
; ð3Þ

where the trace is taken under the representation R of G.
The computation of the partition function in Chern-Simons
theory involves the integration over the infinite-dimen-
sional space of connections. For the bare manifold M
without any Wilson line, the partition function is given as

ZðMÞ ¼
Z

eiSðAÞdA; ð4Þ

where dA is an appropriate quantized measure defined
for a connection A, and the integration is over all the gauge
invariant classes of connections. Since the connection has
been integrated out, ZðMÞ is a topological invariant of M.
One can also compute the partition function of M in
the presence of knots and links by inserting the
appropriate Wilson loop operators in the integral. Given
a link L made of disjoint oriented knot components, i.e.,
L ¼ K1 ⊔ K2 ⊔ … ⊔ Kn, the partition function of M in
the presence of L can be obtained by modifying the path
integral as

ZðM;LÞ ¼
Z

eiSðAÞ WR1
ðK1Þ…WRn

ðKnÞdA: ð5Þ

The partition functions defined above are either a vector or
a scalar, depending upon whether M is with or without
boundary:
(1) When M is closed (i.e., without boundary), the

partition function ZðM;LÞ is simply a complex
number.

(2) When M has a boundary Σ, the path integral of the
theory onM with the Wilson line insertions, and the
boundary condition AjΣ ¼ Q imposed on Σ, is
interpreted as the wave function of a state:

jΨi≡ ZQðM;LÞ

¼
Z
AjΣ¼Q

eiSðAÞ WR1
ðK1Þ…WRn

ðKnÞdA: ð6Þ

The partition function ZQðM;LÞ is a function on the space
FΣ of gauge equivalence classes on Σ. With the appropriate
measure dA defined for the connections, the space
L2ðFΣ; dAÞ≡HΣ defines a unique Hilbert space associ-
ated with Σ, and jΨi is an element of HΣ. Thus, we can
associate a unique state with any three manifold with a
boundary.
From the topological point of view, jΨi depends on the

topology of the manifold M and HΣ depends on the
topology of the boundary Σ. If we consider two topologi-
cally different manifoldsM andM0 with the same boundary
Σ ¼ Σ0, then the corresponding partition functions (for a

fixed gauge group) give two different states jΨi and jΨ0i in
the same Hilbert space HΣ. Further note that if we reverse
the orientation of the boundary, the associated Hilbert space
becomes the dual of the original Hilbert space:

HΣ� ¼ H�
Σ: ð7Þ

As a result, there exists a natural pairing, the inner product
hΦjΨi for any two states jΨi∈HΣ and hΦj∈HΣ� . In fact,
this technique can be used to compute the partition
functions of complicated manifolds by gluing two dis-
connected pieces along a common boundary whose parti-
tion functions are already known. This process is shown
in Fig. 2.
When the boundary of the manifold M consists of

disjoint components, i.e., Σ ¼ Σ1 ⊔ Σ2 ⊔ … ⊔ Σn, the
Hilbert space associated with Σ is the tensor product of
Hilbert spaces associated with each component, i.e.,

HΣ ¼ HΣ1
⊗ HΣ2

⊗ … ⊗ HΣn
: ð8Þ

Thus, the quantum state jΨi associated withM lives in this
tensor product of Hilbert spaces, and one can study its
entanglement structure by tracing out a subset of the Hilbert
spaces.
In this work, we will consider the link complement

manifold

M ¼ S3nL; ð9Þ

where L ¼ K1 ⊔ K2 ⊔ … ⊔ Kn is a link made up of n
number of oriented knots. We denote the associated state as
jLi, which can be understood as being defined on n copies
of T2. There is a systematic way of computing such states,
which was given in [6], and we briefly discuss it here. To
obtain the state jLi, first we need to fix the basis ofHT2 . As
discussed in [5], the basis of HT2 is in one-to-one
correspondence with the integrable representations of the
affine Lie algebra ĝk at level k, where g represents the Lie
algebra associated with the group G. These basis states
have a path integral description. Consider a solid torus with
a Wilson line carrying an integrable representation α placed
in the bulk of a solid torus along its noncontractible cycle.
The Chern-Simons path integral on this solid torus will give
the basis state jeαi:

FIG. 2. Two manifolds on the left with the same boundary but
opposite orientation. The path integral on these manifolds gives
states hϕj∈HΣ� and jψi∈HΣ. The inner product hϕjψi will be
the partition function of the manifold shown on the right obtained
by gluing the two manifolds along the common boundary.
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ð10Þ

The collection of all such states, where α runs over the
integrable representations, will define an orthonormal basis
of HT2 :

basisðHT2Þ ¼ fjeRi∶ R is an integrable representationg:
ð11Þ

In this work, we will restrict G to be a classical or
exceptional Lie group. In such cases, there exists only a
finite number of integrable representations at a given level
k, which makes the Hilbert space a finite-dimensional
vector space. We shall denote a representation of g as
½a1; a2;…; ar�with ai being the Dynkin labels of its highest
weight and r being the rank of the algebra. The integrable
representations satisfy the following conditions:

ϕ1 a1 þ ϕ2 a2 þ � � � þ ϕr ar ≤ k; ai ≥ 0; ð12Þ

where ϕi are the comarks or the dual Kac labels of g. We
will use the symbol Ik to denote the set of all the integrable
highest weight representations at level k. With the Hilbert
space fixed, we can expand the state as

jLi ¼
X

R1 ∈ Ik

…
X

Rn ∈ Ik

CR1;…;Rn
jeR1

;…; eRn
i; ð13Þ

where CR1;…;Rn
are complex expansion coefficients. These

coefficients can be computed using the following pro-
cedure. Take n number of solid tori, withWilson lines in the
representation Ri placed in the bulk of the ith solid torus,
such that their boundaries are oppositely oriented compared
to that of S3nL. The state associated with this collection of
n solid tori will be heR1

;…; eRn
j. Taking the inner product

of heR1
;…; eRn

j with jLi is equivalent to gluing in the
collection of solid tori along the boundary of the link
complement S3nL such that the ith solid tori in the
collection is glued to the ith toroidal boundary of S3nL
as shown below:

ð14Þ

This gluing results in S3 with the link L embedded in it
such that the components of L carry representations
R1; R2;…; Rn. Thus we get

heR1
;…; eRn

jLi ¼ ZðS3;L½R1;…; Rn�Þ: ð15Þ

Hence, the link state can be written as

jLi¼
X
R1∈Ik

…
X
Rn∈Ik

ZðS3;L½R1;…;Rn�ÞjeR1
;…;eRn

i: ð16Þ

The reduced density matrix can be obtained by tracing out a
subset of the Hilbert spaces, and the entropies can be
computed.

B. Modular transformation matrix
and quantum dimension

The mapping class group MCG(Σ) acts naturally on the
Hilbert spaceHΣ associated with Σ. In the present case, we
are interested in Σ ¼ T2 for which the mapping class group
is the modular group:

MCGðT2Þ ¼ SLð2;ZÞ: ð17Þ

The unitary representation of SL(2, Z) has two generators
S and T which act as diffeomorphism operators for T2 by
acting on its homology basis (which consists of the two
cycles a and b as shown in Fig. 3) as following:

S∶ ða;bÞ⟶ ðb;−aÞ; T ∶ ða;bÞ⟶ ða;aþbÞ: ð18Þ

These generators satisfy S2∶ ða; bÞ ⟶ ð−a;−bÞ and
ðST Þ3∶ða; bÞ ⟶ ð−a;−bÞ, which simply reverses the
orientations of the two cycles of the torus. Thus we have
the relation S2 ¼ ðST Þ3 ¼ C, where C is the charge
conjugation matrix (given as CXY ¼ δXȲ) which obeys
C2 ¼ I. These operators can be given a matrix form in
the orthonormal basis ofHT2 , which are commonly known
as modular S and T matrices. The elements of these
matrices can be explicitly computed for classical and
exceptional Lie groups (see, for example Ref. [19]).
The quantum dimension of an integrable representation

R of the affine Lie algebra ĝk at level k can be computed
from the modular S matrix (see Ref. [20] for some explicit
computations) and is given as

dimqðRÞ ¼
S0R

S00

: ð19Þ

FIG. 3. The two cycles of a torus which form its homology
basis.
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This formula is the quantum version of the Weyl dimen-
sional formula, along with the choice of the root of unity
q ¼ expð 2πikþyÞ, where y is the dual Coxeter number of G.

C. Witten zeta functions

The prototypical zeta function is the Riemann zeta
function

ζðsÞ ¼
X∞
a¼1

a−s: ð20Þ

A new type of zeta function was defined in [21], which was
used to express the volume of the moduli space of flat
connections on Riemann surfaces. These are called the
Witten zeta functions and have been an object of interest in
both mathematics and physics for quite some time, and are
formally defined for the Lie group G as

ζGðsÞ ¼
X
R

1

ðdim RÞs ; ð21Þ

where R labels an irreducible representation of g. Their
dimensions can be calculated by the well-known Weyl
formula. For example, for SU(2) and SU(3) groups, we will
have

ζSUð2ÞðsÞ¼
X∞
a¼0

1

ðaþ1Þs

ζSUð3ÞðsÞ¼
X∞
a2¼0

X∞
a1¼0

2s

ða1þ1Þsða2þ1Þsða1þa2þ2Þs : ð22Þ

In the next section, we will introduce a q-deformed version
of the Witten zeta functions that can be defined using the
Chern-Simons theory at level k.

III. THE q-DEFORMEDWITTEN ZETA FUNCTION

Note that there can be many ways to q deform a Witten
zeta function. However, in this section, we would like to
introduce a specific q-deformed version which naturally
appears in the Rényi entropy calculation of certain states in
the Chern-Simons theory, as we will see in Sec. IV. Our
definition is as follows.
Definition. We define the q-deformed Witten zeta func-
tion as

ζGðs; qÞ≡
X
R

1

ðdimq RÞs
: ð23Þ

Here, we introduce deformation by simply replacing each
classical dimension in (21) with its quantum analog. This
takes us into the regime of quantum groups UqðgÞ where
the quantum dimension for a representation is defined as

dimq R ¼
Y

α∈Φþ

½ðRþ ρ; αÞ�q
½ðρ; αÞ�q

; ð24Þ

where Φþ is the set of positive roots and ρ is the Weyl
vector. This is the quantum analog of the classical Weyl
dimension formula, where we have replaced each number
by a q number defined as

½n�q ¼
qn=2 − q−n=2

q1=2 − q−1=2
: ð25Þ

Although the q-deformed Witten zeta function defined
in (23) is an interesting object from a number theory point
of view, it lacks a physical intuition, especially if we keep q
to be an arbitrary parameter. The physical relevance of this
definition can be demonstrated if we take q to be a specific
root of unity (i.e., jqj ¼ 1), which will be the focus of
this paper.

A. When q= q0 is a special root of unity

Our motivation is to relate the q-deformed Witten zeta
function with Chern-Simons theory at level k. Note that
when we consider q to be a root of unity, the sum in
Eq. (23) is over only a finite number of representations. In
particular, if we consider q to be the primitive (kþ y)-th
root of unity,

q ¼ exp
�

2πi
kþ y

�
≡ q0; ð26Þ

where y is the dual Coxeter number of G, the number of
possible representations is restricted to R∈ Ik. Here Ik is
the set of integrable highest weight representations at level
k that we have introduced earlier. With this choice of q, we
will get

ζGðs; q0Þ≡
X
R∈ Ik

1

ðdimq0 RÞs
¼
X
R∈ Ik

ðS00Þs
ðS0RÞs

: ð27Þ

This is the object that naturally appears in the entropy
calculations. Another interesting exercise is to study its
q0 → 1 limit, which we shall obtain next.

B. q0 → 1 limit of q0-deformed zeta function

The q0 → 1 limit of ζGðs; q0Þ, which is equivalent to the
semiclassical limit k → ∞ on the Chern-Simons side, is
given as follows:
Result. The q0 → 1 limit of the q0-deformed Witten zeta
function is an integer multiple of the classical Witten zeta
function. More precisely, the following limit holds for any
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Lie group with ReðsÞ ≥ 2:

lim
q0→1

ζGðs;q0Þ¼ lim
k→∞

�X
R∈Ik

1

ðdimq0 RÞs
�
¼ jZGjζGðsÞ: ð28Þ

Here ZG denotes the center of the group G. For the
classical Lie groups, the orders of the centers are given as

SU(N) SO(2N þ 1) Sp(2N) SO(2N)

jZGj N 2 2 4

For exceptional Lie groups, the orders are

G2 F4 E6 E7 E8

jZGj 1 1 3 2 1

The emergence of the factor jZGj in (28) can be explained
as follows. For a given group, there will be jZGj number of
Abelian anyons having q-dimension 1, and they corre-
spond to the center elements. The fusion with these
Abelian anyons preserves the quantum dimension, i.e.,
dimqðg · RÞ ¼ dimqðRÞ; ∀ g∈ZG. As a result, the inte-
grable representations are mapped into jZGj number of
orbits, and the sum in (28) can be written as

X
R∈ Ik

1

ðdimq0 RÞs
¼
X
orbits

X
R∈ orbit

1

ðdimq0RÞs
: ð29Þ

When k is large, each orbit will have the same size and will
eventually include every irreducible representation. The set
of the quantum dimensions in all the orbits remains the
same, and since in the k → ∞ limit, the quantum dimension
converges to the classical dimension, we will get jZGj
number of copies of classical Witten zeta functions. So we
will obtain

lim
k→∞

�X
R∈ Ik

1

ðdimq0 RÞs
�
¼ jZGj

X
R

1

ðdim RÞs

¼ jZGjζGðsÞ: ð30Þ

For example, consider the SUðNÞ group, where the orbits
can be elegantly obtained. The action of the center ZN in
this case will be a cyclic permutation of the weights in the
extended Dynkin diagram. If ½a0; a1; a2;…; aN−1� is the
affine highest weight with a0 ¼ k − ða1 þ � � � þ aN−1Þ and
a0 ≥ 0, then the orbits will be defined by the cyclic
permutation of Dynkin labels in ½a0; a1; a2;…; aN−1�.
The quantum dimension for weights in each permutation
will remain the same.
Take for example the SU(2) group with affine highest

weight ½a0; a1� where a0 ¼ k − a1 and a0 ≥ 0. In this case,
the cyclic permutation Z2 on the extended Dynkin labels
will give ½a0; a1� and ½a1; a0� under the action of identity
and nonidentity elements of Z2, respectively. Denoting

a0 ¼ a and a1 ¼ ðk − aÞ, the full set of integrable repre-
sentations will split into two orbits. The first orbit will
contain the set of representations [a] of the SU(2) group
with index a running appropriately. The second orbit will
contain the set of representations ½k − a� of the SU(2)
group. Since dimq0 ½a� ¼ dimq0 ½k − a�, the quantum dimen-
sions of corresponding representations in the two orbits will
be the same. Thus, the q-Witten zeta function will split into
two equal summations. Note that for k ¼ even, the repre-
sentation ½k=2� will be a fixed point. So, we take half of its
contribution in the first orbit and half in the second orbit.
However, for large k, the fixed points will not matter. For
finite k, we write the two summations below explicitly:

ζSUð2Þðs; q0Þ ¼
�
S1 þ S2; for k ¼ odd

S3 þ S4; for k ¼ even;
ð31Þ

where we will have

S1 ¼
Xðk−1Þ=2
a¼0

1

ðdimq0 ½a�Þs
; S2 ¼

Xk
a¼ðkþ1Þ=2

1

ðdimq0 ½a�Þs

S3 ¼
Xðk=2Þ−1
a¼0

1

ðdimq0 ½a�Þs
þ 1

2

1

ðdimq0 ½k=2�Þs

S4 ¼
1

2

1

ðdimq0 ½k=2�Þs
þ

Xk
a¼ðk=2Þþ1

1

ðdimq0 ½a�Þs
: ð32Þ

Owing to the symmetry dimq0 ½a� ¼ dimq0 ½k − a�, we will
have S1 ¼ S2 and S3 ¼ S4. In the q0 → 1 limit or k → ∞
limit, the summations S1 and S3 both converge to ζSUð2ÞðsÞ
giving a factor of 2 in (28).
For the SU(3) group, the highest affine weights in the

extended Dynkin diagram are ½a0; a1; a2� where a0 ¼
k − a1 − a2 and a0 ≥ 0. The center Z3 will give the cyclic
permutations ½a0; a1; a2�, ½a1; a2; a0� and ½a2; a0; a1� corre-
sponding to the three elements of Z3. As a result, we will
get three orbits defined by representations ½a1; a2�,
½a2; k − a1 − a2�, and ½k − a1 − a2; a1� of SU(3) respec-
tively. It can be checked that the quantum dimensions of
these SU(3) representations are the same:

dimq0 ½a1; a2� ¼ dimq0 ½a2; k − a1 − a2�
¼ dimq0 ½k − a1 − a2; a1�:

As a result, in the large k limit, we will get equal
contributions from the three orbits, with each orbit con-
tributing a factor of ζSUð3ÞðsÞ.
The result (28) is important both from a physics and a

mathematics point of view. In Chern-Simons theory, this
result helps us to obtain the large k limit of the Rényi
entropies of certain states, as we shall see in Sec. IV. From
the number theory point of view, the result (28) gives a new
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definition to the classical Witten zeta functions and
facilitates their computation by obtaining the limit on
the left-hand side of (28).
In the remainder of this section, we will discuss the

number-theoretical importance of (28).

C. Number-theoretical importance

The result (28) can be rewritten as

ζGðsÞ ¼
1

jZGj
lim
k→∞

�X
R∈ Ik

1

ðdimq0 RÞs
�
: ð33Þ

This equation provides a new definition of the classical
Witten zeta function and facilitates its computation by
obtaining the limit on the right-hand side of (33). Here we
provide some insights into computing this limit. Let us first
analyze the sum

X
R∈ Ik

1

ðdimq0 RÞs
¼ ðS00Þs

X
R∈ Ik

1

ðS0RÞs
: ð34Þ

Now we have the following two critical observations:
(1) The naive numerical calculations suggest that the

left-hand side of (34) converges to a finite value as
k → ∞ for any s∈C with ReðsÞ ≥ 2.

(2) The matrix element S00 is a decreasing function in k
whose asymptotics is given by a power law:

S00 ∼
αðGÞ

kðdim GÞ=2 þO
�

1

kðdim Gþ2Þ=2

�
; ð35Þ

where “dimG” denotes the dimension of the group
and αðGÞ is some group dependent constant.

Based on the above two observations, we conclude that the
sum of the inverse powers of S0R must divergewith a power
law similar to that of ðS00Þs. Hence, we will have

X
R∈ Ik

1

ðS0RÞs
∼ βsðGÞksðdim GÞ=2; ð36Þ

where βsðGÞ is a group dependent constant which is
independent of k. Hence, we will get the following limit:

lim
q0→1

ζGðs; q0Þ ¼ αs βs: ð37Þ

This enables us to write the value of classical Witten zeta
functions by using Eq. (33), and it can be written as

ζGðsÞ ¼
αs βs
jZGj

: ð38Þ

Note that the constant α in the above equation is a
transcendental number due to the presence of the powers
of π, as we shall see later. However, the value (and
hence rationality or irrationality) of βs is not known for
arbitrary values of s. This translates into the problem of
determining whether these zeta functions are irrational or
not.2 It would be interesting to study the number-theoretic
properties of the constants βs closely, which may give more
insight into the structure of these zeta functions. We leave
this aspect as a potential future direction.
When s ¼ 2n is a positive even integer, it is a well-

known result that the sum of the inverse powers of S0R over
all integrable representations is a polynomial in k with
rational coefficients. This makes β2n a rational number
which can be computed on a case-by-case basis. Thus, the
exact expression for classical Witten zeta functions at
positive even integers can be written down using (38).
We have done several computations and verifications for

all classical and exceptional Lie groups. To keep this
section concise, we briefly discuss the SUðNÞ group,
which helps readers understand how to use Eq. (38). We
will also present some concrete values of SUðNÞ classical
Witten zeta functions for low ranks. For Lie groups other
than SUðNÞ, the relevant details are presented in
Appendix B to avoid cluttering the following section.

D. An example: SUðNÞ group
An irreducible representation for the SUðNÞ group is

denoted as R ¼ ½a1; a2;…; aN−1�, where ai are the Dynkin
labels of the highest weight associated with the represen-
tation R. For a given level k, the set of integrable
representations is given by

Ik ¼ f½a1;…; aN−1�∶aμ ≥ 0; a1 þ � � � þ aN−1 ≤ kg: ð39Þ

The matrix element S0R for an integrable representation R
is given as

S0R ¼ 2NðN−1Þ=2ffiffiffiffi
N

p ðkþ NÞN−1
2

�YN−1

i¼1

sin
�
πN − πiþ πli

kþ N

��

×

�YN−2

i¼1

YN−1

j¼iþ1

sin

�
πj − πiþ πli − πlj

kþ N

��
; ð40Þ

where the integers li are defined as

2For example, it is a longstanding problem in number theory to
prove the irrationality of the Riemann zeta functions ζSUð2ÞðsÞ
when s ≥ 5 is an odd integer.
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li ¼
XN−1

j¼i

aj: ð41Þ

The element S00 of the S matrix is given as

S00 ¼
2NðN−1Þ=2ffiffiffiffi
N

p ðkþ NÞN−1
2

�YN−1

i¼1

sin

�
πN − πi
kþ N

��

×

�YN−2

i¼1

YN−1

j¼iþ1

sin

�
πj − πi
kþ N

��
: ð42Þ

The large k expansion of S00 is given as

S00 ∼
ð2πÞNðN−1Þ=2GðN þ 1Þffiffiffiffi

N
p 1

kðN2−1Þ=2 þ � � � ; ð43Þ

where “G” denotes the Barnes G-function whose value at
positive integers is

GðN þ 1Þ ¼
YN−1

i¼1

i!: ð44Þ

Following the earlier discussion, we would expect the
following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βs ksðN
2−1Þ=2; ð45Þ

where βs is some constant. Thus, Eq. (38) will give the
following formula of the Witten zeta function for the
SUðNÞ group for ReðsÞ ≥ 2:

ζSUðNÞðsÞ ¼
πsNðN−1Þ=2

N

�
2NðN−1Þ=2GðN þ 1Þ

N1=2

�s

βs: ð46Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of
ζSUðNÞðsÞ up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ An;NðkÞ; ð47Þ

where An;NðkÞ is a polynomial of degree nðN2 − 1Þ in the
variable kwith rational coefficients which has the following
form:

An;NðkÞ ¼ ðkþ 1Þðkþ 2Þ…ðkþ N − 1Þðkþ NÞnN−n

× ðkþ N þ 1Þðkþ N þ 2Þ…ðkþ 2N − 1Þ

×

� XnN2−nN−2Nþ2

i¼0

Ci ki
�
; ð48Þ

where Ci ∈Qþ are positive rational coefficients. Let us
denote the leading order coefficient (i.e., the coefficient of
the knðN2−1Þ term) of the polynomial An;N as CleadðAn;NÞ.
As a result, the constant β2n will be a rational number and
can be read as

β2n ¼ CleadðAn;NÞ: ð49Þ

Thus, the zeta function for the SUðNÞ group at positive
even integers can be given as

ζSUðNÞð2nÞ ¼
ð2πÞnNðN−1ÞGðN þ 1Þ2n

Nnþ1
CleadðAn;NÞ: ð50Þ

As an example, consider the SU(3) group and n ¼ 1. We
will have the following summation:

X
R∈ Ik

1

ðS0RÞ2
¼
Xk
a1¼0

Xk
a2¼0

Xk
i¼0

δa1þa2;i

ðS0RÞ2
; ð51Þ

where the delta function is used to monitor the integrability
conditiona1 þ a2 ≤ k for the SU(3) group.This formula can
be easily incorporated into any computational software. The
value of this sum will come out to be a positive integer for
any value of k. Performing this sum for each of the values
k ¼ 0; 1; 2; 3;…, we will get a sequence of positive integers
f1;9;45;166;504;1332;3168;6930;14157;27313;…g. This
sequence comes from a degree 8 polynomial in k which can
be written as

A1;3 ¼ ðkþ 1Þðkþ 2Þðkþ 3Þ2ðkþ 4Þðkþ 5Þ

×
�

k2

20160
þ k
3360

þ 1

360

�
:

The leading order coefficient of this polynomial is

CleadðA1;3Þ ¼
1

20160
:

Hence, from our formula (50), we can obtain the zeta
function as

ζSUð3Þð2Þ ¼
4π6

2835
¼ 22

34 × 51 × 71
π6:

Using this technique, we can compute the classical Witten
zeta functions of the SUðNÞ group at positive even integers.
In Table I, we tabulate the values of ζSUðNÞð2nÞ for some low
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TABLE I. Values of ζSUðNÞð2nÞ using (50).

n Classical Witten zeta functions for SU(N) group

n ζSUð2Þð2nÞ=π2n
1 1=ð21 × 31Þ
2 1=ð21 × 32 × 51Þ
3 1=ð33 × 51 × 71Þ
4 1=ð21 × 33 × 52 × 71Þ
5 1=ð35 × 51 × 71 × 111Þ
6 6911=ð36 × 53 × 72 × 111 × 131Þ
7 21=ð36 × 52 × 71 × 111 × 131Þ
8 36171=ð21 × 37 × 54 × 72 × 111 × 131 × 171Þ
9 438671=ð39 × 53 × 73 × 111 × 131 × 171 × 191Þ
10 ð2831 × 6171Þ=ð39 × 55 × 72 × 112 × 131 × 171 × 191Þ
n ζSUð3Þð2nÞ=π6n
1 22=ð34 × 51 × 71Þ
2 ð24 × 191Þ=ð37 × 53 × 71 × 111 × 131Þ
3 ð27 × 10311Þ=ð310 × 53 × 73 × 111 × 131 × 171 × 191Þ
4 ð28 × 431 × 7511Þ=ð311 × 56 × 74 × 111 × 131 × 171 × 191 × 231Þ
5 ð213 × 277390971Þ=ð316 × 56 × 74 × 113 × 131 × 171 × 191 × 231 × 291 · 311Þ
6 ð213 × 298358406875891Þ=ð319 × 59 × 76 × 113 × 133 × 171 × 191 × 231 × 291 × 311 × 371Þ
7 ð217 × 891 × 1271 × 63532432971Þ=ð320 × 59 × 77 × 113 × 133 × 171 × 191 × 231 × 291 × 311 × 371 × 411 × 431Þ
8 ð216 × 2211371326698428866631Þ=ð323 × 512 × 78 × 114 × 134 × 173 × 191 × 231 × 291 × 371 × 411 × 431 × 471Þ
9 ð221 × 4006071 × 4014186491 × 450967705011Þ=ð328 × 512 × 79 × 114 × 134 × 173 × 193 × 231 × 291 × 311 × 371×

411 × 431 × 471 × 531Þ
10 ð223 × 671 × 18154186731 × 177234071730737331231Þ=ð329 × 515 × 710 × 116 × 134 × 173 × 193 × 231 × 291 × 311×

371 × 411 × 431 × 471 × 531 × 591 × 611Þ
n ζSUð4Þð2nÞ=π12n
1 ð22 × 231Þ=ð34 × 53 × 72 × 111 × 131Þ
2 ð26 × 140811Þ=ð38 × 56 × 72 × 112 × 132 × 171 × 191 × 231Þ
3 ð211 × 7574091 × 232831731Þ=ð312 × 59 × 76 × 113 × 133 × 172 × 192 × 231 × 291 × 311 × 371Þ
4 ð214 × 10211 × 55298091 × 7540759571Þ=ð314 × 512 × 78 × 113 × 133 × 173 × 192 × 232 × 291 × 311 × 371 × 411×

431 × 471Þ
5 ð221 × 1167632091 × 18723916811 × 31872035497871Þ=ð320 × 515 × 710 × 116 × 133 × 173 × 193 × 232 × 292 × 312×

371 × 411 × 431 × 471 × 531 × 591 × 611Þ
6 ð223 × 17983971491 × 55094968911 × 61272058469885714847431Þ=ð324 × 518 × 712 × 116 × 136 × 173 × 193 × 233×

292 × 312 × 372 × 411 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731Þ
7 107060512957308326131930505315555844558595160011 × 231=ð327 × 521 × 714 × 117 × 137 × 173 × 192 × 233×

293 × 312 × 372 × 412 × 432 × 471 × 531 × 591 × 611 × 671 × 711 × 731 × 791 × 831Þ
8 ð230 × 778555221171 × 336005672840074722607391 × 811458476466243749893956097911Þ=ð331 × 524 × 716 × 119×

138 × 176 × 193 × 233 × 293 × 313 × 372 × 412 × 432 × 472 × 531 × 591 × 611 × 671 × 711 × 731 × 791 × 831 × 891 × 971Þ
9 ð237 × 3311 × 103685409711 × 406536708340978555348931 × 4060798795277673385119754088434274821121031Þ=

ð336 × 527 × 718 × 119 × 139 × 176 × 196 × 233 × 293 × 313 × 373 × 412 × 432 × 472 × 532 × 591 × 611 × 671 × 711×
731 × 791 × 831 × 891 × 971 × 1011 × 1031 × 1071 × 1091Þ

10 ð241 × 3219611 × 4310102538791 × 3163940553318531 × 2172743799067779688331×
520962694776712079811971451798831Þ=ð339 × 530 × 720 × 1112 × 138 × 177 × 196 × 233 × 293 × 313 × 372 × 413×
432 × 472 × 532 × 592 × 612 × 671 × 711 × 731 × 791 × 831 × 891 × 971 × 1011 × 1031 × 1071 × 1091 × 1131Þ

n ζSUð5Þð2nÞ=π20n
1 210=ð36 × 56 × 73 × 112 × 171Þ
2 ð220 × 15231 × 26253755811Þ=ð312 × 511 × 76 × 114 × 133 × 172 × 192 × 231 × 291 × 311 × 371 × 411Þ
3 ð231 × 306771 × 20829055656276547873230011Þ=ð318 × 516 × 710 × 116 × 135 × 173 × 193 × 232 × 292 × 312×

371 × 411 × 431 × 471 × 531 × 591 × 611Þ
4 ð240 × 850811 × 7285204158748611 × 13617798828761276696511Þ=ð322 × 521 × 713 × 116 × 136 × 175 × 194×

233 × 292 × 312 × 372 × 412 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731 × 791Þ
(Table continued)
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values of n and N. This method can be used to obtain the
exact analytic values of the zeta functions for all classical
and exceptional Lie groups at positive even integers. This
highlights an important number-theoretic application
of (28).

IV. RÉNYI ENTROPIES FOR TORUS
LINK STATES

Let us consider the link complement S3nLwhereL is the
torus link Tp;p. The torus link Tp;p consists of p circles
such that any two circles are linked together exactly once
(in other words, the linking number between any two
circles is 1). To visualize this, we have presented some of
these links in Table II.
Following the discussion of Sec. II, the state jTp;pi

associated with S3nTp;p can be given as

jTp;pi¼
X

R1;…;Rp

ZðS3;Tp;p½R1;…;Rp�ÞjeR1
;…;eRp

i; ð52Þ

where ZðS3;Tp;p½R1;…; Rp�Þ is the partition function of S3
in the presence of the link Tp;p where the p circles carry
integrable representations R1;…; Rp of the gauge group G.
This partition function can be written in terms of the
elements of the S and T matrices as [22,23]

ZðS3;Tp;p½R1;…; Rp�Þ ¼
X

X;Y ∈ Ik

S�
XY S0Y

ðS0XÞp−1
ðT YYÞ

×

�Yp
i¼1

SRiX

�
: ð53Þ

Thus, the state jTp;pi can be obtained by substituting the
partition function (53) into (52). Since the entanglement
properties of a state do not change under a local unitary
transformation of the basis states, we can further rewrite the
state by making the following transformation in the ith basis
state:

jeRi
i ¼

X
Yi

S�
RiYi

jfYi
i: ð54Þ

In the new basis fjfY1
i; jfY2

i;…; jfYp
ig, the expansion

coefficients of the state jTp;pi will change, and it will be
given as

jTp;pi ¼
X

Y1;…;Yp

X
R1;…;Rp

X
X;Y

S�
XY S0Y

ðS0XÞp−1
ðT YYÞ

×

�Yp
i¼1

SRiX S
�
RiYi

�
jfY1

;…; fYp
i: ð55Þ

Using the symmetric and unitary property of the S matrix,
we get

jTp;pi ¼
X

Y1;…;Yp

X
X;Y

S�
XY S0Y

ðS0XÞp−1
T YY

�Yp
i¼1

δX;Yi

�
jfY1

;…; fYp
i

¼
X
X;Y

S�
XY S0Y

ðS0XÞp−1
T YY jfX;…; fXi: ð56Þ

This state can be written in a compact form as

TABLE I. (Continued)

n Classical Witten zeta functions for SU(N) group

5 ð251 × 21431 × 67510271 × 4306678311491 × 2012233469795604525218031941275914131Þ=ð330 × 526 × 716×
1110 × 135 × 176 × 195 × 234 × 292 × 313 × 372 × 412 × 432 × 472 × 531 × 591 × 611 × 671 × 711 × 731 × 791×
831 × 891 × 971 × 1011Þ

n ζSUð6Þð2nÞ=π30n
1 ð217 × 465111Þ=ð310 × 55 × 75 × 113 × 132 × 171 × 191 × 231 × 291 × 311Þ
2 ð235 × 28090871 × 13668046220877880671Þ=ð319 × 511 × 710 × 116 × 135 × 173 × 193 × 232 × 292 × 312 × 371 × 411×

431 × 471 × 531 × 591 × 611Þ

TABLE II. Torus links of type Tp;p.

Link Diagram Link drawn on surface of a torus

T2;2

T3;3

T4;4
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jTp;pi ¼
X
R∈ Ik

ðST S�Þ0R
ðS0RÞp−1

jfR;…; fRi: ð57Þ

There is further computational simplification possible due
to the identities involving the S and T matrices. We note
the following:

ST S� ¼ CT −1S−1T −1S−1S�

¼ CT �S�T �S−1S−1

¼ CT �S�T �C:

Here, the equality in the first line is due to ðST Þ3 ¼ C. The
equality in the second line uses S−1 ¼ S� and T −1 ¼ T �,
and the equality in the third line is because S2 ¼ C and
C−1 ¼ C. Finally, we arrive at the following matrix element:

ðST S�Þ0R ¼ ðCT �S�T �CÞ0R ¼ C00T �
00S

�
0R̄T

�̄
R R̄CR̄R

¼ T �
00S

�
0R̄T

�̄
R R̄ ¼ T �

00S0RT �̄
R R̄; ð58Þ

where we used T XY ¼ T XXδXY and CXY ¼ δXȲ with Ȳ
denoting the conjugate of representation Y. Also
S0R ¼ S0R̄ ¼ ðS0R̄Þ�. With this, we will have

jTp;pi ¼
X
R∈ Ik

T �
00T

�̄
R R̄ðS0RÞ2−pjfR;…; fRi: ð59Þ

This state is not normalized. So we must divide it by
hTp;pjTp;pi1=2. Using the fact that jT RRj2 ¼ 1 for all
representations R, we will obtain

hTp;pjTp;pi ¼
X
R∈ Ik

ðS0RÞ4−2p: ð60Þ

To compute the entanglement measures associated with
jTp;pi, we bipartition the total Hilbert space into two
Hilbert spaces HA and HB where HA is a tensor product
of p1 Hilbert spaces and HB is the tensor product of the
remaining ðp − p1Þ Hilbert spaces. Tracing out HB will
give the reduced density matrix ρ acting on HA which will
be a diagonal matrix of order ¼ dimHA ¼ jIkjp1. We find
that it has only jIkj number of nonvanishing eigenvalues
which are given as

λR ¼ ðS0RÞ4−2p
hTp;pjTp;pi

; R∈ Ik: ð61Þ

The Rényi entropy with index m is given as

Rm ¼ 1

1 −m
ln

�X
R∈ Ik

λmR

�
: ð62Þ

In the following subsections, we will express these Rényi
entropies in terms of the q0-deformed Witten zeta

function that we defined earlier, and then investigate its
large k limit.

A. Rényi entropy in terms of q0-deformed
Witten zeta function

At finite k values, the eigenvalues can be written as
follows:

λR¼
ðS0R=S00Þ4−2pP

R∈Ik
ðS0R=S00Þ4−2p

¼ ðdimqRÞ4−2pP
R∈Ik

ðdimqRÞ4−2p
: ð63Þ

Hence, the Rényi entropy can be written in terms of
q0-deformed Witten zeta functions as

Rm ¼ 1

1 −m
ln ζGð2pm − 4m; q0Þ

−
m

1 −m
ln ζGð2p − 4; q0Þ: ð64Þ

The entanglement entropy (EE) can be simply obtained by
taking the m → 1 limit of the Rényi entropy Rm. Since we
have already obtained the q0 → 1 limit of the q0-deformed
Witten zeta functions in (28), we can obtain the k → ∞
limit of these Rényi entropies.

B. Large k limit of Rényi entropies

We find that the Rényi entropies converge in the k → ∞
limit. We will denote the limiting values by the following
notation:

R∞
m ≡ lim

k→∞
Rm; EE∞ ≡ lim

k→∞
EE:

The large k limit of the Rényi entropies can be obtained by
using (28) and substituting it in (64). We have the following
result.
Result. The large k limit of the Rényi entropy for the
state jTp;pi where p ≥ 3, for the gauge group G, will be
given as

R∞
m ¼ ln jZGj þ

1

1 −m
ln

�
ζGð2pm − 4mÞ
ðζGð2p − 4ÞÞm

�
: ð65Þ

Thus, we see that the Rényi entropies converge in the
k → ∞ limit and can be written in terms of the Witten zeta
functions. We can also obtain the limiting value of the
entanglement entropy by taking them → 1 limit of the above
expression, and we obtain the following result:
Result. The large k limit of the entanglement entropy for
the state jTp;pi where p ≥ 3, for the gauge group G, will be
given as
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EE∞¼ lnjZGjþ lnζGð2p−4Þ−ð2p−4Þζ
0
Gð2p−4Þ
ζGð2p−4Þ; ð66Þ

where ζ0GðnÞ denotes the derivative of the Witten zeta
function evaluated at n, that is,

ζ0GðnÞ≡ dζGðxÞ
dx

����
x¼n

¼ −
X
R

lnðdim RÞ
ðdim RÞn : ð67Þ

In the remainder of this section, we will do the numerical
analysis of the EE∞ for the SUðNÞ group. To get more
insight into EE∞, let us rewrite it as follows:

EE∞ ¼ lnN þ Yp−2; ð68Þ

where we have defined Yn (with n ¼ 1; 2; 3;…) as

Yn ≡ ln ζSUðNÞð2nÞ − ð2nÞ
ζ0SUðNÞð2nÞ
ζSUðNÞð2nÞ

: ð69Þ

Let us analyze Yn closely. Note that although we can
calculate ζSUðNÞð2nÞ using (50), computing ζ0SUðNÞð2nÞ by
simply taking its derivative will not work because we do not
have a close form expression of CleadðAn;NÞ in n. Further, if
we use the modular S matrix definition of (47) and take
the derivative on both sides of (47), we see that dAn;N=dn
will no longer be a polynomial with rational coefficients
because of the presence of logarithmic terms. Nevertheless,
it will be interesting to study ζ0SUðNÞð2nÞ using (47) to see if
new number theoretic properties of derivatives of zeta
functions can be obtained. We leave this as a possible future
study. Since we do not have an analytic expression of Yn,
we present a numerical plot of Yn vs n for various SUðNÞ
groups in Fig. 4. We notice that Yn is always positive and
exponentially decreases to 0 for large values of n. The
convergence rate becomes even faster as the rank of the
group increases. This tells us that for a given SUðNÞ group,
the EE∞ decreases as p increases and saturates to the value

lnN for large values of p. We present the plot of EE∞ vs p
in Fig. 5 which illustrates this pattern.

C. Large k limit of Rényi entropy and volume of moduli
space of flat connections

Our definition of q-deformed Witten zeta functions in
(23) and the expression of the Rényi entropy (64) in terms
of these q-deformed zeta functions lead us to express the
large k limit of the Rényi entropy in terms of the symplectic
volume of the moduli space of flat connections on Riemann
surfaces. Let us explore this in detail.
Consider Σg to be a Riemann surface with genus g and

Mg be the moduli space of flat connections on Σg. This
moduli space is defined in [24] as follows:

Mg ¼ Homðπ1ðΣgÞ; GÞ=G: ð70Þ

This moduli space is a manifold with real dimensions
dimMg ¼ ð2g − 2Þ dimG and admits a natural symplectic
structure with the following symplectic volume:

volðMgÞ ¼
Z
Mg

ωd

d!
; d ¼ dimMg

2
: ð71Þ

Here ω is the Atiyah-Bott symplectic form, and the
symplectic volume is the top exterior power of the
Atiyah-Bott form integrated over the moduli space.
Witten in [18], gave a standard technique to obtain such
symplectic volumes by exploiting the Verlinde/Chern-
Simons asymptotics, which can be computed as the
following limit:

volðMgÞ ¼ lim
k→∞

k−d dimHΣg
; ð72Þ

whereHΣg
is the Hilbert space associated with the Riemann

surface Σg. According to the Verlinde formula, the
FIG. 4. The plot showing the variation of Yn vs n for various
SUðNÞ groups. The function Yn is defined in (69).

FIG. 5. The plot showing the variation of EE∞ vs p for various
SUðNÞ groups. The values converge to lnN respectively, as p
becomes large.
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dimension of this Hilbert space is given as

dimHΣg
¼
X
R∈ Ik

1

ðS0RÞ2g−2
: ð73Þ

We can write this as follows:

dimHΣg
¼ ðS00Þ2−2g

X
R∈ Ik

1

ðdimq0 RÞ2g−2
: ð74Þ

Now, we invoke our result (28) and the S00 asymptotic (35)
to extract the limit and get the following expression of the
volume:

volðMgÞ ¼ αðGÞ2−2gjZGjζGð2g − 2Þ: ð75Þ

Here αðGÞ is the group-dependent constant as mentioned
in (35). For example, for the SUðNÞ group, the expression
of volume will become

volðMgÞ ¼
Ng

GðN þ 1Þ2g−2
ζSUðNÞð2g − 2Þ
ð2πÞðg−1ÞNðN−1Þ: ð76Þ

For other classical and exceptional Lie groups, the expres-
sion of αðGÞ can be obtained from the S00 asymptotics
given in Appendix B, and the symplectic volume can be
calculated using (75).
Now that we have an expression for the volume of the

moduli spaces in terms of Witten zeta functions, we can
recast our large k results of Rényi entropy of (65) in terms
of the volume of the moduli spaces of flat connections. For
this, we notice that

volðMpm−2mþ1Þ
volðMp−1Þm

¼ jZGj1−m
ζGð2pm − 4mÞ
½ζGð2p − 4Þ�m : ð77Þ

With this identification, we are ready with our result.
Result. The large k limit of the Rényi entropy for the state
jTp;pi where p ≥ 3, for the gauge groupG, will be given as

R∞
m ¼ 1

1 −m
ln

�
volðMpm−2mþ1Þ
volðMp−1Þm

�
: ð78Þ

This formula closely resembles the structure of a Rényi
entropy and is reminiscent of the replica-trick construction.
Although we do not have a mathematically rigorous
explanation of the above result, we can intuitively see
why a genus with a combination ðpm − 2mþ 1Þ enters
into this formula. Recall from (72) that dimHΣg

∼
kdvolðMgÞ with d ¼ ðg − 1Þ dimG. As a result, in the
large k limit, we will have

dimHΣpm−2mþ1

½dimHΣp−1
�m ⟶

volðMpm−2mþ1Þ
½volðMp−1Þ�m

: ð79Þ

We also know that ZðΣg × S1Þ ¼ dimHΣg
. Therefore, we

have

R∞
m ¼ 1

1 −m
ln

�
ZðΣpm−2mþ1 × S1Þ
½ZðΣp−1 × S1Þ�m

�
: ð80Þ

We would like to make an analogy of this result with the
result of (1þ 1)-dimensional Chern-Simons theory that was
obtained in [15]. In this reference, the entanglement structure
of the quantum states jΣg;ni corresponding to Riemann
surfaces of genus g with n disks removed (or n boundaries)
was studied in the context of (1þ 1)-dimensional Chern-
Simons theory. These states live in the n-fold tensor product
of HS1 . According to the results of [15], if we consider S2

withp disks removed, i.e., if we take the state jΣ0;pi, then the
Rényi entropy for this state using the replica trick was
obtained to be [15]

Rð1þ1Þ
m ¼ 1

1 −m
ln

�
ZðΣpm−2mþ1Þ
½ZðΣp−1�m

�
; ð81Þ

where ZðΣgÞ is the (1þ 1) Chern-Simons partition function
of the closed 2D Riemann surface Σg. On the other hand, in
the (2þ 1)-dimensional picture, we have

Rð2þ1Þ
m ⟶

k→∞ 1

1 −m
ln

�
ZðΣpm−2mþ1 × S1Þ
½ZðΣp−1 × S1Þ�m

�
: ð82Þ

The similarity between (81) and (82) is profound, though the
exactmachineryofwhy this is happening in the case of jTp;pi
associated with S3=Tp;p is not clear to us, and we leave this
question for a future investigation.
From the Rényi entropy result (78), we can also write the

large k limit of the entanglement entropy in terms of the
volume by taking the m → 1 limit:
Result. The large k limit of the entanglement entropy for the
state jTp;pi where p ≥ 3, for the gauge group G, will be
given as

EE∞ ¼ ln volðMp−1Þ − ðp − 2Þ vol
0ðMp−1Þ

volðMp−1Þ
; ð83Þ

where our notation is

vol0ðMp−1Þ≡ dvolðMgÞ
dg

����
g¼p−1

; ð84Þ

which calculates the derivative of the symplectic volume of
the moduli space with respect to the genus evaluated at
g ¼ ðp − 1Þ. We can also write EE∞ as a derivative of an
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overall function of g evaluated at g ¼ ðp − 1Þ as given
below:

EE∞ ¼ d
dg

�
ðp − 2Þ2 ln volðMgÞ

1 − g

�
; ð85Þ

where the derivative is evaluated at genus g ¼ ðp − 1Þ. We
can write this as

EE∞ ¼ dΦðgÞ
dg

����
g¼p−1

: ð86Þ

Geometrically, it means that the EE∞ measures the rate
of change of the “normalized logarithmic volume” ΦðgÞ
with genus g, at the point g ¼ ðp − 1Þ, where the function
ΦðgÞ is given as

ΦðgÞ ¼ ðp − 2Þ2 ln volðMgÞ
1 − g

: ð87Þ

One can also obtain the large k limit of the minimum Rényi
entropy by taking the m → ∞ limit of (65). Note that as
s → ∞, we will have ζGðsÞ → 1. This happens because
ðdimRÞ−s → 0, unless R is the trivial representation for
which the dimension is 1. Hence ln ζGð2pm − 4mÞ → 0
as m → ∞. With this realization, it is now trivial to take
the m → ∞ limit of (65), which simply gives
ln jZGj þ ln ζGð2p − 4Þ. We can then use (75) to convert
the zeta function into the volume term, and we will have the
following result:
Result. The large k limit of the minimum Rényi entropy for
the state jTp;piwhere p ≥ 3, for the gauge groupG, will be
given as

R∞
min ¼ ln ½αðGÞ2p−4volðMp−1Þ�: ð88Þ

Thus, we see that the minimum Rényi entropy cleanly
captures the volume of the moduli space, with the following
expression:

exp½R∞
min� ¼ αðGÞ2p−4volðMp−1Þ: ð89Þ

V. CONCLUSION

In this work, we delve into topological entanglement and
its connection with number theory. The case study here is a
very small class of links, which are torus links of type Tp;p,
which consists of p circles such that every circle is linked
once with the other circles. The Chern-Simons path integral
is used to obtain the quantum state jTp;pi associated with
the link complement manifold S3nTp;p. We compute the
Rényi entropies of this state for various Lie groups and
Chern-Simons levels. We see from (64) that these Rényi

entropies can be written in terms of the q-deformed Witten
zeta function, which we introduce in (23). The parameter q
for this case must be a specific root of unity, denoted by q0
and given in (26).
Our primary focus was to find what happens to the

entropies in the semiclassical limit of k → ∞. To do this,
we first analyzed the q0-deformed Witten zeta functions
and studied their values in the limit of q0 → 1 for all the
classical and exceptional Lie groups. We find in (28) that
this limit will give jZGj times the classical Witten zeta
function associated with that particular group. This result
itself is interesting from the number theory point of view, as
it provides an alternate method of determining the Witten
zeta functions. We have also checked (without going into
the intricacies, if any) that (28) is also true for any complex
number swith ReðsÞ ≥ 2. Apart from this, we hope that this
result may also be useful to number theorists in gaining
more insight into the zeta functions.
Using the result (28), we find that the Rényi entropies

for the state jTp;pi converge to a finite number in the limit
k → ∞ for any gauge group. This limiting value can be
written in terms of the Witten zeta function associated with
that particular group, which is evident from (65). Also, the
entanglement entropy converges to a finite number in the
limit k → ∞, and its limiting value can bewritten in terms of
the Witten zeta function and its derivatives as given in (66).
It is clear from the results that the torus links provide an

elegant topological setup where the entanglement measures
have interesting number-theoretic properties. In this work,
we restricted ourselves to torus links Tp;p for which the
entropy turned out to be a function of quantum dimensions.
However, it will be interesting to investigate other classes
of torus links where the entanglement spectrum will be a
complicated function of modular S and T matrices. For
example, see [16,25] for the large k asymptotics of Rényi
entropies associated with Tp;pn torus links for the SU(2)
group. Thus, it will be worthwhile to study the large k
topological entanglement for these torus links for generic
Lie groups. We believe that the results of such studies can
be later developed into exact mathematical statements and
that these observations may bring some new insight into
modern mathematical physics applications.
Although the theme of this work was to analyze the

q-deformedWitten zeta function when qwas a specific root
of unity, we have also studied one example where q is not a
root of unity. In Appendix A, we have studied ζSUð2Þð2; qÞ
and obtained its value by analytically continuing q to
complex values such that jqj ≠ 1. We first show that
ζSUð2Þð2; qÞ can be written in terms of the q-polygamma
function for positive real values of q. The analytic con-
tinuation of ζSUð2Þð2; qÞ is then inherited from the analytic
continuation of q-polygamma functions resulting in (A11).
We have verified the correctness of (A11) by doing
numerical calculations for various complex values of q.
It would be interesting to explore ζGðs;qÞ for other Lie
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groups as well and explore it by analytically continuing the
values of s and q. We leave it as a future problem.
Understanding the semiclassical (k → ∞) behavior of

the entanglement measures in (2þ 1)-dimensional Chern-
Simons link states is of particular interest because of its
conceptual similarity to the philosophy behind the volume
conjecture. In the volume conjecture, the asymptotic limits
of quantum invariants are expected to encode classical
geometric quantities associated with the link complement.
Therefore, one can expect that the large k limit of the
entanglement measures may also encode some geometrical
information. However, since the entanglement measures of
link states are weighted sums over various quantum
invariants, it is not obvious which geometry naturally
emerges in the large k limit. In the present work, we
identify an instance in which such a geometric interpreta-
tion becomes apparent. For the family of torus links Tp;p,
we show that the large k limit of the Rényi entropies of the
associated link states can be expressed in terms of the
symplectic volumes of moduli spaces of flat connections on
Riemann surfaces. In this sense, the entanglement structure
of these link states admits a direct interpretation in terms of
classical phase-space volumes arising from the moduli
space of flat connections. This is clear from (78), (83),
and (88). TheR∞

m in (78) involves the ratio of two volumes.
The EE∞ in (83) involves a derivative of the volume. In
fact, as mentioned in (86), the EE∞ can be geometrically
viewed as the rate of change of some kind of “normalized
logarithmic volume” with respect to genus, evaluated at the
point g ¼ ðp − 1Þ. The minimum Rényi entropy has a
direct and clean interpretation in terms of the volume,
which is evident from (89). These results tell us that the
classical phase-space volumes arising from the moduli
space of flat connections are the objects of interest, at
least for this family of torus links.
Although the torus links Tp;p represent a particularly

tractable class of examples, the appearance of moduli-space
volumes in the semiclassical limit suggests a broader
geometric mechanism underlying entanglement in topo-
logical quantum field theories. It would be interesting to
investigate whether analogous relations hold for more
general torus links Tp;q, where additional structure may
arise from the richer topology of the link complement. An
even more intriguing direction is the case of the notorious
class of hyperbolic links, whose complements admit hyper-
bolic geometry, and one might hope for connections
between entanglement measures and hyperbolic volumes,
in closer spirit to the volume conjecture. Establishing such
relations could provide new insight into how classical
geometric structures emerge from entanglement properties
of quantum states in Chern-Simons theory.
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APPENDIX A: ANALYTIC CONTINUATION
OF ζSUð2Þð2; qÞ

Here we study the simplest case of ζSUð2Þð2; qÞ and
obtain its analytic continuation for jqj ≠ 1. Using our
definition (23), we will have

ζSUð2Þð2; qÞ ¼
X∞
a¼0

�
q1=2 − q−1=2

qðaþ1Þ=2 − q−ðaþ1Þ=2

�
2

¼
X∞
a¼0

ð1 − qÞ2qa
ð1 − qaþ1Þ2 : ðA1Þ

When jqj ≠ 1, we will show that this sum can be expressed
in terms of the q-polygamma function. For this, we first
define the q-digamma function, which is the q-deformed
version of the digamma function. It is formally defined as

ψqðzÞ ¼
d
dz

lnΓqðzÞ; ðA2Þ

where ΓqðzÞ is the q-gamma function. The q-digamma
function can be defined for positive real values of q as
follows [26]:

ψqðzÞ¼
(− lnð1−qÞþ lnq

P∞
n¼1

qnz

1−qn

− lnðq−1Þþ lnq
	
z− 1

2
−
P∞

n¼1
q−nz

1−q−n



:

ðA3Þ

The upper case in the above equation is valid for 0 < q < 1
while the second case is valid for q > 1. Note that these
definitions can be analytically continued to complex values
of q through the analytic continuation of ΓqðzÞ. Thus, the
above two regions will be analytically continued to jqj < 1
and jqj > 1, and we can use the respective definitions
(where we chose the principal branch of the log function).
Here the domain is z∈C such that z ≠ 0;−1;−2;−3;….
Note that the q-digamma function is not defined for
jqj ¼ 1, and we have already discussed the jqj ¼ 1 case
in Sec. III. Taking the derivatives of ψqðzÞ will give us the
q-polygamma functions which are defined as

ψ ðmÞ
q ðzÞ ¼ dm

dzm
ψqðzÞ ¼

dmþ1

dzmþ1
lnΓqðzÞ: ðA4Þ

Using the series form written in (A3), we can write the q-
polygamma functions as

ψ ðmÞ
q ðzÞ ¼

8<
:

ðln qÞmþ1
P∞

n¼1
nmqnz

1−qn

ln q
	
dmz
dzm



þ ð− ln qÞmþ1

P∞
n¼1

nmq−nz

1−q−n ;
ðA5Þ
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where the first line is valid for 0 < q < 1 while the second
is valid for q > 1. Just like before, these definitions can be
analytically continued to jqj < 1 and jqj > 1, respectively.
Let us now show how the ζSUð2Þð2; qÞ can be written in

terms of ψ ðmÞ
q ðzÞ. For jqj < 1, and a > 0, we note that the

following Taylor series converges:

1

ð1 − qaþ1Þ2 ¼
X∞
n¼0

ðnþ 1Þqnðaþ1Þ: ðA6Þ

So for jqj < 1, we will have the following summation:

ζSUð2Þð2; qÞ ¼
X∞
a¼0

X∞
n¼0

ð1 − qÞ2ðnþ 1Þqaqnðaþ1Þ

¼ ð1 − qÞ2
X∞
n¼0

ðnþ 1Þqn
1 − qnþ1

¼ ð1 − qÞ2
X∞
n¼1

nqn−1

1 − qn
: ðA7Þ

We can immediately see from (A5) that

ζSUð2Þð2; qÞ ¼
ð1 − qÞ2
qðln qÞ2 ψ

ð1Þ
q ð1Þ: ðA8Þ

Let us now consider the case jqj > 1. For a > 0, we note
that the following Laurent series converges:

1

ð1 − qaþ1Þ2 ¼
X∞
n¼0

n

qðnþ1Þðaþ1Þ ¼
X∞
n¼1

n

qðnþ1Þðaþ1Þ :

Thus, we get for jqj > 1 the following summation:

ζSUð2Þð2; qÞ ¼
X∞
a¼0

X∞
n¼1

ð1 − qÞ2 nqa

qðnþ1Þðaþ1Þ

¼ ð1 − qÞ2
q

X∞
n¼1

nq−n

1 − q−n
: ðA9Þ

Comparing it with (A5), we see that

ζSUð2Þð2; qÞ ¼
ðq − 1Þ2
qðln qÞ2 ðψ

ð1Þ
q ð1Þ − ln qÞ: ðA10Þ

Thus, for jqj ≠ 1, we will have the following values:

ζSUð2Þð2;qÞ¼
8<
:

ð1−qÞ2
qðlnqÞ2ψ

ð1Þ
q ð1Þ; if jqj< 1

ð1−qÞ2
qðlnqÞ2ψ

ð1Þ
q ð1Þ− ð1−qÞ2

q lnq ; if jqj> 1
: ðA11Þ

This completes the analytic continuation for jqj ≠ 1.

APPENDIX B: RESULTS FOR THE REMAINING
LIE GROUPS

We have already presented the results for the SUðNÞ
group in Sec. III. Here we will present the results for the
remaining Lie groups.

1. SO(2N + 1) group

An irreducible representation for the SO(2N þ 1) group
is denoted as R ¼ ½a1; a2;…; aN �, where ai ≥ 0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the set of integrable
representations is given by the following integrability
condition for N ≥ 2:

a1 þ 2a2 þ � � � þ 2aN−1 þ aN ≤ k: ðB1Þ

For the SO(3) group, the integrability condition is simply
0 ≤ a1 ≤ 2k. The matrix element S0R for an integrable
representation R is given as3

S0R ¼
8<
:

ð−1ÞNðN−1Þ=2 2N−1

ðkþ2N−1ÞN=2 detM; N > 1

1ffiffiffiffiffiffi
kþ1

p sin
h
πð2l1þ1Þ
2ðkþ1Þ

i
; N ¼ 1;

ðB2Þ

where M is an order N matrix with elements given as

Mij ¼ sin

�
π
ð2N − 2iþ 1Þð2N þ 2lj − 2jþ 1Þ

2ðkþ 2N − 1Þ
�
; ðB3Þ

with 1 ≤ i; j ≤ N, and the half integers li are given as

li ¼
�
aN=2þ

P
N−1
j¼i aj; 1 ≤ i ≤ N − 1

aN=2; i ¼ N
: ðB4Þ

The large k expansion of S00 is given as

S00 ∼
2ðN−1Þð2Nþ1ÞπN2

GðN þ 1ÞG
	
N þ 3

2



πðNþ1Þ=2G

	
1
2


 1

kð2N2þNÞ=2

þ � � � ; ðB5Þ

where the Barnes G function can be computed at half
integers using the following:

Gðzþ 1Þ ¼ ΓðzÞGðzÞ;
Gð1=2Þ ¼ 21=24e3ζ

0ð−1Þ=2π−1=4: ðB6Þ

Following the earlier discussion, we would expect the
following large k behavior:

3Note that as pointed out in [27], the formula (B2) for N ¼ 1
gives the S matrix element of SOð3Þ2k.
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X
R∈ Ik

ðS0RÞ−s ∼ βsksð2N
2þNÞ=2: ðB7Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the G ¼ SOð2N þ 1Þ group for
ReðsÞ ≥ 2:

ζGðsÞ¼
πsN

2

2

0
B@2ðN−1Þð2Nþ1ÞGðNþ1ÞG

	
Nþ3

2



πðNþ1Þ=2G

	
1
2



1
CA

s

βs: ðB8Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of
ζSOð2Nþ1ÞðsÞ up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼
�Beven

n;N ðkÞ; k ¼ even

Bodd
n;NðkÞ; k ¼ odd

; ðB9Þ

where Beven
n;N and Beven

n;N are polynomials of degree
nNð2N þ 1Þ in the variable k with rational coefficients.4

The leading order coefficient (i.e., the coefficient of the
knNð2Nþ1Þ term) of the polynomials Beven

n;N and Bodd
n;N is equal

which we denote as CleadðBn;NÞ. As a result, the constant
β2n will be a rational number and can be read as

β2n ¼ CleadðBn;NÞ: ðB10Þ

Thus, the zeta function for the SO(2N þ 1) group at
positive even integers can be given as

ζGð2nÞ ¼ π2nN
2

0
B@22nðN−1Þð2Nþ1ÞGðN þ 1Þ2nG

	
N þ 3

2



2n

2πnðNþ1ÞG
	
1
2



2n

1
CA

× CleadðBn;NÞ: ðB11Þ

We can obtain the leading order coefficients CleadðBn;NÞ for
any given n and N using the technique discussed for the
SUðNÞ group. This will enable us to compute ζSOð2Nþ1Þð2nÞ
via (B11). We present Table III where we tabulate the values
of ζSOð2Nþ1Þð2nÞ for some low values of n and N.

2. Sp(2N) group

An irreducible representation for the Sp(2N) group is
denoted as R ¼ ½a1; a2;…; aN �, where ai ≥ 0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the set of integrable
representations is given by the following integrability
condition for N ≥ 2:

a1 þ a2 þ � � � þ aN ≤ k: ðB12Þ

TABLE III. Values of ζSOð2Nþ1Þð2nÞ using (B11).

n Classical Witten zeta functions for SO(2N þ 1) group

n ζSOð3Þð2nÞ ¼ ζSUð2Þð2nÞ. Refer to Table I for ζSUð2Þ values

n ζSOð5Þð2nÞ=π8n
1 1=ð24 × 31 × 52 × 71Þ
2 ð4791Þ=ð26 × 32 × 54 × 72 × 111 × 131 × 171Þ
3 ð431 × 193091Þ=ð26 × 35 × 53 × 74 × 112 × 132 × 171 × 191 × 231Þ
4 ð2411 × 640091631Þ=ð210 × 36 × 58 × 74 × 112 × 131 × 172 × 191 × 231 × 291 × 311Þ
5 ð4571 × 2540301046533311Þ=ð210 × 38 × 510 × 75 × 114 × 132 × 172 × 192 × 231 × 291 × 311 × 371 × 411Þ
6 ð3471 × 3882371 × 40661211 × 1624927607831Þ=ð212 × 311 × 512 × 78 × 114 × 134 × 172 × 192 × 232 × 291 × 311×

371 × 411 × 431 × 471Þ
7 ð611 × 1271 × 2811 × 54642384835288727974391Þ=ð212 × 312 × 514 × 78 × 115 × 134 × 172 × 192 × 232 × 292 × 311×

371 × 411 × 431 × 471 × 531Þ
8 ð101771 × 622785088254057536853486116253731Þ=ð218 × 312 × 515 × 710 × 115 × 134 × 174 × 192 × 232 × 292×

312 × 371 × 411 × 431 × 471 × 531 × 591 × 611Þ
9 ð524478191 × 13413877591131 × 5297928394989882561256429141211Þ=ð218 × 317 × 518 × 712 × 116 × 136 × 174×

194 × 231 × 292 × 312 × 372 × 411 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731Þ
10 ð3971 × 46028631 × 30705876860571 × 14854868558882711 × 24073089077711006571Þ=ð220 × 316 × 520 × 712×

118 × 136 × 175 × 194 × 232 × 292 × 312 × 372 × 412 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731 × 791Þ
n ζSOð7Þð2nÞ=π18n
1 ð191Þ=ð24 × 35 × 51 × 73 × 111 × 131 × 171Þ
2 ð3071 × 2677439415891Þ=ð26 × 310 × 54 × 76 × 113 × 133 × 172 × 192 × 231 × 291 × 311 × 371Þ

4Recall that the level k for SO(3) group is even, so we only
consider Beven

n;1 for the SO(3) group.
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The matrix element S0R for an integrable representation R
is given as

S0R ¼ ð−1ÞNðN−1Þ=2 2N=2

ðkþ N þ 1ÞN=2 detM; ðB13Þ

where M is a N × N matrix with elements given as

Mij ¼ sin

�
π
ðN þ 1 − iÞðN þ lj − jþ 1Þ

kþ N þ 1

�
; ðB14Þ

with 1 ≤ i; j ≤ N, and the integers li are given as

li ¼
XN
j¼i

aj: ðB15Þ

The large k expansion of S00 is given as

S00 ∼
2Nð2Nþ1Þ=2πN2

GðN þ 1ÞG
	
N þ 3

2



πðNþ1Þ=2G

	
1
2



kð2N2þNÞ=2

þ � � � ðB16Þ

So, we would expect the following large k behavior:X
R∈ Ik

ðS0RÞ−s ∼ βsksð2N
2þNÞ=2: ðB17Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the G ¼ Spð2NÞ group for ReðsÞ ≥ 2:

ζGðsÞ¼
πsN

2

2

0
B@2Nð2Nþ1Þ=2GðNþ1ÞG

	
Nþ3

2



πðNþ1Þ=2G

	
1
2



1
CA

s

βs: ðB18Þ

For arbitrary s, one can numerically obtain βs and use
the above equation to calculate the numerical values of
ζSpð2NÞðsÞ up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ Cn;NðkÞ; ðB19Þ

where Cn;N is a polynomial of degree nNð2N þ 1Þ in the
variable k with rational coefficients. We denote the leading
order coefficient (i.e., the coefficient of knNð2Nþ1Þ term) of
the polynomial Cn;N as CleadðCn;NÞ. As a result, the constant
β2n will be a rational number and can be read as

β2n ¼ CleadðCn;NÞ: ðB20Þ

Thus, the zeta function for the Sp(2N) group at positive
even integers can be given as

ζGð2nÞ ¼ π2nN
2

 
2nNð2Nþ1ÞGðN þ 1Þ2nG

	
N þ 3

2



2n

2πnðNþ1ÞG
	
1
2



2n

!

× CleadðCn;NÞ: ðB21Þ

We can obtain the leading order coefficients CleadðCn;NÞ for
any given n and N using the earlier techniques which will
enable us to compute ζSpð2NÞð2nÞ via the (B21). We present
Table IV where we tabulate the values of ζSpð2NÞð2nÞ for
some low values of n and N.

TABLE IV. Values of ζSpð2NÞð2nÞ using (B21).

n Classical Witten zeta functions for Sp(2N) group

n ζSpð2Þð2nÞ ¼ ζSUð2Þð2nÞ. Refer to Table I for ζSUð2Þ values.

n ζSpð6Þð2nÞ=π18n
1 ð191Þ=ð24 × 35 × 51 × 73 × 111 × 131 × 171Þ
2 ð1047011 × 31407750891Þ=ð28 × 310 × 54 × 76 × 113 × 133 × 172 × 192 × 231 × 291 × 311 × 371Þ
3 ð37745931 × 209519703451968310011Þ=ð29 × 315 × 56 × 79 × 115 × 134 × 173 × 193 × 232 × 291 × 311 × 371×

411 × 431 × 471 × 531Þ
4 ð7571 × 7691 × 166511 × 23433314775625632857662679044045453511Þ=ð216 × 319 × 59 × 712 × 116 × 136 × 174×

194 × 233 × 292 × 312 × 372 × 411 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731Þ
n ζSpð8Þð2nÞ=π32n
1 ð8391 × 31811Þ=ð211 × 36 × 53 × 72 × 112 × 132 × 172 × 191 × 231 × 291 × 311Þ
2 ð28560791 × 120557591 × 86407806435422237771Þ=ð219 × 316 × 57 × 76 × 116 × 135 × 174 × 193 × 232 × 292 × 312×

371 × 411 × 431 × 471 × 531 × 591 × 611Þ
n ζSpð10Þð2nÞ=π50n
1 ð53954753627545271Þ=ð29 × 37 × 56 × 74 × 115 × 133 × 173 × 192 × 232 × 291 × 311 × 371 × 411 × 431 × 471Þ
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3. SO(2N) group

An irreducible representation for the SO(2N) group is
denoted as R ¼ ½a1; a2;…; aN �, where ai ≥ 0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the integrability
condition is8>><
>>:

0 ≤ a1 ≤ k; 0 ≤ a2 ≤ k; N ¼ 2

a1 þ a2 þ a3 ≤ k; N ¼ 3

a1 þ 2a2 þ � � � þ 2aN−2 þ aN−1 þ aN ≤ k; N ≥ 4:

ðB22Þ

The matrix element S0R for an integrable representation R
is given as

S0R ¼ ð−1ÞNðN−1Þ=2 2N−2

ðkþ 2N − 2ÞN=2 ðdetM1 þ iN detM2Þ;

ðB23Þ

where M1 and M2 are N × N matrices with elements
given as

ðM1Þij ¼ cos

�
2π

ðN − iÞðN þ lj − jÞ
kþ 2N − 2

�

ðM2Þij ¼ sin

�
2π

ðN − iÞðN þ lj − jÞ
kþ 2N − 2

�
ðB24Þ

with 1 ≤ i; j ≤ N. The variables li are given as

li¼

8>><
>>:
ðaN þaN−1Þ=2þ

P
N−2
j¼i aj; 1≤ i≤N−2

ðaN þaN−1Þ=2; i¼N−1

ðaN −aN−1Þ=2; i¼N:

ðB25Þ

The large k expansion of S00 is given as

S00 ∼
2Nð2N−3ÞπN2

GðN þ 1ÞG
	
N þ 1

2



π3N=2G

	
1
2


 1

kð2N2−NÞ=2

þ � � � : ðB26Þ

So, we would expect the following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βsksð2N
2−NÞ=2: ðB27Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the G ¼ SOð2NÞ group for ReðsÞ ≥ 2:

ζGðsÞ ¼
πsðN2−NÞ

4

0
@2Nð2N−3ÞGðN þ 1ÞG

	
N þ 1

2



πN=2G

	
1
2



1
As

βs:

ðB28Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of
ζSOð2NÞðsÞ up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ Dn;NðkÞ; ðB29Þ

where Dn;N is a polynomial of degree nNð2N − 1Þ in the
variable k with rational coefficients. We denote the leading
order coefficient (i.e., the coefficient of the knNð2N−1Þ term)
of the polynomial Dn;N as CleadðDn;NÞ. As a result, the
constant β2n will be a rational number and can be read as

β2n ¼ CleadðDn;NÞ: ðB30Þ

Thus, the zeta function for the SO(2N) group at positive
even integers can be given as

ζGð2nÞ ¼ π2nNðN−1Þ

0
@22nNð2N−3ÞGðN þ 1Þ2nG

	
N þ 1

2



2n

4πnNG
	
1
2



2n

1
A

× CleadðDn;NÞ: ðB31Þ

We can obtain the leading order coefficients CleadðDn;NÞ for
any given n and N using the earlier techniques and can
compute ζSOð2NÞð2nÞ via (B31). We present Table V where
we tabulate the values of ζSOð2NÞð2nÞ for some low values
of n and N.

TABLE V. Values of ζSOð2NÞð2nÞ using (B31).

n ζSOð4Þð2nÞ ¼ ζSUð2Þð2nÞ × ζSUð2Þð2nÞ
n ζSOð6Þð2nÞ=π12n
1 ð22 × 231Þ=ð34 × 53 × 72 × 111 × 131Þ
2 ð26 × 140811Þ=ð38 × 56 × 72 × 112 × 132 × 171 × 191 × 231Þ
3 ð211 × 7574091 × 232831731Þ=ð312 × 59 × 76 × 113 × 133 × 172 × 192 × 231 × 291 × 311 × 371Þ
4 ð214 × 10211 × 55298091 × 7540759571Þ=ð314 × 512 × 78 × 113 × 133 × 173 × 192 × 232 × 291 × 311 × 371 × 411 × 431 × 471Þ
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4. G2 group

An irreducible representation for theG2 group is denoted
as R ¼ ½a1; a2�, where ai ≥ 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2a1 þ a2 ≤ k: ðB32Þ
The matrix element S0R for an integrable representation R
can be computed using the standard “Quantum Weyl
dimension formula” for any affine Lie group Ĝ at level
k. This formula is given as

S0R ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijP=Q∨jp ðkþ h∨Þ−r=2
Y
α>0

2 sin

�
πðλþ ρ; αÞ
kþ h∨

�
:

ðB33Þ
Here, λ ¼ a1Λ1 þ a2Λ2 þ � � � þ arΛr for the given R ¼
½a1; a2;…; ar�with Λi denoting the fundamental weights of
the group G. The Weyl vector is ρ ¼ Λ1 þ Λ2 þ � � � þ Λr.
The h∨ is the dual Coxeter number, and P and Q∨ denote
the weight lattice and coroot lattice, respectively. The
product in this formula is over all the positive roots α.
The large k expansion of S00 is given as

S00 ∼
�
2560π6

9
ffiffiffi
3

p
�

1

k7
þ � � � : ðB34Þ

So, we would expect the following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βsk7s: ðB35Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the G2 group for ReðsÞ ≥ 2:

ζG2
ðsÞ ¼ π6s

�
2560

9
ffiffiffi
3

p
�

s
βs: ðB36Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of ζG2

ðsÞ
up to desired precision.

For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼
�
Geven
n ðkÞ; for k ¼ even

Godd
n ðkÞ; for k ¼ odd

; ðB37Þ

where Geven
n and Godd

n are polynomials of degree 14n in the
variable k with rational coefficients. The leading order
coefficient (i.e., the coefficient of the k14n term) is the same
for both the polynomials. So we denote the leading order
coefficient as CleadðGnÞ. As a result, the constant β2n will be
a rational number and can be read as

β2n ¼ CleadðGnÞ: ðB38Þ

Thus, the zeta function for the G2 group at positive even
integers can be given as

ζG2
ð2nÞ ¼ π12n

�
6553600n

243n

�
β2n: ðB39Þ

We can obtain the leading order coefficients CleadðGnÞ for
any given n using the earlier techniques and can compute
ζG2

ð2nÞ via (B39). We present Table VI where we tabulate
the values of ζG2

ð2nÞ for some low values of n.

5. F4 group

An irreducible representation for the F4 group is denoted
as R ¼ ½a1; a2; a3; a4�, where ai ≥ 0 are the Dynkin labels
of the highest weight associated with the representation R.
For a given level k, the integrability condition is

2a1 þ 3a2 þ 2a3 þ a4 ≤ k: ðB40Þ

One can calculate the matrix element S0R using the
quantum Weyl dimension formula. The large k expansion
of S00 is given as

S00 ∼
49442161950720000π24

k26
þ � � � : ðB41Þ

TABLE VI. Values of ζG2
ð2nÞ using (B39).

n ζG2
ð2nÞ=π12n

1 ð22 × 5 × 23Þ=ð310 × 72 × 111 × 131Þ
2 ð24 × 8165653Þ=ð319 × 51 × 74 × 112 × 132 × 171 × 231Þ
3 ð27 × 55940539974690617Þ=ð330 × 76 × 113 × 133 × 172 × 192 × 231 × 291 × 311 × 371Þ
4 ð28 × 55487 × 853287535121366387947Þ=ð338 × 53 × 77 × 114 × 134 × 172 × 192 × 232 × 291 × 311 × 371 × 411 × 431 × 471Þ
5 ð213 × 12225989 × 222465917 × 9587024790875491112749Þ=ð349 × 51 × 710 × 116 × 134 × 173 × 193 × 232 × 292×

312 × 371 × 411 × 431 × 471 × 531 × 591 × 611Þ
6 ð213 × 4057 × 40591 × 140423 × 33320646926928967 × 1068094980951542245514899Þ=ð359 × 55 × 712 × 116 × 136×

174 × 194 × 233 × 292 × 312 × 372 × 411 × 431 × 471 × 531 × 591 × 611 × 671 × 711 × 731Þ
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So, we would expect the following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βsk26s: ðB42Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the F4 group for ReðsÞ ≥ 2:

ζF4
ðsÞ ¼ π24s49442161950720000sβs: ðB43Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of ζF4

ðsÞ
up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ F nðkÞ; ðB44Þ

where F n would be a polynomial of degree 52n in the
variable k with rational coefficients. Hence, the constant
β2n will be a rational number which will be the leading
order coefficient of F n:

β2n ¼ CleadðF nÞ: ðB45Þ

Thus, the zeta function for the F4 group at positive even
integers can be given as

ζF4
ð2nÞ¼ðπ48n×252n×314n×58n×74n×112nÞβ2n: ðB46Þ

We can obtain the leading order coefficients CleadðF nÞ for
any given n using the earlier techniques and can compute
ζF4

ð2nÞ via the (B46).

6. E6 group

An irreducible representation for the E6 group will be
R ¼ ½a1;…; a6�, where ai ≥ 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

a1 þ 2a2 þ 3a3 þ 2a4 þ a5þ 2a6 ≤ k: ðB47Þ

One can calculate the matrix element S0R using the
quantum Weyl dimension formula. The large k expansion
of S00 is given as

S00 ∼
535128220927132468405862400000

ffiffiffi
3

p
π36

k39

þ � � � : ðB48Þ

So, we would expect the following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βsk39s: ðB49Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the E6 group for ReðsÞ ≥ 2:

ζE6
ðsÞ ¼ π36s

31−s=2
535128220927132468405862400000sβs:

ðB50Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of ζE6

ðsÞ
up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ En;6ðkÞ; ðB51Þ

where En;6 would be a polynomial of degree 78n in the
variable k with rational coefficients. Hence, the constant
β2n will be a rational number which will be the leading
order coefficient of En;6:

β2n ¼ CleadðEn;6Þ: ðB52Þ

Thus, the zeta function for the E6 group at positive even
integers can be given as

ζE6
ð2nÞ ¼ ðπ72n × 2122n × 319n−1 × 510n × 76n × 112nÞβ2n:

ðB53Þ

We can obtain the leading order coefficients CleadðEn;6Þ for
any given n using the earlier techniques and can compute
ζE6

ð2nÞ via the (B53).

7. E7 group

An irreducible representation for the E7 group will be
R ¼ ½a1;…; a7�, where ai ≥ 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2a1 þ 3a2 þ 4a3 þ 3a4 þ 2a5 þ a6 þ 2a7 ≤ k: ðB54Þ

One can calculate the matrix element S0R using the
quantum Weyl dimension formula. The large k expansion
of S00 is given as

S00 ∼
ffiffiffi
2

p
π63 × 2109 × 322 × 510 × 76 × 113 × 132 × 171

k133=2

þ � � � : ðB55Þ
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So, we would expect the following large k behavior:X
R∈ Ik

ðS0RÞ−s ∼ βsk133s=2: ðB56Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the E7 group for ReðsÞ ≥ 2:

ζE7
ðsÞ¼

�
π63s

21−219s=2
×322s×510s×76s×113s×132s×17s

�
βs:

ðB57Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of ζE7

ðsÞ
up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ En;7ðkÞ; ðB58Þ

where En;7 would be a polynomial of degree 133n in the
variable k with rational coefficients. Hence, the constant
β2n will be a rational number which will be the leading
order coefficient of En;7:

β2n ¼ CleadðEn;7Þ: ðB59Þ

Thus, the zeta function for the E7 group at positive even
integers can be given as

ζE7
ð2nÞ ¼ ðπ126n × 2219n−1 × 344n × 520n × 712n

× 116n × 134n × 172nÞβ2n: ðB60Þ

We can obtain the leading order coefficients CleadðEn;7Þ for
any given n using the earlier techniques and can compute
ζE7

ð2nÞ via (B60).

8. E8 group

An irreducible representation for the E8 group will be
R ¼ ½a1;…; a8�, where ai ≥ 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2a1þ3a2þ4a3þ5a4þ6a5þ4a6þ2a7þ3a8≤k: ðB61Þ

One can calculate the matrix element S0R using the
quantum Weyl dimension formula. The large k expansion
of S00 is given as

S00 ∼ ðπ120 × 2217 × 347 × 521 × 714 × 118 × 136

× 174 × 193 × 232 × 291Þ 1

k124
þ � � � : ðB62Þ

So, we would expect the following large k behavior:

X
R∈ Ik

ðS0RÞ−s ∼ βsk124s: ðB63Þ

Thus, Eq. (38) will give the following formula of theWitten
zeta function for the E8 group for ReðsÞ ≥ 2:

ζE8
ðsÞ ¼ ðπ120s × 2217s × 347s × 521s × 714s × 118s

× 136s × 174s × 193s × 232s × 29sÞβs: ðB64Þ

For arbitrary s, one can numerically obtain βs and use the
above equation to calculate the numerical values of ζE8

ðsÞ
up to desired precision.
For s ¼ 2n, where n ≥ 1 is an integer, the β2n can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

X
R∈ Ik

1

ðS0RÞ2n
¼ En;8ðkÞ; ðB65Þ

where En;8 would be a polynomial of degree 248n in the
variable k with rational coefficients. Hence, the constant
β2n will be a rational number which will be the leading
order coefficient of En;8:

β2n ¼ CleadðEn;8Þ: ðB66Þ

Thus, the zeta function for the E8 group at positive even
integers can be given as

ζE8
ð2nÞ¼ ðπ240n×2434n×394n×542n×728n×1116n

×1312n×178n×196n×234n×292nÞβ2n: ðB67Þ

We can obtain the leading order coefficients CleadðEn;8Þ for
any given n using the earlier techniques and can compute
ζE8

ð2nÞ via (B67).
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