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The recent developments in the study of topological multiboundary entanglement in the context of 3D
Chern-Simons theory (with gauge group G and level k) suggest a strong interplay between entanglement
measures and number theory. The purpose of this note is twofold. First, we introduce a g-deformed version
of the Witten zeta function using the Chern-Simons theory at level k. We analyze the large k limit of this
function and show that it converges to an integer multiple of the classical Witten zeta function of G, where
the integer multiple is precisely the order of the center of the group. This analysis provides an alternative
way to compute the classical zeta functions, and we present some examples. Next, we study the quantum
state associated with the S3 complement of torus links of type T, , and show that we can write the Rényi
entropies at finite k in terms of g-deformed Witten zeta functions. Using our first result, we obtain the
k — oo limit of the Rényi entropies and find that the entropies converge to finite values, which can be
written in terms of the classical Witten zeta functions evaluated at positive integers. Since Witten zeta
functions naturally appear in the symplectic volumes of moduli spaces of flat connections on
Riemann surfaces, we give a geometric interpretation of the k — oo limit of the Rényi and entanglement
entropies in terms of these volumes. The results of this paper reveal an intriguing connection between
topological entanglement, number-theoretic structures arising from Witten zeta functions, and the geometry

of moduli spaces.
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I. INTRODUCTION

Quantum entanglement [1] is an important fundamental
aspect of the quantum system and is at the core of many
revolutionary advances in fields of science and technology,
including a wide range of applications in quantum infor-
mation science. Analyzing and classifying the possible
patterns of entanglement that can emerge in quantum field
theory (QFT) is an important question in quantum mechan-
ics and quantum information theory. Though the study of
entanglement in a generic QFT is difficult, a simple case
where this could be done is for “topological quantum field
theories” (TQFTs). A TQFT is a class of field theory in
which the physical observables and the correlation func-
tions do not depend on the spacetime metric. Such theories
do not have local dynamics; therefore, all of the entangle-
ment arises from the topological properties of the under-
lying manifolds. For example, consider the manifold shown
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in Fig. 1(a) having a torus boundary. The boundary is
bipartitioned into spatially connected sections A and its
complement A°. When we trace out the region A, we are
essentially calculating the “topological entanglement
entropy,” which is independent of the length or area of
the region A or A¢. Such entropies have been studied in
[2-4] in the context of 2 + 1 dimensional Chern-Simons
theory, the best understood TQFT [5]. Another approach
was used in [6], where the authors study the entanglement
entropy of the states obtained by the path integral in Chern-
Simons theory performed on a link complement1 S\ L. In
this case, we have two or more disjoint torus boundaries
similar to the one shown in Fig. 1(b). The topological
entanglement structure, in this case, can be obtained by
tracing out one of the boundary components, which is
termed “multiboundary entanglement.” We refer the inter-
ested readers to [6—17] for the recent developments in
this study.

An important aspect of any topological field theory,
which is the motivation behind the study of multiboundary
entanglement, is the following decomposition of the Hilbert
space associated with a boundary with multiple disjoint

'Ifalink £ is embedded in S3 , then the link complement is a three-
dimensional manifold which is obtained by removing a tubular
neighborhood around £ from $3, i.e., S\ £ = §° — interior(Lyyp ).
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(b)

FIG. 1. Two different setups to study topological entanglement:
the manifold in (a) has a single T? boundary, which is biparti-
tioned into spatially connected regions A and A°. The manifold in
(b) has two disjoint 7> boundaries.

components:
Homw = Hs, ® Hs, ® ... ® Hy,, (1)

where the boundary of the manifold M consists of disjoint
components: 0M = %; UZ, U ... UZX, and Hy, denotes

the Hilbert space associated with the i component. The
Chern-Simons path integral on such a manifold associates a
quantum state |¥) to M which lives in the Hilbert space
Hgy- The entanglement structure of |¥) can be studied by
tracing out a subset of the Hilbert spaces. It was shown
in [6] that when M = $3\ L, the probability amplitudes of
the associated state |£) are the partition functions of S in
the presence of link £ which are also the quantum link
invariants of |£) (see Ref. [5]).

Apart from the connection with knot theory, topological
entanglement also has interesting number-theoretic proper-
ties, which can be seen in [16]. This motivation brings us to
the present work, where we will study the Rényi entropies
associated with torus link complements S*\T, , for various
simple and semisimple Lie groups. The manifold S3\Tp, »
has p number of disjoint torus boundaries, and the
associated quantum state 7', ,) lives in the tensor product
of p copies of H2. In particular, we investigate the
number-theoretic properties of the entanglement measures
associated with |T, ,). Given the Chern-Simons theory
with gauge group G and level k, we show that the spectrum
of the reduced density matrix in this case is given by the
quantum dimensions of the integrable highest-weight
representations associated with the affine group G,. The
important aspect of this paper is establishing a profound
connection between the Rényi entropies of |T,,) and
number theory. We show that the k — oo limit of these
Rényi entropies can be written in terms of the Witten zeta
functions associated with the group G evaluated at positive
even integers. We make this connection by proposing a
g-deformed version of Witten zeta functions using the
Chern-Simons theory at level k and studying its large
k limit.

It is well known that the Witten zeta functions appear in
the calculation of the symplectic volume of the moduli
spaces of flat connections on Riemann surfaces of genus g,

as given in Ref. [18]. Since we can write the semiclassical
limit of the Rényi entropies of |7, ,) in terms of classical
Witten zeta functions, we can provide a geometric inter-
pretation of the k — oo limit of the Rényi and entanglement
entropies in terms of these volumes. More broadly, our
results point to an intriguing connection between topologi-
cal entanglement, number-theoretic structures arising from
Witten zeta functions, and the geometry of moduli spaces
of flat connections.

The paper is organized as follows. In Sec. II, we discuss
the preliminaries related to our setup, which includes giving
a brief review of the study of entanglement using the
topological machinery, along with a brief discussion on
Witten zeta functions. In Sec. III, we introduce the
g-deformed version of the Witten zeta function using the
Chern-Simons theory at level k and obtain its large k limit.
Using this result, we discuss an alternate route of comput-
ing the classical Witten zeta functions for any compact
group G. We provide the SU(N) group as a concrete
example supporting our result and showing detailed steps
on how to obtain the Witten zeta functions for the SU(N)
group using this route. We defer the examples for other
classical and exceptional Lie groups to Appendix B. In
Sec. IV, we show that the Rényi entropies for the quantum
states |T', ,) for the group G at finite k can be cast in terms
of the g-deformed Witten zeta functions. We then use the
result of Sec. III to obtain the large k limits of these Rényi
entropies and show that these entropies converge to finite
values in the kK — oo limit such that the limit can be written
in terms of the classical Witten zeta function of G evaluated
at positive even integers. We also give a geometric
interpretation to the limiting values of entropies by
expressing them in terms of the volumes of moduli spaces.
We conclude in Sec. V. For the sake of completeness, we
have also analyzed our g-deformed Witten zeta function
when ¢ is not a root of unity by analytically continuing it to
generic complex values of ¢. This analytic continuation for
the SU(2) group is presented in Appendix A.

II. PRELIMINARIES: THE TOPOLOGICAL SETUP

A. Chern-Simons theory and multiboundary states

The 2 + 1 dimensional Chern-Simons theory with gauge
group G and level k € Z is defined on a three manifold M
with action given by

S(A)—%/MTr<A/\dA+§A/\A/\A), (2)

where A = A, dx* is a gauge field, which, in this case, is a
connection on the trivial G bundle over M. The gauge
invariant operators in the theory are Wilson lines. Given an
oriented knot IC embedded in M, the Wilson line is defined
by taking the trace of the holonomy of A around K:
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Wx(K) = Trg Pexp (i ]}{C A>, (3)

where the trace is taken under the representation R of G.
The computation of the partition function in Chern-Simons
theory involves the integration over the infinite-dimen-
sional space of connections. For the bare manifold M
without any Wilson line, the partition function is given as

Z(M) = / eSWdA, (4)

where dA is an appropriate quantized measure defined
for a connection A, and the integration is over all the gauge
invariant classes of connections. Since the connection has
been integrated out, Z(M) is a topological invariant of M.
One can also compute the partition function of M in
the presence of knots and links by inserting the
appropriate Wilson loop operators in the integral. Given
a link £ made of disjoint oriented knot components, i.e.,
L=K, UK,U...UK,, the partition function of M in
the presence of £ can be obtained by modifying the path
integral as

Z(M;E):/eiS(A) W, (Ky)..Wg (KC,)dA.  (5)

The partition functions defined above are either a vector or
a scalar, depending upon whether M is with or without
boundary:

(1) When M is closed (i.e., without boundary), the
partition function Z(M; L) is simply a complex
number.

(2) When M has a boundary %, the path integral of the
theory on M with the Wilson line insertions, and the
boundary condition Aly = Q imposed on X, is
interpreted as the wave function of a state:

W) =Zy(M: L)

—1/ eSO Wy (K)... Wy (KC,)dA. — (6)
A|2=Q

The partition function Z,(M; £) is a function on the space
F'5 of gauge equivalence classes on . With the appropriate
measure dA defined for the connections, the space
L*(Fy,dA) = Hy defines a unique Hilbert space associ-
ated with X, and |¥) is an element of Hy. Thus, we can
associate a unique state with any three manifold with a
boundary.

From the topological point of view, |¥) depends on the
topology of the manifold M and Hy depends on the
topology of the boundary Z. If we consider two topologi-
cally different manifolds M and M’ with the same boundary
¥ =Y/, then the corresponding partition functions (for a

*
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FIG. 2. Two manifolds on the left with the same boundary but
opposite orientation. The path integral on these manifolds gives
states (¢)| € Hy- and |y) € Hy. The inner product (¢|y) will be
the partition function of the manifold shown on the right obtained
by gluing the two manifolds along the common boundary.

fixed gauge group) give two different states |¥) and |¥') in
the same Hilbert space Hy. Further note that if we reverse
the orientation of the boundary, the associated Hilbert space
becomes the dual of the original Hilbert space:

As a result, there exists a natural pairing, the inner product
(®|¥) for any two states |¥) € Hy and (®| € Hy-. In fact,
this technique can be used to compute the partition
functions of complicated manifolds by gluing two dis-
connected pieces along a common boundary whose parti-
tion functions are already known. This process is shown
in Fig. 2.

When the boundary of the manifold M consists of
disjoint components, i.e., X =2; UX, LU...UZ,, the
Hilbert space associated with X is the tensor product of
Hilbert spaces associated with each component, i.e.,

HZ:HZI®H22®”‘®HEH- (8)

Thus, the quantum state |¥) associated with M lives in this
tensor product of Hilbert spaces, and one can study its
entanglement structure by tracing out a subset of the Hilbert
spaces.

In this work, we will consider the link complement
manifold

M=S\L, 9)

where L=/, UK, U... UL, is a link made up of n
number of oriented knots. We denote the associated state as
|£), which can be understood as being defined on n copies
of T?. There is a systematic way of computing such states,
which was given in [6], and we briefly discuss it here. To
obtain the state | £), first we need to fix the basis of H;2. As
discussed in [5], the basis of H;2 is in one-to-one
correspondence with the integrable representations of the
affine Lie algebra g, at level k, where g represents the Lie
algebra associated with the group G. These basis states
have a path integral description. Consider a solid torus with
a Wilson line carrying an integrable representation a placed
in the bulk of a solid torus along its noncontractible cycle.
The Chern-Simons path integral on this solid torus will give
the basis state |e,):
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The collection of all such states, where a runs over the
integrable representations, will define an orthonormal basis
Of HTZ:

basis(H;2) = {|eg): Ris an integrable representation}.
(11)

In this work, we will restrict G to be a classical or
exceptional Lie group. In such cases, there exists only a
finite number of integrable representations at a given level
k, which makes the Hilbert space a finite-dimensional
vector space. We shall denote a representation of g as
[a1, ay, ..., a,] with a; being the Dynkin labels of its highest
weight and r being the rank of the algebra. The integrable
representations satisfy the following conditions:
brai+dray+-+¢ra,<ki  a; 20, (12
where ¢; are the comarks or the dual Kac labels of g. We
will use the symbol Z, to denote the set of all the integrable

highest weight representations at level k. With the Hilbert
space fixed, we can expand the state as

L) =" > Crrler,er,)  (13)

R €I, R,EL;

.....

coefficients can be computed using the following pro-
cedure. Take n number of solid tori, with Wilson lines in the
representation R; placed in the bulk of the i solid torus,
such that their boundaries are oppositely oriented compared
to that of $*\ L. The state associated with this collection of
n solid tori will be (eg,, ..., eg |. Taking the inner product
of (eg,.....eg | with |£) is equivalent to gluing in the
collection of solid tori along the boundary of the link
complement S°\L such that the i solid tori in the
collection is glued to the i™ toroidal boundary of $*\L
as shown below:

This gluing results in $3 with the link £ embedded in it
such that the components of L carry representations
R{,R,,...,R,. Thus we get

(eRl,...,eR”|£> :Z(S3;£[R1,...,R,,}). (15)
Hence, the link state can be written as

1£)= " .. Z(SL[R....R,])|eg,.....er ). (16)

R €Z, R,eI;

The reduced density matrix can be obtained by tracing out a
subset of the Hilbert spaces, and the entropies can be
computed.

B. Modular transformation matrix
and quantum dimension

The mapping class group MCG(Z) acts naturally on the
Hilbert space Hy associated with X. In the present case, we
are interested in X = T2 for which the mapping class group
is the modular group:

MCG(T?) = SL(2, Z). (17)

The unitary representation of SL(2, Z) has two generators
S and 7 which act as diffeomorphism operators for 72 by
acting on its homology basis (which consists of the two
cycles a and b as shown in Fig. 3) as following:
S: (a,b)— (b,—a); T:(a,b)— (a,a+b). (18)
These generators satisfy S°: (a,b) — (—a,—b) and
(8T)3:(a,b) — (—a,—b), which simply reverses the
orientations of the two cycles of the torus. Thus we have
the relation S? = (S7)? =C, where C is the charge
conjugation matrix (given as Cyy = dyy) which obeys
C? = I. These operators can be given a matrix form in
the orthonormal basis of H 2, which are commonly known
as modular § and 7 matrices. The elements of these
matrices can be explicitly computed for classical and
exceptional Lie groups (see, for example Ref. [19]).

The quantum dimension of an integrable representation
R of the affine Lie algebra g, at level k can be computed
from the modular S matrix (see Ref. [20] for some explicit
computations) and is given as

dim,(R) = g—((’)’(: (19)
>

FIG. 3.
basis.

The two cycles of a torus which form its homology
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This formula is the quantum version of the Weyl dimen-
sional formula, along with the choice of the root of unity
qg= exp(%), where y is the dual Coxeter number of G.

C. Witten zeta functions

The prototypical zeta function is the Riemann zeta
function

)= a. (20)

A new type of zeta function was defined in [21], which was
used to express the volume of the moduli space of flat
connections on Riemann surfaces. These are called the
Witten zeta functions and have been an object of interest in
both mathematics and physics for quite some time, and are
formally defined for the Lie group G as

Cals) = ;m, (21)

where R labels an irreducible representation of g. Their
dimensions can be calculated by the well-known Weyl
formula. For example, for SU(2) and SU(3) groups, we will
have

- 1
CSU(z)(S):Z(a+1>S

a=0

() (e8] 2S
Csu<3>(5)=;;](al+1)s(02+1)s(m+a2+2)s- (22)

In the next section, we will introduce a g-deformed version
of the Witten zeta functions that can be defined using the
Chern-Simons theory at level k.

II1. THE ¢-DEFORMED WITTEN ZETA FUNCTION

Note that there can be many ways to g deform a Witten
zeta function. However, in this section, we would like to
introduce a specific g-deformed version which naturally
appears in the Rényi entropy calculation of certain states in
the Chern-Simons theory, as we will see in Sec. IV. Our
definition is as follows.

Definition. We define the g-deformed Witten zeta func-
tion as

{o(s39) = Z; (23)

= (dim, R)*"

Here, we introduce deformation by simply replacing each
classical dimension in (21) with its quantum analog. This
takes us into the regime of quantum groups U ,(g) where
the quantum dimension for a representation is defined as

. B [(R+p.a)],
dim, R = ag+ 7{(% a)]q . (24)

where @, is the set of positive roots and p is the Weyl
vector. This is the quantum analog of the classical Weyl
dimension formula, where we have replaced each number
by a g number defined as

n/2 _ ,—n/2

q q
12

i (25)
q'%-q

[n], =

Although the g-deformed Witten zeta function defined
in (23) is an interesting object from a number theory point
of view, it lacks a physical intuition, especially if we keep ¢
to be an arbitrary parameter. The physical relevance of this
definition can be demonstrated if we take ¢ to be a specific
root of unity (i.e., |¢g| = 1), which will be the focus of
this paper.

A. When g =g, is a special root of unity

Our motivation is to relate the g-deformed Witten zeta
function with Chern-Simons theory at level k. Note that
when we consider ¢ to be a root of unity, the sum in
Eq. (23) is over only a finite number of representations. In
particular, if we consider ¢ to be the primitive (k 4 y)-th
root of unity,

2ri
=e = qo, 26
q Xp<k +y> 9o (26)

where y is the dual Coxeter number of G, the number of
possible representations is restricted to R € Z;. Here Z; is
the set of integrable highest weight representations at level
k that we have introduced earlier. With this choice of g, we
will get

Colsigo) =) @im;R)s: > gzz)) (27)

ReI;

This is the object that naturally appears in the entropy
calculations. Another interesting exercise is to study its
qo — 1 limit, which we shall obtain next.

B. gy — 1 limit of g)-deformed zeta function

The gy — 1 limit of {(s; ¢o), which is equivalent to the
semiclassical limit k — oo on the Chern-Simons side, is
given as follows:

Result. The gy — 1 limit of the g,-deformed Witten zeta
function is an integer multiple of the classical Witten zeta
function. More precisely, the following limit holds for any

086009-5



SIDDHARTH DWIVEDI

PHYS. REV. D 113, 086009 (2026)

Lie group with Re(s) > 2

1
lim 1qp) = lim — | =1|Z . (28
i (s:40) W[Z Gy~ Zeltels). @

Here Z; denotes the center of the group G. For the
classical Lie groups, the orders of the centers are given as

SU(N) SO(2N + 1) Sp(2N) SO(2N)
1Zg| N 2 2 4
For exceptional Lie groups, the orders are
1Z| 1 1 3 2 1

The emergence of the factor |Z;| in (28) can be explained
as follows. For a given group, there will be |Z;| number of
Abelian anyons having g-dimension 1, and they corre-
spond to the center elements. The fusion with these
Abelian anyons preserves the quantum dimension, i.e.,
dim,(g- R) = dim,(R), Y gE€Zs. As a result, the inte-
grable representations are mapped into |Z;| number of
orbits, and the sum in (28) can be written as

1 1
Zk (dimqok)s:Z )3 (dim R)*’ (29)

ReT orbits R € orbit

When £ is large, each orbit will have the same size and will
eventually include every irreducible representation. The set
of the quantum dimensions in all the orbits remains the
same, and since in the k — oo limit, the quantum dimension
converges to the classical dimension, we will get |Zs|
number of copies of classical Witten zeta functions. So we
will obtain

klggo[z (dlm R)* ] | G‘Z dlmR
=|Zsl¢s(s). (30)

For example, consider the SU(N) group, where the orbits
can be elegantly obtained. The action of the center Z in
this case will be a cyclic permutation of the weights in the
extended Dynkin diagram. If [ag,a;,as, ..., ay_;] is the
affine highest weight with ag = k — (a; + -+ + ay_;) and
ayg >0, then the orbits will be defined by the cyclic
permutation of Dynkin labels in [ag,ay,dy, ..., ay_y].
The quantum dimension for weights in each permutation
will remain the same.

Take for example the SU(2) group with affine highest
weight [ag, a;] where ay = k — a; and a( > 0. In this case,
the cyclic permutation Z, on the extended Dynkin labels
will give [ag, a;] and [a;, ag] under the action of identity
and nonidentity elements of Z,, respectively. Denoting

ap = a and a; = (k — a), the full set of integrable repre-
sentations will split into two orbits. The first orbit will
contain the set of representations [a] of the SU(2) group
with index a running appropriately. The second orbit will
contain the set of representations [k —a| of the SU(2)
group. Since dim, [a] = dim, [k — a], the quantum dimen-
sions of corresponding representations in the two orbits will
be the same. Thus, the g-Witten zeta function will split into
two equal summations. Note that for k = even, the repre-
sentation [k/2] will be a fixed point. So, we take half of its
contribution in the first orbit and half in the second orbit.
However, for large k, the fixed points will not matter. For
finite k, we write the two summations below explicitly:

Sy +S,, for k=odd
CSU(z)(S§C]0) = { (31)

S3 + 84, for k =even,

where we will have

-1)/2 k
1
’ S - —S
Z d1m (dim,, [a])* 2 a%:])/z (dim,, [a])
: _(k/f:_ b ! 1
P74y (dimy [d]) 2(d1m [k/2])*
1 k
S :—_7+ (32)
t 2 (dim, [k/2]) T (kz/:zw dlm

Owing to the symmetry dim, [a] = dim, [k — a], we will
have §; = S, and S3 = ;. In the gy — 1 limit or kK — o0
limit, the summations S, and S3 both converge to {5y (s)
giving a factor of 2 in (28).

For the SU(3) group, the highest affine weights in the
extended Dynkin diagram are [ag,a,a,| where ay =
k —ay — a, and ay > 0. The center Z5 will give the cyclic
permutations [ay, a;, a,|, [a;, a, ag] and [a,, ay, a,] corre-
sponding to the three elements of Z5. As a result, we will
get three orbits defined by representations [a;,a,],
[,k —a, — a,], and [k —a, — ay,a;] of SU(3) respec-
tively. It can be checked that the quantum dimensions of
these SU(3) representations are the same:

dimy [a;, a;] = dim, [a,, k — a; — a,]

= dimy [k — a; — ay, ay].

As a result, in the large k limit, we will get equal
contributions from the three orbits, with each orbit con-
tributing a factor of {gy(3)(s).

The result (28) is important both from a physics and a
mathematics point of view. In Chern-Simons theory, this
result helps us to obtain the large k limit of the Rényi
entropies of certain states, as we shall see in Sec. IV. From
the number theory point of view, the result (28) gives a new

086009-6



TOPOLOGICAL ENTANGLEMENT AND NUMBER THEORY

PHYS. REV. D 113, 086009 (2026)

definition to the classical Witten zeta functions and
facilitates their computation by obtaining the limit on
the left-hand side of (28).

In the remainder of this section, we will discuss the
number-theoretical importance of (28).

C. Number-theoretical importance

The result (28) can be rewritten as

I 1
Cols) = 2 lim { > (dim, R R)s} (33)

RET,

This equation provides a new definition of the classical
Witten zeta function and facilitates its computation by
obtaining the limit on the right-hand side of (33). Here we
provide some insights into computing this limit. Let us first
analyze the sum

1 1
TR P PICH

ReZ, ReZ,

Now we have the following two critical observations:
(1) The naive numerical calculations suggest that the
left-hand side of (34) converges to a finite value as
k — oo for any s € C with Re(s) > 2.
(2) The matrix element Sy is a decreasing function in k
whose asymptotics is given by a power law:

a(G)

1
Soo ~ (dim G)/2 + O(k(dim G+2)/2> . (39)

where “dim G denotes the dimension of the group

and a(G) is some group dependent constant.
Based on the above two observations, we conclude that the
sum of the inverse powers of Sy must diverge with a power
law similar to that of (Sy)*. Hence, we will have

1 .
— ~ s(dim G)/
> Gy~ HORIR (6)

ReI;

where f,(G) is a group dependent constant which is
independent of k. Hence, we will get the following limit:

quglléc(s; q0) = @’ f. (37)

This enables us to write the value of classical Witten zeta
functions by using Eq. (33), and it can be written as

_a’ g
Zg|

a(s) (38)

Note that the constant a in the above equation is a
transcendental number due to the presence of the powers
of m, as we shall see later. However, the value (and
hence rationality or irrationality) of f, is not known for
arbitrary values of s. This translates into the problem of
determining whether these zeta functions are irrational or
not.” It would be interesting to study the number-theoretic
properties of the constants f, closely, which may give more
insight into the structure of these zeta functions. We leave
this aspect as a potential future direction.

When s =2n is a positive even integer, it is a well-
known result that the sum of the inverse powers of Sy over
all integrable representations is a polynomial in k with
rational coefficients. This makes f,, a rational number
which can be computed on a case-by-case basis. Thus, the
exact expression for classical Witten zeta functions at
positive even integers can be written down using (38).

We have done several computations and verifications for
all classical and exceptional Lie groups. To keep this
section concise, we briefly discuss the SU(N) group,
which helps readers understand how to use Eq. (38). We
will also present some concrete values of SU(N) classical
Witten zeta functions for low ranks. For Lie groups other
than SU(N), the relevant details are presented in
Appendix B to avoid cluttering the following section.

D. An example: SU(N) group

An irreducible representation for the SU(N) group is
denoted as R = [ay, ay, ..., ay_y], Where a; are the Dynkin
labels of the highest weight associated with the represen-
tation R. For a given level k, the set of integrable
representations is given by

Ik = {[Cl], ...,CZN_]]:CZ” > O;Cl] + - +ClN_] < k} (39)

The matrix element Sy for an integrable representation R
is given as

2N(N—1)/2

N-1 .
. (nN — zi + nt;
Spp=——— sin({ —————
oK \/N(k—l-N)NT_(H < k+N ))

i=1

N=2 N-1 —
. (nj—mi+ nl; —nl;
x(” ” sm( CEN j)), (40)

i=1 j=i+1

where the integers ¢; are defined as

*For example, it is a longstanding problem in number theory to
prove the irrationality of the Riemann zeta functions {sy(2)(s)
when s > 5 is an odd integer.
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The element Sy, of the S matrix is given as

2N(N—1)/2

L)

(M=) @

i=1 j=i+l

The large k expansion of Sy is given as

Qa)NN-DR2G(N+1) 1

SOO ~ \/N k(Nz—l)/Z + -y

(43)

where “G” denotes the Barnes G-function whose value at
positive integers is

G(N+1)

=[] (44)

Following the earlier discussion, we would expect the
following large k behavior:

D (Sor)™ ~ By kN2, (45)

RETZ,

where f, is some constant. Thus, Eq. (38) will give the
following formula of the Witten zeta function for the
SU(N) group for Re(s) > 2:

Csum (s) =

ﬂ.sN(N—l)/Z 2N(N—l)/2G N+ 1)\
CNEDYp. )
N NY

For arbitrary s, one can numerically obtain f,; and use the
above equation to calculate the numerical values of
{suv)(s) up to desired precision.

For s = 2n, where n > 1 is an integer, the f3,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1

ReI, (SOR)zn

= An,N(k>7 (47)

where A, y(k) is a polynomial of degree n(N?> — 1) in the
variable k with rational coefficients which has the following
form:

A n(k) = (k+ 1) (k+2)...(k+ N = 1)(k + N)N-n
x(k+N+1)(k+N+2)...(k+2N —1)

nN?>~nN—-2N+2
(50w, )

i=0

where C; €Q, are positive rational coefficients. Let us
denote the leading order coefficient (i.e., the coefficient of
the k"*=1) term) of the polynomial A, y as Cieaa(Ayy)-
As a result, the constant f3,, will be a rational number and
can be read as

Pon = Clead(-An,N>‘ (49)

Thus, the zeta function for the SU(N) group at positive
even integers can be given as

(27)"NWN-UG(N + 1)*

Csumy(2n) = YCE

Clead (An,N) . (50)

As an example, consider the SU(3) group and n = 1. We
will have the following summation:

1 S By
DIERE S PP I

ReT;

where the delta function is used to monitor the integrability
condition a; + a, < kforthe SU(3) group. This formula can
be easily incorporated into any computational software. The
value of this sum will come out to be a positive integer for
any value of k. Performing this sum for each of the values
k=0,1,2,3, ..., we will get a sequence of positive integers
{1,9,45,166,504,1332,3168,6930,14157,27313,...}. This
sequence comes from a degree 8 polynomial in k which can
be written as

Az = (k+ 1) (k+2)(k+3)*(k+4)(k+5)

k2 k N 1
20160 | 3360 | 360

The leading order coefficient of this polynomial is

1

Clead(Al 3) 20160

Hence, from our formula (50), we can obtain the zeta
function as

470 22

_ 6
2835 3 x5 x71"

CSU(3) (2) =

Using this technique, we can compute the classical Witten
zeta functions of the SU(N) group at positive even integers.
In Table I, we tabulate the values of {sy(y)(2n) for some low
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TABLE 1. Values of {sy(y)(2n) using (50).

n Classical Witten zeta functions for SU(N) group
no sy (2n) /o

1 1/(2" x 31

2 1/(2'x 32 x5h)

3 1/(3% x 5" x 7"

4 1/(2'x3¥x52x 7

5 1/(3° x 5" x 7" x 111

6 691'/(3° x5 x 7> x 11" x 131)

7 21/(3°x 52 x 7' x 11! x 131)

8  3617'/(2' x 3" x5* x7® x 11! x 13! x 17})

9 438671/(3° x 53 x T3 x 11 x 13! x 17! x 191)

10 (283! x6171)/(3% x5° x 7> x 112 x 13! x 17! x 191)

§SU(3) (zn)/ﬂén

22/(3* x 5 x 71

(24 x191)/(37 x 53 x 7! x 11! x 13")

(27 x 10311) /(319 x 53 x 73 x 11! x 13! x 17! x 19})

(28 x 431 x 7511) /(3" x 50 x 7* x 11" x 13! x 17! x 19! x 231)

(213 x 27739097") /(316 x 50 x 74 x 113 x 13! x 17" x 19! x 23! x 29! . 31!)

(213 x 29835840687589') /(31 x 52 x 70 x 113 x 133 x 17! x 19! x 23! x 29! x 31! x 37!)

(217 x 891 x 127" x 63532432971)/(3% x 5° x 77 x 113 x 133 x 171 x 19" x 23! x 29! x 31" x 37" x 41! x 431)

(216 x 221137132669842886663') /(323 x 52 x 78 x 11* x 13* x 17° x 19! x 23! x 29! x 37! x 41! x 43! x 47")

(22! x 400607" x 401418649' x 45096770501") /(328 x 52 x 7% x 11* x 13* x 17° x 193 x 23! x 29! x 31! x 37'x
411 x 431 x 47" x 531)

10 (2% x 67" x 1815418673! x 177234071730737331231)/(3%° x 515 x 719 x 116 x 13* x 173 x 193 x 23! x 29! x 31!x

37 x 41" x 43! x 47" x 53! x 59! x 611)

Csug)(2n)/x'>"

(22 x231)/(3* x 53 x 72 x 11! x 131)

(26 x 140811)/(3" x 50 x 72 x 112 x 132 x 17! x 19! x 231)

(2" x 757409" x 23283173')/(3"2 x 57 x 76 x 113 x 133 x 172 x 19? x 23! x 29! x 31! x 37')

(21 x 1021 x 5529809 x 754075957")/(3 x 512 x 78 x 117 x 13% x 173 x 192 x 232 x 29! x 31! x 37! x 41'x

431 % 47")

5 (22! x 116763209! x 1872391681! x 3187203549787") /(3% x 515 x 710 x 116 x 13% x 17° x 193 x 232 x 29? x 31%x
37" x 41" x 43! x 47" x 53! x 59! x 611)

6 (2% x 1798397149! x 5509496891 x 6127205846988571484743")/(3%* x 58 x 712 x 116 x 136 x 173 x 193 x 233x
292 x 312 x 377 x 41! x 43! x 471 x 53! x 59! x 61! x 67! x 71! x 731)

7 107060512957308326131930505315555844558595160011 x 231 /(377 x 52! x 7' x 117 x 137 x 173 x 19 x 233x
293 x 312 x 372 x 412 x 432 x 47" x 53! x 59! x 61! x 67" x 71! x 73! x 79! x 831)

8 (239 x 77855522117" x 33600567284007472260739' x 81145847646624374989395609791')/(33! x 524 x 716 x 11°x
133 x 170 x 193 x 233 x 293 x 313 x 372 x 412 x 432 x 47> x 53! x 59! x 61! x 67! x 71! x 73! x 79! x 83! x 89! x 97')

9 (237 x 331! x 10368540971 x 40653670834097855534893! x 406079879527767338511975408843427482112103')/
(3% x 527 x 718 x 119 x 132 x 17% x 190 x 233 x 293 x 313 x 373 x 412 x 432 x 47% x 532 x 59! x 61! x 67! x 71'x
73! x 79" x 83! x 89! x 97! x 101" x 103! x 107" x 109")

10 (2% x 321961! x 431010253879! x 316394055331853! x 217274379906777968833! x

52096269477671207981197145179883")/(33% x 539 x 720 x 11'2 x 138 x 177 x 19° x 233 x 293 x 313 x 372 x 413x

432 x 477 x 532 x 592 x 612 x 67! x 71! x 73! x 79! x 83! x 89! x 97! x 101! x 103" x 107" x 109" x 113!)

Csugs)(2n) /2"

210/(36 x 56 x 73 x 112 x 171)

(220 x 1523" x 2625375581')/(3'2 x 511 x 76 x 114 x 133 x 172 x 192 x 23! x 29! x 31! x 37! x 411)

(231 x 30677" x 2082905565627654787323001")/(3'® x 516 x 710 x 110 x 13 x 173 x 193 x 232 x 29% x 31?x
37! x 41" x 43! x 47" x 53! x 59! x 611)

4 (240 x 85081' x 728520415874861! x 1361779882876127669651') /(3% x 52! x 713 x 116 x 130 x 175 x 19*x

233 x 292 x 312 x 372 x 412 x 43! x 47" x 53! x 59! x 61! x 67" x 71! x 73! x 79")

O 0NN W~ I

W = 3

(Table continued)
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TABLE 1. (Continued)

n Classical Witten zeta functions for SU(N) group

5 (25l x 21431 x 6751027 x 430667831149' x 201223346979560452521803194127591413])/(330 x 520 x 710
1110 % 135 x 170 x 195 x 234 x 292 x 313 x 372 x 412 x 432 x 472 x 53! x 59! x 61! x 67! x 71! x 73! x 79! %

83! x 89! x 97! x 1011)

no sy (2n) /2

[

2 (233 x 2809087! x 1366804622087788067')/(3!% x 5!
431 x 47" x 53! x 59! x 61')

(217 x46511') /(310 x 5° x 7° x 113 x 132 x 17" x 19! x 23! x 29! x 31")
X710 % 119 x 13% x 173 x 193 x 232 x 292 x 312 x 37! x 41'x

values of n and N. This method can be used to obtain the
exact analytic values of the zeta functions for all classical
and exceptional Lie groups at positive even integers. This
highlights an important number-theoretic application
of (28).

IV. RENYI ENTROPIES FOR TORUS
LINK STATES

Let us consider the link complement S\ £ where £ is the
torus link 7', ,. The torus link 7', , consists of p circles
such that any two circles are linked together exactly once
(in other words, the linking number between any two
circles is 1). To visualize this, we have presented some of
these links in Table II.

Following the discussion of Sec. II, the state [T, ,)
associated with $°\T, , can be given as

Top)= > Z(SHT, R .R))eg,.....ep ). (52)

TABLE II.  Torus links of type T, ,.

Link Diagram Link drawn on surface of a torus
: @

T343 @

: @

where Z($% T, ,[R;. ..., R,]) is the partition function of $*
in the presence of the link 7', , where the p circles carry
integrable representations Ry, ..., R, of the gauge group G.
This partition function can be written in terms of the
elements of the S and 7 matrices as [22,23]

SXY SOY

XY€eT, (SOX)
X le SR,.x>- (53)

Thus, the state |T, ,) can be obtained by substituting the
partition function (53) into (52). Since the entanglement
properties of a state do not change under a local unitary
transformation of the basis states, we can further rewrite the
state by making the following transformation in the i basis
state:

Z(8% T, Ry, ....R,)) = r(Tyy)

|€R,-> = ZS}E[Y, |fY,->- (54)
Y

In the new basis {|fy,),
coefficients of the state [T, ,
given as

by,

) will change, and it will be

)}, the expansion

- X ZSXY;?% (Tyr)

,,,,,

% <HSRfXS;iYi>|fY1’""pr>- (55)
i=1

Using the symmetric and unitary property of the S matrix,
we get

SDIP P m(ﬂaxy)m fr)

Vi YXY

- L Tyslfx o). (56)

This state can be written in a compact form as
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STS
3 (STS")or

T
REIk ( OR)

R R s fR)- (57)

p-p> =

There is further computational simplification possible due
to the identities involving the S and 7 matrices. We note
the following:

STS =CT- 'S 718718
=CT*8§ TS '8!
=CT*S*T*C.
Here, the equality in the first line is due to (S7)* = C. The
equality in the second line uses S™! = 8* and 7! = T+,
and the equality in the third line is because S* = C and
C~! = C. Finally, we arrive at the following matrix element:

(STS")or = (CT*S*T*Clog = ConT 505z T 5 xCrr

= T00SorT ke = TooSorT

OR” RR (58)

RR
where we used 7 yy = 7 yxOxy and Cyy = Syy with ¥
denoting the conjugate of representation Y. Also
Sor = Sor = (Spr)*. With this, we will have

=TT ip(Sor)*PIfgo -

REI,

Sr)- (59)

This state is not normalized. So we must divide it by
(T, T, ,)"/?. Using the fact that |Tgg|> =1 for all
representations R, we will obtain

<Tp,p|T17.,p> = Z (SOR)4_2P' (60)

ReI,;

To compute the entanglement measures associated with
IT, ), we bipartition the total Hilbert space into two
Hilbert spaces H, and Hjp where H, is a tensor product
of p; Hilbert spaces and Hjy is the tensor product of the
remaining (p — p;) Hilbert spaces. Tracing out Hjp will
give the reduced density matrix p acting on H, which will
be a diagonal matrix of order = dim H, = |Z;|”. We find
that it has only |Z;| number of nonvanishing eigenvalues
which are given as

(Sor)* 2"
(TyplTpp) ’

The Rényi entropy with index m is given as

< > /1’"> (62)

ReI;

A = RET,. (61)

Ry =

In the following subsections, we will express these Rényi
entropies in terms of the g¢p-deformed Witten zeta

function that we defined earlier, and then investigate its
large k limit.

A. Rényi entropy in terms of ¢,-deformed
Witten zeta function

At finite k values, the eigenvalues can be written as
follows:

(dim,, R)*=?7
> rez, (dim, R)*2"

(Sor/So0)* ™" _
> Re1, (Sor/So0)* 2"

AR = (63)

Hence, the Rényi entropy can be written in terms of
qo-deformed Witten zeta functions as

R =

1
In¢g(2pm — 4m; qp)
—m

T Ingo(2p - 4:40). (64)

1

The entanglement entropy (EE) can be simply obtained by
taking the m — 1 limit of the Rényi entropy R,,. Since we
have already obtained the g, — 1 limit of the g,-deformed
Witten zeta functions in (28), we can obtain the k — oo
limit of these Rényi entropies.

B. Large k limit of Rényi entropies
We find that the Rényi entropies converge in the k — oo
limit. We will denote the limiting values by the following
notation:

Ry = klim R EE, = limEE.

k—o0

The large k limit of the Rényi entropies can be obtained by
using (28) and substituting it in (64). We have the following
result.

Result. The large k limit of the Rényi entropy for the
state |T, ,) where p > 3, for the gauge group G, will be
given as

{c(2pm —4m)
(Ca(2p—4))"

1
*® =1In|Z 1 .
R =In(Zg] + | | @

Thus, we see that the Rényi entropies converge in the
k — oo limit and can be written in terms of the Witten zeta
functions. We can also obtain the limiting value of the
entanglement entropy by taking the m — 1 limit of the above
expression, and we obtain the following result:
Result. The large k limit of the entanglement entropy for
the state |, ,) where p > 3, for the gauge group G, will be
given as
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{c(2p—4)
EE, =In|Z;|+Inlg(2p—4)— (2p—4)2L70 (66
Zal +Inco(2p—4)=Cp=4) S50 (66)
where (i;(n) denotes the derivative of the Witten zeta
function evaluated at n, that is,

d¢g(x)

In(dim R
r Z (67)

S6(n) (dim R)"

In the remainder of this section, we will do the numerical
analysis of the EE, for the SU(N) group. To get more
insight into EE, let us rewrite it as follows:

EE, =InN +7Y,.,, (68)
where we have defined Y, (with n =1,2,3,...) as

C/SU(N) (2n)
Csuw) (2n)

Let us analyze Y, closely. Note that although we can
calculate CSU(M(Zn) using (50), computing Z_,”SU( ) (2n) by
simply taking its derivative will not work because we do not
have a close form expression of Ci.,q(.A, ) in n. Further, if
we use the modular S matrix definition of (47) and take
the derivative on both sides of (47), we see that d.A,, y/dn
will no longer be a polynomial with rational coefficients
because of the presence of logarithmic terms. Nevertheless,
it will be interesting to study . suw (2n) using (47) to see if

new number theoretic propertles of derivatives of zeta
functions can be obtained. We leave this as a possible future
study. Since we do not have an analytic expression of Y,
we present a numerical plot of Y, vs n for various SU(N)
groups in Fig. 4. We notice that Y,, is always positive and
exponentially decreases to O for large values of n. The
convergence rate becomes even faster as the rank of the
group increases. This tells us that for a given SU(N) group,
the EE_, decreases as p increases and saturates to the value

Y,=In CSU(N) (2”) - (2”) (69)

Yn
15
[ SU(2) group
SU(3) group
SuU(4) group
SU(5) group

1.0

05" SU(6) group

0.0

o
S

FIG. 4. The plot showing the variation of Y, vs n for various
SU(N) groups. The function Y, is defined in (69).

EE,.
20+
SU(6)
SU(5)
15+
SU4)
1ol SU(3)
SU(2)
FIG.5. The plot showing the variation of EE, vs p for various

SU(N) groups. The values converge to In N respectively, as p
becomes large.

In N for large values of p. We present the plot of EE,, vs p
in Fig. 5 which illustrates this pattern.

C. Large k limit of Rényi entropy and volume of moduli
space of flat connections

Our definition of g-deformed Witten zeta functions in
(23) and the expression of the Rényi entropy (64) in terms
of these g-deformed zeta functions lead us to express the
large k limit of the Rényi entropy in terms of the symplectic
volume of the moduli space of flat connections on Riemann
surfaces. Let us explore this in detail.

Consider X, to be a Riemann surface with genus g and
M, be the moduli space of flat connections on X,. This
moduli space is defined in [24] as follows:

M, = Hom(r,(Z,).G)/G. (70)

This moduli space is a manifold with real dimensions
dim M, = (2g — 2) dim G and admits a natural symplectic
structure with the following symplectic volume:

w? dim M
M, &-

Here @ is the Atiyah-Bott symplectic form, and the
symplectic volume is the top exterior power of the
Atiyah-Bott form integrated over the moduli space.
Witten in [18], gave a standard technique to obtain such
symplectic volumes by exploiting the Verlinde/Chern-
Simons asymptotics, which can be computed as the
following limit:

vol(M,) = llmk 4 dim My, , (72)

where 'qu is the Hilbert space associated with the Riemann
surface Z‘.g. According to the Verlinde formula, the
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dimension of this Hilbert space is given as

We can write this as follows:

SOO 2 29 Z

ReTZ;

dim HZ (74)

(dim,, R)zg‘

Now, we invoke our result (28) and the Sy, asymptotic (35)
to extract the limit and get the following expression of the
volume:
vol(M,) = a(G)*™|Zg|¢ (29 - 2). (75)
Here a(G) is the group-dependent constant as mentioned

in (35). For example, for the SU(N) group, the expression
of volume will become

WE Csuwy(29-2)
G(N + 1)%72 (2z) o= DN(N=1)"

vol(M,) = (76)

For other classical and exceptional Lie groups, the expres-
sion of a(G) can be obtained from the Sy, asymptotics
given in Appendix B, and the symplectic volume can be
calculated using (75).

Now that we have an expression for the volume of the
moduli spaces in terms of Witten zeta functions, we can
recast our large k results of Rényi entropy of (65) in terms
of the volume of the moduli spaces of flat connections. For
this, we notice that

VO](Mpm—Zm+l)
vol (Mp—l )m

{c(2pm — 4m)
[Cc(2p —4)]"

= |Zg|'"™ (77)

With this identification, we are ready with our result.
Result. The large k limit of the Rényi entropy for the state
T, ,) where p > 3, for the gauge group G, will be given as

1
Ry = ln[

1—m

VOI(M 21 )] ' (78)

vol(M,,_;)™

This formula closely resembles the structure of a Rényi
entropy and is reminiscent of the replica-trick construction.
Although we do not have a mathematically rigorous
explanation of the above result, we can intuitively see
why a genus with a combination (pm —2m + 1) enters
into this formula. Recall from (72) that dim ’qu ~

k?vol(M,) with d = (g—1)dimG. As a result, in the
large k limit, we will have

dim Hzpm—lnﬁ» 1
[dlm Hzp_l ]m

VOI(Mpm—Zerl)
[VOI(Mp—l )]m .

(79)
We also know that Z(Z, x §') = dim Hy, . Therefore, we
have

1 Z(me—2m+1 X Sl)
n
T—m | 2, x SH]”

RE — (80)

We would like to make an analogy of this result with the
result of (1 4 1)-dimensional Chern-Simons theory that was
obtained in [15]. In this reference, the entanglement structure
of the quantum states |X,,) corresponding to Riemann
surfaces of genus g with n disks removed (or n boundaries)
was studied in the context of (1 + 1)-dimensional Chern-
Simons theory. These states live in the n-fold tensor product
of Hg. According to the results of [15], if we consider S2
with p disks removed, i.e., if we take the state |X, ,), then the
Rényi entropy for this state using the replica trick was
obtained to be [15]

,R(1+1)

L)

1= [Z(Zp1]"

where Z(Z,) is the (1 4- 1) Chern-Simons partition function
of the closed 2D Riemann surface Z,. On the other hand, in
the (2 + 1)-dimensional picture, we have

RS’%H) koo 1 1 Z(Zpm-ami1 >1< s') (82)
1- Z(Z, xS

The similarity between (81) and (82) is profound, though the
exact machinery of why this is happening in the case of [T, ,)
associated with $*/T, , is not clear to us, and we leave this
question for a future investigation.

From the Rényi entropy result (78), we can also write the
large k limit of the entanglement entropy in terms of the
volume by taking the m — 1 limit:

Result. The large k limit of the entanglement entropy for the

state |T, ,) where p > 3, for the gauge group G, will be
given as
vol'(M,_;)
EE,, = Invol -(p-2)———=, (83
o nvo (Mp—l) (p ) VOI(Mp_l) ( )
where our notation is
dvol(M,)
vol' (M, ) =——F ) (84)
g dg 9=p-1

which calculates the derivative of the symplectic volume of
the moduli space with respect to the genus evaluated at
g = (p—1). We can also write EE_, as a derivative of an
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overall function of g evaluated at g = (p — 1) as given
below:

d

EE, = — [(p—Z)

Invol(M,)
AT R

l—g

where the derivative is evaluated at genus g = (p — 1). We
can write this as

L)

g=p-1

Geometrically, it means that the EE_, measures the rate
of change of the “normalized logarithmic volume” ®(g)
with genus g, at the point g = (p — 1), where the function
d(g) is given as

, Invol(M,) '

®(g) = (p-2) =g (87)

One can also obtain the large k limit of the minimum Rényi
entropy by taking the m — oo limit of (65). Note that as
s — oo, we will have {;(s) — 1. This happens because
(dimR)™ — 0, unless R is the trivial representation for
which the dimension is 1. Hence In{s(2pm —4m) — 0
as m — oo. With this realization, it is now trivial to take
the m — oo limit of (65), which simply gives
In|Zg| +Inlg(2p —4). We can then use (75) to convert
the zeta function into the volume term, and we will have the
following result:
Result. The large k limit of the minimum Rényi entropy for
the state [T, ,) where p > 3, for the gauge group G, will be
given as
ronoin =In [a(G)21)_4V01(Mp—1)]' (88)

Thus, we see that the minimum Rényi entropy cleanly
captures the volume of the moduli space, with the following
expression:

exp[R

min

| = a(G)*~*vol(M,,_,). (89)

V. CONCLUSION

In this work, we delve into topological entanglement and
its connection with number theory. The case study here is a
very small class of links, which are torus links of type T',, ,,
which consists of p circles such that every circle is linked
once with the other circles. The Chern-Simons path integral
is used to obtain the quantum state |T', ,) associated with
the link complement manifold S*\T, ,. We compute the
Rényi entropies of this state for various Lie groups and
Chern-Simons levels. We see from (64) that these Rényi

entropies can be written in terms of the g-deformed Witten
zeta function, which we introduce in (23). The parameter ¢
for this case must be a specific root of unity, denoted by ¢,
and given in (26).

Our primary focus was to find what happens to the
entropies in the semiclassical limit of k — oo. To do this,
we first analyzed the gy-deformed Witten zeta functions
and studied their values in the limit of g, — 1 for all the
classical and exceptional Lie groups. We find in (28) that
this limit will give |Zs| times the classical Witten zeta
function associated with that particular group. This result
itself is interesting from the number theory point of view, as
it provides an alternate method of determining the Witten
zeta functions. We have also checked (without going into
the intricacies, if any) that (28) is also true for any complex
number s with Re(s) > 2. Apart from this, we hope that this
result may also be useful to number theorists in gaining
more insight into the zeta functions.

Using the result (28), we find that the Rényi entropies
for the state [T, ,) converge to a finite number in the limit
k — oo for any gauge group. This limiting value can be
written in terms of the Witten zeta function associated with
that particular group, which is evident from (65). Also, the
entanglement entropy converges to a finite number in the
limit kK — o0, and its limiting value can be written in terms of
the Witten zeta function and its derivatives as given in (66).

It is clear from the results that the torus links provide an
elegant topological setup where the entanglement measures
have interesting number-theoretic properties. In this work,
we restricted ourselves to torus links 7, , for which the
entropy turned out to be a function of quantum dimensions.
However, it will be interesting to investigate other classes
of torus links where the entanglement spectrum will be a
complicated function of modular S and 7 matrices. For
example, see [16,25] for the large k asymptotics of Rényi
entropies associated with T, ,, torus links for the SU(2)
group. Thus, it will be worthwhile to study the large k
topological entanglement for these torus links for generic
Lie groups. We believe that the results of such studies can
be later developed into exact mathematical statements and
that these observations may bring some new insight into
modern mathematical physics applications.

Although the theme of this work was to analyze the
g-deformed Witten zeta function when ¢ was a specific root
of unity, we have also studied one example where ¢ is not a
root of unity. In Appendix A, we have studied {sy(»)(2; ¢)
and obtained its value by analytically continuing ¢ to
complex values such that |g| # 1. We first show that
{su(2)(2;q) can be written in terms of the g-polygamma
function for positive real values of g. The analytic con-
tinuation of {gy(»)(2; ¢) is then inherited from the analytic
continuation of g-polygamma functions resulting in (A11).
We have verified the correctness of (All) by doing
numerical calculations for various complex values of g.
It would be interesting to explore {;(s;¢) for other Lie
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groups as well and explore it by analytically continuing the
values of s and g. We leave it as a future problem.

Understanding the semiclassical (k — oo) behavior of
the entanglement measures in (2 + 1)-dimensional Chern-
Simons link states is of particular interest because of its
conceptual similarity to the philosophy behind the volume
conjecture. In the volume conjecture, the asymptotic limits
of quantum invariants are expected to encode classical
geometric quantities associated with the link complement.
Therefore, one can expect that the large k limit of the
entanglement measures may also encode some geometrical
information. However, since the entanglement measures of
link states are weighted sums over various quantum
invariants, it is not obvious which geometry naturally
emerges in the large k limit. In the present work, we
identify an instance in which such a geometric interpreta-
tion becomes apparent. For the family of torus links 7', ,,
we show that the large k limit of the Rényi entropies of the
associated link states can be expressed in terms of the
symplectic volumes of moduli spaces of flat connections on
Riemann surfaces. In this sense, the entanglement structure
of these link states admits a direct interpretation in terms of
classical phase-space volumes arising from the moduli
space of flat connections. This is clear from (78), (83),
and (88). The R in (78) involves the ratio of two volumes.
The EE,, in (83) involves a derivative of the volume. In
fact, as mentioned in (86), the EE,, can be geometrically
viewed as the rate of change of some kind of “normalized
logarithmic volume” with respect to genus, evaluated at the
point g = (p —1). The minimum Rényi entropy has a
direct and clean interpretation in terms of the volume,
which is evident from (89). These results tell us that the
classical phase-space volumes arising from the moduli
space of flat connections are the objects of interest, at
least for this family of torus links.

Although the torus links 7, , represent a particularly
tractable class of examples, the appearance of moduli-space
volumes in the semiclassical limit suggests a broader
geometric mechanism underlying entanglement in topo-
logical quantum field theories. It would be interesting to
investigate whether analogous relations hold for more
general torus links 7, ,, where additional structure may
arise from the richer topology of the link complement. An
even more intriguing direction is the case of the notorious
class of hyperbolic links, whose complements admit hyper-
bolic geometry, and one might hope for connections
between entanglement measures and hyperbolic volumes,
in closer spirit to the volume conjecture. Establishing such
relations could provide new insight into how classical
geometric structures emerge from entanglement properties
of quantum states in Chern-Simons theory.
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APPENDIX A: ANALYTIC CONTINUATION
OF {gu(2)(2:9)
Here we study the simplest case of {sy()(2;¢) and

obtain its analytic continuation for |g| # 1. Using our
definition (23), we will have

00 12 _ ,—1/2 2
N q q
Csu)(2:9) = Z < (a+1)/2 _ —(a+1)/2)
a=0 q q
[ (1 _ q)an
_yU=are (A1)

When |g| # 1, we will show that this sum can be expressed
in terms of the g-polygamma function. For this, we first
define the g-digamma function, which is the g-deformed
version of the digamma function. It is formally defined as

vo(@) = LT, (2).

dz (A2)

where I',(z) is the g-gamma function. The g-digamma
function can be defined for positive real values of ¢ as

follows [26]:

—In(1-¢)+Ing3> 2, s
o) = { (a3

—In(g— 1)+lnq<z—%— ;le%).

The upper case in the above equation is valid for0 < g < 1
while the second case is valid for g > 1. Note that these
definitions can be analytically continued to complex values
of g through the analytic continuation of I';(z). Thus, the
above two regions will be analytically continued to |g| < 1
and |g| > 1, and we can use the respective definitions
(where we chose the principal branch of the log function).
Here the domain is z € C such that z # 0, —-1,-2,-3, ....
Note that the g-digamma function is not defined for
|g| = 1, and we have already discussed the |g| = 1 case
in Sec. III. Taking the derivatives of y,(z) will give us the
g-polygamma functions which are defined as

m) am dm+1

vy (2) = 2o Ve = @) (A4)

Using the series form written in (A3), we can write the ¢-
polygamma functions as

m

nz
(Ing)™*t 300 i

m ,—nz (AS)

Ing (%) + (~Ing)m ! S5
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where the first line is valid for 0 < ¢ < 1 while the second
is valid for g > 1. Just like before, these definitions can be
analytically continued to |¢| < 1 and |¢| > 1, respectively.
Let us now show how the {gy()(2;¢) can be written in

terms of y/q )( ). For |g| < 1, and a > 0, we note that the
following Taylor series converges:

1 [Se]
Aoy = 2+ e,

n=0

(A6)

So for |g| < 1, we will have the following summation:

[Se]

(1—g)*(n+ 1)g*g"@+)
=0

NgE

{su) (2:9) =

a=0 n
o~ (n+1)g"
=(1-q)y ZTQM
n=0
o] n—1
nq
=(1-g)? . AT
( 214 (A7)
We can immediately see from (AS) that
. (1-9)?%
CSU(2)(25 q) = (ln q)2 Yq (1) (Ag)

q

Let us now consider the case |g| > 1. For a > 0, we note
that the following Laurent series converges:

[oe]
Z (n+1)(a+1)

n=0 q

0

Z (n+1)(a+1)

( a+1 — C]

Thus, we get for |g| > 1 the following summation:

(s8] (o8] n a
Lsue) Z% 3 1—q>2m
1= 2 © —n
( q) Z ng . (A9)
n=1 - q
Comparing it with (A5), we see that
(=17
2;q) = 1) —1Ing). Al0
{sue)(2:9) gy (wg (1) —Ing). (A10)
Thus, for |g| # 1, we will have the following values:
2 .
;11;”2 wo (1), if gl <1
CSU(z)(Z;Q): (1 ( (A11)
q(lnq)z vy (1) - qlnq . if |q| >1

This completes the analytic continuation for |g| # 1.

APPENDIX B: RESULTS FOR THE REMAINING
LIE GROUPS

We have already presented the results for the SU(N)
group in Sec. III. Here we will present the results for the
remaining Lie groups.

1. SO2N +1) group

An irreducible representation for the SO(2N + 1) group
is denoted as R = [a;, d,, ..., ay|, where a; >0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the set of integrable
representations is given by the following integrability
condition for N > 2:

a;+2a, +---+2ay_; +ay < k. (B1)
For the SO(3) group, the integrability condition is simply
0 < a; £2k. The matrix element Sy for an integrable
representation R is given as®

N(N-1)/2 2Nt
< (=DNOVIR radet M, N > .
" oL sin[r0D) N=1 (52)
Vi1 2(k+1) |° -5

where M is an order N matrix with elements given as

(2N =2i+1)(2N +2¢; - 2j + 1)>’ (B3)

M. —
i Sm( 2(k+2N—1)

with 1 < i, j < N, and the half integers #; are given as

‘= {azv/2+27=‘,»‘ a, 1<isN-1 B4)
an/2, i=N
The large k expansion of Sy is given as
AN-DENH) 2V G + 1)G<N + ;) .
Spo ~ ,;(N+1>/2G(% ) LNEN) /2

where the Barnes G function can be computed at half
integers using the following:

G(z+1)=T(2)G(2);
G(1/2) =21/

Following the earlier discussion, we would expect the
following large k behavior:

D214, (B6)

*Note that as pointed out in [27], the formula (B2) for N = 1
gives the S matrix element of SO(3),,.
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TABLE IIL.  Values of Csoay+1)(2n) using (B11).

n Classical Witten zeta functions for SO(2N + 1) group

n {so(3)(2n) = Csu(2)(2n). Refer to Table I for {gy(y) values

n sos)(2n) /=

1 1/(2* x 3" x52 x 71)

2 (4791 /(26 x 32 x 5* x 72 x 11! x 13! x 171)

3 (431 x 193091) /(26 x 3% x 53 x 74 x 112 x 132 x 17! x 19! x 231)

4 (241" x 64009163") /(210 x 36 x 58 x 74 x 112 x 13! x 172 x 19! x 23! x 29! x 31")

5 (457" x 254030104653331") /(210 x 3% x 510 x 7% x 11% x 132 x 17% x 192 x 23! x 29! x 31" x 37! x 41!)

6 (347" x 388237 x 4066121" x 162492760783")/(2!2 x 3! x 512 x 78 x 11* x 13* x 17> x 192 x 232 x 29! x 31!x

37 x 411 x 43! x 471)

7 (61" x 127" x 281" x 5464238483528872797439")/(2'2 x 312 x 5! x 78 x 115 x 13* x 17% x 192 x 23% x 29% x 31'x
37" x 41! x 43" x 47" x 531)

3 (10177" x 622785088254057536853486116253731) /(28 x 312 x 515 x 710 x 11° x 13* x 17* x 19% x 23% x 29>x
312 x 37" x 41" x 43! x 47! x 53! x 59! x 61!)

9 (52447819' x 1341387759113" x 5297928394989882561256429141211)/(2'8 x 317 x 518 x 712 x 116 x 13° x 174x
19% x 231 x 29?2 x 312 x 37% x 41" x 43! x 47! x 53! x 59! x 61! x 67" x 71! x 73)

10 (397" x 4602863 x 3070587686057" x 1485486855888271! x 2407308907771100657") /(2% x 316 x 520 x 712x

118 x 130 x 170 x 19% x 232 x 292 x 312 x 37% x 412 x 43! x 47" x 53! x 59! x 61! x 67" x 71! x 73! x 79")

n Lo (2n)/a'®"
(191)/(2* x 35 x 5! x 7 x 11! x 13! x 17")

—_—

2 (307" x 267743941589') /(20 x 310 x 5% x 70 x 113 x 133 x 17% x 192 x 23! x 29! x 31! x 37})

D (Sor)™s ~ Bk VN2, (B7)

ReI,

Thus, Eq. (38) will give the following formula of the Witten

zeta function for the G =SO(2N +1) group for
Re(s) > 2:

V2 Z(N—l)(2N+1)G(N+])G<N+%)
gG(s): ﬂs‘ (Bs)

2 ”(NH)/ZG(%)

For arbitrary s, one can numerically obtain f, and use the
above equation to calculate the numerical values of
{so(n+1)(s) up to desired precision.

For s = 2n, where n > 1 is an integer, the f,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1 B (k), k= even
> = { o . B9)
&2 (Sor) B4 (k), k= odd

where By and By are polynomials of degree
nN(2N + 1) in the variable k with rational coefficients.”
The leading order coefficient (i.e., the coefficient of the
k"NENED term) of the polynomials BE'SM and B%% is equal

*Recall that the level k for SO(3) group is even, so we only
consider 55" for the SO(3) group.

which we denote as Cie,q(B, ). As a result, the constant
>, will be a rational number and can be read as

Pon = Clead(Bn,N)' (BIO)

Thus, the zeta function for the SOQ2N + 1) group at
positive even integers can be given as

22;1(N—1)(2N+1)G(N+ 1)2nG(N—|—%)2"

{6(2n) = nnN n
271"(N+1)G(%)

X Clead<Bn,N>‘ (Bll)
We can obtain the leading order coefficients Cie,q (B, y) for
any given n and N using the technique discussed for the
SU(N) group. This will enable us to compute {sooy+1)(27)
via (B11). We present Table III where we tabulate the values
of {so(an+1)(2n) for some low values of n and N.

2. Sp(2N) group
An irreducible representation for the Sp(2N) group is
denoted as R = [ay,ay,...,ay], where a; >0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the set of integrable
representations is given by the following integrability
condition for N > 2:

a,+a,+---+ay <k (B12)
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TABLE IV.  Values of (g, (2n) using (B21).

n Classical Witten zeta functions for Sp(2N) group

n {sp2)(2n) = Lsu2)(2n). Refer to Table I for {sy(p) values.

n Csp(e) (2n) /7"

1 (19")/(2* x 33 x 5" x 3 x 11" x 13! x 17")

2 (104701" x 3140775089") /(28 x 310 x 5% x 76 x 113 x 133 x 172 x 19 x 23! x 29! x 31! x 37")

3 (3774593 x 20951970345196831001')/(27 x 315 x 50 x 77 x 115 x 13* x 173 x 193 x 232 x 29! x 31! x 37'x

41" x 43! x 47" x 531)

4 (757" x 769" x 16651" x 2343331477562563285766267904404545351")/(2'0 x 319 x 5% x 712 x 116 x 13 x 17*x
19% x 233 x 29% x 312 x 37 x 41" x 43" x 47" x 53! x 59! x 61! x 67! x 71! x 731)

n Csps) (2n) /7"

1 (839" x 31811) /(2! x 3% x 53 x 7> x 112 x 132 x 172 x 19! x 23! x 29! x 311)

2 (2856079! x 12055759! x 8640780643542223777") /(219 x 316 x 57 x 76 x 11° x 13 x 17* x 193 x 23% x 29% x 31%x
37" x 411 x 43! x 47! x 53! x 59! x 611)

n Csp(i0) (2n) /7"

1 (5395475362754527)/(2° x 37 x 50 x 7% x 115 x 13% x 173 x 192 x 232 x 29! x 31! x 37" x 41! x 43! x 471)

The matrix element Sy for an integrable representation R
is given as
N, /2

Sip = (—1)N(N-1)/2
or = (=1) (k+N+1)V2

detM,  (BI3)

where M is a N x N matrix with elements given as

(N+1=i)(N+£,—j+1)
K+ N+ 1

M;; = sin (n ) (B14)

with 1 <1i,j < N, and the integers ¢; are given as

N
6= aj (B15)
J=i
The large k expansion of Sy is given as
VN2V G(N + 1)G(N +3)

”(N+1)/2G<%) k(2N*+N)/2

So, we would expect the following large k behavior:

Z (Sor)™ Nﬁxks(2N2+N)/2.

ReZ;

(B17)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the G = Sp(2N) group for Re(s) > 2:

e 2N<2N+1>/2G(N+1)G(N+g)

2 ﬂ(N+l)/2G(%)

Cols)= Py (BI8)

For arbitrary s, one can numerically obtain f; and use
the above equation to calculate the numerical values of
spen) () up to desired precision.

For s = 2n, where n > 1 is an integer, the f,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1

=, y(k).
ReT, (SOR)Z’Z ’N( )

(B19)

where C, y is a polynomial of degree nN (2N + 1) in the
variable k with rational coefficients. We denote the leading
order coefficient (i.e., the coefficient of k"V2N+1) term) of
the polynomial C,, y as Cje,q(C,, ). As aresult, the constant
P>, will be a rational number and can be read as

Pon = Clead(cn,N)' (BZO)

Thus, the zeta function for the Sp(2N) group at positive
even integers can be given as

2”N(2N+1)G(N+ 1>2nG(N+%>2n>

{e(2n) = ”2nN2< 2n
zﬂn(N-H)G(%)

X Ciead (Con)- (B21)
We can obtain the leading order coefficients Ci,q(C, ) for
any given n and N using the earlier techniques which will
enable us to compute {50y (2n) via the (B21). We present
Table IV where we tabulate the values of {gpoy)(2n) for
some low values of n and N.
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TABLE V. Values of {so(y)(2n) using (B31).

Csow) (2n) = Lsue)(2n) x {su()(2n)
{soge) (2n) /71"
(22 x231)/(3* x 53 x 7? x 11! x 131)

A W= 3 3

(20 x 14081") /(38 x 5% x 72 x 112 x 132 x 17! x 19! x 23!)
(2! x 757409" x 23283173") /(312 x 57 x 76 x 113 x 133 x 172 x 19% x 23! x 29! x 31! x 37")
(2" x 10211 x 5529809' x 754075957")/ (3 x 5!2 x 78 x 113 x 133 x 173 x 19? x 232 x 29! x 31! x 37! x 41! x 43! x 47")

3. SO(2N) group

An irreducible representation for the SO(2N) group is
denoted as R = [ay,a,,...,ay], where a; >0 are the
Dynkin labels of the highest weight associated with the
representation R. For a given level k, the integrability
condition is

OS(llsk;OSasz, N=2
a1+a2+a3§k, N:3
al+2a2+---+2aN_2—|—aN_1—l—aNSk, NZ4
(B22)
The matrix element Sy for an integrable representation R
is given as
2N—2

Sne = (=1 )N(N=-1)/2
or = (=1) (k+2N —2)N/2

(detM, + iV detM,),
(B23)

where M| and M, are N x N matrices with elements
given as

(M)),; = cos (zﬂ (N=D(N+7 —j>>

k+2N -2
. (N=i)(N+2;—))
with 1 <i,j < N. The variables ¢; are given as
(ay+ay-1)/2+3 NP a;, 1<i<N=-2
£i=1 (ay+ay.1)/2, i=N-1 (B25)
(ay—ay-1)/2, i=N.
The large k expansion of Sy is given as
INN=3) N G(N + 1)G<N + %) 1
S ~
00 SN2 (5) (2V-N)/2
+oee (B26)

So, we would expect the following large k behavior:

S (Sor) ™ ~ kN2,

ReZ,;

(B27)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the G = SO(2N) group for Re(s) > 2:

s

vy (2VNDGN 416G (N n %) ,
4 N2G G) s

(B28)

Co(s) =

For arbitrary s, one can numerically obtain 3, and use the
above equation to calculate the numerical values of
{so@n)(s) up to desired precision.

For s = 2n, where n > 1 is an integer, the f,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1
2 Sor)”

REZ,

Dy n(k). (B29)

where D, y is a polynomial of degree nN(2N — 1) in the
variable k with rational coefficients. We denote the leading
order coefficient (i.e., the coefficient of the k"VZN=1) term)
of the polynomial D, y as Cieq(D, ). As a result, the
constant f3,, will be a rational number and can be read as

ﬂZn = Clead(Dn,N)' (B30)

Thus, the zeta function for the SO(2N) group at positive
even integers can be given as

22”N(2N_3)G(N+ 1)2'1G<N+%>2n
4G (1)

gG (2}'1) — ﬂ.ZHN(N—l)

X Clead(Dn,N)' (BSI)
We can obtain the leading order coefficients Ci.,q(D, x) for
any given n and N using the earlier techniques and can
compute so(2n)(2n) via (B31). We present Table V where
we tabulate the values of {so(2n)(2n) for some low values
of n and N.
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TABLE VL. Values of {g,(2n) using (B39).

g, (2n) /x>
(22 x5%x23)/(3"9x 7> x 11! x 131)
2% x 8165653) /(3" x 5! x 7* x 112 x 132 x 17" x 23")

DNk W =3

312 x 37! x 41! x 43! x 47" x 53! x 59! x 611)

(
(27 x 55940539974690617) /(3% x 7 x 113 x 133 x 17% x 19? x 23! x 29! x 31! x 37')

(28 x 55487 x 853287535121366387947) /(338 x 53 x 77 x 11* x 13* x 17% x 192 x 232 x 29! x 31! x 37! x 41! x 43! x 47")
(213 x 12225989 x 222465917 x 9587024790875491112749) /(3% x 5! x 70 x 110 x 13* x 173 x 193 x 232 x 29%x

6 (213 x 4057 x 40591 x 140423 x 33320646926928967 x 1068094980951542245514899)/(3%° x 5° x 712 x 11° x 136x
17% x 19% x 233 x 292 x 312 x 372 x 41" x 43! x 47! x 53! x 59! x 61! x 67' x 71! x 73!)

4. G, group

An irreducible representation for the G, group is denoted
as R = [a,, a»], where a; > 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2(11 + (12 S k (B32)

The matrix element Sy for an integrable representation R
can be computed using the standard “Quantum Weyl
dimension formula” for any affine Lie group G at level
k. This formula is given as

1 . (m(A+p,a)
Sor = ————(k + 1)~ T[2sin <7) .
VIP/Q"] Ho k+h

(B33)

Here, A = a1 A + ayAy + -+ - + a,A, for the given R =
[ay, ay, ..., a,] with A; denoting the fundamental weights of
the group G. The Weyl vectoris p = A; + Ay + -+ A,
The 1Y is the dual Coxeter number, and P and QY denote
the weight lattice and coroot lattice, respectively. The
product in this formula is over all the positive roots a.
The large k expansion of Sy is given as

S <25607r6> i n
00 9\/§ k7

So, we would expect the following large k behavior:

D (Sor)™" ~ Bk

ReT,

(B34)

(B35)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the G, group for Re(s) > 2:

2560\ ¢
o, (s) = 2% <m> By

For arbitrary s, one can numerically obtain f, and use the
above equation to calculate the numerical values of (s, ()
up to desired precision.

(B36)

For s = 2n, where n > 1 is an integer, the f3,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1 B { g;ven(k) ,
G4k,

for k = even
for k = odd

Sl (37

ReIk(

where G&'°" and G%%¢ are polynomials of degree 14n in the
variable k with rational coefficients. The leading order
coefficient (i.e., the coefficient of the k'*" term) is the same
for both the polynomials. So we denote the leading order
coefficient as Ci.,q(G,). As a result, the constant f3,, will be
a rational number and can be read as

Pon = Clead(gn)' (B38)

Thus, the zeta function for the G, group at positive even
integers can be given as

(B39)

243"

6553600"
g, (2n) = n'* <—>ﬂ2n-

We can obtain the leading order coefficients Ci,q(G,) for
any given n using the earlier techniques and can compute
{,(2n) via (B39). We present Table VI where we tabulate

the values of (g, (2n) for some low values of 7.

5. F4 group

An irreducible representation for the F4 group is denoted
as R = [ay, ay, as, a,), where a; > 0 are the Dynkin labels
of the highest weight associated with the representation R.
For a given level k, the integrability condition is

2(11 + 3612 + 2613 + ay S k (B40)
One can calculate the matrix element Sy using the

quantum Weyl dimension formula. The large k expansion
of Sy is given as

494421619507200007% n

SOO ~ %26

(B41)
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So, we would expect the following large k behavior:

D (Sor)™ ~ Bk,

ReT,

(B42)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the F, group for Re(s) > 2:
Cr,(5) = 7449442161950720000°4,.  (B43)
For arbitrary s, one can numerically obtain f, and use the
above equation to calculate the numerical values of {, (s)
up to desired precision.
For s = 2n, where n > 1 is an integer, the f,, can be

analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

Z (Soi)zn = F (k). (B44)

ReI,

where F, would be a polynomial of degree 52n in the
variable k with rational coefficients. Hence, the constant
P, will be a rational number which will be the leading
order coefficient of F:

ﬁ2n = Clead(fn)' (B45)
Thus, the zeta function for the F, group at positive even
integers can be given as

Cp,(2n) = (a8 x 2521 x 3141 5 581 5 T4 1127) B, (B46)

We can obtain the leading order coefficients Cjq(F,) for
any given n using the earlier techniques and can compute
{r,(2n) via the (B46).

6. E¢ group

An irreducible representation for the Eq group will be
R = [ay, ..., ag], where a; > 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

ay +2a, +3a; + 2a4 + a5 +2a5 < k. (B47)
One can calculate the matrix element Sy using the

quantum Weyl dimension formula. The large k expansion
of Sy is given as

535128220927132468405862400000+/3 7%
00 ~ 39
k

L (B48)

So, we would expect the following large k behavior:

D (Sor)™S ~ BK. (B49)

RETZ,

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the Eg4 group for Re(s) > 2:

36s
L (s) = ﬁ 535128220927132468405862400000° 3,

(B50)

For arbitrary s, one can numerically obtain f; and use the
above equation to calculate the numerical values of ( (s)
up to desired precision.

For s = 2n, where n > 1 is an integer, the f,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1

e (B51)
Re]’k (SOR)2

= €n6<k)v

where £, would be a polynomial of degree 78n in the
variable k with rational coefficients. Hence, the constant
P>, Will be a rational number which will be the leading
order coefficient of &, ¢:

ﬁZn = Clead(gnﬁ)' (B52)

Thus, the zeta function for the Eq group at positive even
integers can be given as

CE6(2") — (”7271 X 2122}1 X 319n—1 X 510n X 7611 X 112n)ﬁ2n-

(B53)

We can obtain the leading order coefficients C,q(E,) for

any given n using the earlier techniques and can compute
(g, (2n) via the (B53).

7. E; group

An irreducible representation for the E; group will be
R = [ay, ..., a;], where a; > 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2ay + 3a, + 4az + 3a, + 2as + ag + 2a; < k. (B54)
One can calculate the matrix element Sy using the

quantum Weyl dimension formula. The large k expansion
of Sy is given as

V2793 x 2109 5 322 5 510 5 76 5 113 x 132 x 17!
~ 13372

T (B55)

SOO
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So, we would expect the following large k behavior:

D (Sor)™ ~ pKIL,

ReZ;

(B56)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the E; group for Re(s) > 2:

63s
Ce (s)= <721f21% X3P 510070 X 113 x 137 17S> Bs.

(B57)

For arbitrary s, one can numerically obtain f; and use the
above equation to calculate the numerical values of (g (s)
up to desired precision.

For s = 2n, where n > 1 is an integer, the f3,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

1
Z W = &,7(k),

ReI,

(B58)

where £, ; would be a polynomial of degree 1337 in the
variable k with rational coefficients. Hence, the constant
>, will be a rational number which will be the leading
order coefficient of &, ;:

ﬂ2n = Clead (5”.7). (B59)

Thus, the zeta function for the E; group at positive even
integers can be given as

€E7 (21’1) — (”126n X 2219n—1 X 344n X 520}1 X 712n

X 1167 x 134 x 17°"),,. (B60)
We can obtain the leading order coefficients Ci,q(E,.7) for
any given n using the earlier techniques and can compute
e, (2n) via (B60).

8. Eg group
An irreducible representation for the Eg group will be
R = [ay, ..., ag], where a; > 0 are the Dynkin labels of the
highest weight associated with the representation R. For a
given level k, the integrability condition is

2a1+3a2—|—4a3 +5614+6Cl5 —|—4a6—|—2a7—|—3a8§k. (B61)

One can calculate the matrix element Sy using the
quantum Weyl dimension formula. The large k expansion
of Sy is given as

Soo ~ (120 x 2217 x 347 x 521 x 714 % 118 x 13°

x 174 x 193 x 232 x 291) (B62)

1
W 4o
So, we would expect the following large k behavior:

D (Sor) ™ ~ Bk,

ReI,

(B63)

Thus, Eq. (38) will give the following formula of the Witten
zeta function for the Eg group for Re(s) > 2:

Z:Eg (S) — (”120s x 22175y 3475 5215  7lds o 118

X 13% x 174 x 19% x 2325 x 29%)4,. (B64)
For arbitrary s, one can numerically obtain f; and use the
above equation to calculate the numerical values of (g (s)
up to desired precision.

For s = 2n, where n > 1 is an integer, the f,, can be
analytically obtained, which turn out to be rational num-
bers. To do this, we first notice that

3 ﬁ = &,4(k). (B6S)

ReI;

where &, g3 would be a polynomial of degree 248n in the
variable k with rational coefficients. Hence, the constant
P>, will be a rational number which will be the leading
order coefficient of &, g:

Pon = Clead(gn,S)' (B66)
Thus, the zeta function for the Eg group at positive even
integers can be given as

CE (21’1) — (”240n X 2434n X 394n X 54211 X 728n X 1116n
8

% 13127 5 179 x 1967 x 23% % 292")B, . (B67)
We can obtain the leading order coefficients Ci,q(E,5) for

any given n using the earlier techniques and can compute
{,(2n) via (B67).
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