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We present a systematic analysis of Bell nonlocality and entanglement in y.;(J = 0, 1,2) decays into a
baryon pair (BB), with particular emphasis on their production via the process e*e™ — w(25) — yy,, at
BESIIIL. From the baryon-antibaryon spin density matrix, we construct measurable Bell observables and
concurrence, revealing a striking hierarchy of quantum correlations: y.y decays exhibit maximal violation
and entanglement; y., decays violate Bell inequalities for 0, € (0, ) with angle-modulated strength; we
find that the BB pair in y,, decays is in a separable state, and no indication of Bell inequality violation is
observed. We provide complete analytical results for J/ =0, 1 and quantitative, uncertainty-aware
estimations for J = 2 based on experimental inputs from BESIII. These results establish the y,.; system
produced via this radiative transition as a novel and promising platform for testing quantum entanglement

and Bell nonlocality in high-energy collisions.

DOI: 10.1103/8bx4-gfc4

I. INTRODUCTION

Quantum mechanics is fundamentally distinguished
from classical theories by the existence of Bell nonlocality
and quantum entanglement [1]. Tests of local realism via
violations of Bell inequalities provide a definitive signature
of nonclassical correlations [2,3], while entanglement
constitutes a key resource for quantum information [4].
Historically probed in low-energy systems such as photons
and atoms [5-8], these quintessential quantum phenomena
are now being vigorously explored in a new arena: high-
energy collider experiments, where entangled particle pairs
are abundantly produced. The decays of charmonium
states, such as the J/w(w(2S)) and y.; particles, into
baryon-antibaryon pairs present a unique laboratory for
such studies, combining the clarity of a quarkonium
spectrum with the rich spin structure of spin-1/2 baryons.

In recent years, high-energy colliders have established
themselves as a novel and powerful platform for probing
quantum correlations [9,10]. The abundant production of
entangled particle pairs—such as top-quark pairs at the
LHC [11] and z-lepton pairs at Belle II [12]—enables tests
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of quantum foundations at energy scales far beyond those
of traditional optical and atomic experiments. As inherently
relativistic systems described by the Standard Model, they
offer a fundamentally new perspective on entanglement and
nonlocality. Extending these studies to the hadronic sector,
particularly to systems of entangled baryons, presents a
unique set of opportunities and challenges.

Hyperon-antihyperon pairs produced in electron-
positron annihilations constitute a particularly interesting
“massive qubit” system [13,14]. The self-analyzing nature
of hyperon weak decays serves as a built-in polarimeter,
enabling the full reconstruction of the spin density matrix
from the angular distributions of the decay products [15].
This makes systems like AA and 27 =" ideal candidates for
quantum tomography at colliders. While most studies to
date have focused on production through vector resonances
such as J/w and y(3686) [16,17], the quantum correla-
tions in decays from scalar and tensor charmonia—the y .,
states—remain largely unexplored.

The y,., states (J =0, 1, 2), with their distinct J¢
quantum numbers (0T, 17+, 27%) provide a rich labo-
ratory in which the initial spin-parity structure is imprinted
onto the spin correlations of the final-state baryon-
antibaryon pairs. In this work, we focus on y.; mesons
produced via the radiative transition y(2S) — yy.;in eTe”
annihilation, which is the primary production mechanism
accessible at BESIII with high statistics. A central and open
question is how these differing quantum numbers govern
the violation of Bell inequalities and the degree of entan-
glement. This work presents a comprehensive analysis
of Bell nonlocality and spin entanglement in y., — BB
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decays, conducted under the well-defined production con-
dition established here.

Our analysis reveals a striking hierarchy of nonlocality
across the y,; states. We find that y., decays maximally
violate the Bell inequality. In contrast, y.; decays violate
the inequality throughout the range 6, € (0, z), with the
violation vanishing only at the exact forward and backward
directions (¢, = 0, 7). The case of y, is the most intricate:
the BB pair is found to be in a separable state, and no
indication of Bell inequality violation is observed. These
pronounced differences, directly rooted in the J°¢ quantum
numbers of the parent y.;, yield clear and testable pre-
dictions for experiment.

The remainder of this paper is organized as follows.
Section II introduces the theoretical framework for the joint
spin density matrix. In Sec. III, we present the derived
polarizations and spin correlations for the BB system in y,.,
decays. Sections IV and V are devoted to the analysis of
Bell nonlocality and quantum entanglement, respectively,
where we provide analytical results and discuss their
physical origins. Section VI presents a numerical analysis
of the predicted quantum correlations using experimental
inputs, followed by a detailed discussion of the experi-
mental feasibility and future prospects for testing our
predictions at BESIII and other facilities. We conclude
with a summary and outlook in Sec. VII.

II. THEORETICAL FRAMEWORK

A. Joint spin density matrix and quantum correlations

To analyze Bell nonlocality and entanglement in y.; —
BB decays, one can construct the joint spin density matrix
pBB of the baryon-antibaryon system. This matrix fully
encodes all spin correlations of the BB pairs. The decay
proceeds via the strong interactions and conserves the
parity. The quantum state of this composite system is
completely described by its joint spin density matrix pB5. A
general and powerful parametrization in the basis of Pauli
matrices is given by

51 2 N
= =1

=

3
+Y Ciloi ®a;)

ij=1

: (1)

Here, P; and P ; are the components of the polarization
vectors for B and B, respectively, quantifying their indi-
vidual spin orientations. The real matrix C;; is the spin
correlation tensor, which encapsulates all information
about the spin-spin correlations between the two particles.
These correlations constitute the direct physical observ-
ables that give rise to both Bell nonlocality and quantum
entanglement.

B. Helicity formalism and the spin density matrix of .,

To derive the joint density matrix pB% from the initial y..,
state, we employ the helicity formalism, which provides
a natural framework for describing sequential decays
and establishes a direct connection between theoretical
calculations and experimental observables. A crucial sim-
plification arises when the spin quantization axis is chosen
along a particle’s momentum direction; in this case, the
helicity eigenstates coincide with the spin projection
eigenstates.

Our derivation begins with the production of the y/(2S)
vector meson in e'e” annihilation. The spin density
matrix of the w(2S), produced via a virtual photon, takes
the well-known form p¥(25) = 1diag[1.,0,1]. We then con-
sider the subsequent electromagnetic radiative transition
w(2S) = 1xes-

If the dynamics of this transition is assumed by electric
dipole (E1) multipole amplitudes, which within the helicity
framework one has the standard relations [18], A{’l =
A}, A}, = V2A% = V6A],. Here, A , denotes the
helicity amplitude for the process, with J the spin of the
Xy and 1; (4,) the helicity of the y,.; and photon. The first
relation holds for w(2S) — yy.; and the second for
w(2S) = yy.. However, the recent BESIIT measurement
implies that the E1 assumption is invalid for the y.,
decay [19]. Thus, we use the measured helicity amplitude
relations to construct the spin density matrix p*< of the y;
in the y(2S) rest frame. This matrix explicitly depends on
the y.; emission angle 6.

The complete decay chain and the definitions of the
relevant helicity amplitudes and angles are illustrated in
Fig. 1 and summarized in Table 1.

The coherences present in the initial y.; polarization
state directly get into the dynamics of the subsequent strong
decay, y.; — BB. This process is described in the helicity
formalism by amplitudes Bi_ 4,» Where J is the spin of .,
and A3 and A4 are the helicities of the final-state baryon B
and antibaryon B, respectively.

Conservation of P and C parity severely restricts the
form of these amplitudes. The general constraints under
P-parity conservation for a decay y., — BB are given by

Bj ;= (=1)'BL, . (2)

P(2S) c.m. frame

X rest frame

FIG. 1. The decays of J/w — yy.; and y.; — BB.
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TABLE 1. Helicity amplitudes and angles in the decays.
Helicity Helicity
Decays amplitudes angles
w(285)(2) = xes(A)r (%) Al Q;(6o. ¢o)
Xes = BB Bj ,, Q,(01.¢1)

where J is the spins of the y.;, whereas the conservation of
C parity requires that [20]

Bi,h = (‘UJBLA}- (3)

This leads to the same constraints as the parity conservation
for y., decays; however, it leads to the B% 12 =
Bl i, =0 for y., — BB.

Applying these constraints to the specific cases of y.; —
BB decays yields a minimal set of independent helicity
amplitudes. For y., and y.; decays, only one independent
amplitude survives: B(l) 21)2 for y .o and B} 122172 for y .. In
contrast, the y., decay involves two independent ampli-
tudes. The nonvanishing amplitudes obey the following
relations:

BO

1
2

B,
32 B%l_la B|2 1= 32
3

1 11
2 272 272

1=
D=

(ST

(ST

For the y,., decay, the two independent amplitudes are
most insightfully parametrized by their relative magnitude
x and phase difference A®,

— x.clAoR2

B2

1
oL

(5)

31—
Nl
31—

This parametrization directly connects the decay dynamics
to the observable spin correlations in the final BB system.
The elements of the spin density matrix p¥</ are given by

” w(2S) 1k 1 1 1
Pﬁ, a2 & Py D/u]—zz(gl )Dl,z,—z’z(gl )A/ll,/leAl,i’z’
WA

(6)

where Q;(60y, ¢y) is the helicity angle describing the
emission angle of y.; in the ete™ c.m. frame, and the
Wigner D function performs the necessary rotational
transformation from the e*e™ rest frame (with its quanti-
zation axis defined by the e™ momentum direction as
shown in Fig. 1) to the y.; c.m. frame (where the natural
quantization axis is aligned along the y.; momentum).
The matrix p¥~ obtained from Eq. (6) is expressed in the
w(2S) rest frame. However, the natural quantization axis
for describing the spin state of the y.; is along its own
momentum in its rest frame. To obtain the spin density

matrix p¥< in this intrinsic frame, we must integrate over the
production angle 6, from O to z. This integration removes
the extrinsic kinematic dependence inherited from the y(2.)
decay and yields the intrinsically averaged polarization state
of the y.; ensemble. We note that this integrated matrix is not
generally diagonal. This is especially evident for higher-spin
states such as the y. (J =2), where the nondiagonal
elements of p*< directly represent coherent superpositions
among different magnetic substates.

After integrating over 6, (and setting ¢ =0 as it is
always permissible), one obtains the p*~ in the y,.; rest
frame as

o =1, )
| r% 0
ol = o 2 0], 8
P 2(1 + r%) (8)
0
p){pz — ;
4(14r3+1r3)
2r3 0 rze®® 0 0
0 22 0 0 0
x | rye”® 0 4 0 rye ™% |, (9)
o 0 0 22 0
0 0 r3e® 0 213

where r; and A®; are defined as the ratio of helicity ampli-
tude, namely, A},/A},=rie®® for y. states, while
A7 /AT = re®® and A}, /AT ) = rye™t® for y,, state.
In the approximation of E1 transition, one has ry =1,
ry = V3, ry = V6, and AD; =0 (i =1, 2, 3). The recent
measurement shows that the r, and r; significantly deviate
from the E1 transition [19].

The spin density matrix of y., consists of a single
element and is normalized to 1, reflecting its spin-0 nature.
The obtained spin density matrix for y. is diagonal.
This diagonal structure implies the absence of coherence
among its magnetic substates (m = -1, 0) after the angular
integration in the production process. In contrast, the spin
density matrix for y. possesses nonzero off-diagonal
elements (specifically between the m = +2 and m =0
substates). These off-diagonal coherences are a direct
consequence of the tensor polarization induced by the
radiative transition from the vector y(2S) and persist after
angular integration. The presence of these coherences (e.g.,
pi% # 0) is a hallmark of tensor polarization and will play a
decisive role in generating the complex correlation patterns
for y., decays.
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C. Construction of the spin density matrix of BB

The final step in the theoretical construction is the strong
decay y., — BB. This decay is fully characterized by the
helicity amplitudes Bl{% ;, and the helicity angles €, (0, ¢;).
The joint spin density matrix p?® for the BB pair is
constructed by combining the polarization information
of the parent y.;, encoded in p*~, with the dynamical
and kinematic information of the decay. The general
expression reads

BB o RJ Jx Jx J
Pigag iz, & § :p)j,,/l’lB/13,/14B/1/3,/12D/11.,13—/14(QZ)DA’I,A’S—AQ(QZ)’
’ A,
(10)

where Q,(60,,¢;) specifies the direction of the baryon
momentum in the y,.; rest frame and the angle between the
s production plane and its decay plane. This formalism
consistently merges the decay dynamics with the relevant
kinematic rotations, yielding the final, observable joint spin

density matrix p5Z.

D. Angular distributions

The construction of the joint spin density matrix p53 not
only provides the complete spin information for quantum
correlation studies but also yields, as a direct by-product,
the differential angular distribution of the baryon in the y.;
rest frame. The distribution W’ (6,) is obtained from the
trace of pP8, where J is the spin of y.,. Applying this
general formula to each y.; state, we obtain the angular
distributions as follows:

W0 =1,
)
r% +
—6(2 4 13 —2x* 4+ r3(x* = 2))
2+ 313 +2r3x% + 2r3x?
(6 + 13 —4r3)(3 — 2x?)
2+ 3}% + Zr%x2 +2r3x?

W1+

cos? 6,

W? x 1+ cos” 0,

cos* 0, (11)

for 0.1 states, respectively.

These analytical expressions serve as crucial benchmarks
for experimental analysis. A fit to the measured angular
distributions, particularly for y., — BB, can be used to
extract or constrain the helicity amplitude parameters x,
thereby providing independent input for the predictions of
quantum correlations presented in the following sections.
These distributions will be used in Sec. VI to discuss
experimental constraints. We now turn to the primary focus
of this work: extracting measures of quantum correlations

from pBB.

III. THE POLARIZATIONS AND SPIN
CORRELATIONS IN y.; — BB DECAYS

This section presents the core results of calculation for
the joint spin density matrices for the BB system from y,,
decays. The polarization parameters PF and the spin
correlation coefficients C;;, defined in Eq. (1), are com-
puted for each y; state. These results form the foundation
for the analysis of Bell nonlocality and quantum entangle-
ment in the subsequent sections.

A. Xco — BB

The joint spin density matrix for the BB pair from the
scalar y . decay is characterized by its simplicity, reflecting
the isotropic nature of the 07 state. The BB is in Bell state
lwi)y = %(|TT> +44))." Here up and down arrows
denote the helicity value +1. Either from Eq. (10) or

pPB = |y, ) (.|, the joint spin density matrix of BB is

calculated in the helicity basis (|11), [11).[41), [41)) as
1 0 0 1
= 110 0 0 O
B == . 12
77721000 0 (12)
1 0 0 1

Comparing with the general parametrization in Eq. (1), we
obtain the calculated polarization vectors and spin corre-
lations as

P,=P; =0 (i=x,y,2), (13)
and
0 O
c=[o0o -1 ol. (14)
0 1

The vanishing polarizations for both B and B are
mandated by parity conservation in the strong decay of
a 0™ state. This pattern, C,, = —C,,, = C_,, is a character-
istic of the spin-triplet state, which can be understood as the
joint projection measurement. Alice and Bob jointly share
a Bell state |y, ), and they make a correlation measure-
ment with the operator Pi =1(/+n-o¢), and C; =
(P —P7) ® (P{ — P7) withi = x, y, and z. For the pure
states, the entanglement of BB can be described by the von
Neumann entropy of their partial traces, i.e., py=
Trp(p®?) =diag(1/2,1/2), and H=-3", p;log,(p;) =1.
The entanglement in y.; decays will be uniformly

'"This corresponds to that in the spin basis |y ), =

L) 1),
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described using the quantum concurrence in Secs. [Vand V,
respectively. This case indicates that the BB pair from the
X0 decay is produced in a pure, maximally entangled
quantum state.

B. Xel — BB

The decay of y, — BB exhibits a very interesting
helicity selection rule. Although the helicity states of the
final-state baryons belong to a spin-1 triplet, due to the
conservation requirement of C parity, only the helicity state
with B} iy = -B!, /2.1/2 contributes. Therefore, only
the state with total spin 0 exists, i.e.,

p10) o B%/2,-1/2(|T>|l> - |¢>|T>)

Except for a normalization factor By, _; », its helicity state
is exactly the same as the spin singlet. This brings great
convenience to our calculation.

According to Eq. (10), the joint spin density matrix of
BB is calculated as

0 0 0
0 1 (2—r?) sin® 6,
BB _ 2 2+3r3+(r?=2) cos 26,
P = (2—-r2)5in® 6, 1 0
2+3r7+(ri-2) cos 26, 2
0 0 0 0

(15)

Here the parameter r; comes from the p#!. In the E1
transition assumption, one has r; = 1. The baryon and

antibaryon polarization can be calculated with P; =
Tr(p®86; ® I) and P; = Tr(pPP1 ® o;), respectively, and
we find

P;=P; =0(i=xy,2), (16)
and the correlation parameters can be calculated with
Cij = Tr(p?86; ® 0;); then one has

2(2-r}) sin® 6,

2+3r3+(r2-2) cos 26, 0 0

C = 2(2—12)sin? 0 . 17
0 2+3r%+(r%—2) co; 20, 0 ( )
0 0 -1

The structure of the spin density matrix pB% clearly
shows how C-parity conservation restricts helicity choices
in y.; = BB decay. Nonzero spin density matrix elements
appear only for the helicity basis states [1)[{) and |{)|1)-
The elements for |1)|1) and |} )|]) are all zero. The off-
diagonal elements contain terms that depend on 6, coming
from the mother particle having spin 1. This is different
from the spin-0 case. For spin correlation, C,, = —1. This
means Alice and Bob measure opposite helicities for the
particles. It is a direct result of the helicity selection rule.

One key point to emphasize is this: In the decay of y .,
the helicity selection rule forces the final-state baryon spins
into a Bell-state singlet form. However, compared to the
singlet produced from a spin-0 mother particle, its spin
density matrix has very different properties. The standard
Bell-state singlet is a pure state. Its density matrix satisfies
Tr(p?) = 1. However, for y,, decay, we find Tr(p?) < 1.
This shows the BB system is in a mixed state. Therefore, its
quantum concurrence is less than 1. We will discuss this in
detail in the next section.

C.x. — BB
Using this y., density matrix in Eq. (9), we derive the
joint spin density matrix pB2 for the baryon-antibaryon
system. Its structure is given by

& _ ]:Ze—[Ad) ]:ZE—LA(I) Q
2F, 4F, 4F, 2F,
_Fet®  F-F, Fy  _Fpet®
o 4F, 2F, 27, 47, (18)
Frels® Ts Fi=Fy  Fet® |’
4F, 2F, 2F, 47,
& _ er—iAG) ]_-Ze—iAd) &
2F, 4F, 47, 27,

where the 6;- and x-dependent functions F;-F, are
given by

Fi = (1+3c0820,)* + 6r}sin* 0 + 2x*(r3(3 4 cos 20;) sin> 0 + r3(2 + cos 20, + cos46;)) + 6(r3 + x*) sin? 20, ,

F, =2V/6xsin20, (3 sin 26, + (213 — 3) cos 260, — 1),

F3 = —6x?sin? 20| + 4r3x? sin* 0, + 4r5x?(1 + 2 cos 20, ) sin® 0},

F4=(143c0s20,)* + 6r3sin* 0, + 613 sin” 20,.

(19)

Here, F is the normalization factor, corresponding to the unpolarized cross section.
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The polarization vectors of baryons are calculated to be

Pi:Pi:O (i:.x,z),
= FrsinA®

=-P,
Y jc'l

(20)

Measuring P, depends on the interference between
helicity amplitudes By, 1> and B_; ), ;». The interference
strength is proportional to the sine of their phase difference.
After integrating over #; in the full phase space, we obtain
the net transverse polarization P,. This essentially comes
from the polarization transfer from y.,. The polarization of
X originates from the electromagnetic transition process
of y(2S): y., becomes polarized by coupling with tensor-
polarized photons.

The expressions for C;; are given as

F3+F, 0 F,cos AD
Fi Fi
— F3=Fs
C= 0 Ef0 | ()
_ Fycos AD 0 2F—F,
Fi Fy

Unlike y ¢ 1, the y, particle has more spin states. This makes
it possible to measure certain spin correlations, like C.,. The
signal also comes from interference between the amplitudes
By/21/2 and B_y ), /,. However, the variety of spin states
also dilutes quantum entanglement between the final-state
baryons. This results in a highly mixed density matrix, which
lowers the entanglement level. This feature has been con-
firmed in y., decays into vector meson pairs [17].

Notably, both the polarization P and the correlation
tensor C;; depend not only on the phase A® but also
on the relative magnitude x of the helicity amplitudes.
Experimentally, the parameters x and A® can be deter-
mined through a joint angular distribution analysis of the
BB decay chain. Theoretically, the relative magnitude x
can be calculated within frameworks such as the quark
model or QCD-inspired approaches, which provides a first-
principles prediction for the decay dynamics. This interplay
between a measurable quantum correlation pattern (Py, C;;)
and the fundamental dynamical parameters (x, A®) makes
the y. system a unique laboratory for testing decay
models. The Bell nonlocality and entanglement will be
explored in Secs. IV and V.

IV. BELL NONLOCALITY IN y,; — BB DECAYS

Bell’s theorem, through the derivation of the Clauser-
Horne-Shimony-Holt (CHSH) inequality [3], provides a
quantitative criterion to assess whether the correlations
exhibited by a quantum state are compatible with local
hidden variable theories. A violation of the CHSH inequal-
ity (m, > 1) signals that, under the premise that the
quantum mechanics framework is accepted, the correlation

predicted by the quantum state cannot be reproduced by
any local hidden variable theory [21].

However, the test of CHSH inequality at colliders
remains an open question regarding its ability to refute
local realism, primarily due to fundamental differences
from optical Bell test setups. Collider experiments rely on
quantum-state tomography to reconstruct the spin density
matrix from angular distributions of decay products,
rather than allowing experimenters to freely and independ-
ently choose measurement settings. This absence of tunable
optical inputs introduces an element of trust in the
experimental platform, meaning the results constitute a
witness of Bell nonlocality rather than a true, device-
independent Bell test. The effectiveness and significance of
this loophole are different in collider experiments from
those in optical experiments and have been revisited in
Refs. [17,22,23]. As reported recently in a BESIII meas-
urement, the high significance of AA spin correlations has
been observed, addressing the locality loophole by exploit-
ing the weak decay distances of hyperons to achieve
spacelike separation [14].

Nevertheless, showing that a quantum state violates a
Bell inequality is still a significant physical result. It tells us
that the spin correlations in a decay process cannot be
explained by local realism. As a unique quantum feature,
entanglement is not only widely applied in quantum
science but also demonstrates novel value in high-energy
particle physics: it can serve as a sensitive quantum probe
in the search for evidence of CP violation [24]. In this
spirit, we do not claim a definitive loophole-free test of the
CHSH inequality. Instead, we use the helicity amplitudes
measured by BESIII to see if the y.; — BB system shows
signs of Bell nonlocality. This gives us a concrete, data-
driven foundation for planning future experiments.

To assess whether the y., — BB system exhibits
Bell nonlocality, the experimentally measured spin corre-
lation data are used to construct the correlation matrix C
in Eq. (1). The symmetric matrix M = CCT is then
formed, and its eigenvalues m; > m, > ms3 are computed.
According to the Horodecki condition [21], the Bell
inequality 7, < 2 is violated if and only if m; + m, > 1.
The maximum value of the CHSH observable for a given
quantum state is given by

BmaxLO] - 2\/ my + my, (22)

where m; and m, are the two largest eigenvalues of the
matrix M = CCT. A state is considered Bell nonlocal if it
violates the CHSH inequality, i.e., if

Blp| > 2. (23)
The quantity m;, = m; + m, (with m, € [0, 2]) serves as

a direct measure of the nonlocality, with the violation
condition becoming m;, > 1.
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Using the correlation tensors C;; derived in Sec. IIl, we compute the measure m;, for each y ., — BB decay,

m; = 2, for Xc0»
(2 — r3)sin?0,
=1
miz =t <2r§ + (2 - )sin’6,

mi, = Max(ml + my, nmy + ms, mp + m3),

2
), for y.,

for y. (24)

For y,,, the eigenvalues m; (with i = 1, 2, 3) of M = CT C are functions of F,—F, defined in Eqgs. (18) and (19). Their

explicit forms are

(f% + 3+ F3—4F 1 Fy+ 27374 + 5F; + F3c08 200

—\/(.Fl+f3—F4)2((—f1+.7:3+3F4)2+2F%COS(2A(D)+2.7:%)>,

(Fs=Fu)?
ml—i}_% .
1
My = —
2R

1
my; = —
Y

(ﬁ P P A\ Fa 4 2FsFu + SF 4 Floos 200

+ \/(f, + F3 = Fa)*((=F 1 + F3 4 3F4)* + 2F3 cos(2AD) + 2?5)).

The y .o decay yields maximal violation with m, = 2,
due to the maximum entanglement of BB pair, while the
calculation of m;, depends on the helicity amplitude ratio
in the y, , decays. The full numerical analysis and physical
implications are presented in Sec. VI.

V. QUANTUM ENTANGLEMENT
IN 4., — BB DECAYS

Quantum entanglement, as a form of nonclassical cor-
relation, serves as a fundamental resource for quantum
information processing. For the bipartite BB system
described by the density matrix p?2, the entanglement of
formation is quantified by the concurrence C[p] [25].

For pure states, quantum entanglement can be quantified
using the von Neumann entropy. Here, however, we
uniformly adopt concurrence to measure the entanglement
in the BB system. For a density matrix p, the concurrence
is defined as C[p] = max(0,t, — 1, — 13 — t4), wWhere #; are
the square roots of the eigenvalues of the matrix R =
plo, ® 6,)p* (0, ® 6,) in decreasing order. A state is
separable if C[p] = 0 and maximally entangled if C[p] = 1.

Using the joint spin density matrices p®% derived in
Sec. III, we calculate the concurrence for the y.; decays,

Clpl =1,
Clpl

for y.o,
(2 = r¥)sin?0,

= , for y.. 26
277 + (2 - P2)sin’6, Koo (26)

(25)

|
For y.,, the concurrence depends on 0, x, and A® and will
be analyzed numerically in Sec. VI.

The results indicate that the y ., state is maximally entan-
gled, while the entanglement of y.; is modulated, and no
clear evidence of entanglement is observed in y., decays.

VI. NUMERICAL ANALYSIS AND
PHENOMENOLOGICAL DISCUSSION

A. Input parameters

We now give a full numerical estimation, based on our
earlier analysis in Secs. IV and V. To move from general
formulas to clear predictions, we use measured or constrained
experimental values as listed in Table II. For the y(25) —
YXc12 decays, the parameters r; (i =1, 2, 3) and A®;
(j =2, 3) defined in Egs. (8) and (9) are taken as the
measurements [19] r; =1.037+0.055,r, =1.48 £0.148,
r;=1.854+0.180, and A®; =0.042£0.112,AD, =
0.37 +£0.21,A®; = 0.13+0.13 in units of rad. For

TABLE II. Summary of angular distribution parameters in
X2 = BB decays.

Decays ay X AD Ref.
X2 = DD -026+0.17 x=131+£1.15 z/2 (fixed) [26]
Yoo = AN —02114£0.112 x =174+ 0.15 —-0.37+£0.16 [19]
Yoo = 2020 —0.65+0.38 xe€(0,1.25) /2 (fixed) [27]

Yo —EEY —034+034  x =088 7/2 (fixed)
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TABLE III. Entanglement and Bell nonlocality in y., — BB
decays as functions of x.

X range Concurrence C CHSH violation
x=0 c=1 Violated (B = 2v/2)
0<x<0.678 0<C<1 Violated (B > 2)
0.678 < x < 1.045 0<Cx<l1 Not violated (B < 2)
1.045 < x <2.231 C=0 Not violated
2.231 < x < 8.969 0<C<1 Not violated

x > 8.969 0<C<1 Violated (5 > 2)

Xe> — BB decays, the amplitude ratio x is extracted using
the baryon angular distribution parameters according to the
Eqgs. (11). The x values are given in Table III.

B. Profile of Bell nonlocality

We employ the Horodecki condition m, to quantify Bell
nonlocality in the decays of y,; states. The y . state yields a
constant value of m;, = 2, corresponding to a maximal and
uniform violation of the Bell inequality across all angles.

Figure 2 shows the distribution of m, as a function of
the baryon helicity angle cos 6. The distribution peaks at
cos 0; = 0, with the shaded band representing the uncer-
tainty from the parameter r;. A y? estimation yields a
significance of 2.7¢ for the hypothesism, > 1 at@ = /2,
indicating that the observed Bell inequality violation is not
statistically significant. From Egs. (24) and (26), one has a
relation between the m;, and quantum concurrence C for
BB system in y., decays,

m;, =1+C. (27)

Figure 3 presents the Horodecki condition m, distri-
bution as a function of cos 8, for y., decays into different
baryon-antibaryon final states. The solid line represents the
m, values calculated using the extracted parameters x,
while the shaded band indicates the uncertainty originating
from the errors on x. Apart from the A® accessible in

r = 1.037 £ 0.057
mp =1

1.00
—1.0 —0.5 0.0 0.5 1.0
cos by

FIG. 2. The Horodecki condition m, as functions of cos 6; of
the baryon in ete™ — w(2S) = yxe1.xe1 — BB decays. The
parameter r; is fixed at 1.307 + 0.057.

2.0 2.0
)(L'Z_’E-ié+ Xe2—>pp
1.5 x=0.88 +1.51 1.5 x=131+1.15
AD=1.57 AD=1.57
Eﬁ 1.0 é: 1.0
_/\_
0.5 0.5
_/_\
0'91.0 -0.5 0.0 0.5 1.0 0'91.0 -0.5 0.0 0.5 1.0
cosO cosO;
2.0 2.0
X2 = =050 X2 — AA
L5 — x5 129 L5 x=174+0.15
AD=1.57 A= -0.37

R

0.5 0.5
E——————
0 =5 o0 o5 10 Yo 05 00 05 10
cos0; cos0
FIG. 3. The Horodecki condition m, as functions of cos 8, in

X2 — BB decays with r2, r3 fixed to the measurements [19]. The
line is calculated with the center value of x.

X — AA decays, the relative phase has not been measured
in other modes. Therefore, for the Z°2°, ==+, and pp
channels, A® is set to z/2. For the y,, — AA decay, the
condition m, < 1 is significantly observed, indicating no
violation of the Bell inequality. For other decay channels,
we also find no evidence of Bell inequality violation, due to

the large uncertainties in the measured x parameters.

C. Profile of quantum entanglement

We employ concurrence Clp| to quantify the entangle-
ment of the BB system in y,.; decays. For the pure y state,
the concurrence reaches its maximum value of Clp] =1,
which equals the von Neumann entropy after tracing out
one subsystem from the density matrix pB2. Figure 4 shows
the angular dependence of concurrence of the BB states
produced from y,.; decays. It has a bell-like shape, with
maximum ~0.3 at 0 = z/2.

Figure 5 shows the concurrence for the BB states from
¥ decays. With the extracted x values, we find no

i = 1.037 £ 0.057
0.3
=02
(S}
0.1
0.0
—-1.0 —05 0.0 0.5 1.0

cos 6y

FIG. 4. The concurrence C[p] as functions of cos 6, in ete™ —
w(2S) = ¥¥e1,Xet = BB decays.
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1.00 1.00
0o BtE X2 Db
0.75 x=0.88 + 1.51 0.75 — x=131%115
AD=1.57 AD=1.57
— 050 —0.50
= =
Q Q
025 0.25
_/—\
0.00 0.00
-10 -05 00 05 10 -10 -05 00 05 10
cos0; cos0y
1.00 1.00
=050 A
R dCNC) X2 = AA
0.75 — 00<x<125 | 075 Y= 174+0.15
AD=157 AD= —037
— 050 —0.50
= e <.
) QO
025 0.25
0.00 0.00
-10 -05 00 05 10 -10 -05 00 05 L0
cos0 cos0;
FIG. 5. The concurrence C[p] as functions of cos0; in ete™ —

w(2S) = yxe2.xe2 — BB decays. The line is calculated with the
center values of x.

indication of concurrence for the pp, Z°Z°, 2-2*, and AA
states.

For the y., decays, the Horodecki parameter satisfies
m, < 1. Therefore, no violation of the Bell inequality is
observed in these channels. Instead, one may examine the
entanglement content of the BB pair via negativity, and
it can be shown that the pair is separable. The partial
transposition of p® can be obtained by transposing the
2 x 2 submatrix of p?8; if all eigenvalues of p? are non-
negative, the BB pair is in a separable state [28]. Using the
measured parameters for y. production, the separable
condition is found to be 1.045 < x <2.231. Within the
1o range of the estimated parameter x, all values satisfy this
separable condition.

D. Feasibility and prospects

Based on the numerical results obtained from current
experimental inputs, we now assess the feasibility of
observing the predicted quantum correlations. This assess-
ment takes into account the existing BESIII datasets and
other facilities.

1. Current data and future precision

BESIII has accumulated the world’s largest sample of
w(2S) events. For w(2S) = yycs. ey — AA decay, BESIII
has recently published a high-statistics partial wave analy-
sis using the full y/(2S) data sample of 2.712 x 10° events
[19]. Both the helicity amplitude ratios and the relative
phase angles are measured with high precision, and syste-
matic uncertainties dominate the error budget (e.g., R, , =
0.575+0.048 +0.018, A®, = —0.37 4 0.15 & 0.05 rad).
Consequently, the extracted m;, and concurrence for this
channel are sufficiently precise to conclusively verify that
the Horodecki condition is satisfied.

For y., — pp and y., — EE decays, the BESIII
measurements are only based on partial datasets (pp:
1.06 x 108 w(2S) events [26], E-EF, E0=0: 4.481 x
10® w(2S) events [27]). The branching fractions of these
decay modes are of the same order as that of y.; — AA
[typically O(10™*~107%)]. Therefore, with the full
2.712 x 10° y(2S) data sample available at BESIII, the
signal yields for pp and 2= as well as XX final states are
expected to be comparable to those of the AA channel. By
scaling the systematic uncertainties from the AA measure-
ment, we estimate that the precision of helicity parameters
for these channels could be improved by a factor of 2-3
once the full dataset is analyzed. This would significantly
reduce the error bands as shown in the figures of these
decay modes and enable one to draw definitive conclusions
on their Bell nonlocality and entanglement properties.

2. Prospects at other facilities

Building on the above analysis, we next examine the
feasibility of investigating y., — BB decays at other high-
energy collider experiments.

LHCb and the Belle experiments offer valuable oppor-
tunities for heavy-flavor physics, but two challenges are
confronted to probe y., — BB decays: low signal yield and
the complexity of reconstructing the spin density matrix.

At LHCb, y,; states are predominantly produced via
b-hadron decays (B — y.;K) [29] or prompt production in
pp collisions [30], but the yield is less than a tenth of that
at BESIII. At the Belle experiments, which operates at
the Y (4S) resonance [31,32], the production rate via an
initial-state radiation (ISR) process, eTe™ — yiry(25),
and y(2S) — yy.; is also severely suppressed, with yields
orders of magnitude below BESIII’s 2.7 x 10° sample [33].
Both experiments face a fundamental challenge to recon-
struct the y., spin density matrix. Compared to eTe”
annihilation at BESIII, the y.; mesons may be abundantly
produced via other mechanisms at both facilities, but their
spin density matrices are not directly accessible. One has
to do a partial wave analysis to extract the helicity
amplitudes of y; states by considering different production
mechanisms. Nevertheless, if these matrices can be exper-
imentally reconstructed, the same quantum tomography
framework remains applicable.

The proposed Super 7-Charm Factory (STCF) in China is
designed to operate in the z-charm energy region with a
peak luminosity of 0.5 x 10* cm=2s~!, which is 2 orders
of magnitude higher than BEPCII [34]. With such a facility,
the production rate of w(2S) — yy.; events would be
increased by a factor of ~100. With sufficiently high
statistics, it would reduce statistical uncertainties to the
subpercent level, and the measurement precision would be
dominated by systematic uncertainties, enabling percent-
level tests of quantum correlation and measurements of
helicity parameters for all ground baryonic pairs. If a
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polarized electron beam is used at the STCF in the future,
the hyperons will acquire a longitudinal polarization. This
will significantly enhance the spin analysis power for
hyperons [35,36], thereby providing more favorable con-
ditions for studying the polarization correlation of baryon
pairs and for testing Bell’s inequality with polarized
beams [37]. This would address the fundamental limita-
tions discussed in Sec. IV. Therefore, the STCF represents
the definitive future facility for the kind of quantum
foundation studies advocated in this work.

VII. SUMMARY AND OUTLOOK

In this work, we have presented a comprehensive
theoretical analysis of Bell nonlocality and quantum entan-
glement in the decays y.; — BB (J = 0, 1, 2), specifically
for y.; mesons produced via the radiative transition
w(2S) — yy.; in ete™ annihilation. By deriving the joint
spin density matrix for the baryon-antibaryon system within
the helicity formalism, we computed the complete set of
polarization and spin correlation parameters. From these, we
obtained analytical formulas for the Bell measure m;, and
the concurrence Clp], revealing a striking and hierarchical
picture of quantum correlations across the y.; family under
this well-defined production condition.

The y., decay yields a BB pair in a pure, maximally
entangled spin-triplet state (C[p] = 1), which guarantees a
maximal violation of the Bell inequality (m;, = 2). In
contrast, the y.; decay produces a state with persistent, yet
nonmaximal, entanglement and Bell nonlocality that
depends on the angular distribution; violation is observed
over a wide angular range and disappears only exactly in
the forward and backward directions, where transverse spin
correlations are quenched. Within the uncertainty of the
estimated helicity parameters for y., — BB, we find that
the BB pair is in a separable state, and no indication of Bell
inequality violation is observed. Using the Horodecki

criterion and the quantum concurrence, we show their
dependence on the helicity ratio x as presented in Table III.

The predictions in this work are specific to the produc-
tion chain ete™ — w(2S) — yy.;. They can be tested
directly at BESIII using its full w(2S) data sample.
Looking forward, this analysis provides clear, measurable
benchmarks for experiments at BESIII and future facilities
such as the Super Tau-Charm Factory. In particular, the
predicted angular distributions for y ., decays offer a direct
means to extract the parameters x and A® more accurately.
Precise measurement of these parameters will help infer
quantum correlations via the mapping established in this
work. A detailed assessment of the experimental feasibility,
including the required event yields and the prospects at
BESIII, LHCb, the Belle experiments, and future STCEF, is
also presented (see Sec. VID). These indicate that the y,;
system produced via this radiative transition serves as a
calibrated laboratory at the intersection of quantum infor-
mation science and high-energy physics. Furthermore,
studying quantum correlations in charmonium decays
opens a new window into foundational quantum mechan-
ics, enabling tests at energy scales and in regimes that are
far removed from traditional optical experiments.
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