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Nonlinear Compton scattering is the process of emission of a single photon by a charge driven by an
intense laser field. Here, we study the infrared behavior of the photon yield emitted via nonlinear Compton
scattering. We first consider the idealized case of an electron in the presence of a plane wave and derive an
analytical expression of the total yield in the form of a double integral over the laser phase. As it is known,
the total yield is finite in the experimentally common case of a plane wave laser field without a dc
component whereas it diverges logarithmically in the complementary case of so-called unipolar fields. The
divergence is found here to correspond to the longer-and-longer formation lengths of emitted photons with
lower-and-lower frequency. Interestingly, we also find that the corrections to the Volkov states stemming
from the fact that the field is unipolar cancel out in the computation of the probability of nonlinear Compton
scattering, which is in agreement with the fact that in the classical limit the expression of the photon yield is
independent of whether the plane wave is unipolar or not. Then, we pass to the more realistic case of an
electron in a tightly focused laser beam by assuming that the electron is ultrarelativistic. In this case we
determine analytically the classical angular distribution of the yield of photons with an energy larger than a
fixed value ℏωm as a double integral over the electron’s trajectory. Indeed, in the case of a focused laser
beam the electron does typically undergo a net acceleration and it is therefore appropriate to fix a lower
bound to avoid the infrared divergence. After obtaining also the corresponding quantum expression of the
angular distribution of the photon yield within the quasiclassical approximation, we determine analytically
the leading-order quantum correction, which scales as ℏωm=ε, where ε is the initial electron energy.
Considerations on the experimental feasibility of the found results in the latter situations are also presented.

DOI: 10.1103/854z-dc2g

I. INTRODUCTION

An accelerated charge emits electromagnetic radiation
[1,2]. Classically, the emission is theoretically allowed for
arbitrary angular frequencies ω, whereas quantum mechan-
ically an upper limit is set by the fact that a photon with
angular frequency ω carries an energy ℏω (quantum recoil)
[3]. Here, we are specifically interested in the low-energy
regime ℏω → 0, in which the radiation is “soft.” The
emission of radiation with arbitrarily low frequencies
depends on the global acceleration that the charge under-
goes and not on the local properties of its motion. In other
words, the radiation energy spectrum from a pointlike

charge with initial four-momentum pα and final four-
momentum p0α after the interaction with an external agent,
is different from zero in the soft limit ω → 0 if and only if
p0α ≠ pα [1]. When this limit is not zero, the quantum
mechanical photon number spectrum, or the classical
energy spectrum divided by ℏω, diverges logarithmically
[1,2,4]. These considerations can be readily proven clas-
sically, recalling that the spectrum of radiation with four-
momentum kα ¼ ωnα by a pointlike charge depends on the
square modulus of the four-current (units with ϵ0 ¼ ℏ ¼
c ¼ 1 are used here and below) [1,2],

JαðkÞ ¼ ie
Z

dτ
d
dτ

�
παðτÞ
ðkπðτÞÞ

�
eiðkxðτÞÞ; ð1Þ

where xαðτÞ and παðτÞ are the particle’s four-position and
four-momentum, respectively, as functions of the charge
proper time τ and where ðabÞ indicates the four-dimen-
sional scalar product between two generic four-vectors aμ

and bμ [the metric tensor ημν ¼ diagðþ1;−1;−1;−1Þ is
assumed]. For the sake of definiteness, we have implicitly
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assumed the charge to be an electron with charge e < 0 and
mass m.
It is manifest that for the four-current to have a zero-

frequency Fourier component, the electron has to undergo a
net (or global) acceleration. Indeed, in the low-energy limit,
the familiar expression [1,4],

JαðkÞ¼IRie
�

p0α

ðkp0Þ −
pα

ðkpÞ
�
; ð2Þ

is obtained, showing that JαðkÞ ∼IR 1=ω. This in turn implies
that in the infrared limit the energy spectrum tends to a

constant value dE ∝ jJðkÞj2d3k ∼IRCdωdΩ.
The above classical considerations only rely on the given

trajectory of the electron. We now consider an electron
driven by an external electromagnetic field. In the case of a
general field configuration, the electron will undergo a net
acceleration. Ideal plane waves represent an exception:
when the plane wave does not feature a dc component and
when the interaction of the electron with its own field is
neglected, the electron does not undergo a net acceleration.
We recall that the self interaction of a particle with its own
electromagnetic field goes under the name of radiation
reaction. This phenomenon has been widely studied in the
literature for several decades (apart from the original works
in Refs. [5,6], we refer the reader to the reviews [7–10]) but
only recently measured [11–14].
The classical emission from a charge in a strong laser

field is known as nonlinear Thomson scattering and a
detailed analysis of its soft limit including radiation
reaction in a plane wave has been presented in
Ref. [15]. Such a configuration is theoretically interesting
for its mathematical simplicity and experimentally relevant
as an idealized model for laser-particle interactions. Here,
we first study the soft limit of such a process, including the
possibility of the plane wave featuring a dc component
(unipolar fields). Moreover, we analyze the emission in a
more general field configuration and its connection with the
semiclassical limit of nonlinear Compton scattering, i.e.,
the emission of a single photon in a plane wave including
quantum effects [7,10].
Although the infrared divergence of the photon number

has no physical meaning from a classical point of view, in a
quantum perspective it underlines an intrinsic interpreta-
tional problem. In fact, the number of photons is an
observable quantity and, as such, one would expect it to
be unambiguously finite (see below). Besides this, pertur-
bation theory in quantum field theory brings additional
issues in the infrared sector and infrared divergences have
left substantial traces in the literature [16–19]. Indeed, it has
been noticed since the early developments of QED that
bremsstrahlung amplitudes lead to infrared divergent prob-
abilities. As a typical example, one can consider the
scattering of an electron by a heavy charged particle.
Leaving aside the heavy scatterer whose dynamics can

be ignored, one finds a well-known result: the amplitude for
the emission of a soft photon with four-momentum kμ and
polarization four-vector eμl ðkÞ by the electron factorizes by
a term proportional to ðJðkÞe�l ðkÞÞ [see Eq. (2)] [4,16],

Mγ¼IRe
�ðp0e�l ðkÞÞ

ðkp0Þ −
ðpe�l ðkÞÞ
ðkpÞ

�
M0; ð3Þ

where Mγ (M0) is the amplitude for the process with
(without) the emission of the real soft photon. This
amplitude can be squared and integrated to find the
corresponding cross section. In the process of calculating
the total cross section, however, a logarithmic divergence
arises, which needs to be regularized. This is a clear
difference as compared to the classical framework, and it
is also the source of a problem, which is not interpretational
but structural. If a theory is plagued with ultraviolet
divergences, in fact, one can eliminate them with a
renormalization procedure [4,20]. Clearly, this cannot be
carried out for the infrared divergences, which are large-
scale (low-energy) limits of the theory, and as such they
have to reproduce the classical results. The solution of such
issues in QED comes from the Bloch-Nordsieck theorem
[16], which basically shows how real bremsstrahlung
infrared divergences cancel out with virtual corrections,
such that the observable cross sections are independent of
the regularization parameters. Following this procedure,
one obtains a finite cross section, which, however, depends
on the minimum photon energy measurable by the detector
(detector resolution), and it diverges logarithmically for a
detector with infinite resolution [4,20]. Indeed, massless
quanta in an infinite volume can have arbitrarily small
energy (large wavelength) and the integrated probability of
emitting such particles does grow logarithmically.
Nevertheless, to measure arbitrarily small energies, i.e.,
large wavelengths, one would need an arbitrarily large
experimental apparatus. Thus, the measurement of zero-
frequency radiation is as unphysical as requiring an
infinitely large photon detector. This is a quite unique
feature as the probability of an elementary process does
depend on the characteristics of the measuring device.
We now consider QED in a strong electromagnetic

background. Strong-field QED (SF-QED) describes the
properties of a quantum system interacting with a strong
electromagnetic field, which is treated as a classical
background field. By “strong” one means that the back-
ground field measured in the reference system of the
charged particles like the electrons is comparable with
the corresponding Schwinger critical field Fcr ¼ m2=jej ¼
1.3 × 1016 V=cm [7,9,10]. This requirement is expressed

by means of the quantum nonlinearity parameter χ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðpμFμνÞ2

q
=mFcr via the condition χ ≳ 1. Here, Fμν is

the constant Maxwell tensor characterizing the peak
amplitude of the background electromagnetic field.
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In the following, we will study the infrared limit of both
nonlinear Thomson and Compton scattering. The infrared
behavior of the spectrum in nonlinear Compton scattering
has also been studied in Refs. [21–25]. We will see how the
presence of a dc component can be treated within the plane
wave model, as previously investigated in Refs. [21,22].
We will show how the production of soft photons and
the soft divergences can be interpreted in terms of the
longer-and-longer formation lengths of photons with
larger-and-larger wavelengths. Additionally, the more
realistic setup of an electron interacting with a tightly
focused laser beam will be analyzed both analytically
and numerically. In the SF-QED case this is carried out
within the quasiclassical method, where the electron
energy is assumed to be the largest dynamical energy in
the problem [26–28].
The paper is organized as follows: in Sec. II the angularly

integrated spectrum of nonlinear Compton scattering in a
plane wave is analyzed, with a particular focus on its
infrared limit. Also, the connection between soft radiation
and large formation length is established, and the gener-
alizations of the previous considerations including radia-
tion-reaction effects are discussed. Section III is devoted to
the study of the angular distribution of photons emitted
with a frequency larger than a fixed value. Section IV deals
with the issue of defining asymptotic in- and out-states in a
unipolar plane-wave field and with nonlinear Compton
scattering in such fields. Finally, Sec. V extends the results
of Sec. III to the case of nonlinear Compton scattering by
an ultrarelativistic electron in an arbitrary background field
and the first quantum correction to the infrared limit of the
spectrum is calculated within the quasiclassical approxi-
mation. The main conclusions of the paper are presented in
Sec. VI. An Appendix contains technical details on the
calculation of the probability of nonlinear Compton scat-
tering in a tightly-focused laser field within the quasiclass-
ical approximation.

II. INTEGRATED PHOTON YIELD VIA
NONLINEAR COMPTON SCATTERING IN A

PLANE WAVE

In a plane wave background, the differential probability
dP=d3k of photon emission via nonlinear Compton scatter-
ing per unit of photon momentum k is well known and has
been studied in several publications (see the reviews
[7,9,10,29–32] and the more recent papers [33–35]). We
refer here to the results presented in Ref. [36], as we will
use the same notation.
We consider an electron with initial four-momentum

pμ ¼ ðε; pÞ, colliding with a plane wave whose propagation
direction is denoted by nL (n2L ¼ 1). The plane wave is
described by the four-vector potential AμðϕÞ ¼ ð0;A⊥ðϕÞÞ,
where ϕ ¼ ðnxÞ ¼ t − nL · x (i.e., nμL ¼ ð1; nLÞ), and
where nL · A⊥ðϕÞ ¼ 0 and limϕ→−∞ A⊥ðϕÞ ¼ 0 [i.e., the
four-potential is chosen in the Lorenz gauge ∂μAμðϕÞ ¼ 0].
We assume that the function A⊥ðϕÞ is “physically” well
behaved in the sense that it is continuous with its derivative
everywhere [37]. For the moment, we do not make any
assumption about the limit limϕ→þ∞ A⊥ðϕÞ ¼ A⊥ð∞Þ
because the value of A⊥ð∞Þ distinguishes whether the
plane wave is unipolar (A⊥ð∞Þ ≠ 0) or not (A⊥ð∞Þ ¼ 0).
Since the plane wave depends only on the variable ϕ, it is
convenient to introduce the light-cone coordinates
T ¼ ðtþ nL · xÞ=2, x⊥ ¼ x − ðnL · xÞnL, together with
ϕ ¼ t − nL · x, as well as the light-cone components
vþ ¼ ðv0 þ nL · vÞ=2, v⊥ ¼ v − ðnL · vÞnL, and v− ¼
v0 − nL · v of an arbitrary four-vector vμ ¼ ðv0;vÞ.
Assuming that the emitted photon (outgoing electron)
is characterized by a four-momentum kμ ¼ ðω; kÞ
(p0μ ¼ ðε0; p0Þ), the leading-order emission probability
dP=d3k averaged (summed) over all initial (final) discrete
quantum numbers can be computed starting from the
corresponding S-matrix element within the Furry picture
[3]. By referring the reader to Ref. [36] for more details, we
report here the final result in the form,

dP
d3k

¼ −
1

4π2
αm2

p−p0
−ω

Z
dϕdϕ0e−i

k−m2

2p−p0−

R
ϕ0
ϕ

dϕ̃f1þ½p⊥m −p−
k−

k⊥
m −ξ⊥ðϕ̃Þ�2g

�
1þ 1

4

p2
− þ p02

−

p−p0
−

½ξ⊥ðϕÞ − ξ⊥ðϕ0Þ�2
�
; ð4Þ

where p0
− ¼ p− − k− and ξ⊥ðϕÞ ¼ eA⊥ðϕÞ=m. By passing from the variable kk ¼ k · nL to the variable

k− ¼ ω − kk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þ k2k

q
− kk, the resulting integral over the transverse photon momenta k⊥ is Gaussian and can be

taken analytically,

dP
dk−

¼ −i
α

2π

1

p−

ξ0
χ0

Z
dφdφ0

φ − φ0 þ i0

�
1þ p2

− þ p02
−

4p−p0
−

½ξ⊥ðφÞ − ξ⊥ðφ0Þ�2
�

× exp

	
i
1

2

k−
p0
−

ξ0
χ0

�
φ − φ0 þ

Z
φ

φ0
dφ̃ξ2⊥ðφ̃Þ −

1

φ − φ0

�Z
φ

φ0
dφ̃ξ⊥ðφ̃Þ

�
2
�


; ð5Þ
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where the classical and the quantum nonlinearity parameters ξ0 ¼ jejE0=mω0 and χ0 ¼ ðp−=mÞE0=Fcr, with E0 and ω0

being the amplitude of the electric field and the central angular frequency of the plane wave, respectively, have been
introduced together with the laser phase φ ¼ ω0ϕ (φ0 ¼ ω0ϕ

0). Also, the prescription φ − φ0 þ i0 results from requiring
that the integral over the transverse photon momenta is absolutely convergent. This prescription also ensures that the
emission probability vanishes if the external field vanishes. Finally, by passing to the variables φþ ¼ ðφþ φ0Þ=2 and
φ− ¼ φ − φ0, we obtain

dP
dk−

¼ −i
α

2π

1

p−

ξ0
χ0

Z
dφþdφ−

φ− þ i0

�
1þ p2

− þ p02
−

4p−p0
−

�
ξ⊥

�
φþ −

φ−

2

�
− ξ⊥

�
φþ þ φ−

2

��
2
�

× exp

	
i
2

k−
p0
−

ξ0
χ0

�
φ− þ

Z
φ−=2

−φ−=2
dφ̃ξ2⊥ðφþ þ φ̃Þ − 1

φ−

�Z
φ−=2

−φ−=2
dφ̃ξ⊥ðφþ þ φ̃Þ

�
2
�


: ð6Þ

Now, we would like to take also the integral over k− but
we should keep in mind that the result will only have a
formal validity in the case of a unipolar plane wave
because the corresponding total probability is (logarithmi-
cally) divergent. This is an example of soft or infrared
divergences, which correspond to the fact that in a collision
phenomenon an electron can potentially emit an infinite
number of photons with lower-and-lower energy, such that
the total emitted energy still remains finite [1,4,38]. This
can be recognized already at the classical level, if one
computes the photon-emission yield by dividing the
emission energy spectrum by the “photon energy” ω
[1]. Indeed, as we have already mentioned in the
Introduction, one easily recognizes that if the final

momentum of the electron differs from the initial one,
the differential number of photons linearly diverges in the
limit ω → 0 such that the total photon yield diverges
logarithmically. By looking at the exact four-momentum of
an electron in a plane wave, one also sees that this occurs if
and only if (in the present case) A⊥ð∞Þ ≠ A⊥ð−∞Þ ¼ 0
(see, in particular, Refs. [21,22,25] for a detailed study of
the infrared behavior in nonlinear Compton scattering in a
plane wave).
By keeping in mind that the resulting expression is finite

only if A⊥ð∞Þ ¼ 0, the integral can be taken by passing to
the variable u ¼ k−=p0

− ¼ k−=ðp− − k−Þ. After explicitly
subtracting the (vanishing) probability at zero field, the
total probability can be written as

P ¼ α

2π

ξ0
χ0

Im
Z

dφþdφ−

φ−

Z
∞

0

du
1þ u

�
eiuΨ − eiuΨ0

1þ u
þ 1

4

�
1þ 1

ð1þ uÞ2
�

×

�
ξ⊥

�
φþ −

φ−

2

�
− ξ⊥

�
φþ þ φ−

2

��
2

eiuΨ
�
; ð7Þ

where we have removed the now unnecessary prescription at φ− ¼ 0 and where

Ψ ¼ 1

2

ξ0
χ0

φ−

�
1þ 1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ2⊥ðφþ þ φ̃Þ −

�
1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ⊥ðφþ þ φ̃Þ

�
2
�
; ð8Þ

Ψ0 ¼
1

2

ξ0
χ0

φ−: ð9Þ

The integrals in u can be expressed in terms of the incomplete Gamma function Γð0; zÞ [39], with z being a complex
number, because the following identities hold:

I1 ¼ Im
Z

∞

0

du
eiuΨ − eiuΨ0

ð1þ uÞ2 ¼ ΨRee−iΨΓð0;−iΨÞ − Ψ0Ree−iΨ0Γð0;−iΨ0Þ; ð10Þ

I2 ¼ Im
Z

∞

0

du
eiuΨ

1þ u
¼ Im e−iΨΓð0;−iΨÞ; ð11Þ

I3 ¼ Im
Z

∞

0

du
eiuΨ

ð1þ uÞ3 ¼
Ψ
2
−
Ψ2

2
Im e−iΨΓð0;−iΨÞ: ð12Þ
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The expression of the total probability in Eq. (7), with the integrals I1, I2, and I3 expressed in terms of the incomplete
gamma function, is valid for an arbitrary (nonunipolar, in the sense specified above) plane wave and various limiting
expressions can be derived.
For example, the corresponding classical expression is obtained in the limit χ0 → 0. By expanding the incomplete gamma

functions [39] in the asymptotic limit of large second argument, the resulting “classical” probability Pc or photon yield is

Pc ¼
α

π

Z
dφþdφ−

φ2
−

�
1

2

�
ξ⊥

�
φþ −

φ−

2

�
− ξ⊥

�
φþ þ φ−

2

��
2

−
1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ2⊥ðφþ þ φ̃Þ þ

�
1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ⊥ðφþ þ φ̃Þ

�
2
�

×

�
1þ 1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ2⊥ðφþ þ φ̃Þ −

�
1

φ−

Z
φ−=2

−φ−=2
dφ̃ξ⊥ðφþ þ φ̃Þ

�
2
�

−1
: ð13Þ

The probability Pc can be equivalently calculated starting
from the classical differential energy spectrum [1],

dEc

d3k
¼ α

4π2

����
Z

dtn × ½n × vðtÞ�eiω
R

t

0
dt̃½1−n·vðt̃Þ�

����2; ð14Þ

emitted by an electron in the presence of the plane wave
under consideration and dividing it by the photon energy ω
before integrating it over d3k. Here, n ¼ k=ω and vðtÞ is
the electron velocity in the plane wave.
Analogously, one can compute the limiting expression

for χ0 ≫ 1. In this case it is convenient to first exploit the
symmetry of the integrand under the transformation
φ− → −φ− to write the integral over φ− from zero to
infinity. Again, by employing the asymptotic expression of
the incomplete Gamma function for small second argu-
ment, one obtains

P¼α

8

ξ0
χ0

Z
dφþ

Z
∞

0

dφ−

φ−

�
ξ⊥

�
φþ−

φ−

2

�
−ξ⊥

�
φþþ

φ−

2

��
2

;

for χ0≫1; ð15Þ

which is inversely proportional to χ0, or equivalently to the
initial electron energy.
In Fig. 1, we plot the total yield P as a function of χ0 in

the case of a nonunipolar, linearly polarized plane wave
with phase-dependent dimensionless amplitude given by
ξðφÞ ¼ ξ0 sinhðφÞ= cosh2ðφÞ, corresponding to a one-cycle
pulse. We set ξ0 ¼ 10 and the minimum plotted value of χ0
is 0.01. It can be seen that the value of the probability at
χ0 ¼ 0.01 differs from the value computed via Pc, equal to
0.15055, by less than 1%. On the other hand, the asymp-
totic at large χ0 given in Eq. (15) would provide a good
approximation (∼10%) only for χ0 ≳ 103 at the value of
ξ0 ¼ 10 under consideration.
Two other important limiting expressions can be

obtained. In the case of a weak plane wave, i.e., for
jξ⊥ðφÞj ≪ 1, the result for the total probability is obtained
from the corresponding weak-field limits I1;w, I2;w, and I3;w

of the integrals I1, I2, and I3, respectively. By setting
ΔΨ ¼ Ψ − Ψ0 and by noticing that the integrals I2 and I3
are already multiplied by a quadratic function in the
dimensionless field amplitude, we obtain

I1;w ¼ ΔΨRe½ð1 − iΨ0Þe−iΨ0Γð0;−iΨ0Þ − 1�; ð16Þ

I2;w ¼ Im e−iΨ0Γð0;−iΨ0Þ; ð17Þ

I3;w ¼ Ψ0

2
−
Ψ2

0

2
Im e−iΨ0Γð0;−iΨ0Þ: ð18Þ

Finally, the opposite limit jξ⊥ðφÞj ≫ 1 corresponds to the
locally constant field approximation (LCFA) because the
largest contribution of the integral over φ− comes from
the region jφ−j ≪ 1, such that one can approximate

ξ⊥
�
φþ þ φ−

2

�
− ξ⊥

�
φþ −

φ−

2

�
≈ ξ0⊥ðφþÞφ−; ð19Þ

0 2 4 6 8 10
0.06

0.08

0.10

0.12

0.14

0.16

χ0

P

FIG. 1. Total photon yield P as a function of χ0 for numerical
parameters given in the text.
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Z
φ−=2

−φ−=2
dφ̃ξ2⊥ðφþ þ φ̃Þ − 1

φ−

�Z
φ−=2

−φ−=2
dφ̃ξ⊥ðφþ þ φ̃Þ

�
2

≈
1

12
ξ02⊥ðφþÞφ3

−; ð20Þ

where the prime denotes the derivative with respect to φþ. In this case, it is useful to go back to Eq. (7) and take there the
integral over φ−. One then obtains the probability PLCFA within the LCFA in the form,

PLCFA ¼ αffiffiffi
3

p
π

ξ0
χ0

Z
dφþ

Z
∞

0

du
ð1þ uÞ2

��
1þ uþ 1

1þ u

�
K2=3

�
2u

3χðφþÞ
�
−
Z

∞

2u
3χðφþÞ

dzK1=3ðzÞ
�
; ð21Þ

with χðφÞ ¼ χ0jξ0⊥ðφÞj=ξ0 and with Kνð·Þ denoting the
modified Bessel function of order ν [39], which coincides
with the result in, e.g., Ref. [40].

A. A note on the difference
between the limit k− → 0

and the limit ω → 0

Before proceeding, we would like to address a general
aspect of the infrared limit of the probability of nonlinear
Compton scattering: The limit k− → 0 vs the limit ω → 0.
This point has been already discussed in Ref. [36], where it
has been stressed that the two limits are clearly different, as
is testified by the fact that the limit of dP=dk− (dP=dω) for
k− → 0 (ω → 0) tends to a nonzero constant (to zero)
in the case of nonunipolar fields. Whereas the limit
limω→0 dP=dω is a true soft limit for which the emitted
photon four-momentum vanishes, the same is not true for
the limit limk−→0 dP=dk−. Since the differential probability
dP=dk− is obtained after integrating over the transverse
photon momentum k⊥, the limit limk−→0 dP=dk− covers
not only the soft region (for vanishing values of k⊥) but
also the region jkkj → ∞ (for nonvanishing values
of k⊥), which is unrelated to the soft limit. Since
ω ¼ ðk2⊥=k− þ k−Þ=2, the soft limit ω → 0 corresponds
in light-cone coordinates to taking first the limit jk⊥j → 0
and then the limit k− → 0.

B. Interpretation of the infrared divergence
in terms of the formation length

As we have already pointed out, in the case of a unipolar
field, the total probability P in Eq. (7) is logarithmically
divergent. The divergence is known to arise because of the
emissions of photons with lower-and-lower energy, whose
differential number per unit energy linearly diverges (which
implies that the total emitted energy is finite). Since the
infrared divergence also occurs in the classical limit and for
the same reason, we consider the classical limitPc in Eq. (13)
of the probability P, which is easier to analyze. We also
assume that in the nonunipolar case the integrals fromminus
infinity to plus infinity of jξ⊥ðφÞj and ξ2⊥ðφÞ are finite.
Here, we will interpret the infrared divergence in terms of

the formation length of photon emission. We recall
that the formation length is the region of integration over
the variable φ− where the corresponding integral is formed,
i.e., has approximately the samevalue aswhen it is performed
from minus infinity to plus infinity [30,36,41]. As we have
mentioned, the integral diverges due to the contribution of
photons with lower-and-lower energy. It is physically rea-
sonable to expect that photons with lower-and-lower energy,
i.e., larger-and-larger wavelength, have larger-and-larger
formation length. Thus, since the integrand is symmetric
under the exchange φ− → −φ−, we first write it as twice
the integral taken for φ− ≥ 0, and we look at the region of
φ− ≫ 1with fixedφþ. It is convenient to pass to thevariables
φ ¼ Φ sinðϑÞ and φ0 ¼ Φ cosðϑÞ so that

Pc ¼
2α

π

Z
∞

0

dΦ
Φ

Z
5π=4

π=4

dϑ
½sinðϑÞ − cosðϑÞ�2

�
1

2
½ξ⊥ðΦ sinðϑÞÞ − ξ⊥ðΦ cosðϑÞÞ�2

−
1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ2⊥ðΦρÞ þ

�
1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ⊥ðΦρÞ

�
2
�

×

�
1þ 1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ2⊥ðΦρÞ −

�
1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ⊥ðΦρÞ

�
2
�

−1
: ð22Þ

Now, the regions of ϑ close to π=4 or 5π=4 at fixed Φ correspond to φ− ≪ 1, and we know from the LCFA that there the
integral converges. The “central” region ϑ ≈ 3π=4, corresponding to jφþj ≪ 1, needs to be studied in detail. In this region, it
is sinðϑÞ ≈ 1=

ffiffiffi
2

p
and cosðϑÞ ≈ −1=

ffiffiffi
2

p
. If limφ→∞ξ⊥ðφÞ ¼ 0, one can easily see that all terms in the numerator of the
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integrand in Pc vanish in that limit and then the integral converges. However, if limφ→∞ξ⊥ðφÞ ≠ 0, in order to take the
correct limit, it is necessary to split each integral into two parts where ρ > 0 and ρ < 0, respectively. One can then easily
obtain that

lim
Φ→∞

�
1

2
½ξ⊥ðΦ sinðϑÞÞ − ξ⊥ðΦ cosðϑÞÞ�2− 1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ2⊥ðΦρÞ þ

�
1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ⊥ðΦρÞ

�
2
�

×

�
1þ 1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ2⊥ðΦρÞ −

�
1

sinðϑÞ − cosðϑÞ
Z

sinðϑÞ

cosðϑÞ
dρξ⊥ðΦρÞ

�
2
�

−1

¼ ½ξ⊥ð∞Þ − ξ⊥ð−∞Þ�2
4þ ½ξ⊥ð∞Þ − ξ⊥ð−∞Þ�2 ; ð23Þ

where for the sake of symmetry we kept the quantity
ξ⊥ð−∞Þ even though it has been assumed to be vanishing
here. The fact that this limit is nonzero lets us conclude that
the integral in Φ is logarithmically divergent.

C. A note on the inclusion of radiation-reaction effects

The classical spectral intensity of emission, i.e., the
energy radiated per unit of angular frequency in an external
electromagnetic field corresponds to the classical limit of
the average energy emitted via single-photon emission in
that external field. This can be explicitly shown in the case
of an arbitrary plane wave and also within the quasiclassical
approximation based either on Baier’s method [40] or using
the quasiclassical wave functions [28]. However, the
classical expression of the spectral intensity of radiation
is valid for an arbitrary trajectory of the electron and
therefore it can also be used when radiation-reaction effects
are taken into account in the determination of the trajectory.
We have exploited this fact in Refs. [15,42] to compute the
classical emission spectrum of an electron in an arbitrary
plane wave including radiation-reaction effects and to study
its infrared limit, respectively (see also Ref. [43] for the
computation of the emission spectrum including radiation
reaction within the LCFA). Now, at least within the LCFA
the quantum emission spectra including radiation reaction
tend to the classical expression obtained by using the
electron trajectory according to the Landau-Lifshitz equa-
tion [2] in the general formula of the emission spectrum
[44,45]. This result has been equivalently shown via the
kinetic approach [46,47]. This is particularly transparent in
the latter approach, where one sees that in the ultra-
relativistic limit, the photon yield is still given by the
integral of the single-photon emission probability multi-
plied by the electron distribution function, which in turn is
determined by the Liouville equation with the force given
by the Landau-Lifshitz force in the same limit [46,47].

The above considerations hint to the fact that also when
including radiation-reaction effects the classical limit of
the differential emission photon yield is given by
dPc=d3k ¼ ω−1dEc=d3k, with dEc=d3k given in Eq. (14)
but with the electron’s trajectory being determined via the
Landau-Lifshitz equation. In the case of a plane wave, the
quantity dPc=d3k is conveniently expressed in terms of a
double integral over the plane-wave phase, and then the
exact solution of the Landau-Lifshitz equation found in
Ref. [48] can be used to determine the differential photon
yield. It should be observed that when radiation-reaction
effects are included, even if the field is not unipolar, the
final momentum of the electron differs from the initial one
and, as a consequence, the total radiation yield logarithmi-
cally diverges (after it has been regularized by explicitly
subtracting the corresponding free-field expression).
Thus, in this case it is physically more relevant to compute
the number of photons emitted with an energy larger
than a given ωm. Since the procedure is the same, we
consider the case of an electron moving on an arbitrary
trajectory characterized by time-dependent position rðtÞ
and the four-velocity uμðtÞ ¼ ðγðtÞ; uðtÞÞ ¼ γðtÞð1;vðtÞÞ
[initial values at, say, t ¼ 0 given by r0 and
uμ0 ¼ ðγ0; u0Þ ¼ γ0ð1;v0Þ�. Starting from Eq. (14), the
probability per unit of photon energy ω and of solid angle
Ω can be written as (see also Ref. [40])

dPc

dωdΩ
¼ −

αω

4π2
Re

Z
dtdt0

γðtÞγðt0Þ
�
1 −

ðΔuÞ2
2

�
eiωðΔt−n·ΔrÞ;

ð24Þ

where Δt ¼ t − t0, Δr ¼ rðtÞ − rðt0Þ, Δuμ ¼ uμðtÞ − uμðt0Þ
and where the solid angle corresponds to the emission
direction n ¼ k=ω. This expression can be explicitly
regularized by subtracting the (vanishing) value for a
vanishing external field,

dPc

dωdΩ
¼ −

αω

4π2
Re

Z
dtdt0

�
eiωðΔt−n·ΔrÞ

γðtÞγðt0Þ −
eiωð1−n·v0ÞΔt

γ20
−
ðΔuÞ2
2

eiωðΔt−n·ΔrÞ

γðtÞγðt0Þ
�
: ð25Þ
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The integrals over the solid angle can be computed by assuming that the z axis is along the vector multiplying the unit vector
n in the exponential in each term. In this way, one obtains

dPc

dω
¼ −

α

2π
Im

Z
dtdt0eiωΔt

��
1 −

ðΔuÞ2
2

�
eiωjΔrj − e−iωjΔrj

γðtÞγðt0ÞjΔrj −
eiωjv0Δtj − e−iωjv0Δtj

γ20jv0Δtj
�
: ð26Þ

Finally, the integral over ω is taken assuming that the phases feature infinitesimal imaginary parts such that the integrals
converge for ω → ∞, and the final result is

PcðωmÞ ¼
α

π

Z
dtdt0

��
1 −

ðΔuÞ2
2

�
Δt sinðωmΔtÞ sinðωmjΔrjÞ þ jΔrj cosðωmΔtÞ cosðωmjΔrjÞ

γðtÞγðt0ÞjΔrj½ðΔtÞ2 − ðΔrÞ2�

−
Δt sinðωmΔtÞ sinðωmjv0ΔtjÞ þ jv0Δtj cosðωmΔtÞ cosðωmjv0ΔtjÞ

jv0ΔtjðΔtÞ2
�
: ð27Þ

It can be easily seen that the integrand is regular for Δt → 0 and that jΔtj ≥ jΔrj, with the equality occurring only for
Δt ¼ 0. The inequality can be proved by noticing that

jΔrj ¼ jrðtÞ − rðt0Þj ¼
����
Z

t

t0
dt̃vðt̃Þ

���� ≤
����
Z

t

t0
dt̃jvðt̃Þj

���� ≤ vMjΔtj ≤ jΔtj; ð28Þ

with vM < 1 being the maximal value of the modulus of the
electron velocity between t0 and t and the equality in the last
step occurring only for Δt ¼ 0.
In the specific case of an electron moving in a plane wave

the yield PcðωmÞ can be expressed as integrals over the
plane-wave light-cone coordinate ϕ by means of the
following transformation formulas:Z

dtdt0 →
Z

dϕdϕ0 εðϕÞεðϕ0Þ
π−ðϕÞπ−ðϕ0Þ ; ð29Þ

Δt ¼
Z

t

t0
dt̃ →

Z
ϕ

ϕ0
dϕ̃

εðϕ̃Þ
π−ðϕ̃Þ

; ð30Þ

Δr ¼
Z

t

t0
dt̃vðt̃Þ →

Z
ϕ

ϕ0
dϕ̃

πðϕ̃Þ
π−ðϕ̃Þ

; ð31Þ

where πμðϕÞ ¼ ðεðϕÞ; πðϕÞÞ is the electron four-momen-
tum, and then use the solution in Ref. [49] for the electron
four-momentum including radiation-reaction effects [recall
that the light-cone momentum π−ðϕÞ is not a constant of
motion in this case].

III. CLASSICAL ANGULAR DISTRIBUTION
OF RADIATION

In laser field-electron beam experiments it is usually not
possible to detect photons at arbitrary emission angles. This
is especially the case of low-energy photons as their angular
distribution is typically broader than that of high-energy
photons. Therefore, the computation of the yield of photons
emitted with angular frequencies larger than a fixed ωm and
at a fixed solid angle is of interest. We start from Eq. (24),
and we rewrite it in the convenient form,

dPc

dωdΩ
¼ α

4π2ω

Z
dtdt0FðtÞ · Fðt0Þeiω

R
t

t0 dt̃½1−n·vðt̃Þ�; ð32Þ

with

FðtÞ ¼ n × f½n − vðtÞ� × v̇ðtÞg
½1 − n · vðtÞ�2 ; ð33Þ

which is actually the original expression that one obtains in
classical electrodynamics starting from the Liénard-
Wiechert potentials [1] (the dot indicates the derivative
with respect to time) and which is convenient for numerical
evaluations.
The integral over the angular frequency from a lower

bound ωm to infinity can be expressed in terms of an
incomplete Gamma function as

dPc

dΩ
¼ α

2π2
Re

Z
dtþ

Z
∞

0

dt−F

�
tþ þ t−

2

�
· F

�
tþ −

t−
2

�

× Γ
�
0;−iωm

Z
tþþt−=2

tþ−t−=2
dt̃½1 − n · vðt̃Þ�

�
; ð34Þ

where the variables t� have been defined analogously as the
variables φ� and where taking the integral over t− from zero
to infinity ensures that the time-integral in the incomplete
Gamma function is non-negative. Since we are interested in
collecting down to photons with relatively low frequency,
we consider the case where (recall that t− ≥ 0)

ωm

Z
tþþt−=2

tþ−t−=2
dt̃½1 − n · vðt̃Þ� ≪ 1; ð35Þ

and, using the known expansion of the incomplete Gamma
function [39], we obtain
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dPc

dΩ
¼ −

α

2π2

Z
dtþ

Z
∞

0

dt−F

�
tþ þ t−

2

�
· F

�
tþ −

t−
2

��
log

�
ωm

Z
tþþt−=2

tþ−t−=2
dt̃½1 − n · vðt̃Þ�

�
þ γE

�
;

¼ α

4π2

Z
dtdt0FðtÞ · Fðt0Þ

�
log

�
1

ωmj
R
t
t0 dt̃½1 − n · vðt̃Þ�j

�
− γE

�
; ð36Þ

where γE ¼ 0.577… is the Euler constant. Note that, as it should be, the leading term proportional to the logarithm of ωm
(divided by a constant with the same dimensions) would vanish if the initial and final four-momenta of the electron coincide
because the function FðtÞ is a total time derivative [1].
Before concluding this section, we provide a simpler parametric condition of validity of the condition in Eq. (35) in the

case of a plane wave. By ignoring for simplicity radiation-reaction effects, i.e., the four-momentum of the photon emitted
with the minimal energy ωm, we have that (see also Eq. (4) and recall that χ0=ξ0 ¼ ðkLpÞ=m2),

ωm

Z
tþþt−=2

tþ−t−=2
dt̃½1 − n · vðt̃Þ� ¼ km;−

2p−

ξ0
χ0

Z
φ0

φ
dφ̃

�
1þ

�
p⊥
m

−
p−

km;−

km;⊥
m

− ξ⊥ðφ̃Þ
�
2
�
: ð37Þ

This expression leads to the parametric condition km;−=p− ≪
χ0=ξ30,which is the sameconditionofviolationof theLCFA in
the infrared part of the spectrum [36]. As we will also see
below, a more accurate numerical estimate is obtained by
requiring that the phase in the whole integration region is
much smaller than unity. If the laser field lasts for a total phase
ΦL, then the condition reads km;−=p− ≪ 2χ0=ðΦLξ

3
0Þ.

IV. NONLINEAR COMPTON SCATTERING
PROBABILITY IN A UNIPOLAR

PLANE-WAVE FIELD

As we have seen in the previous section, the classical
expression dPc=d3k of the differential radiation yield does
not explicitly depend on whether the plane wave is unipolar
or not. The fact that the total yield diverges or not is

implicitly encoded in the electron trajectory. One can ask
the question whether this is also the case in strong-field
QED, i.e., when quantum effects are important.
The probability of nonlinear Compton scattering in a

unipolar plane wave field has been studied in Ref. [21].
Since A⊥ð∞Þ ≠ 0, the Volkov out-states have been first
computed and then used to determine the emission proba-
bility. We first re-derive the Volkov out-state in a different
way as in Ref. [21], then wewill compute the corresponding
probability of nonlinear Compton scattering, and finally we
will show that all the occurrences ofA⊥ð∞Þ cancel out in the
probability. In this way, analogously as in classical electro-
dynamics, the logarithmic divergence is implicitly encoded
in the behavior of the vector potential A⊥ðφÞ at infinity.
In order to find the Volkov out-states, we write the Dirac

equation in the plane wave as

fγμ½i∂μ − eAμðϕÞ� −mgψ ¼ fγμ½i∂μ − eδAμðϕÞ − eAμð∞Þ� −mgψ ¼ 0; ð38Þ
where γμ are the Dirac matrices and δAμðϕÞ ¼ AμðϕÞ − Aμð∞Þ. Since δAμðϕÞ vanishes at ϕ → ∞ and since the extra term

proportional to Aμð∞Þ is a constant, which can be eliminated by a gauge transformation, the Volkov out-state ψ ðoutÞ
s ðx; pÞ

with asymptotic on shell four-momentum pμ ¼ ðε; pÞ and spin quantum number s reads

ψ ðoutÞ
s ðx; pÞ ¼ e

i

n
−ðpxÞ−eðAð∞ÞxÞ−

R
ϕ

∞
dϕ0
�
eðpδAÞ
p−

−e2ðδAÞ2
2p−


o�
1þ e

n̂LcδAðϕÞ
2p−

�
usðpÞ; ð39Þ

where the hat on a four-vector indicates the contraction with the gamma matrices and where usðpÞ is the corresponding
constant spinor, in agreement with Ref. [21].
Now, the probability amplitude Sfi that an electron with initial quantum numbers p (energy ε) and s emits a photon with

quantum numbers k (energy ω) and polarization l going into the state characterized by the quantum numbers p0 (energy ε0)
and s0 is (apart from an inconsequential constant phase)

Sfi ¼ −ieð2πÞ3δðp0
− þ k− − p−Þδ2ðp0⊥ þ eA⊥ð∞Þ þ k⊥ − p⊥Þ

×
Z

dϕūs0 ðp0Þ
�
1 − e

n̂LcδAðϕÞ
2p0

−

�
ê�l ðkÞ

�
1þ e

n̂LÂðϕÞ
2p−

�

× e
ifðp0

þþkþ−pþÞϕ−
R

ϕ

0
dϕ0½−ep⊥ ·A⊥

p−
þe

p0⊥ ·δA⊥
p0−

þe2A2⊥
2p−

−
e2δA2⊥
2p0−

�g
; ð40Þ
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where we have already exploited the symmetries of the background plane wave, where the bar on a spinor indicates its Dirac
conjugated, and where eμl ðkÞ is the polarization four-vector of the emitted photon. By using the same procedure as, for
example, in Ref. [36], one obtains the differential probability averaged (summed) over the initial (final) discrete quantum
numbers in the form,

dP
d3k

¼ −
α

32π2ωp−p0
−

Z
dϕdϕ0Tr

�
ðp̂þmÞ

�
1 − e

n̂LÂðϕ0Þ
2p−

�
γμ
�
1þ e

n̂Lδ̂Aðϕ0Þ
2p0

−

�

× ðp̂0 þmÞ
�
1 − e

n̂Lδ̂AðϕÞ
2p0

−

�
γμ

�
1þ e

n̂LÂðϕÞ
2p−

��

× e
i

n�
m2þp02⊥
2p0−

þ k2⊥
2k−

−
m2þp2⊥
2p−

�
ðϕ−ϕ0Þ−

R
ϕ

ϕ0 dϕ̃

h
−ep⊥ ·A⊥

p−
þe

p0⊥ ·δA⊥
p0−

þe2A2⊥
2p−

−
e2δA2⊥
2p0−

io
: ð41Þ

Starting from the phase, one can show that all the occurrences of A⊥ð∞Þ cancel out by using the conservation laws
p0
− ¼ p− − k− and p0⊥ ¼ p⊥ − k⊥ − eA⊥ð∞Þ and by using the definition of δA⊥ðϕÞ such that

e
i

n�
m2þp02⊥
2p0−

þ k2⊥
2k−

−
m2þp2⊥
2p−

�
ðϕ−ϕ0Þ−

R
ϕ

ϕ0 dϕ̃

h
−ep⊥ ·A⊥

p−
þe

p0⊥ ·δA⊥
p0−

þe2A2⊥
2p−

−
e2δA2⊥
2p0−

io

¼ e
i

nh
m2þðp⊥−k⊥Þ2

2p0−
þ k2⊥

2k−
−
m2þp2⊥
2p−

i
ðϕ−ϕ0Þ−

R
ϕ

ϕ0 dϕ̃

h
−ep⊥ ·A⊥

p−
þe

ðp⊥−k⊥Þ·A⊥
p0−

þe2A2⊥
2p−

−
e2A2⊥
2p0−

io
: ð42Þ

This can also be proven by observing that the phase in Eq. (40) can be written in the form,

e
i

n
ðp0

þþkþ−pþÞϕ−
R

ϕ

0
dϕ0
h
−ep⊥ ·A⊥

p−
þe

p0⊥ ·δA⊥
p0−

þe2A2⊥
2p−

−
e2δA2⊥
2p0−

io

¼ e
i
R

ϕ

0
dϕ0
h
kþþm2

�
1

2p0−
− 1
2p−

�
− 1
2p−

ðp⊥−eA⊥Þ2þ 1

2p0−
ðp0⊥−eδA⊥Þ2

i
; ð43Þ

which clarifies that, due to the transverse momentum conservation, adding a dc component to the plane wave field simply
results in shifting the electron final transverse momentum: p0⊥ − eδA⊥ðϕÞ ¼ p⊥ − k⊥ − eA⊥ðϕÞ.
Passing now to the trace, we see that the only matrix containing A⊥ð∞Þ is

�
1þe

n̂Lδ̂Aðϕ0Þ
2p0

−

�
ðp̂0 þmÞ

�
1−e

n̂Lδ̂AðϕÞ
2p0

−

�
¼
�
1þe

n̂LÂðϕ0Þ
2p0

−

��
1−e

n̂LÂð∞Þ
2p0

−

�
ðp̂0 þmÞ

�
1þe

n̂LÂð∞Þ
2p0

−

��
1−e

n̂LÂðϕÞ
2p0

−

�

¼
�
1þe

n̂LÂðϕ0Þ
2p0

−

�
ðP̂0 þmÞ

�
1−e

n̂LÂðϕÞ
2p0

−

�
; ð44Þ

where

P0μ ¼ p0μ þ eAμð∞Þ − eðp0Að∞ÞÞ
p0
−

nμL −
e2A2ð∞Þ
2p0

−
nμL: ð45Þ

The fact that P0μ does not depend on Aμð∞Þ can be conveniently shown via its light-cone components, which can be
simplified again using the conservation laws,

P0
− ¼ p0

−; ð46Þ

P0⊥ ¼ p0⊥ þ eA⊥ð∞Þ ¼ p⊥ − k⊥; ð47Þ

P0þ ¼p0þþ
ep0⊥ ·A⊥ð∞Þ

p0
−

þe2A2⊥ð∞Þ
2p0

−
¼m2þðp⊥−k⊥Þ2

2p0
−

: ð48Þ
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These results allow one to conclude that, analogously as in
the classical case, the differential probability dP=d3k has
the same expression independently on whether the field is
unipolar or not. The resulting logarithmic divergence in the
former case is encoded in the nonvanishing limit of A⊥ðϕÞ
for ϕ → ∞.

V. EMITTED PHOTON YIELD IN AN ARBITRARY
FIELD WITHIN THE QUASICLASSICAL

APPROXIMATION

In this section, we study the problem of the photon
emission yield in a field of virtually arbitrary spacetime
structure within the quasiclassical approximation, having in
mind the case of a tightly focused laser beam. Our consid-
erations will be based on the method presented in Ref. [28].
The main novelty as compared to Ref. [28] is that we will

consider here an incoming electron described by a wave
packet (well centered around a given asymptotic momen-
tum) rather than by a state with definite asymptotic
momentum. Now, the notation in Ref. [28] clashes for some
symbols with what we have used so far here. Thus, in order
to avoid confusion, we will present the derivation of the
emission probability per unit of photon energy and solid
angle in the Appendix (using the notation of Ref. [28]), and
we report here the final result by using the notation of the rest
of the paper. If the probability density associated with the
initial wave packet is described by the function jfðt; xÞj2
outside the field, we find that the differential probability of
emitting a photon (averaged/summed over the initial/final
discrete quantum numbers of the electron and the photon) is
given by [see, in particular, Eq. (A21) and the discussion
below it]

dP
dωdΩ

¼
Z

d3x0jfðt0; x0Þj2
α

4π2ω

�
ε02 þ ε2

2ε2

����
Z

dtFðtÞeiωεε0
R

t

0
dt̃½1−n·vðt̃Þ�

����2 þ ω2m2

2ε4

����
Z

dtGðtÞeiωεε0
R

t

0
dt̃½1−n·vðt̃Þ�

����2
�
; ð49Þ

where t0 represents an initial time where the wave packet is
outside the external field, where ε0 ¼ ε − ω, and where

GðtÞ ¼ n · v̇ðtÞ
½1 − n · vðtÞ�2 : ð50Þ

Apart from the average over the initial position of
each trajectory determined via the Lorentz equation, one

recognizes the spectrum according to Baier’s method [40],
with the additional integration by parts in the time integrals
[50], which is convenient for numerical evaluations. By
indicating as hi the average over the initial electron wave
function for notational simplicity, the integral over the
photon energy can be taken by performing the change of
variable u ¼ ω=ðε − ωÞ. The result is again written in terms
of the incomplete Gamma function [39],

dP
dΩ

¼ α

4π2

	Z
dtþ

Z
∞

0

dt−

�
½Iq;1ðumÞ þ Iq;2ðumÞ�F

�
tþ þ t−

2

�
· F

�
tþ −

t−
2

�

þm2

ε2
Iq;3ðumÞG

�
tþ þ t−

2

�
G

�
tþ −

t−
2

��

; ð51Þ

where [39]

Iq;1ðumÞ ¼ Re
Z

∞

um

du
u

eiuΦ

1þ u
¼ Re½Γð0;−iΦumÞ − e−iΦΓð0;−iΦð1þ umÞÞ�; ð52Þ

Iq;2ðumÞ ¼ Re
Z

∞

um

du
u

eiuΦ

ð1þ uÞ3 ¼ Re

�
Γð0;−iΦumÞ −

�
1þ i

Φ
2
þ 1

2ð1þ umÞ
�

eiumΦ

1þ um

−
�
1þ iΦ −

Φ2

2

�
e−iΦΓð0;−iΦð1þ umÞÞ

�
; ð53Þ

Iq;3ðumÞ ¼ Re
Z

∞

um

du
ueiuΦ

ð1þ uÞ3 ¼ Re

��
1 − i

Φ
2
−

1

2ð1þ umÞ
�

eiumΦ

1þ um

þiΦ
�
1 − i

Φ
2

�
e−iΦΓð0;−iΦð1þ umÞÞ

�
; ð54Þ
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with um ¼ ωm=ðε − ωmÞ and

Φ ¼ ε

Z
t

t0
dt̃½1 − n · vðt̃Þ�: ð55Þ

The above formulas can be used to compute the first
quantum correction to the classical spectrum. The classical
limit is performed as the double limit um → 0 and Φ → ∞
such that

umΦ → ωm

Z
t

t0
dt̃½1 − n · vðt̃Þ� ð56Þ

remains finite. The calculation is tedious but straightfor-
ward because it consists in an expansion of the incomplete
Gamma functions contained in the integrals Iq;1ðumÞ,
Iq;2ðumÞ, and Iq;3ðumÞ. In the limit umjΦj ≪ 1, which
we also studied in the classical case, the final result is

dP
dΩ

¼ α

4π2

Z
dtdt0FðtÞ · Fðt0Þ

�
log

�
1

ωmj
R
t
t0 dt̃½1 − n · vðt̃Þ�j

�
− γE þ ωm

ε

�
ð57Þ

to be compared with Eq. (36). This equation shows that the
quantum correction, i.e., the last term in the braces is propor-
tional toωm=ε andas such it is very small in theultrarelativistic
case, where the quasiclassical approximation applies.
We conclude this section with a numerical evaluation of

Eq. (51) and a check on the asymptotic expression in
Eq. (57), even though the quantum correction is too small
to be appreciable. For the sake of simplicity, we assume that
we can neglect the initial spatial spread of the electron wave
packet and that it head-on collides with a Gaussian beam.
The electron has an initial energy of 250 MeV (γ0 ≈ 490)
whereas the laser field is linearly polarized, has a central
wavelength of 0.8 μm, the focal waist of 1 μm, a sin-square
temporal profile covering four periods (corresponding to
ΦL ¼ 8π and a duration of about 10 fs), and a peak
intensity of 1.2 × 1022 W=cm2 [51], corresponding to ξ0 ≈
53 and χ0 ≈ 0.16. In Fig. 2 we show the differential
probability of emission as a function of ωm=ε (black curve)
and the corresponding asymptotic expression in Eq. (57).
The solid angle corresponds to the direction along the
polarization plane of the laser field and at an angle of about
5.8° from the initial direction of propagation of the electron.
The figure shows that the asymptotic expression works

very well for ωm=ε≲ 5 × 10−9, which is in agreement with
the analytical estimation of the validity region according to
ωm=ε ≪ 2χ0=ðξ30ΦLÞ ≈ 8 × 10−8, given in the previous
section. As an additional analytical check, the simulation
shows that the final momentum of the electron is
p0 ≈ ð0.153137…; 0; 249.999…Þ MeV. By approximating
the argument of the logarithm, according to the discussion
above, with the constant 4πðωm=εÞðξ30=χ0Þ, which is about
2.38 × 10−2 for ωm=ε ¼ 2 × 10−9, we can estimate
dP=dΩ ∼ 8.4 × 10−6, which is in very good agreement
with the numerical value 8.0 × 10−6. The results have been
obtained for realistic values of the electron energy and of
the laser parameters. Thus, it would be realistic at least in
principle to design an experiment to measure the logarith-
mic behavior of the photon yield in the low-energy regime.
By measuring the final electron momentum by means of a
spectrometer, one could even determine the constant
multiplying the logarithm of the photon energy and have
an additional indirect measurement of the photon yield to
be used as a consistency check.

VI. CONCLUSIONS

In this paper we have investigated the yield of photons
emitted via nonlinear Thomson and Compton scattering.
We have started from the case of a plane wave background
electromagnetic field, and we have found an exact ana-
lytical formula of the total photon yield in nonunipolar
fields, expressed in terms of a double integral over the plane
wave phase. The case of unipolar fields can be treated
analogously but the total photon yield diverges logarithmi-
cally. In this case, we have determined analytically the
photon yield with angular frequencies larger than a mini-
mum value ωm. Since the two cases of unipolar and
nonunipolar fields result in the same expression of the
photon yield and the divergence is encoded in the time
dependence of the momentum of the electron, we have
first shown how this divergence can be connected to the
larger-and-larger formation lengths of photons emitted with
lower-and-lower energy.

FIG. 2. Differential probability dP=dΩ according to Eq. (51)
(black curve) and the corresponding low-energy asymptotic in
Eq. (57) (red curve) as functions of ωm=ε and for other numerical
parameters given in the text.
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Furthermore, we have shown that the quantum emission
probability in a plane wave has exactly the same expression
for unipolar and nonunipolar fields, despite the fact that the
former case needs a special treatment in the determination
of out-states due to the nonvanishing vector potential at
infinity. The latter quantity, in fact, ultimately cancels out in
the expression of the probability.
In the last part of the paper, we passed to the treatment of

the more general case of nonlinear Compton scattering in
the presence of an arbitrary background field but within
the quasiclassical approximation. After deriving (in the
Appendix) the differential emission probability in the case
of an incoming electron wave packet, we have computed
the first quantum correction to the angular distribution of
photons emitted with energies larger than a minimum value
ωm. We have found that within the quasiclassical approxi-
mation, the first quantum correction scales as ωm=ε, and it
is therefore very small in the ultrarelativistic limit ε ≫ m,
where the quasiclassical approximation works. By means
of a numerical example employing realistic laser and
electron parameters we have discussed how the low-energy
part of the photon yield could be measured in principle for
the first time in a laser-based strong-field QED experiment.
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APPENDIX: DERIVATION OF THE
PROBABILITY WITHIN THE

QUASICLASSICAL APPROXIMATION

As we have mentioned in the main text, we will derive
here the differential probability that an electron emits a
photon in an arbitrary background field within the quasi-
classical approximation. The physical situation we have in
mind is that of a tightly focused laser pulse. Since we will
use the same technique as in Ref. [28], it is convenient to
employ here the notation used there. Notice that this
notation is employed only in this appendix, and the final
result is then “translated” into the notation used in the rest
of the paper.
We assume that the laser field main propagation direc-

tion corresponds to the negative z axis and introduce the
light-cone coordinates T ¼ ðtþ zÞ=2, x⊥ ¼ ðx; yÞ, and
ϕ ¼ t − z for the spacetime point with coordinates
xμ ¼ ðt; xÞ ¼ ðt; x; y; zÞ. The light-cone coordinates of a
generic four-vector vμ ¼ ðv0;vÞ are defined as
vþ ¼ ðv0 þ vzÞ=2, v⊥ ¼ ðvx; vyÞ, and v− ¼ v0 − vz. The
same definition applies to the Dirac gamma matrices
γμ ¼ ðγ0; γÞ: γþ ¼ ðγ0 þ γ3Þ=2, γ⊥ ¼ ðγ1; γ2Þ, and
γ− ¼ γ0 − γ3. We introduce the four-dimensional quan-
tities: nμ ¼ ð1; nÞ and ñμ ¼ ð1;−nÞ=2, with n ¼ ð0; 0; 1Þ
and aμj ¼ ð0; ajÞ, where j ¼ 1; 2, with a1 ¼ ð1; 0; 0Þ and
a2 ¼ ð0; 1; 0Þ. We will consider an ultrarelativistic electron
(almost) propagating along the positive z direction, and
therefore we use/interpret T as the light-cone time and
xlc ¼ ðx⊥;ϕÞ as the light-cone spatial coordinates.
Correspondingly, for a generic on-shell electron four-
momentum pμ ¼ ðε; pÞ (ε ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
), we will consider

plc ¼ ðp⊥; pþÞ as the three spatial light-cone components
of the four-momentum and p− ¼ ðm2 þ p2⊥Þ=2pþ as the
time light-cone component.
Also, we assume that the background electromagnetic

field is described by the four-vector potential AμðxÞ ¼
ðVðxÞ;AðxÞÞ satisfying the Lorenz-gauge condition
∂μAμðxÞ ¼ 0 with the additional constraint A−ðxÞ ¼ 0,
i.e., AzðxÞ ¼ VðxÞ and the asymptotic conditions
limT→�∞ AμðT; xlcÞ ¼ 0. A fixed value T0 of the light-
cone time T is chosen to assign asymptotic conditions of
the electron classical trajectory. We assume that the
absolute value of T0 is sufficiently large that the back-
ground field is negligible, i.e., AμðT0; xlcÞ ¼ 0.
Unlike in Ref. [28] where we considered the emission of

a photon by an electron with a definite asymptotic
momentum, we want to study here the more general
situation where the incoming electron is described by
the wave packet,

ΨðinÞ
s ðxÞ ¼

Z
d3plc
ð2πÞ3

1

2pþ
cðplcÞUðinÞ

p;s ðxÞ; ðA1Þ
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where the positive-energy state UðinÞ
p;s ðxÞ with on shell four-

momentum pμ and spin quantum number s is normalized asZ
d3xlcŪ

ðinÞ
p0;s0 ðxÞ ˆ̃nUðinÞ

p;s ðxÞ ¼ 2pþδss0 ð2πÞ3δ3ðplc − p0lcÞ:

ðA2Þ
The wave packet is normalized to unity such that the
complex coefficients cðplcÞ must be such that

1 ¼
Z

d3xlcΨ̄
ðinÞ
s ðxÞ ˆ̃nΨðinÞ

s ðxÞ ¼
Z

d3plc
ð2πÞ3

1

2pþ
jcðplcÞj2:

ðA3Þ

Note that if we consider the wave packet ΨðinÞ
s ðxÞ at the

light-cone time T0 where the field vanishes, it is

ΨðinÞ
s ðT0; xlcÞ ¼

Z
d3plc
ð2πÞ3

1

2pþ
cðplcÞe−iðp−T0þpþϕ−p⊥·x⊥Þup;s.

ðA4Þ
We introduce the function

fðT0;xlcÞ¼
Z

d3plc
ð2πÞ3

1ffiffiffiffiffiffiffiffiffi
2pþ

p cðplcÞe−iðp−T0þpþϕ−p⊥·x⊥Þ ðA5Þ

which under the approximations introduced below
will be interpreted as a sort of initial wave function
(the factor 1=

ffiffiffiffiffiffiffiffiffi
2pþ

p
has been included to guarantee that

the normalization condition
R
d3xlcjfðT0; xlcÞj2 ¼ 1 is

satisfied).
The S-matrix amplitude of nonlinear Compton scattering

with the incoming electron being in the state ΨðinÞ
s ðxÞ and

with the final electron (emitted photon) having four-
momentum p0μ ¼ ðε0; p0Þ (kμ ¼ ðω; kÞ) and spin quantum
number s0 (polarization l) is given by

S ¼ −ie
Z

dT
Z

d3xlcŪ
ðoutÞ
p0;s0 ðxÞ

ê�k;le
iðkxÞffiffiffiffiffiffiffiffi
2kþ

p ΨðinÞ
s ðxÞ; ðA6Þ

where eμ;�k;l indicates the polarization four-vector of the
emitted photon (the quantization volume V0 introduced in
Ref. [28] can be ignored here as we consider an initial wave
packet, and it does not enter the final probability in any
case). The differential emission probability with respect to
the photon light-cone three-momentum klc and averaged
(summed) over the initial (final) discrete quantum numbers,
is given by

dP
d3klc

¼ e2

2

X
s;s0;l

Z
d3p0lc
ð2πÞ3

1

ð2πÞ3
1

2kþ

Z
d3p̃lc
ð2πÞ3 c

�ðp̃lcÞ
Z

d3plc
ð2πÞ3 cðplcÞ

Z
dTdT 0

Z
d3xlcd3x0lc

× ŪðoutÞ
p0;s0 ðxÞê�k;leiðkxÞUðinÞ

p;s ðxÞŪðinÞ
p̃;s ðx0Þêk;le−iðkx0ÞUðoutÞ

p0;s0 ðx0Þ: ðA7Þ

Now, we proceed exactly as in Ref. [28] by assuming that the momentum distribution of the incoming electron is well
centered around a value p0;lc such that the corresponding energy is the largest dynamical energy in the problem. Analogous
conditions and approximations are assumed for the final electron energy. Recalling the concept of formation length
[40,41,52], we pass to the average and relative spacetime variables xμþ ¼ ðxμ þ x0μÞ=2 and xμ− ¼ xμ − x0μ, respectively. As
we have argued in Ref. [28], under the above conditions, one can ignore the transverse formation lengths (see also
Ref. [28]). Thus, one can set x−;lc ¼ 0 everywhere in Eq. (A7) except in the actions featured in the exponential functions of
the electron states, where a first-order expansion on those variables has to be performed,

dP
d3klc

≈
e2

2

X
s;s0;l

Z
d3p0lc
ð2πÞ6

Z
d3p̃lc
ð2πÞ3

1

2p̃þ
c�ðp̃lcÞ

Z
d3plc
ð2πÞ3 cðplcÞ

Z
dTþdT−

Z
d3xþ;lcd3x−;lc
8p0þkþpþ

× ūðoutÞp0;s0 ðxTÞê�k;luðinÞp;s ðxTÞūðinÞp;s ðxT 0 Þêk;luðoutÞp0;s0 ðxT 0 Þ

× e
i½−SðoutÞ

p0 ðxT Þ−∇⊥S
ðoutÞ
p0 ðxTÞ·x−;⊥2 −∂ϕS

ðoutÞ
p0 ðxTÞϕ−2 þðkxÞþSðinÞp ðxT Þþ∇⊥S

ðinÞ
p ðxT Þ·x−;⊥2 þ∂ϕS

ðinÞ
p ðxT Þϕ−2 �

× e
i½SðoutÞ

p0 ðxT0 Þ−∇⊥S
ðoutÞ
p0 ðxT0 Þ·

x−;⊥
2

−∂ϕS
ðoutÞ
p0 ðxT0 Þϕ−2 −ðkx0Þ−SðinÞp̃ ðxT0 Þþ∇⊥S

ðinÞ
p̃ ðxT0 Þ·

x−;⊥
2

þ∂ϕS
ðinÞ
p̃ ðxT0 Þϕ−2 �; ðA8Þ

where xT ¼ ðT; xþ;lcÞ, xT 0 ¼ ðT 0; xþ;lcÞ, and where all the derivatives are assumed to be with respect to the plus variables.
At this point an important difference arises as compared to Ref. [28] because we have to work out the contribution related

to the fact that the incoming electron is described by a wave packet. Notice that the new integrals,
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Z
d3p̃lc
ð2πÞ3

1

2p̃þ
c�ðp̃lcÞ

Z
d3plc
ð2πÞ3 cðplcÞ; ðA9Þ

arise as compared to the corresponding result in Ref. [28], which instead features an average over the quantization volume.
We assume that the wave packet is sufficiently well centered around the momentum p0;lc that the substitutions plc → p0;lc
and p̃lc → p0;lc can be carried out everywhere (including the terms which are already at first order in the minus spacetime

variables) except that in the actions SðinÞp ðxTÞ and SðinÞp̃ ðxT 0 Þ, where, as we will see, a first-order expansion is necessary,

SðinÞp ðxTÞ ≈ SðinÞp0
ðxTÞ þ ∇p⊥S

ðinÞ
p0

ðxTÞ · ðp⊥ − p0;⊥Þ þ ∂pþS
ðinÞ
p0

ðxTÞðpþ − p0;þÞ; ðA10Þ

SðinÞp̃ ðxT 0 Þ ≈ SðinÞp0
ðxT 0 Þ þ ∇p⊥S

ðinÞ
p0

ðxT 0 Þ · ðp̃⊥ − p0;⊥Þ þ ∂pþS
ðinÞ
p0

ðxT 0 Þðp̃þ − p0;þÞ; ðA11Þ

where all derivatives are computed at p0;lc. In this way, the leading-order terms will provide the same result as in Ref. [28]
whereas the corrections result in the additional integrals,Z

d3p̃lc
ð2πÞ3

1

2p̃þ
c�ðp̃lcÞ

Z
d3plc
ð2πÞ3 cðplcÞe

i∇p⊥S
ðinÞ
p0

ðxþÞ·ðp⊥−p̃⊥Þþi∂pþS
ðinÞ
p0

ðxþÞðpþ−p̃þÞ; ðA12Þ

where we have set T ¼ T 0 ¼ Tþ in the derivatives and xþ ¼ ðTþ; xþ;lcÞ. The reason is that in the ultrarelativistic limit the
in-action has the following structure [27]:

SðinÞp ðxTÞ ¼ −ðpxTÞ − e
Z

T

−∞
dT̃A−ðT̃; xlcÞ þO

�
1

pþ

�
; ðA13Þ

where for the sake of generality we also accounted for the case that A−ðxÞ ≠ 0. Thus, at the leading order in the
ultrarelativistic limit the derivatives with respect to the transverse and the plus momenta do not depend on T. Now, from
the general properties of the actions, which are also reported in Ref. [28], the derivatives of the action with respect to the
momenta are related to the initial conditions for a given trajectory,

∇p⊥S
ðinÞ
p0

ðxþÞ ¼ x0;⊥ −
p0;⊥
p0;þ

T0; ðA14Þ

∂pþS
ðinÞ
p0

ðxþÞ ¼ −ϕ0 þ
p0;−

p0;þ
T0: ðA15Þ

By using these relations, by noticing that we can approximate 2p̃þ ≈
ffiffiffiffiffiffiffiffiffi
2p̃þ

p ffiffiffiffiffiffiffiffiffi
2pþ

p
in the preexponential of Eq. (A12), and

by recalling that in the rest of the probability all quantities are computed at p0;lc, we obtain [see also Eq. (A5)]

Z
d3p̃lc
ð2πÞ3

1

2p̃þ
c�ðp̃lcÞ

Z
d3plc
ð2πÞ3 cðplcÞe

i∇p⊥S
ðinÞ
p0

ðxT Þ·ðp⊥−p̃⊥Þþi∂pþS
ðinÞ
p0

ðxTÞðpþ−p̃þÞ

¼
Z

d3p̃lc
ð2πÞ3

1ffiffiffiffiffiffiffiffiffi
2p̃þ

p c�ðp̃lcÞeiðp̃−T0þp̃þϕ0−p̃⊥·x0;⊥Þ
Z

d3plc
ð2πÞ3

1ffiffiffiffiffiffiffiffiffi
2pþ

p cðplcÞe−iðp−T0þpþϕ0−p⊥·x0;⊥Þ

¼ jfðT0; x0;lcÞj2: ðA16Þ

Before concluding the derivation, wewould like to report
an additional step in the derivation presented in Ref. [28],
which is also related to the considerations on the structure
of the action in the ultrarelativistic limit discussed below
Eq. (A12). The momenta involved in the conservation laws
arising from the integrals over x−;⊥ and ϕ− in Eq. (A8) are
computed at the different times T and T 0. As above,
however, it is possible to approximate them as Tþ at the
leading order in the electron energy. To see this we also
report the structure of the out-action in the ultrarelativistic

limit [27],

SðoutÞp ðxTÞ ¼ −ðpxTÞ − e
Z

T

∞
dT̃A−ðT̃; xlcÞ þO

�
1

pþ

�
;

ðA17Þ
again in the case where A−ðxÞ ≠ 0. Since the argument for
the transverse and the plus momenta is the same, we only
work out the former case in detail. After approximating p̃lc
with plc in the terms giving rise to the conserving delta
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functions, we have that that conservation law reads

−∇⊥S
ðoutÞ
p0 ðxTÞ − ∇⊥S

ðoutÞ
p0 ðxT 0 Þ

2
− k⊥

þ ∇⊥S
ðinÞ
p ðxTÞ þ ∇⊥S

ðinÞ
p ðxT 0 Þ

2
¼ 0: ðA18Þ

By using the expressions of the in- and out-actions, one
sees that one can combine the integrals in the conservation
law and that, apart from negligible terms scaling as 1=pþ,
one obtains

0 ¼ −p0⊥ − e∇⊥
Z

∞

−∞
dT̃A−ðT̃; xlcÞ − k⊥ þ p⊥

¼ −p0⊥ þ e∇⊥
Z

Tþ

∞
dT̃A−ðT̃; xlcÞ − k⊥ þ p⊥

− e∇⊥
Z

Tþ

−∞
dT̃A−ðT̃; xlcÞ

≈ −∇⊥S
ðoutÞ
p0 ðxTþÞ − k⊥ þ ∇⊥S

ðinÞ
p ðxTþÞ; ðA19Þ

as reported in Ref. [28].

At this point one can follow the same steps as in
Ref. [28], where it has been demonstrated that Baier’s
formula is recovered even for fixed spin and polarization
quantum numbers of the involved particles. The only
difference with the results in Ref. [28] is that we
considered here an electron initially described by a wave
packet, which is taken into account by means of the
substitution,

lim
V0→∞

Z
V0

d3x0;lc
V0

→
Z

d3x0;lcjfðT0; x0;lcÞj2: ðA20Þ

This result is indeed expected, once one accounts for the
discussed physical meaning of the function fðT; xlcÞ.
Finally, we recall that in Ref. [50] it has been shown that
Baier’s formula can be conveniently written in a similar
manner as the classical formula of radiation, which
features the electron’s acceleration. Accounting for the
substitution rule mentioned above, we arrive at the
result,

dP
d3klc

¼
Z

d3x0;lcjfðT0; x0;lcÞj2
α

4π2k3þ

�
p2þ þ p02þ
2p2þ

×

����
Z

dT
nk × f½nk − VðinÞ

e ðTÞ� × V̇ðinÞ
e ðTÞg

½1 − nk · V
ðinÞ
e ðTÞ�2

e
ikþpþ

p0þ

R
T

T0
dT̃½1−nk·VðinÞ

e ðT̃Þ�
����
2

þ k2þm2

2p4þ

����
Z

dT
nk · V̇

ðinÞ
e ðTÞ

½1 − nk · V
ðinÞ
e ðTÞ�2

e
ikþpþ

p0þ

R
T

T0
dT̃½1−nk·VðinÞ

e ðT̃Þ�
����
2�

; ðA21Þ

where we have introduced nk ¼ k=ω and the electron velocity VðinÞ
e ðTÞ ¼ ΠðinÞ

e ðTÞ=Π0ðinÞ
e ðTÞ, which were not defined in

Ref. [28].
Finally, the result in the text [see Eq. (49)] is obtained by means of the substitutions T → t (and then x0;lc → x0), pþ → ε,

kþ → ω, p0þ → ε0, which are all consistent in the leading-order ultrarelativistic limit, as well as nk → n and VðinÞ
e ðtÞ → vðtÞ

(and then by the obvious relation dP=dωdΩ ¼ ω2dP=d3k).
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