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We study pseudoscalar heavy mesons in the QCD instanton vacuum beyond the static limit. Finite-mass
effects in the heavy-light loop are encoded in a separable effective vertex built from a profile function ¢(p),
kept distinct from the static Wilson-line form factor F (Q°°) (g) of the mg — oo limit. The pseudoscalar two-
point function fixes the residual mass A and the residue-normalized meson-quark coupling, from which we
evaluate the decay constant and the spin-independent kinetic matrix element including the retained 1/m,
derivative and kinetic contributions. The Isgur-Wise function is evaluated separately in the static heavy-
quark limit, and its zero-recoil slope is extracted by using the same residue-normalized heavy-light vertex.
The subleading calculation is restricted to the kinetic (derivative) part of the heavy-quark effective theory

operators. For a representative vertex, calibrated at fixed miff = 5.04 GeV to the leading-order decay

constant fL° = 180.0 MeV and the spin-averaged mass 7z = 5.313 GeV, we obtain 5f(l/mg’pamal> =
B P g B

+121.9 MeV and 5 =301.9 MeV, A = 190.7 MeV, A = —0.773 GeV2, and p, = 1.153. The
kinetic contribution yields a mass shift of order A/2 and a sizable partial 1/m correction, indicating that
the spin-independent nonperturbative 1/m,, sector is a sensitive probe of the finite-mass heavy-light vertex.

DOI: 10.1103/83wz-blj7

I. INTRODUCTION

Heavy mesons containing a single heavy quark provide a
standard system for studying how QCD separates the short-
distance physics at the scale m, from the nonperturbative
dynamics at hadronic scales. In the heavy-quark mass limit
mg — oo, the spin of the heavy quark decouples from the
gluon field, so that the heavy-quark spin and the total
angular momentum of the light degrees of freedom are
separately conserved. The dynamics also become indepen-
dent of the heavy-quark flavor, since the heavy quark enters
only as a static color source. These properties constitute the
heavy-quark spin-flavor symmetry [1-5]. In this limit, the
internal dynamics of a heavy hadron is governed entirely by
the light degrees of freedom. Because m is much larger
than the light-quark masses and the typical hadronic scale,
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1/m serves as a small expansion parameter. A systematic
expansion of the heavy-quark QCD Lagrangian in 1/m
yields heavy-quark effective theory (HQET) [6-9].

In HQET, the perturbative contributions to matrix
elements of heavy hadrons are contained in the Wilson
coefficients, whereas the long-distance contributions must
be supplied by nonperturbative methods [6-9]. The QCD
instanton vacuum provides one such framework for com-
puting these nonperturbative contributions. It realizes the
spontaneous breakdown of chiral symmetry (SByS) in
QCD [10-12] (see also the reviews in Refs. [13,14]).
The mechanism of the SByS can be explained as follows:
a quark propagates through the instanton medium, which
consists of instantons (/) and anti-instantons (7). As the
quark moves between random Is and Is, its helicity
undergoes a change due to the different handedness of
the I and I zero modes. This process yields the SByS, and
the quark acquires a dynamical quark mass, M (k), which is
momentum dependent. M(k) comes from the Fourier
transform of the fermionic zero mode [12,14]. The value
at zero virtuality, M(0) ~ 350 MeV, is determined by the
saddle-point equation. The effective low-energy QCD
partition function derived from the instanton vacuum has
been successfully employed to describe low-lying light
hadrons [15-24].

Published by the American Physical Society
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This theoretical framework was subsequently extended to
systems that include heavy quarks [25-31]. A heavy quark
interacts with the background gauge field through a Wilson
line, and its coupling to the instanton—anti-instanton ensem-
ble fixes the instanton contributions to the heavy-quark mass
and the heavy-quark potential. Combining the heavy quark
with the light quarks yields an effective heavy-light quark
interaction. This interaction is nonlocal, so that the light and
heavy quarks each carry a form factor: the light-quark form
factor F(p) generates the momentum-dependent dynamical
mass [12], while the Wilson line gives the static heavy-line
form factor F< )( ) in the my — oo limit [31].

In our previous work [31], the momentum dependence of
the heavy-line form factor was neglected by setting
F (Q°°)(Zj) - F (Q°°>(6) = 1. The normalized static Wilson-
line form factor F <Q°°) (g) describes the momentum transfer
along the heavy line in the my — oo limit. The present
bound-state loop calculation, however, requires the non-
local heavy-light vertex as a function of the relative three-
momenta at the two heavy-light vertices. We therefore
represent the finite-mass heavy-light kernel by the sepa-
rable effective form

(1)

where ¢(p) denotes the finite-mass heavy-light vertex
profile and N, stands for a momentum-independent nor-
malization factor. The two heavy-line functions play differ-

ent roles: F (Q°°) (g) depends on the momentum transfer along

|
dp d“l
1nl =-M / / q

the static heavy line, whereas ¢(p) depends on the relative
momentum at a heavy-light vertex. The pole condition and
its residue fix the interaction strength used below. We then
calculate the residual mass A, the pseudoscalar decay
constant, the spin-independent kinetic matrix element, and
the Isgur-Wise slope for a single light flavor. The explicit
1/m calculation is limited to the ordinary-derivative part of
the subleading current and kinetic insertion. Gauge-field
terms in the covariant derivatives and the chromomagnetic
operator require the corresponding effective gluonic oper-
ators and are not included here.

We sketch the structure of the present work: Sec. II
provides the nonlocal heavy-light interaction, its separable
form, and the pole-residue normalization. Sections III and
IV contain the decay-constant and kinetic calculations,
respectively. The Isgur-Wise function is discussed in
Sec. V, and the numerical analysis is given in Sec. VI.

II. HEAVY-LIGHT INTERACTION FROM THE
INSTANTON VACUUM

We start from the effective heavy-light quark action for
the light flavor number N = 1 derived from the instanton
vacuum [31], as follows:

Sett = So + Sines (2)

So=— / g () (g + iM(i0)) g x)
() (iv - 0)h(x)]. 3)

1
(pq—’q)‘ZF(pq)F(lq)/d4xd4yN—trL.<x|9‘1(w— 9)07y)

c

. [—<q*<pq>q<lq>><m<x>h<y>> g U0 (g T0)| (@)

where T'; = {1,75,7,. i7,75. %/ﬁ}, and S, and Sj,
represent the free and interaction actions, respectively.
The fields ¢ and & denote the corresponding light and
heavy quark fields; a heavy-flavor label can be attached to £
when needed. M(id) stands for the dynamical quark mass
for the light quark, M (k) = M, F?(k) with M, = 345 MeV
[12,14], where F(k) is given by

F(k) = _Zdiz [Io(2)Ko(2)

=LK1 (D) .prjas (5)
where 7,,(z) and K ,(z) are the modified Bessel functions of
the first and second kinds of order n, respectively, and p is
the average instanton size. In the heavy-quark mass limit
mgp — oo, the action exhibits heavy-quark spin-flavor

|

symmetry [4-6]. The interaction term in Eq. (4) is given
as a nonlocal four-point interaction between heavy-light
quarks, where the quark form factor F(k) is attached to each
light quark, whereas heavy quarks are dressed by a Wilson-
line form factor [25,31]. Here, 0~! (= d/dt) is the free static-
heavy-quark propagator, and w = (6~ — iA;,x, (1)) ™" is the
corresponding propagator in the field of a single (anti-)
instanton [25]. The notation (¢'q) = ¢/,¢* indicates con-
traction over spin and color indices, and the four-fermion
terms arise from Fierz reordering in color and spin spaces.
The overall signs in Egs. (3) and (4) follow from the Wick
rotation of the Minkowski action to the Euclidean one used
throughout this work. The propagators and vertices below
are defined consistently with this convention. Details of the
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static Wilson-line kernel entering the heavy-light interaction
are provided in the Appendix. In the HQET limit, retaining
only the leading contribution in the residual energies w; , ~
Agep yields a normalized momentum-space form factor

F (Q°°) (g), which characterizes the momentum dependence of
the static reference kernel. Using this result, the heavy-light

interaction can be written as
Se0 =+ /d4pq d'ly, d'k, d*k,
! (27)* (Zﬂ) (27)* (2n)*
x 89 (p, =1, + ki = k) F(p)F(1,)Fg* (k) — k)
x Z —pg)Uih(ky)|[h" (ky)Tiq(=1,)], (6)

where the coupling constant is defined as ¢> = M AMy/
(16n), and the momentum-dependent dynamical quark mass

(2'”’) F*(p,) = M,F*(p,). Here, we
F( )(q k- Ez) using the instanton
“’”"l’ Jio dFPFSY (7) = 68 MeV 1o

7 (27)*

is given by M(p,) =
redefine 7'(q) =— AMQ
contribution AM

the heavy quark mass and the instanton density
n=N/V = (200 MeV)*, as follows:
) dFPo(PIGIPF S (7)
FQ (Q): o 1= =2 (0 /= (7)
Joo dFPF L (F)
(%) 5y _ ane2 il )
Fy'(F) =cos™ | —— . 8
0 (7 (2@ ®)

In Ref. [31], this momentum dependence was replaced by
the static momentum approximation, F (|q| -0)=1
The normalization in Eq. (7) is chosen such that
F (Q°°)(Fj =0) =1, so the Wilson-line form factor reduces
to the static result in the forward limit. The position-space
function F (Q°°) (7) is fixed by the Wilson-line structure in the
instanton background and depends only on 7 = r/p.

The overall strength AM, is factored out, so F go) (q)
describes only the momentum dependence generated by the
Wilson line in the large-m limit. Since this form factor is a
function of the momentum transfer g along the heavy line,
we do not identify it directly with the heavy-light vertex
needed in the bound-state loop calculation. Instead, we
replace the direct use of F (Q°°) (g) by the phenomenological
separable ansatz

©)

where p and 1 are the relative three-momenta at the two
heavy-light vertices. Here ¢(p) is the heavy-light vertex

profile and N is its dimensionless overall normalization
factor. This ansatz supplies the vertex momentum depend-
ence used in the calculation of the residual mass, decay
constant, kinetic correction, and Isgur-Wise function.

In the convention used here, the normalized F (Q°°) (q), the
effective finite-mass kernel F (ﬁTmQ) and ¢(p) are
dimensionless. Imposing the ansatz in Eq. (9), one can

rewrite the interaction term in Eq. (6) in terms of heavy—
light currents as follows:

”P+%Z/@“ (o)l (p). (10)

1w = [ SEa o P MM pa=p). (1)

Jﬂmnz/ki;mﬂm—ﬁnﬂﬂﬂﬁﬂ4l (12)

where S5 follows from Eq. (6) after applying the separable
ansatz in Eq. (9), integrating over k,, and redefining
Pu = Pg + ki, py = p,and [, = [. The heavy-light current
entering the bosonized theory is therefore defined by a
single four-momentum integral over the relative momen-
tum. The finite-mass heavy-line effect is encoded in the
rest-frame vertex profile ¢(p). Before meson-field residue
normalization, the separable interaction has the coefficient
G2 = ¢2/N3, ([Go) = [g)).
The separable interaction can be bosonized as

SC d
q(g‘l) Z / pH

- GO{cDiv(pH)Ji(pH)

11 pH)q)w(pH)

w(pr)}l (13)

Here, the index i specifies the meson channel and the
subscript v indicates the HQET velocity sector. The
relative-momentum dependence resides in the current
Ji(py) through the factors F(p) and ¢(p), so the quadratic
Hubbard-Stratonovich term is diagonal in the residual
momentum of the heavy meson py. The dimensional
rescaling associated with the physical heavy-meson residue
is performed only after the pole residue is extracted below.
Using the light- and heavy-quark Lagrangian in Eq. (3)
and integrating out the quark fields, we obtain the quadratic
effective action for the physical HQET meson field in terms
of the heavy-meson residual momentum py, as follows:

4
@ d'pu
Sett = Z/ (2x)

- Ji (pu)®

(I)}Lv(pH)[l - G(Z)ZI(pH)}(I)w(pH>’
(14)

where the heavy-light loop function %; is given by
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S (pu) = / (“2’7’;4|¢<ﬁ>|2F2<p>

X trp[Sy(=p)UiSy(pu —

I (15)

Here, p = (p, p4) represents the internal light-quark loop
momentum. In our convention, the light- and heavy-quark
propagators are given by

7 +iM(p)
p*+M(p)’

1+ ¢
20k’

Sq(p) = Su(k) = (16)

Due to the structure of the HQET propagator, the depend-
ence of the loop function on the residual momentum
reduces to the scalar form v - pg, which directly determines
the inverse meson propagator,

Sii(v-pu) = 1= GiZi(v - pp). (17)
A physical heavy meson is obtained when this inverse
propagator vanishes. In Euclidean space, we set py = iAv,
so that the pole position defines the residual-mass parameter
A in the present effective theory.

For the pseudoscalar channel, I'p = y5, the pole con-
dition is given by G3Zp(iA) =1. By exploiting the
reflection symmetry of the p, integration domain, the
odd terms in p, vanish, and the remaining even part of
the integrand can be written as

F*(p) 2M(p)A-2p}
A+ p}|p|* + pi+ M (p)’

Zp(psA) = (18)

where F(p) and M(p) denote F(\/|p|*+ p3) and
M(\/|p|* + pj), respectively. We then define

The pole residue fixes the dimensional rescaling from the
bosonized field ®@p, to the canonically normalized HQET
meson field. Near v - py = iA, the inverse propagator
behaves as

Sit = 1= GoZp(v- pu) = =GZp(iN)(v - py — iN),

(21)

where the prime denotes the derivative with respect to
v - py at the pole. Since this derivative is taken with respect
to a dimensionful variable, the combination iG3X),(iA) has
mass dimension M~!. We define the pole-residue factor
Ry = iG3Zp(iN), Ryl =M. (22)
The Hubbard-Stratonovich kernel is dimensionless. A
physical HQET inverse propagator, by contrast, is linear in
the residual energy, so the pole residue Ry supplies the
dimensional rescaling as follows:

R
H(DPU

q)Pv pH Hu (23)

||
x)\m ﬁ

The residue-normalized heavy-light coupling is then

G G
= Q 0-

Only the combination G, = g/N, survives in the sepa-
rable interaction; N itself need not be chosen. Once the

(24)

) d*p N profile and pole position are specified, the pole condition
pp(il, ps) = / (27)? |(PIFLe(pi ). (19) " fixes G,. For the field normalization, we set Ry = 2 GeV~'.
This convention does not add another interaction strength
so that or observable. It also gives [G] = M~'/? from [G,] =

[Ry] = M~'. With this definition, one has

. ©dp .
20 = [T Punp). QO iGp(in) 2 25)
|
Explicitly,

$1(iA) = / dpy Oup(il, ps) lA pa) / dp4/ &p |p(P)PF(p)4piA + 2M(p)(pi = A?) (26)

0o 7 ) (A% + p3)? pI* + pi + M*(p)

Using the pole condition, we give the prerescaling quantities
1 2L (i)

G = , Ry = , 27
NN RO 2
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whereas the residue-normalized coupling entering external
meson matrix elements is

G? = %ﬁ (28)

The heavy-light vertex for the matrix elements is given by

Vailp) == F(DW(FIT
Virp) = == F(I(PIT, (29)

Each internal quark line carries the four-momentum integra-
tion with momentum conservation (27)*8"*)(py — p, — k)
at the vertex. The pole condition is written in terms of G,

while decay constants, kinetic matrix elements, and
|

(01721P(v)) = (04" 7,r5h|P(v))

_%

heavy-to-heavy form factors are written in terms of the
residue-normalized coupling G.

III. HEAVY-LIGHT CURRENT AND WEAK DECAY
CONSTANTS

For a fixed profile, the pseudoscalar two-point function
determines A and the residue-normalized heavy-light
vertex. These quantities are then used in the matrix element
of the axial-vector current that defines the pseudoscalar
decay constant. We restrict the explicit calculation to the
pseudoscalar channel. Note that vector states and hyperfine
observables require the chromomagnetic sector, which is
not included here.

At order 1/my, the axial-vector matrix element contains
the derivative correction to the heavy-light current and the
time-ordered insertion of the kinetic operator from the HQET
Lagrangian. With the conventions used below, we write

(0lg"y,7sP Lh|P(v))

g | YOG 75O W IDLROGIHP() + O(1/m). (30)
Mo

In Eq. (30), we keep the ordinary-derivative projection
D, — 0,. The gauge-field pieces are left to the effective
gluonic operator sector. This projection affects the long-
distance matrix elements but not the need for QCD-HQET
current matching: the heavy-light axial-vector current is not
conserved, and its short-distance scale dependence is
carried by the Wilson coefficients. The matching relation is

Ali L AG) | AG 1
13 =32 (1 g0 <)) 05 )

mo
(31)

where C;(ug) denote the Wilson coefficients of the
HQET heavy-light axial-vector current at the low-energy
scale pq [6].

The flavor number entering the perturbative running of
these Wilson coefficients is denoted by n'}", to distinguish
it from the single light flavor used in the instanton-induced
effective interaction. Since py << mp, we use the renorm-
alization-group improved expressions [32]

ag(mg) — ag(p 4a,(m
Clgm)::xyﬂ)1_+__£_2%;__Lﬁlgm__§_l;£2 ,
(32)
2 ag(m oy
Ca(uo) = —§x2/ﬁ°(TQ), X = #n/;(;))’ (33)

|
where

_ J’_rf] _ﬁw‘s‘

Sp = . W =-3Cr=-4, (34
hl 2ﬁ0 zﬂo 0 F ( )

and
A =crlor(3-160)

49 10
+Cy <— —+ 4@(2)) +— TFn;un]

6 3
254 5602 20

—_— . run, 35
9 27 "o (35)

with Cp =3, C4 = 3, and Ty = § for SU(3)... The running
coupling at two-loop order is given by

4n pi InIn(12/Adcp)

_ —_ |(1-=—— 1 =] 36
ﬁoanz/ A(ZQCD) /’% ln<ﬂ2/ A(22CD) (36)

ag(u)
where
2 38
Po=11 —gn;‘.m, p1 =102 —?n;‘-“‘. (37)
Each current is defined as

I =gtyysh, 3% =qtuysh, (38)
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0N = giyrspohs 0N = guspih, (39) D _Ciluo) (01" 1P(v)
= [Cy (o) = Ca(10)] 0|5 |P(v)), 41
ﬁ”z/fﬂw%m»mmm@mh [C1(uo) = Calu)OLL M IP(v)),  (41)
ﬁ@%ﬁﬁﬂﬁwwmwm@@} (40) 2_Cilk) 0104 P(2)
= [C1(ko) + C2 (o) (010 [P(0)). (42

The standard dimension-four basis also contains QAG:--)
[6]. They first enter at O(a,/m,), beyond the matching

A(D)
accuracy used here, and are therefore not included. Below, Zci (1o) (O|T, [P (v))
F| denotes the retained derivative-current term and F', the !
Al
kinetic insertion in fp; /1(10) refers to the ordinary-derivative = [Ci(uo) — Cz(ﬂo)]<O|Tu( )|P (v)). (43)

kinetic matrix element.
The combinations in Eq. (31) can be reduced to single  Applying the Feynman rules, the matrix elements are

matrix elements: represented by
|
P4 — AM(p)

-Fyv, = OJ ) =-2G\/N_.v / / dp|pl*F(p 44
o= (0 Vet BPEOMD) s Ay
—Fyp, = (0[02VP(1)) = =2G\/N,v / ”4/ dp|FPF(p)(5) —|pI*A (45)

g Netu 27 (pi + N)(1PI* + pi + MP(p))

©dpy [ L —IPP2piA+M(p)(p: - A%))

—Fyu, = (0|72 p(v = —2G+/N v / 4/ dp|p|*F(p)¢(p S 4 ) 46
20, < | u | ( )> O A A | | ( ) ( )2ﬂ2(p421+/\2)2(|p|2+p421+M2(p)) ( )

So, if we define C5; = C; + C,, we get the decay constant fp = Fp/\/Mp, given by

fp= \/% {sz(ﬂo)Fo - ﬁ (Cly (ko) F1 + Cy(po) Fa) |- (47)

IV. KINETIC TERM FROM THE 1/M, CORRECTION

Atorder 1/m, the spin-independent kinetic operator measures the residual motion of the heavy quark inside the meson.

In the present nonlocal model, it is weighted by the same vertex profile that enters the pole condition, so its ordinary-

derivative matrix element ﬂ&a)

at this order is [6,8,33,34]

directly probes the momentum dependence of the finite-mass kernel. The HQET Lagrangian

HQET I 1
£HO o (1)1 _ E%G,w)h, (48)

/mg —

where D, = D, — v,(v- D) and G, is the gluon field strength. The first term defines the full HQET kinetic parameter 4,
while the second represents the chromomagnetic operator. We evaluate only the ordinary-derivative part of the kinetic term,
D% — 0%, and denote the corresponding matrix element by /15‘)). The omitted gauge-field and chromomagnetic pieces
require an effective instanton representation of gluonic operators, as in the light-quark case [35-37]. With this restriction,

the pole shift from the |k|? insertion is

(a) 5SI_'11 ﬁ G%Zkin (IA) 1 (9)
omy = 1 T2y (; =- A (49)
OiASH lGOZP(ZA) ZmQ
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Here, 555! is the first-order change of the inverse meson propagator. Expanding the pole condition S3! (iA) = 0 yields
the ratio in Eq. E49), and the same pole slope that fixes the residue therefore also enters the kinetic mass shift.

9)

In Eq. (49), 4, (derivative part) is defined as

1 ) G? .

A9 = 5 (HL R idh hH ) = =Sy, (in)
G [ d*k

_; v

2 ) (2n)*
G2 [=dlk| [ dk

=—= |K[2F2(k)¢? (k)

20271'207T

The first line of Eq. (50) defines ﬂgd); the remaining lines
give its loop representation. The kinetic insertion supplies

the explicit |12|2 weight, making this quantity particularly
sensitive to the high-momentum tail of ¢ (k). It should not

be identified with the full 1, until the gauge-field part of D3
is included.

V. ISGUR-WISE FUNCTION

Heavy-quark symmetry implies that all heavy-to-heavy
semileptonic form factors are governed, at leading order in
1/mg, by a single universal function of the recoil parameter
w=wv-v [1,2,38,39]. A nontrivial check of any heavy-
light bound-state model is therefore whether it reproduces
the normalization £(1) =1 at zero recoil and yields a
reasonable slope piy = —dé(w)/dw|,_,. In the present
work we do not introduce separate finite-mass heavy-light
vertex form factors for different heavy flavors. Instead, the
Isgur-Wise function is evaluated directly in the static
heavy-quark limit with the same heavy-light vertex form
factor ¢(p) that appears in the heavy-light two-point
function.

The heavy-to-heavy transition is represented by the static
current —ihz,l“ﬂhv, where v and v’ denote the velocities of
the initial and final static heavy fields. The corresponding
Feynman diagram is shown in Fig. 1.

For the pseudoscalar case, the static-limit vertex repre-
sentation gives

— i{H () BT, |H ()

d4
= —i® [ GECF 0,0 5, ol nS, (-, TrS 1A

_pq)rush(iAv_pq>]‘ (51)

Here, the two heavy propagators are the HQET propagators
of Eq. (16) with velocities v and v, respectively. The same
coupling G, residual mass A, and heavy-light vertex form
factor ¢p(p) are used at both heavy-light vertices, because
the quantity extracted here is the universal static-limit
function rather than a finite-mass flavor-changing form
factor.

g PR (R)trp [Sy (—R)TpSy(iAv — k) [K[2S), (iAv = k)T]

kP2 (=2M (k) A* + 4AK3 + 2M (k)K3)

(R + 6 + MA(0) (N + )° 50

To calculate the correlation function, we must define the
velocities v and v'. In Euclidean convention, we use 19, =
vy and v}, = ivg;, then the velocity satisfies v3, = v% = 1

and Ligh —H/E

5 . If we set the Euclidean velocity v = (6, 1)
as an initial state, then the final state in the center of mass

frame has v as

v = (0,0, V1—-w?w), (52)

where 1”2 = 1 and w = v - v'. With the Euclidean normali-
zation v2 = v> =1, one has w=cosf and therefore
—1<w<1 in purely Euclidean kinematics. Physical
recoil corresponds to the Minkowski region w > 1. In this
nonlocal model, however, a direct continuation of the
Euclidean kinematics to w > 1 can lead to unstable or
unphysical behavior because the heavy-line contribution
and the nonlocal form factors become complex. For this
reason, we evaluate the loop integrals only for -1 <w <1
in Euclidean kinematics and extract the recoil dependence
from the behavior around zero recoil.

Hence, we can rewrite the correlation function (51) as

— i(H (V) |1, T, |H(v))
I

= —iGztrD Ys Fy },SM ’ (53)
2 2
where M is defined as
kl k2
-- - ’_ -- -- ’_ - -
1Av 1AV’
_pq

FIG. 1. Feynman diagram for the heavy-to-heavy form factor.
The blob I is the nonlocal heavy-light vertex induced by the
instanton vacuum.
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Having computed the trace over spin space, we obtain

—i(H(v')|h}, Tk, |H(v)) :—iGz/(

_ d4p51 _ﬂﬂl + iM(pq) Fz(pq)¢2(ﬁq)
M= | @n)* P24 M2(p,) (A—v-p)A—1 py)° (54)
#p ~(0 0= Dput [0, p) + (v p)] + iM(p) (v, + 1))
2m) p*+M(p)
F(p)#(F) 55

(iN—v-p)(iN="7"-p)

Guided by the standard HQET decomposition of the
pseudoscalar heavy-to-heavy matrix element, we project
the loop result onto the coefficient of (v + v'),. Although
the separable vertex ¢(p) is implemented in the meson rest
frame and does not make full covariance manifest, the
leading heavy-quark-symmetry structure can be written as
Fv,v)=f,(w)(v+v)+ f_(w)(v—"1") [6,8]. There-
fore, Eq. (55) is rewritten in this standard HQET basis.
To obtain this form, the momentum p can be represented in
the basis of v and 7/, as follows:

p”:a(v—l—v’)ﬂ—l—b(v—v’)ﬂ—l—plf, (56)
where the perpendicular momentum p satisfies v - p+ = 0
and v’ - pt = 0. Multiplying by (v +¢') and (v—7'),

respectively, gives

), =d)p

2(1+wv-0")’ S 2(l-w-) 57

Then Eq. (55) is reduced to the following simple relation:

- i<H(1)/) |h1’7;¢h1:|H(U)>

e [ F(p)d*(5)
2n)* (p* + M*(p))(ih=v - p)(iA =2 - p)
X {iM(p) + %} (v+12"),
=&w)(v+1),, (58)

where &(w) denotes the universal Isgur-Wise function in the
present separable approximation. The result is generalized as

1+9¢
2

1+
r—-T|.

(H'(0)) | b, Tyh, | H(v)) = i&(w)Tr {F’
(59)

The decomposition in Eq. (56) defines the Isgur-Wise
function as the coefficient of (v + '), in the heavy-quark
limit. At zero recoil, v = 7/, and the current becomes the
heavy-flavor symmetry generator. In this limit, Eq. (58)

reduces, with the same Euclidean sign convention as in
Eq. (21), to
2

(1) =" 5p(in) (60)
The residue normalization iG*X),(iA) =2 then gives
&(1) = 1. This is a nontrivial check for our framework
because the same residue-normalized vertex coupling is used
in both the two-point and three-point functions.

For nonzero recoil, the w dependence of &(w) is
determined by the heavy-light vertex form factor together
with the nonlocal structure of the current insertion. In
Euclidean kinematics, one may write wp =cosf =
1 —6?/2+---, whereas the physical Minkowski recoil
variable is wy = coshy =1+ #?/2+ ---. Thus, the
Euclidean and Minkowski regions approach the common
zero-recoil point w =1 from opposite sides. If the loop
amplitude is analytic in a neighborhood of w = 1, the zero-
recoil derivative is fixed unambiguously. We use the
standard Isgur-Wise slope [40-42]

Ay=-20) (61)

w=1

Equivalently, near zero recoil, the same analytic function is
expanded as

Ew) = L= phy(w— 1)+ O(w=1?).  (62)

In the Euclidean calculation, this expansion is evaluated for
wg < 1, so that

Ee(wg) = 1= prw(we = 1) + O((wg — 1)?)
=1+ piw(1 = wg) + O((1 = wg)?). (63)
Thus, the Euclidean derivative gives

dég(we)
2 = —-— 4
Pw dwg, WE:]_' (6 )

This identification concerns the derivative with respect
to w, not the coefficient of an expansion in the Euclidean
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angle 0 or the Minkowski rapidity #. The derivative is
evaluated from Euclidean loop integrals in the inter-
val -1 <wp < 1.

VI. NUMERICAL RESULTS

We present a representative numerical solution of this
framework. The instanton parameters are kept fixed at
M, =345 MeV, p~! = 600 MeV, and n = (200 MeV)*,
with the standard dynamical-mass input discussed above
[12,14]. For the heavy-quark sector, mSif =5.04 GeV is
used in the leading mass relation, while m;, = 4.695 GeV
is used in the short-distance matching and in the explicit
1/m, terms. The finite-mass heavy-line kernel is repre-
sented by the same heavy-light vertex form factor that
enters the pole condition, the decay constant, the kinetic
correction, and the Isgur-Wise matrix element. For the
numerical example, we use

5 1
V= R (©3)

Equation (65) is our central power-law (PL) choice. The
separable ansatz does not determine the detailed momen-
tum dependence of the finite-mass vertex, however, so
using only one shape would leave that choice untested. We
therefore refit two alternatives. The first is the rational (R)
form

R 1
Pr(k) = W (66)

and, for a qualitatively different falloff, we use the Bessel-
inspired (B) form

¢s(k) = [B(zp)l".  zp=n—. (67)

(68)

Only the shape of B(z) is borrowed from the modified-
Bessel structure of the instanton zero mode. Its parameters
a and b are fitted anew. No extra light-quark factor F(k) is
introduced, so ¢y is simply another finite-mass heavy-light
vertex profile. All three choices obey ¢(0) = 1.

Each profile is fitted independently. For PL, b fixes the
momentum scale and a the power of the falloff. The pole
condition used in the fit is

G2Ep(iA) = 1, (69)

and the residue-normalized coupling

TABLE 1. Fitted parameters for the three finite-mass heavy-
light vertex profiles. Each profile is calibrated to the same
residue, f5°, and spin-averaged mass conditions.

Profile a b [GeV]
PL 0.6560 0.1048
R 1.3631 0.0926
B 0.4103 0.0517

2
iZp(iA) )

Equivalently, Ry = iX,(iA)/Zp(iA), and we impose
Ry =2 GeV~!. Together with f£0 = 180.0 MeV and
mg = 5.313 GeV, these conditions determine the profile
parameters. Fits are restricted to 0.25 <a <20 and
0.015 < b <3 GeV.

Table I gives the fitted a and b values; Fig. 2 shows the
corresponding profiles.

Having refitted, we find that the three shapes yield very
similar observables. Relative to PL, the largest shifts are

1.3% in A, 2.9% in —1\”, 1.3% in p%,. and 4.0% in the
retained partial decay correction. We use these shifts as the
functional-form spread of the vertex ansatz.

Table II summarizes the sensitivity to the instanton
inputs, with the PL functional form retained. Our central
choice is close to the conventional Diakonov-Petrov set
[12,14]. Note that the set of Ref. [43] uses M, = 398 MeV
and p = 0.313 fm. In each case a and b are refitted. Values
from the two parametrizations are not mixed.

The partial decay correction hardly moves between the
two sets: its change is 0.9%. By comparison, A changes by

2.7%, —1\”) by 6.2%, and the recoil slope by 12.5%. Thus,

phy carries the largest input dependence in this test. We do
not scan the instanton density independently. At fixed M,

1.09

b — opL(lk])
\ === ¢r(|k|)
\

—-= op(k])

0.81

0.6 1

kl)

o(

0.4 4

0.2 1

0.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2

IF| (GeV]

FIG. 2. Fitted PL, R, and B heavy-light vertex profiles. The
three forms satisfy the same residue, £5°, and spin-averaged mass
conditions.
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TABLE II.  Sensitivity to two representative instanton-vacuum parameter sets used in the literature. The PL profile is independently
refitted for each row to Ry =2 GeV~l, ]go = 180.0 MeV, and mp = 5.313 GeV.

(1/mg partial

Set M, [MeV]  p [fm] a b[GeV] A Mevl —i7[GeV2] P, of4 ) MeV]
Present [12,14] 345 0.329 0.6560 0.1048 190.7 0.7730 1.1529 121.9
Ref. [43] 398 0.313 0.7446 0.1835 185.6 0.8211 1.2966 120.8
TABLE III. Representative numerical results. The quoted reference values are used only for orientation. The values taken from the

literature may correspond to different mass schemes and conventions. In particular, the entries in the A column should be interpreted as
the usual HQET parameter A in those references. The range quoted for —4; is scheme-dependent and is taken from representative
HQE/HQET analyses [44-46], while the Isgur-Wise slope bound is the QCD sum-rule lower bound [47]. The Belle II value is the

experimentally fitted slope parameter at zero recoil [48].

Profile FR0 MeV] sfy/ "R [Mev] P [MeV] £ [MeV] A [MeV]  mST [GeV] -4\ [GeV2]  py
PL 180.0 +121.9 301.9 190.7 5.04 0.773 1.153

R 180.0 +119.8 299.8 189.6 5.04 0.783 1.145

B 180.0 +126.8 306.8 193.1 5.04 0.751 1.168
PDG [49] 190.0
Ref. [44] 314-588  4.70-4.90 0.26-0.97

Ref. [45] 240-320 5.02 0.11-0.17

Ref. [46] 4.518-4.564 0.336-0.492

Ref. [47] e e > 0.75
Belle II [48] 1.09 £ 0.06
and p, the explicit n dependence of g*> = M,AM/(16n) ,1(1")

cancels through AM, « n, while G is fixed by the pole “2m, ~82.3 MeV, (73)

condition.
The chromomagnetic sector is not included in this calcu-
lation, so the mass constraint is applied to the spin average

3mp-

g = Mp + Mg (71)
4

This removes the leading hyperfine splitting. With the heavy-

quark inputs specified above, the fitted mass relation becomes

ff /1(16)
mp=ms" +A——. 72
B b 2m, ( )

The same fit also imposes the residue condition and
10 = 180.0 MeV. The resulting quantities are collected
in Table III.

Two entries in Table III should be distinguished from the
phenomenological reference columns. The quantity £
contains only the retained derivative-current and kinetic
insertions, so the Particle Data Group (PDG) value is
shown separately as f%'. Likewise, the quoted literature
values of —4, are for the full covariant HQET kinetic matrix

element, not for our —/15()).

For PL, the pole condition gives A = 190.7 MeV.

Together with 4" = —0.773 GeV?, the retained kinetic
piece contributes

which is approximately 43% of A. The retained partial

decay-constant correction, o fg/ mo partial) _ +121.9 MeV,
amounts to approximately 68% of the leading-order value

10 = 180.0 MeV. These results show that the retained
derivative sector is numerically important. Neither quantity,
however, represents the complete correction at order 1/m;,.
Their magnitudes alone therefore do not establish a break-
down of the heavy-quark expansion; a quantitative assess-
ment requires the omitted contributions at this order and an
estimate of higher-order effects.

After independent refits to the same conditions, the PL,
R, and B profiles yield partial decay-constant corrections
between 119.8 and 126.8 MeV, with a maximum deviation
of 4.0% from the PL result. Thus, the sizable partial
correction persists across the three tested functional forms,
with limited profile dependence under the adopted fitting
conditions.

For the recoil dependence, the loop calculation fixes the
zero-recoil slope. We therefore quote p?y, as the primary
result. When an illustrative recoil-shape representation is
needed, we use the slope-preserving parametrization

) = (1) (74)

14+w
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With p3, = 1.153, this parametrization is normalized at
zero recoil by construction. It should be understood only as
a reconstruction from the fitted zero-recoil slope, not as an
independent calculation of the full recoil dependence. The
slope value satisfies the QCD sum-rule lower bound [47]
and is close to the Belle II slope quoted in Table III.

VII. SUMMARY AND OUTLOOK

We have formulated a nonlocal instanton-based descrip-
tion of heavy-light mesons in which the static Wilson-
line form factor F (Qw)(é') is clearly separated from the

effective finite-mass heavy-line vertex used in the calcu-
lation. The separable effective kernel represents the finite-
mass vertex ]—"(ﬁ,i;mg) ~ p(p)p(1)/N3, where ¢(p) is
the dimensionless heavy-light vertex profile and N is its
dimensionless overall normalization factor. With this rep-
resentation, the heavy-light current is written as a single
four-momentum integral over the relative momentum, and
the Hubbard-Stratonovich field is introduced as an aux-
iliary field depending only on the total momentum. At the
same time, the nonlocal relative-momentum structure is
kept in the current.

Only the combination G, = g/N,, enters the separable
interaction, so N, need not be fixed separately. The
pseudoscalar pole condition G3Zp(iA) = 1 fixes Gy, while
the residue factor Ry = iG3Z,(iA) supplies the dimen-
sional rescaling from the auxiliary bosonized field to the
canonical HQET meson field. We impose Ry = 2 GeV~!

as this normalization condition and define G = /2/RyG,.
The same residue-normalized vertex GF(p)¢(p)I'; enters
the decay constant, the kinetic 1/m, correction, and the
heavy-to-heavy matrix element. The framework, therefore,
treats the two-point function and the matrix elements within
one common nonlocal structure while keeping the preresidue
coupling G, distinct from the physical coupling G.

For the representative vertex form factor in Eq. (65), we

obtained L0 = 180.0MeV, 55 "¢P" ™) — 1121.9 MeV,

B =301.9 MeV, A = 190.7 MeV, m§" = 5.04 GeV

(fixed) for my =5.313 GeV, A\ = —0.773 GeV2, and
phy = 1.153. The leading decay constant and the spin-
averaged mass are used in the fit, while the remaining
quantities follow from the fitted profile. The R and B

profiles give only a few-percent spread around the central

PL result: the largest changes are 1.3% in A, 2.9% in —/1(1‘3),

1.3% in piy, and 4.0% in the retained partial decay-
constant correction. Changing to the alternative instan-
ton-vacuum parameter set has a larger effect on the Isgur-
Wise slope, which shifts by 12.5%, while the partial
correction to fp changes by less than 1%.

The kinetic contribution to the residual mass is about 43%
of the leading residual contribution A, and the corresponding
partial 1/m,, correction to the decay constant is numerically

sizable. This partial result should not be interpreted as a
complete O(1/my,) prediction; rather, it shows that the
retained spin-independent subleading sector is a sensitive
probe of the finite-mass heavy-light vertex. The kinetic
insertion is treated explicitly here because it is directly tied to
the momentum dependence of the finite-mass heavy-light
vertex. The remaining gauge-field and spin-dependent con-
tributions can be incorporated through the corresponding
effective gluonic operators and matching conditions within
the same instanton-based framework. This extension is under
investigation.
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APPENDIX: WILSON-LINE KERNEL

Here, we specify the details of the Wilson-line calcu-
lation entering Eq. (4). In the heavy-quark static limit, the
free heavy-quark propagator can be written in terms of the
operator @ as

So(x,y) = 0(xs = y4)6% (3 - 3), (A1)

Sot(x.y) =6 (x —y)a,,.

(A2)

where 6(x4 —y;) denotes the Heaviside function. The
propagator in the presence of a single instanton field A; is
—y4)83 (X = V)W (X = Z5x4,y4),

Sa(x,y) = 0(x4 (A3)

W(X = Z:x4,y4) = Pexp {l/ 4a’“fAM(’?_Z’T_Zﬁl) ’

Y4

(A4)

where the instanton gauge field in singular gauge is given by

7 Tl 2
A[ﬂ(x) _ ’/[ﬂl/ I//)

RG] )

and only the temporal component A;, enters the static
Wilson line. Here 7, denotes the 't Hooft symbol.
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In momentum space, the heavy-quark contribution reads
[ sty ) (167! 6w = )6 )

d4p2 d4p1 3. —i(B—0)-X —iw,, y4+iw, X —1 —1
= | Soaaoah(p2) | dxe”PmPOTuw | [ dxy dyge™ @O (y, 07 (w = 0)07 xy) | h(py). (A6)
(27)* (2x)
To evaluate the Wilson-line operator, we use
(1110]12) = 0(1 — 1), (1|07"1) = =0, 6(t; = 1p). (A7)

Inserting the completeness relation [ dz|z)(z| = 1, one obtains

J ( / d72|72><72|) (w—0) ( [ |T1><ﬁ|>9‘1 x4)

) s 0 ) ) T —a 2
= —a)pl(x)p2e_l(P2—P1>'Z/ dT, / dT, e_l”’pzT2+"”mT19(T2 - Tl){Pexp |:l/ ’ dry %} - 1}, (AS)
- —0 T, r (r +p )

where r, = (X—Z,7—2z4) and T, = 7y, — 24.
After taking the color trace, Eq. (A8) becomes

) 0 ) ) . 1
_zwplwpze—l<l72_[71)'z / dTl / de e—lw112T2+l(up1 Tle(Tz - Tl)Sin2 |:§ (Q(Tz) - Q(Tl)):| N (Ag)
with

(T r 1 T
Q(T) = tan <?>—\/T7p2tan (ﬁ) (A10)

With the HQET momentum decomposition, P’é = movt + k¥ (v? = 1), where k* denotes the residual momentum and
the residual energies satisfy w;, ~ v - k < mg. Since the heavy quark remains close to its mass shell,

PZQ:sz—l—Zva-k—i—kz:sz, (A11)
the Wilson-line kernel may be evaluated at w;, = 0 to leading order in the HQET expansion.

In this limit, the characteristic time scale is 7 ~ 1/, which is parametrically large. Since the instanton form factor
suppresses hard contributions, the dominant support of the time integrals comes from the large-|T| region. Therefore,

lim Q(T) = i—g (1 - ﬁ) = Q. (r)sen(T), (A12)
so that
Q(T,) = Q(T) ~ Q (r)[sgn(T) — sgn(T})]. (A13)

The difference vanishes when 7', and T, have the same sign, so the only nonvanishing contribution comes from the
region T < 0 < T,. Consequently,

0 0 . . oy =
—2a)p]wpz/ dTl/ dT, e_’w/’2T2+’“’"lT‘/d3re"(pl‘m)"sinz[gm(r)}
-0 0

o n nr o nr
—87r/ drr? jo(|p) — Palr)sin? | = — ————= —87r/ drr? jo(|p) — Pa|r)cos? | ——|. Al4
0 0(| 1 2|) B ZW 0 0(| 1 2|) 2\/m ( )
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The time integrations therefore reduce to the boundary contribution W (oo, —co, 7) — 1, yielding the static momentum-

space kernel

T(q) = NL/ d® re'@7tr, (co|(w — 6)| — o)

871'/00 nr
-— drr? jo(|g|r)cos? | ——=|.
N¢Jo ol 24/ + p?

(A15)

Restoring the overall color normalization and the retarded/advanced sign convention gives the static Wilson-line kernel

used in the main text.
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